MunucrepcTBo Hayku u Bbiciiero obpasosanust Poccuiickoit Peepariun
dApocnasckuii rocynapersennbiit ynusepcuret uM. LI lemuiosa

E. 1I. Kyoemmkun, A. H. Kyimukos, /1. A. Kyaunkos

OcHoBHBbIE METOABI pelleHnus ypaBHEeHUI
MaTeMaTUIeCcKoil pu3mKn

Y4yedbHoe mocodbue

ApocnaBib
AplyY
2018



VIIK 517.958:52/59(075)
BBK B161.68:73
K88

Pexomendosario
Pedaxyuonno-uzdamenrvcrum cosemom yrusepcumema
6 Kawecmee yuebroz2o uzdarus. Ilran 2018 2o0da.

PenenszenTor:

JIOKTOP TexHudeckux Hayk, mpodeccop /. O. Berres;
kadeIpa MaTeMaTUIeCKOro aHaIn3a pociaBCcKoro rocy1apcTBEHHOTO
nejiarornydeckoro yuuBepcutera um. K. JI. YimmHckoro

Kyobimikun, Esrennii IlaBiioBu4.

K88 OcHoBHBIE METO/IbI PEIeHUs] YPABHEHUII MAaTEeMaTHYeCKO#l (hu3nku
yuebnoe mocobue / E. II. Ky6simukun, A. H. Kymukos, 1. A. Kynukos;
dApoci. roc. yu.-T. — Apociasis : Apl'Y, 2018. — 130 c.

ISBN 978-5-8397-1161-7

[Tocobue copepKUT OCHOBHBIE TIOHATHUS JIEKITMOHHOTO Kypca "YpaBHeHsA
MaTeMaTnydeckoil huzuku'. Bosbiioe BHUMaHME Y/IeJI€HO METO/IaM PelleHust
OCHOBHBIX 3314 JIJIsl KJIACCUYIECKUX YPABHEHUN C YaCTHBIMU [TPOU3BO/IHBIMU.
[Tocobue BKJIIOYAET JTOCTATOYHO OOJIBITIOE YUCJIO 3aJ1a9 U yIPaXKHEHUN
JUTST CAMOCTOSATETBHOM PabOTHI, a TaKKe COJIEPIKUT IIPUMePhl IK3aMeHAITNOH-
ubix 3ajanuii. OcHoBHOE BHEUMAaHHUE yjesaeHo Merony Pypre.

Yuebnoe nocobue Hanmcano Jijist Kypca "y paBHeHus MaTeMaTuueckoit hu-
sukn" ("VpaBHeHUsI ¢ YACTHBIME [POM3BOJHBIME'") U MPEJIHA3HAYECHO JIJIsi
cTy/leHTOB OakajiaBpuarta 1o HanpapieHusMm "llpukiajHas mMaremMaTuka u
nudopmarnka' , "MaremaTnka n KommboTepHbie HayKu'". OHO MOXKeET OBITH
HCIIOJIB30BAHO CTY/IeHTaMU (PU3NIECKOro paKyIbTeTa, CTyAeHTaMI MarucTpa-
TYPBI 110 YKA3aHHBIM HAIPABJICHUSIM.

Bubsmorp.: 16 nass.

YAK 517.958:52/59(075)
BBK B161.68473
ISBN 978-5-8397-1161-7

© SIpI'y, 2018



OI'VJIABJIEHUE

IIPeMUCTIOBHE . . . . ... e 4
I'maBa 1. OCHOBHBbBIE TIOHATUSI Y ONPEHECIIECHMS . . . ..o o oveeeeeeeannnn.. 5)
I'maBa 2. 'apMOHUYECKNE DYHKITHM . . .. ..o oottt et e 15
I'maBa 3. 3amada JIUPHUXIIE . . ...t 19
I'maBa 4. Bamaua HeiimMaHa . ........... ... ... .o . 35
I'maBa 5. YpaBHeHUE KOJIEOAHUMN CTPYHBI . .. ..o ooteeieeaaeenn. 42

I'maBa 6. WHTerpupoBaHme TmepBoOii KpaeBoil 3agadu

METOHAOM DY PBE . . ottt e 50
I'maBa 7. HeoqHopo/HOe ypaBHEeHNE KOJIE€OAHU CTPYHBI ... ........... 62
I';maBa 8. YpaBHEHME KOJEOAHUMN OAJIKM . ... ... 74
I'maBa 9. YpaBHeHUE KOJIEOAHUI MEMOPAHDBI . . ... ....oonteeienen... 81
I'maBa 10. YpaBHEHUE TEIJIOOPOBOHOCTH . . ... oooeeenneennnnnn.. 85

I'maBa 11. IlepBas KpaeBaa 3aJa4da OJis
YPABHEHUS TEMJIIOMPOBOIHOCTYL . . ..ottt ettt ettt e e e 90

I'maBa 12. HeognopoaHoe ypaBHEeHUE TEILJIOIIPOBOJHOCTH .. ........... 98

I'maa 13. IllonsATme KOpPPEKTHOCTU 33aa4

MATEMATAYECKOM PUBUKI . . ...ttt 109
I'maBa 14. ITHTErpaIbHBIE YPABHEHMIS - . . ..o o o oeee et e e aaieeeannn, 115
I'maa 15. IIpuMepbl KOHTPOJIBHBIX U 9K3aMEHAIIMOHHBIX 3a4a4. .. .. 122
JIMTEPATYPA . . ..ttt 128



IMTPE/INCJIOBUE

Yuebnoe nocodbue "OcHOBHBIE METOJ/BI PEICHUS YPaBHEHUN MaTeMaTH-
qeckoil pusukn" — 31O MepepabOTaHHBII W JIOMOJTHEHHBI TEKCT yIeOHOTO
mocobust E. TI. Kybemmkuna, A. H. KynukoBa «3amadn n ynpaKHeHUs 110
Kypcy "VYpapHenus maremarudeckoin ¢pusuke" », nuzgannoro B 2008 romay 10
repexo/ia Ha MHOTOYPOBHEBYIO MOJIFOTOBKY CTYIAeHTOB. VIMeHHO mepexoj Ha
HOBBIE [TPOTPAMMBI TIOTPEOOBAJI U3MEHUTD COJIEPYKAHNE MHOTUX Pa3JIeJI0B, J0-
[IOJTHUTh MHOTHE W3 HUX, & TAKyKe PACIIUPUTH CIUCOK 3aJad JIJIT CaMOCTO-
ATEJLHOTO periennd. B ydeOHoe mocobre BKJIIOYEH pas3jes, B KOTOPOM pac-
CMATPUBAIOTCH WHTErpajbHble YDaBHEHUS.

OcHoBHOEe BHUMaHNE B y4eOHOM TTOCOOUU Y/IeJIEHO METO/IMKE PEIIeHUs TeX
3aJ1a4, KOTOpbie (hOpMUPYIOT 6A30BBIN YPOBEHDb YCBOCHUS JIAHHON JIUCIIUATLIN-
HBI [IPU TIOJIOTOBKE OakaJiaBpoB 1o HampasienusM "[lpukiagnas marema-
tnka n mHbpopmaruka" , "Maremarnka m KoMIbIOTepHBIE HAYKH'" . ABTODBI
HAJIEIOTCs, UTO JAHHOE TOCOOME CMOYKeT TOMOYb B IOATOTOBKE MO JAHHOM
JIUCIIATLJIMHE CTYJ/IEHTaM JIPYTHX €CTeCTBEHHO-HAYYHBIX HAIPABJIEHU, HAIIPH-
Mep CTyJieHTaM, obyJatomuMces Ha hu3ndeckoMm hakyibTeTe.

B nepsyio ovepesib B mocobun pedb ujier o Merojie Pypbe mpu perieHnn
cMeraHHBIX (KpaeBbix) 3a1ad. Merox Dypbe, 6e3yc/ioBHO, sBIIsieTCs] HAOO-
Jlee BOCTPeOOBAHHBIM METO/IOM TP PEIeHNN TPUKIIAIHBIX 3314 U3 (DU3UKH,
MEeXaHUKHU U, ObITH MOYKET, HHBIX MPUJIOKEHUI YPaBHEHUN C YaCTHBIMU IIPO-
U3BOJIHBIMHY, JIOTIOJTHEHHBIMU KPAEBBIMU YCJIOBUSIMU.

B ydebnom mocobum MOKHO HAMTU psJi yIPAXKHEHUN U 33129 JIJIsI CaMO-
CTOSITEJILHOTO peIlleHrs. BhIo/THeHne 3TUX 33/ [aHUil TP COOTBETCTBYIOIIEM
KOHTPOJIE CO CTOPOHBI IPENoaBaTe s 00I3aTeIHbHO I YCBOEHUS IIPEIMETa,
Ha OazoBoM ypoBHe. Ha mociemnmx crpanunax mocobusi CTYIEHTBI CMOTYT
HAWTU TPUMEPHI 9K3aMEHAIMOHHDBIX 33/a9 1 KOHTPOJILHBIX PabOT.



I'maBa 1. OcHOBHBIE TOHSITUA U orpeaeJsieHmnuA

YpaBHeHue, cojepxKaiiee, KpoMe HE3aBUCUMBbIX ITEPEMEHHBIX U UCKOMOM
GyHKIMK, YacTHBIE IPOU3BOJHBIE 9TOM (DYHKIMHU, HasbiBaeTcsa Iuddepen-
[IMaJbHBIM ypaBHEHHEM C YaCTHBIMH IPOU3BOMHBIMU. HawBbBICIINI MOPSIOK
BXOJIAIINX B YPaBHEHHE JACTHBIX IIPOU3BOIHBIX HA3BIBAETCS IMOPSIIKOM (-
depenrmanbHOrO ypaBHeHus. Tak, HAIpUMEp, €CJIU PACCMOTPETH TPU CJIE/TY-
omux JuddepeHuaj bHbIX YPaBHEHUS

@_ @ 83u_05u. 82u_02u
ot ‘or oF  0u5 02 oa2

rje HesaBucuMas GyHKiums u(x,t), To mepBoe ypapHeHHe OyleT ypaBHEHU-
€M IIEPBOI0 MOPSAJIKa, BTOPOe ypaBHEHNE UMeeT IIATHIN MOPsI0K 1, HAKOHET],
rocJjie/iHee — ypaBHeHue BTOPOT'O MOPSJIKA.

Yupaxkuenue 1.1. Oupese/iuThb HOPSIOK CJISIYIONINX YPABHEHUI:

ou  Pu ou\’  9%u ou\? ou
ot~ ors \ot) o2 \or P\ox
s MmaTemMaTnydeckoil pu3nKu HandoJIee BaXKHbI U [IO9TOMY JIYUIIE BCETO

U3y4YeHbl YypaBHEHHA BTOPOI'O ITOPAJIKA. B CJIydae ABYX HE3aBUCUMbIX II€pDE-
MEHHBIX YpaBHEHHUE BTOPOI'O IIOPAJKa MO2KET OBLITH 3aIlICAHO B CJIG,ILyIOHIGfI

dopme:

ou Ou 0*u *u *u

F g v
(.9, u. ox’ Oy’ 0x2’ 0xdy’ 8y2) ’

riae u = u(z,y).

ypaBHeHI/Ie Ha3bIBAETCA ﬂHHeﬁHBIM, €CJIX OHO JINHEITHO OTHOCUTEJILHO HC-
KOMOI (pyHKIIMU U BCEX ee MPOU3BOAHLIX. JIMHeiiHOe ypaBHEeHre BTOPOro Io-
PAIIKa C JIBYMs HE3aBUCUMBIME IEPEMEHHBIME MOXKET OLIThH 3allUCaHO B CJie-

Jytoreit obeit popme:

d%u 2 0%u
A — + 2B —
u u
+a($7y)_ + b(w,y)— + c(:c,y)u = f(xvy)a

ox dy

rie A(z,y), B(x,y), C(z,y), a(z,y), b(z,y), c(z,y), f(x,y) — nekoropsie
3aJlaHHbIe TajKue pyHKImu nepeMenubx (x,y) € D C R% 3nech D — Hexo-
Topas obsacTh u3 R2.



Ecim f(x,y) = 0, To ypaBaenue (1.1) Ha3bIBAETCSI OJIHOPOJHBIM, B IIPO-
TUBHOM CJIy4yae — HEOHOPOIHBIM.

PaccmorpuM simHeitHOE ypaBHEHNE OTHOCUTETHHO CTAPIITUX ITPOU3BOIHDBIX.
Takoe ypaBHeHHE B cjIydae JBYX HE3aBUCUMBIX IIEPEMEHHBIX UMEET CJIeIYIO-
MU BUI:

0%u 0%u 0%*u ou Ou
A(l‘,y)— + QB(x’w@m@y + C(x7y)a_y2 - F(x,y,u, %7 a_y)7

ox?

rie v = u(z,y), (r,y) € D C R?. Ecmu kosdbdunuentor A, B,C' 3aBucat
TOJIKO OT I,%, TO ypaBHEHHE HA3bIBACTCSA KBAZHINHECIHDBIM.

Jluneiinoe ypaBHeHHe BTOPOrO HOPSJIKA OT 7 HE3ABUCHMBIX [I€PEMEHHbBIX
MOKeT OBITh 3alliCcaHO B CJIeayroIeii obmeit hopme:

o *u “~  Ou
A B.— —
Z ) axlaxj + ; J axj + CU/ f?

ij=1

e A,Lj = Aij(l'l,mg, Ce ,.I'n), B] = Bj(xl,l'g, ce ,$n>, C= C(l'l, To, ... ,xn),
f = f(Il, o, ... ,In) — 3aJlaHHBbIE CI)YHKL[I/II/I OT N HE3aBUCHUMbIX IICPECMCHHbBIX
T1,T2y...,Tp.
HpI/IBe,Z[eM HEeKOTOpbIe ITpruMephbI. HyCTb u = U(l’, Y, Z), TO YpaBHEHHUE
Pu  Pu  u

Au = 0
U= 5e2 * 0y? * 072

Ha3bIBa€TCAd ypaBHEHUEM ﬂanﬂaca. HOHHTHO, Y9TO 3TO ypaBHECHHE ABJIAECTCA
ypaBHEHIEM BTOpOTro mopsiaka. OHO JIMHeTHOe U OJHOPOIHOE. Y paBHEHNE

Au = f(x,y,2)

TaKyKe fBJIACTCS ypaBHEHHEM BTOPOTO IOPHJIKA. DTO ypaBHEHHE JIHHETHOe,
HO HEOJHOPOJIHOE. BasKHBIM 4acTHBIM CIIydaeM SBJISETCS ypaBHEHHE
’u  O*u

Au=—

o2 "o =

riae u = u(z,y), a TakKe
Au = f(z,y).

Heomnopostoe ypasuenue Jlamiaca nmeer coOCTBEHHOE HA3BAHUE — yPaB-
nenue Ilyaccona.



[Iycts u = u(z,y, z,t). Paccmorpum ypashenue:

ou
9 _ A
ot

[MociesHee ypaBHEeHHE HOCUT HA3BAHWE YPABHEHUs TEILIONPOBOJHOCTH.
OcobeHHO YacTo Ha IIEPBOM 3Talle PAaCCMAaTPUBAIOT YaCTHBINA CJIydail, Koria
u = u(x,t). B arom cirydae ypaBHeHUEe TEILIONPOBOIHOCTH IPUOOPETAET B/

ou  O*u
ot 0x?

[Iycrb ot u = u(x,y, z,t). Paccmorpum ypaBHeHne
0%u N 0%u N 0%u
ox?  oy?  022)°

0%
ot?

= a*Au(xz,y, 2) = a® (

[Tociennee ypaBHeHUe TakKKe SBJISIETCHA YPaBHEHHEM BTOPOTO IOPSIKA.
D10 JuHeitHOoe, oHOpOoIHOE ypaBHeHne. OHO HOCUT HA3BaHUE BOJTHOBOTO yPaB-
Henusi. Ero gacTHbIil cayuait

Pu ,0%u

o~ " 9a2
e u = u(x,t), HOCUT Ha3BaHWE ypaBHEHWs KOJIeOAHWH CTPYHBI. 3JI€Ch U
BhbINIE @ = const > 0.

[IpuBe/iennbIe BBINE YpaBHEHUS UI'PAIOT 0COOO BayKHYIO POJIb B TEOPUU
YPaBHEHUN ¢ 9YaCTHBIMHA TPOU3BOAHBIMU KaK 3TAJOHHBIC YPABHEHUA, HA TIPU-
Mepe KOTOPbIX U3y4aloTcd CBOMCTBA PELICHUN U APYIUX YPaBHEHUNA BTOPOIO
nopsiaka. OHM UrparoT BaXkKHYIO POJIb U B IPUJIOKEeHHAX. Bupodem, B mpu-
JIOZKEHUAX MOXKHO BCTPETUTH U JIpyrue ypaBHeHus. Hampumep, K TAKOBBIM
MOXKHO OTHECTH YPaBHEHUE YEeTBEPTOTO MOPAIKA

0’u  0*u

—_—t— = 0
o2 ozt 7
M3BECTHOE 1107l Ha3BaHMEM ypaBHeHus kosebanus Oanku (u = u(x,t)). Ilo-

cJieJiHee ypaBHEHNE UT'PAET BayKHYIO POJIb B TEOPUM YIIPYTOCTH.
O61ree ypaBHEHIE TIOPSIIKA 1 MOKET OBITH 3aIINCAHO B CJIEIYIONEM BH/IE:

ou Ou ou o™u

"0xy Oz’ Oxy, T O™ L Qe

F(x1,29,..., 2y, ) =0,

7



rie u = u(Ty, To, ..., Ty), My +mae + ... +m, =m.

Bynem paccmarpuBaTh ypaBHEHHE B 9aCTHBIX ITPOU3BOIHBIX HOPSIIKA 1.
Oynkuus u = u(xy, oy ..., &,), £ = (1,Z2,...,2,) € D C R" Ha3biBaeTCs
pellleHneM JIAHHOTO ypaBHEHUs (MHTErPAJIOM ), eIl B 9TOi 0bracT (pyHKIHs
U UMeeT HellPEepPhIBHBIE YaCTHBIE IIPOU3BOIHbBIE JI0 TIOPSIKA 1 BKIIOIUTETHHO
U IIPH IIOJICTAHOBKE B 3TO ypaBHEHMEe 00pallaeT ero B TOXKIeCTBO. B ganHom
cjydae pelieHre 1 JacTo Ha3bIBaloT ,KjaccudecKkuM . TpeboBanue cyiie-
CTBOBaHUSI 9aCTHBIX IPOU3BO/IHBIX JI0 TIOPSIIKA 1 IaCTO OBIBAET HEOIPABIAH-
HBIM ¢ (DU3MIECKON TOUKH 3peHus (a HHOIIAa U ¢ MaTeMaTnaeckoit). [Tosromy
HaPsIly C JaHHBIM ITOHSITHEM KJIACCUIECKOI'O PEIeHNsT BBOJAAT IMOHATHE 0600-
IIIEHHOI'0 PelleHus yPaBHEHNsI ¢ 9acTHBIMU MPOou3BoaHbIMU. [loHsTre 0606-
IIIEHHOI'0 PEeIIeHns B PaMKaX JAHHOTO MOCOOUsi paccMaTpUBAThLCS He OyJier,
TaK KaK OHO HOCUT BBOJHBIH xapakTep. OrpaHnanMcst pacCMOTPEHHEM 33,184,
UMEIOMIX 0a30BBIil XapaKTep.

Tem He MeHee J@JMM IPOCTeiiliee onpeieeHne 000OIEHHOTO PEIIeHNs.
Ecim B obmactu D C R™ cyiiecTBYeT MOCIeI0BATETbHOCTD KJIACCUIECCKUX Pe-
meHuit Januoro udQepeHuajbLHOr0 ypaBHeHs, KOTOPbIe B JIIOOOH BHYT-
penHeit 1ojobsiacTu JlaHHON 001acT D paBHOMEPHO CXOJATCS K HEKOTOPOI
dbyuxm v = u(zy,x9,...,T,), T0 JaHHAs (QYHKIUA ¥ Ha3bIBaeTCsi 0000-
IEHHBIM PeIeHneM JaHHOTro JnuddepeHnuajbHOTO ypaBHeHusd B obiactu D.
[TousTre obobmennoro pemtenust 66110 BBegeno JI. C. Cobosesbim. Erme pas
[IOIYEPKHEM, UTO 3/1eCh IIPUBEIEHO IIpoCTeiillee ompeieenne 0000IIeHHOro
perienns. B mMaremaTuveckoil ureparype MOXKHO HAWTU U WHBIC OIPejieie-
Hust 00OOIIEHHOTO PEIICHUSI.

[Tomoxkum
a2u 2 2U
Lu= Alz,y)— + 2B Oz, y) =
u=Alz,y)5- +2B(s, y)axay + C(z,y) I
B B
Falr,y)g + bl y) g+ elny)u
Ypasuenue (1.1) MoxkeT OBITH 3aIIHCAHO B BH/IE
Lu = f,
a OTHOPOAHOE ypaBHEHHE
Lu=0.

s muHefiHbIX OJHOPOAHBIX i depPEeHITNATBHBIX YPaBHEHU [TOJIE3HO
OTMETHUTD, YTO CIIPABE/JIUBBI CJIEYIOIIUE CBOICTBA:



1) ecsin u — perenne, a C' — nocrosinaasi, To pousseieane C'u TakzxKe
€CTb PEIeHNE;

2) ecsn Uy, up — PEIIEHUs, TO CYMMa U] + Uy TAKXKe eCTh PeIleHne;
JIAaHHOE CBOMCTBO PACIIPOCTPAHSIETCS HA CYMMY C TTPOU3BOJIBHBIM UHCIIOM CJla-
raeMbIX.

JList HeoIHOPOJIHBIX yPABHEHUIT MOXKHO OTMETHUTD CJIE/IYIOIIIe CBOMCTBA:

1) ecam u — perrerne ogaopoaHoro ypasuenus (Lu = 0), a v — pe-
[IeHNe HeOTHOPOHOTrO ypaBHerus (Lv = f), TO u + v eCTh pelleHne HeoTHO-
POJIHOTO YpaBHEHNST;

2) ecyn ug, Us — JIBA PEIIEHUsT HEOTHOPOIHOIO YPABHEHHUSI, TO U1 — Ug
— PpelleHne OJIHOPOJIHOTO YPABHEHUSI.

XopoIo U3BECTHO, YTO JIJisi OOBIKHOBEHHBIX JTudHepeHInaaIbHbIX YPaB-
HEHUl MOTYT ObITh NPUBEIEHBI JOCTATOYHBIC YCJIOBUS JIjIs CYIIECTBOBAHUS
pelenuii, 1o KpaiiHeil Mepe Jjid HEKOTOPOI'0 MHTEpBaJja W3MEHEHUd He3a-
BHCHMOrO mepeMeHHoOro. /1 mudpdepeHnuaabHbIX ypaBHEHUI ¢ YaCTHBIMU
pOM3BOJHBIMU cutyarus Japyras. [lycts xg € R™. Moxno ykazarh Takoe
nuddepeHIuaibHOe yPaBHEHNE, ITO B OKPECTHOCTU STOH TOYKH y HErO HET
HU OjiHOTO perterud. [Ipu 3ToMm KO3 DUIUEHTRI STOrO YpaBHEHUS JIOCTATOY-
HO Tyajikuie (bYHKIMN (MMEOT HeMpPepbIBHbIE YaCTHBIE MPOM3BOJHBIE JTOCTA-
TOYHO BBICOKOT'O TOPsJIKa). Briepsble Takoii mpumep 6wt nocrpoen I Jlepu.
JI. XepMmanep Jiokazaj, 9To ypaBHeHHe

0%u 0’u  0*u 0%u
2 _ 20U g 2y (CTU  OuN _
(v" == )3:1:2 + (14 oy? 022 Yooz
0? 0? 0?
(xyu) + 2 Y + (xzu) = f(x,y, 2)

B 0zxdy 0x0z  0x0z

He UMeeT HU OJIHOTO PEIIeHusl IIPU HeKOoTopoil pyHKimu f(x,y, 2), eciu J1axe
OHa MMeeT DECKOHEYHOEe YUCJIO IMTPOU3BOIHDIX.

[Tosromy 1tpm mzydenun uddepeHnuaj bHbIX YpaBHEHUN C YacTHBIMU
IIPOM3BOIHBIMU, KaK MPABUIIO, MHTEPECYIOTCA HEKOTOPBIME COJIePKaTeTbHbI-
MU KJACCAMM TAKWX YPaBHEHU, JIJI KOTOPBIX MOXKET OBITH ITOCTPOEHA 3a-
KOHYEHHas TeOPUs U KOTOpble BaXKHBI I TpuJIozKennit. Teopusa ypaBnennit
C YaCTHBIMU ITPOU3BOIHBIMU BO3HUK/IA Ha 0a3e ypaBHEHUN MATEMATUUICCKOI
dusuku. /{11 KOHKPETHBIX YPaBHEHUN C YaCTHBIMU ITPOU3BOJIHBIMU, TAKIX
KakK ypasuenue Jlamaca, ypasaenue reronpoBojnoctr, B X VIII u XIX Be-
Kax OblLIa MMOCTPOEHA TeOPHs, CO3JaHbI MOIIHbIE METOJIbI UX HUCCIIEIOBAHUS.
OTHU Pe3y/IbTATHI TO3BOJIMIA BBIJIEJUTh U U3YYUTh BayKHbIE KJIACCHI ypaBHE-
HUIl U CUCTEM YPaBHEHUIl C YaCTHBIMU ITPOU3BO/IHBIMU, HAIIOMUHAIOIINE



10 CBOMCTBAM TPU OCHOBHBIX YPaBHEHUsI MATEMATUIECKON (DUBNKH: ypaBHe-
ure Jlamiaca, ypaBHeHne TEIIONPOBOIHOCTH, BOJTHOBOE ypaBHeHue (KoJeha-
HUIl CTPYHBI).

O kiaccudukaliuu ypaBHEHUI ¢ YaCTHBIMUA NPOU3BOIHBIMU

[IpuBenem kiraccuUKaIUIO JIMHEHHBIX OTHOCUTETHLHO CTaPIIUX TPOU3-
BOJHBIX UM dEpeHnnaIbibIX YPABHEHUN ¢ YACTHBIMU IIPOU3BOJIHBIMU BTO-
poro mopsijika B ciaydae JByX repeMeHHbIX. VTak, paccmorpum mauddepen-
IaJjJbHOE ypaBHEHUE

0%u 9%u 0%u ou Ou
A — + 2B + — _ =F e

). (1.2)

Bnech (z,y) € D C R?, (D — obnacts B R?), u = u(z,y). Oynxuun A(x,y),
B(z,y), C(z,y) upeamnoaaraeM rIaIKUMHE, T. €. IMEOIIUMIE JIOCTATOYHO 6OJTh-
II0€ YKCJIO HEelIPpePLIBHBIX YACTHBIX IMPOM3BOJAHLIX. AHAJOIMYHOE HPEII0JIO0-

ou Ou
"o0x’ Oy
HEIIPpEPbIBHA II0 COBOKYITHOCTHU IIEPEMEHHbBIX U MMEET HEIIPEPbIBHbIEC YaCTHbIC
POU3BO/IHBIE JI0 MOpsiKa | BKounTeabHo (I > 1).
[Iycte Touka (a1,a2) € D. Ypasuenue (1.2) B Touke A Ha3bIBAETCHA JI-
JIMIITUYCCKHAM, €CIM KBaJIpaTudHas opMa

JKEHMe CJIeJlyeT cjejaTh U oTHocuTeabHo dyukimu F(x,y,u ): oHa

wo(&,m) = Ao€? + 2Boén + Con?

HOJIOKUTENILHO (OTpHIIATE/ILHO) onpejiesiera. JlanHoe ypashenue Oyaer 3Ji-
JIIITHYECKUM B 06J1acT D, eCcin OHO SIBJISIETCS SJUIMIITHYECKAM B KayKI0M
Touke D. BI[‘GCB AO = A(al, &2), BO = B(&l, CIQ), Co = C(@l, CLQ).

Ypasuenne (1.2) HaspiBaeTcs mapabOIHIeCKUM B TOUKe (a1, ag), €CIIn
©vo(&,m) > 0u cymecrByer HeHyJIeBOM BeKTOD (&o, 1)) Takoii, ato po(&o, 70) = 0.
[MousitHO, uTo ypasHerue (1.2) MOXKHO ONPEJIEIUTH KaK TapaboInIecKoe
B obsiactu D, ecyin B KaxK/10#1 €ro TOYKE OHO SBJISIETCs apabOMICCKUM.

Haxkownern, ypasaenne (1.2) B Touke (ai,as) HasbBaeTcs runepbosmde-
CKUM, ecan o(§,”n) MeHseT 3HAK B 3aBUCHMOCTH OT Bbibopa (&,7). VHaue
roBopsl, KeajiparudHas (opma (£, 7n) 3HaKomepeMenna. Kciu ypaBHeHue
(1.2) B Kaxk10ii TOUKe ObstacTu D TunepbomIecKoe, TO B TAKOM CJIydae ero
HA3BIBAIOT ruiepboImIeckuM B obractu D.

Oupe/iesienus, IPUBEJIEHHBIE BBIIIE, MOKHO C(OOPMYJINPOBATH HHAYE.
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st Toro 4To6s! B TOUKE (a1, as) ypasuenue (1.2) 6bLIO SJUIHITHIECKIM,
HEOOXOIMMO U JIOCTATOYHO BBIIOJTHECHIE HEPABEHCTBA

BE — AyCy < 0.

Ecmun B2 — AyCy = 0, To ypasuenue (1.2) — ypaBHenue napaboi4ecKoro
THUIIAQ. HpI/I BBITIOJIHEHUN HEPaBEHCTBa

Bg —A0C0 >0

9TO ypaBHEHHe K/acCuUIUpyeTcs KaK ypaBHeHNe TUIepOoIMIecKoro THIIA.

[Togaepkuem, UTo puUBeAeHHAs K1accuUKaIis 3aBUCUT OT BEIOOPa TOI-
ku. Hanpumep, ypasnenne Tpukomu B R? — ypaBHeHHe CMEIIAHHOIO THIIA,
KOTOpPOE UMEET BHU/I

Pu 0%u
Yor2 * oy?

I[Ipu y < 0 ono runepGosnyeckoro tuna (B% — AC' = —y > 0), npu y > 0
— 9JUINIITHYECKOTO TuIa, a npu y = 0 — mapabomIecKoro THUIa.

B mo6oit Touke n3 R? ypasnenue Jlamiaca — ypaBHeHHe 3/UIMITHYECKOTIO
Tuna, Tak Kak Bs — AgCy = —1. YpaBHeHue TerionpoBoJHOCTH — ypaBHe-
HUe 1Mapabo/InIecKoro TUIla, a ypaBHEHHE KOJieDaHUil CTPYHBI — ypaBHEHUE
TUTIEPOOJIMTIECKOTO THIIA.

Yupaxkuenue 1.2. [Ipoepbre /iBa MOCIETHUX YTBEPKJICHUS.

[Iycts paccmarpuBaercs ypasuenme (1.2), a Takxke 3aJaHa HEKOTOPast
kpusag B % B Heasnoit dopume.

0.

e(@,y) =0,  (p(z,y) = const). (1.3)

Iy Op
Baech bynknus ¢(x,y) IMeeT HeIPEPbIBHBIE YaCTHBIE TPOU3BO/IHBIE 32 Bu

T oy

Oy Oy

ugradp = | —; — 0.

grady ( a5’ oy #

Kpusasi, 3ajannas ypasaerueM (1.3), Ha3bIBAETCA XapaKTePUCTUIECKOI

KpuBoil jiyist ypasuenus (1.2), ecim st o(z,y) ClipaBel/InBO PABEHCTBO

9\’ By D 9\
A (%> F2BEIII 4O (a_y —0. (1.4)

Ypashuenue (1.4) NpUHATO HA3BIBATH XapPAKTEPUCTUIECKUM YDABHEHUEM.
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Bapauva 1.1. Eciau mbr paccmorpum ypasuenue Jlamraca, To cooTBet-
CTBYIOIIEE eMy XapaKTePUCTUIEeCKOe YPaBHEHHUE ITPUMET BU/L

Oy 2 Op 2_
(5) + () o

OueBuIHO, 9TO PeIleHnii B pacCMaTpuBaeMOM Kjiacce (DYHKITII OHO He UMEET.
Tem cambIM ycTaHOBJIEHO, YTO ypaBHeHue Jlamraca

0’u  0%u

92 "o =

He UMeeT XapaKTePUCTUIeCKUX KPUBbIX (xapakTepuctuk ). [locsenree yreep-
KJIEHHUE OCTaeTCd BEPHBIM JJId BCEX ypaBHeHI/Iﬁ QJIJINIITUNYECKOT'O TUIIA (,ZLO—
KasKuTe JJAHHOE YTBEPIKJICHNUE).

