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[MPEANCIOBUE

Tpyano, na nam B3rasm, 0CHOPUTL YTREPAKJICHUC, YTO 3HAYNTCILHAA YACTH MA-
remaTnkn XX Beka Ha3MpoBaJaCh HA TEOPETHKO-MHOMKECTBCHHOM dbysnamente. Y
B XXI Bexe, Kak HaM KazKeTcd, CHTYAUHs He MpeTepnesia KOPEHHBIX H3MEHeHuil.
Teopust MHOXKECTB N€KUT B OCHOBE OOMBIIHHCTBA COBPEMEHHLIX MATEMATHTECKMX
JMCHMILINH, BKIIOYEHHBIX B YUeOHBIC TTAHB IS YHUEEPCHTOTOR 10 MATEMATHYCC-
KUM CIENUAJBLHOCTAM. DJIEMEHTAPIHBIE CBEEHHSA 110 TEOPHU MHOMKECTB BXOAAT B
IPOrpamMMbl KypCoB anreOpbi, MATeMATHYECKOTO ananun3a, (PYHKIUMOHAMLHOIO aHa-
JIH3a, TONOIOIHH, Teopun Bepoarrocteit u T, Tpaanuuonno kax il JeKTop, pyKo-
BOACTBYACD, TIPEXKJIE BCEro, IPOrPAMMON COOTBETCTBYIOMWEH JMCIIAILIMHAB 0 CBOUMY
JMUHBIME BKYCaMH, BbibUpaeT u3 o6MIMPHOTO TEOPeTHKO-MHOKECTBEHHOTO MaTepH-
ajia 1O, 4TO eMy KarxKeTcst HeoOXOAMMBIM, H3AraeT 3T0 €O CBOeH TOUKHM 3PCHUS |
€ MCTIOIB30BAHKMEM COOCTBEHHON WIM MPUHATON B MPenomaBaeMol UM IUCHMILIHIE
cuctTempr obosHavuenuit. [locTaTouno HEAPHOR TCOPETHKO-MHOXKECTBEHHON KAPTHHbI
NpH 3TOM, KakK HPaBWIo, HE BO3HUKaeT. M3 mareMaruteckod JOrMku 06bITHO He-
NOJAL3YeTCd NUIIL CHeTeMa 0003HAYEHHHE ~ JTOMHYecKas CHMBOJIMKA.

[Tpu pabore naj; nocobueM aBTOPOM NPeCTEIOBAIACDH HETb — HONBITATHCA U3J0-
AKUTH ¢ eJUHBIX TO3HIAH OCHOBHOM, 110 €r0 MHEHHIO, MATEPHAJ TI0 TEOPHH MHOMXKCCTH
1 MATEMATHYECKOH JIOTHKe, HeoOXOAUMBIH 1 B TO XKe BPeMs B WIEHHOM OTHOMICHHU
Aocryunbiii cryaenram -1 kypeos MaTemaTHuecknx haxyabTeToB YHUBEPCHTETOB.
[Ipecaeioanack u enie oxHa BaXKHad, M0 HAIEMY MHEHHIO, 16T — YTOOLI OCHOBHbIE
BBOJMMBIE TIOHATHA “HE TOBHCATN B BO3YXe”, HOCTAPATLCH MPOUITIOCTPAPOBATE HX
AOCTATOTHO COMCPIKATEALHBIMA HpUMepamu npuMerenns. [TosroMmy B mocobue sxaio-
4eH, MOXKET ObITh, HECKONbKO M3OBITOUHBIH MaTEPHa, CBAZAHHLIN ¢ IPUMEHCHHAMY
akcuoMel BeIbopa. O apyrux ocobensocTax orbopa MaTepuana W BHGPAHHOLO HAMM
crocoba ero u3mnokenus OyaeT CKa3aHo HUKe. 3AMEeTHM JIMIIb, 9T0 aBTOp GOJbILe
3aDOTHACS O ACHOCTU U 1IOJHOTE, YeM O KPATKOCTH H3doKeHus. HACKOIbKO 910 eMy
YAAJIOCH ~— CYJIMTh YHTATem0. ABTOD CeNalt, 9TO MOT, IIyCTh APYrae CAeIAT 60Jib-
nie.

IIpu namucanun 1mocobus MCNOJL3IOBAINCH BKIIOUCHHBIE B CIMCOK JHTEPATYPbI
paboTbl PasTHYIBIX aBTOPOB HA 9Ty Temy. Beem um, Kax u Tem, ubn paBoThl He BKIIO-
JeHBI B CAMCOK JTUTePATYPhI, OAHAKO OKasaJu uieiinoe Bimanue wa (popMupopaime
B3MVISJIOB ABTOPA HA IPEJMET, Mbl BRIPAzKaeM UCKPCHHION GIaroflapHocTs 1 NpH3Ha-
TEABLHOCTD, () coaepanui nocobua MOKHO MOHATE 110 €ro A0CTATOYHO TOAPOOHOMY
OLJIABJICHTIO.

[lepsag rraba, HOCsIAs Ha3BaHume “DJIEMEHTH TCOPUM MHOMXKECTB”, COIEDIKHT
OCHOBHOM, 1O HAIEMy MHEHHIO, TEOPETHKO-MHOKECTBEHHLIT Marepuat. B neppom
naparpage paccMaTpUBAIOTCA MHOXKECTBA, OMEPANHH 1AL HUMH W UX OCHOBHBIE CBOMH-
c1Ba. [pu 9T0M MBI IPHICPKRBAEMCH TPOMEIKYTOTHOIO MeK 1y “HansupiM’ 1 “op-
MaJIbHBIM” CHIOCO0A BBELEHUA OCHOBHBIX NOHATHH, yieideMm Gojbliee, yeM 910 Tpa-
AMITHOHHO JEJAeTCd, BHAMAHNE PasbacHeHnIo “oueBriHbIX” cBORCTB, HAPUMED, OT-
HOUTEHUS PABEHCTBA, KOTOPBIME 00BIMHO COLEPKATENBHO HOJL3YIOTC, HO ABHO UX
ne hopmynmpyror. T.e. mbl Kak Gbl IBITACMCS 110 BO3MOMKHOCTH 1OJHO  ¢HOPMYITH-
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posarh “npauiia Urper’, HO e JIOXO/M /0 JIOTHUYCCKOrO KOHIA - He bopmymupy-
€M OCHOBHBIC JIONYINEHUs O MHOXKECTBAX B BHe (DOPMYJ 43bIKa MEPBOTO NMOPSIKA,
HE 3aMCHAEM COJCPIKATCABHYIO MaTeMaTHKy “Urpod B cumBosn’”. Mpl ABHKEMCSH B
HAIPABJICHHHA AKCHOMATUYCCKOM TeOPUH MHOKECTE W HHTEPECYIOMUHCS THTaTe b 110
APYTUM HCTOTHUKAM MOXET ¢ neil nossakomurbes. Ho mbl, Kak HaM Kaxercs, Bo-
BpeMA oCTanapaMBaeMest. V1 gesracm 91o 1o gBym npuunnam. Bo-nepsuix, mam me
UPEACTABAACTCA BOSMOMKHBIM YO IUTCABHO 0GOCHOBATL CTYJEHTAM MIIAANILX KYD-
coB BLIGOP TOH WM HHOH CHCTEMbI AKCHOM ISl TCOPHHM MHOYKOCTS. Bo-Brophix, “mo-
CTATOYHO MOJHAA" CHCTEMa aKCHOM TCOPHM MHOMKECTB AeHCTRUTENBHO GBIBACT HY K-
Ha B “MACHHO CAOKHBIX" CHTYAIMSAX, HATIPHMED, YT00bl JOKA3ATh HE3ABHCHMOCTL
KOHTHILYYM-THIIOTE3bl OT aKCHOM TCOPHH MHOXECTB, T.C. JIOKA3ATh “HENOCTATOUNYIO
nonnory” Brbpanno cucremst akcuom. 06 obwelr reopeme K. Lenenst o nenod-
HOTEC peub MOUAET B JAPYroM yueOHOM mocobum, mpogo/KalomeM antoe. Bo pro-
POM maparpache u3yuaoTcs COOTBeTCTBYA, OTHOMCNHS 1 hy KL, [oxaseiBaeres,
KaK OCHOBIDLIC MATEMATHYECKUE NOHATHA MOTYT OBITL ONPE/ICICHB Yepe3 MOHTIe
MHOKECTBA, IPAYEM 9TH ONPEJeICHN JOCTATOYHO XOPOIO COITACYIOTCS ¢ HAIH-
MIT RUTYHTHBHBIMH (peicTapiennaMu. Msyvalores ocrosusie THIB orobpaskenuii

