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§ 1. OcHoBHBIE OIpeieJeHNd

[Tycts X — memycroe mogMuoxKecTBO uncaoBoit mpamoit R. Ecan kaxmomy 3nade-
HUIO 13 X 110 HEKOTOPOMY 3aKOHY f CTaBHUTCS B COOTBETCTBHE OJHO ONMPEJEJIeHHOE
JeficTBUTEbHOE 3HAaUeHHe Y 13 R, TO TOBOPST, 9TO Ha MHOXKecTBe X 3ajaHa PyHKuuA
y = f(x) co snauenusimu B R. Ucnonssyercs 3anmcy f: X — R.

ITycts f : X — R — uwncioBas ¢pyuknua nHa Mmaokectee X C R, g : Y — R
— qucioBas dyHKIEa Ha MHOXKecTBe Y C R. Ecim obiacts suadenuii f(X) dyHk-
nuu f Ha MHOXKecTBe X NPUHAJJIEKHUT MHOKECTBY Y, TO KaxkJIoMy T u3 X MOXKHO
conocraButhb aucio g(f(x)). Oupenenennyio TakuM obpazom dyuaknuio  — g(f(x))
HA3BIBAIOT CYNepnosuyuet nim xomnoauuuet gyuxuyui f u g.

Hucio a ectb npedesvhas mouka HEIYCTOTO MOJAMHOXKECTBA X UHCJIOBON MPSMOIf
R, ecau sobasi 0 - okpecmmocmv Ula,d) := (a — d,a + &) Toukn a (§ > 0) cozuep-
JKAT OTJAUYHBIA OT @ 3aeMenT T u3 X. Yucao a Ha3bIBAIOT U30AUPOSAHHOT MOUKOT
HeITyCTOr0 IOJMHOXKecTBa X 4UC/IOBO# mpsaMoit R, ecsin cyrecTByer 0 - okpecmuocmo
Touku a (6 > 0), He cojiepKallias OTJIMIHbIX OT ¢ JIeMEHTOB MHOXKecTBa, X . Muoxe-
CTBO BCEX TOUYEK UUCJOBOI MPsAMOil, Ipee/bHBIX I MHOXKecTBa X, Oyjaem 0bo3Ha-
JaTh Yepes X'. IIpokoaomoti 0 - oxpecmmocmuio TOYKK a OyJieM Ha3bIBaTh MHOMXKECTBO
U(a,6), moayaennoe u3 6 - okpecraoctu U(a, ) TOUKH @ MyTeM WCKITIOTCHUS €€ TeH-

tpa: U(a,d) = U(a,d) \ {a}.
Omnpenenenune 1. Yucro b nasvearom npedesom pynruyuu f : X — R 6 mouxe a

us X', ecau das 060t nocaedosamesvrocmu {x,} maxod, wmo x, € X, r, # a,
Ty — @, COOMBEMCMEYIOUWAA NOCALIOBaAMEALHOCTY 3havenul dynkuuu f(x,) — b.

Bameuanue. [lis Toro aTobnr gokasarh, ato dyakius f: X — R ne nmeer npenena
B Touke @ u3 X', JIOCTATOYHO yKazaTh JBe nocsejgosaresibiocru {x,} u {x)}, yio-
BJIETBOPSIOITUE YCJOBUSIM OIpeJiesieHus 1, TaKkue, 9YTO MpeJIesbl TOC/TIeI0BATeTbHOCTEH
{f(zp)} u {f(z))} pasiuunbi.

Omnpejenenre 1 Ha3bIBaeTCd onpejeeHreM Ipejiena (pyHKINNA Ha S3bIKe TOCIeI0-
BaresibHOCTEl U npejioxkeno [ [eiine. CytecTByeT S5KBUBaJEHTHOE JJAHHOMY OIPEjie-
nenne npejena pyukiuu, npemtoxkenaoe O. Koru:

Onpenenenune 2. Yucro b nasvisarom npedesom dynxuuu f : X — R 6 mouke a

us X' @ lim f(x) = b, ecau daa awbozo € > 0 cywecmsyem 6 = d(e) > 0 maxoe,
Tr—a

wmo dna ecex © us X, ydosaemeoparowur yeaosuro 0 < |x — al < 0§, cnpasedauso
nepasencmeo |f(x) —b| < e.
DTO onpejiesienne MOXKHO 3aIUCATD TIPU MOMOIIHM KBAHTOPOB:

Ve>0 3F0>0: VeeX:0<|z—al<d — |f(z)—bl<e.

Omnpenenenune 3. Yucao b nasvisarom npedesom caesa pynwuyuu f: X — R 6 moure

a us X' : limof(x) = b, ecau das mobozo € > 0 cywecmeyem & > 0 makoe, umo
Tr—a—

ons ecexr v € X, ydosaemeopsarouux ycrosuro 0 < a —x < 0, eeprno |f(x) — bl < e.

Omnpenenenune 4. Yucro b naswearom npedesom cnpasa pynrwuyuu f: X — R 6 mou-

ke a uz X' : limof(x) = b, ecau daa awboz0 € > 0 cywecmsyem 0 > 0 maxoe, wmo
r—a+
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ons ecexr v € X, ydosaemeopsarouux ycrosuro 0 < x —a < 0, eepno |f(x) — bl < e.

[Ipejsesibl ciieBa u cupasa Jyisi Kparkocru obosnadator kak f(a — 0) u f(a + 0)
COOTBETCTBEHHO.

Sameuanue. /s cymecrBoBanus npejesa dbyHkun f(r) B TOUKE @ HEOOXOIUMO
u jiocrarouno, urobsl f(a 4+ 0) = f(a — 0).

Onpenenenune 5. Yucao b nasvisarom wacmuunoim npedesom pynxuuu f: X — R
6 mouke a uz X', ecau cywecmeyem nocaedosamenvrocmo {x,}, obaradarowan ceot-
cmeamu T, € X, T, # a, T, — a, daa komopot f(x,) — b.

Onpenenenne 6. Pynxuyuro f : X — R naswearom durasvrio ozpanuvennor
npu x — a (a € X'), ecau natidymca maxue wucaa C u 6, wmo |f(zx)] < C
VaeU(a,d)NnX.