Bamaua 1.2. PaccMmorpum Terepb ypaBHeHUE KOJ€OaHUNE CTPYHBI

Gu _ 20 _
Ox? Oy? ’

rjie a = const > 0. CooTBeTCTBYyIOIEE €My XapaKTEPUCTUUIECKOE ypaBHEHHE

puodpeTaeT BU
2 2
8_90 —a? 6_90 =0
Ox oy '

Ero moxkmno nepenucaTb B BUIE

dp  Op\ (Op 0Oy

— — Q= — +a— ) =0.

ox Jy ox dy
JL1st HAXOXK JIeHUS XapaKTePUCTHUK, CIe0BATEIbHO, CJIeyeT pAaCCMOTPETD JIBa,
JudepeHImaIbHbIX yPaBHEHUs TIEPBOTO MTOPSIKA:
Op ~ Op

O, a—x—i—aa—y—o

Op af)gp B
ox oy
[TepBoe u3 Hux umeer pemienue ¢ = p(ax + y), a Bropoe — ¢ = p(axr — y),

rie () — mpousBosibHast nauddepennupyemMast QyHKIHS.
Pasencrsa

p(ax +y) = Ch, p(ax —y) = Cy,
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rjie Cp, Cy — IpOU3BOJIbHBIE MTOCTOSTHHBIE, OMPEJIE/ISIOT JIBa CeMeiCcTBa Mpsi-
MBIX:
ar +y = Cs, ar —y = Cy,
rie C3,Cy € R. D1u npsmbie u OyIyT XapaKTepUCTUKAMU yPABHEHUS KOJIe-
OaHUil CTPYHBL.
Samaua 1.3. YpaBHeHUEe TEILIONPOBOIHOCTU

9%u _ Ou
ox2 Oy
dyp
MIPUBOJINT K YPABHEHUIO XapaKTEPUCTUK %) = 0. OGrree ero perenne
i

¢ = ¢(y). CnenoBaresbHO, U3 aHAIN3a ypaBHEHUs ©(y) = [; BBITEKAET, ITO
= [y — XapaKTepUCTUIECKNE TIPIMbIe YPABHEHUs TEILIONPOBOTHOCTH.
N3noxkenune BOIPOCOB, CBsa3aHHOE ¢ Kiaccudukaruein guddepeHimaib-
HBIX YPaBHEHUI C YaCTHBIMU TPOM3BOIHBIMU, MOXKHO HANTH TaKKe B IIUPOKO
U3BECTHBIX yueOHUKax u y4ueOHbix nocobusix [1-4, 8-10|. Huxke mnpuseeHnt
33141 JIJIsT CAMOCTOATE/ILHOTO PEIIeHUS .

Onpeie/IuTh THIT CJIEYIOMNX YPABHEHUI:
L1 Ugy + dugy + Uyy + Uy + Uy + 2u — xy = 05
1.2, 2y + 2ugy + Uy + 2uy + 20y — u = 0;
1.3. gy + 2Ugy + uyy + 2uy + 2uy — 3u = 0;
1.4, 4uyy + 2ugy — Sy, + € = 0;
15 Upy + 2Ugpy + 2y — 2uzu, = 0.
B mockoctu x,y BhACUTH 001acTh D, TJie ypaBHEHUE UMEET SJIIAIITU-
veckuii (rurnepbosinueckuii, napaboJnIecKuii) THIr:
1.6. 2y + yuyy — u? = 0;
L7 (14 2®)uge + (4 + 2% + yH)ugy + (1 + y?*)uy, = 0;
1.8, (14 y)ugy + 2xyuyy + (1 4+ y)uyy — uy = 0;
L9, (14 2% 4+ v U — 8(2? + ¥*)ugy + (1 + 22 + y?)uy, = 0;
1.10. IlpuBectn npumep ypaBHEHHS T'HIIEPOOJIMIECKOrO THIIA, Y KO-
TOPOTr0 OBLIO OBI JIBa CeMelCTBa XapaKTePUCTUK, PACIIOIOKEHHBIX TI0JT YTJIOM
90°; 45°; 30°;
1.11. IlpuBecTu npumep ypaBHeHUs TapabOJINIECKOTO THUIIA, Y KOTO-
POTO XapaKTePHCTHKH OBLIN ObI pacIoIoKensl oy yriiom 459 x ocu Ox.
B mannowm pasnese Obliia M3J10KEeHa JOCTATOYHO HOJIHAA KJIACCH(DUKAIIMS
nddepeHImaIbHbIX YPaBHEHUI ¢ 9aCcTHBIMU ITPOU3BOIHBIMU BTOPOI'O TI0O-
paJIKa ¢ JAByMs HE3aBUCUMBIMHU TIepeMeHHbIME. B ciydae ypaBHeHUiT BTOPOro
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HOPsAJIKA ¢ OOJIBIINUM YHCJIOM HE3aBUCUMbIX [IE€PEMEHHBIX CUTYAIMSA MEeHee O/I-
HO3HAYHAd U, KAK PABUJIO, PpeYb UJIET TOJHKO O YaCTUIHON KIaCCU(DUKAIIH
TaKuxX ypaBHenuii. Tak, Hanpumep, ciiejiysd (hopMaJbHO METOJINKE, M3/I07KEH-
HOI1 BBIIE, IBA CJAEAYIONMNX YPaBHEHUS:

Pu  Pu  0*u 82u_

2 2 2 2
Oxi{ Ozx; Ox; Oxj

0

0%u N 0%u B 0%*u B Pu
or? = dr3 Ox: 0xF

rie u = u(xy, Te, T3, T4), CAETOBATO OBl 32HECTH B OJIMH KJIACC MHITEPOOJIIIe-

0,

CKUX ypaBHEHWiT, HeCMOTPSI Ha OYEBUIHOE MEXKy HUMU Pa3JIMdme.

Emg 6osee 3arpyaaure/ibHast CATYalldsd ¢ YPABHEHUSIMUA UHBIX TOPSIIKOB.
ot
Ozt
HeHueM KoJiebanuii 6ayakn (u = u(t, z)), ¢ GOpPMATLHON TOUKH 3PEHMUS TTOCTIe
IIPUMEHEHNsT aHAJIOTHII U3 MMOCTPOeHnit Bbilie "MOXKHO oTHecTn" K ypaBHe-
HUSIM SJUTUITHYECKOro THia. /ledcTBUTE/IbHO, ¢ JJaHHBIM ypaBHEHUEM CB-
3ama, dopma 4-ro mopanaka £2 + n*, koropas, 6e3yc/I0BHO, HOMOKUTEIBLHO
ornpejiesieHa. B . 8 Takike OyjieT mokasaHo, 9TO JIJIsl STOIO YPABHEHUSI CO-
JleprKaTesIbHbI KpaeBble 3a/1a491, AaHAJIOIMIHbBIE T€M, KOTOPhIE U3YYaI0TCs JIJIsT
ypaBHeHUsdA KoJiebanunit cTpyHbl. TakuM oOpaszoM, ObITH MOXKET, eCTeCTBEHHEH
Ha3BaTh €ro ypaBHEHUEM TUIIEPOOJINIECKOrO TUIIA.

W3102keHHBIA B JaHHOM pasjiesie Moaxol K Kiaccudukanun auddepen-
[UAJIbHBIX YPaBHEHU BTOPOTO TOPSIKA CTAHOBUTCS COBCEM HEKOHCTPYKTHB-
HBIM [IPU paccMoTpeHnn jndhepeHInalbHbIX yPaBHEHI HEYETHOTO MOPSII-
ka. Tem He MeHee M3JI0YKEHHBIN BBIIIE MTOJIX0/] K KJ1acCu(UKaIuu ypaBHEeHU T
BTOPOIr'O IMOPSIIKA SBJISIETCS OOMIENPU3HAHHBIM, "KIacCuYecKuM' | Tak Kak
ccopmuposan B XIX Beke B paboTax OCHOBOIOJIOZKHUKOB Teopun jiuddepen-
[UAJbHBIX yPABHEHUIl ¢ JaCTHBIMU IPOM3BOAHBIMUA. Ha mepBoMm 3rare, Kak
[IPABIJIO, PACCMATPUBAJIMCH UMEHHO JiudhepeHnajibHble ypaBHEHIS BTOPO-
r'O TIOPSIJIKA W C JBYMsI HE3aBUCUMBIMU TIePEMEHHBIMHA.

Tak, nampumep, ypaBuenue ?—1— = (, KoTOpOe TPUHSITO HA3BIBATH YPaB-
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I'maBa 2. I'apmonmvieckne pyHKINN

B nmannoit TyiaBe paccMOTpUM ypaBHEHHE

Pu  0*u  O*u
Au = 2.1
T B + Oy? + 022’ (2.1)

riae u = u(x,y, z). Ypasaenue (2.1), Kak yKe paHee yIIOMHHAJIOCH, HA3bIBa-
ercs ypasrenneM Jlammaca. Hapsany c¢ ypasnenmem (2.1), MOXKHO paccMar-
puBaTh ypasrenue Jlamgaca B ciaydae JByX IPOCTPAHCTBEHHBIX EPEMEHHBIX
x,Yy, TO ecTh Korja u = u(x,y) :

0*u  0%u

Au:@—i—a—y?

(2.2)

Onpepenenne 2.1. Pynkyusu = u(z,y, 2) (u=u(z,y)), nenpepvisras
CO CEOUMU YACTHHMU NPOU3BOOHBMU D0 8MOPO20 NOPAIKE BKANOYUMEAHHO
6 nexomopoti obaacmu D C R (D C R?) u ydosaemeopaowan mam ypas-
nenuro (2.1) ((2.2)), naswsaemes zapmonuveckot 6 obaacmu D.

B cuny nuneitnoctu ypasuenus Jlamraca oueBuiHO, UTO JIMHEHHAS KOM-
OMHAIMS TAPMOHUYECKUX (DYHKIINI — rapMOHUYEcKast PyHKITUS.

HexkoTopbie mpuMepbl TapMOHUYECKUX (DYHKITHIA:

1) u=ax+by+cz+d, a,b,c,d— neficrBuresibHbIE TUCIIA;

2) u=axy + brz + cyz + d;

1
3) Es(z,y,2) = ,ecmn 2+ y* + 22 £ 0.
/ZL‘Z + y2 + 22

B nocsieHeM ciryuae mMeeT MECTO MpUMep TapMOHUYECKO dyHKImN
B R3\{0}. B R? anajoruvnpiii ipuMep BBITJIAUT CICLYIONIM 0ODA30M:

4) Ey(z,y) =In ;, upu 2?2 + y? # 0.

JEr g

Oyurius F3(z,y,z) (Ea(r,y)) ABIgeTcs IPEMEPOM TaK HA3BIBAEMOIO
dbyunamenTagbpaoro pemenns ypasaenus (2.1) ((2.2)). Crporoe ¢ maTemaTu-
YeCKO TOUKM 3pEeHUs MOHATHE (DYHIAMEHTAJBHOIO PEIeHnsT IUTaATeb MO-
x)er Hafitu B [1].

B apymeprom ciaydae (R?) cyliecTByeT Helocpe/ICTBeHHas CBA3b MEKLy
rapMOHMYIECKUMU (DYHKIUSIMU U aHAJUTHIECKUMHU (rooMOpdhHbIME) (DYHK-
[USIMHU KOMILJIEKCHOTO TIEPEMEHHOTO.

Hamomunm, 4ro f(z),z € C' ( C — nose KOMIJIGKCHBIX YUCEJT) HA3bIBa-
10T aHAJIMTHYECKOl dyHKImeil, ecin oHa MuddepeHnupyeMa B CMbICTIE KOM-
iekcHoro anajmsa. [lyers f(z) = u(x, y)+iv(z,y), vae dbyukuuu u(z, y), v(z, y)
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nuddepentupyembr. Torya st Toro, 4Tobbl f(z) Oblia AaHATUTHIECKOI, Cie-
JyeT mpoBepuTh ycjoBus Komm - Pumana:
Ou  Ov Ou ov
or oy oy Oz

DJIEMEHTAPHO [IPOBEPSETCsI, YTO JIEHCTBUTE/IbHAS YaCTh aHAIMTHIECKON
dbyukun, To ectb u(x, y), ABisercs perierneM ypasaenus Jlamaca (2.2), To
€CTh rapMOHMYECKON (byHkumeii. /[y 3Toro gocrarodHo nepBoe ypaBHEHHE
(2.3) npomuddepenmpoBaTh O T, a BTOpOe — IO Y. 3aTeM IIOJIyIeHHbIe
PABEHCTBA CJIOKHUTH. AHATOIUIHO TpoBepsieTcst, 9To u Av = (.

ITpumep 2.1. Ilycrs f(z) = e*. Torna f(2) = u(x, y)+iv(x,y), B qannom
ciydae u(x,y) = e*cosy,v(x,y) = e€*siny CAyKAT elle OJHUM MPUMEPOM
Hapbl TAPMOHUYECKUX (DYHKITHIA.

Bapauya 2.1. Haiitu rapmonunveckune (HyHKIUHI, UCTOJIB3Ys TO 0OCTOSI-
TesIbCTBO, UTo f(z) — aHamuTudeckas (rojomopdHasi) DYHKIH KOMILIEKC-
HOI'O [TEPEMEHHOTO

2) f(2) = 2

6) f(2) =

B) f(z) = 2",n € N — MHOXKECTBO HATYDPAJbHBIX UHCET;

r) f(z) = e

HamoMHIM HEKOTOPBIE OCHOBHBIE CBOHCTBA TAPMOHUYIECKUX (DYHKITHIA.

IMpunnun makcumywma. Ilyers D C R3(R?) u D — orpanudennas ob-
nactb. OyHKusa u(z,y, 2) yAOBJIETBOPSAET CJIEIYIOMINM CBOHCTBAM:

1) u(z,vy, 2) HerpepwiBHa B D — 3aMbIKanun D;

2) B obactu D omHa SBISETCA FAPMOHIYCCKOIL.

Torna u(z,y, z) nocturaer cBoero Makcumyma Ha 0D — rpanurie obaacru,
TO €CTh

(2.3)

max ul\x zZ) = max u\x Z).
(%,y,2)ED ( ks ) (z,y,2)€0D ( a )

JlokazaTebCTBO NMPUHIIAIIA MAaxX

O603HATNM Uepe3 M MaKCUMYyM 3HaU€HUIT TapMOHIIECKOi byHKIMN U (T, Y, 2)
Ha rpanuie 0D.
[Ipeamonozxum, aro max u(z, y, z) = M > mu P(x, Yo, 20) € D — TouKa,
D

rJie JOCTUTAeTCs 9TOT mazx, T. e. u(To, Yo, 20) = M. Paccmorpum Beromora-
TebHYIO (DYHKITUIO
M —m

v=uv(x,y,2) =ulz,y,z)+ 5

{0 =20+ (= w)* + (z = 2)*},
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e d — guameTp objactu D, T. e.
(z —x0)* + (y — %0)* + (2 — 20)* < &
OueBniHO, 9TO Ha rpanuie 0D

M—md2:M+m

< M.
2d2 2

v<Em-+

B 1o ke Bpems v(xo, Yo, 20) = u(xq, Yo, 20). OTCIONA CIEIyeT, 9TO MAKCUMYM
v(z,y,z) BayTpu D me Menbiie, uem M, a, CJIeIOBATENBHO, OOJIBINE, TEM
max "a 0D. Urak, dyuknus v(z, y, 2) J0CTHraeT CBOEr0 Max BO BHY TPEHHEN
touke Q(z1,y1,21) € D. Kak uzBectHo, B ToUKe max ()

ov  Ov  Ov
or Oy 0z
0%v 0%v 0%v
<0, <0, < 0.
0x? Oy? 022
CuietoBaTeIbHO,
AU|Q < 0.
Onnako
Av = Au+ Aw,
riae u = u(z,y, z) — rapmonmyeckast Gyakuus 8 D (Au = 0), a
M —m
w = W{(l’ —20)° + (y — v0)* + (2 — 20)2}-
Urak,
M —m
Av=|——— .
v ( B ) 6>0

[Tosrygennoe mpoTuBOpevre U JIOKA3bIBaET YTBEPK/ICHHE.
I/I3 9TOI'O YTBEP2KJ/ICHNA BBITEKAIOT JIBa CJICJICTBUA.
Caencrsue 2.1.

min w(z.v.z) = min ul(z.v.z).
S (,y,2) = minu(@.y,z2)

CaencrBue 2.2.

max ulx z = max ulxr 2.
(Ly’z@\ (z,y, 2)] (a:,y7z)€8D‘ (z,y,2)]
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OrMmernmM, elme JiBa CBOMCTBA rapMOHUYECKUX (DYHKIIUIA.

[Iycts B orpanndennoit obiactu D ¢ riuaakoit rparuieit 0D ajist dyHKIIN
u(x,y, 2) BBIMOJHEHBI CJIEIYTOIINE YCIOBHS:

1) u(z,y, 2) — HenpepwiBHO MudbepenmupyeMas byHKIHA B D;

2) upu (x,y,z) € D dbyukuus u(zx,y, z) yjoBierBopser ypasueHuto Jla-
IJ1aCa, TO €CTh ABJIAETCS FaPMOHUYIECKOI.

Torya cripaBe/InBO PaBEHCTBO

ou
oD
ou

31ecn o [POU3BO/HASL 110 HAIpaBJIeHIO0 HOpMasu K 0D (06bIYHO 110
n

HAIPABJIEHUIO BHEIIIHEH HOPMAJIH).

Hamomuum BaxkHoe cBOMCTBO rapMonHnydeckux pyHkimii. Ecan dyakims
u(x,y, 2) rapmonnuna 8 D C R*(D C R?), To oHa GecKOHeYHOe YHC/IO Pa3
muddepennupyema (npunaexur kiaccy C(D)). [Tociennee, kak u3Bect-
HO, O3HAYaeT, YT0 y JAHHOH (DYHKIWMU u(Z, Yy, 2) CYMECTBYIOT HEIPEPbIBHbIE

0"u

YaCTHDBIE TPOU3BOJIHBIE JTIOOOTO MOPSIIKA, TO €CTh Doy
(n =n1 + N2 +7’L3).

BoJtee nosipobroe n3joxkeHne TeOpun rapMOHUYECKUX (PYHKIUI MOZKHO
HafiTu B JIIOOOM JOCTYITHOM y9eOHUKe (CM., HAIPUMEp, TJIaBy 3 U3 yueOHUKa
[2]). B pamkax sToro mocobusi jajiee OrpaHHIUMCsT PACCMOTPEHHEM HEKOTO-
PBIX 38184 171t KOHKPETHBIX 00JIaCTell, TJ1e y1aeTcst HafiTh COOTBETCTBYIOILY IO
(bYHKIUIO B IBHOM BUJIE, UCIIOJIb3Ysl, KaK paBuiio, Metoj Pypwe (Meros pas-

JICJICHUST TTePEeMEHHBIX ).
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I'masa 3. 3agaga Iupwuxie

[Tycts D C R3(R?) u 0D — rpanuna sroii obnactu. Ilox 3amaueit Jupux-
Jie TOHUMAIOT 3a/1a9y 110 HAXOXKICHUIO CJIEJYIOMIe TApMOHNYIECKO (hyHKINN
u(z,y, z)(u(z,y)), ecau JOMOJHATETHHO CIPABEJINBbI CIIeyome TpeboBa-
HUS:

1) u € C(D), To ecTb OHa HENPEPHIBHA B 3aMBIKAHUI 0bacTi D;

2) ulop = f(z,y, 2), tue f(z,y, z) — 3agannas Gyaknus Ha 0D, 10 ecTh f
ompeeaeHa Bo Becex Toukax 0D. OObIYHO cauTaeM, 9To 3Ta (DYHKIINA Helpe-
PBIBHA.

B srom maparpade pacecMorpum mpekjie BCEro YaCTHBIN ciIydaii, Korja
D= Kgp={(z,9) : 2* + y* < R*}, . e. Kpyr pajuyca R ¢ HEHTPOM B HyJIe
D=Kgr=1{(x,y): 2% +y* < R?}. Hakonen, 0D = {(x,y) : 22 + 4> = R?},
3necy R > 0. IlepeiiieMm K MOJSIPHBIM KOOPIUHATAM, TO €CTh ITOJIOKUM

T =7Trsine,y =1rcosy,

rae r > 0,0 € R(p € [0;27]).
Yupaxkuenue 3.1. [lokazars, aTo oneparop Jlamiaca B MOJAPHBIX KO-
Op/IMHATaX MPUOOPETAET CJIeMYIONNIl BU/I:

_12 ou 1 0%u

Au = = Yy 22"
“ r@r(rﬁr +r28902

(3.1)

Wn
_ 82u+ 18u+ 1 0%u
o2 ror 209

B Takowm city4ae 3a1a1y JAupuxiie MOYXKHO 3aliCaTh B BUJIE JIByX PABEHCTB:

Au

_ 12( %) + i@ _
o or T@r r20¢?
u(r, )lr=r = f(©). (3.3)

Brech f(p) — HenpepbIBHASI IepHOIIIecKast (QYHKINS IpH ¢ € R 1 ee epuo/t
pasen 2m. Oneparop Jlamraca ymecrro nepenucars B Buje (3.1).

B meppoit wactu sToro pazjena Oyaer uzioxken meron Pypowe. [Ipu ero
00OCHOBAHMHM CJIeJIyeT BBECTH JOIOJTHUTEIbHBIE OIPAHUYIeHUs I (DY HKIIH,
3a/IaHHON Ha rpaHmuie, To ecThb st f(p). Bpemenno 6yjem caurarh, 910 Ipn
BCEX PACCMATPUBAEMBIX (0 OHA HEIPEPBIBHO JuddepeHimpyema.

Au 0, (3.2)
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AgroputMm metona @ypbe st 3amaun lupuxie B Kpyre

Ha mepBoM sTare Haiiiem Bce perienns ypasaerus Jlamtaca (3.2) B dbop-
me u(r, ) = A(r)B(y), tne A(r) # 0,B(¢) # 0, dyuxmus B(y) no me-
pemenHoit ¢ umeer nepuos 27. Pynknua A(r) onpenenena npu r = 0, T0
ectb A(0) < 00 B CUMBOJIMYECKOl 3AIMCH, KOTOPas UCIOJIb3YeTCsl B HEKOTO-
PBIX PEKOMEH/IOBAHHBIX yUeOHbIX ocobusx. [Togcrasum u(r, ¢) B ypaBHeHue.
[Tosy4m, 9TO CIIPaBEIJIMBO PABEHCTBO

—(T’A/)/B + —2AB = O
r r
3/1ech 1 HUXKE B 9TOM Haparpade mTpuxoM 0003HAYAETCA MTPOU3BOIHA
10 7", & TOYKOI — 110 .
Tomuoxkum obe gactu noceanero ypasnenus na r2/(AB). Torma crpa-
BEJJIMBO PABEHCTBO
r(rd B
A B

ITepBoe ciaraeMoe JaHHOTO PaBEHCTBA 3aBUCHT TOJILKO OT T', & BTOPOE —
ToJILKO 0T . CriesoBaTebHo,
r(rA
A

A
=\ ==\
’B )

rie A € R. Urak, mojayduM cucrteMy OOBIKHOBEHHBIX JuddepeHmaibHbIX
YPaBHEHU:

r(rA) = \A,
B+ \B=0.

HarnomHum, 910 1m0OC/IeIHIe JBa YPABHEHUS CJIe/lyeT JIONOJHUTD YCIOBH-
svu [A(0)] < oo, B(¢p + 27) = B(y). 3mech A € R — mapamerp, KOTODBIi
OIPEJICJISIETCS U3 TOTO YCJIOBUs, YTO Y 9TOH CHCTEMBI CYIIECTBYIOT HETPUBU-
aJIbHBIE PEIeHNUsI, YJIO0BJIETBOPSIOININE JIOHOJIHUTEIBLHBIM YCIIOBUSM.

J1j1st 9TOro paccMOTPHM CHadasla KPAeBylo 3a/1ady

B+ \B =0, (3.4)

B(0) = B(2n), B(0) = B(2n). (3.5)
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Takyo 3a/1a1y OOBITHO HA3BIBAIOT NEPHOINYECKOIl KpaeBoil 3a/1adei,
a 151 perenus ypasuemnus (3.4) yciosue (3.5) u yeiosue B(p +21) = B(p)
SKBHUBaJICHTHLI. HamomunM, 9T0 Te A\, IpM KOTOPBIX CYIIECTBYyeT HETPHUBHU-
aJIbHOE peIlleHre, Ha3bIBAIOT COOCTBCHHBIMH 3HAYCHUAMHI KPAeBOU 3a/1a4H.
IIycrs cnagana A < 0. Torga obrmee pemtenust ypasHenus (3.5) MOXKHO
3allucaTh B CJe/LyIoeM Buje:

B(QO) = ble\/j“p + bgei\/j/\ip,

rae by, by € R. IlogcranoBka B(yp) B Kpaesble ycjaoBus (3.5) IPUBOIUT
K CHCTEMe JIByX aJrebpamtdecKuxX ypaBHEHHi /it oupesenerus by, by:

blemﬁ + 17267\/77>\27T = bl -+ bg,
V —)\(616\/_7)\27r — bge_\/j)\%r) =V —)\(bl — bg)

YuanreiBasg, 910 v/ —\ # 0, HETPYIHO MPOBEPUTH, UTO MOCJIE/IHSISI CUCTEMA
JIMTHEHHBIX YpaBHEHUI MMeeT JIUIIb HYJIEBOE pellleHue.
Ynpaxkuenue 3.2. [lokazaTb, 4TO OIPEJIEIUTE/H STOW CUCTEMbI

VAT 1 emVENr
eV 1 eV +1
OTJIMYEH OT HYJIA.
Bce 310 03Ha1aeT, UTO cpean AeicTBUTEIbHBIX Unces A < () HeT coOCTBEH-

HBIX 3HAYeHUil y Kpaepoit 3ajaqn (3.4), (3.5).
[Iycrs Teneps A = 0. Torma obiee pererne ypasaenusi (3.4) numeer Bu

B(p) = b1 + bap.

[Ipu by = 0 310 pemenne nepuondHO, T. €. A = () — cOOCTBEHHOE YUC-
70 Kpaesoit 3agaun (3.4), (3.5). CoorBercrByiommas cobcTBeHHast DYHKIHA
umeet Buj By(p) = ag, o € R.

[Ipu A > 0 obrmee pemnienue ypaBHeHust (3.4) MOXKHO 3aIlUCATH B CJIELYTO-

meit popme:

B(p) = acos Vg + Bsin VAp(a, B € R).

[MonsitHO, WTO TpH JIIOOBIX (v, § dbyHKIMs B(p) neproaudHa ¢ MepuoIom
or /v, Haunas dyskius Gymer 27 - mepuoumaeckoi, ecam VA = n,n € N
— MHOXKECTBO HaTypaJsbHBIX uncel. UTak, A = \, = n?, a coOTBeTCTBYyIOIIee

TaKOMY A\, PeIlIeHre MOXKeT ObITh 3aIllCaHO B CJeAyroleil hopme:
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Bn(p) = ay, cosng + B, sinnep,
rje o, B, € R, T. e. IPOU3BOJILHBIE TIOCTOSIHHBIE.

Ompenemnm reneps A(r). Ilycrs A = Ay = 0. s Ag(r) momydaem ypas-
nenue r(rAgy) = 0. Orkyna, 10CIEI0BATENHLHO €10 UHTErPUPYsT, HAXOIUM,
aro Ag(r) = qoIn7+ po, (Po, g0 € R). I3 ycsoBus onpenenennoctu Ag(r) npu
r = 0 BeiTekaet, 910 Ag(r) = po (qo ciregyer BHIOPATH PABHBIM HYJIIO).

[Tycrsb Tenepb A = A\, = n?. Jljist onpesesenust A, (r) Mbl UMeeM ypaBHe-
nue Ditnepa r2A” +rA, —n?A, = 0. Ero obuiee penenne, Kak U3BECTHO U3
Kypca OOBLIKHOBEHHBIX Jind depeHnuaabbX ypaBHeHn, MOKHO 3aII1CaATh
B CJICJIYIOIIEM BH/IE:

An<7“) - pnrn + an—n (pTM dn € R)

B namem ciydae ciemyer moaokuth g, = 0(]A,(0)] < 00).
Urak, ypasuenue Jlammaca B popme (3.2) J10mycKaeT cueTHOE CeMERCTBO
JACTHBIX PeIleHMi:

Un (1, ) = An(1)Bu(p),

rie
AO(T) = Do, An(r) = pnrnv

Bo(p) = g, By(p) = ay, cosnp + 3, sinnp.

Pemenne zamaqn (3.2), (3.3) Oy/eM HCKaTh B BHJE CYMMBI 9aCTHBIX pe-
IICHUIA:

u(r, ) = Z un(r,p) = co + Z " (¢n cosnp + dp, sinny),
k=0 n=1

e Co,Cn,d, € R m 1MOKa Ipom3BOJbHBIE MOCTOAHHBbIE. [lookum r = R.
[Tosryuaem pasencTso (cM.(3.3))

fle) =co+ Z R"(¢,, cosng + d, sinney). (3.6)
n=1
[Tycrs usBectnaga gyuknus f(p) pasnoxena B pag Oypoe:
flp) = % + ;(an cos ny + by, sinny). (3.7)
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Hamomuum, uro g kosdgpduimentos Pypbe cripaBeIuBbl (DOPMYJIbL:
1 1 .
a, = — [ f(@)cosnpdp, b, =— [ f(p)sinnpde.
T T

Cpasuenne dhopmyir (3.6), (3.7) npuBoAUT K paBeHCTBAM:

Qo an, p by,
Co= 7,Cn= 57 ,0pn = 55—
T Rr Rr
B pesysbrare mosyaaem dbopmyity st pererns 3agaan (3.2), (3.3):
u(r, o) = %o i i(an cosny + by, sinnep). (3.8)
2 =R

O6ocHoBanue crpapeymBocT GopmyJibl (3.8) mpenosaraeT mpoBepKy
JABYX CBOICTB:

1) mpu (1, ¢) € K p OHa HelpephIBHA,

2) mpu (r, ) € Kr nannas QyHKIus, 110 KpailHeil Mepe, JTBayK bl -
depenIupyema.

JL1st IpoBepPKU IEPBOro U3 3TUX CBOICTB JIOCTATOYHO JOKA3ATh PABHOMED-
HYIO CXOIuMOCTb psza (3.8) mpu r < R. HamoMmHuM, 9TO 1pu BBIIOTHEHUN
YCJIOBUS O HENPEPBIBHOM MuddepeHnnpyeMocT U ePUOIUIHOCTU (DYHKITUH
f(¢) BBITEKAELT CXOAMMOCTD CJIEYIONIUX IHCIOBBIX PSIJIOB:

o0 o
Z |ak|7 Z |bk|7
k=0 k=0

rje ag, by, — kosdurmentsr Pypue dbyuxiwn f(@). Tem cambiM psiJT B IpaBoit
qacT (3.8) MayKOPUPYETCsl YUCJTOBBIM PSJIOM

ap =
15 |+;(|an| + [ba])-

N3 u3BecTHOIT Teopembl Beitepirpacca (BCHOMHI/IM MaTeMaTU4YeCKUN aHa-
JI3) BBITEKAET, UTO P B IpaBoii yactu (3.8) cXOmuTces, a ero cyMma — Herpe-
pbIBHas (DYHKITUS.

[l mpoBepKU BTOPOT'O CBOWCTBA JIOCTATOYHO PACCMOTPETH KPYT PaJinyca
Ri(KRg,), tne Ry < R, nocyie 4ero npoBeputh JIuddepeHmpyeMocThb psijia
(3.8) B kpyre Kg,.
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Ynpaxknaenune 3.3. Jlokazarb, 4ro npouddepeHmpoBaHHblii m pas
1o r u 2k pas 1o  pdj CXOJIUTCA paBHOMEpPHO pu 1 < Ry.

UsBectHo, uTo psj (3.8) MOXKHO IIpeobpa3oBaTh U TOTJA perienne Oymaer
3aIICAHO B MHTErpasibHOM hopMme. [Ijist 9T0ro HaI0 Mo ICTaBUTD SIBHBIE BHIPA-
JKEHUS JUISL (yy, by, M IPOCYMMUPOBATD TTOJIY YUBINUICS (DYHKITHOHAIHHBIN PsiT
(6oJtee 11OIPOOHO BApUAHT BHIBOJA MHTEIPAJIBHON (hOPMYJIBI MOYKHO HaiiTh
B yuebHuKe [1]. B pesymbrare mosyamm

27
1 R? — 2
ulr o) = o / s R? 412 — 2Rr cos(y) — @)d¢’
0

rme r < R.

Hannast popmysia nocur vazsarue popmysisl [Tyaccona. B [1] moxkuo Haii-
TH U JIOKA3aTeJIbCTBO TOTO YTBEp:KIeHUsI, 910 popmysia [lyaccora crpase;-
JMBa ¥ s J11060i HenpepbiBHON dyHKIMU f(¢), T. €. MOXKHO OTKa3aThCs
oT TpeboBanus HenpepbiBHOI tuddepentiupyemoctu. [loceamee 66110 HEOO-
XOJIUMO TpeboBaTh it obocHoBanus MeToma Oypobe.

Hycers I = I(r,p,v) = (R* — r?)/(R* + r* — 2Rrcos(¢) — ¢)). OyHk-
nuga I nocut nazpanue gipa [lyaccona. /g anpa Ilyaccona cipasenBs
CJIEAYIOIIEe CBOMCTBA!

1) I(r,p,¢) > 0mpu r < R;

1
2) o [ 1o 0)d

—T

Il
=

Yupaxkuenue 3.4. [Iposeputh nepsoe cBoiicTBo djpa [lyaccona.

Bropoe n3 omunTeIbHBIX CBOWCTB BLITEKACT U3 TEOPEMBI €IMHCTBEHHO-
cTu peniennsd 3aja4du {upuxie B Kpyre.