- MITbEKTUBHLIC, CIOPBHEKTHBHBIC ¥ OMeKTHBHbIC. Bbijio HaMepenne 4ro-1o ckaszarh
00 MCIOMB30BAHUKM OTHONIEHHH B PEIALUONIILIX Hazax JAHHBIX, HO IIOTOM OT 37100
MBICJIH IPUILIOCH 1O Psily HPHYAH orkazarhed. B rpersem maparpade nsyqaior-
€ HEKOTOPBIE CTCHHANILHBIC OTHOUIEHH W, IIPEXKIE BCEro, OTHOICHNA 9KBHBAICHT-
HOCTH, YMaCTHMHOrO M JHHEHNoro nopsjgxka. PaceMmorTper Bompoc o ¢Basm oTHOLIe-
HAH SKBHBANCHTHOCTH ¢ pasOuenusaMu MHoxecTB. [oKashIBaeTess, KAK OTHOLICHMSI
IKBUBATCUTHOCTH i1 (DAKTOPMHOKECTBA HCTONBL3YIOTCA IIPH TOCTPOCHHE Ha OCHOBE
CHCTEMBI HaTyPaNbHBIX YHCET KOJbIA UEABIX YUCeN, ToAeH PANMOHAILHLIX U nefi-
CTBITE/NLHBIX uucest. B werseprom maparpade usyuaeres nonsirue PABHOMOTIHOCTH
MHOZKCCTE, oKasbiBaeTCsl u3BecTHast Teopema [ Kanropa — ®. Bepuurreitna o6 an-
THCUMMETDIIHOCTH “OTHOMIeRHS] MACTHIHOTO TOPAJKA, Ul MOLHOCTEH, Teopema,
I Kanrropa o Maosecrse-crenenn. B ngrom naparpade PACCMATPIBAIOTCH HEKOTO-
phLie CBOHCTRA KOoHeun BIX H CYETHBIX MHOXKeCTB, KOTOpBIE, 110 MHCHUID aBTopa, Han-
HoJIee ACTO HCIOMBL3YIOTCS B JIOKA3ATCILCTBAX MATEMATHICCKIX reopeM. B mecrom
naparpade NpUBOAATCA EKOTOPHIE CBEJACHISA O MHOKECTBAX MOIIHOCTH KOHTHHYYMa
1 06 onepanuax Hajd KapJuHATbEBIMU YHCIAMY, IIpu a1om caeayer 0cobo Bbige T
TCOPETHKO-MOIHOCTHOE JOKA3ATENLCTBO CYIMECTBOBANNS TPAHCUCIUICNTHBIX HHCET
- AOKA3ATENLCTBO HECUETHOCTH MIOMKECTBA BCEX TPAHCHCH/CHTHRIX meer. Myenno
¢ o10it Teopempl, pokasapnoit I Kantopom o sropoit nososmme XIX BEKa, U Ha-
THHAET cBoe “rpruyMdanbHoe mecrBre” KAHTOPOBCKAS TCOPHA MHOKCCTE. Cempmoit
naparpad CryKuT BEEJCHIeM B TEOPUIO BIOJHE YHOPAIOUCHHBIX MIOKecTs. B HEM
0COBOE BINMAHKC YIACHCHO JOKAZATENLCTRY PABHOCHILIOCTH AKCHOMI BhIGOPA, ps-
AY TEOPETHKO-MHOMKECTBEHUBIX yTRepKAeHni. VI urobnt 9101 MaTepuan “me nosuc
B BOBAYXC", B KAYECTBE €ro TPHIOKEHHs: PACCMOTPEHA TeopemMa 0 CyIIeCTBOBARMM
Gasuca b mMobOM BEKTOPHOM NMPOCTPANCTES, 4 KAK ee CHEJICTBHE — JIOKA3ATeIbCTBO
HEBHIBOIMMOCTH CBORCTBA OLHOPOSHOCTH (hy HKUHY U3 €6 AJMTUBHOCTH, B JIBYX CJ1e-
AYIOIHX Haparpadax U3JI02KeH MATePHAT 110 AKCHOMATHYECKOMY HOJXOLY K TeOpUu



HATYPAILHBIX qHce — cucrembl [leano, TeopemMa 0 peKypeHBHBIX ONPEACTCHIAX B
cucremax [leano u pacemorpenst eme jisa BasKHBIX, HO HAIIEMY MHEHHUIO, IPUMEHe-
HHs AKCHOMBI BRIDOPA. 3akaHUMBaeTCs TaBa HEBOMBIIMM HCTOPHYCCKUM 0630poMm,
KOTOPBIH HU B KOCH Mepe He HpeTeniyer Ha Kaxywo-m6o noanory. Ero sasmavenne
- HONBITATLCA OKA3ATH MHTATENI0, HAMMHAIONIEMY CePbe3HO H3yYarh MATeMATHKY,
1TO MATCMATHYICCKUE 3HAHNS COBAABANNCH MHOTHME TTOKOJEHHAME HCCIEA0BATCACH
KOTOPBIM Mbl JOJKHBL ObITH 6/1ar0JapHb.

Bropas riasa “DeMenTL MaTeMATHICCKON JOMMKI HAUHHACTCH ¢ BBOJIHOTO 1A~
parpada, conepsamero HeoOXoAUMbI MATEPHAT 110 anasuTam, cI0BaM 1 olepanu-
aM Ha 1 HuMu. Bropoit naparpad nocssien Joruke BBICKAZBIBAHNIT, KaK mpocreiie-
MY, HO YPE3BBIMANNO Ba’KHOMY pPa3Jieily MaTemaTndeckoll joruxn. Ilenrpansanivu
MOHATUAMU STOTO Maparpada ABJA0TCA NOHATHA UHTEPIPETAINH, UCTHHHOCTHOTO
3HayeHus GOPMYNIHI B HHTEPHPETAIAN U JOTMICCKOTO CHEICTBIS MHOKECTBA pop-
Myst. Ocoboe mecto B aTom maparpade, Kak u Bo Beelf BTOPO# 9acTu, 3aHUMaer
TCOPEMa KOMIAKTHOCTH VI JIOTHKH BhlcKasbiBanuil. Msnaratores apa gokasarems-
CTBA 9TOi TCOPEMBL, KaK/10€ H3 KOTOPLIX MOXKET BHIThH Mpeofpasorano, XoTs i He 6e3
JAONONHATEJIBHBIX YCUIUH, B MOKA3ATLILCTBO YPE3BHIYANHO BAKHOIN TCOPEMBI MaTe-
MATHYCCKOi JIorukn — Teopembl koMnaktnoctd K. Femens — AU, Maabresa aiaa
JIOPRKH NPEJIUKATOB. JTa TEOPEMa, OCODEHHO ee JOKA3ATEILETEO, KOHEe4Ho, TpyjiHa
AL CTYACHTOB MiIaAmuX Kypcos. OJHAKO B CJIYYAE JOTHKHM BbICKA3BIBAHUI MOYKHO
6e3 0cOHOro TPYJIA NOHATEL KAk CAMY M0 JOKA3ATENLCTRA, TAK N TEXHHICCKHE j1e-
TAJIH, \ITO HECOMHEHHO MOMOMKET NO3Ke TMOHATH H JOKA3ATE/NbCTBO B 0BeM Clryviae
ucuncaennd upegukaros. Caeaywoumit naparpad MOCBAEH HCYNCICHIIO BHICKAIH-
BaHA# — BBOAATCH JIOTHYCCKUE AKCHOMBI M MPABUIA BBIBOJA, BBIBOJA W BHIBOT W3
MHOZKECTBA I'MIIOTE3, /0Ka3biBaeTCsd TeopeMa AelyKIun. B kauecTse NOAroToBKM K
AOKAZATENBCTBY TEOPEMbl aJeKBATHOCTH JJIst HCIUCJICEHUS BRICKAZBIBAHUN M3y 9ai0T-
€l OCHOBHBIC CBOHCTBA OTHOLIEHUS BHIBOAUMOCTH. OCHOBHOI TIETBIO CTYAKAT JKeJia-
HHE HOBHAKOMMTL “MTATels Ha IPUMePe HCTHCACHHA BHICKA3HIBAKII ¢ HeKOTOPbIMU
OCHOBHBIMH MOHATUAMA MATEMATUYECKOR JIOPHKH, TEOPDEMAMM M HCIOJIb3YEMBIM B
UX JOKa3aTeIbCTBAX aNlapaToM, KOTOPBI B CIy4ae HCUUCTCHHs HPeANKATOR J10C-
TATOUHO CHoKeH # aberpakTeH. 3aBepuiaeTest raBa HEKOTOPHIMH CBECHUAMH O
HEAPXHMEZOBOM, WM HECTaHLAPTHOM, aHaju3e,peusb 0 KOTOpoM Toiiger B nocobuu,
IUIAHLL KOTOPOTO TOJILKO BHIHAIIHBAIOTCH.