Eciu dyukiust f @ X — R dunanbho orpanuuena nupu © — a (@ € X'), 1o
CpeJIU ee JaCTUYHLIX MPEeJIOB B TOUKE @ HAlIyTCA HAaMMEHBbIINH 1 Hamborbmmil. VIx
Ha3bIBAIOT COOTBETCTBEHHO HUMCHUM U 6eprHum npedesamu pyuxipn f(x) B TOUKE

a n oboznavator lim f(x) u lim f(z).
T—a z—a

Taxoke 171 PYHKIUNE MOXKHO OIPEJIe/INTh OECKOHEUHbIH IIpejies U mIpejies B 6ecKo-
HEYHOCTH.

Onpenenenne 7. Qyuxuus f : X — R 6 mouke a umeem Oeckoneunwii
npeden, ecau das awbozo E > 0 cywecmsyem § = J(E) > 0 makoe, wmo
|[f(x)| > E, ecau x € U(a,d) N X.
Ucnonbsytor cieyiomniee obosnadenue: lim f(x) = oo.
r—a
Ecnu ycnosue |f(z)| > E 3amenuts na ycaosue f(x) > E (wm f(x) < —FE), o

IOJIY YMM OTIpeJIeJIeHUE TIPe/Jiesa, PABHOIO +00 (MM —o0).
O6oznaqaror 1o rak: lim f(z) = 400 (wim lim f(z) = —00).
Tr—a Tr—a

Omnpenenenue 8. Yucao b nazviearom npedesom dynkuuu f : X — R 6 becko-
newnocmu 00, ecat daa arbozo € > 0 cywecmsyem A = A(e) > 0 makoe, umo
|f(z) —b|] < e, ecau |z| > A.

Ucnonsytor cieyiomiee obosnadenue: lim f(z) = b.
T—r00

Ecnn yenosue |z| > A 3amennts na ycmosue v > A (mmm o < —A), TO mOIyIUM
onpeJiesieHue pejieia B +00 (MM B —00).

O603HAYAIOT ITO TAK: xgriloof(a:) = b (uim Igrfloof(x) =0).

KombuaMpyst onpeiesiennst, MOYKHO MOJIYIUTh O IesIeHIne OECKOHETHOIO IIPejIesia,
B 6ECKOHETHOCTH (TPUIEM OECKOHETHOCTH MOTYT OBITH KAaK CO 3HAKOM, TakK U 0e3 3Ha-
Ka).

3amevanue. MoKHO OIpeIeInTh € - OKPECTHOCTH DECKOHEUHOCTE 00, £00 Ciieyio-
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UM 00pa3oM:

. 1
U(—o0;¢) = U(—00;¢) := —00,—— |,

U(+o0;e) = U(+o0;e) := (§,+oo> :
U(oo;e) = Uloo: ) := U(—00;¢) U U(+00;€).

Torma MOXKHO J1aTh 00IIee onpeiesieHne Ipejesa (PyHKINT, 00beTHHSIIOIee KOHeUHbIi
1 OECKOHEUHDIN CJIyJau.

Omnpenenenne 9. Jucao b (603mooicno, beckoneunoe) nasviearom npedeaom @hymx-
yuu f o X — R 6 mouke a (6o3moorcno, beckoneunot), ecau daa aobozo € > 0

cywecmeyem 8 = 6(€) > 0 maroe, wmo f(x) € U(b, €), ecan z € U(a,8) N X.

Omnpenenenune 10. Qynxuyuro f: X — R naswsarom nenpepusrot 6 mouke g € X,
ecau das kaocdozo € > 0 natidemes makoe § > 0, wmo uz coommowenui |x —xo| < 0,
x € X caedyem, wmo |f(x) — f(xo)| < e.

Bameuanue. Ecin 1y — npegenbnas Touka MHOXKeCTBA X, TO HENPEPLIBHOCTH (DYHK-
nuu f B TOUKe T( paBHOCUIbHA paBeHcTBY lim f(x) = f(xg).
T—X0

ITpumep 1. /lokazaTh, UCIOJIBL3Ys OIpeeeHue mpeaesaa PyHKIUT, ITO

z2—1

Pertenue. Paccmorpum dynknuo f(z) = o

x = 1, HanpuMep Ha WHTEPBAJIEe (%, %)

Bosbmem mpom3BOSIbHOE TOJOKHUTENBLHOE UHCJIO £ W MpeodPasyeM BBIPAYKEHUE
|f(x) + 2| mpn ycnoBum x # 1:

B HEKOTOPOII OKPECTHOCTU TOYKHU

-1 r+1 3(x—1)
42| = +2| = |2
xe —3x + 2 x —2 x—2
Yuurbisast, uro x € (1, 3), nonyuaem:
3(z—1) |z — 1] |z — 1]
— =3 <3 =6lz — 1|.
‘ r—2 ‘ 2—x 1 v =1

2

s nepasencrsa |f(z) 4 2| < 6|z — 1| caregyer, 4To eciu B3aTh § = ££, TO 7151 BCEX T

13 UHTEpBaJIa, (%, %), YIOBJIETBOPSIIONTUX HepaBeHcTBaM 0 < |x — 1| < §, BBIOTHSIETCS
HEPABEHCTBO
2
r-—1
————— + 2| <60=e.
xe —3x + 2
COFJIELCQHO onpenenennto Komn, uncno b = —2 gpisgercd mupejeoM (YHKIUT
_ _xz—1 _

f(z) = 7555 B rouke a = 1.



ITpumep 2. CdopmynnpoBaTh ¢ MOMOIIBIO HEPABEHCTB CJIEAYIOIIEE YTBEPKICHUE:

lim f(z) =b.

T—00

Permenne.

1
Ve>0 30>0: VrelX: ]:c|>5 — | f(z) = b| <e,
TO ecThb Juist jtioboro € > 0 cymecrsyer 6 > 0 Takoe, 9To 1751 BeeX & € X OOMBIINX
110 MoJIyJIi0, em 1/4, Bepuo |f(x) — b| < e.