Pacemorpum crenyroryio 3agaay dupuxime Au = 0, u(r,¢)|l—=r = 1.
Ona nmeer euHCTBEHHOE perierne u(r, ) = 1. Bmecre ¢ Tem perenne 31oit
3318491 MOXKeT OBITh HaliJIeHO ¢ rmoMoIbio opmyinl [lyaccona, T. e.

s

[ 16wy a

—T

1

L= u(rp) = o

[locnennee paBeHCTBO JIOKAa3bIBAET COOTBETCTBYIOIIEE yTBEPIK/IEHUE.
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Yupaxkuenune 3.5. B nekaproBbix koopamaarax ¢opmysy Ilyaccona
cjaejlyeT 3alucaThb B BU/jie

1 T R?* — (2% + 9?)
u(:v,y)— %/f(@/})RQ_‘_(xQ_I_yZ)_QR(xcos@D—FySinl/J)d

Yupaxkuenmue 3.6. [lokazars, uro dpopmyny [lyaccona MmoxkHo 3amucarsb
B KOMILJIEKCHOIT dopme:

Re™ N Re™™
e —(x+1y) Re ™ — (z —iy)

o) = 5 [ F@)1+ )i

BeiBog dopmyssr Ilyaccona

Paccmorpum 3ajaqay lupuxiie B Kpyre, T. e.
Au=0, ul.—r= f(v).

[Ipu BeIBOJIE 3TOI bopMyJIBI GyieM cuutaTh, uto f(p) € CH(R) u f(p+27) =
f(p), ©. e. f(v) — HenpepbiBHO nuddepeHnUpyeMast, 27 — MEPHOTIECKAST
dbynkuus. Pemenne qannoit 3a/1a491, KaK ObLIO IOKA3aHO Ha, IIPEJIIIeCTBYIO-
MIMX CTpaHUIAX JAHHON IIaBbl, Oyaer (pyHKIus

u(r,¢) = % + Z (%) {an cosny + by, sinngp},
n=1

re ag, a, as..., by, ba... — koadpdunuentor Pypne byuxuu f(p), T. e.

o= [ )b, an== [ ) cosnvdv,

1] ,
bn:;/f(w)smmpdw, n=1273.

25



CitetoBaTesIbHO, PsiJl B IpaBoit qactu hopMyJIbl Jijis pertenus 3aaa4qu Jlupu-
xJ1e cxouTesd paBHoMepHO. OHa MOXKET ObITh 3alucaHa B CJISIYIOMEM BU/IE:

ulrig) = oo [ f@) v+ Y pr{eosne | £ [ fw)cosnvav | +
“r n=1 g

+ sinngp %/f(z/))sinm/)d@/z }

B cuty paBHOMEpHO# CXOJIMMOCTH PAJIOB B IIPABBIX YaCTAX JIBYX IOCJIETHIX
dopMy1 oneparuu CyMMUPOBaHUsI U MHTEIPUPOBAHUS MOXKHO ITOMEHSITH Me-
cramu. Hrax,

u(r, ) = %/ﬂf(w){1+2§: (%)n[cosnapcosnw—l—sinngpsinmﬁ]}dz/; =
- %jf@){l #23" 1" cosnlo — )} v,

e t = }% B cuny dopmyst Ditstepa
2cosn(p — ) = ™Y 4 gminle=¥)
ITosTomy

p= 1+2 Z t" cos n(gp — q/}) =1+ Z t”em(@*’/’) + Z tnefm(@*w)_
n=1 n=1 n=1

,D;Ba IIOCJICITHUX CJlal'a€MbIX — 9TO I'€eOMETPpUYIECKHE IIPOIrpecCuur CO 3HaMeEHa-

: _ r
tenamu q = te'¥~¥) u G coorsercrsenno. Hamomumwm, uro |q| = [t| = ‘E‘ =
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,
— < 1. CienoBaresbHO,

R

teile—v) te—ie—v)

I peye ey Bl B ey B

1 — (te’@™9) e %)) 4 2 4 telP™Y) ftemile¥) 42 42
1 — (teile=¥) 4 te—ile=¥)) 4 ¢2 -

1 Al
1—¢2 R

1+t —2tcos(p —1)) -
1+

R2 - S02
T R? + 72 — 2Rr cos(p — 1)

= I(r,¢,7).

Bruisos, hopmysibl 3aBepIreH.
Bagaua 3.1. Pemurs 3aa4y Jdupuxie B kpyre K = {2? + y? < R?},
ecim Ha TpaHuIe Kpyra umeeM yciosue u(R, o) = f(¢) :
a) R=1, f(¢) = cos? ¢ + sin® 2¢p;
6) R =2, f(p) = sin? ¢ + cos? 3y;
8 R=3.f(¢) = {O.’f =
sin” ¢, p € [0; 7],
a Ha OCTaJIbHbIe 3HadeHust  GyHKIWs () IPOIOIZKEHA 10 IEPUOUIHOCTH.
Bamaua 3.2. Haiitu Bce 3Ha4YeHMs mapaMeTpa @, IPU KOTOPBIX 3ajada

Hupuxie B kpyre R = 1 umeer takoe perienue u(r, ¢), 910 uw*dxdy = 10.
Kgr
Bneck Au = 0,u(1,¢) = a + cos* ¢ + sin? p.

Kpowme 3anaun Tupuxie BHyTpu Kpyra Kz ¢ HEHTPOM B HyJIe, MOXKHO Pac-
CMOTPETH JIpyrue 00JIaCTH, CBA3AHHLIC C KPYTOM, TJe PEHICHHe MOXKET ObITh
Haiijieno Mero oM Pypbe B MOJMAPHLIX KOOpAUHATax. K TaKOBLIM OTHOCUTCH,
HanpumMep, 3aja4a Jlupuxiie Bo BHENTHOCTH KpPyTa

Au =0, (3.9)
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u(R, ) = f(p), (3.10)

riae u = u(r, ), ar > R. Ilo nepemeHHOIl ¢ ¢ HEOOXOAMMOCTBIO 9Ta (DYHKITH
umeer nepuo 2. Haxonen, f(¢) € CH(R), T. e. nannag GpyHKIHs HellpepbIB-
Ho muddepeniupyema. Pemenue zamgaqau (3.11), (3.12) umem kax QyHKIHO
u(r, @), YAOBIETBOPSIOILYIO JIONOJTHATETHLHOMY YCJIOBUIO:

u(r, )] < M,

ecn 1 € [R, 00).
Bamada 3.3. Pemenne 3amaun (3.9), (3.10) moxer ObITh 33/1aHO (HOP-
MYyJIOf

u(r, o) = % + Z %(an cos ny + by, sinny),
n=1

rae {a,}, {b,} — kosbburmenror Pypbe Gynknun f(p), T0 ecTh
fle) = % + nz::l(an cosny + b, sinnep).

3anaua 3.4. Ilycrts B ycioBusx 3aja4an 3.3
a) R =1, f(p) = cos® ¢;
6) R =2, f(p) =sin’ ¢;

B) R=1 f(p) = {Sin2 0, € [—m;0),

0,¢ € [0;7].
Haiiru u(r, ¢).
Cilenyromas aHaJIOIMYHAA 33/a49a — 9T0 3aja4a Jupuxie B Kojble V =
{(p,p), R <p< Ro},tme 0 < Ry < Ry, = pcosp, y=psing:

Au = 0, U|T:R1 = fl(@), u|r:R2 = f2(90)

[TocnemoBaresbHO puMeHsid aaroput™ Metoga Dypbe (pasieseHus mnepe-
MEHHBIX ), CHAJYaJIa TMOJIydaeM, 4TO PellleHre MOCJIeIHel 3aa9i MOXKeT ObITh
IIPEJICTABIEHO B BUJIE PAJia

u(p, @) = Aol p+Bo+ Y~ {(Anp" + Bap ") cosng + (Cop” + Dyp™") sinngp} |

n=1

rie kospdurmentol A, B,, C,, D, MOryT ObITb OIIpe/ie/IeHbl 13 I'PAHUIHBIX
YCJIOBUA.
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[Tycrs dynkimu fi(p), f2(¢) npencrasieHbl B Bujie psAIoB
filg) = % + ) aycosng + by, sinne,
n=1

« - _
falp) = ?0 + Z ay, cos Ny + B, sinne,
n=1

e pu n > 1

/ fi(p) cosnp dy, b, / fi(p)sinnp dyp,

/f2 )cosnpdy, B, = /fz(w) sinny dyp,

/f1 ) de, ao:§/f2<w>d¢

[TosTomy mosryyaem cucremy

A01HR1+BO = —
AolnR2+B0 = —
a TaK2Ke

A R? + B,R{™ = ay,

A’I’LRS + B’nR;n frnd an’
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ChRY+ D, R{" = by,

Co Ry + D, Ry™ = By

Pemas stu cucrembl, mojrydaeM, 4To

AO: OZO—CL07 BO: CL()IHRQ—OéQIDR17
o 22 o 22
n— n—
Rl Rl
a, RY — a, R R"a,, — RYa,
Av= g Bu= i RIRS,
Ry" — Ry R3" — Ry
BnRY — b, RY R} B, — R3b,
C,=———, n=———-—>—RVRY.
R3™ — R3 R3® — R3n 7

OrmernM, 9TO 3HAMEHATE/H IOCJIEIHUX IecTH POPMYJI OTAuYIHBL OoT 0, Tak
Kak Ry > R;.
Bamaua 3.5. Haiitu pemenne ciemytornieit 3ajgaan lupuxie:

Au =0,

u(Ry, ) = f1(p), u(Ra, ) = fae).

Baech ¢ € R,1r € [Ry, Ry|, byukiuu f1(p), fo(¢) nepruogudssl ¢ nepuoaom
27 ¥ HelpepbIBHO JuddepeHIpyeMbl.
Haiitu pertenne 1ot 3a/1a4u B 4aCTHOM CJIydae:
2) Ri=1, By = 2, fi(9) = cos’ 5, folsp) = sin?
6) Ri =2,Ry =4, fi(p) = 0, fo(p) = sin’ p.
Crenyromas 3ajada JiJId CeKTOpa, TO ecTb jiig obiactu pr = {(r,¢) :
0<r<R,p€(0,a)}, tne a < 2.

Au =0, (3.11)
u(R, ¢) = f(p), (3.12)
u(r,0) = u(r,a) = 0. (3.13)

Baech f(p) — HenpepbiBHO juddepernupyemast (DyHKIWA, JJIs KOTOPOIi
cripase Bkl ciepytorme pasercrsa: f(0) = f(a) = 0. Dru ycioBus B jaH-
HOM U aHAJIOIMMYHBIX CJIydasiX HOCAT Ha3BaHUE YCJIOBUIl COIACOBAHUS. 3/1€Ch
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U3ydeH YaCTHBIA ciydail 3ajga4un Jlupuxie, Tak Kak pacCMOTPEH BapHaHT
OJIHOPOJIHBIX I'PaHUYHBIX ycaouii (3.13). B obmem ciayuae ciegoBajio Obl
yesoBust (3.13) 3aMeHUTH Ha CIIeyIoIIue:

U<T7 0) = ()00<T)7 U<T7 a) = ¢a<r>'

Bamaga 3.6. Pemmres 3amaqy (3.11) — (3.13), a Takzke paccMoTperhb
CJICJLYIONIAE YACTHDIC CJIyJan:
a) f(p) =sin2p, ¢ € [0, 7];
6) f() =sinbp, ¢ € [0, 7].
OrmeruM, aTo obiee perenne 3a1aan (3.11) — (3.13) mmeer Bu

™

)®).

u(r, ) = A,ra) sin
o) =3 (*
HanomuumMm, uro ypasuenue [lyaccona (HeogHopoHOe ypasHenue Jlaria-
ca) B MOJISIPHBIX KOOPJIMHATAX MPHOOPETaeT BU/Y
10, dp 1 9%
——((r=—)+ === = F(r,¢).
r8r< 87“) r2 0p? (r,2)

Hasnee orpanmamMest 9acTHbIM ciaydaeM, korga F(r,¢) = F(r), . e. He
3aBUCUT OT (0.
Bamaua 3.7. Pemmrs 3aga1y dupuxiie:

Au = F(r), (3.14)

u(R, ) = f(p), (3.15)

rae r € [0, R], f(yp) — menpepbiBro muddepennupyemas Gynkmust, F(r) —
HenpepbiBHas GyHknus. Haiitu permenne 3amaan (3.14), (3.15), ecau

a) f(¢) =cos*2p, F(r)=r* R=1;

6) f(p) =sin®2p, F(r) =r* R =2;

B) 1(9) = 0, F(r) =%, R = &

D) f(@) = LF(r) = 1,R=1.

Permum mig nmpumepa 3agady 3.7 r). Ee pemenne GyjaeMm uckath B BHJIE

CYMMBI 4 = w + v, rjie w(r, p)— pelleHne 3aJ1a9u:

Aw = 0,w(l, ) = 1.
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Jlerko onpenemutnb, uto w(r, ) = 1. Bropoe ciaraemoe 6yieM nckarh Kak
gactHoe perienre Av = 1,v(1) = 0, u, Kone1ano, v(r) onpejenena mpu r = 0.
Tem caMbIM, yIUTBIBasi TO 0GCTOSITEIBLCTBO, 9TO v(r) He 3aBUCHUT OT 7', DYHK-
st () yI0BIETBOPSAET OOBIKHOBEHHOMY (D DEPEHITMATBLHOMY YPABHEHUIO
—(r") =1.

-
2

[Tocie10BATEIHHO €10 MHTErPUPYs, HAXOAUM, UTO 1V = B + ¢1, a 3aTeM

2
v(r) = T + ¢1Inr 4+ ¢3. Ho ¢ HeobxomumocThio nmeeM, aro ¢ = 0. Hakonerr,

v(l) = 1 + ¢ =0, TO €cThb ¢y = vk OTkyza moyryduM, 910
r2 1 % 3

3/ech BBLIMICAIN PelleHne B IIOASPHBIX KoopAuHaTax, Ho 12 = x2 + 12,
[TosToMy HETPY/IHO epenucaTh SBHBIA BUJI PEIICHU YK€ B JIEKAPTOBBIX KO-
OpIMHAaTaX:

W~ w

u(e,y) = 3 +9) +
3amaua 3.8. Ilyctb
D={(z,y):0<z<a,0<y<b}.
B JaHHOM TIPSIMOYTOJIBHUKE paccMaTpuBaercst 3a1ada Jupuxie:
Au =0,
u(,0) = fi(x), u(z,b) = fo(z),

u(0,y) = u(a,y) =0,

rie byukiun fi(x), fo(x) HenpepbiBHO aud depeHnupyeMbl U yI0BIeTBODSI-
IOT YCJIOBUSIM COIJIACOBAHUSI:

f1(0) = fi(a) = f2(0) = fa(a) = 0.

Pemmuts a1y 33a7at1y, npumenss meton Pypre.

VYkazanue. Ha nepsom srarie ciiejiyer HaiiTu Bee perenus Bujia u(r, y) =
A(x)B(y), tie A(0) = A(a) = 0. Oynknun A(z), B(y) yI0BIeTBOPSIOT CH-
cTeMe ypaBHCHUI
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d*A d’B
— + A =0,— —AB=0.
da? " da?
Crenosarensno, s A(x) chopmupoBana Kpaesas 3agada. V3 ee ana-
. TN
mm3a maxommM A, = (—)* n A,(r) = sin—az (n = 1,2,...). Onpenenas
a a
™m
Terepb JIMHEHHO He3aBUCHMbIe DellleHus ypasHerust it B(y) B Bujge sh —y
a

u sh 7T—n(b — ), HaxoxuM obrree perenne 3ajaqn (3.8):
a
= ™m ™m ™m
= in (— h(— D,, sh(—(b — .
u(e,) = 3 sin () (Cush(y) + Dy sh( b~ )

a

n=1

Bamaua 3.9. Ilycts D = {(z,y) : 0 < x < a,0 <y < b}. dus wero
PELINTE CJIe/yoNLyIo 3aady Jnpuxie:

Au =0,
u(z,0) = u(x,b) =0,

u(0,y) = g91(y), ula, y) = g2(v),

rie g1(y), g2(y) — HenpepbiBHO nuddepeHnupyembie GyHKIUH, YIOBIETBODSI-
IOIIUE YCJIOBUSM COTJIACOBAHMUS:

U(IL',O) = fl(x)vu(l'vb) = f2($)a
u(0,y) = g91(y), u(a,y) = g2(v),

3leck HenpepbisHO Iuddepennupyembie gynkumn f1(z), f2(x), 91(y), g2(y)
VJAOBJETBOPSIOT YCJIOBUSM COIVIACOBAHUS:

91(0) = f1(0), 91(b) = f2(0), 92(0) = fi(a), g2(b) = f2(a).

VYkazaume. CBecTu pelieHue 3a/a49id K ITOCICI0BATEIHLHOMY PEIICHUIO
330249 3.8 u 3.9.
Bagaua 3.11. Ilycrs B ycinosusx 3ajaqn (3.10) BeiOpaHo:

33



a) a=mb=m, fi(z) =sindz, fo(x) =sinz, gi(y) = g2(y) =0,
6) a=2b=1,fi(x) = folx) = 0,91(y) = sin® my, go(y) = sin 27y,
B)a=1,b=1, fo(x) =0,92(x) =0, fi(z) = z(1 — x),
g1(y) = y(1 —y),
F)a:Lb:l,fl(l’:l,f() 29()_y+1792(y):1_y7
n) a=mb=m, fi(z) =sinz, fo(x) = sin 2z, g;(y) = sin 3y,
g2(y) = sin 4y
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I'maBa 4. 3agaua Heiimana

[Iycts D € R® (R?) u 0D — rnaaxas rpanuna obiaactu. [loj 3ajaueii
Heiimana moHmMaeTcs 3aa49a MOCTPOSHNST TapMOHIIECKON hyHKINY U (T, Y, 2)
(u(z,y)), yIOBIETBOPSIOIIEH CJIETYIONINM YCIOBUAM:

1)ueC! (D), T. e. PYHKIUs HEIPEPBIBHO JinddepeHimpyema
B D (B TOYKaX TPAHUILI, KaK OOBITHO, TIPOM3BO/HAS TIOHUMAETCA OJIHOCTO-
pOHHelh );

Ju

2) % = f(x>y7 Z) (f(x>y))7 rae f(xa Y, Z) (f(aja y)) — 3aJlaHHad

oD
HelpepbiBHAsT (DYHKIUSA, 1 — HAlPABJIEHUE BHEIIHEHl HOPMAJIH.

Kak u3BecTHO U3 MaTeMaTuyecKoro aHaJjns3a,

ou Ou (A)_i_@u (A)_i_@u (+n)

= —cos (zn) + — cos (yn) + — cos (zn) .
gy SV T G,
B stom maparpade, Kak u pamee, pacCMOTPUM YaCTHBIN ciiydaii, korjga D =
Kr = {(z,y): 2> +y*> < R} — xpyr paauyca R ¢ nenrpom B Hyse. B sTom
cilydae 3aJiady MeperuIineM B IOJISIPHBIX KoopjauHaTax jiist u(T, ©) B BHJE

10 ou 1 0%u
E —_—— —_— —_—— T .1
Au rar<r8r>+r28g02 0, 0<r<R, (4.1)
ou
= ) 4.2
= () (42)

Baech f(p) = f(Rcosp, Rsinp) — 2m-nepuoanydeckast (DyHKIHs, KOTOPYIO
OyaeMm cunTaTh HenpepbiBHO JuddepeniupyemMoit. O4eBUIHO, ITO

ou Ou

o or
[Tokazkem, uro permenne 3amaan (4.1),(4.2) ompenensiercst ¢ TOTHOCTHIO
JIO IPOU3BOJIBHOU TOCTOAHHOM.
[Tycts uy(r, @) u ug(r, p) pemenns (4.1),(4.2). Oboznaanm
v(r, o) = uy(r, ) — ua(r, ¢). Torma s v(r, @) EMeeM KPaeByIoO 3a/1ady:

aw—o 2 —o (4.3)
or|,._p
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Brrancanm

R) dy + (4.4)

[Tepsbie jaBa nHTerpasa B npasoii yactu (4.4), oueBuiHO, paBHBI HyJT0. 13
[OCJIeTHEr0 HHTErpasia Bbitekaet, uro Jv/0r = dv/dp = 0. Orcrona ciepyer,
aro v(r, ) = const.

CorsacHo 0obIMM CBOfiCTBaM rapMOHUYecKnX (yHKIHA (cM. 11, 2)

oD

VYupaxkuenune 4.1. [lokasars, uro s kpyra Kg yeiaosue (4.5) sxBu-

BaJICHTHO YCJIOBUIO
2

/ —a“gi’ ?) dyp = 0. (4.6)

0

U3 (4.6) BBITEKAET, YTO HEOOXOAMMBIM YCJIOBHEM Pa3PEIIUMOCTH 33 1adK
(4.1),(4.2) siBaIIeTCS CIIPABE/TIMBOCTH PABCHCTBA

/ f(p) dip = 0. (47

B ri1. 4 nokazano, 4to obmmM hopMabHBIM pelieHneM ypaHeHus Jla-
Iraca B Kpyre siBJIAeTCA Psi/l

u(r,p) = co + Z (%) (cn cosnp + dy, sinny) . (4.8)
n=1
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[TocTpoum pemienne kpaepoii 3aaun (4.1), (4.2). [Ipeacrasum dyHKIHO
f(p) B BUIE pama Pypoe:

flp) = % + Z (an cosnp + b, sinny) , (4.9)
n=1
rie
1 2m 1 2
on =1 [ 1@ cosnpdo, b=~ [ Fe)sinnpds.
™ m
0 0

Ormernm, aro psi (4.9) exoaurest pasaomepno. Coracuo (4.7) ag = 0.
[MomncraBum (4.8) B (4.2). C yuerom (4.9) mosrydnm cjie/yionime COOTHO-
meHns: Ha KO3MDPUITUEHTDI:

> dn:b

R R
Cp = Qp— n~_
n n

B pesynbrare perenne kpaesoit 3agaqu (4.1), (4.2) Oymer umersb Buy

(o9} n 1
u(r, ) = co + Z #ﬁ (@, cosny + by, sinny) . (4.10)
n=1

VYupaxkuenune 4.2. [Tokazars, aro paj (4.10) npescrasisier coboii Gec-
KOHeJHO jTuddepeHnupyeMyio (pyHKINO B K 1 HENIPePbIBHO i depeHIu-
pyemyio GyHKIHO B K f.

Yupaxkuenue 4.3. [locrpouts pemnenne BHemnneit 3a1aun Helimana,

T. €. 3a/1a41

10 ou 1 0%u
;E <TE> +ﬁﬁ_g02:0’ R<T<OO, (411)
ou
) (4.12)

Bamaua 4.1. YkasaTh 3HadeHHE ITapaMeTpa a, IIPU KOTOPOM KpaeBas
3a/1a4a

Au=0, (z,y)€ Kg,

ou
a._ = f($ay>a)
on 0K n
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MMeeT pellleHne, U IOCTPOUTH TO PelleHue, eC/In
a) f(x,y,a) = a+ 2z + 42y +y*z, R=2;
b) f(x,y,a) = 4+ 2ay® + 62y, R =3;
) f(x,y,a) = 12z + 6a (2> + y?) + 2°y®, R =1,
d) f(z,y,a) = ay?x® + 623> + 7Taty?, R =3.
Bagaua 4.2. YKazaThb 3HaUCHHE IapaMeTpa @, IIPU KOTOPOM KpaeBad
3871248

Au=0, (z,y)€ R\ Kp,

ou
% - = f([E,y,CL)

UMeeT pelleHue, U II0CTPOUTH 3TO pelleHue, ecin
a) f(x,y,a) = a+ 62% + 4’z + 2%*, R=1,
b) f(z,y,a) = 2 + 6az? + Ty*z*, R=2;
¢) flx,y,a) = 12y + 4(ay® + x) +2°, R =3;
d) f(z,y,a) = 16ax?y? + 4xy® + 25y, R =3.
PaccmoTpun Teneps 3aga4dy Heiimana B Kosblesoit obsactu Vo=
={(z,y): Ry <2*+1y* < Ry}:

Au =0, (4.13)

ou

a—|av flz,y). (4.14)

Baecw f(x,y) cauraem HenpepbiBHO Juddepeniupyemoii dyukmueii. [le-
peiinem B (4.13), (4.14) K mossspHBIM KoopauHATaM. B pesysbraTe mMeeM J1j1st
u(r, @) KpaeByto 3ajady

1 ou 1 0%*u

FG&>+ﬁ%f”vR“”<&’ 415)
ou ou

B _ — 4.1
_87" s fl(so)7 or . f2(90>’ ( 6)

e f](gp) = f(RJ COS ©, RJ singp), j = 1’2
Ob6miee dopmanbHoe perienne kpaesoit 3ajgaqan (4.15),(4.16) umeer Bu
(eMm. it 3)

u(r, ) = Ao+ Bolnr+

+ Z [(Apr™ + Bur™) cos np+ + (Cpr™ + Dyyr™") sinng] . (4.17)

n=1
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[Moceauasiss popmyia MOXKET OBITH MOJIy9YeHa C HCIOJIH30BAHUEM aJjIro-
purma Merosia Pypbe (pasjiesieHnst epeMeHHbIX ) IPU U3y UYeHUN yPaBHEHMsI
Jlartaca B KoJsiblle (CM. TakzKe MPEBLIYIIINA pa3jies, Ije pacCcMaTpuBaach
sajada Jlupuxiie).

Paznoxxum dyukiun fi(e), fa(p) B psaast Pypee, T. €. mycTh

a (o]

filp) = % + Z (a1, cos ny + by, sinngp)
n=1
a o0

falp) = % + Z (agy, cos ny + by, sin nyp)
n=1

rie

1 r .
ajOZ;/fj(@)d% j=12,

/fj cosnedyp, b, = /fj sin ny dep.

CitetoBaTeIbHO, MOTyYaeM

1

RlBO+Z (nA, Ry —nB,R""") cosnyp +

o

+ 3 (nCuRy™ = nD, Ry 1) sinng =
n=1
aio - i
= - (a1, cosng + by, sinny)

n=1

1

R2BO+Z (nA, Ry~ —nB,Ry" ") cosnyp +

+ Z (nCy Ry —nD,Ry"™ ") sinnp =
n=1
Q20 = .
= (a9y, cos N + by, sinnep) .

n=1

39



k] JABYX IIOCJIEIHUX PABEHCTB BBITECKaET, 9TO CIIPpABC/JINBbI paBEHCTBa

By By
5 = —Q, S T a2
Ry "Ry ’
T. €. ¢ HeOOXOIUMOCTBIO
a0 Ry = —ay0

nJI

1 [ 1 [
Rz%/f2(90)d<ﬂ+31%/f1(90)d¢:0-

[Tocieiiee paBeHCTBO — yCJIOBHE PA3PEITUMOCTH JIJIS PACCMATPUBAEMOIO Ba-
puanTa 3aja4un Heiimana (3agaau Heiimana B Kobiie).

JlaHHOE yCJI0BHE pa3pelnMOCT MOXKeT ObITh IOy YeHo nHade. Kro Mmox-
HO BBIBECTH M3 YCJIOBHUII pa3pelmnMocTd 3aja4dn Heiimama B ciydae mpous-
BosIbHOI obstactu (cMm. dopmysst (4.5)). Ilpu stom Besmunua Ay — mpomns-
BOJILHAS.

Yupaxkuenue 4.5. [Iposepurh Takoii BapuaHT.

Ocrasbabie kKoabdurmentsr dhopmyibl (4.17) MoryT ObITh HalljleHbI Kak
peIlleHrs BCIIOMOraTe/IbHBIX CUCTEM JIMHEHHBIX aJrebpandecKuX ypaBHEHUI:

(nR?‘l) A, — (an_”_l) B, = —ai,,
(nRS’l) A, — (nR;”fl) B, = as,,
a TaKKe
(nRY™Y) C — (nR{™ ") Dy = —byn,
(nRy™') C\, — (RRy"™ ") Dy, = bay,.
Ob6e mocyeHIe CUCTEMBI UMEIOT €IMHCTBEHHOE peIlleHre, TaK KaK WX OIpe-

nemurenn Ay, Ay # 0 (1 oquHakoBbl, T. e. Ay = Ay). HerpyaHo mokasars,
YT0

Ay =0y =0’ {RyT R = R{TIRM ) =
T — 1

=n"———=#0.
(RlRQ)n+1 #

Yupaxxuenwne 4.6. Haiitu A,,, B,, C,, D,.
Bagaua 4.3. YkazaThb 3HaUYCHHE [apaMeTpa @, PH KOTOPOM KpaeBasi
sajaua (4.15),(4.16) paspermuma, U MOCTPOUTH PEIIEHHE, €CJIN
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filp,a) = a+cos?2p +costo,  folp) =cos®p, Ri=1, Ry =2;
fi(p,a) = acos®2p +sin?3p,  folp) = cos® p + cos* i,
2, R2 = 3,
c) filp,a) = asin®3p + cos® o, fo(p) =cosb, Ry =1, Ry =3;
d) fi(p,a) = cos? o +acos’dp, folp) =sin’p, Ry =1, Ry =4.
Bamaua 4.4. B kpyre pajuyca R ¢ IeHTPOM B Hauajie KOOPAUHAT PeIUTh
MeTo0M Pypbe KpaeByo 3a1ady

a

b

~ ~—

Ry

1 Ou 1 0%u

or

0
au(r, @)l — B lrr = (¢).

rie o, B € R, a f(p) — mHenpepbiBHo juddepeniupyemMast, 27 nepruoindeckas

dyHKIHS.
[TokazaTh, TO JaHHas 3a/1a4a paspeliMa, ecjin

a%OHa#B%

HU IIPA OJTHOM HaTypaJbHOM N.
Ecm a = 0 wm a = 6E IIPA HEKOTOPOM HATypaJbHOM Kk, TO JaHHAsI

3a/1a9a UMeeT pellienne, ecyim jiist f(p) BBIIOJHEHBI YCIOBUST PA3PEITMMOCTH.
BriBecTn 3Tn yciaoBusd.
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I'maBa 5. ¥YpaBHeHUe KoJeOaHMii CTPYHBI

YpaBaenue rurnepboInIecKOro TUIIA,

Pu 0%

a2~ ¢ 9x
rae a = const > 0,u = u(z,t), KAk yXKe YIOMUHAJIOCh paHee, HA3BIBAIOT
ypaBHenueM Kojiebanuii crpynbl. J[1s1 Hero o6bIMHO paccMaTpUBaIOT 3a/1a9H
TpeX THUIIOB.
IlepBasi 3amaua (3amavya Ha Beeil ocu).
[Iycts z € (—00,00), a t > 0. Tpebyerca naiitu dbyuruo u(x,t), yio-
BJIETBOPSIIONLYI0 HAYAJILHBIM YCJIOBHAM

ou

u(z,0) = f(z), 5 N 9(x). (5.2)

(5.1)

Bropasi 3amaua (3amaya Ha moJryocu).

[Iycts x > 0,t > 0. Tpebyercs naittun dyukmo u(x,t), yIoBIETBODSI-
IOIyI0 Hada bHBIM yesoBusiM (5.2) mpu z > 0, a TakzKe OJHOMY KPaeBOMY
YCIIOBHIO

u(0,1) = (1) (5:3)
1K ou
9z » = (t). (5.4)

Brpouem, MOryT OBITH PACCMOTPEHBI U HHBIE YCJIOBUsI, OTInIHbIE 0T (5.3),
(5.4). Bmecn ¢(t), ¥ (t) — 3amanuble HenpepbiBHbE DyHKIME. OCOOEHHO BazKeH
JacTHBI cirydait, korma ¢(t) = 0,1(t) = 0. Torga peds uiger 06 OIHOPOIHBIX
KPAEBLIX yCJIOBUIX.

KpaesBbie 3amaun.

Baecy x € [0;1],t € [0,T], a l,T — 3ajaHHbIe TOJOKUTEIbHBIE TTOCTO-
stuible. Tpebyercs naitn GyHKImo u(x,t), yI0BIETBOPSIONLYO0 HAYAIbHBIM
yeaoBusiM (5.2), a Tak  Ke KPAEBBIM YCJIOBUSIM.

[Ipusegem 3 npocreiiimx BapuanTa TAKUX KPACBBIX YCJIOBUIL:

U(O,t) = Qpl(t)vu(Lt) = SOQ(t)v (55>
o ou ou
% - = ¢1(t>7 % . = ¢2(t)= (56>
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Wi
ou ou

8_1’ . — alu‘xzo = 91<t)7 %

Baech v1(t), pa(t), 11(t), 1a(t), 01(t), O2(t) — 3amanuble HETPEpPBIBHBIE (DYHK-
i, a aq,as > 0. Ocobyro posib UrpaeT BarkKHBIM YaCTHBIN CIydail, Korjia
e1(t) = 0,02(t) = 0, P1(t) = 0,102(t) = 0, 0:(t) = 0,05(t) = 0. Ipu Ta-
KOM BbIOOpe IpaBbix dacteit paseHcts (5.5), (5.6), (5.7) paccmarpuBaeMble
KpaeBble yCIOBUs HA3BIBAIOT OJHOPOIHBIMU. Y Ka3aHHbIE KPAEBbIC YCJIOBHS,
[O-BUJIMMOMY, TIpocTeifmuii ux BapuanT. JIjist HIX 9aCcTO UCHOIB3YIOT TEPMUH
kpaesble yeyosug Tuna [Itypma-JIuysuia. [longarno, 9To Bo3MOXKEH MHOIM
BBIOOD KpaeBbiX ycsosuit. Hampumep,

+ aott| = = Oo(2). (5.7)

z=l

ou

— =0, uly=1 + ktt|z=0 = 0.
al‘ -, ,U‘ 1+ U| 0

STI/I KpaeBbI€ YCJIOBUA BCTPEIaIOTCA B HEKOTOPBLIX 3aJav9ax pa,ZLI/IO(bI/IBI/IKI/I
U He BXOJAT B KJIACC KPAEBBIX YCJIOBUIA, BBIIE/ISEMbINl HA3BAHUEM ''KPaeBble
yesoBust [Itypma-JInysmmia". B pamkax 3Toro yae6HOro mocobmst OCHOBHOE
BHUMaHWe OyJeT y/eJeHO TPAJMIMOHHBIM KPaeBbIM yCJoBuAM, T. e. (5.5),

(5.6), (5.7).
3agada Ha Bceil ocu

O6parumes cHavaIa K 3a/1a49e Ha Beeil 0CH, JIst KOTOPOH MOYXKHO BBIBECTH
dbopmyity, Beipazatonyio u(zx,t) depes f(x), g(z) :

x+at
u(w,t) = LEH ) : fle—at) % / o(2)dz. (5.8)

®opmyaa (5.8) mocur wHazsanue dopmysl Janrambepa u naer Kiaccude-
ckoe pemenne sagaan (5.1), (5.2), ecrm f(x) € C*(R), 1. e. f(x) nBaxpl
nenpepbiBHo juddepeniupyema npu seex © € R, a g(x) € CH(R), 1. e. g(x)
HEeIPEPBIBHO i depeHImpyema.
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BeiBoa dopmysnl JJanambepa
BBe,Z[eM HOBbI€ HE3aBUCHUMBbIEC IICPEMCHHDBIE!
E=z—at,np=x+at (a > 0).