Hommn3yscs ciyuaem, seipaxalo ray6okyio DIATOMAPHOCT PESAKTOPY HocObus
Aune Anexcaniposre AnajbeBol 3a TEPIEIMBOE H BHICOKO KAUeCTBEHIOO peaKTH-
posanne 1 Muxauny Awaronbesudy Baukumy 3a HEOUEHUMYIO TOMOTIL B KOMITbIO-
TePHOM Habope i npuaamuu nocobHI0 HOCTORIOTO BHENTHEro BHIA.



I'/TABA 1.

SJIEMEHTBI TEOPUN
MHO2KECTB

1. MuoxecrBa n onepanum #aja HuMU

Hauano xanmoposcxot, mm, kax nsorna FOBOPAT, “HAMBHONK", TEOPUU MHOMKECTB
OL1710 TONOIKEHO OTKPHITUAMH, COACPIKABITUMUCS B nybmxanusx I Kauropa 1871
1883 rr. B sTux paborax I Kanropa cogepxaioch uanoxenne ero yvyaenud o 0ecko-
HEYHOCTH, TEOPUU KADMAMHAIBUBIX M OPAMHATLHLIX YHCEJ, a TaKsKe TEOPUSL BIOJIHE
YHOPSLIOUEHIBIX MHOZKeCTB. B cBa3u ¢ MecieqoBanmsaMy 1o TCOPUU TPUTOHOMET-
pudeckux panos I Kaarop nonomen x meoGxopumoctu MOHATH, KAKHE MHOMKECTBA,
MOZKHO 00pa30BaTh U3 TOYEK ACHCTBHTCILHOM npsMoil. B wacrnocru, ero sannrepe-
COBATT BOIPOC, BCEra TN MOKHO 3aHYMCDOBATH HATYPAJTBHBIMH YHCIAMI 3TeMEHTh
HHCAOBBIX MHO2kKecTs. B 1874 1. I'. KanTop nosyqun OTPULATEJILHBI OTBET HA HOC-
Jenunii Bonpoc: uM Gblia yCTAHOBACHA MECHEMMOCING MHONCECTNES 6eer deticmeat-
TMEADHDLT WUCER, 3 3HAMUT, CYIIECTBOBARME DECKOHEUHBIX MHOKECTR PA3HOH MOITHOC-
tu. [lepBonavansno waen I Kawnropa e namu umpoxoit TOJIIEPAKKH Y €ro CoBpe-
MEHHEUKOB., Ocofenno apocTHoll KpuTHKe OHM Ghim noapepruyTor JI. Kpouekepowm.
OJIHAKO NMO32K€e OHM UPOHUK/IN BO MHOTHE PA3IEIB MATCMATHKI I OKa3aJ11 OTPOMHOE
Blusiine Ha ux paspurue. Oduupanbiol 1atoi npusnanus TEOPUN MHOXKCCTB MOZK-
HO cudraTh 1897 1. — uMeHHno B 9ToM rony Ha Ilepsom mex i YHAPOJHOM KOHI'pECce
marematHkoB 2K. Anamap n A. I'ypsun upusean MEOTOYHCICHLI MpUMepPb! Tpy-
MEHEHNA TCOPAU MHOMKECTB B MATeMATHYCCKOM aHa/u3e, sBAABIIEMCH B TO BpeMs
OMHAM U3 OCHOBHBIX pasnenon MareMaTuki. Teopus MHOKECTB ci1ykuT (yH1aMen-
TOM TAKHX COBPCMEHUBIX PA3JCI0OB MATEMATHKHM, KAK Teopus DyHKIuil leficrsu-
TCALHOrO nepemMentoro, obmelt anrebpbl, Tonosorun, byHKIMOHAILHORO AHAJH3A,
PEOMETPAN, TCOPHU BEPOATHOCTEN U T. )1,

[onarue muosicecmeo sBiaseTcs OMHIM U3 OCHOBHBIX HEONPedertemuLs TONATHI
MATCMATHKH M, KaK Mbl yBHJHM B Oamkafinmx uaparpadbax, oueHbh MHOIHE Mare-
MATHHECKRE NONUATHSA, TAKUe, HAIpUMED, Kak “ynopadouennas napa aiemenmos’,
“ynopadovernut nabop anemenmos’, Pyrryus’, “omnowenue” u et pa Apy-
FUX, MOUYT OBITH Ompejeensl depes HOHATHe MHOKecTBa, | Kawrop cienyromum
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IVIABA 1. DJIEMEHTBI TEOPHA MHOXXECTB

obpazom mosicHsier nousTHe MuoKecTna: “Tlog “muoscecmeosm MbI TOHUMAEM J1IO-
Hoe ()G'helmnenmz B OJIHO uestoe M onpegenenibx BloJHe pasinuuMbIX 00LeKToB m

B 9TOM nosicHenun |, Kam‘opa 0c000 CACAYET OJUEPKHYTh ¢JI0BA “ . .. ofzedume-
nue 6 0010 yeaoe . ..". BCum Mbl paccMaTpUBAEM HEKOTOPYIO COBOKYITHOCTH 00BeK-
TOB, HANPUMED, YETHBIX HATYPATLHBIX 4MCENl, TO 3[4eCh HET HYZK/IB FOBOPUTH, 4TO
OHY 06PA3YIOT HEKOTOPOE OOLEIMHEINE, HASHIBACMOE MHOKECTBOM, & MOYKIO poc-
TO FOBOPUTH O YETHLIX HATYPAJLHBIX YACHAX, HO KOIJIA MBI HEPEHOCHM BHUMAaHHE
C OTACHABHBIX YETHBIX HATYPANLHBIX UHCEI HA BCIO UX COBOKYIHOCTL, ¢ 910H COBO-
KYHHOCTLIO HATMHACM ONEPHPOBATH KAK ¢ HEKOTOPLIM HOBBIM OO'LEKTOM, TO 3/16ChH
W IOABJIACTCA nonaTHe MHOXKecTsa. Hexomopyro cosoxynnocms M ob6sexmos o
HAMURGCM PACCMAMPUBAMD KAK MHOICECTNEO, ECAU 8 HOWUUT PACCYICOCHUAT NOAG-
AREMCA NEKOMOPAA HoBaH cosorynnocmb X 0bsermos, odnum U3 KOMOPUT A6AH-
emces M. Koneuno, Bee s11 pacCysKICHng SBISIOTCH HECTPOTHMH, HECKOMBKO “Ty-
MAHHBIMI”, HO BEIb ¢ CAMOTO Hadaja GBLIO OTMEMCHO, TO HOHATHE “ MHOMCECEo”
HEONPEALACMOe, A 3HAYUT, MOMXKHO TOJLKO THITATHCS KAK-TO TOSCHUTL €ro B Ha-
JEAKe, HTO Y YeNOBeKa, He BJAANEBIICrO 9THM MOHSTUEM, NOCIAE TAKWUX 1TOACHEeHNU
NOABHTCA HCKOTOPOE NPEACTaBIene O MONATHH MHOKECTBA, AJCKBATHOE HAIICMY
MOHUMAHKIO 9TOTO TTOHATHS.