IMpumep 3. dokazarnb, uro dbynxiusa y = cos(mr ') ne umeer npegena npu x — 0,
1 HaliTW ee BepXHUM W HUXKHUM Tipeaennl npu x — 0.

Pemenne. PaccmoTpuM J1Be mOCTIEIOBATEILHOCTH Ty, = - — x = L

S 57 H COOTBET-
crBytonue uM nociegoBarenbiocru {f(x,)} u {f(2),)} snavenuit dynxnumit. Tak kak
BCE WIEHDI mocsieoBaTesbuoctu f(x,) = cos((2n + 1)7) paBHbl MUHYC €IUHETE, a T10-
caesoBaresbHocts f(xl) = cos(2nm) cocrour tojbko u3z ejunul, to f(x,) — —1
mpu =, — 0, a f(z]) — 1 mpu 2/, — 0. CrenoBaresnbho, mpenesn (QyHKIHNA
y = cos(mz~!) B Touke x = 0 He cymecTsyer.

3aMerumM, 4To

—1 < lim cos(mz ') < lim cos(mz ') < 1,
z—0 =0

nockoabky —1 < cos(mr~!) < 1 moboro snavenus x # 0. Mbl nocTpousu nocyieso-

paresbuoctn {x,} u {2/}, takue, uro lim cos(rz, ) = —1, lim cos(w(z!)7!) = 1.
Tp—0 ) —0
CurenoBaresbHO,
lim cos(mx™!) = lim cos(mz,t) = —1,
z—0 Tn—0
lim cos(rz™1) = lim cos(w(z],)™1) = 1.
20 10

n

§ 2. OcHoBHBIE ITpaBIJIa BBIYMUCJIEHUS IIPEIeJIOB

Ecan cymecrBytor koneunsie npegesbl lim f(xz) = A w lim g(z) = B, 10 BbITIOJ-

HEHbI CJICJYOLIUEe YTBEPIKJICHUSE: e e
() Im(f(x) £ g() = A% B
T—a
(i) (7)) = A- B
A
(iii) ecam B # 0, 10 iﬂ%% =5
(iv) ecsm B HEKOTOPOHl MPOKOJNOTOH OKPECTHOCTH TOYKM & = G HUMEEM
f(z) < h(z) < g(x) uw A = B, vo limh(z) = A (upuHuuI JBYCTOPOHHErO
r—a
OrpAHUICHHUS );
1
A=0 0, To lim —— = oo.
(v)  ecam , f(z) #0, 10 lim O 00



st 6eckoHevdHO OOJIBITUX (DYHKIUI 110JIE3HBI CJIELYIOIUE COOTHOIIEHMSI:

1
(vi) ecum lim f(z) = o0, 10 lim 10 = 0;
(vii) ecom lim f(z) = £oo u lim g(z) = +o0, 10 lim(f(x) 4+ g(z)) = Fo0;
Tr—a T—a Tr—a

(vill) eciim glglilﬁll f(z) =00 u Llylgé g(x) =
) =

b, 10 lim (F(@) + g(2)) = oo

(ix) ecam lim f(z) =ocon hm g(x =b#0, 10 :lglgrcll(f(a:) -g(z)) = o0.

Tr—a

Tak>ke MbI Oy/ieM IOJB30BAThHCA TEM, UTO JJIsi JIIOOOH OCHOBHOI 3JIeMEHTapPHOI
dbyuknuy f(x) 1 TOYKA a U3 ee 0b6JACTH ONPEIEJeHIs CIIPABE/JINBO COOTHOIICHHE

lim f(z) = f(a).

Tr—a

HamoMHuuMm, 970 0CHOBHBMU INEMEHMAPHHMU OYHKGUAMY HA3BIBAIOTCA CJIEIYIONTIE
dyHKIMM:

e crenennas pynknus y = %, a € R;

e nokasaresbHas pyHKINA y = a”, a > 0, a # 1;

e siorapudmuieckas dyukius y = log, z, a > 0, a # 1;

e TpuroHomerpuydeckue PyHKIUU Yy = sinx, y = cosz, y = tgx, y = ctgw;

e oOpaTHbBIE TpPHUIOHOMETpHYECKHE (YHKIMU ¥y = arcsinx, y = arccosc,
Yy = arctgx, y = arcctg x.

151 BoIMMCICHEs Ipejiesia Cynepnosunnu pyHKIUi UCIoAL3YeTCs TPABUIIO:
(x) ecmxg€ X',y €Y', lim f(x) = yo u dyukius g(y) HEMpepbIBHA B TOUKE Y,
T—X0

to lim g(f(z)) = g(lim f(=)) = g(y0)-

Jljist BHIMHCIICHUS TIPEJIeIa CTelenno-mokasarenbuoi dyuximun u(x)’® (mpeamo-
garaercs, 910 u(x) > 0) ucrnonb3yeTcs Caeayomee IPaBmiIo:

(xi)  lim u(z)"®) = lim e"@hu) = Je@0u),

Tr—a Tr—a
B wacrwoctu, ecam limu(z) = A, limv(z) = B (A u B xomHedumnsl), TO
Tr—a T—a
lim u(x)"®) = AP 3a uckmouennem ciyuas A =0, B = 0,

T—a
BaMeTI/IM, 9TO IJid IIOJIYYEHHA OJaHHOI'O IIpaBHJIa HMCIOJIb3YETCA HEIIPEPbLIBHOCTD

bynkimn €' n npaBuIo HaxXoXKIeHus Tpejielia Cynepro3uiun pyHKInii.