HOCJ’IQ,ZLHHH 3aMeHa B3aMMHO O/[HO3Ha4YHad, TaK KaK

st n=§
2 2

[TosToMy MOYKHO CIUTATH, YTO PEIEHUE 3aBUCUT OT &, 1), T. €. PyHKIHIA
u(&,n) sIBISIETCS pElleHneM ypaBHEeHUsT KoJIeOaHuil CTPYHBIL.
Ormernm, 9TO

ou_ouds ooy _ou_ou
ox  0£0x  Ondxr 06 On’
ou  Ou ¢ au@ _ Ou ou

— —=a

o ocor Tonor  on" T ae™

a TakxXKe, 4To
’u  0*u 0’u  0%u
— 2
ox?  0&? ocon — On?

Pu <82u 5 0%u 82u>

S = +
or o0& “ocon o
’u  O*u
[Tocse mOACTaHOBKY MOy I€HHBIX JIJIST 722 " o BLIDAzKEHUIT B ypaBHe-
x

are (5.1) npuxoaum y:ke K ypaBHEHUIO

2 0*u Ly 0%u N PPu 2 0*u P 0%u N 0*u
€2 oo on?) €2 ocon  on? )

[Tocse yuporenuii moryduM, 9To

2

Ou _o, (2% ).
3% 9¢ \ n

ou

3_77 = 11(n).

CieoBaTesbHO,
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T. e. nnocjeaass dyukiys He 3apucut ot £. [losTomy mocsie maTerpupoBanus
110 IIEPEMEHHOI 7) UMeeM

u(E,n) = () + (€),  $ln) = / 1(n) dn.

Boseparmaemest K crapbiM niepeMeHHbiM (i, t). B pesyibrare mosryanm
u(x,t) = Y(x + at) + p(x — at).

Teneps ciepyer dyukuun ¢(z1), p(z2) BeIpasuTh Yepes u3BecTHbIE (3a/aH-
ubie) dysxmun f(z1), f(z2). Homydaaem, aro

U(x) + p(x) = f(2),
ay'(x) — a¢'(z) = g(z).

[Tocste pudppepenImpoBanus PeIIIOC/IeTHETO YPABHEHUS [TOJIYIUM CUCTEMY

P(x) + ¢'(x) = f'(),
9

W) - () = 22
OTcioa MoIyanM, 9To
vw)=" '%x) + %
¢'(z) = ! ;) - 92—?
Y(x) = @+%/g(z)dz+a,
p(r) = @ - %/Q(Z)dz+ﬁ.

Ho rak kak ¢(z) + ¢(x) = f(z), ro a + § = 0. CireroBaresibHo,

r+at r—at
1 — 1
u(a:,t)zw—%%/g(z)dz—l—w—% /g(z)dz.
0 0
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Hcnonb3ys a I IuTUBHBIE CBOICTBA OLPeIeIeHHLIX MHTEIPAJIOB, HOJIydaeM
OKOHYATEJIbHY0 pepakimio dopmyiasl Jamambepa (em. (5.8)).

VYupaxkuenune 5.1. [Iycrs B ypasaerun (5.1) a = 1, a HavaabHbIE yCII0-
Bus (5.2) paccMaTpPUBAIOTCS B YACTHOM CJIydae, KOrjia

1
f2) = arctg(z), 9(v) = -
Torma perenue 3amaun (5.1), (5.2)
() +aretgle—t) 1] 1
arctg(x +t) +arctg(ex —t
t pumy —_ pummy
r—t

t t t —t 1
_arc g(x +1) —|2—a7"c g(z —1) n §{arctg(z) ﬁfﬁ} = arctg(z + ).

Pemenne ypasuenus (5.1) umeer dbopmy Geryiieit BOJHbBI, eCiiu

u(z,t) = fi(z — at) (5.9)

u(z,t) = folx + at), (5.10)

ec, KOHeuHO, f1(z), f2(z) uMeroT HenpepbiBHBIE TIPOU3BO/HBIE JI0 BTOPOTO
HOPSKA BKJIIOIATEIBHO.

Yupaxkuenue 5.2. [Iposeputs, 910 (DYHKINHT, TOJIYyICHHBIE ¢ TIOMOIIBLIO
dbopmy (5.9), (5.10) yaoBIETBOPSIOT YpaBHEHUIO KOJICOAHUIT CTPYHBI.

Bamaqa 5.1.Haiitu takue f(x), g(x) npu kKoTopsix pemienue 3agaqdu (5.1),
(5.2) mmesto 6u1 By Geryieit Bosner (5.9) mm (5.10).

Bamaua 5.2.Haiitu pemenue 3agaqu (5.1),(5.2), ecan

a) a =1, f(z) =2 g(x) =z '

6) a =1, f(z) = arcctg z, g(x) = T
B) a =2, f(z) =sinz, g(x) = sin 2z;

r) a =3, f(x) = cosx, g(x) = sin 2.

Bamaga 5.3.Ilycrs f(x),g(r) mepuopmdeckne QyHKIWMH, MEPUOI KOTO-
pbix paser 2m. Byner s pemenne 3agadn (5.1), (5.2) nepuoamaeckoit yHK-
el OTHOCUTEIHHO TIEPEMEHHON & (OTHOCUTEJILHO MepeMeHHO t)?

Bagaua 5.4.Ilycte f(z) — orpanndena, a g(xr) = 0. Bepro sm yrBep-
KJienne, uto perrenne 3ajgaqn (5.1), (5.2) orpanndeno upu Beex t u x € R?
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[Iycts renepn f(x) =0, a g(x) orpanndena. Byjer jin B 9T0M citydae orpa-
urdeno pertenre (5.1), (5.2) npu Beex x u t > 0.

3agayu Ha moJIyocHu

Paccmorpum Teneps 3aia4n na nosyoct, T. e. (5.1), (5.2), (5.3) mwu (5.1),
(5.2), (5.4). Ix perterne B ciiydae OJHOPOJHBIX KPAEBBIX YCJIOBHiI MOXKET
OBITH HailJIEHO C ITOMOIIBLIO paHee yKazaHHoit popmysisr larambepa.

Pacemorpum 3amaay (5.1), (5.2), (5.3). Ilpu srom Gymem mnpe/nonarars,
ato f(z) € C?[0,00), f(0) = f7(0) = 0, g(x) € C'[0,00),9(0) = 0.

Tlooxkum

2 — f(@),z > 0; o) — g(z),x > 0;
Fl) { ; G(z) {—g(—x),x < 0.
Torna F(x) € C*(R), G(z) € C*(R) (uposepurs 910) 1 dbyHKIMSA

z+at
Flx+at)+ F(x —at) 1 /
5 + 5 G(z)dz

u(z,t) = (5.11)

—at

Oyner pemennenm 3agaqn (5.1), (5.2), (5.3).

I[Tycrs Teneps pacemarpusaeres 3a1a4a (5.1), (5.2), (5.4). Ilpeamonoxknm,
9TO JIJI HAYAJIBHBIX yCaoBuUil, T. e. dyukiwmii (), g(x), BBITOJHEHBI CIe/Ty-
romme yeaosust: f(z) € C?[0,00), £(0) = 0, g(x) € C'[0;00), ¢'(0) = 0.
ITostozxumM TorIa

L [rwaze L feez0
Fiz) {f(—x),x<0; Gilx) { )

[Tposepnte, uro Torma Fi(x) € C*(R), Gi(x) € CY(R).

Pemmenne 3amaan (5.1), (5.2), (5.4) nocie mpoonpenenenus f(x), g
Ha BCIO OCh YETHBIM 00PA30M MOXKET OBITH TI0JIyIeHO 110 (opmyiie (5
F' cnenyer 3amennts Ha F, a G — Ha (Gy.

3amaua 5.5. Pemmthb 3aj1a41y Ha 1M0JIyoCH

()
11

), Tjie

P _ o
o2~ "2
0
(xO)—1+x3,a—;‘ = (1+2)*—(1-2),
t=0
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u(0,t) = 1.

3amava 5.6. Pemuthb 3a1a49y Ha 10JIyoCH

Ou  _9%u
o2 oz
» Ou 2 2
u@,0) =z+a7 | =(1+z)"+(1-2),
ot |,_,
0
I
0x|,_,
3amaua 5.7. Pemuthb 3a/1a41y Ha 10JIyOCH
Ou  J%u
o2 Ox?’
0
u(z,0) = 2* — x, gu = cos® z,
Ot |,y
0
i (T
ox|,_,
3anaua 5.8. Paccmorpers 3ayiaay Ko 15t TesterpadHOro ypaBHeHus
0*u P ou i 0*u
— +2a—+au=—
ot? ot 0x?’
ou
u(@,0) = fz), o-| = g(2),
It |,_g
0
i IR
Ox =0
rie a > 0(b = a?). B Takom ciyvae B U3MKE NPUHATO TOBOPUThL, UYTO

paccMaTpuBaeTCs JUHUS 0€3 NCKAYKeHUIH.

ITokazaThb, 94TO 3aMeHa

u(z,t) = exp(—at)v(z,t)

CBOJHT 3aJ1a49y K MHTEIPUPOBAHUIO OOBITHOIO ypaBHEHN KOJIeOAHUI CTPYHBI.
Brisectn anagior dbopmyiibl /larambepa

z+at
— 1
f(m—i—at)—lQ—f(:v at)_i_% /g(z)dz

r—at

u(z,t) = exp(—at)
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Bapaga 5.9. Pemmuth nepByo KpaeByo 3aj1a4dy i TeserpadHoro ypas-
HEHUS

rnet >0, ax € 0]
Ykazanue. 3amena

u(z,t) = exp(—at)v(z,t)

CBOJIUT TOCJIEJTHIOID KPAEBYIO 33/l1a9y K COOTBETCTBYIONIEH KpaeBoil 3ajiade
JIJI ypaBHEHUS KOJIeOAHUN CTPYHBI.
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I'maBa 6. InTerpupoBaHue 1epBoii KpaeBoii 3aJa4u
MeTogoM Pypbe

B srom maparpade Oyier paccMoTpeHna niepBast Kpaenas 3aja4a JIjisl ypaB-
HEHUS

Pu 0%
— =a"— + F(x,t 6.1
atg a$2 + ( ) )7 ( )
KOTOpoe OyjieM paccMaTpUBaTh BMECTE CO CJIEAYIONMMU yeaopusamu. Ilycrn
ou
u(z,0) = f(z), | =g(2). (6.2)
ot |,

Yeqosus (6.2) HasbBalOT HadaabHbIMU. Hakomner

u(0,1) = @1(t), u(l,t) = @a(1). (6.3)
Baecy x € [0,], t € [0;T],T > 0. B (6.1), (6.2), (6.3) F(x,t), f(z), g(x),

01(t), @a(t) — 3amanusie Gynknun. Vx cBoiicTBa OTMETHM HUYKE, KOT/IA IPU-
CTYIINM K MHTEIPUPOBAHMIO COOTBETCTBYIONTHX 3a/1ad. OTMETHM BasKHbIC YacT-
HBIE CJIyIaM:

1. Ilycte @1(t), wa(t), F(x,t) ToxKIeCTBEHHO PaBHBI HY/II0. B 9TOM City-
Jae JaHHYIO0 KPaeBYIO 3a/ia4y Ha3bIBaIOT OJHOPOHON KpaeBOol 3ajiadeil 14
yPaBHEHUs KOJICOAHUH CTPYHBI.

Ormernm, uro npu F(x,t) # 0 pedb uuer 0 HEOJHOPOJHOM yPaBHEHUU
KoJjiebanuii crpyHbl, a ¢dbusudeckuii cmbicya F(x,1) cocTouT B TOM, YTO II0-
CPEJICTBOM BKJIIOUeHNst F'(z, 1) yIUTHIBAIOT BHEIHIOK CHJLY;

2. Tlycrb @1(t) = po(t) = 0. B TakoM cirydae Mbl MMeeM JIEJIO ¢ HEOHO-
POJTHBIM ypaBHEHHEM KOJICOAHUI CTPYHBI, HO KPAECBbIE YCJIOBHS OJHOPOIHBIL.

Bagaqa (6.1), (6.2), (6.3) — kpaeBas 3a/1a9a, TaK KaK IIPH HHTETPHPOBa-
HIUI ee YIUThIBAIOT Kpaesble yciaosus (6.3). HacTo Takume 3aa4qu HA3BIBAIOT
CMEITAHHBIME, YTOOBI TIOTIEPKHYTh TO 0OCTOSITETBCTBO, YTO, KPOME KPAEeBbIX
yeoBuit (6.3), IPUCYTCTBYIOT U HavasabHble ycaoBus (6.2).

Kak o6bruno, pemennem Kpaesoii 3amaau (6.1), (6.2), (6.3) Gymzem Ha3bI-
BaTh QYHKIMIO U(Z,t), YIAOBIETBOPSIOILYIO CJEYIONIUM YCIOBUSIM:

1. u(x,t) mBax el HenpepwiBHO uddepentupyemsl npu x € [0;1],
te[0;7];

2. Ona ynosierBopsieT ypasrenuto (6.1), HagagbHbIM ycsoBusiM (6.2)

u KpaeBbiM ycsoBusaM (6.3).

Ecrb u apyrue onpejiesieHnst perienns, KOTopble He IPEJIoJIaraioT, ITo

u(z,t) mBaxkpl HenpepbIBHO uddepennupyema. B Takux Bapuantax pedb
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uzer 06 onpesesieHrnn OOOOIIEHHBIX PellieHnii. 3/1ech U HUXKe [OKa Pedb UJIeT
06 OIpe/IeJICHUN KJIACCHIECKOTO PEIICHMUSI.

Teopema 6.1. Eciau 3amaua (6.1), (6.2), (6.3) umeer perienune, T0 5TO
pEIIIeHIe eIMHCTBEHHO.

JlokaszarebecTBO 9TOTO IMPOBEJEM METOJO0M OT mporusHoro. [Ipemmosto-
x)um, aro y (6.1), (6.2), (6.3) ectb nBa pernenns uy (z,t), us(x,t) Takux, 910
Uy # ug. Iostoxxum

v(x,t) = uy(z,t) — ug(z, t).

[Tongarno, aro v # 0. C npyroit cropousl, GyHKIws v(x,t) yaoBICTBOPET
(kak pasHOCTb JBYX perenuit 3agaqn (6.1), (6.2), (6.3)) yxke ciuemyrormeii
KpaeBoil 3a1ad4e:

Pv 0%

— =q"—

ot? Ox?’
v(x,0) =0, @ =0,

Ot |,y

v(0,t) = v(l,t) = 0.

JLnst mostyeHust TPOTUBOPEYNsT OCTAIOCH JOKA3aTh, UTO 9Ta KpaeBas 3a-
Jada uMeeT JIMIIb HYJIEBOe pEHIeHUEC.
Paccmorpum dyHKIMIO

!
1 2 ov p
= - T,
2 O
0
riae v(x,t) — pereHne paccMaTpuBaeMoil KpaeBoil 3agadn. OmpeieeHHy o

tak yuknuo F(t) nHOrIa Ha3plBAIOT HHTEPAJIOM SHEPIUH. BhIaucmm mpo-
U3BOJIHYIO B CUJIy paccMaTpuBaeMOil KpaeBoil 3a/ladu:

l
dF 1 v 0%v ov 0%
@ / VIV | 92 dz.
dt 2 ot ot Ox Otz
0
[Ipeobpasyem BTOpOe cjaraemMoe B IPaBOil YaCcTU MHTErPUPOBAHUEM 10 da-
ctsam. JleficTBurenbao,

! !
ov 0*v v Ju == 0%v Ov

0z 0tox " " Ot 0wle=o ) 0220t
0 0

o1



v
OrmeruM, 9T0 — |,—0 z—; = 0. OKOHYATETHHO TOJTydaeM
ot

l
dE v v ,0v % B
E_/(ﬁt oz ¢ Eaﬁ)dl’:o
0

CrenoBarensno, E(t) = Ey(Ey = const). Ho

l
) at2 83:2 ot )|,

dx =0,

ov
TaK KakK — = 0.
ot -0

[Ipounrerpupyem Ternepb 6a30oByio 3asady merosgom Pypoe. Utak, pac-
CMOTPUM KPaeByIO 3a/lady:

% = a2%, (6.4)

ou
u<x>0) = f(.%'), E L = g(l‘), (65>
w(0,8) = u(l, £) = 0. (6.6)

YesoBusa

" "

fla) € C°[0:1), f(0) = f() = f (0) = f
g(x) € C*[0;1], g(0) = g(I) = 0 (6.7)

SIBJISIIOTCS JIOCTATOYHBIMU J1J1st 000cHOBaHusA MeTojia Oypbe B JJAHHOM CJIydae.
CHavajia U3/I02KUM aJITOPUTMUIECKYIO YacTh MeTo/ia. Kak oObIaHO, 11ep-

BRI IT1ar AJITOPUTMa COCTOUT B HAXOK IeHnH perenuii Bua u(z,t) = A(t) B(x)

ypasHeHus (6.4), KOTOpbIe YI0BJIETBOPSIOT KpaeBbiM yeioBusaM (6.6). TTons-

Ho, uro B(0) = B(l) = 0. Iloacraiss pelierne B MpeioKeHHO (opme

B ypaBHenue (6.4), moaydaem

—
o~

~
Il

=

AB = a?AB".

S,H‘GCI: TOYKAMU O0OO3HAUEHBI IIPOU3BOJHLBIE 110 HepeMeHHOﬁ t, a MTpuxaMy —
II0 .
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Pazenns mocsesnee papencTBo Ha npousseenne A(t)B(x), noxydnm

A o B
— =a‘—.
A B
CiiemoBaTesbHO, )
B” A )
E = —)\, Z = —Q )\,
rae A € R u moajieskuT, B CBOIO odepen, oupeaeaeHnio. Ciie1oBaTe/bHo,
A+ a*AA=0, (6.8)
B" + \B =0, (6.9)
B(0) = B(l) = 0. (6.10)

Anasms criekTpasibHON Kpaesoit 3agaqn (6.9), (6.10) mosBossier Haiitu Te
A (cobecTBeHHbBIE 3HAYEHNUST), IPU KOTOPBIX y Hee eCTh HeTPUBHAJILHbIE peliie-
Hus (ee cobcTBeHHBIE (DYHKINN).

[Iycrs cnagana A < 0. Torma obimee pererne ypasaerus (6.9) MOXKHO
3ammncaTh B BU/JIE

B(z) = bieV ™ 4 bye ™V (by, by € R).

[TocrostaubIe by, by creayer BHIOPATH TakK, 9To0bl GyHKIUA B() ym1oBiaeTso-
psita KpaesbiM yeaosuaM (6.9). CiemoBaresibho, Jyist by, by mosrydaeM cucre-
MY JIMHEWHBIX aJireOpandecKux ypaBHEHU

by + by = 0,bye¥ M 4 bye VN =0,

KOTOpasi MMeeT JIMIIb perienne by = by = 0, Tak Kak ee OIpeJIeUTesb OT-
mnger ot 0. Tem cambiM nokazano, uro A < 0 He ABJSETCH COOCTBEHHBIM
3HavYeHneM KpaeBoii 3a1aqau (6.9), (6.10).

[Tycts Teneps A = 0. [Ipu rakom 3navenun A obiree pererne (6.9) umeer
By B(x) = bix + by, (by,be € R). Jlume npu by = by = 0 sra dyHKIMA
MOZKET Y/IOBJIETBOPATH KpaeBbiM ycsosusaM (6.10) (mposepbre 910).

Urak, cobcTBEHHBbIE 3HAYEHUS CJIe/IyeT UCKaTh cpean A > 0. B Takom ciry-
qae obree perenne juddepenuanbHoro ypasaenus (6.9) MoxKHO 3amnncarh
B CJIEJIYIOIIEM BUJIE:

B(z) = acos Vx4 fsin vz,
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Tak kak B(0) = 0, maxomum o« = 0. Kpaesag 3amaga (6.9), (6.10) nmeer

HeTpuBHaIbHbIe pernenns ([ # 0), ecan sin VAl = 0.
2,2
%, (n=1,2,...),a

COOTBETCTBYIOIIHE cOOCTBeHHbIe (byHKIMN (HeTpUBHAJbHBIE pernenus (6.9),

CrenoBaTeibHO, COOCTBEHHbBIE 3HAUEHUST A = )\, =

(6.10)) paBubl B,(z) = sinWT win B,(z) = S, sinT (monsTHO, 9TO
cobcTBeHHbIe (DYHKIUN ONPEAEIAIOTC He OHO3HAYHO, & C TOYHOCTLIO JI0
MYJIbTUILINKATUBHON HOCTO;{HHOIZ).

3 (6.8) remepn yrke nerpyano naiitn A, (f) cOOTBETCTBYIONIHE yKa3al-
HBIM BBIIIE \,:

t t
A, (t) = ¢, cos m;n + d,, sin m;n

(n € N).

Perenue Beeit kpaesoii 3asaun (6.4), (6.5), (6.6) Oyuem uckath B Buje

> t t
u(z,t) = Z(cn cos a7rln + d,, sin a7rln ) sin WTM,

n=1
a {c,}, {d,} — onpenensiorcsa n3 HauanbHbIX yeaosuit (6.5):

fla) =Y easin

n=1

[e9)
m™Ta ., TNnT
= E dn—sm—.
l l
n=1

. TNT
HamomunmM, uro dbyskimn {sin ——} 06pas3yior MoJHy0 OPTOrOHAIBHYTO CH-

cremy byHKIMA B Lo[0, 1] U CyIecTBYIOT €JIMHCTBEHHBIE DA3JIOXKEHUSA B P/l
Dypbe

. NI . TNT
E ansin——;g (x):E bnsmT,

! !
2 2

7/]" smwdx by, =7 /g( )sinﬂlﬂdx

0 0

CiieioBaTesbHO,
byl
Cn = Qp, dn =
amn



B okoHuaTe bHON pefakiun morydaeM HhOpMyITy JIs PEIIeHHs KPaeBoil
(ememranmoit) 3agaan (6.4), (6.5), (6.6) :

i mant ) mant NI
t) = ., b, i i , 6.11
u(z,t) ;(a cos — + ——sin— ) sin l (6.11)

rJie elne pas3 nojdepKHeM — a, Kodhduimentsl psajga Pypoe dyukimm f(z),
a b, —g(x).
IIpumep 6.1. PaccmorpuM KpaeByio 3aj1ady

Pu  0*u
o2 Ox?’
u(0,z) = sin® z, (9_1; = sin 2z,

t=0

u(0,t) = u(m,t) = 0.

Bnech f(z) = sin®z, g(x) = sin 2x. [lostomy a; = 2= 0,

az = T ap = 0 g ocTaJbHBIX HATYypaabHbIX k, by = 0, by = 1 u, HakoHeIr,

ocrapiueca b, = 0.
[ostomy u3 (6.11) mosry9gaeM perenne B JJAHHOM KOHKDETHOM CJIYUae:

3 1 1
u(z,t) = 1 costsinx + 5 sin 2t sin 2x — 7 608 3t sin 3.

(HamoMHWM, 9TO 371€Ch @ = 1,1 = 7).

O6ocHoBanue merosia Pypbe. OHO IpeycMaTpUBaET J0KA3aTETHCTBO
toro, uro dyukius (6.11) npu (r,t) € Dyp = {0 <z < [,0 <t < T}
JIBaXK bl HEIIPePhIBHO dud depeHnupyema.

s 3aBepiienns u3jaoxKeHus: Metoga Oypbe ciieayer J0Ka3aTh, 9T0 pop-
myna (6.11) maer wam dyHKImO u(t, ) y KOTOPOl €CTh COOTBETCTBYIOIIIE
0?u  0*u

27 Hy2
Mennbix ¢, x, eciiu t € [0,T], x € [0,1]. ocrarouno noc/iejinee yTBepKIeHIe
LIPOBEPUTD J1JIst (DYHKIIUI

Ipon3BOHbIE. B HalleMm cirydae — HelpepbIBHBbIE (DYHKIUU TIepe-

2

9%u > anmn bl . amn ™n?\ . mnx
@Z(&nCOS( l t)—i—mmsm( l t)) (— 72 )sm l

n=1
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U, B YaCTHOCTH, JIOKA3aTh, UTO PsJi B MPaBOil YacTu mocJeneit popmyJibl
cxoauTest paBHOMepHO. VIMeHHO 1t 9T0or0 npejyiokum yesosust (6.7).
JL1st paBHOMEPHOCTHU CXOJIMMOCTH PSIIa

= ™t l , mnt . TNT
p= 3 Z (n a,, COS (aT> + Eb"n sin <aT)> sin e

n=1

JIOCTATOYHO MTOKA3aTh, YTO JAHHBIN (DYHKIIMOHAIBHBIH PsiJi CJIOZKHO MAZKOPH-
pOBaTh CXOJAINIUMCS YUCJOBBIM pAoM. B Harmrem cirydae

7 & | &
p| < 2 Zn2‘an|+5zn‘bn‘ ]
n=1 n=1

T. €. yTBepxKJeHue o auddepeHImpyeMoCcTd psijia B IpaBoil dactu (popMyJIb
(6.11) Gyer j10Ka3aHO, €CIM IOKA3aTh, YTO CIPABEJJIMBO YTBEPKICHUE.

JIemma. [lycte Boinosnenst yesosust (6.7). Torma cxomsarest 1Ba cieyio-
IIUX IUCTOBBIX Psijia:

p1 = Zn2|an| u py = Zn!bnl

n=1

I[OK&)KGM CXOAUMOCTDb 9YUCJIOBOI'O PAla P1. HaHOMHI/IM, 9TO

!
/f sm%dw
0

[Ipeobpazyem mpaByio 4acTh MocjeiHelr (popMyJIbl, UCIOJIB3YsA (DOPMYJIbI HH-
TErPUPOBAHUS 110 TACTAM:

/f siandx— (L) %f(x)cosw—nx1

NIM

™ { 0+

!
[ 2 , ™I
+ (%) f/f (x) Cosde.
0
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[Tpu sToM BHemHTErpasbHble ciaraembie pasabl 0, Tak kak f(0) = f(I) = 0.
[TpomoKuB aHAIOrTIHbIE TPE0OPA30BAHKSA, TTOJIYIUM, ITO

2 l l 3 2 !

7/f sin%dx— - (—) Z/f'”(x) cosﬂlﬂdx.
™m

0 0

Orcro/1a BeITEKAET, ITO
3
l
ap = — Ay,
™

e o, — koadbunumentsr Pypoe byuxmun f(x) wa [0, [] B pazmoxennn gam-
HOlt dbyHKIWN B psiji Pyphbe 10 OPTOroHaJbHO 1 T0JIHO# cucreme B Lo[0, [

(12}

™I

T e f"(x) = 5 04 Z ancosT

B namem CJIyqae ag = 0. Utak, nmoaydaem, 4To
S 2 N |O‘n|
n”lan| =
n=1

<<§>3{i;<w+;>}=

n=1
IN? 1 [ 1
JORET

[Tpu sToMm psig 3 CXonuTCA (BCIIOMHMM MaTeMaTHIECKHUI aHAJIN3), & PAT

n=1
00

3 a? cxoauTes B cuity usBecTHBIX TeopeM o psjgax @ypbe. U3 pasencrsa

n=1
l
/ ///
0

ITapceBajis BbITEKAET, 4TO
o7

NI[\_’)

n= 1



Ananus cxogumocTu psajga »  nlb,| anasoruyen.
n=1
Bamaua 6.1. Pemnts kpaesyio 3agaay (6.4), (6.5), (6.6), ecan
3

a) a=1,l =m, f(z) =sin 3z, g(x) = sin’ x;
6)a=2,1=1,f(x)=0,g9(x) =2x(1 — ),
B) a =3,l=m, f(x) =sin*z, g(x) = 0.
AHajloruaHO MOXKeT OBITh PACCMOTPEHa TIepBast KpaeBasl 3a/1aua JIJIsd Te-
serpadHOro ypaBHCHHS:

0*u ou 5 0%
ou
t=0
u(0,t) = u(l,t) = 0. (6.14)

Baech p,q — nocrosinable. Kak wssectHo [4], ypashenune (6.11) ommceiBaer
9JIEKTpUYECKHIE KOJIeOaHus B 3JIEKTPUUCCKOM IpoBoje. Ilosromy mocTosH-
HBIE P, ¢ MOIYT OBITh BBIPAsKeHBLI 4epe3 pealibHble (PU3MYECKUe IIapaMeTphbl
3a/1a40:

RC + LG GR , 1
2p = g = jat = ——,
LC LC LC
rje, B cBoto ouepesb, C) R, L, G XxapakTepu3yoT eMKOCTb, aKTUBHOE COIIPO-
THUBJICHUE, CAMOUMHAYKIIUIO 1 YTC€YKY €JIUHUIIbI JJIMHBI IIPOBO/Ia, T. €. 663 Ha-
pylieHusi O0ITHOCTU MOXKHO cYUTaTh, 9To p > 0,9 > 0.

[penenpubrii ciygait p = 0, g = 0 ©MeeT CMBIC/T HJICATN3AINN (DU3UTIECKO-

'O IIponecca, a € MaTeMaTUu4YeCKON TOYKU 3peHud Mbl IIPUXO/IUM K YPaBHEHHIO

Kojiebanuit cTpynbl. binskas curyarusd, HO yKe (DU3NYECKU OCMBICTICHHAS
peaymzyercst, eciu p* = q (GL = RC). B Takom cjiydae ropopsT o JIMHUH
6e3 mckazkeHuit (TepMUH OBLT BBEJEH M3BECTHBIM (bU3UKOM XeBHCANIOM).
SameHa
u(x,t) = e Po(x,t)

cBoauT ypasaenne (6.11) Kk ypaBHeHHIO KOJIeH6aHUil CTPYHDI:

v, 0%

o~ " ox2.

Bamaua 6.2. Ilokasars, 4T0 pemrenue kpaesoit 3agadn (6.12) — (6.14)

MOZKeT OBITh 3aIlMCAHO B BU/JIE

o0
b TN
u(w,t) = e Z (an cos wpt + w_n sin wnt) sin -
n=1 n
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rie a, — koaddurmenter Pypoe f(z), b, — koabdurmenter Pypoe g(z),
m2n2a? ,  mn*a®

e 31ech mpeoiaraeTcst, 9To ¢ — p* + o 0.

Culeyer JONOJHUTENLHO 3aMETUTh, U9TO I TejaerpadHoro ypaBHeHMs
Kpaesble yciaoBus (6.14) 10CTATOYHO MCKYCCTBEHHBI ¢ (DU3UYECKON TOUKU
spenusi. VIX BBIIOJIHEHUE O3HAYAET, YTO 06a KOHIIA JTMHUYU 3a3eMJIeHBl. B pe-
aJIbHBIX (PUBMUECKUX 3a/a9aX BCTPEYAIOTCS NHBbIE Kpaesble ycaosuda. Hanbo-
Jiee TIpOCThIe U3 HUX

wp =q—p°+

u(0,t) = E,u(l,t) = 0. (6.15)

[lepBoe n3 HUX Telepb O3HAYAET, YTO K OJHOMY 13 KOHIIOB IOJIKJIIOYEH HC-
TOYHUK IOCTOSTHHOTO TOKA.

Bamaga 6.3. Haiitu permenne kpaesoit 3aga4au (6.12) — (6.14), ecan
P #q

Banaua 6.4. Vcnons3ys meron Oypbe, HAllTH perieHne KPaeBoil 3a/1a4du:

Pu 0%
ou
t=0
ou ou
- - = 0. 1
or|,_, Ozl 0 (6.18)

[IpuBesiem cpa3y OTBET Jijist 3TOH 3a/1a49n:

+ht t [ t
u(z,t) = Qo 0Py Z (an cos = 4 by, sin — ) cos L.