Urobrt BeIpasuTh TOT bakT, UTO OGBEKT 0 CTh SaeMenm MuoHCeemea X . , Iy

€ X ¥ LOBODAT, YTO @ NPUHAOACIHCUN MHOICEE mey X. 3nak € ppegcn ;_L}K. [e-
alo Kak COKpallCHUe I'PEYECKOro CaoBa £07L — “Obirh”. Eeay ke Mbl HOIBITACMCS
YIOUHHTD, 4TO O3HAMAET yTBepKIeHue “a npunadaeorcum X", 1o 1octe HeKOTOPHIX
Da3YMUil IPHACM K BBIBOAY, ITO HAM HE OCTAETCS HUYCTO JPYroro, Kak HPHBHATE,
4TO OMHOULCHUE NPURAOAEHCHOCINL € CASIYET CUUTATL HEONPedesseMulm NOHAM-
ea. Kpome BBeJICHHOIO oTHOMIENNSt € HAM TTOHAT00HTCH CIIE OJIHO OTHOLLCHHUE, YIKe
XOPOMO U3BECTHOE TUTATCIO, omuowenue pasencmsa =. 3anuch = b oznauaer,
410 @ u b obosnauarom odun w mom oice obsexm. Eean ke umTaTeis HOIIBITACTCS
YTOUHUTE CMBICIT TToceanel hpasel, TO BETPETHICH ¢ TPYANOCTSIMI; HOHATHE papen-
CTBA = TOWKE CACAYET OTHECTH K NEPEONANGALHOM TOHATHAM (€CTb M APYIUE TOUKH
3penust, HO 06 9TOM peun no#aeT no3xe). YrvepiKkacuue ¢ = b MOKHO TOSCHITE
TaK: npo Jiodoe coiicTBo P MoxHO yT BOPKIATD, UTO ecau um obaadaem obzexm,
0bosHaveHIbl wepes a, mo um obaadaem u obsex m, obosuavenrvili wepes b, O6pry-
HO 9TUM CORIAIUCHUEM TIOJIL3YIOTCA 663 0COOBIX OrOBOPOK, YT0 GYAeM JeJaTh U Mbl
B YACTH, HOCBALIEHION KAHTOPOBCKOH TCOPHE MHOMXKeCTS.

At panpweitero nam Gyger yiao6uo BsecIn HeKoTophie cokpatenusa. Bynem
HPHACPAKUBATLCA CHEAYIONIETO COrIATIeHMA:

SHAK V siBiigerca cokpanennem (0003naqennem) Ais co103a “ua’ 1 Ba3bIBACTCH
“Quamonryued”, dopmyna (A V B) unracrea “ A win B wiu “duamonryus A, B,

3HAK A (&"l ABJASCTCH COKDANICHIACM ((160:3}1&!-1011uem) s coo3a “u” W na3biRa-

)

ercst “ konsonryued’, dopmyna (A A B) auraerca “A u B wnu “konsionryus A,
[.”;

)

SHAK = CJIy?KHT COKDAIIEHUEM JUIA “ecat ..., mo ..." u Ha3BLIBACTCH “UMNAL-
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§ 1. MuoxecTsa u onepanun HaJ HUMU

wayuell’, bopmyaa (A = B) uutaerca “ecin A, 1o B” win “uz A caenyer B, wm
“A umiunupyer B

SHAK <> CJYXUT COKpalleHueM JId “... mozda u moavko mozda, xozda ..." n
naspiBaerca “oneusascrmmocmuid’, dbopmyna (A < B) uuraercs “A sunoaneno
TOLAA ¥ TOJBKO TOLAA, KOrua Bemojaucno B” wm “A sxkpusanenrno B

3HAK 1 CIIYZKUT COKpanieHueM A7st “#e” W naspisaercs “ompuyanuem’, hopmy:a
(—A) anraerca “ne A”;

3HaK Vo CTyKUT COKpALleHUeM i “dag ecex x ..." u naznisaetcs “ KGAHMOPOM
obugmocnu wim sceobuynocmu’, bopmyaa (Va).A uuraercs “mns peex = A"

3HAK JT CAYKAT coKpameHneM s “eyuwecmaeyem .. .7 n Ha3bIBACTCS “KEaN-
mopom cyuecmeosanua’, popmyia (dr)A unraercs “cymtecTByer x Taxoit, uro A",

3ameuanue. Hapsay ¢ spegennoii TepmunosOrHes Mbr Oyxem mHoTIa HA3BIBATD
KEANMOPOM 00UIHOCTIU (COOTBETCTREHHO CYWECTNBOGaNUA) B OfuH 3HAK Y (cooTser-
crsento 3), rorga Yo w31 HAZBIBAIOTCS KEGHIMOPHMMU KOMIAEKCOMU.

Orpunanme yrsepayuennst ¢ € X, re. ~(a € X ), Byiem 0bo3znavaATL 9ACTO
uepes a ¢ X, ananornuno BMecto —(a = b) wacto Gygem umncath @ # b.

llepponauanmbias cBA3L MEXKY ABYMA HEOHPEALNAEMBIMA OTHONICHASMUE € W
= MOXKeT OBITh BLIDAYXKeHA CJIEAYIOWMMA DOPMYJIAMH, HA3HIBAEMBIMU GKCUOMAMI
pPaABEHCMBa:

)
3. Vy)(Ve)(z =y Ay =2 = 2 = 2);
4. (Vz)(Vy)lz =y = (V2)(rez & ye z});
5. (Va (Vy)(w =y = (V2){z€x & 2z€ z,:))

[lepsrie Tpu opmysasl BopaskaiorT oObIUHBIE CBOHCTBA paBeHCTBa, YeTBEpTad
dbopmyna HOCHT HazBaHME “TOXACCTBO HEPASTHIHMBIX 110 Je#bunny”, a nsras yr-
BEPIKJAET, 1TO PaBHbIEe MHOKECTBA COCTOAT W3 OAHHUX W TCX ¥KE ICMEHTOR.

KanTtoposckas Teopust MHOKECTB OCHOBBIBAGTCS HA HECKOIBKIX AKCHOMAX, KO-
TOpLIE ()GIJI‘IHO HASHIBAIOTCH QCHOBHUWMU NPUHYUTIaMU mMeoput MHOMCECTNE HIH o¢
HEADZUMECKH UMY AKCUOMAMIU, 9TH HPHHIHIILI MBI 6}/}191\4 BBOJUTL TOCTEIIEHHO, Ja 1 e
BCE VKazKeM, a TOJBKO Te, KOTOphie H(:‘Uﬁ)((),ﬂ,ii;\-‘lhl AT TMONYYeHM S HHEPROHAYAJIBHBIX
TEOPEM B TCOPHU MHOXKECTB. OOCY K IEHHEe BOIPOCA 0 TOM, UTO TAKOE B COBPEMEHHOM
NOHUMAHUK [TONTas CHeTeMa aKCHOM A TEOPUH MHOYKeCTR YBEJI0 Oni HaC CJHIIIKOM
HAJIEKO OT KAHTOPOBCKOM TEOPHH MHOMKECTB.

Npunmun obbvemuoctn. Feau dsa muooicecmea X u'Y cocmosm us odnux u
MET HCE IACMENTILOB, O OHU CHUMMOIMMCA DAEHBLMU, T. €. BWUNOAHEHD y’!’)’&(—?ﬁp:ﬁﬂd(iﬂﬂ(?

(VX)) ((V2)(z € X > z€V) = X = V).
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IJIABA 1. SJIEMEHTBI TEOPUN MHOXKECTB

Cuenaem HEKOTOPEIE NOACHEHUS K 3TOMY upunnany. Hpunyun obsemmocmu yera-
HABJIHBACT CBA3L MEZKIY JAByMd HEONpPeoe/iseMbIMA OTHOIWEHUAMU € u =. Towunee,
UPHHIAT 0OBEMBOCTH YTBEPKIACT, 4TO ecii Mitozkecrsa X u Y cocTosT us O/ HIX
H TeX JKe 3MCMEeHTOB, T.C.