ITpumep 4. Haiitu 3nauenus npe/jiesion:



3) lim—— 4) lim

Pemenne. 1) Ilpumensisi TeopeMbl O Mpejiesie pasHOCTH, CYMMbI U [TPOU3BEJICHHS,
HAXOJMM lIpeJlesl 3HaMeHaTeJIs:

lim(z® — 3z +2) = (limz) - (lim z) — lim 3 - lim 2 4 lim 2 = 2.

x—0 x—0 x—0 x—0 z—0 z—0

[Tpejies1 3HaAMEHATE I KOHEYEH U HE paBEH HYJIIO, TIO9TOMY IO IMPABUJIY HAXO0X JICHUsT
npejesa 4aCTHOTO MOJIydaeM

221 lim(z*=1) 1 4
lim = — = = ——.
r—=0 12 — 3x + 2 1111(1)(:(:2 —3z+2) 2 2

r—

2) Tak kak uuciuresb z° — 1 u 3HamMenarTesnb x2 — 3z + 2 Jipobu UMEIOT Hpejied

B TOUKE T = 1, paBHBIN HYJTIO (TO €CTh UMEET MECTO HEOMPEICTCHHOCTD 6), TO TIPABUJIO
HAXOXKJIeHUS Tpejiesia YaCTHOTO HEIPUMEHUMO.

x°—1 .
Pagiioxum 1pobb ——2—— Ha MHOKUTEJIH:

=1 (z—1)(xz+1)
2 -3r4+2 (z—-1)(z—2)

IIpu mro6om x # 1 BbipaxKenne £ — 1 OTJIMIHO OT HYJISI U BBIIOJIHSIETCS PABEHCTBO

(z—1)(z+1) z+1

(z—1(x—2) x—2

Tak kak lim(z — 2) # 0, TO O TPABUITY HAXOXKIECHUS TIPEJIEJIa ACTHOTO NMEEM:
z—1

. 2 —1 o +1 2
lim im =

_ = = —2.
=122 —3x+2 a=1lx—2 —1

3) Tak kak lim(2? — 3z +2) =0, a lim (2% — 1) # 0, TO MOXKHO BOCHOJIBL30BATHCH
T—2 z—2

npasuiamu (v) u (ix):

-1 1
lim —— = lim(2? — 1) - lim

1212 —3r+2 12 x—>2x2—3:c—}—2:oo.

4) Yucjuresib v 3HAMEHATE)b JIPOOU IPU T — 0O SIBJISIIOTCs HECKOHEUHO GOJIbIIIK-
MU (DYHKITUSIMHI, TIOITOMY TPABUJIO HAXOXKJIEHUS TIpejiesia YJaCTHOTO HEOCPEeCTBEHHO
neripuMennMo. [Ipeobpasyem Jpobb: Pas e/ uM YUCAUTeb 1 3HAMEHATEb APo0oK Ha, 2
(cTapinyio crerneHb) U MPUMEHUM MTPABUJIO HAXOXKJICHUS MpeJiesia YacTHOTO U PABUIIO

(vi):



: 1
_ v?—1 , 1-4 xh_{glo(l_ﬁ)
lim —————— = lim T = v = 1
poeoa? =342 emxl—f4 5 lim (1-2+5)

IIpumep 5. Haiitu lim z sin(23).
z—0

Pemenue. [lockonbky i dyHknun  sin(x ™)  BBIIOJHAIOTCS  COOTHONIGHHSE
—1 < sin(z™?) < 1, nomywaem, uro —z < asin(z?) < 2. Tak kax

lim(—z) = limz = 0, TOI/Ihmxsm( 3) = 0.
z—0 z—0 x—0

el‘
HpI/IMep 6. Ha,I/ITI/I ilif(l) m

Pertenue. Bocronbayemcst yTBep:KIeHHEM O Tpejiesie MPOU3Be IeH s U TPaBUIOM (Vi):
e’ 1

i) eIy =1 0=0

x — 10 1. va+15—2

IIpumep 7. Haiitu 1) lim ———; 2) 1
x J—

r—10 \/E_ \/_

Pemenne. 1) [lyist «packpbiTusiy HEONPEJIEICHHOCTH BY/IA, 0’ peodpasyem JIaHHYTO

Cl)YHKU;I/HO, Pa3JIO2KHB €€ YUCJINTEJIb Ha MHOXKHUTEJIN:

r—10 (V- VIO)(VE+VID)
Vi-vID Va-VDo

Tak kak QyHKIMsT /T SABAAETCA OJHON N3 OCHOBHBIX 3JIEMEHTAPHLIX (DYHKIMI 1 oHa

omnpejiesena B Touke 10, To
lim /z = V10.
x—10

N3 [IpUBE€ACHHBIX BLIIIE BBIKJIAJO0K CJAE€AYET, 9YTO

, r—10 . B
hy eV (v Vo) = 2vio.

2) Beeném moByto mepemennyio y = +/ax + 15, Torma y — 2 mpu z — 1
=1y — 15. Orciona ciaeyer, 4To

— /z +V10.

. Vo +15-2 y— 2 . 1 1
lim = lim ¥—— = lim = —.
z—1 x—1 y—>2 y*—16  y=293 +2y2 +4y+8 32

SaMeTI/IM, 4TO BTOPOE PAaBEHCTBO IOJIYYEHO C ITOMOIIbIO d)opMyﬂbI Pa3HOCTU N-X CTe-
I[eHen

a" —b" = (a—b)(a"t+a" b+ a" T+ ab” i b,

IPUMEHEHHON K BhIpazkennio y* — 16.

10



In(2e* + 327%)

In(2e** 4 3
IIpumep 8. Haiitu a) lim n(2e +3) A Ber £ 1)

r—+oo In(3e® +4)’

 6)

Pemtenne. a) [l Toro 4To0b! «PacKpPBITL» HEOMPEIEICHHOCTD >, TIPeodpasyeM dic-
JINTEJIb U 3HAMEHATEhb, BBIJICJINB «IJIABHOE» CJIAraeMoe:

(26 + 3 _ln( 2x<2+@%)> _1 (2w)+1n<2+i>

(e +4) <e$ (3+ ei)) n(er) +1In (3+ )

n(2+ )
2:L'—|—ln(2 ) 2+ ¢
r x
—
x—i—ln(3+ —) In (3+—)
1+ ¢
X

[Tockonbky dyuknust y = In(t) siBasiercst HEMPEPBIBHOI, TO

In (2+%> 5 .
lim € = lim In <2+—) lim — =

T—400 X T—+00 e2r ) z—+too 1

1
:ln(2+ lim i) Im —=1n2-0=0

=400 €27 ) x40 1

n aHaJIOI'nM1HO

TO

(Hln(“eﬂ)
2

122:10 3 T—400
i 2T E3) ==z

z—+oo In(3e® + 4) In <3 n _)
lim (1 + —ex>

r——+00
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6) Kak u B mnpepiiyiieil 3ajjade, BbIJICJINM B YUCIUTENE W 3HAMEHATENE JPOOH
«TJIABHOE» CJlaraeMoe:

26296 2 2x
. In | 22 (3 + )) 2 €
In(262 + 322) ( 22 B In(z”) 4+ In (3 + = ) B

In@er +at) (w4<1+3—6x>> R

rd

2
2In|z| + In (3—|—
_ x

2 In |x|
- 3e” 3e”
Aln fo] +1n (1+25) In (14 57)
In |z|
[Tockonbky
2e27 3e” 1
im 2 =0, lim 2 =0, lim — 0,
r——oco T2 z——oco 1t r——o0 In |x|
a QyHkiust y = In(t) siBjisiercsi HEMPEPBIBHOI, TO
2 2z 3e”
n (3+=,) In (44>
lim |2+ L =2, lim (1+ L =4.
2= —00 In |z| . In |z|

Orciopa ciaejyer, 9o
. In(2e* +32%) 1
lim = —.
r——oo In(3e® 4+ z4) = 2

IIpumep 9. Haiitu iinq arctg(In(e - cos())).
3
Pemtenme. Hamnuiem 1iernouky cooTHOIIEHU:
T
yp=—, yp=e-cosy, ys=Iny, y, =arctgys.

[Ipumensist mocje0BaTeIbHO TeopeMy O IIpejiesie CyNepro3uun pyHKIUM, IogIydaem

lim yy(z) = 2m;  limys(x) = lim e-cosy; = e;
T3 3 y1—2m

lim y3(z) = lim Iny, = 1;  lim yy(z) = lim arctgys = 7.
ZE*)% Ya—e€ 1}*}% y3—>1

IIpumep 10. Haiitu 3navenuns mpejiesion:
T 223 +1 ) ctg? mx
1) lim (sin T) ; 2) lim ( ) :3) lim (sin?2z)'%7,

r—1 z—=1\x+ 3 =5+

Pertenue. 1) [Ipeobpasyem Bbiparkenue 1o 3HAKOM MPEJIeia, CONIACHO MpaBuity (Xi):

2% +1
<sin 7T4—x> = exp ((29&3 +1)In (sin %))

12




Tak Kak

1
lim(22° +1) =3, limln (sin Z—x) =1In (lim sin %) =1In (—),

rz—1 r—1 rz—1

TO

20 +1
. . X . . 3 . E .
ilg%(San) —exp<91€1£% ((Zx +1)ln(sm 4))) =
()
= ex ‘In({—) | =—=.
' va/) 2
2) U3 coornouennuit

2 3
v =In= <0, limectg®ne = +o0
4 z—1

lim In
x—1 T+

1oJiy4aem, 4ro

2
lim <ctg27r:z:1ngcjL > = —
r—1 r+3
CutejioBaTesibHO,
9 ctg2 T 9
lim v = exp lim<ctg27rxhn$Jr > = 0.
z—=1 \x+3 z—1 xr+3
3) Tak kak
lim In (Sin2 295) = —o00, lim tgxr = —o0,
TG+ 5+
TO

lim (sin?27)%* = exp ( lim <tg:1:1n (sin® 2:1:))) = +o0.
T35+ T3+

§ 3. 3amMedarebHBIE ITPEIEIbI

Boruncienue mpejie/ioB BO MHOTUX CJIYUasX CTAHOBUTCS POIIE, €CJIA UCIOIH30BaTh
caejyronue (popmyJibi:

13



z—0
1 .’I/‘
lim (1 + —) = e,
T—00 T
| N (3.1)
i L =1 LR
z—0 X
v
lim &~ = Ina, a>0,
z—0 X
1 1 1
limoga( _HB): , a>0, a#1
70 x Ina
.1 —cos(ax) . arcsinzx
[Ipumep 11. Haiitn 1) lim ————; 2) lim ———.
z—0 xT z—0 T

Pemenne. 1) Ilpegcrasum equauity kak cos 0 1 BocrosibayeMmcst (pOpMyJIoi pasHOCTH

KOCHHYCOB:
1 — cos(az) = cos 0 — cos(axr) = 2sin’ %.
axr

Bgejist HOBYIO nepeMeHHyto y = - 1 1oJb3ysch 3.1, mosyuaem, 4To

lim —— = lim —= = lim
z—0 xQ z—0 ;132 x—0 €T

1 — cos(ax) ¥ ZSiHQ% 2( sin%)QZ

asiny 2 g2
=2 [ lim = —.
y—0 2y 2
2) Crenaem 3ameHy mepeMeHHoil y = arcsinz, torma y — 0 mpu x — 0
v x = sin(arcsin z) = siny B okpecrnocru Toukn x = 0. Orciona ciemyer, 910

. arcsinx ) Y
im ——— = lim —
z—0 €T y—0smy

= 1.

1
ITpumep 12. Haiitu lim (1 — tg? x) sin 22
z—0

Pemenne. Bocnosbayemest ipasuiom (xi):

. i
lim(l—tgfav)siﬂz?ﬂﬂ:exp(limln(1 e x))

x—0 z—0 sin2 27

Haiijiem 3HadeH#e moyiy duBIIerocs mpejiesa. 3aMeTuM, 9TO IIPABUJIO BHIUNCIEHU IIPe-
JleJia 4aCTHOI'O HEIOCPEJICTBEHHO HEIIPUMEHUMO, 1TOCKOJIbKY UMEEM HeOlPeJIeJIEHHOCTh

14



0 :
o+ [Ipeobpasyem jannoe BbIpaXKeHue:

In (1—tg?z) In(1-—tg?z)-(—tg?x) _ In (1+ (—tg?z))

sin? 2z sin? 2z - (—tg? x) (—tg*z)
y —tg®z  In (1+ (—tg?z)) —1
4sin’zcos?x (—tg?x) 4deostx
In(1+ (—tg?x
Boraucium upegen lim ( ( 5 8 )) . Boinosninum 3ameny y = —tgZz. Torua
=0 (—tg x)

y — 0 mpu x — 0. [Tonb3ysich 3aMedaresbHbIME TIpeeamu (3.1), moaydaem, 9ro

12
1im1n(1+< te x>)zhmM:1
z—0 (— tg2 a;) y—0 Y

Orcrona caejayer, 9To

1 . 2 _
z—0

20 —tg?x 4 cos* x

B . In (1 — tg?x) . —1 B . —1 1
— P —tg%x eS0dcostz ) CP\Y T4 )T

15



§ 4. AcumnToTmdeckoe cpaBHeHUe (PYyHKITIIA

[Tycrs dynxmus g(x) ne oOpalmaercs B HyTb B HEKOTOPO#i IPOKOJIOTOH OKPECTHOCTH
roukn a u3 R. Torna:
. flx)
1) ecam hmﬂ = 1, To roBopst, uro ¢ynryua f(r) sxeusarenmna QyHKIHNA
T—a g €T
g(x) mpn & — a, v umyt f(z) ~ g(x) npn x — «;

2) ecam cymecrBytor ducsia C' > 0 u § > 0 Takue, 9410 B IPOKOJIOTOM 0-OKPECTHOCTH

f(x)
g(z)

TOYKH @ CIIPABEJINBO HEPABEHCTBO < C, 1o roopsr, uro f(z) ectb O

oosbiioe or g(x) npu © — a, u muimyT f(x) = O(g(z)) npu x — a;
3) eciuu limM = 0, To roBopsTt, uro f(x) ecth o masoe or g(x) pu r — a,

v umyT f(x) = o(g(x)) npu x — a;
3ameuanme. OrnpejiejieHnss MOXKHO chopMysupoBarb B ApyroMm Buje. Ilycrb
f(x) = h(z)g(x).
1’) Ecau h(zx)
2’) Ecnu h(z) orpanmdena B HEKOTOPOit okpecTHOCTH TOUKE a, TO f(x) = O(g(x)).
3’) Ecmu h(z)

— 1 npu x — a, vo f(z) ~ g(z).

— 0 mpu x — a, To f(z) = o(g(x)).

Banuce f(x) = O(1) upu x — a o3uavaer, uro byuxnus f(x) orpanudena B HEKO-
TOPO# OKPECTHOCTH TOUKHK @, a 3amuch f(x) = o(1) npu x — a o3Hagaet, 9o QyHKIUS
f(z) aBasercs GeckoHETHO MAJIOi TIpH T — a.

IIpumep 13. [doxakure, 4TO

a) tgx ~ sinz npu x — 0,

6) 22° + xcosx = O(z?) npu x — oo,
B) 22 = 0(2% — 1) npu x — 0.

Pemenne. a) Jlannoe yrBepjeHne BEPHO, TIOCKOJIBKY

tgx ) 1
lim = lim
r—0 SIN & z—0 COS T

= 1.

212 4+ xcosx

6) Paccmorpum BhIpazkeHue . Ipu |z| > 100 BepHa ciemyormias 1e-

2
€T
I[IO4YKa COOTHOIIEHUI:
212 + xcos x CoS T COS T 1 1
x x \x\ 100
CrenoBaTesibHO, €CIn B3STh 0 = ﬁ, TO HMOJIYYUM, U4TO B HPOKOJOTOH J-OKPECTHOCTH

TOUKH 00 MOyJb YacTHoro (gynxmuit f(x) = 222 + xcosx u g(r) = 2* orpanuuen

61
KoHcTanToit C' = 2100
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B) lokaskem, uto npejie uacrioro dynxiuit 2 n 2% — 1 pasen nyimo. [obsysich
dbopmynamu (3.1) ¥ TPABUIOM BBIYUCIECHUS PEJIesa TPOU3BEICHNUS, Oy UM

1’2 i

lim o7 = Im oo - lime = = - 0=0.

§ 5. Brlumciaenne npeaejaoB Opu IIOMOMIN
3aM€eHbI HA 9KBUBAJEHTHBIE

Mo>kHO yHpoCTUTH BBIUKUCIEHUE TIPEJIEJIOB, 3aMEHUB (DYHKIIMIO Ha SKBUBAJIEHTHYIO
O CJISJYIOINIEMY TTPABUJTY.

f(z) ~g(z) npu z = a < f(z) = g(z) + o(g(z)) upn z — a.

Haupumep, upu x — 0 BepHbI cjejyionine COOTHOIICHUSI:

1) sinz =z + o(x); 2) tgx =z +o(x);
3) 1—cosx:%2+o(x2); 4) " —1=2x+o(x);
5) In(1+2) =2+ o(x). 6) (1+2z)?—1=px+o(z).

ITpumep 14. Boruuciuth npejiesibi:

sin 52 sinbx — 1 + cos 2z
lim — . 6) li Va2 — li )
2) r0 c08 20 — 17 )ﬂc—l>r+noo( vhe ), ) xg%\/l—433—1+1ﬂ(1+3x)

Pemenue. a) IIpeobpasyem uuciures. [lycrs ¢ = 5x?) upu srom ¢t — 0. Torja
sint =t + o(t) wnu sin 5z? = 5% + o(2?),

2
Anasoruuno cos 2z — 1 = & + o(2?). Ilonyuaewm:

2
. o\x
. sinbz? . 52% + o(2?) . o+ % 5
lim ——— = = lim —&—~ = ——.
=0 cos2x — 1 20 =222 + o(a?) 20 _9 4 oz?) 2
2
2
B nocsie/ineM paBeHCTBE Mbl BOCIIOJIB30BAJUCH TEM, UTO % — 0 110 onpeJIesIeHIIo

O-MaJIOTI'O.

0) CuenaeM 3ameny t = %, apu 5ToM t — +0.

1 1 1 1
lim (\/x2+x—:z:): lim ( —-I————) = lim¥<\/1—l—t—1> =...
Mockosbky vVI+t—1=(1+6)V2—1=1t+o(t),

. 1/1 (1 ot 1
o= Hm - (5”0“)) = Jim (5*7) bt

17



B) 3amuiinemMm U3BeCTHBIE SKBUBAJEHTHOCTH pU & — 0
1
sin 5z ~ 5x; —1 4 cos 2w ~ —2x%; V1 — 4w — 1 ~ 5 4x; In(1 4 3x) ~ 3z.