2 [ man [ l
n=1
31ech ag, ay, as, . .. — Koapdunuentor Pypobe B passoxkenun f(x) mo op-
NI
ToroHaJbHOI cucreme dyuknuii va [0;1]: {1, cos T}’ by, b1, ba, . .. — aHaJsO-

rudHble KO3hQUIUEHTh! yKe st g(x).
[TokaszaTb, YTO CJIELYIONIHE YCIOBHS
1) f(z) € C0s1], £/(0) = (1) = 0,
2) g(z) € C*[0;1],4'(0) =g (1) = 0
JIOCTATOYHBI i npoBepku yeiosus u(x,t) € C?*(D), rue
D={(2,1),0<x<1,0<t<T}
Bamaua 6.5. Haittu pernenne kpaesoii 3amadn (6.4), econ
a) l=m,a=1, f(x) = cos’z, g(x) = sin’z;
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, f(z) = costz, g(z) = cos® z;

l a=1
B)l=1,a=2,f(x) =0,g(x) = 22 — 3a3;
r)l=1,a =3, f(x) = sin? 7z, g(x) = 2 cos* ma.
Bamada 6.6. [lokazars, uto pemienue kpaesoit 3amaqdu (6.16) — (6.18)
OrPAHUYEHO TIPU T — 00, €CJIn

/g(a:)da: = 0. (6.19)

Banaua 6.7. [lokazarhb, 9TO J/Isl IEPUOJMTHOCTU PENIEHUS 110 ¢ KPaeBoit
sagauan (6.16) — (6.18) HEOOXOMMMO U JIOCTATOYHO BBINOJHEHIE PABEHCTBA
(6.19).

Banayda 6.8. [IpounrerpupoBarh KpaeByo 3ajady:

@4_2 @4_ — 2@
o TP TN T g
ou
U(.’L‘,O) - f($)7 a o - g(l’),
o o,
ox $:O_al’ :B:l_ ’

T. €. BTOPYIO KPaeBYIO 3a/1a4qy Ji/isd TeJierpadHOro ypaBHEHHS.
Samaua 6.9. [IpounrerpupoBarsh KpaeByio 3a1ady:

Pu 0%
o 9a?
ou
0 et _ fd
e, 0) = f(a), 5| = gla).
ou
0,t1) =0, — =0
u( ) ) ) ax I:l Y
rie x € [0;1]. Paccmorpersb dacTHbIe CIydan, eciiun
3
a)a=1,l=m, f(z) =sin g,g(x) = sin® g;
6)a=2,1=1,f(z) =0,9(z) =z(l —2)%
B) a=2,1=1,f(x)=0,g(z) = sin®rx.
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3anaya 6.10. [IpounrerpupoBaTh KpaeByio 3aJiaqdy:

Pu_ a0
o2 “ 0x?’
ou
U(J],O) :f<l’), A, :g(x),
Ot |,—o
ou
% Y = O,U(l,t) = 0.

PaccmoTpers dacTHBIE CIIydan, ecim
3
a)a=1,l=m, f(x) = cos ;,g(:p) =0;
6)a=2,1=1,f(x)=0,9(x) =2*(1 — ).

[Ipusenem orBeThl K 001Ieit yacTu 3a/a4 6.9 u 6.10, KOTOpBIE peraTcs
merosioM Pypee (em. c. 41,42, rie Oblia pelieHa aHaJIOTHIHAs 3a/1a48a).
OTrBer Kk 3aga4de 6.9.
oo

u(t,z) = Z(an cos awpt +

n=0

sin aw,t) sin w,,
anwn
T 1
e w = —(n+ =), a ay, b, — koabdunuenter Pyphe Mpu Pas3IOKEHUN B Ps/T
Dypre dyukiwit f(z), g(z), coorBercrBerno. Kak n3pectHo,
!

/ g(x) sinw,zdz.

0

<\.|[\)
~| Do

!
/f ) sinwpzdz, by,
0

OTBer K 3agade 6.10.

o0

ta) = . Wt in aw,t T,
u(t, ) nz%(a cos awpt + — sin awyt) cos wy,x
T+ 5)
rae w, = —(n+ =),
a "7y
I !
2 2
=7 f(z) coswpzdz, b, =7 g(x) sinw,xdz.
0 0

Bameuanne. Kak ussecrno, dbynknnn {sinw,zr} n {cosw,z},n = 0,1,...
06pa3yoT MoJHbIe OPTOrOHAIbHBIE cucTeMbl GyHKImMi B Ls[0, 1].
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I'maBa 7. HeommoposHoe ypaBHeHEe KOJIeDaHUI CTPYHBI

PacemorpuMm juytst ypaBHenus

2 2

A L) (7.1)

IIEPBYIO KPAEBYIO 3ajady. Y DaBHEHIE pACCMaTPUBAETCs C HAYaJIbHBIME YCJIIO-
BUAMU

.0 = 1), 5| =gt (72)
1 KpaeBbIMU YyCJIOBUAMUAU
u(0,1) = 2(8) 01, 1) = alt) (7:3)

Ha mnepBom 3Talle orpaHmymMcs pacCMOTPEHUEM OJIHOPOJIHBIX KPaeBbIX
YCJIOBUH

u(0,t) = u(l,t) = 0. (7.4)

Bynem npeamonarars, uro ussectaast dyukius F(x,t) HerrpepblBHO Tud-
depeHIpyeMa 1 JIJisT Hee BBIITOJTHEHBI YCJIOBUs COIJIACOBaHUSI

F(0,1) = F(I,t) = 0. (7.5)

B srom ciryuae BO3MOXKHO U 11€71€CO00Pa3HO TPEJICTABUTD Ty (DYHKITUIO
B BUJIe pdja

= NI
F(x,t) = F,(t) sin —, 7.6
(2.0) = 3 Fut)sim (76)
rie
) !
F.(t) = 7/F(£IZ,2€) sin Wde.CE,
0
raen = 1,2,3,.... Ormernm, uro (7.6) papaomepHo cxomures mpu 0 < z < [
0<t<T.

Pemenne kpaesoit 3aga4au (7.1), (7.2), (7.4) OyaeMm UCKaTh B BUjE aHAJO-
[UYHOIO Psijia
™

u(a,t) =Y uy(t)sin — (7.7)
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rJie OIPEJICJIEHHIO TIOJJIEYKUT cueTHoe ceMeiicTBo dyukuuit {u,(t)}. Cpasy
ormernM, uto dbyHKIws (7.7) yrnosaerBopster KpaesbiM ycsosusim (7.4). Tog-
craiss (7.7), (7.6) B (7.1), mocJe s7eMeHTapHBIX TIPEOOPA30BAHUI MOJTy IaeM
(rpynmupyst Bce B JIeBOil gacTn)

& 2,,2
3 ( vl Fn@)) in 71—

n=1

. . Tnx
OprorosajbHOCTh cucTeMbl QyHKIHi {sin T} [IPUBO/IUT K CUCTEME ypaB-

HEHUH
iy, + w2, = F(t), (7.8)
m2n?
ren=1,23 ..., w= l—2a2. Cucremy (7.8) ciiejryer JOMOJHATEL HAYAJIb-
HBIME YCJIOBUAME JIIS Uy (1):
Un(0) = ap, U, (0) = by, (7.9)

rie {a,} — kosdburmenrsr Pypbe bynkuun f(z), a {b,} — koapdurmenTH
Dypre dyukiun g(z). Hamomuanm, aro

l

!
/f sinwdx b, = %/g sinwdx
0 0

NI[\D

N3 Kypca 0OBIKHOBEHHBIX U PEpEHITUATBHBIX YPABHEHUN U3BECTHO, YTO
JUTsl HAXOXKJIeHust U, (t) cipaBeymsa dhopmyJia

!
b, . 1 )
un(t) = a, cosw,t + — sinw,t + — [ sinw,(t — s)F,(s)ds. (7.10)
Wn

n
0
Ha npakruke mpu 6oJiee KOHKpEeTHOM yKazanuu F'(x,t) MOXKHO HAXOJIUTh
Uy, (t) 1 criocoboM, He TIPeyCMATPUBAIOIINM UCIIOJIb30BaHue hopmyJist (7.10).
[maBHOe cocrout B TOM, 4uT0 st {u,(t)} yraercsa Buimucars gudddepeniu-
aJIbHOE ypaBHEHIe BTOPOTO MOpsijiKa U cooTBeTcTBYyoMmue yeaosus (7.9). s
JIEMOHCTPAIMA 3TOTO 3aMeYaHnsl IPUBEIEM IIPUMED.
VYupaxkuenue 7.1. PaccmorpuMm KpaeByio 3ajady
Pu  0%u

= 4 ¢ sin 4x,

o2 Oz2
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: du :
u(z,0) = sin2z, —| =sin®x,

ot |,_o
u(0,t) = u(m,t) = 0.

B srom ciayuae Fy(t) = €', ocrambubie F,(t) = 0. Tlosromy 3amaun (7.6),
(7.7) mpuobperaroT cyieLyonuii By

. : 3
i +ur = 0,u1(0) = 0,41(0) = 1

ﬁ/2 -+ 4U2 = O,UQ(O) = 1,U2(0) = 0,

1
i3 + 9uz = 0,u3(0) = 0,43(0) = _Z;
Ug + 16uy = et7u4(()) — 07114(0) =0

[Ipu octajbHBIX k 9TH 33291 OJIHOTHUIIHBI:
iig + k2up = 0,u5(0) = 1(0) = 0.

OueBnjao, uro u, = 0(k = 5,6,7,...). Permenns mepBbIx deThIpex 3ajad
HaXOJIATCA SJIEMEHTAPHO:

3
uy(t) = 1 sint, uy(t) = cos 2t,

1 1 1 1
ug(t) = D) sin 3t, uy(t) = T cos 4t — @sinélt + ﬁet.

B ypaBuenun jjist uy(t) j1erko HaiiTm dactHoe pemenue B Buje Ae’, rue

A = const. B nannom ciygae A = T
Nrak, nmogydaem, 9To

3 1
u(z,t) = 1 sint sin x + cos 2¢ sin 2z — D sin 3t sin 3z +

1 1 1
+ (ﬁet 17 cos 4t — 68 sin 4t) sin4zx.

Amnajiornannie METOAbI MO2KHO MCIIOJIb30BaThb IIPU PEHICHUN 1 MHbIX HEO/I-
HOPOJHBIX KpaeBbIX 3aJa4.
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Yupaxkuenue 7.2. Merogom Dypbe TPOMHTErPUPOBATH CJIEYIONLYIO
KPaeByIo 3a/1a4y:

O*u 2(92u
gu_ 2l R
BT 92 T (x,1),
.0 = S, 5 = gfe),
0
ul - _duf
Ox =0 O x=l
Baech quist F(x,t) BBITOTHEHDI YCIOBUS
oF| _oF| .
O :czO_ O :c*l_ .

Ilomoxkum

TN
E F.( cos E un (t cos—.

[Mokazars, uro {u,(t)} pemenus cieayromux 3aiad
Uy + wiun = F,(1),

un(0) = apn, 0, (0) = by,

npun > 1, ampun =20
Ug = Fo(t),

ap . b
ug(0) = 70,u0(0) = 50

Baeck {a,} — kosbdunnenrsr Pypre bynkuun f(x):
—|— Z a,, coS @.

Hakomnerr,
x
™M
+ Z b,, cos —

65



Yupaxkuenue 7.3. [IpounrerpupoBaTh KpaeByo 3a/a4y:

% = a2% + F(x,t),
.0 = 1), 5| = o)
u(0,t) =0, % » =0.
Baech quist F(x,t) BBIIOIHAETCA yCIOBHE
me:%gmza

"

fx) € C*[0;1], £(0) = f(0) = /(1) =0,
g(x) € C*[0;1],9(0) = g (I) = 0.

Yupaxkuenue 7.4. [IpounrerpupoBaTh KpaeByo 3a/a4y:

% = aQ% + F(x,t),
.0 = 5@, 5 = ofe),
% » =0,u(l,t) = 0.
Baech quist F(x,t) BBITOTHIAETCS yCIOBHE
66—5 » =F(l,t) =0,

flz) € C*0;1), £(0) = f(I) = ' (1) =0,
g(z) € C?[0;1], 9 (0) = g(1) = 0.

B ciydae HEOIHOPOHBIX KPaeBbIX yCI0BHi (7.3) BO MHOTUX CJIydasx pac-
CMATPUBAEMYIO 3aJIa9y YJAeTCs CBECTU K TOM, KOTOpas ObLIa PaccMOTpeHa
B HavaJie naparpada, T. €. K 3ajade ¢ OJHOPOJHBIMU KPAEBbIMU YCIOBUSIMU.
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J1Jist 3TOrO CJIe/lyeT BBIIOJHUTD 3aMEHY
u(z,t) = v(z,t) + W(z,t),

rjie v(x, t) yI0BIeTBOPSET BCIIOMOTraTelbHO KpaeBoil 3a/1ade:

v 0%
EE ) + Fi(x,),
0
o@.0) = fle): | =)

v(0,t) = 0,v(l,t) = 0.

Baech raazkas dbyskims W (x,t) BbiOpana Tak, 9To0bI

W(()?t) = Qol(t)v W(lat) = SDQ(t)'

Torma , ,
o°w oW
2
Fl(l',t) :F<Z‘,t)+(l ax2 _WJ
ow

filz) = f(z) = W(2,0), 1 (2) = g(x) — | -
It |,

Oyuxriwo W (z, t) MoXKHO BEIOPATH pa3andHbIMU criocobamu. CaMblil Tpo-
CTOW M 9aCTO WCIIOJIB3YeMblil C110c00 — BBIOpATh (DYHKIUIO B CJIEIYIOIIEM BH-
Jie:

x
W(z,t) =¢i(t) + 7(902(75) — ¢1(1))-
[Ipu sToM citeyer caurarh, 9To DyHKIUU 1 (t), Yo (t) ABaKIBI HEIIPEPHIBHO
nuddepentupyembr. [Ipu takom Beibope dyukimu Wz, t) e Beerma dyHK-
mn fi(x), g1(x), Fi(z,t) obnamaror HaBOPOM CBONCTB, XapaKTEPHBIX s TI0-
CTAHOBKH KPaeBOW 3a/[a4l ¢ OJIHOPOJIHBIMU KPAEBBIME YCIOBUSAMU.

Unoit Bapuant Bbibopa dyukuuun W (x,t) BO3MOXKEH, €C/IU BbITOTHEHbI

YCJIOBUSI COTJIACOBAHUS:

©1(0) = ©2(0) = 91(0) = ¥2(0) = $1(0) = $2(0) = 0.

Usznoxum mMetonuky nocrpoerus W(zx,t) B TakoM cirydae.
[onoxknum

Wiz, t) = a;()x + az(t)(l — ) + ag1 (H)2*(1 — ) + ar(H)2(l — )2,
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rje aq(t), az(t), as (t) m ar2(t) — mojyrexkarue oupeeseHnio HbYHKIWN. YCII0-

Bust W(0,t) = p1(t) u W(l,t) = pa(t) nator as(t) = 1(t)/1, ar1(t) = @a2(t)/1.
Yeaosust Fi(0,t) =0 u Fi(l,t) = O JIAIOT PABEHCTBA

2a2a21 (t) — 4a2a12(t) = 951 (t)/l,
—4a*ay (t) + 2a”a1o(t) = @o(t)/1,
U3 KOTOPLIX HaXOAUM
an(t) = —(2¢1(t) + (1)) /(6a”1),

an (t) = —(2¢a(t) + ¢1(1))/(6a%1).
Beimosiaenne yesosuii (6.7) J1erko pOBEPUTH HEITOCPEICTBEHHO.
Yupaxkuenue 7.5. Permurh KpaeByio 3a1ady:

Pu 0%
gz~ C gz TE@ D
ou
UJ(I?O) = f(l’), a o = g(ZE),
ou ou
pe » = p1(t), 9z . = pa(t).

Yupaxkuenue 7.6. Permurh kpaeByio 3a1ady:

Pu 0%
W a ﬁ + F(l‘,t),
ou
U(ZL‘,O) - f(x)v E o g([E),
0
u0.8) = i(0) | =)

YupaxkHenue 7.7. PemuTh KpaeByro 3a/1a4y:

Pu 0%
W—Cb @‘FF(I,I&),
ou
. 0) = 1), G| =l
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% . = p1(t),u(l, t) = pa(t).

Banaua 7.1. Permuth kpaeByto 3a1ady:

Pu L, 0Pu
W =a w + sin x,
0
u(x,0) = sinz + asin 2z, gu =0,
ot |,

u(0,t) = u(m, t) = 0.

Haiitu a, npu KOTOPBIX y JAaHHON KpaeBoil 38/l €CTh COCTOSHUE PABHOBE-
cus (pelenus, He 3aBUCSIIIIE OT t).
Samaua 7.2. [IpounTerpupoBarh KpaeByio 3a/1ady:

U = Uge + 28022, 2 € [0, 7],

u(z,0) = sin 2z, u(z,0) = sinz,
u(0,t) = u(m, t) = 0.

Banaua 7.3. Pemuth kpaeByto 3a1ady:

Ou _ 20U ntsing, o € [0,]
— =a°— +sintsinz, x T
ot? Ox? ’
0
u(z,0) = 1+ sin 2z, gu = sin 3z,
ot |,_o

u(0,t) = u(m, t) = 1.
3amaua 7.4. [IpounrerpupoBarh KpaeBylo 3a/1ady:
Uy = gy + €' sin 3, 2 € [0, 7,
u(z,0) = 1+ sin 2z, us(x,0) = sin 4z,
u(0,t) = u(m, t) = 1.
3anaua 7.5. [IpounrerpupoBaTh KpaeByio 3aJiady:

’u  0*u

7= + cos 4t cosdx, x € [0, 7],
x
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u(z,0) = 1 + sin® z, uy(z,0) = sin 3z,
u(0,t) = u(m, t) = 1.
Bamaua 7.6. [IpouHTerpupoBaTh KpaeByo 3a/ady:

% = 4% + cos® it cos® x, x € [0, 1],
u(z,0) = x + cos® mz, uy(z,0) = 0,
ur(0,8) = u,(1,¢) = 1.
Bamaua 7.7. [IpourTerpupoBarh KpaeByio 3a/1ady:

0? 0?
w_ —Z + €' cos 2,z € [0, 7],

o o
u(z,0) = uy(z,0) = cos® 2z,
o) _ o

Oz -~ Oz

Sanaua 7.8. [IpounTerpupoBaTh KpaeByio 3aiady:

=0.

=T

=0

Ust = 2Uyy + €' cosmr, z € [0, 1],
u(z,0) = 0,uy(z,0) = x + cos® 7z,
uz(0,t) = ux(m,t) =t.
Sapaua 7.9. [IpounTerpupoBaTh KpaeByio 3aJiady:
Uy = ze +u + tsinz, x € [0, 7],
u(z,0) = sinz, uy(z,0) = sin 2z,
u(0,t) = u(m,t) = 0.

Bapaua 7.10. [IpounTerpupoBaTh KpaeByio 3a/1a4dy Jjis HEOIHOPOIHOTO
TeserpadHOro ypaBHEHUS:

0%u ou 0%u
o +2aa +bu = 92 + F(t,x),x € [0,1],
ou
e, 0) = 1), 5| = ol
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u(0,t) = u(l,t) = 0.

Bapaua 7.11. [IpounTerpupoBaTh KpaeByio 3a/1a4dy s HEOIHOPOIHOTO
TeserpadHOro ypaBHEHUS:

0%u ou 0*u
W—i—Qaa—l—bu a——l—F(tx)xE[O,l],
ou
we.0) = f2). 3| =900
Oui - _ 0wl _,
or|,_, O0z|,_,
Bnecw a,b > 0.

3amaua 7.12. PemuTh KpaeByio 3a/1aqy

0*u O*u
w—i_ —@4—6 sin 2z, z € [0, 7],
0
u(z,0) = (;; = sin® 3x,

u(0,t) = u(ﬁ,t) = 0.
Bamaua 7.13. Pemuth KpaeByio 3a1ady
Ou + Ou + cost cos € [0, 7],
— tu=— x,x T
ot? Ox?

ou

0) = 2y —
u(z,0) = z + cos” z, T
_ Ou

2—0 5x

= cos® 2z,
t=0

@
Oz

= 1.

=T

Bamaua 7.14. [Ipn kKakux 3HaYCHUAX HapaMeTpa @ PelleHue KPaeBoii
3a/1a491 OIPAHUYIEHHO:

Ou_ O + costcos 2z, x € [0, 7]
o2 022 L s
u(z,0) =
ou
Ox

0,u(z,0) = a + cos? 4z,
_ Ou
=0 Oz

= 0.

=T
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Bapaua 7.15. [Ipu kakux 3HaYEHUSX apaMeTpa a KpaeBas 3aJjada

0%u 282u +cost € [0.7].
—— =a°—— +costcosx,w T
ot? 0x2

u(z,0) = 0,u(z,0) =0,

ou B ou _0

ox|,_, - Ox o 7

MMeeT OrpaHUYEeHHOE PeIlleHre Ipu ¢ — oo.
Samada 7.16. Haittu perrerune KpaeBoii 3a1a9u

0*u , 0%
2 = m%—F(t x),x € [0,1],
0
u(w,0) = f@). 5| = gla)
ou
0,t =0
w00 =5 <o
a TAKzKe PACCMOTPETH IPUMEDBI, €CIIN
3 X

a)a=1,l=m, f(x)=g(x) =0,F(t,x) = tsin 5
6)a=1,1=1,f(z) =g(x) =0,F(t,z) = (1 — )%
x)

B)a=21=1f(z)=a(l—2)%g(zx) = 0, F(t, —tsin%x.
Samada 7.17. Haittu perrerne KpaeBoii 3a1a9u
0%u , 0%
22l F
) =a’ 92 + F(t,x),x € [0,1],
.0 = S, 5 = gte),
ou
T —ut) =
ox|,_, u(l,t) =0,
a TaK»Ke pacCMOTPETh IIPUMEPDI, eCJIN
2) a = 1,07 f(z) = glz) = 0, F(t,z) — tcos?’:%x,
6)a=1,1=1,f(z)=g(x)=1,F(t,r) = 2*(1 — x);
B)a=21=1 f(z) =221 —2), g(x) = 0, F(t, 7) :tcos?me.

72



3anaua 7.18. [IpounrterpupoBars MeTooM Pyphe KpaeBylo 3ajady:

@ — @ + 2 @ + b
oz~ oarz ' Yar T
ou
e, 0) = f), 5| = ola).

rie a,b — IMoCTOSTHHBIE.

VYkazanwue. 3amena u(z,t) = e~ “v(x,t) cBOAUT NAHHYIO 3aJa9y K aHa-

JIOTHYHOI /1714 TesterpadHoro ypasnenns, ecin b—a? < 0. Brpouewm, ot 3Toro
OrpaHUYeHUs MOXKHO M OTKA3aThCH.

3apaua 7.19. [Ipounrerpuposatrs MeTogoM Pyphe KpaeByio 3a1ady:

@+2aa—u+bu— @—1—20%

ot? ot 02 ox’
ou

.0 = 1), 5| = o)

rie a,b,c € R.
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I'maBa 8. YpaBHeHue koJjiebanmii 6aIKu

B sTom maparpade Oyjier paccMOTpeHO ypaBHEHUE YETBEPTOIO MOPSIKA,

0*u  0*u

7 T =0 (8.1)

riae u = u(z,t), z € [0;w]. Ypasuenue (8.1) mpeioxkeHO K PacCMOTPEHUTO
B IIePEHOPMUPOBAHHOM 1 Oe3pasmMepHoM Bujie. Bojiee netaibHo ero obcyxkie-
Hue MOXKHO Hajfitu B [1]. Ono HocuT HazBauue "ypaBHeHue Kojiebanuii 6aaku".
B nannom maparpade ero 6yaeM paccMaTpuBaTh BMECTE ¢ TEMU HJIA UHbI-
MU KPaeBbIME yCJIOBUSIMHA.
BapuanT 1. Haiitu pemenne ypaprenns (8.1), ymoBierBopsitoriee Ha-
YAJILHBIM YCJIOBUSIM

ou
uw,0) = @), S =) (32)
t=0
U KPaeBbIM YCJIOBUSM
d*u o*u
U(O,t) = U(W,t) = O, % L = @ . =0. (83)

B mexanuke kpaesble ycaoBus (8.3) 0OBIYHO HA3BIBAIOT YCJIOBUSIMHE AP~
HUPHOT'O OIUPAHUS.

Ypasuenne (8.1) BMecTe ¢ HAYaJbHBIMU yCJIOBHAMHI (8.2) MOXKeT OBITD,
€CTeCTBEHHO, PACCMOTPEHO BMECTe ¢ WHBIMH OTJIMIHBIME OT (8.3) KpaeBbIMU
YCTIOBUSMU.

Bapuanr 2. Haiitu pemenne ypasuenus (8.1), ymoBiieTBopsiiorniee Ha-
JaJIbHBIM YCJIOBUsIM (8.2), a TaKKe KPAaeBbIM YCJIOBUSIM:

@
ox

_8u

u(0,t) = u(m, t) =0, - g

~0. (8.4)

T=T

r=

YesoBus (8.4) 00bIMHO HA3BIBAIOT YCJIOBUAME YKECTKOIO 3aKPEILIEHHSI.

Ecin ojiun 13 KOHIIOB 3aKpeIlieH, a BTOPOil cBOOOJIEH, TO pacCMaTPUBAIOT
CJIe/IyIONe KpaeBble yCIOBHA:
Pu

ox3

ou 0%*u
U(O,t) = - = O, @

ox|,_,

0. (8.5)

T=T T=Tr
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3/1ech Mbl OTPAHUYKMMCS CJIydaeM [apHUPHOro onupanus. VHble BapuaH-
THI KPAEeBBIX 3a/a9 PACCMOTPEHbI, HarnpumMep, B [12,13].
Pemenne kpaesoit 3aaau (8.1), (8.2), (8.3) MOXKHO HCKaTh B BUJIE

= Zun(t) sinna. (8.6)

[Tongarno, uro dyukuus (8.6) ygosierBopsier KpaeBbiM ycjaoBusaM (8.3).
[Mozgcranoska (8.6) B ypaBuenue (8.1) NpuBOAUT K PABEHCTBY

Z ity +nt un sinnz = 0. (8.7)
n=1

OTKysa 3aK/II09aeM, 9TO Uy, (t) — perneHnst ypaBHeHHi
iy, + n'u, = 0. (8.8)

Baech npu nepexogie or (8.7) K (8.8) yMecTHO BCIOMHUTH, ITO (DYHKIAHI
sinnx, (n € N) na orpeske [0; 7] 06pa3yioT MOTHYIO0 OPTONOHAJIBHYIO CUCTEMY.
[IycTn

f(z) = ian sinnx, g(x) = ibn sinnx. (8.9)
n=1 n=1

Us (8.2), (8.7), (8.9) BBIBOIMM, UTO JIsi Uy, (1) CIIpABEIJIUBBI CJICIYTOIIIE Ha-
YAJILHBIC YCJIOBUSL:

u,(0) = ay, Un(0) = by,. (8.10)
Paccmarpusas (8.8), (8.10), naxoxum, 9to
2, bn oo
un(t) = a, cosn t—{—ﬁsmn t. (8.11)
3anaua 8.1. Ilokazarb, 4TO yca0BUA
fz) € C?l0s7],  g(x) € C°[0; 7],

£(0) = £(m) = £(0) = £'(x) = 7 0) = 7 (m) =0,
9(0) = g(m) = 4'(0) = ¢'(m) = 0

SIBJISIIOTCS JIOCTATOYHBIME JIJIsi TOTO, 9T00bI opmyitoii (8.6) ObL10 3aa10
KJIaCCHYecKoe perenue Kpaepoit 3azaqan (8.1), (8.2), (8.3).
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HamomuuM, 9T0 Jijisi IPOBEPKH CIIPABEJJINBOCTH yTBEPIKICHUs 3a/1a4K
(8.1) careyer, B 9acTHOCTH, TPOBEpHUTH Juddepennupyemocts byHKIwn u(z, t)
upu x € [0;7], t € [0;7]. YyTrs Gostee meTaabHO: OHHU JOJIKHBI IMETD 4 Herpe-
PBIBHBIE YACTHBIEC IPOU3BOJHBIC 110 T 1 2 110 T.

Bapada 8.2. Ilokazars, uro Kpaesas 3ajgada (8.1), (8.2), (8.3) umeer

€JINHCTBEHHOE PeIlleHHeE.
VYkazaaue. Kak u jij1g ypaBHeHUil KojebaHWil CTPYHBI, CJIE/lyeT PacCMOT-

pPeTh MHTETrpaJl SHEPIAn

11 [ /0w 9u\’
0
a 3aTeM HaWTHU ero IIPOU3BOAHYIO B CUJIy KpaeBO# 3a/a4u.
Bamaua 8.3. Paccmorpers kpaesyio 3amady (8.1), (8.2), (8.3), ecin
a) f(x) = sin® x, g(x) = sin 3x;
6) f(x) =0,9(z) = 2*(z — m)*
B) f(x) = sin®z, g(z) = sin® 2.
Sanaua 8.4. Pemuts meromom Pypbe HEOTHOPOIHYIO KPAeBYIO 3a1a4dy:

’u  J'u
o " gpn = F ),
ou
e, 0) = f(a), 5| = gla).
0%u 0*u
U(O,t) = U(ﬂ',t) = 0, @ Y = @ - = O

3anada 8.5. Pemmuth Merogom Pypbe KpaeByio 3a/ady:

*u  0*u 0%u

o2 ot T2 =0
ou
U(ZL‘,O) - f(x)v a o - g(.T),
0*u 0*u
U(O,t) = U(’ﬂ',t) = 0, @ Y = @ - = O

WNuble kpaeBble 3a1a4n 71 0AJIOYHOIO yPABHEHUS PENIAIOTCH aHAJIOT Y-
HO, HO OHH DoJiee TpyHoeMKu. BoJiee 1ojipodHOe 00CY2K/ IeHNEe STUX BOIIPOCOB

MOXKHO Hajitu B [12,13].
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[TosichuM KpaTKo 0OCOOEHHOCTHU STUX 33149 Ha [IPUMeEpe, KOria KOHITbI OaJI-
KU YKECTKO 3aKperuienbl. VTak, paccCMOTPUM KPaeBYIO 3a/1a4y:

0*u  0*u

7 T30 =0, (8.12)
ou

u(w,0) = 7). 2| = gla).x € [0:1], (5.13)

Ot |,—o

ou ou

= u(l = — = — = 0. 14
u(0,t) = u(l,t) =0, Pzl " orl_, 0 (8.14)

Kak o6brano, cHauasa Hafijiem pemnierue ypapHerus (8.12), yiaoBierBopsi-
foree KpaeBbiM yesoBusiM (8.14) B dopme u(x,t) = A(t)B(z). Ilocie pasme-
JICHU s IIEPEMEHHBIX IIOJIy9YUM PaBEHCTBO

A B
= ()7

A7 B

KOTOpOe YJIOOHO peliaTh B BUJE CHCTEMbI OOBIKHOBEHHBIX JIuddepeniinaib-
HBbIX ypaBHCHUI:

A+ NA=0, (8.15)
B"™ — \AB =0. (8.16)

Ypasuenne (8.16) cieyer JTOHONHATH KPACBBIMU YCIOBHAMMA:
B(0) = B(1) = B'(0) = B'(1) = 0. (8.17)

Kak ob6brano, mis kpaesoit 3amaqau (8.16), (8.17) cuiemyer mccaegoBarhb
cJIejlyionye Bonpockl. IIpu Kakux A\ JaHHasi Kpaesas 3ajada UMeeT HeTpH-
BuaJibHble pertenns? OupeneanTsb BiJl cCOGCTBEHHBIX (DYHKIMIT (HeTPUBHAIIb-
HBIX PeIlleHuii KpaeBoil 3a/1a4u [P paHee OIPEJIEJICHHBIX 3HAUCHUSIX ).

Banauya 8.6. Ilokasarb, 9T0 COOCTBEHHBIE 3HAYUEHUs] KPAEBOH 3ajadn
(8.15), (8.16), (8.17) ompeensaiorcs Kak KOPHU ypPABHEHNUST

chpcosp =1, (8.18)

rie 1 = V. Cobersennbie ByHKIAN

Bu(x) = U(um)—wzk)vmkx) | (8.19)
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Bech i, — MOJIOXKUTE/bHBINA KOpeHb ¢ HoMepoM k ypashenus (8.18). Tak,
nanpumep, p; = 4.73, po = 7.85. Ilpu bonbmux k KopHu

™

Haxkomnerr,

U(m):%(chx—cosx), V(x):%(shm—sinx).