(Vz)(z € X = 2 € Y),

TO OHM paBHBL, T.e. X = Y, IPH 3TOM CUHTACTCS, YTO CMBICH vrBepxienna X = Y
AHTYWTUBHO SACCH, B HACTHOCTH, U3 PAHEC JIAHHBIX HOSCHEHNH CJCYET, YT0 BEepHO M
yrsepjenue, oOparnoe NpUHIMIY ofLeMuocTH: eeau X = Y., 70

Vo){ze X & e Y),

T.€. MHOXKECTBA A # Y COCTOAT U3 OJTHUX M TEX ¥KE IEMEHTOR.
Kpowme roro, u3 coiicts = cueayer, wro ecim X = Y, 1o mutg nmoboro MHOMKECT-
Ba S:
(X €8 & Ye S).

Beemun stumu paxramu o6pruno IOJL3YIOTCH D€3 0coDLIX OrOBOPOK, 33 HCKJIH0-
HCHUEM Npunuuna 06semHocin, KOTOPLI BCeIa ClIelHAILHO BBLACJIACTCH,
Moxkno 66110 611 OnpeeTIHTh PABEHCTBO MHOMKECTB M TaK:

X'=Y e {(X eS8V ES

(TOMACCTBO HEPABIHIUMOCTH 110 Jleibuny).

Banmareapupiit anraTeas mor BaMETUTh, YTO HAUIM PACCYIKICHUH OCTABIIIOT
OCANOK HECTPOroCcTH. A OUBITHLIA YHTATENH MOT OBI 11 PELNIOKHATH Cieayouiee: onpe-
ACTUTDL OTHOINEHNE = Yepe3 OTHOUICHHEe €, 4 UMEHHO CYHTATL = Y COKpalIeHUeM
JLi19

(Vz)(z € X & z €Y).
DTO BOIMOKHO, HO TIPH HTOM BOZHIKAIOT HEKOTOpBIE TPyAHoCcTH. Hampumvep, e
YAALTCHA OKA3ATD, 4T0 TOTAA JUist 106oro Maoxkecrsa S, eciu X = Y, 10

(XeSeYes)

Orpunamue yrsepmaenns X = YV, 1e. (X = Y), no seescnnoMy yixe cora-
wennio Gynem oboswadars vepes X £ Y.

Onpenenenne 1.1. Muoscecmeo X HAZUGALTNCA TTOAMHOMKCCTBOM MHOMNCCCIT-
6a Y, ecau xaocouti snemenm uz X seasemes IEMENROM Mrovicecmsea Y, m.e.
ECat

(Ve)(z € X = o € V),

Bamnes X C Y 6Gyger cayxurs COXpAICHUEM Jad yreep:xaeans X — nodammo-
HCCCMMBO MMHOdICECmEn Y,

12



§ 1. Muoxecrsa u onepanmuy Hajl HUMH

Taxnm o6pasom, sicHo, uTo
X=Y<+ XcY AYcx).

Ecmu X C YuX #£ Y, ro X naseipaercs CODCTNGENHIM NOOMHONCECTNEOM
mroxcecmon Y u B arom cayyae nmumyr X C Y.

[Tpumem cregyoniee coranienue: eciu Mol mamema € X (wma ¢ X, X C Y,
X Q Y u 1), 0 310 03mavaer, 9o Mbl YTBEpXKOaem, 4to a npunadiescum X
(coorBETCTREHHO, YTO O MHeE npunadaescum X w r.n.).

Onpenenenne 1.2. Feau X — NpouseoAvHOE MHodicecmeo, mo uepes P(X) 6y-
dem 0603HANAMD MHONCECTNGO, IACMERMAMY KOTOPO20 ABAAIOMCA GCEEOIMONCHDLE
nodmmodcecmea mroxcecmea X U mosbko onY, m.e.

(V) (y € P(X) < y C X).

Onpegenenune 1.3. Muooscecmeso X, ne codepocawee AAEMENMOS, ™.e. 00Aadaro-
wee caoticmeom

(Vy)-(y € X),

HA3VGRETNCA TIYCTBIM MHOXKECTBOM 1 05{?3?1‘,{1"\‘.{16711(,'.% wepes &,

B cuny npunnuua o6semuocru HYCTOe MHOMKECTBO €IMHCTBEHHO, eciu Boobe
OHO CYHIECTBYET.
B janbneiiniem mMul cauraem, wro NYCTMOE MHOJICECMEO Cyusecmalyem.

Beegem cieayiomee coryamenue:

3HaK = B gopmyie A = B osnauaer, uto “A ecms no onpedeaeriro B”, 3nak =
HOMO0H 3HAKY ==, HCHOAB3YEMOMY B S3LIKAX [IPOrpaMMUPOBAHHSI,

saunce { x| P(x)} ciyxut ofosHatuennem ais mmoscecmen 6CEL MaKur 0bsex-
MO8 X, 0Af KOMOPHE GUnoaneno yeaosue P (z),

sanuch {xyq, ... \ Tn } catyxur 06o3HAYeHIeM HJTA MHONCECTNER, INACMEHITAMU KO-
MOPO20 AGAMOMCA Ty, ..., T,.

Hilﬂ‘ MHOMKCCTBAMHP MOZKIO ITPOU3BOAUTL HEKOTODHIC OQINEPANMH, NMO3BOJHOIIHE
IO MMEIKUMCH MUOMKECCTEAM CTPOUTH HOBLIE MHOMECTBA.

Onpenenenne 1.4. O6begunennem muoscecms A 1 B HA3VIBACTMCA MHONCECTI-
60

AUB ={a|z€e X VazeB)
At Toro, ol MOAHO 6u110 060GINTL BREACHHOE TOHATHE OOHE HHEHIS 1A
cayuait Gonee geM JBYX MHOMECTB, YAOGHO BBECTH TIOHsTHe cemelicmea o6aexmos,

IACMENITIOE, MHONCECTILG.
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IVIABA 1. OJIEMEHTHI TEOPUI MH O’KECTB

Onpenesenne 1.5. Hyems [ — NPOUSBONDHOE HENYCINOE MHONCECTNBO, HA3MEAAC-
MOE mrodicecmeom undercos. Eeau kascdomy anemenmy @ mrootcecmea 1 nocmae-
ACH 6 coomneememaeue rwexomopuiil obsexm A;, mo 2060pAM, YN0 3adaro cemMmeReTBO
06vexToB u nuwym (4;);c 4 6 Kaweemee 0bosHaventA 2mozo cemeticmea; 06seRM b
Ay masviemomes eMenramMu cemelicrna.

3ameuanue. He HCKJIIOYEHO, Y70 [IpH 1 # j A; = A;.

EUJIH }\'El}l(ﬂlmlﬁ AIEMCHT ceMelicTia ABJISCTCA MHOMCECTNGOM, TO roBop4ar, 4ro
3A0AH0 cemetemeo MUOHCECTE,

Ounpeaenenue 1.6. O6beamnennem cemelicnea (A;);c 1 MHOMCECTNG HA3BLEaE-
CA crediiouee Mroscecmeo:

UA*' = {z | cyweemeyemi ¢ I maxoe, wmox € A, }.
icl

Mbi npuxonum K CACYIOWEMY HPHHUMITY (COTIALICHUIO).

Hpusnun cymecrsosanus obbeaunenus cemeiicTs MHOXKeCTB. Ofnedu-
HeHUe .’é?()ﬁ(mﬂ cemeticmen MHONCECING (in'_t.;{fCTm’.i’yC?R.

“eno, aro obbeurenme ABYX MHOXKeeTB A u B MoxHO PaccMaTpuBaThL Kak 06%h-
eaunenue cemeiicrsa (A;); ¢, tae J = {1,2}, A1 = A A, = B.