CILGH&GM B BbIPpazKE€HNHN COOTBETCTBYIOIINEC 3aMEHDI.

. sin b5z — 1 + cos 2z . 5z +o(x) — 22% + o(2?)
im = lim =
=0 /1 —4r — 1+ 1In(1+3z) 220 =2z + o(x) + 3z + o(x)
. 5—21‘+M+0(€2)°$
= lim g L =5
z—0 1+ o(x)

3amMmevaHue. 3aMeHa (PYHKIUU HA SKBUBAJEHTHYIO TPUBOJUT K “OrpybJIeHnI0” UCXO/T-
HOTO Bhipaxkenwus. [lociie HeygauHOW 3aMEHBl MOXKET OKa3aThCsl, ITO MOJIYINBITARCS
pejiest HeJIb3sh BHIYUCTUTD, KaK MOKa3bIBAET CJCAYIONNNA TPUMED.

sinx — @
ITpumep 15. Boruncauts npejen lim ———.
=0 tgx —

Pemenne. Crenaem 3ameny sinz = x + o(z), tgx = x 4 o(x). Hoayuaem:

[ToceHee OTHOIIEHNHE MOYXKET JaBaTh B Tpejelie Jioboe ducjio (a MOXKeT BooOIIe
He WMeTh mpejiesia). M3 aroro He cirejyer, 9TO MCXOMHOTO TpEjesia He CYIIeCTBYET.
[Tpuunna B TOM, 4TO Mbl CJUIIKOM “3arpyou/in’ BbIpaxkKeHue 3aMeHaMHu.

Ecnu BoCnosb30BaThCsl COOTHOTIEHUSIMU:

$3 3

sinx = x — 5 +o(x?), tgr=1x+ % + o(z?)

(oru caenyior u3 hopmydibl Teitiopa, 0 KOTOPOIt Bbl y3HaeTe B JIATbHEHTIIEM ), TO MOKHO
BbIUMC/IUTH 3HAYEHUE TIPEJIeIa:

3
_sinz—az . —L4o(®) i A ]
lim ——— = lim 3 = = lim Sy =
T tgr = w0 g foa) e g4 2 2

§ 6. Kinaccmpmkanusa Todek pa3pbiBa

Omnpenenenne 11. Touky xg uz X nasviearom moukot paspuea gynkuyun f, ecau xg
He ABAAELMCA MOoUKol Henpepuernocmu f.

Bameuanme. OuesnHo, rg € X', MOCKOJBLKY B U30JUPOBAHHBIX TOYKAX MHOMKECTBA,
X mobast dyuknms f: X — R menpepoiBaa.
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ECI[H CcynieCTrByeT KOHEYHBINA npejaesa hm f(:E), OTJIMYHBIA OT f(xo), TO X HA3bI-
T—To

BalOT mMoykot YCmMpPaHumozo pa3pouviea.

ITpumep 16. Touka x = 0 sBjsieTcss yCTPAHUMOIN TOYKON Pas3phiBa s (PYHKIUU

x, ecaux %0,

flz) =

10, ecmm x = 0.

Yucso xy HABBIBAIOT MOouKol pa3puiea nepeozo poda GYHKIWA f, eCu CyIecTByOT
KOHEUHbIE OJJHOCTOPOHHUE Tpejebl f B 1ot Touke u f(zg — 0) # f(xo + 0). Ilpu
9TOM TIOIPA3YMEBACTCS, UTO Xy — TpeJebHast TOUKa it MHOXKecTB {x € X |x < ¢}
u{r € X|z >z}

IIpumep 17. /lokazarh, 9TO TOUKA T = 7 SBJSIETCA TOYKOM pas3pbIBa IIEPBOrO PO
JUIst PYHKITUY
cosr, ecm T < T,

fx) =

sinr, ecnd T > .

Pemtenwne. Jlerko Bujiers, 4ro

f(r+0)= lim f(zr)= lim sinz =0,

z—7m+0 z—7m+0
f(r—=0)= lim f(x)= lim cosz = —1.
x—m—0 z—m—0

CreroBaTeILHO, MOCKOILKY 00a Ipejiesia KOHETHBI X OHN PA3JIMIHDLI, TO T = 7T — TOUKA
pas3phiBa MEPBOTO POJIA.

Bynem HasbiBarh o mowkol paspwviea emopozo poda pyHKimu f, eciaum XOTs Obl
onun u3 npejenos f(xg — 0), f(xg+ 0) GeckoHeueH WM HE CYTECTBYET.

ITpumep 18. [lokazarh, 4To PyHKIMs

1
ez, econ x # 0,

fz) =

0, ecmuzxz=0.

B Touke x = () TeprnuT pa3pbiB BTOPOTO POJIA.

Pemenne. 3amernm, 9To

.1 .1
lim — =400, lim —= —oc.
z—+0 2 z—=—0x

Bocnosb3yeMmcs: IpaBuioM BBIMHCICHUS IIpejiesa CyIepIo3uiuu (PyHKITMA:

1

lim =
f(+0) - lig_l() 6% — ezaJroI — +OO,
x
lim
f(_O) = hmO e% = eza—ow — 0
T——

Tak kak f(40) = 400, To mig gannoit dyskmuu r = 0 — TOUYKa pa3pbiBa BTOPOTO
poJjia.
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[. Chopmymupyiite Ha si3biKe €-, - OKDECTHOCTEH (¢ MOMOIIBIO HEPABEHCTB) CJIE/LyTO-
1ee yTBepKJieHrne U IPpUBEJIUTE COOTBETCTBYIOIIUI ITpUMep.

1.1.
1.3.
1.5.
1.7.

1.9.

1.11.
1.13.
1.15.
1.17.
1.19.
1.21.
1.23.

1.25.

s, T18) =
lim f(z) = oo
lim f(z) =

Tr—a

—0OQ.
xl—gzri() f(x> = oo
Q.
0.

xl—lizr—}—o f(x) -
xgl;lrof(l') -
lim f(x) = +o0.
T—00

1.2.
1.4.
1.6.

1.8.

1.10.
1.12.
1.14.
1.16.
1.18.
1.20.
1.22.
1.24.