Jlannble JiBe pYHKIIUE BMecTe ¢ PYHKIIUAMU

S(m):%(chx—l—cosm), T(x):%(shx—i-sinx)

UTPAIOT BaXKHYIO POJIb B IMPHUKJIAHBIX BOIPOCAX TEOPUHU YIPYTOCTH U HOCAT
HasBaHue O0AJOIHBIX (DYHKIIHIA.
1

[okasars, uro [ By(x)By,(z)dz = 0 nupu k # m, u 3, MOXKHO BBIGpATH
0

TaKM 00pa30M, ITOObI
1
/B;f(x)dx = 1.
0

Hamomunm, uro npu takoMm Bbibope cucrema {By(z)} Gymer oproHOp-
MHUPOBaHHOM. V3 obIeit Teopun KpaeBbIX 3aJad BbITEKAET, YTO OHa Oyjer
nostHoit. [TosTomy pererne kpaeoit 3aga4n (8.12), (8.13), (8.14) moxKHO 3a-
[HCATH B BHJIE CJIEIYIOMIErO Psijia:

0 bn
u(z,t) = Z (ak cos ju,°t + 2 sin p%t) By(z),
k=1 k

1

1
ap = /f(x)Bk(:z:)d:z:, by = /g(:z:)Bk(:z:)da:,
0 0
3amaua 8.7. llpounrterpupoBath MeToj oM Pypbe KpaeByIo 3a/1a9y:

O o _

7 T 501 =0, (8.20)
ou
u(z,0) = f(z), 5 L g(x),z € [0;1], (8:21)
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2 3
u(O,t):@ 0“u 0°u

O ©oa?|,_, 0P
Kpaesbie yciaoBus (8.22) MOAeIMpPYIOT Ty CHTYAIMIO, IPU KOTOPOii JIEBBIIt

koerl (x = 0) yKeCTKO 3aKpeIlieH, a IPaBblil — CBODOJIEH.
ITokaszars, ¥ro pemtenne 3a1a41u (8.20), (8.21), (8.22) nmeer Bus

— 0. (8.22)

x=0 z=1 r=1

0o bn
u(z,t) = Z (ak cos fi 2t + 2 sin ,uit) or(z),
k=1 k

riue
1

ax = /f(-f’?)@k(m)d% by = /19(55)%(-75)61-75-

Baech {pr(x)} — mosmmas opronopMmupoBannast cucrema (yHkimii B Lo [0, 1],
ompejiesieHHas Kak cOOCTBeHHbIe (DYHKIINU KPaeBOil 3a/1adm:

y V) () — pty =0, (8.23)

y(0) =y'(0) = y"(1) = y"(1) = 0. (8.24)
VYkazanume. CobcrBennbie byHKIMN KpaeBoit 3a1aan (8.23), (8.24) yua-
€TCsl BBIpA3UTh 4epe3 Dasiounble (PyHKITIH:

0ite) = o | Ule) = g4V )| G = 1.2...0),

a [t; — IOJIO2KHUTEJIbHbIE KOPHHN YPaBHEHMA

chpcosp+1=0,

B3ATHIE B TOpsijike Bo3pacTtanus (p; = 1,875, ps ~ 4,694, us ~ 7,855,
pg = 10,996). Ilpu Gosbux j oHE MOTYT OBITH ONpEJeIeHbl KaK KOPHU
ypaBHEHUs

m .
cospr ~ 0, (u; = 5 +7j).

Bamaun (8.6), (8.7) MOryT OBITH HCIOJIBE30BAHBI KAK TEMBI yICOHBIX KyD-
COBBIX padOT IO JJAHHOMY IIPEJIMETY.

3anaua 8.9. Haiitu Bce a, 1pu KOTOPBIX KpaeBas 3aja4a MOYXKET UMeThb
HEHYJIeBble COCTOSHUS PaBHOBECUS:

9%u N J*u N 0%u
ot2  Oxt a@ﬂ

=0,
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9%u 9%u
2 o 2

ax x=0 8x =7

HarmomauMm, 910 cocTosiHUEM paBHOBeCUS KPaeBO# 3a/1adu JIJIs SBOJIIOIH-

OHHBIX YPaBHEHUI C YJACTHBIMU ITPOM3BOIHBIMI HA3bIBAIOT TAKOE €€ PeIeHne,
KOTOPOE He 3aBUCHUT OT IIEPEMEHHOM ¢, T. €.

u(0,t) = u(m, t) = 0; = 0.

u(t,z) = v(x).

B namewm ciydae dyHkius v(x) MoxkeT ObITh HalijleHa KaK pelleHne BCIOMO-
raTeJbHOI KpaeBoil 3a/1a4n JjIsl OOBIKHOBEHHOT'O b depPEHITNATIBHOIO yPaB-
HEHUs

o) " =0, v =v(2),

rjie v(x) yIoBJIETBOPSET KPAEBBIM YCIOBHIM

Ob1riee pertieHne ypaBHEeHUs Jiist onpejesernst v(x) npu a > 0 MoKeT ObITh
3aIMCAHO B BHJIC

v(z) = C; cosax + Cysinax + Csz + Cy,

rae o = \/5, 01,02703, 03 € R.
Cauenosarensho, v”(x) = —a?(C) sinax + Cysin az). Kpaesble yciopus
s dynaknuun v”(z) (v”(0) = v"(7) = 0) npuBoAAT K paBeHCTBAM

Ci =0, Cysinar = 0.

Kpaesble yesioBust jiyist camoii (pyHKIuU v(z) Jar0T elle JBa ypaBHEHUs JIJist
onpeaenenus: kKospdumueraros Cq, Cy, C3, Cy 0OIIETr0 perneHus:

0C3 4+ Cy =0, Cysinar + Cym + Cy = 0.

Orkyna ¢ meobxomumoctbio Cy = 0, a Tak:ke o = n. [Ipu stom Cy € R
U IIPOU3BOJICH.
Otser K 3amade 8.9. Kpaesas 3a/1aua nMeeT COCTOSHUE PABHOBECHS

u(t,z) = v,(z) = ypsinnz,n € N,v, € R,

ecimt a = nA.
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I'maBa 9. ¥YpaBHeHue KojiebaHmii MeMOpaHbI

Jlo sToro naparpada Mbl pacCMaTPUBAJIHM YPaBHEHNUsI, KOT1a HEM3BECTHA
dyHKINA 3aBHCea JUITb OT JBYX ITPOCTPAHCTBEHHBIX ITepeMeHHbIX. B aToM
naparpade OyJieM paccMaTpuBaTh ypaBHEHUE

2 2 2
8u:<8u+8u)’ (9.1)

o2~ \oz2 " ay?

riae u = u(z,y,t). Ypasaenue (9.1) nocur zHazsanme "ypaBHeHnue KoaeOaHuit

MeMOpaHbl" ¥ ABIAETCA OJHUM U3 YACTHDBIX CJIyYaeB BOJHOBOTO yPABHEHUSI.
B sTom naparpade orpannunmcs ciaydaem, korja (z,y) € D C R

t € [0;T]. Bmech D — orpanuyennas objacTh npocrpancTsa R2. B srom

ciydae ypasaerue (9.1) ciejyer JOMOJHUTD HAYATBHBIMUI YCJIOBUAMU

u(z,y,0) = f(z,y), g—? N 9(x,y) (9.2)

U, KOHEYHO, TPAHIIHBIMA (KPAeBBIMI) yCJIOBUSIMI. B paMKax JaHHOTO mapa-
rpada orpaHuIUMCs CJICIYIONUM UX BapUAHTOM:

U($, Y, t)‘aD = 07 (93)

T. e. Ha Tpanuie obsactu D pemienne ypasHenus (9.1) obparaercs B 0.
Pemmenne sroit 3aaun Moxker ObITh HaiigeHo MerogoMm Pypwe. Onmimem
OOIIIyIO CXeMy 3TOTO METOJa B JIAHHOM CJIydae.
JLnst peanuzaiiuy 3TOro aJaropuT™Ma CHadaJa CJIe/lyeT HalTH BCe pelleHns
ypasaenus (9.1), ymosierBopsiorue ycaosuio (9.3), KOTOpble MOXKHO HPEJI-
CTABUTH B BUJIE

u(z,y,t) = A(t)B(z,y).

Crenosarennio, dbyukiun A(t), B(x,y) yAOBIETBOPSIOT CIeIyIONIEl cu-
creme ypasaenuii. [lepsoe u3 aux — quddepenimaibaoe ypasuerne s A(t):

A(t) + MA(t) = 0. (9.4)

Bropoe — 910 ypaBHeHUe ¢ YaCTHBIME IIPOU3BOIHBIME 1A B(x,y):

AB="—" 42" = _)\B, (9.5)



rie Juist B(x,y) cupaBeyinBo ciieyoliee yCcjaoBue Ha MPaHuIe:
B(z,y)|op = 0. (9.6)

Xoporo n3sectro [9], uro 3amada (9.5), (9.6) mmeer cuerHoe duCIO COO-
CTBEHHBIX 3HaUeHuit A = \,, > 0, a cooTBeTCTBYIONNE UM COOCTBEHHbIE (DYHK-
n B, (x, y) 06pa3yor moJIHy 10 OpTOHOPMUPOBaHHYIO cucremy. B yactaocTH,
JIUIsI HAX CIIPABE/IJINBO CJIEIYIOIIEee PABEHCTBO:

// Bj(z,y)Bi(z,y)dzdy = 0 (k # j),

D
2
// B3 (v, y)dzdy = 1.
D

[Tocse sroro perenne 3amaun (9.1), (9.2), (9.3) MoKHO 3amucaTh B BUje

u(z,y,t) = Z (an cos \/ At + \;)f\_ sin 4/ /\nt) B.(z,y),
n=1 n

rae

ay = // f(z,y)By(z, y)dzdy, b, = //g(:v,y)Bn(ﬂ%y)d:vdy-

OTMeTnM, 9T0 OCHOBHYIO TPYIHOCTD IIPEICTABIAET HAXOK IEHNE COOCTBEH-
HBIX 3HaYeHUN 1 cobcTBeHHbIX (yHKIwmit (9.5), (9.6). OHa pemaercs B sBHOM
BUJIE JIUITH TIpU BeIOOpe D B OoJiee KOHKPETHOM BHJIE, JIJIA JIOCTATOYHO MPO-
cThix obstacreit. [Ipu sToM maxke i Takoit obracT, Kak KpyT, IIPA ee UC-
CJIeJIOBAaHUU [IPUXOJUM K HEOOXOIMMOCTH BBEJIEHUS CIEIUAILHBIX (DYHKIIMIA.
B pannom ciayuae — Beccenesbix dynkumit. IToapobnoe u3aoxKenne pereHnst
(9.5), (9.6) anraresp MOXKeT HaiiTh B yueOHUKax |1, 4].

OJHMM U3 HEMHOI'MX CJIy9aeB, KOIJIa PElIeHNe MOXKET OBITh BLIPAXKEHO
Jepes ssieMeHTapHble BYHKIMH, gBgeTcs npamoyroibauk D = {(z,y) : 0 <
r < a,0 <y < b}. Ormerum, uro D = {(z,y) : 0 < 2 < a,0 < y <
b}. 3uech a,b — MoJOKUTEIbHBIE TIOCTOSIHHBIE. [ DAHUIA COCTOUT U3 TOYEK,
HPUHAJJIEXKANUX KOHTYPY 9TOI0 IPAMOYroJbHuKa. VITak, B JaHHOM CJIydae
ypasrenue (9.1) ciejyer paccMaTpuBaTh €O CJIEIYIONMMU YCIOBUSIMU:

u(z,0,t) = u(x,b,t) = u(0,y,t) = y(a,y,t) =0, (9.7)
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KOTOpBIe yTouHsIOT (9.3).
Bamaga 9.1. I[lokazars, 4T0 cobcTBeHHBIE 3HAUeHUS 331a49u (9.5), (9.6)
B CJIydae IPsIMOYTOJIbHUKA 33a10TCs POPMYJIOi

k% m?
)\km=¥+b—27

, k,m € N,
a COOTBETCTBYIOIINE COOCTBEHHBIE (DYHKINN —

2 k
Bim(z,y) = sin ~— sin 2

Vab a b
Bamaua 9.2. Pemurs 3agaay (9.1), (9.2), (9.7) ecin
a) c =1, f(z,y) = sinzsin 2y, g(x,y) = sin2zsiny,a = 7,b = ;
6) c =2, f(z,y) = (1l —z)sinmy, g(x,y) = sinmzsin 2ry,a = b = 1,
B) ¢ =3, f(z,y) = sinmxsinny, g(z,y) = 0,a = 2,b = 1.
Banaua 9.3. Haiitu perenue

Pu 5 (O*u  Du
w =C (@ + 8_y2) 5 (98)
ou
U(l’,y,O) :f(xay>a E :g(l‘7y), (99>
t=0
Quf - _Oul 0wl _dup g (9.10)
or|,_, 0r|,_, Wly—o Yl

rae a,b,c€ Ry, D={(z,y):0< 2 <a,0<y<b}.
Haiitu perrenue 3Toii 388491 B CJICAYIOMNX YACTHBIX CJIyUasiX:
a) c=1, f(x,y) = cos? x, g(x,y) = cos’ y,a = m, b= m;
6) c=2, f(z,y) =1,9(z,y) = cosmrcosmy,a =1,b =1,
B) c =3, f(x,y) = cos*wcos’y, g(x,y) =0,a = 7,b = 7.

Bamaga 9.4. Jna samaau (9.8), (9.9), (9.10) maiit MHOXKECTBO Tex
dbyuxiwit g(z,y), Tpu BEIOOPE KOTOPBIX ee perieHre OyIeT OrPAHIYeHO IPH
t — +o0.

Bamada 9.5. Haiitu Bce a, mpu KOTOPBIX pellieHre KpaeBoil (FpaHuIHOI )
31491

Pu Pu  O*u

o2 92 op
ou

u(z,y,0) = sinxsiny, e
t=0

= sinz(siny + asin 2y),
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uw(0,y,t) = u(m y,t) = u(x,0,t) = u(z,7,t) =0

Oy/IeT mepuoniecKkoil (pyHKInE IepeMeHHoro t.
Banaya 9.6. Permuth kpaeByto 3a1ady:

Pu A _Pu 0*u
92 cAu, A = 92 + 8_1/2’
u(O,:C,y) = f(iC,y), ut(oam) = g(:c,y),

ou ou
ay =0 = gy l= =0
ou ou

8—x\z:o = %Lr:a = 07

rae a,b,c >0, z € [0,al, y € [0, ).
Haiitu perrenne jannoit KpaeBoii 38,1841 B CJIEIYIONINX YACTHBIX CJIyda-
aX:

a)c=1, f(x,y) = coszcosy, g(x,y) = cos2x cos2y, a =b = m;

b)e=2, f(z,y) = cos’ zsin’y, g(x,y) = cos* zcosy, a =b = T.
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I'maBa 10. YpaBHeHUEe TeIJIONPOBOIHOCTUA

ctb u = u(w,y, z,t). Ecmm v = u(x,y, 2,t) — HOpMUpOBaHHAsA TeMIIe-
H ) ) ) t E ) ) ) t

parypa HEKOTOPOI'O Teja B MOMEHT BPEMEHH [ U B TOYKE C KOOPJAMHATAMIU
(x,y, z), TO ypaBHEHHE

ou (82u 0%u 62u>

EZGAUZG 8x2+8y2+3z2

(10.1)

HA3BIBAIOT YPABHEHWEM TEILIONPOBOIHOCTU. 3ech a > (0. DTor K0abduIm-
€HT MHOTJIA HA3BIBAIOT KOI(MMDUIINEHTOM TEMIIEPATYPOIIPOBOIHOCTH. 3aMEHO
t = aT MOXKHO JIOOUTBHCS TOrO, YTOObI OH ObLT paBeH 1.

Hagee Oyznem cuutarh, uTo a = 1. BoJiee Toro, B pamMkax JIaHHON TJIaBbI
OrPAHMYUMCST PACCMOTPEHHUEM cirydasi, Koraa u = u(x,t), T. e. HEM3BECTHAs
pYHKIUSA 3aBUCUT TOJILKO OT OJHOI ITPOCTPAHCTBEHHON IlepeMenHoii. Takoe
[IPE/IITOIOXKEHNE JIOIYCTUMO, €CJIM PAacCMaTPUBAECTCs, HAIIPUMED, TEJIO, Y KO-
TOPOr'O OJIMH pPa3Mep IPEBOCXOJIUT 3HAYUTEIHLHO ocTasibHbie. [Ipumep mpe/-
CTaBJISIET HAM CTEPIXKEHb.

Nrak, B 3TOM mnaparpade OyjieM paccCMaTpUBaTh ypaBHEHUE

ou  0*u
—_— = —. 10.2
ot 0x? ( )
Uuorya Bmecro (10.2) paceMarpuBaroT HEOJHOPOIHOE yPABHEHUE
ou  0*u
— = —+ F(x,t 10.3
o = 53+ Fla.), (103)

rje F(x,t) — usecrnag dbyukius x,t, t > 0, z € [A, B] (x € R).

HamomumM, 9T0, coryiacHo KiaaccuduKayuu ypaBHEHAN ¢ 9aCTHBIMHA PO~
m3BoxubiMT (eM. mir. 1), (10.2) unm (10.3), 970 ypaBHEHHE NApabOJIIIECKOro
THUIIA.

[Tycts Dy € R? — NpAMOYTOJILHUK, BBIIEISEMbIil HEDABEHCTBAME
(x,t) € Dr,ecim A < x < B, 0 <t < T. Ero xkouryp 0D — rpanuna, a
OOKOBbIE CTOPOHBI U HUYKHee OCHOBaHUe obpasyer MHOxkecTBO ' C 0D. D10
MHOKECTBO 1YaCcTO HA3BIBAIOT "ABOIHOI" rpaHuIeil,  OHO UIPaeT 0COOYIO
pouib 1ipu u3ydennn ypapuenns (10.1).

Teopema 10.1. (IIpunmun "max") IIycmo u(z,t) € C*(D) N C(D)
u ydosaemsopaem ypasrenuro (10.1). Tozda u(x,t) docmueaem makcumyma
Ha deotinotl epanuue .
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CdopmynupyeMm 310 yTBep)KIeHUEe B WHOU opme. CrpaBejimBo Hepa-
BEHCTBO
u(z,t) < mraxu(x,t)

npu Beex (7,t) € D.

JlokazareambCcTBO 9TOTO yTBEPXKICHUsT MOXKHO HAWTH, HAIIPUMED, B yaeh-
HIKe [2].

Caencreue 10.1. (Ilpunamun "min") Pewenue ypasnenus (10.2) do-
cmuzaem munumyma Ha "deotinot” epanuue I'. Unave cnpasediuso nepa-
6EHCMB0

u(z,t) > mrin u(z,t).

Caenctsue 10.2.  [Tycmy u(z,t) € C*(Dy) N C(D) u ydosaemeopaem
ypasnerwro (10.2). Tozda dan amotll Gynryuu cnpasediuso nepaseHcmseo

ju(,t)| < max |u(z, )],

evimoanennoe npu ecex (r,t) € Dr.

Ypasuenne (10.2) 0OBIMHO pAacCMATPUBAIOT BMECTE C TEMHU WM UHBIMU
YCJIOBUSIMU.

Bamagda 10.1. Ilycrs x € R. Torna ypasuenue (10.2) JOMONHSIOT JHIIH
HaYaJIbHBIM yCJIOBUEM

u(e,0) = f(x). (10.4)

JocraTouHbIME YCIOBUSMEI KOPPEKTHOM PA3PEINMOCTH HAYAILHON 3a,1a-
i (10.2), (10.4) OymyT ciemyromue 2 yCgIoBUs:
1) f(z) € C(R);

2) cipaBeInBO HEPABEHCTBO
|f(@)] < Metl!,

rine M — nekoTopas MOJIOXKUTEbHAs, ¢ — HEOTPHUIATEIbHAS TTOCTOSTHHAS.
[Ipu paccMoTpeHME 3TOM 33841 UHTEPEC MPEJICTABILIOT JIUIH TE €€ pe-
trernst u(x,t), i KOTOPBIX allPUOPH BBITOJHEHO HEPABEHCTBO

lulz, t)] < M(t)e,

rJie a — HeOTpUIaTeIbHasl OCTosiHHAsT, a M (t) — HenpepbIBHASL, TOJI0KUTEb-
Hast, HeyObIBaoImas GyHKIWs nepeMenHoro t € (0, 00).
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OrpaHnvnBasCh TaKUM KJjaccoM (DYHKIINN, MOYKHO JOKa3aTh, UTO pelle-
HIe TaKoil 3aja4uM 3a/laeTcs n3BecTHO popmyiioit [lyaccona:

o
1 (172)2
u(z,t) = f(z)e” ® dz.
V27t
—0o0

Ee BbIBOJI 1 000CHOBaHIE MOXKHO HANTH MPAKTUYIECKH B KAXKJIOM U3 y4ed-
HUKOB, BK/IIOUYEHHBIX B CIUCOK JINTEPATYPHI.

OsHo mcropuveckoe 3amedanue. VIMEHHO TpH BBIBOJE 3TOM (DOPMYJIBI
[IyaccoH BBIYMCINIT M3BECTHBII HECOOCTBEHHBIN MHTErPAJT

oo

/ e dr = /T,

—0o0

Ha3BaHHBI BroOCTeAcTBUN ero nMmeHeM (mHTerpas Ilyaccona). O wurpaer
BazKHYyIO POJIb U B JAPYI'UX Pa3jesiaX MaTeMaTHKU, HallPUMep B TEOPUU Bepo-
arnocreit. Ho Bce ke BlepBble HOABUJICA IIPU PACCMOTPEHUH 33J1a4 MaTeMa-
THIECKON (PUBUKU.

Mozkno paccmorpers n nable 3a1a4au i (10.2). Haunbosee momyisipab
U OCMBICJIEHBI ¢ TOYKH 3peHUsl (DU3UKN U UHBIX IPUJIOYKEHNN Pa3/IMIHbIE Kpa-
€BbIe 33/Ia4N.

Bagaga 10.2. Ilycrs x € [0;1], ¢ € [0;T]. Ypasuenune (10.2) Gyuem
paccMaTpuBaTh BMecTe ¢ HadaJbHBIM YCJIOBUEM

u(z,0) = f(x) (10.5)

U KPaeBLIME

u(0,t) = (1), u(l,t) = pa(2). (10.6)
Baech p1(t), wa(t) — HempepbIBHBIE (MJIH HEPEPBIBHO ud depenimpyemble)
dbyuxiu nepemensoro ¢t € [0;7], a f(z) — Tak  Ke HempepbIBHBIE (HEIpe-

poiBHO Juddepentupyembie) dyukuuu = € [0;1].
JL71st KOpPEKTHO# IMMOCTAHOBKU YACTO PACCMATPUBAIOT YCJIOBUS

©1(0) = f(0)7902(0) = f(l)7

KOTOPBIE HOCAT Ha3BaHUE YCJIOBUHI COTTACOBAHMUI.
Ha mepBoMm sTamne paccMaTpuBaioT BapuaHT OJIHOPOIHBIX KPAEBLIX YCJIO-
BUii:
©01(t) = pa(t) = 0.
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B rakom CJlIydae yCJIOBUA COIVIaCOBaHUA IEPEIIMChIBAIOTCA TaKUM o6pa30M:

Ecaun dyukius f(x) — vHenpepbiBao aud epeHnmpyeMa, T0O pelleHne 3a-
JIa9n

ou 0%u

ot 0x?’
u(z,0) = f(z),u(0,t) =u(l,t) =0
MOKET OBbITh MOJIy9eHO MeTOoJ oM DPypbhe. DTOT BOIPOC OyJIeT pacCMOTPEH
B CJIelyIOIei riiase.
Bamgaga 10.3. Ilycts x € [0;1], t € [0;7]. Ypasuenue (10.2) Gymem
paccMaTpuBaTh BMeCTe ¢ HadaJbHbIM ycaosueM (10.5) i KpaeBbiMu

ou

9u u
ox

= ¢1 (t)> O

=0

= a(t). (10.7)

=l

B cayuae korma 1 (t) = 12(t) = 0 KpaeBble yCI0BHs HA3BIBAIOT OTHOPO/HBI-
M.

Samaua 10.4. IIpeapiayriue jiBe KpaeBble 3a/I1a9l MOT'YT OBITH BKJIIOYE-
HBI B KpaeByIo 3ajady Oojiee 0OIIEro BUIA:

ou_ o
ot 0x?’
u(z,0) = f(x),
Q4 4 Brtems = a8
a1 or - 1U|z=0 = X1\1),
0 24 Byulas = valt) (10.8)
2 O . 2U|z=1 = X2(1), .

rjae aq,ag, [, P2 — JeidcTBuTesibHBIE OCTOsTHHBIE, X1(t), X2(t) — 3a1aHHbIe
HEIpPEePBLIBHbIE (DYHKIIUH.

Ecaun x1(t) = x2(t) = 0, 10 peub uuer 06 OFHOPOIHBIX KPAEBBIX YCJIO-
Bugx. O6praao kpaesbie ycaopus (10.8) wocar wassanme ycsosuii [1lTypma-
JImyBuLid.

IIpr a; = ap =0, HO 51 # 0, B # 0 moydaeM IMepBYIO KpaeByio 3aJ1ady,
anpu 1 = By =0, HO a1 # 0, @y # 0 — COOTBETCTBEHHO, BTOPYIO KPAEBYIO
3a/1ay.
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NmeroTcst KpaeBble 3aa4u, OTJNYHbIE OT KpaeBbix 3a1a4 Lrypma-JluyBuiis,
HAIIPUMED:
ou  du
ot 0xz%
ou ou
u(z,0) = f(x),u(0,t) =u(l,t), — = —
(#.0) = F) w0, ) = 1), 52 = 5

T =l
[Tocnenuss 3a1a1a HA3BIBAETCS MIEPUOINIECKON KpaeBoil 3aiadeii. 3ame-

Ha NEPHOJINUECKUX KPAEBBIX YCJIOBHI HA CJIe/IyIOIIHe:
u(0,t) + u(l,t) = 0,

ou N Ju

Ox Oz
IIPUBOJUT K aHTUIIEPUO/INYECKON KpaeBoil 3ajade. [lociennne j1Be KpaeBble
33191 He BXOJAT B Kitacc KpaeBbIX 3aa4 [IIrypma-JInysniia.

[Tpu pacemoTpernu HeOHOPOIHOTO ypaBHenus (10.3) BO3MOXKHO paccMOT-
peHre aHAJIOTUYHBIX KPAEeBbIX 3a/1a4.

=0

=0 =l
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I'maBa 11. IlepBas kpaeBaga 3ajia4da
JJid ypaBHEHUs TEIJIOMPOBOIHOCTU

B nepsoit yactu naparpada orpaHUdIUMcT PACCMOTPEHHEM CJIeIyIoIeit
KpaeBoil 3ajia4u:

ou  O*u
5= (11.1)
u(z,0) = f(x), (11.2)
u(0,t) = u(l, t) = 0. (11.3)

Bynewm nckars perennst ypasrenus (11.1), KoTopbie yJI0BIeTBOPSIIOT Kpa-
eBbIM ycstoBusiM (11.3) B coeyromem Bujie:

u(z,t) = A(t)B(z).
Orkyna juist A(t), B(x) moiydaem paBeHCTBO
AB = AB’.

Ecin ero gomuoxkuth Ha 1/AB, TO NOIyYeHHOE PABEHCTBO TPE0Opa3yeTcst
K CJIEJTyIONEMY BUJLY:

A B

A B
rje A — JeficTBUTEIbHDIN TapaMeTp, MojjiexKalinii omnpeeienno. Kak u pa-
Hee, B aHAJIOTHYHBIX CJIydasX paBeHCTBO (11.4) MPUBOAAT K PACCMOTPEHHIO
CUCTEMBI U3 JBYX OOBIKHOBEHHBIX JipdepeHImaibubix ypasHenuit. B nan-
HOM CJIydae OHa UMeeT BH]T

=Y (11.4)

A(t) = —=)A(1), (11.5)
B"(xz) + AB(z) = 0. (11.6)

Ypasuenne (11.6) ciremyer TOMONTHATH KPACBBIME YCTIOBUSMHE
B(0) = B(l) = 0. (11.7)

Kpaesas zayaqa (11.6), (11.7) no3Bosisier HaiiTi Te A, IPU KOTOPBIX Y Hee
ecTh HeTpUBHAJIbHBIE perenns. B rii. 4 kpaesas 3amada (11.6), (11.7) 6bu1a
yKe paccMoTpeHa. Hamomumm, 4To

2
Ap = (?) ,Bn(z) = aninﬂTm,n €N, B, €R.
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[Tocse sToro B ypasuenue (11.5) cieryer mojicraBuTh Haii/leHHbIE 3HAYE-
Hust mapameTpa A,. OTKy/1a HaX0UM CeMefiCTBO perieHuit

Ap(t) = ane_(%) £

Pemenus Beeit 3amaan (11.1), (11.2), (11.3) caeayer uckars B Bujie QyHK-
[UOHATILHOTO PS/ia

u(z,t) = ane_(%n) "sin Wlﬂ, (11.8)
n=1

e bn — IIOCTOdHHBIE, KOTOpbIC CJIeJlyeT HCKaTb U3 Ha4YaJIbHOTI'O YCJIOBUA
(11.2). Ionarag t = 0 B dopmyse (11.8), moaydaem paBeHCTBO Jisi OIpe-
nemenud b,

f(z) :ansinﬂlﬂ. (11.9)

Pasencrso (11.9) nosBosisier onpeesutsb b, kak koadbdurmentsr Pyphe
. T
dbyukiwn f(x) B pasioKeHuu o OpTOroHaIbHOI cucreme GyHKIuii {sin T}

Hamomuuwm, gro
l
2
b, = 7/f(a:) sin #dm, (n € N).
0

[Tpucrynum K obocHoBanuio MeToga Pyphe, 4To 03HATAET HEOOXOINMOCTD
JIOKa3aTesbCTBa psjia coiict dynknnu (11.8), a caemoBaTesbHO, psijia, CTO-
siero B npapoii wactu dopmysist (11.8).

[Mokazkem, uro 1ipu x € [0;1] u t > 0 dbyuxius u(x,t) HenIpepbIBHA,

a pu Tex xe x u t > 0 dyukus (11.8) HenpepbiBaO juddepennmpyema
110 ¢ M JIBazKIbl HEIIPEePBIBHO Jnddepennupyema 1o nepeMennoit x. JLs npo-
BEPKU IIEPBOT'O CBOMCTBA JIOCTATOYHO PACCMOTPETH Te ¢, KOTOPbIE IIPUHAJIIC-
xkar [0; T, ne T — pon3BoJIbHAS MOJIOKUTEIbHAS TOCTOSTHHAS, a JJIsl BTO-
poro coiictBa t € [tg, T|, T1e to — HEKOTOpAast, JOCTATOYHO MaJiasi MOJIOXKY-
TeJbHas MMOCTOAHHAsA. [Ipexk e ueM IpuBecTu J0Ka3aTe/IbCTBa HEOOXOIMMbIX
CBOWCTB, NPUBEIEM HEOOXOAUMbIE I JAJbHEHIINX ITOCTPOEHUN yTBEPK Ie-
HUSI.

Jemma 11.1.  IIyemo gynxyua f(z) € CHO;l] (nenpepwieno duddpe-
peryupyemas PYHKUUA) U 0L Hee GHINOAHENDL YCAOBUA COZAACOBAHUS,

f(0) = f(l) = 0.
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Tozda psd

> bl
n=1

cxodumes. 3decw b, — xoapduyuenmu Pypve pynxyuu f(x) 6 ee pasaoorce-
T
HUL MO CUCTNEME OPMOLOHANLHOT PyHKUul {sin T}

Yupaxkuenue 11.1. Jlokazarb jiemMmy.
Teopema 11.1. Ilycmo f(x) ydosaemeopsem ycaosusm aemmor 11.1.
B maxom cayuae das pynryuu u(z,t), npedcmasaennot padom (11.8), ume-
10M MECO CAeYUUE CEOTICMEa:
1) u(z,t) € C(D), 200e D={0< 2 <1,0<t<T};
2) u(x,t) € C°(Dy,), 2de Dy ={0 < <[ty <t <T}.
Hamomumm, ato obosnadernune C(D) o3HAIaeT COBOKYIHOCTL HEMPEPHIB-
HBIX B IpsMoyroabauke D, a C(D,,) 0bo3HagaeT COBOKYIHOCTL (DyHKIIMIA,
KOTOPBIE UMEIOT HEIIPEPBIBHbIE YACTHBIE ITPOU3BO/IHBIE JIIOOOTO ITOPSIKA.
Jlnst moKazaTebCcTBa IMePBOTO CBOMCTBA JOCTATOYHO 3aMETUTh, UTO P
B 1paBoii yactu (11.8) cxoauTcs B paccMaTpuBaeMOM HMPSIMOYTOJIbHUKE PaB-
HOMEPHO, a, CJIeJ0BATEIbHO, cyMMa (DYHKIIMOHAJILHOTO psAja OyjaeT Hermpe-
pbiBHOI yuKIMei. To, 4TO WIeHbl 9TOrO psjga — HElpepbIBHbIE (DYHKIINH,
He BBI3BIBAET COMHEHHA. B €BOIO odepesb, paBHOMEpHAsi CXOJIMMOCTD Psjia
BBITEKAET U3 TOI'O, YTO ITOT PsIJi MOKET OBITH ITPOMayKOPUPOBAH CXOJIATIIIM-
csl aDCOJTIOTHO YHCJIOBBIM PsijioM. JleficTBUTEIBHO,

3 be (1) tsinﬂlﬂ <" Ibl, (11.10)
n=1 n=1

™

Tak Kak mpu t > 0 crnpaBeyIMBO HEPABEHCTBO e_(7)2t < 1. CxomnmocThb
urcstoBoro psaa (11.10) obeyxanacsh B aemme 11.1.
st okasarenbeTBa BTOPOit yacTu TeopeMbl npoand depennupyeM psi
(11.8) movIeHHO U JOKAzKeM, ITO TaKUM 0OPa30M MOJIY YCHHBIN Psif CXOUTCS
paBHOMEDHO, ecin t € [ty, T], a « € [0;1]. Urak,
am+2kz i

Py Z by(—1)ktm (
n=1

™\ m+2k 7n\2 ™
T) e_<7) sinT:c.