Onpenenenne 1.7. Tlepecegennem cemeticmea (Ai)ie 1 mmooicecmes nasmeaemen
MUONCECTREO
m Ai = {x | dnamwbozoi €1 z ¢ A b

ied

MoxHO 61110 651 NOAYMATD, 4TO HEOOXOMM IpUHIMIL, FapanTUPYIOIUI CynecT-
BoBanue nepecedenus Jnoboro cemeficrea, MHOZKECTB, OIHAKO MbI He OyieM BBOINTH
COOTBETCTBYIOMIMA UPUHLIKT, TaK KaK B JajbHeimem Oyner copmynuposan Goiee
ODWmi npHHIML, KOTOPKI, OJUIAKO, He NEePCKPOCT npunyun cyuecmeosanus obs-
cOUNCHUA 4106020 CEMETCINGA MHONCECTIG.,

Omnpegenenue 1.8. Iepeceuennmem mnonceems A u B HA3OIBUETNCHA MHOHCECTT-
60
ANB ={z|reAAnAzec B}

Acno, uto A N B — 910 nepecevene cemeitcrsa (A;)i € J, rpe I = {1,2}
/4] = A, z".1l'_)j = 3.

Onpenenenue 1.9. Pazunocrsio muoorcecne A u B wasweaemen muosiceemeo

AN B & {z|ze€Arz ¢ B}
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§ 1. MuoxkecTsa u onepauns HagL HAMH

Ecm Muoxecreo B apisiercs mogMHOKeCTBOM MHOXKecTBA A, TO pasHocth A \ B
HasbiBaercsa donoanenuesm B do A m oBoanavacres gepe3 Cy B win wepes CB, ecin
ACHO, O KAKOM MHOKecTBe A umer peus.

Mg mobrix muokects A, B, C' Bepubl ciefyiomue PABCHCTBA:
AUA=ANA = 4
AUB=BUA uw ANB=BnA,
AUVBUC)=(AUB)UC w AN(BNC)=(ANnB)NC;
NBUC)=(ANB)U(ANOQO)
u AUBNC)=(AUB) N (AUCQ);
5) (AUB)NA=A u AU(BNA) = A4,

HOKA3aTeAbCTBO KOTOPBIX MPEAOCTABAACTCA TUTATEI0.
pis I

o N

)
)
)
)

b

Ecmn (A;)ier — cemeiicrso MHOXKeCTB TAKOE, YTo Kaxaoe A; gapigerca noaMao-
KeCTBOM MHOKecTBa U, Ha3BIBaeMOro B JAHHOM CIyyYae YHUBEPCAABHBIM MHONCECT -

60M, TO POBODAT, ITO 3A0aH0 CeMECMEo nodMHodcecme muosxcecmea U W B 3TOM
ciayqae CA; — aro Cy A;.

Teopema 1.1. Bunoanmomea CAETYIOUIE PABENCTIGA, HOCAMUILE NAIBANLE dop-
Myan ABoficTBeHHOCTH (3akous! ge Moprana):

(U4)=Nca, @ oNa)=Jca.
reld = el el

fToKxas3ameanncmoe o Joxaxem pasencrso (1). ITvers # € C A;),
I )

ie]
rorna z ¢ |J Aj, mogromy juist aoboro i @ ¢ A, Tak Kak B HPOTHBHOM Cay'ae
16 f
€ |J A Buwaunt, gns moboro i 1 € CA;, nosromy z € (] CA;. Tem cambim
tef ve T
A0KA3aHO BKITOYMEeHUe
c(|J4) ¢ Nca. (%)

Hust pokazaTenbersa 06paTHOrO BKIIOUEHUA NPEIMONMKIM, 4T0 T € N CA;,
i€l
rorga npu mobom i x € CA;, a 3uaunt, z ¢ A;, noyromy ¢ € U A;, aro Breuer
i€l
z € C( |J A). Tem caMpiM 10Ka3aHO BKTIOYCHHE

el
[cA: ¢ ol 4),

ted 1ET

ato svmecte ¢ (*) B cuny npunnuna obbemuocT gaet pasenctso (1),
Hasa noxasarenncrsa pasencrsa (2) 3aMeTum, 4To u3 (1) caenyer paBeHcTBO

c(|Jca) = Nce4)

iel el



IVTIABA 1. 9JIEMEHTBI TEOPUN MHOXKECTB

Kpowme Toro, aast mobpix Maozkects A u B w3z pasencrea A = B cuepyer PABEHCTBO

CA = CB, 3nauur
ce(lJea)) = ¢ ceca)),
vel tel
no roria, nenoabsys pasencrso C(CA) = A, noaygaem
ca: = ¢ A).

ig ) reld

Tewm campiv nokaszano, uro pasenctso (2) caeayer us papencrsa (1). [

YnpaxHeuus

1. Jloxazare, uro aug mobeix asyx cemeiicts miaokects (F})jer 1 (G))ier nveior
MECTO CHCJYIOIHE PABEHCTBA U BKJIIOYEH Hol:

I QO BE N 1 &

12 N (FNG) = () B)N(N) G

l:_J) ].H (l".‘g U Gt) - (gg F;) U ("le—\i1 G']r)‘

4N RV G) = N NRUG) € () (AU G

15 U(RNG) S U UENG) = (UFR)N(U G
e teT kel teT tel

L6 AU() 1) = (| (AU R)

1 ANY E) = UANFR),

2. Ecmm npumobomt € T A C F,ro A C N Ft.
tel’
3. Bemnpuwaobom t € T F, C Ao | F, € A,

tel

2. CooTrercrsust, orHomennd u pyHKIumM

”(’Jl\'ii-}KCM, HTO MHOI'Me MaTeMaTHYCCKHe TIOHATHS MOI'YT OBITD BbIpDaxKeHbl vye-
Pe3 HOHATHC MHONCCCINGR, TTPHYEM 9TH BhIPpaXKenuy 6}’_,'.1}"]_' HaXO/IUTHCA B IOJIHOM

CONNIACHM ¢ HAIluMHA UHTYWTUBHEIMH NPEACTABICHUAMM O COOTBETCTBYIOMINX MaTe-
MATHICCKUX MOHATHAX.

Onpepenenne 2.1. Hycmwv a ub — nexomopue o6zexmo. O603nauum wepes (a, b)

mnooiceemeo {{a, b}, {b}}, womopoe 6ydem wmasmeamo yHuopsigoyeHHou unapoit
3JIE€MEHTOB a u b.
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§ 2. Coorsercrsus, oTHOWEHs U DYHKILUK

To, wro Taknm 06pasom onpeeeHHOe TIOHATHE YnopAdoueHHOT napl JJIEMEHTOR
OTBEYACT HALIMM MHTYMTHBHBIM HPEACTABICHUAM 00 ynopsgoueHnoit mape o6mek-
TOB, CACAYET U3 CJCYIOUEH TEOPEMb.

Teopema 2.1. Jlas aobmz a, b, ¢, d
(a,b) = (c,d) <= a=c¢ & b=4d.
doxasameavemeo Ecoma = ¢, b = d, 1o

{a,b} = {c,d}, {b} = {d},
)ITOM} {{a, 0}, {b}} = {{c,d}, {d}}.

Obparno, nycrs (a,b) = (¢, d), T.e.

{{a'}b}a {h}} == {{(:, d}? {d}}

Bsegem obosnasenns
1 = {a,b}, 2= {b}, u = {¢,d}, w = {d},

A= {{ab), B} = {on, 2}, B = {{od), (d)) = {u, ).
Bosmoxkubt jasa ciayuasn: (1) a = b, (2) a # b.

Pacemorpum gaskapiit 03 HuX.

(1) @ = b. B srom ciyuae

A= {{a, 0}, {b}} = {{a},{a}} = {{a}},

nosromy u3 pasercrsa B = {y,,y2} = {{a}} cuenyer, uro y, = y, = {a}, re.
{e,d} = {a}, nosromy ¢ = d = a, 9r0 BMecTe ¢ paBencTBOM @ = b saeT paBeHCTRO
a=b=¢=d. '

(2) @ # b. Eciin 611 BBIIONHANOCH PABEHCTBO ¢ = d, TO, UPOBOIA PACCYHKACHUA,
Kak u B uynkre (1), Mbl moayunsim 661 pasencrsa ¢ = d = @ = b, 4T0 HEBOZMOKHO,
noTomy ¢ # d.