1.26.

20

S =0
lim f(z) = 400
T—a

lim f(x) =00
z—a—0
;vl—gzriof(x) -
xl—libr—}—of(x) =t
e, fo) = o0
e, fw) = —eo

lim f(z) =400
T——00

lim f(z)=0+0.
T——00
e @) =4-0



II. TTonb3ysich orpejiesieHreM 1pejiesa, JJOKayKuTe paBeHCTBO.

2.1.

2.3.

2.5.

2.7.

2.9.

2.11.

2.13.

2.15.

2.17.

2.19.

2.21.

2.23.

2.25.

lim 22 = 9.
r—3

lim 2% = 0.
T——00

lim L =0.
T—+00 v

) 1+x
lim
x—=3-03 — 1

= —0OQ.

limlnx = 0.
rz—1

xl_l}’_{loo logs v = +00.

lim x = —1.

rz——1
2
) v —1
hm _— = —1
T——00 €

limva2+1=1+0.
z—0

lim x(z + 5) = 14.
T—2

2.2.

2.4.

2.6.

2.8.

2.10.

2.12.

2.14.

2.16.

2.18.

2.20.

2.22.

2.24.

2.26.

21

N
lim
:E—>11—gj

lim 3% = 4o00.
T—+00

) 2+ x
lim = +00.
x—240 2 — g

lim /x = 2.

T—8

= OCQ.

lim logy, x = —o0.
x—0

lim 22 = 4.
T——2

1
lim — = 1.

a:—>1\/5_

2
) s —1

im ——=1.
T—+00 x

lim (22 — 2 —3) = —1.

rz——1

lim(3 —x)*=9+0.

z—3

lim+vzx+1=1.

z—0



[IT. Jokaxkure, 4TO 1pejesa He CYIIEeCTBYeT.

3.1.

3.3.

3.5.

3.7.

3.9.

3.11.

3.13.

3.15.

3.17.

3.19.

3.21.

3.23.

3.25.

lim 12%¢%,

r—+00
llm eCOSlC
r—+00
1
lim 4 /sin® —.
z—0 x

. . .
lim sign ( sin —) :
x—0 2x

. 5
lim < arcctg —) :
x—0 X

. Va?+ a8
lim ——.
=0 1+ 20

o Vab 4+ 27
lim ————.
=0 13 + x°

) rsinx + 2

im ————

T—+00 T + 2

sign x

lim(l+2z) = .
x—0

Ve _
lim (1+ |x|) 1.
x—0 T
i L0871 +]a]) =1
x—0 €T
lim (374) i
x—0
lim (832) =
x—0

3.2.

3.4.

3.6.

3.8.

3.10.

3.12.

3.14.

3.16.

3.18.

3.20.

3.22.

3.24.

3.26.

22

lim 15%sn7,
r—400

lim 7sine,
r—400

1

lim 4/ cos? —.
x—0 s

. ) (0
lim sign ( cos —) :
z—0 3x
) 3
lim < arctg —) )
z—0 €T

R/ ]
lim ———

x—0 :L‘+:U2 ’

. r?cosx + o
lim ————
T—+00 (gj — 1)2
i S8 ||
z—0 €T

lim (1 + |z])*.
x—0

8=

o 51
o0 /g2
lim (125)2=.

x—0

lim (21, 4) s,

s
T—g

lim_(59)#s=.

_T
T—r 2



IV. Haiijure 3nadenue npejeia.

4.1.

4.3.

4.5.

4.7.

4.9.

4.11.

4.13.

4.15.

4.17.

4.19.

4.21.

4.23.

4.25.

) 6 —br — 222 + a3
lim )
1—112 — 11z — 222 + 23
3 + 10x + 922 + 223

6 —x—4x? — 3

154322 + 322 — 223
lim
z—5  br — 1122 + 223

14492 — 622 — 23
lim )
=2 2 — 92 + 1022 — 323

10 — 3z — 622 — 23

im i
=112 — 192 + 8x2 — 23

lim 24 + 261 + 922 + 3
a——448 — 162 — 3x2 + 13

) 3+ 4r — 5x? — 223

lim X

z——1 6+ 132 + 22 — 223

lim
r——3

, 6 — T+ 2°
lim i
z—112 — 10z — 422 + 223
45— 9x — 5 + 2P
lim )
-3 12 + 8 — 1322 + 323
16 + 40 — 422 — 23

lim

r——412 — 170 — 1322 — 223"

. 6+ x—bx?— 228
lim )
r——3 6 + To — 22 — 223

) 30 + 19z — 2°

lim )
t—-36 + bx — 222 — a3

20— 192 — 222 + 28
lim .
2—5 35 + 232 — 1122 + 23

4.2.

4.4.

4.6.

4.8.

4.10.

4.12.

4.14.

4.16.

4.18.

4.20.

4.22.

4.24.

4.26.

23

6+ 11z + 622+ 23
lim )
r——2 8 — 6x — 32 + 23
6+ 17x + 1122 + 223
2¢ — 312 — 223
12 4+ 172 + 3% — 223
e—4  4x — 1322 + 323
30+ 11x — 422 — 23
lim )
x—3 24 — 26x + 9£U2 — SC?’
10 + 17z + 822 + 22
im .
t—-1 12 + 5z — 622 4+ 23

T——2

15 — 220 — 1522 — 223
30 — 192 + 23 '

. 6—13z 4+ 22+ 223
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V. Borauciaure 3Hauenue mpejela.
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VI. Borauciure npejiesibl, M0OJb3ysCh «3aMedaTeJlbHbIMIY TTPEJIeTaMU.
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VII. Berauciure npeesibl, UCIOJAb3Ysl TPABUIO CYIIEPIO3UIUN TIPEJIEJIOB.
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VIIIL
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X. Hokaxkure cjeayroliue acCuMITOTUIECKUE CPABHEHUS.
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XI. Boraucsaure 3nadenue npejiesia, UCIOJIb3Ys 3aMeHy (PYHKIUMI Ha SKBUBAJCHTHbIE.
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XIII. ¥Ykaxkure TOUKU pa3pbiBa PYHKIIUU U ONPEJIETUTE UX THIIL.
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