JlaHHBII Ps MOXKET ObITH ITPOMayKOPUPOBAH CJIELYIONIMM CXOJIATIIAMCS
YUCJOBBIM PAJIOM:

m+2k 2
(?) S [oalnme ke ()0, (11.11)
n=1
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—_(Tn 2 (= 2
3/1ech yaTEHO, UTO € () <e (=) o ecom t > ty. OTMeTHM TaK¥XKe, UTO
cymecTByer Takas nocrogaaas M, aro |b,| < M. Ilosromy Bompoc o cxo/iu-
moctu psfa (11.11) cBoanTCs K MCCIETOBAHUIO CXOAUMOCTH Psijia

an+2k —(=2)’to

JLj1st mccieoBaHus €ro CXOANMOCTH MOXKHO IIPUMEHHUTh Ipu3Hak laam-
Oepa:
2
(n+ 1)n+1+2k€—(§) (n+1)2to
lim > =0<1.
n—00 n"+2k6_(%) n2tg

Teopema j10kazana.
Bamaga 11.1. Pemmuts kpaesyio 3agaqay (11.1), (11.2), (11.3), econ
a) l =, f(z) = sin® z;
6) I =1, f(z) = 2sinmw + 4sin® 7a;
B) L =1, f(z) = 2(l —x);
r) =2, f(x) =2x — 2%

Bce mavasbable yesioBus B 3aj1ade 11.1 y0B/IeTBOPSIOT YCJIOBUAM TEOPe-
Mbl 11.1, B wacTHOCTH yCji0BUsIM coryiacoBanus. OTKa3 OT HUX, KaK MPaBU-
JIO, He JIAeT BOBMOXKHOCTHU YTBEPKIATH, YTO (DYHKIUS, OIIPEeIe/ICHHAS PABEH-
creoM (11.8), obiragaeT TeM CBOMCTBOM, YTO

limu(z,t) = f(x),

t—0

JIazKe B CMBICJIE TIOTOYEUHON CXOIUMOCTH.
JeiicTBuTe IbHO, PACCMOTPUM KPAECBYIO (CMEIIAHHYIO) 3a/ady

ou  0%u
R u(0,z) = f(z) =1,
u(0,t) = u(m, t) = 0.
CiietoBaTeIbHO,

u(x,t) = Z an exp(—n?t) sin nx,

n=1

rie
™

0 =2 /sinn:c - g(L_l)g),

0

3
3
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4
T. e. a, =0, ec;u n = 2m (yernoe) u a, = —, ecqiun =2m — 1,m € N,
™m

T. e. npu HedeTHOM. MTaKk,
_ 4 i exp(—(2m — 1)*t)sin(2m — 1)z
T m:1 (2m —1) ’

T. e. upu Jyobom t > 0 nocaemanit pan cxomures u u(0,t) = u(m,t) = 0
npu Beex Takux t. OTKy1a HoIydaeM, 4To tlggo u(m,t) = 0. AHAJIOrHYHO pU
xz=0.

Bamada 11.2. Ilyctes B kpaesoii 3agaqe (11.1), (11.2), (11.3) dbyakuus
f(z) € L£2(0,1). Torma pax (11.8) onpeenser GyHKIMIO, KOTOpast 00Ia1aeT
CJIEJTYIOIIIMU CBOHCTBAMU:

1) upu t € [to, T], x € [0,1], (to,T > 0) sra dbyHKIUA UMeeT Helpe-
PBIBHBIE YACTHBIE IIPOU3BO/HLIE 106010 nopsaka (u(z,t) € C°(Dy,)) u yuo-
BJIETBOPSIET ypaBHEHUIO TerionpoBogauaocTa (11.1) u kpaesbiM ycsousim (11.3);

2) crpaBeJyTMBO PABEHCTBO

!
lim [ (u(z,t) — f(z))*dz =0,

t—0
0

T. e. perrerne (11.8) yIoBIeTBOpsieT HAYAIBHBIM YCJIOBUSM B CMBIC/IE CXO/IH-
moctu B npocrpancTse dyukimit L2(0,1).

Bamaua 11.3. IIpounrerpuposars kpaesyio 3agady (11.1), (11.2), (11.3)
upu [ =1, f(z) = x (ycroBus coryiacoBaHust He BBIITOJHEHDI ).

3apaua 11.4. IIpounrerpuposatrs MeToioM Pyphe KpaeByIo 3a/1aty JIisd
BUJIOM3MEHEHHOI'O yPaBHEHUsI TEIIONPOBOIHOCTH:

0 0?
8—?—8—;+bu beR, (11.12)
u(z,0) = f(x), (11.13)
u(0,t) = u(l,t) =0,z € [0,1]. (11.14)

Bapaua 11.5. I[lpoumnTerpupoBarh KpaeByio 3a/ady U3 IIPEJIIeCTBYO-
I1IeT0 3a/IaHUs TIPU

a)l:ﬂ',b:Lf(l‘) (7T—[L’)
6)l:ﬂ-7b:27f():
B) l=mb=0.5,f(x —sm4:1:sin2x.
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Bagaua 11.6. Haiitu Bce b € R, npu koTopbix Bece pemenns (11.12),
(11.13), (11.14) u(x,t) — 0 mpm t — oo mpu JIIOOOM BHIOOpPE HAYAJIBLHOI
dbyuxm f(z).

Samaua 11.7. [lpu Kakux 3uadenusx b € R MOXKHO B 3aBUCUMOCTHU
ot b Tak BeIGpaTh f(7), 9ro pemrenne Kpaesoii 3agaqn (11.12), (11.13), (11.14)
He 3aBucut or t, T. e. u(z,t) = v(x).

Sanauya 11.8. IlpounterpupoBarh KpaeByio 3a/1ady:

ou  O%*u %

a = w Qaax —|—bu,a,b€R, (1115)
u(z,0) = f(z), (11.16)
w(0,8) = u(l,t) = 0,z € [0:1]. (11.17)

Vkazanwue. Samena u(z,t) = e~ *v(x,t) ceogur 3amaqay (11.15), (11.16),
(11.17) k ee wactHOMy Bapmanty (11.12), (11.13), (11.14).
Bamaga 11.9. Ilpoumnrerpuposars Kpaepyio 3ajgady (11.15), (11.16),
(11.17), ecom
a)l=1,a=1,b=1, f(x) = e “sinmz;
6)l=1a=1,b=—4, f(z) =e"z(l —x).
Ecsin pacemorpers ypasuenne (11.1) ¢ yeiosuem (11.2), Ho KpaeBoe yciio-
Bue (11.3) 3aMeHUTH Ha cireyroIee:

@
ox

_8u

= =0 (11.18)

=l

=0

TO MIOJIYIUM BTOPYIO KPAEBYIO 331a19y C OJHOPOIHBIMUA KPACBBIME YCIOBHAMU.
Bamadya 11.10. Ilokasarb, 9TO ee pelreHHE MOXKET ObITh HalJIeHO II0
dopmyiie
a - 2 ™I
0 _(mn
u(z,t) = — + E ane (=) Ycos —,
2 [
n=1
rie Ko3pDUIUEHTHI ag, 41, Gg, . . . OIPeiesaioTcss Kak koddduimentor Dy-

pbe dbynknnn f(r) B ee pasIokKeHHN 110 OPTOrOHATIBHOI cucTeMe (DyHKIIi
T 2rx
1; cos T;cos T; .
B 1em cocrout ycroBue cornacoBanust Jyist Kpaesoit 3ajadn (11.1), (11.2),
(11.18)7
Bamaua 11.11. Paccmorpers kpaesyio 3agady (11.1), (11.2), (11.18)

npu
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Samaua 11.12. PaccmoTperhb KpaeBylo 3aiady:

ou  0%u

E @ + b’LL be R
u(z,0) = f(x),

Qul - _duf

(9.% =0 aiL’ =l

1) Ipounrerpuposarsb ee Merojom Dypbe.
2) Haiitu Bce b € R, npu KOTOPBIX Jijisl PEIeHuii JaHHONH KpaeBoii
3a/1a4U CIPABEIJINBO PABEHCTBO

lim u(z,t) = 0.
t—r00
3) Haiitu Bce b € R u coorsercrBytone um f(x) = fy(z), npu

KOTODBIX IIOCJIE/IHsAs KpaeBas 3a/iada UMeeT pelllenne, He 3aBucsdiiee oT t,
T e. u(z,t) = v(x).
Banauya 11.13. IlpoumnarerpupoBars MeTooMm Pypbe KPAEeByIO 3a1a4y:
ou  Ju
ot 0x?’

u(z,0) = f(x),

u(0,1) = —0.

8x

B srom ciryuae perrenune Kpaesoii 3a1a4u u(a:', t) MOYXKHO HATH 10 cJeTy-
omeit popmyiie:

o0
g ay, exp(—w;, t Smwnx

n=0

s 1

l 2), a a, — koaddunuenter Pypre dbyuxiwn f(x).

e wy, =

) l
=2 [ r@)sinweds, n=0.1.2....
0
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Hobasum, aro cemeiicTBo dbyHKIuii e,(x) = sinw,z,n = 0,1, ... obpasyer Ha
orpeske [0,[] mosHy0 OpTOroHaJbHYIO cucreMy. B gacTHOCTH, OPTOrOHAB-
HOCTBH O3HAYAET, ITO CIPABEJTUBbI PABEHCTBA

!
/ =0, mpun # m.
0

l

L N

Hobasum, aro [ sin”w,rdr = 3
0

Vcronb3yst mosrydeHHble pe3yIbTaThl, HANTH pelleHnsi, ecJid

331:

a) l =, f(z) =sin o
6) =1, f(x) =2*—2z;
B) =1, f(x )—sm%—f—sinm—x

2
Sapauya 11.14. Ilpounrerpuposars meTo oM Pypbe KPaeByIo 3aiady:

ou  du
ot Ox?’
u(x,0) = f(z),
ou
— =u(l,t) =0.
oz | _, u(l, )
Hcnonb3ys oIy YeHHbIe Pe3y/IbTaThl, HATH pelleHns, eCIn

594
a) l =, f(x) = cos 7
6)1=1,f(x) =a* -2’
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I'maBa 12. HeogHopo/iHOe ypaBHeHUE TEIJIONPOBOIHOCTH

PaccmoTpuM HEOTHOPO/IHOE YpaBHEHUE TEILIONPOBOIHOCTH, KOTOPOE JI0-
IIOJIHUM Ha4daJIbHBIMU YCJIOBUAMU U OJJHOPOAHBIMU KPa€BbIMHU YCJIOBUAMM II€P-
Boro Tumna. Mrak,

% _ % b P t), (12.1)
u(z,0) = f(x), (12.2)
u(0,t) = u(l,t) = 0. (12.3)

Bnecn cunraem, uro f(x) € C[0;1], a bynkuust F(z,t) 3amana B npsvo-
yrompauke Dy = {0 < z < 1,0 < t < T}, ABaxKI6I HenpepbiBHO Juddepen-
[EpyemMa o COBOKyIHOCTH nepemeHHbIX. Cumraem, uro st f(x) u F(xz,t)
BBITIOJTHEHBI YCIOBUST COTJIACOBAHMUSI

F0)=f()=0, F(0,t)=F(t) =0. (12.4)

Bagaay (12.1), (12.2), (12.3) moxKHO paccMaTpuBaTh 0€3 YCJIOBHUil COria-
COBaHUs, HO B TAKOM CJIydae MPHUXOJUTCS YTOUYHUTDH HOHITHE PEIICHUs JJIst
JIAHHO} KpaeBoit 3a1a41u. Brpotdem, 910 Oy/1eT BU/IHO [OC/IE HHTEIPUPOBAHHS
samaan (12.1), (12.2), (12.3) ¢ yuerom ycmosus (12.4).

Hnst u(x,t), F(z,t) cupaBe/yInBbI IPE/ICTABICHIA:

t) = Zun(t) sin WTW, ZF sm— (12.5)
n=1

B1ech npuBeieHbl pasiaoxenus Gyukimii u(zx,t), F(x,t) kak dyHKumii mepe-
MEHHOTO T B PAJBI 110 CHCTEME OPTOrOHAJIBHBIX (yHKImi {sin T} [Tpu
9TOM BPEMEHHO paccMaTpuBaeM IepeMenHyio ¢ kak "mapamerp" | T. e. Ko-
9P DUIMEHTHI TAKUX PSAJIOB 3aBUCIT OT t U /ISt HUX CIIPABEJIUBLI (DOPMYJIBL:

!
2
7/uxt sin xd;z:,
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rae n € N. Ormernm, arto psy Juisg F(z,t) B (12.5) cxonurcs paBHOMEPHO.
CyMMEpyst 9TH COODparkeHns, MOXKHO C/eIaTh 3aKIIOYEHIE O TOM, UTO 3a-
Jada 0 HaxXokKIeHnn u(z,t) MoxKeT OBITh CBeJleHa K 3ajatde 06 Olpe/e/IeHIuH
ko3 dunuentos nepsoro psaga (12.5), 1. e. dbyuxuuit u,(t) (n € N). Ilogcra-
HOBKa psiziia (12.5) B ypaBuenne (12.1) npuBoauT K CJIEIYIONIEMY PABCHCTBY
psjioB Oypbe:

= . . TN = ™m T
;un(t) sin —— = —;un (T> ZF sm—
MIIH
e 2
{un(t) + (?) Uy — Fn(t)] sin¥ — 0.
n=1

. .. TN
Ucnonb3yst OpTOroHAJILHOCTH cucTeMbl dyHKumil {sin T} Ha OTpe3-

ke [0; 1] mosryunm 1mocse0BaTeIbHOCTh OOBIKHOBEHHBIX Jud depeHImanbHbIX

ypaBHCHUI
™

udﬂ——(Tﬂﬂ%+Em% (12.6)

Uy (0) = an, (12.7)

rae {a,} — coBokynHocTh KoabdurmentoB Pypre dbyurimm f(z):

. TN
E an sm—

Kaxnas u3 3amad Komu (12.6), (12.7) moxker ObITh perena B 00IeMm
BHJIE:
l
u“ﬂ:e(l)%n+/e“)“twu$%. (12.8)
0

B kOHKpeTHBIX CiIydasx Kpaesble 3aj1a4u Buga (12.6), (12.7) moryr 6biTh
peIeHbl UHBIM CITOCOOOM.

[Tokaxkem, uro u(z,t), onpenenentas psgoMm (12.5), rue u,(t) naxoxnm
¢ moMoIbio dhopmysibl (12.8), aBisgercs J1BazK bl HeNPepbIBHO T depeHiy-
pyeMoii 110 * U OJuH pa3 HenpepbiBHO jnuddepennupyemoit mo ¢ GyHkIwy-
eit. OT™MeTUM, UTO CXOAMMOCTD U JuddpepeHIIPYEeMOCTh Psaaa 00pa3s0BaHHO-
ro IepBBIME cjlaraeMbIMu B pasenctse (12.8) mokasama B . 11. ITostomy
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MOXKHO canTaTh B (12.8) Bee a, = 0. OTMeTnM, 9TO CONIACHO OrpaHIYICHUIL,
HAJIOKEHHBIX Ha yHknuio F(x,t) upu (z,t) € Dr, max |F(t)] < M/n?, tae

M > 0. Orennm BTOPYTO MPOU3BOAHYTO 1O = byHKIMH (7, t) HpH
(z,t) € Dr:

9%u

x|

< Mi% (1 - e*(T)QT) <M ool =. (12.9)

[ocaemunit psig B dbopmyse (12.9) cxomurcsa. AHAJIOIHYHO MOXKHO OIle-
HUTB [EPBYIO TPOU3BO/IHYIO IO .

Bamaua 12.1. Pemmrs kpaesyio 3amaqay (12.1), (12.2), (12.3), ecan

1)l =, f(z) =sin, F(z,t) = e ¥ sin 3z;
2) =1, f(z) =% — 2, F(x,t) = tsin® z;
3)l=m,f(x)=0,F(x,t) = e 'sinz + tsin 3.

Bamaga 12.2. Ilycrs F(z,t) = F(x). Haiitu Bce f(z), mpu KOTOpBIX
Kpaesas 3a1a4da (12.1), (12.2), (12.3) umeer pemenue v(x), He 3aBUCAIIEE
or t (cocrostHue paBHOBECHSI).

AHajIoruIHO MOXKET ObITh IPOUHTErPUPOBAHA U KpaeBas 3aJada CJIejly-
IOIIEro BUJIA:

ou  0%u

u(z,0) = f(x), (12.11)
ou ou
I A (12.12)

Beime f(x), F(z,t) — nenpepsiBHO nuddepeniiupyembie byHKIUE TIPU
x € [0;l],t €[0,T], aT = const > 0. YcaoBusi cornacoBanus IpruodPeTaoT
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3JIECh CJIEJLYIONTYIO (hOpMY:

8_F
ox

OF

-2 =o.
=0 O =l

Kak u B cirygae KpaeBbix yciosuii (12.3), perenne JanHoil KpaeBoii 3a,1a-
qn OyJIeM UCKaThb B Bujie psajga Pypbe OTHOCUTETHLHO HE3aBUCHUMOM ITepeMeH-
HOIT T, HO 9TO pa3JIoyKeHe HeOOXOIUMO JIEJIATH OTHOCUTETHHO OPTOrOHAIBHON

TNT
CUCTEeMBI Da3UCHBIX (PYHKIWMH 1, cos 7 (n € N). Urax, mojoxxum

Cw(l) ™mx
u(r,t) = = —l—;un(t) cos ——, (12.13)
Rt < ™mx
Fla,t) = = +;Fn(t) cos ——, (12.14)
—|— Z ay, COS @ (12.15)

Bnecs koaddunuentor Pypne un(t) psga (12.13) mojgexkar ompeiesie-
HHI0, & Koabdunnents! psaos (12.14), (12.15), #Ha060poOT, H3BECTHBI I MOTYT
OBITH HAIEHBI [OCPEICTBOM HCIOJIB30BAHNS CTAHIAPTHBIX (DOPMYIT:

!
/Fx t) cos—d;z:

0

%O/lf /f cos—dw

VYupaxkuenne 12.1. Ilokazars, 9ro DyHKINN U, (1) ONpeeTAIOTC
U3 PEIICHUS CHCTEMbI

Fo(t) =

2
7 F(z,t)dz,

NI[\D

O\N

Uy = Fy(t), up(0) = ay,
. ™\ 2
Uy = — <T> Up + Fr(t),u,(0) = a,.

Bamaua 12.3. Haiitu pemenue 3amaan (12.10), (12.11), (12.12), ecom
) l=mr,f(z)=0,F(x,t) =t + t*cos 2z;
2) =1, f(x) =223 — 322, F(x,t) = e ™ cos® m;
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3) l=m, f(z) = cos?x, F(x,t) = sin® z;
4) 1=, f(z) =sin’x, F(x,t) = cos? t.
Yupaxkuenue 12.2. Metoom @ypbe NPONHTETPUPOBATHL KPAEBYIO 3a-
Jlady:

ou O*u
% o2t F(z,t),
u(z,0) = f(x),
ou
U(O,t) = % . = 0

Kak BBINIAJIAT B TAKOM CJIy4ae YCJIOBHsI COIJIACOBAHMA !
Bagaua 12.4. Ilociennioro kpaeByto 3ajady (cM. ynpaxkaerue 12.2)

pelnTh, ecin

3
) il=m f(x) zcosg,F(x,t) :tcos?x;

)
2) =1, f(x) = cos® 7T73:,17(%15) = ¢! cos %x

Yupaxkuenue 12.3. Metoiom @ypbe NPOUHTETPUPOBATHL KPAEBYIO 3a-
Jlady:

ou  0%*u

% o2t F(x,t),
u(z,0) = f(z),

ou

% L = 'LL(l,t) = 0.

Kaxk BBIT/IsiISIT B TAKOM CJIydae yCJIOBUsI COTVIACOBAHUS !
Bamaga 12.5. Ilocsennioro KpaeByio 3aiady (cM. yrnpazxkHeHue 12.3)
PeIuTh, eC/Iu

3
1) 1=, f(x) = cos T, Fla.1) = e cos’ 5

3mx

9) 1 =1, f(z) = cos® (%ﬂf)  F(z,t) = tcos (T)

Boseparumest K paccMOTpeHHIO MepBoil Kpaesoil 3ajaum, 1. e. (12.1),
(12.2), (12.3). Ee Mbl UHTErpUpOBaJU PU BBIIOJHEHUH OJHOPOIHBIX Kpa-
eBbIx yesioBuit (12.3). EcrecrBenHo, 6oJiee 00IIUM CJrydaeM CJIeJyer CUuTaTh
TOT, KOrJia ycsoBust (12.3) 3aMeHeHbI Ha HEOJHOPOJIHBIE, T. €.

U(O,t) = 901<t)a U’(l’ t) = 902<t)- (12'16)
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Bagaga (12.1), (12.2), (12.16) yke He MOXKeT OBITH NPOMHTErPHPOBAHA
HEIOCPeACTBEHHO MeTo oM Pyphe, BapuanT KOTOPOro ObLT PACCMOTPEH B Ha-
vaJsie gannoro naparpada. O6erano Kpaesyio 3agady (12.1), (12.2), (12.16)
CBOZAT K 3ajade C OJHOPOIHBIMI KPACBLIMU ycaoBUAME. {51 9TOr0 1M0J10-
KIM

u(z,t) = v(x,t) +w(z,t),

rJie HoBasl Heu3BeCcTHast PYHKIWs v (x, 1) MOJJIEZKUT OIPEJIEJICHUIO U3 KPAeBOil

331841 )
ov  0%v
o~ on2 PO
7)(3770) = g(:C),

v(0,t) = v(l,t) = 0.

Oynknuio w(x,t) BoIOMpaeM yJIOBIETBOPSIONIEH YCIOBUSIM:

1) w(0,1) = p1(t), wll,£) = palt): (12.17)
2) w(x,t) menpepbiBHO JuddepeHimpyemMa 1o ¢ 1 JBaXKJIbl 10 .
ITocste moboro Takoro Beibopa w(x,t) mMeeM

ow  O*w
ot o2
g(x) = f(z) — w(z,0).

Croco6 Bbibopa dyakmun w(x,t) orHOCHTENBHO Tpou3BoJieH. OOBITHO
IpejJjiaraoT BeIOpaTh PYHKIUIO W CJIEIYIONIIM 00Pa30M:

G(z,t) = F(x,t) —

T

w(zr,t) = pi(t) + l (p2(t) — w1(t))-

Ho rTakoii BapuanT BBIOOpa W He rapaHTUPYET BBIIMOJHEHUA HEOOXOIUMBIX
cpoiicts y dbyukuuii g(z), G(x,t).

Ecau dyukuun ¢1(t), p2(t) HenpepoiBHO nuddepeHupyeMbl u yI0BIe-
TBOPAIOT YCJIOBHsIM coriacoBanus npu t = 0, 1o w(x, t) GyjeM UcKaTh B Bujie

w(z,t) = ar(t)x + ag(t)(l — x) + ara(t)z(l — 2)* + ag (H)2* (1 — ).

Yeqous (12.17) nator aq(t) = ¢a(t) /1, as(t) = ¢1(t)/l. Boibepem aqa(t)
1 ag(t) TakuM 06pa3oM, YTOOBI BBITOJIHAINCH DABEHCTBA

ow 0w\ _(Low o
or o2 )|,_, ot " o2
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STO 9KBUBaJIECHTHO CUCTEME ypaBHeHI/IfI
—2a15(t) + axn(t) = ax(t)/2 = ¢1(t)/(20),

—2a1(t) + a12(t) = a1(t)/2 = @2(1) /(21),

U3 KOTOPOA HaXOJUM

ara(t) = (=¢1(t) + 2¢a(t))/1, ax (t) = (P1(t) + 2¢a(t)) /1.

C yuerom yciosuit corsacoBanusi, byukiwu g(x) u G(z,t) yuosiaersopsi-
10T ycsosusim (12.4).
Bagaua 12.6. Pemurs kpaesyio 3agaqay (12.1)
1) 1=, f(2) = 1+ 502, 0 (t) = a(t) =
(F(x,t) = e 'sinx);
2)1=1,f(x) = 2% — z,p1(t) = te', s(t) = 17,
F(z,t) =1+ 2tz + 2% — x;
) l=m f(z) =1,01(t) = 2t) = 1,
F(x,t) = e 'sinz + e *sin 2z + e ¥ sin 3z.
AHAJIOTHIHBIMA METOIAMY PACCMATPUBACTCS BOIPOC 06 MHTErPUPOBAHNAN
cJeAyIOed HeOqHOPOIHON KpaeBoi 3a/1a4u:

, (12.2), (12.16), ecom
1, F(z,t) =0

ou  0%*u
Ou_ P\ Flat (12.18)
u(z,0) = f(x), (12.19)
Oul ) 2 — e 12.20
%xzo—dfl()a%x:l—wl()- (12.20)

[Monoxkum u(z,t) = v(x,t) +w(z,t). 3nech w(x,t) — JOCTATOTHO IJIA KA
dyHKIMA, 119 KOTOPOIl ClIpaBe/ I TUBbI PABEHCTBA

8_w
ox

ow

= Y1(1), I

=0

= (1) (12.21)

=l

Torpa js dyskmn v(x, t) TOJYyIMM HEOTHOPOJHYIO KPAeBYIO 3a/a4dy,
HO KpaeBble yCJIOBUs Y2Ke OyJIyT OJTHOPOHBIMU:

ov 0%
E - @ + G(ZL’, t),
v(z,0) = g(x),



v
oz |,_

2
Baecs G(z,t) = F(:E,t)—%—zqungg, g(x) = f(z)—w(x,0). Eme pas noauepk-

ov

= — = 0.
R

HeM, 9TO BbIOOp w(x,1) OTHOCHTESLHO MPOU3BOJIEH, HO MPH ITOM JIOJXKHBI
BBITIOJTHATHCS YCJIOBHS

%
ox

oG

=2 =o. (12.22)
=0 Ox =l

Bynem crpouts dynknuio w(x,t) B BUIE
w(x,t) = a1 (t)2® + ao(t)(I — ) + ags(t)2*(1 — 2)* + az ()2 (1 — 1)
U3 yenosuii (12.21) maxomum ai(t) = a(t)/(20), as(t) = —11(t)/(20).

Bribepem ag3(t) u ase(t) Takum o6pazom, ITOOBI BBIIOJIHAIOCH PABEHCTBO

9 (Low e\ 9 (0w dw
Ox ot 0z )|,_, - Ox ot 0x?

910 SKBUBATICHTHO CICAYIOmeli THHEHHOl ATreGpAITecKoll crcTene:
Bass(t) — ag(t) = aa(t)/(31) = ¢ (1)/(61%),
Baga(t) — ans(t) = @ (1)/(31) = da(t)/ (61%),
13 KOTOPOil HAXOIIM
ass(t) = (a(t) = 30 (1) /(481%),  asa(t) = (3ua(t) — ¢ (t))/(480%).

IIpu BeIIOMHEHIN yestoBHii cornacoBanust 1t byukuuit f(z), ¥y (1), ¥ (t)
B Toukax (0,0) u (I,0) GymyT BeIIONHEHDI yeaoBus (12.22).

Banaga 12.7. Haiitu penenus kpaesoit 3ajaqn (12.18), (12.19), (12.20),
ecsun

= O,
=l

1)l =mx, f(x) =sin? 2,9, (t) = t2,9(t) = t2, F(x,t) = et cos x;
2)l=1,f(z) =0,4(t) = 0,¢(t) =t F(a,t) = 2(1 a?)t.

Yanpaxkueuue 12.4. g kpaesoil 3a1a4n



ou
" Ox
nocTpouTh GyHKIWO w(x,t), ¢ TOMOIIBIO KOTOPOi 9Ta HEOJHOPOIHAS Kpae-

Bad 3a/lada CBOJIUTCA K KpaeBOfI 3a/iade C OJHOPO/JHbIMU KPa€BbIMU YCJIOBU-
AMM:

w(0,t) = ¥y (t) = ()

=l

ov 0%

E = @ + G(.CE, t),
v(z,0) = g(z),
ov
'U(O,t) = % . = O

VYkazaaume. Oyukius w(x,t) 10/2KHA ObITH TAKOBON, 4TOOBI BBIIOJIHSI-
JIICH yCJIOBUS

w(0.) = (0, 5| = ()
0 96| _
g9(0) =4'(I) =0,G(0,t) =0, dw |, 0.

Ee MmoxxHO uckath B BH/IE
w(z,t) = a1(t)x + ax(t) (I — 2)* + arp(t)2(l — 2)* + age(t)2*(1 — z)2.

Yupaxkuenue 12.5. Jlia kpaeBoil 3aja4un

ou 0%u
=33t F(x,t),
u(z,0) = f(x),
% - Dy (), u(l, ) = (t)

nocTpouTh PyHKIMO w(x,t), ¢ MOMOIIBI0 KOTOPO 3Ta HEOJHOPOHAs Kpae-
Bad 3ajla9a CBOJIUTCI K KPaeBOU 3ajiade ¢ OHOPOIHBIMIA KPAEeBbIMHU YCJIOBU-
SIMU:

ov 0%

o2 G(z,t),
v(z,0) = g(x),

ov

a—x . = U(l,t) = 0
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VYkazanwue. Oynkiusa w(x,t) H0/KHA OBITH TAKOBON, ITOOBI BBIIOJIHS-
JIUCH yCJIOBUA

S| = @it = ()
01— o —0. 26| _ _

Ee M0xKHO uCKaTh B BUjIE
w(z,t) = a1 ()2® + ax(t)(l — ) + ao1 ()2 (1 — ) + age(t)2* (I — x)2.

[To/100HBIME METOJIAME UHTEIPUPOBAHUSI MOT'YT OBITH DEIEHBl KpaeBble
3a a9 JJ1d MHBIX ypaBHeHHfI, OTJIMYHBIX OT ypaBHeHI/IIU/I TEIJIOIIPOBOJHOCTH.
Banauva 12.8. Ilycrs ¢ = const. Pacemorpum KpaeByto 3a1ady

@ — @ + + —tgin
ot ogz dUTE SmLD
u(r,0) = f(x),

u(0,t) = u(l,t) = 0.

Haiitu Bce ¢, Tpm KOTOPBIX BBIIIOJIHEHO PABEHCTBO

lim u(z,t) = 0.

t—o00

Bamaua 12.9. Ilycrs g = const. PaccMorpum KpaeByio 3a1ady

ou  0%*u o cost
— = —— 4+ qu+costcosw
ot~ o2 ! ’
u(z,0) = cos® z,
ou B ou _0
ox|,_, - Ox o e

Byner nmu perenune nepnoandeckoit (byHKIMEH 110 mepeMenHoit ¢ 7

WNurepec npepcrapisger TOT GpakT, YTO K YPABHEHHUIO TEILIONPOBOIHOCTU
MOT'yT OBITH CBEJICHBI 1 JIpyTHe ypaBHeHUs. B KadecTBe mpuMepa paccMOTPUM
ypaBHeHue broprepca

ow  0*w ow

ot oz TV
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KOTOPOE BCTPEYAETCS B IUJIPOJINHAMUKE U OIUCHIBAET TIOBEPXHOCTHBIE BOJIHBI.
[Ipeobpazosanue Xorda-Koyna

2Uy
w = .
U

[Moscranoska Tak BoiOpanHOil dyHkImu w(z,t) B ypaBuenue Bioprepca mpu-
BOJIUT 3TO ypaBHEHUE K BUJLY

o%*u ou Ou B ou @

U u? u u?

)
KOTOPOEe MOXKHO 3allucaTb B UHOI (opMme
o1 [/ou 0O%*u 0
Or |u \ Ot Ox?
OTKyza BHIHO, 9TO KazKJI0€ PElIeHne YPaBHEHUS TEeILIONPOBOJIHOCTH I10-

poxKaaeT pereHue ypaBuenus Broprepca. ObparHoe yTBepK/IeHre, KOHEIHO,
He Oy/eT CIIpaBeJInBbIM.
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I'maBa 13. IlonsiTue KOppeKTHOCTU 3a4a4
MaTeMaTuveCcKoi Ppu3nKn

Kak yke mmogaepkuBaJioch, B Kypce "YpaBHeHUsT MaTeMaTHICCKO (hu3u-
k" ("VYpaBHeHUs ¢ YACTHBIMU [TPOU3BOIHBIME" ), OOBIYHO OIPAHUIUBAIOTCS
n3y9YeHreM TeX 3aJ1a9, KOTOPbIe BOSHUKAIOT TP MOJICTUPOBAHNN HEKOTOPBIX
busruecKuxX (XUMUIECKUX, OUOJIOTHIECKUX U T. [I.) IPOIECCOB, ABJIEHUA. DTO
O3HAYAET, 9TO JJIT PEAJTHHBIX O0BEKTOB MaTeMaTHYecKas MOJIETh JOJZKHA
obITh "mpaBuiIbHO' CcOCTaBIeHA, YTOOBI OTPAXKATh AJEKBATHO CYTh MOJIEJIU-
pyeMoro siBjieHus win mporecca. s yrnopsiiounsanus 3ot curyaryn A ia-
MapOM OBLJIO BBEJIEHO MTOHATHE KOPPEKTHBIX 38189 MATEMATHIECKON (DU3UKH.

Omnpenenenne 1. 3ajaua Ha3bIBACTCA PA3PEITUMON, €C/IN

— OHa pa3pelnMa Mpu JIObIX HAYAJIbHBIX (PPAHUYHBIX, KPAEBBIX) JaH-
HBIX, IPUHAJJIEXKAIIIX HEKOTOPOMY KJIaccy (OYyHKIIHIA;

— HUMeeT ¢/IJMHCTBEHHOE pelieHMre (eﬂHHCTBeHHOG B O606IH€HHOM n yTo4-
HEHHOM CMI:;ICJIG);

— PpelleHud JAHHON 3aJa4d HEIPEePLIBHO 3aBUCAT OT JAHHBIX paccMar-
puBaeMoii 3a/iaun (0T HAYAJIBHBIX, KDAEBbIX YCJIOBHIA) B €CTECTBEHHOI
MeTpUKe.