¥y € A, snaumt, Ty € B, otkyna zy = {d} aubo z, = {c,d}.

Ho propoe HEBO3MOMXKHO, TAK KAK TODAA MBI MMeid Obl PABEHCTBO ¢ = b = d
YTO NMPOTHBOPETUT HEPABEHCTBY ¢ # d. 3uauut, 1y = yy.

AHaJIOrMYHO HOMyYaeM, 9To T, = Yy, Te.

{8} = {d}, {a,b} = {¢,d}.

Ho rorna b = d. U3 pasencrsa {a,b} = {c,d} B cuny Toro, uto a # bub = d
CJIENYET, 4T0 G = C. (]
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TVIABA 1. SJIEMEHTBI TEOPUH MHOMKECTB

Bamewanue. Ipusesennoe onpegenenme YUODIJIOTCHHON Hapnl 3JIeMeHTOB GhITO
npexnozeno Hopbeprom Bunepom u Kasmvnpom Kyparoscknm.

Tenepn unpykumeit o n (n > 2) BrRegem nonsTHe ynopadovennozo nabopa us n
2ACMENMOE (I HOUATHE Ynopadovennoti n-xu INEMENMOG).

Hpr n = 2 sro yxe cuenano.

lepexoj or n Kk n + 1 ocymecrsagercs CAeJYIOUM 00pazom

{ff'h cony Uy, Gy H) = <(“‘[; SN G-ﬂ); arl-l-])!

rae (ay, ..., a,) 0603HATACT YROPADOUEHIHHI nalbop u3 n anemenmos.
Mupyxnmeit no n poxazsisaeres Cacayionman reopeMa, apagionasca obobienmem
Teopemnr 2.1,

Teopema 2.2. llpu mobom n das 06wz iy oovy Uy, by, oo, by 6unOAMAETICA
IKGUBLACHIMNOCTNY

(Byyiey tn) = Orivviabn) =¥ o = b B &8 2 B

Onpenenenne 2.2. TTpsiMbiv (JeKapToBLIM) HIPOM3BEAECHMEM MHONCCCME
Ay, oo, A, naswsaemen CACOYIOULLE MHONCECTNEO:

t G i) |2 e A& ... &2z, € An},
L
obosnanaesmoe wepes Ay x ... x A, uiu [T A
=

B cayvae, xorma 4, = ... = A, = A, MROXKeCTBO A X ... X A, HasbIBAeTCH
npPSIMOit (,r.gexap'ronoﬁ) CTEeHEeHBI0 MIoxkecTBa A n 00o3raaeTCS yepes A",

Oupenenenne 2.3. JToboe muoncecmaso R ynopadovennwz nap nasweaemes JBY-
MECTHBIM w4t DMHADHBIM OTHOLICHUEM uAU coorsercreueM, m.e. i — 6u-
HapHOE OTHOIEeHMe, ecau dad awbozo © € R natidymes maxue u,v, wmo
T = (u,v).

Ecimm jna 6unapnozo ommowenus R Muoxecrsa A u B TakoBbl, 9T0
e Ax B

10 R HASHIBACTCH BUNGPHDIM OTIHOUCHUCM MENCOY dnEMEnTaMU MHONCEeme A u B
(4MenHo B TAKOM MOPAJTKE) Wl coomeememeues us A o B, 11pu 9T0M MBOKCCTBO
A nazsiBaercs obaacTnio OTHPABJACHUA COOTBETCTBUA R, a B — ero 06J1acThIio
npubsrrus; ecm we R C A x A, to R nassipaerca OUNGPHBM  OTHOUEHUEM
Ha A,

BEeau (u,v) € R, o FOBOPAT, 1TO MEMEHTBI U W ¥ HaZ0dACA 6 ommnowenuy R
mormnyr u R,

C KasKk/IbIM GUITADHBIM OTHOIeHIEM R ECTECTBEHHBIM 0DPA3OM CBSIZAHE! IBA MHO-
KOCTBA, HA3LIBACMBIC 06AGCmbI0 onpedechus 1, COOTBCTCIBENHO, 00AGCTNGIO 3HaMe-
nutl (061acThIo H3MeHenns ) OUHAPHOTO oTHomerms [ (B 9TOM KOHTEKCTE yMecTHEE
OBLI0 Obr POBOPUTL O coomeememouy R us A » B, a ne o6 orsomennu, 4robmr
HOATEPKHYTE HECHMMETPHYHOCTE OTHOIMCHUST R OTHOCHTENBHO A 1 B).
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§ 2. CoorBercersmst, oTHOmWeHMS 1 dyHrIMn

Onpenenenune 2.4. O6aacTbI0 oupemeneHus bunapnozo ommowenus R masn-
GAaemes (:faf:dymw,ee MHOHCECTNBO!

{z | cyweemsyem v maxoe, wmo (r,v) € R},
obosnavaemoe wepes 5(R).

Onpenenenne 2.5. O6aacTeio 3pavennit bunaprozo ommowenus R nasweaem-
CA CALOYIOUIeE MHONCECTNEO:

{y | cyweemsyem x maxoe, umo (z,y) € R},
obosranaemoe wepes p(R).
Aeno, aro s moGoro fHunapnoro oraomenus R:
R C §(R) x p(R)
n MioxectBa 6(R) u p(R) MUBUMATLHBL B TOM CMBICJIE, YTO CCJH
RC Ax B
10 0(R) C Aump(R) C B.

Onpenenenue 2.6. C xancdvwm bunaprom ommouienuem R ecmeemeenvim obpa-
30M ceaAsvicaemea bunapnoe omnouenue R, naavieaemoe obpameHnem oTHoIe-
HUgA R (uau oBparHbIM OTHOMICHMEM i buraprozo ommowenus R)

B* = {(z,9) | (yz) € R}.

Sleno, uro
6(R) = p(R), p(RY) = §(R), (R°) = R

Ha 6unaprsivu OTHOTHEHHAMM, KaK M Ha/1 JIIOOLIMI MHOKECTBAMH, MOXKHO 1po-
H3BOMMTL TEOPCTHKO-MHOKECTBEHHBIE OMCPAIUN 06beuHeH s U, nepecevenusn M
BLIYUTAHASA U T.1.

Opmaxko MOXKHO BBeeTn Gojee BAXKHYIO OLEpaluio Hajl OUHAPDHBIMH OTHOIICHH-
AMH, HAZBIBACMYIO YMHONCEHUEM ommowienutl, 8 UMEHHO 10 oTHOmWeHuIM R u S
MOZKHO CICAYIOIUM 00PA30M ONpeenTh HOBoe OTHOIICHHE, HABBIBACMOE Npousee-
dernuem ommowenut R w S.

]

Onpexenenne 2.7. [Ipoussenenuem ommowenud R u S nasweaemes caedyio-
wee ommotuenue

RoS = {(z,v9) | cywecmsyem v maxoe, vmo 1Sv u vRy }.

dcno, gro
(R o S) C §(9), p(R o S) C p(R).
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FTTABA 1. 9JEMEHTBI TEOPUNW MHOXKECTB

Onpenenenne 2.8. Bunapnoe omnowienue R nasweaemcs orobpackennem uau
hyukumeit, ccau dan aobouz x,y, z us mozo, wmo

xRy u iz
cacdyem, wmo y = z.

Mrax, no naweit TepMunonornu orobparkenne (pynkmus) — 1o moboc Gu-
HApHOE OTHOMIEHHE, 0018 al0Iee YKA3aHHLIM B OTIPEACNCHAN CBORCTBOM. D10 ¢BOH-
CTBO HasblBaerTcs (PyHKIMOHANBHOCTBIO 0miotiens K.

Bemt R — omobpascenue, A = §(R), B D p(R), o Gynem rOBOPUTH, 410 1
omobpancenue A 6 I,

Banucy

R:A-B

Oyier caysKuTh COKpameHueM s yTBepKAcHns “ R — omoebpasicenue A 6 B,

Mnoscecmeo ecex omobpasicenuti A ¢ B obosnavaercs yepes B4,

Ecim R — orobpaxenne A 8 B, 10 g moboroz € A = § (R) unaitperca eaun-
CTBEHUBI dueMent y € [3 rakoii, yro (r,y) € R (wmm B apyrux o6o3nauenmsix
T Ry), o107 3nement y obosnauaeTca Yepes R(x) u naspisacres ananenuem omobpa-
omcenus Rona snemenme © wnu 6 mouxe .