Omnpenenenne 2. 3ajia4a HA3BIBACTCA HEKOPPEKTHOM, €CJIM HE BBIITOJIHEH
XOTsl ObI OJIMH U3 IIYHKTOB ONPeJIe/IeHNs] KOPPEKTHOCTH:

— OHa He paspelrMa HpU JIOObIX HAYaJbHBIX, KPAEBbIX, I'PAHUIHBIX
JIAHHBIX;

— penienue eé He SIBJISIETCS € IUMHCTBEHHDbLIM]

— HeT HEIPEePBLIBHON 3aBUCHMOCTH OT JAHHBIX 3aja4u (HelIb3sl BBIOpATh
HOPMY, B KOTOPOI peajin3yeTcs HeITPephIBHAS 3aBUCUMOCTb OT JIAHHBIX
HOCTABJICHHON 3a,1a4N).

[IpuBesiem JiBa mpuMepa KOPPEKTHBIX 3a/ad MaTeMaTUIeCKON (DU3UKU.
ITpumep 1. Paccmorpum ciieyrontyio KpaeBylo 3a/1ady i yPaBHEHU
TEIJIOIPOBOTHOCTH:

ou_ o
ot Ox?’
u(0,7) = f(x),
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u(t,0) = u(t,m) = 0.

Buecw x € [0,7], t € [0,T), T >0, u=u(t,z), f(x) € C0,7],
f(0) = f(m) = 0.

CyIecTBoBaHNE M €IMHCTBEHHOCTD DEIeHIsI TAKON KPaeBOil 3a/1adi BbI-
TeKaeT U3 Pe3yJIbTaTOB, N3JTI02KeHHbIX B V1. 10 m 11.

HemnpepbiBHast 3aBUCHMOCTD OT HAYAJIBHBIX JIAHHBIX BHITEKAET U3 IPHHITH-
a MakCHMyMa Jyis ypaBHeHHs Terutonposognoctu. JlefictBuresnsHo, mycrsb
ui(t,x), us(t,r) — mBa peleHus paccMaTpPUBAEMON KpPaeBOH 3aadm, HO C
PasHBIMI HAYATBHBIMU JAHHBIMIL:

ui(0,2) = fi(@), ux(0,2) = fol).

Corsiacuo HPUHIUITY MaKCUMYyMa B JaHHOM CJIy4dae

max |uy(t, ) — us(t, )| < max |fi(z) = faz)].
(z,t)€ED z€[0,m]

IIpumep 2. Paccmorpuwm 3agauy lupuxiie B Kpyre

Au =0,

u(r, o)|lr=r = f(¥),

rie f(¢) — HenmpepbiBHas 2m-TIepuoudecKast (OyHKIHS.

Samada 13.1. [IpoBepurh KOPPEKTHOCTH ITIOCTAHOBKH IIOCJIEIHEN 38,1841,
T. €. 3aJIa4u U3 [puMepa 2.

Ornpejiesierre KOPPEKTHOCTU MOCTAHOBKY 3a/1ad MaTeMaTUuIecKoi (husu-
K He SIBJISIeTCsl a0COTIOTHO (hopMasin30BaHHBIM U TpedyeT MHOIIa KOPPEK-
TUPOBKHU, CBA3AHHOW C yTOYHEHUEM IOCTAHOBKM 3aJIa9d IIPH IPOBEPKU €€
KOPPEKTHOCTH.

Pacemorpum 3agauy Heiimana B kpyre

Au =0,

ou(r, p) _
T k = g(<p),

rie g(p) — 3aj1anHast HellpepbiBHAsI 27-Tieproandeckast Gyukims. EcrecTsen-

HoO, B TaKOH IIOCTAHOBKE €€ penienne He CymecTByeT, TaK KaK HEe YITEeHO YCJIO-
2w

BHE Pa3PEIINMOCTH / g(p) de = 0. Ecm ke mocsieinee paBeHCTBO 100aBUThH

0
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IIPU TIOCTAHOBKE 3aJIav1, TO pellleHrue B TaKOM €€ BapuaHTe yKe, KOHEJIHO,
CyIIECTBYET.

AnajlorudHasi cuTyarus ¢ eIMHCTBEHHOCThI0. HamomuamMm, 910 perrenne
3a/1a9m1

ou

2
/ g(p)dp =0,
0

r7le OIpeesIseTcsl ¢ TOYHOCTBIO JI0 MPONU3BOIBHOM KOHCTaHThl C', T. €. ecn
u(r, ) — perenne, 10 u(r, ) + C TakkKe yJAOBIETBOPSIET JAHHONW KpaeBoi
zasade. [losromy TpakToBka "eauHcTBeHHOCTH" HOCHT OOOOINEHHBIH XapaK-
Tep, pa3HOCTb JBYX €€ JIFOOBIX PeIIeHuil ¢ HeoOXOMUMOCTBIO ITPOU3BOJIbLHAS
IIOCTOAHHAA BEJINIAHA.

B 3akJmouenue 3Toro pasjesia OTMETHM, YTO MOYKHO ITPUBECTU ITPUMEPDI
33189 MaTeMaTUIeCKOi (PU3UKH, JIJIsT KOTOPBIX II€PBOHAYAIbLHASA TTOCTAHOBKA
MOXKET OKa3aTbCd HEKOPPEKTHOM, HO €CTECTBECHHAd KOPPEKTHUPOBKA IIOCTa-
HOBKHU 33/a4U IIPUBOJAUT TAKYIO 33Ja4y K KOPPEKTHOM.

Cy1iecTByeT MHOI BapraHT OCTaHOBKY 3a/1adn HelimaHa B Kpyre, KOTO-
PBIil IPUBOAUT TaKzKe K KOPPEKTHOIN IIOCTAHOBKE.

[IpuBesem Takoit BO3MOXKHBIN U eCTeCTBEeHHbI BapUAHT:

% = f(¢).

r=R

[Ipu sTom / f(p)dp = 0 u Tpebyercst HANTH TAKYIO TADMOHHYECKYIO (DyHK-

o110, KOTOPad yAOBJIETBOPAET yCJIOBUIO Ha I'PaHUIE, a TaKKe YCJIOBUIO

™

I
/ /u(r, p)rde | dr =0.
0

N—TT
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[IpuBeiem JBa npuMepa HEKOPPEKTHBIX 3389 MaTeMaTHIeCKON (pU3HKH.
OOBIYHO MX HA3BIBAIOT IpuMepaMu A gamapa.
IIpumep 1. Paccmorpum ypasHeHue

0*u  0%u

—+—=0 13.1

ot? + Ox? ( )
BMeCTe ¢ HadalbHBIMU YCJIOBHAMUI

u(z,0) = f(z),

ou

— = 13.2

5| oo (132)

rie f(z),g(x) — mocrarouno riajgkue (bYHKIUM U OHM ONPAHUYECHBI HA BCEi
YUCJIOBOH IIPAMOM, T. €.

[f@) <M, [g(z)] <M,

e M — HeKOoTOpasi TMOJ0KUTEIbHAsT ITOCTOSTHHASI.
Hycrs f(x) = fu(z) = e V7cos(nz), a g(z) = 0. dTuM HauATLHBIM
JIAHHBIM COOTBETCTBYET CJIEJLYIOIIAsl OCJIe[0BATEIBHOCTD PEIeHNUil:

un(z,t) = e~V ch(nt) cos(n).
IIycrs f(z) € C™(R), rae HOpMa BBEJICHA CJIEYIONIMM DABEHCTBOM:

- (n)
[1fn(@)]lm = max sup|f(z)].

fcno, aro
lim || f()[|m = 0.
n—oo
Paccmorpum Teriepnb cemeiicTBo perenuii u, (x,t) npu Hekotopom ty > 0

llun(z,t0))|| = e_‘/ﬁch(nto) — 00,

ecam n — 0.
IIpumep 2. PaccMoTpum clieIyoniyo KpaeByro 3a/1a4y:

ou_ o
ot Ox?’
u(z,0) = f(x),
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u(0,t) = u(l,t) =0,

S [0;71'], t _E [—to,O],a to > 0.
Iycre Dy, = {(x,t) : 0 < 2 < 7, —tp < t < 0}. Obosnaunmm wepes
(L,)(Dy,) MPOCTPAHCTBO M3MEPUMBIX (DYHKIMIA, Y KOTOPBIX KOHEYEH HHTE-

rpaJ
0 =
/ / lu(z, £)[Pddt.
0

—to

HopMmy B 3TOM IpocTpaHCTBE OIPEICTUM PABEHCTBOM

0 =«
lalle, = 2| [ [ Iulrdod.
0

to

Bynem cuurars, uro Hadasnbhble dbyakiun f(zr) € C™[0;7] ¢ HOpMOIL

_ (k)
[ f]m o@%ﬁﬁﬁfﬂf (z)].

Pacemorpum nocsieioBarenbaocts dyukuuii f,(z) = e " sin(nx).
Yupaxkuenue 13.1. Ilokazarp, uTo

lim ||l = oc.
n—oo

[Iycrs Teneps u,(x,t) — pereHus ceLyomux 3a1ad:

ou,  0%u,

R
n(5,0) = f(2),
un(0,t) = u,(l,t) =0, n=1,2,...
HerpyHo nposeputh, 9To0

—n

un(z,t) = e e " sinna.

T
2
en to

n —1 :
un(z, t)||e, =€ — / | sin(nx)|dz >
0
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2
- _nen to _ 1 w/n
€

2t
) et —11\ 2
> e " ——s— [ sin(nz)dr =" [ ——— | = = oo,
n o n n
eCaIl N — 00. 3JeCh CJIELYeT YIeCTh TO 0OCTOSTEeIHLCTBO, UTO tg > 0. MTax,
JIOKA3aHO, 9TO

T ffug (2, 8)]] 2, = oo,

(13.3)

Ormernym, 9To cupaseyuso Briodenne [11] Ly, (Dy,) C L,,(Dy,). Bosee
TOr'O, CIIPABEJJINBO HEPABEHCTBO

ullz,, < MlullL,,,

riae M — HeKoTopas IOJIOKUTE/IbHAS OCTOSHHAA. 1[09TOMY, IpU peaIn3aiun
yesoBust (13.3) cripaBeyuBo creyromiee:

i [l .01, = o0
nipu Jirobom p > 1.

HaxkoHerl, MOKHO MOKa3aTh (IIPOBEPUTH CAMOCTOSITENILHO), 9TO MPU JIHO-
6oM tg > 0 cupaBe/I/InBO IPe/Ie/IbHOE PaBEHCTBO

nll_{rolo ||un (2, —to)|[m = oo
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I'maBa 14. InTerpajibHble ypaBHEHUSs

Kpowme muddepennuaibHbIX ypaBHEHHI, B MaTEeMaTUIECKONH (PU3MKE BCTPE-
JaroTCA HHTErPAJIbHbIE YPABHEHN, T. €. YpaBHEHHUsI, KOTOPHIE COIEPKAT HEM3-
BeCTHYIO (pyHKIIHIO I10J] 3HAKOM MHTEerpaJia. B paMkax JaHHOrO pasjesa orpa-
HUYIUMCA PaCCMOTPEHHUEM HMHTETI'PaJIbHBIX ypaBHeHI/Iﬁ CJIEAYIOIIETro Buaa:

y() = p / Kz, s)y(s)ds + £(z), (14.1)
y(z) = p / K (x, s)y(s)ds + f(z), (14.2)
y(z) = p / K (. 8)y(s)ds, (14.3)

y(x) = M/K(x,s)y(s)ds. (14.4)

Baecy x € [a,b],s € [a,b], K(x,s) — 3amannas HenpepbiBHas (DyHKIHSI
EPEMEHHBIX T, §, Korya (x, s) npunaiexut ksagpary (z € [a,b], s € [a, b)),
i € R, f(x) € Cla,b]l. Bo Bcex 4erbIpéx ciryudasix TpeOyeTcst HANTH Hempe-
poisayto dyukiwmio y(z) € Cla, bl.

Vpasuenue (14.1) npunaro HaseiBaTh ypasaenueM Opearobma BTOPOro
poza.

Ypasuenue (14.2) — 510 ypasaenue Bosibreppa BTOporo poja.

Ypasuenne (14.3), (14.2) — sro ypaBrenus nepsoro poja — Opearosbma
u Bosabreppa cooTBercTBeHHO.

CoepzkaTe/IbHbBII aHAJIN3 B JI0CTATOYHO 00LIel CUTyali BO3MOXKEH JIHIIh
JIUIS. MHTErPaIbHBIX ypaBHEHUi BToporo poga. s ypasHeHuii mepBoro po-
J1a OYEHDb YaCTO 3a/1a49a HAXOXKICHHs PEIICHNs OKa3bIBACTCS HeKOPPEKTHOI ¢
TOYKHU 3PEHUS ONPEICICHNAs U3 MPEAbLAYIICH IIaBbl.

HeitcTBUTEIBHO, ypaBHEHUE



rie a,b € R(b > a), f(x) — npousBo/ibHast HempepbiBHAsT QYHKITHS,
K(z,s) = P(x)Q(x), npuBOIUT K PaBEHCTBY

Pla)h = f(x)

b
CA= / Q(s)y(s)ds. Ilocneanee o3nagaer,aro f(z) nponopiwonansaa P(x)

U, CJIeJ0BATE/ILHO, BBIOOD sI/Ipa U MPAaBOil 9aCTU HE MOXKET OBITH "TTPOU3BOJIbL-
HbIM" axke orHOCHTEIBHO. Jl0baBuM, 9TO ypaBHEHUE

a

/P(:C)Q(s)y(s)ds =0,a>0

—a

npu 9éTHOM (HeuéTHOM) (Q(S) MMeeT B KadecTBe DEIeHUil 00y HEIETHYIO
(qérnyio) dyukimo. [locaeree 3aMedanne BbITEKAET U3 U3BECTHOIO CBOI-
a

CTBa MHTErpaJia / g(z)dz = 0 npu 060t HeUETHOI DYHKIIU.
—a
Amnajornunas cutyarnus u ¢ ypaBHenueMm Bosbreppa mepsoro poja. Ha-
puMep, ypaBHEHHUE

/ Q(s)y(x)ds = f(z)

paspermmo, ecn f(a) = 0. Bosee Toro, eciu QQ(s) — HenpepbiBHAsT Dy HKITHs
U UCKATh CJIeJIyeT HellpepbIBHOE peliierue, To f () — 10KHa ObITh HelpepbIB-
HO judpdepentupyemoii dyukiumei ( He MOXKET ObITH IPOCTO HEMPEPHIBHON
dbyukimeit).

B ocragrmeiicst wactu JanHOrO pasjena OyjgeM pacCMaTpUBATh yPaBHEHMS
(14.1) u (14.2).

Teopema 1. ¥Ypasuenne Bobreppa BTOPOro poja UMeeT eJIMHCTBEHHOEe
HelpepbIBHOE perenne y(x) Ha orpeske [a,b]. Dro pernenue MoxkeT OBbITH
HaiIeHO METOJIOM ITOCJIeI0BATEIbHBIX IPUOINKEHMIA.

JlokazaTeIbCTBO TEOpEMbl MOYKHO HANTH BO MHOIUX yIeOHUKAX, /e U3J10-
JKEHa TeOpUsi HHTEIPaJIbHBIX yPaBHEHU ¢ 6OJIbIIEH IOJTHOTOl (CM., HapuMep,
14]).

Teopema 2. CymiectByer takoe fig > 0, 9ro npu |u| < po ypasHenue
®perosbma (14.1) uMeer eJMHCTBEHHOE HEIIPEPBIBHOE PellleHre. DTOo pere-
HUE MOXKeT OBITh HaeHO METO/IOM IOC/Ie0BATEIbHBIX TPUOITHAKEHHIA.
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Kak u mist ypaBuenust (14.2), 10Ka3aTesibCTBO TEOPEMbBI 2 MOYKHO HailTH
B yuebHOM nocobun [14], a Takzke Apyrux ydeOHBIX MOCOOHMAX M yIeOHUKAX,
MTOCBAIIEHHBIX U3YYCHUIO NHTETPAJILHBIX YPaBHEHHUIA.

NuTerpanbubie ypaBHeHUss @pearojsbMa BTOPOTo poja
C BBIPO2K/IEHHBIM $JIDOM

Onpenesienne. Ypasuenue @penrosbma (14.1) Broporo poja HasbBaeTcs
ypasuenueMm OpearosibMa ¢ BIPOKIEHHBIM AJIPOM, €CJIN

K(x,8) =Y Pu(r)Qm(s), (14.5)

rie n € N, a P, (z),Qun(s) € Cla,b] — 3amannbie HentpepbIBHbIE (DYHKIHN.

B rakoMm cirydae perenne nHTerpajabHoro ypasaenus (14.1) moxer 6bITh
CBEJICHO K PEIIEHHUIO CUCTEMbBI ajiredpandecKux ypaBHEeHHI.

JeficTBUTEIBHO, YUET CTPYKTYPHI s1/IPa MO3BOJISET EPEHCATH HHTErPA/Ib-
Hoe ypasuenue (14.1) B ciegytomenm Buze (cm. dopmyiy (14.5)):

b

y(@) = 1Y Pula)( / Qu(s)y(s)ds) + [(2).

a

ObosHauuM Terephb Yepes

Uy, = /me(S)y(S)ds,

rje Habop {u,},m = 1,2,...n TpakTyercsa Kak HaOOp HEU3BECTHBIX, TPeOy-
IOIIUX OIPEIe/ICHUS.

Cpasy ormernm, 910 ecyu ObI OHU (Ug, Us . . . Uy, ) OBLIH U3BECTHBI, TO UC-
xo/iHasg (popMysia Mo3BOJIAIa ObI HAXOJUTH COOTBETCTBYIOINIEE STOMY HabOPy
perreHue:

y(@) =ty Pulx) + f(2). (14.6)

Homuoxkum teneps pasenctso (14.6) na Qk(z), k = 1,...n un Kax0e u3
TaKUX PABEHCTB IIPOUHTETPUPYEM I10 T OT @ 70 b. DTO 1103BOIUT cHOpMUPO-
BATh 1 PABEHCTB

Uk = (1Y Chmlim + di,

m=1
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m,k=1,2 nuk—/Qk 1)dz, Cyyy = /Qk

B pesysbrare HOﬂquM cuCTeMY U3 N ITHHEHHEX anrebpanvdeckux ypas-
HEHW JIJIs1 ONIPeJIeIeH s N HEM3BECTHBIX Uy, (m = 1,2,...n).
Hannast cucrema MOKeT ObIThH IIepelucaa B MaTPUIHOM BUJIE:

A(p)u = d, (14.7)

rie u = colon(uy, uy . .. uy),d = colon(dy,ds .. .dy), A(p) = E — uC,
E — epunnanas marpuna, C' = {cgm}, k,m = 1,2,...n. Jaa Tex u, npu
KOTOPBIX

det(A(n)) # 0, (14.8)

cucrema (14.7) umeer exuHcTBeHHOE perenue. [ouepKHeM, IPU JOCTATOY-
HO MaJIbIX ft HepaBeHCTBO (14.8) 3aBeIOMO BBIIOJHEHO, TaK KaK
det(A(p))| =0 = det(E)) = 1. Ilouarno, uro det(A(p)) or p B Hamem city-
Yae 3aBUCHT HeNpepbIBHBIM oOpasoMm. Ilociie/Hee 3aMedanne orpazkaer ToO
06CTOATEIBCTBO, YTO JAHHBIH METOJ He HAXOIWJICH B IIPOTUBOPEUUU C De-
gyabTaTaMu Teopembr 14.2.

MOKHO MPUBECTH JOCTATOYHO OOJIBIION HAGOD ypABHEHUH, B KOTOPBIX
sa71po OyJieT BBIPDOXKIEHHBIM. BMecTe ¢ TeM CyIIECTBYIOT U IPUMEPhI HEBBI-
POXKJICHHBIX dAJIep.

Hanpuwmep, K (z,s) = exp(zs), K(z,s) = cos(z?s?) u 1. 1. Bmecre ¢ Tem
MOYKHO TIPUBECTHU IIPUMEPBI, KOIJIa IIPOBEPKA BBIPOZKIEHHOCTH sIJIpa TIPEJIIIO-
JIaraeT Ipeodpa30BaAHUI:

K(z,s) = exp(z + s) = exp(z) exp(s),

K(z,s) = cos(z + s) = cos(z) cos(s) — sin(z) sin(s).

[IpuBeiem rpuMepbl PerieHnii HEKOTOPBIX HHTErpaJIbHbIX yPaBHEHUI

C BBIPOZKJACHHBIM AJIPOM.
1

IIpumep 14.1. Pacemorpum ypasuenue y(z) = p /(m + s)y(s)ds — 12z

0
1 1

r.e K(x,s)=x+s, f(x) = —12z,uy = /y(s)ds,uz = /sy(s)ds — BCIIOMO-

0 0
rarejibHble Hen3BecTHble. B pe3yJibTaTe IOJIYIUM CUCTEMY JJIJId HaXO2KICHUA
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HEN3BECTHBIX BEJIMYMH Ul, U9
uy = p(cpug + epug) + dy,

ug = pu(Ca1uq + Caoua) + ds.
B nannom ciyuae

1

/ :—012:/dm:1,

0

1

1
Co1 = /xdx——021—/xd:p:§,
0
1

0
1

di = —12/atdx = —6,dy = —12/x2dx = —4.

0 0

Nraxk, mosyyaem cucremy

(1= By =
—gul +(1— g)u2 = —4,

2

det(A(u) = 1= = #0,

ecin pi # —6 & 4+/3. Tlpn Bcex TAKHX /i CHCTEMa HMEET € IMHCTBEHHOE Pellie-

HUeE:
124 4 72 48

N 12 T 12

OKa3aJI0Ch, 9TO B HAIIEM CIIydae IpH [ # —6+4+/3 nHrerpaibHoe ypas-
HEHNe UMeeT pelleHne

124 472 48
y(x) = — 5 Mt 5 p — 122,
pe+12p — 12 w120 — 12
Ecim pp = 0, To, xoneuno, y(z) = —12z. [lpu p = —6 nosydaem, 910 B TAKOM

cayqae y(x) = —12x + 6.
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3anaya 14.1. Pemurh unrerpajibHoe ypaBHEHHe

1

y(x) = ,u/xsy(s)ds + 1.

3
OrBeT: perierne CymecTByer npu p # 3, y(xr) = umx + 1.
—
3amaua 14.2. Haiitu pemenve ypaBHeHUs
y(x) = /cos(:v + s)y(s)ds + cos x.
0
2
Orser: y(x) = 5 COS .
3amaua 14.3. Permuth ypaBHeHue
1
y(x) = u/(xs + s%2?)y(s)ds + 1.
0
120 — 4u 104 + 240

x2 + 1. Perme-

o : =
TBeT: Y(7) :uluz — 128 + 240" ’u3(g2 — 128 + 240)

HUE CYIIECTBYeT, ecyn i 7# 64 £ 4+/241.
3anaya 14.4. Pemurh unrerpajibHoe ypaBHEHUE

1

y(x) = ,u/e”sy(s)ds +e”.
0
e? —1 e ow 2 -
2—u(62—1)e o= 2+M(1—62)€

OcranpHble 33/1a91 MOXKHO HalTH Ha cTp. 37 — 38 U3 y4eOHOro mocobust
[15], rjie npuBeieHbl TaKIKe peIlleHnst MHBIX IPUMepOoB ypaBHenuit Gpearoinb-
Ma BTOPOI'O POJia € BBIPOXKICHHBIM spoM. B 1anHoM pasjiesie IpuBeIcHO BBe-
JleHIe B TEOPUIO NHTErPaJIbHBIX ypaBHeHHil. Bosee nosiHoe n obcrodresbHOE
U3JI0ZKEeHIe JAHHOM Teoprn MOXKHO HailTh B yueObHuke [16]. B yuebHOM Mmoco-
6un [14] Teopust mHTErpasbHBIX YPABHEHUI HCIOJIB30BAIACH DU U3y ICHUH
KPaeBBIX 33/1a4 I OOBIKHOBEHHBIX b depeHIalbibIX yPaBHEHT.

Orser: y(x) = p
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3ameuanne. PaccMoTpuM 0/IHOPOIHOE YpaBHEHNE
b
mmzu/Ku@w@@.

OueBuIHO, YTO JJAHHOE ypaBHEHHe MMeeT HyJseBoe perenue, T. e. y(x) = 0.
Tem He MeHee IPU HEKOTOPBIX [t MOTYT OBITH M UHBbIE OTJIUYIHBIE OT HYJIS pe-
menus. Takue 4uciia (i, Tpu KOTOPBIX €CTh HEHYJIEBOE PEIeHe, Ha3bIBAIOTCS
XapaKTePUCTUIECKIMU YUCIAMU.

PaccmoTpnM, Hammpumep, Ceyronyo 3a/1ady.

3amaua 14.5. HaiiTu xapakTepucTudecKue Ynuc/ia y HHTerpajbHOro ypas-

HeHud
1

mwzu/@+QMQ%~

0

OTBeT: XxapaKTepUCTUYCCKHE TUCIA 112 = —0 £ 4+/3. TIpoBepuTh 370.
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HpI/IMepr KOHTPOJIbHBIX N 3K3aME€HAIIMOHHDbIX 3a/Jda4

[IpuBesieM TpuMepbl KOHTPOJIBHBIX PabOT I CTYJIEHTOB MaTeMaThde-
ckoro dakynabrera Apl'Y um. II. I'. demuona.

Bapmant 1
1. Pemmmutn 3a7a4ay dupuxiie:

cos® o, p € [0; 7],

A=0,ulr,o)l, = flp) = {1 @ € (m; 2m).

2. IIpn kakux a 3ajava Heiimana nmeer perienue:

du

A p—
u=0 or

= acos® p + sin? .
r=3

3. Pemuts 3atauy JIupuxiie:

Au = 0, u(2, p) = sin® 3,

0<r<2, O<gp<g, u(r,()):u(r,g)zo.

4. PemuTh KpaeBylo 3aj1a9y:

Bapuant 2
1. Pemurs 3amgaay lupuxie:

cos® 2, ¢ € [0; 7],

A=0,u(r,e)l,; = fle) = {1 @ € (m; 2m).

2. IIpn kakux a 3ajava Heiimana nmeer perienue:

ou
Au=0, —
u=0 or

= a + cos’ ©.
r=2
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3. Pemuts 3amauy lupuxire:

Au =0, u(1, ) = sin® 8,

™

0<r<l, 0<g0<z, u(r,O):u(r,Z)zo.

4
4. Pemuthb KpaeBylio 3aj1a4y:

BapwuasnT 3

1. ITpu kakux a € R kpaeBag 3aja4a

ou

A=op 2%
0’87"

+ au|—g = cos® p, (r < 1)

r=1

MeeT perleHue’

2. Au=r15%u(l,p) =sinbp, r<1.

3. A=0,p€[0;7], u(l,o=sin’3p), u(r,0)=u(r,m)=0.

4. TIpu kakux n € Z xpaesag 3agada u” + n’u = 1, u(0) = u(r) = 0
nMeeT perrenne’?

BapmanT 4

1. IIpn kakmx b € R kpaeBas 3aja4a

ou
— — bu,—s = sin®
or|,_, Ir=2 14

A =0,

nMeeT perrenue’?

2. Au =1t u(2,¢) = cost p.

3. A=0,p € [0 Z], r <1, u(l,p = sin?2p), u(r,0) = u(r,7) = 0.

4. Ilycre n € Z. YkazaTh Te U3 HUX, IPU KOTOPBHIX KpaeBas 3ajatda
v+ n*u =z, u(0) = u(r) = 0 umeer pemenne.
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BapwmasnT 5

1. Ilpu xaxoM a cIpaBeIuBO: tlim u(z,t) = 0, rme u(x,t) — perenne
—00
KpaeBoil 3aj1a4n

ou  d%u

ot 0x%’
ou ou

w(z,0) = a + cos® 2z, — = — =07
(z,0) + or|,_, Ov|,_.

2. Pemuthb KpaeByio 3ajady:

ou  O*u

E = @ + exp(t) sin x,

u(z,0) = 1+ sin’ z,u(0,t) = u(nw,t) = 1.

3. Pemutp kpaeByto 3agauy:

ou  Ju
ot 0z
x ou
w(z,0) =sin® =, u(0,t) = — =0.
(#.0) =sin S (0. = 52
BapmanT 6
1. Ilpu KakoM a CIpaBeIuBO: tlim u(z,t) = 0, rme u(x,t) — perrenne
—00
KpaeBou 3aj1a4n
ou  Ju
ot 0z’
ou ou
w(z,0) =1+ acos® 4z, — = — =07
(2,0) or|,_, Ox|,_.
2. Pemuthb KpaeBylio 3ajady:
ou 82u+ ,
— = — +sinx
at  Ox? ’

u(z,0) = 2 +sin® 22, u(0,t) = u(m,t) = 2.
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3. Pemuthb KpaeByto 3ajauy:

ou_
ot 0z’
3T o @ _
u(x,0) = cos 2,u(0,t) = ol 0.
BapuanT 7
0%u o%*u
L o7 =355 u(@,0) =0,u(z,0) =™, v € R
Pu  *u

2. 52 = 92 + sintsinz, u(z,0) = z + sin® z, u,(z, 0) = sin 2z,

uw(0,t) = u(m, t) =7, x € [0;7].
O*u  0%u 3 oo
3. 52 = 952’ u(z,0) = x4+2x°—32%, uy(x,0) = 0,u(0,t) = 0,u,(1,t) = 1.
4. Tlpu KaKuX a BCe PEIleHns KpaeBoil 3a1a4m

Pu  Ou
o = A Tau,

otz Oz

u(x,0) = f(z), u(x,0) = g(z),
uz(0,t) = u,(1,¢£) =0

Oy/yT orpanndeHHbIME DyHKIWAME, T. €. |u(t, z)| < K7

BapmanT 8
1. Pemuts kpaeByio 3ajiady:
_ to2
Uy = Ugy + € COS™ T,

u(z,0) = 2 + cos® mz, uy(z,0) = 0, uz(0,t) = u,(1,t) = 1,z € [0;1].

2. Pemuthb KpaeBylo 3aja4dy:
gy + 6uy + 9u = Uy, + €3 sin x,
u(z,0) = sinz, u(x,0) = sin 2z, u(0,t) = u(m, t) = 0.
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3. Pemuth KpaeByio 3ajady:
Uy = Ugy + U,

u(z,0) = sin® g, u(z,0) =0, u(0,t) = uy(m,t) = 0.
4. Permuts 3amaay Kormm:

] )
=+ (2¢" —y)

Z
=0
Ox oy ’

z =y upu x = 0.
IIpumepsl 331849 HA IK3aMeHe

Bamaqa 1. I[Ipu kakom Bbibope dyukiwil f(x), g(x) perienne HavaIbHOl
3a1a91
Pu_
oz~ " 9a?’
OyeT Oeryieit BOJIHOM?
Bamaua 2. Paccmorpum 3aady:

u(0,2) = f(2), u(0,2) = g(a).

’u  0%u

5E = 35" u(0,z) = f(z),w(0,z) = g(x),

rae f(z),g(x) — 2m nepuogmaeckue QyHKIIN.
Byner jin pemenne 3Toit 3aj1a4u 1meprontdeckoil pyHKInelt:
a) 1O [epeMeHHoil t;
6) 1o epeMeHHON 7
3apaua 3. Pemuth KpaeByio 3ajady:

ou
Au =0, au(r,¢)|,—r + 5§|7~:R = g(p),

ecn r < R.

Bceerma s sTa 3amaga mmeer perrernsi? KakoBo HEOOX0IUMOE yCIOBHE €e
pa3peIImMOCT !

Banaua 4. Paccmorpum KpaeByto 3ajady (CMeNnaHHyo 3a/ady):

Pu  0*u

W = @, Um<t,0) = ux(t,ﬂ') = O,
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u(0,2) = f(z), w(0,2) = g(x).

[Tpu kakom BeIGOpE f() 1 g(r) perierne JaHHON KpaeBol 3a/a91 — OrDaHMU-
yenHnas (PYHKIMs I€PeMeHHbIX ¢, z7
Bamaga 5. [lycrs u(r, ¢, a) — pemenne 3amaau Jupuxiie:

Au = 0,ul,—; = cos® p +a.

[Tpu kakom 3HavYeHUN @ BoIIOTHEHO paBercTBo u(0, ¢, a) = —17
Bagaua 6. Haiitn Bce 3HaYeHMs mapaMeTpa d, IPU KOTOPBHIX PEIICHUE
Kpaesoii (cMemanHoil) 3aauu

ou  0%u
= — t au,

ot a2
u(0,2) = sinz + 2sin 2z, x € [0, 7],
u(t,0) =u(t,m) =0
TAKOTO, 9TO tlggo u(t,z) = 0.

Banaua 7. Haiitu Bce 3HaveHus mapamerpa @, IPU KOTOPBIX PeEIeHre
KPacBOil (CMeIIaHoi) 3a/1a9u

ou  *u
ot 0x?’
u(0,7) = a + cos® 2,

ou ou

6:17|$ ('9x|x "
v

TAKOro, YTO JIJIs HErO CIPABEJINBO PABEHCTBO / u(t, x)dx = 0.
0

Bamaua 8. Haiitu Bce 3HavYeHns napaMerpa @, IPU KOTOPBIX DeIIeHUe
KpaeBoii (cMeranHoit) 3a1a9n

ou *u .
= —— +ss1nx,

ot ox?
u(0,z) = sinz + asin 3z, z € [0, 7],
u(t,0) = u(t,m) =0,

TAKOIO, YTO ee peleHne He 3aBucut or t, 1. e. u(t, ) = v(x).
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