Pacemorpim Teneph ciietyronmuii Bonpoc: ¢ xakom cayae obpauserue RS gy
yuu R camo asasemes dynryuet’?

s oTBera ma 90T BOIPOC BBEICM BAXKHOE HOHATUHE 1-1-orobpaxkenus.

Onpegenenne 2.9. Omobpasicenue (fyrwuus) R nasweacmen 1-1-orobpaxke-
uuem  (1-1-bymxumedt), ecau dan mobwz =, w o us d(R) pasencmeo
R(xy) = R(z3) eaevem pasencmeo ©, — Ty.

3ameuanue. I-1-orobpaxenne naspipaercs el MH'beKTUBHBIM OTODparkeHuem
HAI MH'BeKIHeNn,

Teopema 2.3. Jlas mozo, wmobw obpawenue RC omobpasicenus, (Pynryuu) camo
Ovtao omobpasicenuenm (dyrmuueti), neobrodumo u docrnamonno, 4mobu. omobpasice-
nue (Pyrxuun) R vao 1-1-dpmaueti.

Hoxasameanovcmeo Hyers R — bynxumusg. [Mokaxkem, aro R -
I-1-orobpaxenne. Econ wq, 29 € §(R) u

Rizi) = R{as) =y

T0 21 Ry n o Ry, snaunr, y Rz u y R 2y, 10 110 npeanojoxenno R — dbyuxnug,
MOYTOMY &y = Xp, 3HAMWT, B uHbeKINg.
Obparno, nycrs R — unsexyus. Hokamem, uro R¢ — pyrryua, Ecm vy, 2, @,
“= TAKHE JICMEHTRI, YTO _
yRzy mn yRa,,
TO
1Ry wu =z Ry,

170 B CHJIY MH'BEKTHBHOCTH [ Bneder paBencrso @, = Ty, T.e. R® — pyuxnua, [J
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§ 2. CoorBeTcTBUS, OTHOWCHMS 1 byaxIMN

Teopema 2.4. Ecau R u S — omobpascenus (Pynruun), mo R o S — omobpasce-
nue (dymnryun).

Adoxasameanncmeo Bemmx,y, 2 — taxue TEMEHTEI, 9TO
2(RoS)y, x(RolS)z,
TO HAWJIYTCSl TAKUME 9JEMEHTHI U, U, 910
TS, u Ry,
S, v Rz

Tax xax S — oroGpakenne, 10 u3 2.9 u, xSwvecnaeayer, 4To u = .
Torpa, rax kax R — oro6pazxkenue, 10 13 u Ry, wuRzcnenyer, uro y = z. [

Bamewanue 1. Ecun p(S) C §(R), 10 d(R o §) = 0(S). Ecin xe p(S) = §(R),
10 p(R o S) = p(R).

Sameuanme 2. Fem R u § — OTOGPaXKeHUs, T0, KAK TOJNBKO 9TO HOKA3AMO,
R o S rome asaserca orobpaxennem. Iyers z € 6 (R o S), pacemorpum Bonpoc o
Beriucaennn snavenns (Ro S)(z). Tax kak (z,(R o S)(z)) € R o S, 10 naiigercs
sneMent v, Takoi uro (z,v) € S, (v,{R o S)(x)) € R, Ho rorma v = S (z) u
(R o S)(x) = R(v), mosromy nosyaaem pasencrso

(R o $)(x) = R(S@)),
KOTOpOE HOKA3bIBACT, 110 B ciyvae, korfa B n S — dynxunn, R o S — 310 xopomo
H3BECTHAS U3 KYDCa MATeMaTHYECKOI0 aHaH3a HX CYNEPHOIHIHS HIH, KAK YACTO
FOBODSIT, CHOXKHAST DYHKITUS.

Teopema 2.5. Ecau R u S — unsexmuenmie omobpascenus, mo R o § — unsex-
mMusHoe Umrﬁpmu(:m:.ue.

Hoxasameaveme o Ilo reopeme 24 R o § — OTOOPAKEHHE, 3HATUT,
0CTaeTCA JOKa3aTh ero MHbCKTUBHOCTL. FCaH u, v — Takue sgeMeHTsb u3 R o S),
UTO

(R o S)(u) = (R o S)(v).

[o samewannio 2 nocsiefee paBencTBEo0 MOXKIO TEPEIHCATD B CHEAVIONEM BHC
R(S(u)) = R(S(v)).
Tax kax R -~ upbeKums,, T0 03 NOCIEAHEr0 PABCHCTBA MOMYIACM DABCHCTHO
S{u) = S(v),
KOTOPOE B CBOIO 0Yepeib JAeT HYKIO0e HaM PABEHCTBO

U= u.

Paccmorpum naubosee Baxkubie a1 pajibHeitnero sy oTobpaxkenuit,
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I'JIABA 1. BJIEMEHTHBI TEOPHUNW MHOMKECTB

Onpegnenenue 2.10. Omobpaoicenue f mmomcecmea A 6o MHONMCECMB0 B 1asbi-
6aemeA MAbEKTUBHBIM OToOpaskennem (MHLeKImei, BJIOKEHUMEM ), ecau das
w06viE u u v us A us mozo, wmo u £ v cacdyem, wmo Flu) £ f).

Hacro HuiBaer ya06H0 UCHOML30BATE ONPEACICHUE UNBERINUCHO20 OTODPaXKe-
Hust B caeayiomeil popmMe, KOHEUHO, PaBHOCHILHOH npeapymei hopme

Onpenenenne 2.11. Omobpascenue [ mnooicecrnea A 6o mmooceemeo B nasui-
GaeMmeA NHLEKTUBHBLIM 0TOOpaykenuem (uubexuneif, Biaoxenuem), ecau das
w00z U u v us A uz mozo, wmo f(u) = f(v) caedyem, wmo u = v.

B nanbueitmem sanucs f : A »— B OyIeT CHYKNTD A COKPALIEHHOTO 060-
SHAYCHNSA yTBEPXKICHUsS “ f — unsexmusnoe omobGpasicenue mmuoscecmea A 60 muo-
oceemeo BY,

Onpeaenenne 2.12. Omobpascenue [ mmomcecmea A 6o muoscecmeo B 1iazm-
GUemes CIOP’bEKTABHLIM OTOOpaXkeHueMm (Cropbeknmeii, orobpaykennem Ha),
ecas p(f) = B, m.e. ecau daa 106020 anemenma Y € B natidemcs maxoti anemenm
T6A wmoy = f(x).

B pameneiimem sammen f : A » B OyCT CIYysKHTH 19 COKPALIEHHONO 0B03HA-
HeHus yTBepaAenus [ — cropsexmuenoe omobpascenue mmoscecmea A na MHO-
acecmso B,

Teopema 2.6. Feau S — cropsexmuenoe omobpaxcernue mnosceemea A na muo-
acecneo B, a R — cropsexmuenoe omobpasicenue mmonceemea B na MUOAHCECTN-
60 C, mo Ro S — ciopsesmuenoe omobpasicenue mmosicecmnea A Ha smroscecmao C.

HdAoxasameannvcmaeo Seno, yuro R o § — oTobpakenue MHOKecTBa A BO
mioxecrso C. Ocraercs JOKa3aTh ero ClOpBLEKTHBHOCTE, ITycrs z — nponssoanubii
snement muoxecrsa C. Tak kak R — ciopbekrupuoe orobpazkenne MHoOxKecTBa B
Ha MHOXKecTBO (), TO BO MHOMeCTRe B HaRJeTed ajleMenT y Takol, uro 2z = R(y).
Ho S cioprextunnoe orobpamenue muoxecrna A na muoxecrso B, TIOTOMY BO
MHOXKeCTBe A naliyiercs Taxoit anement z, wro ¥ = S(x).

Oxonvareanno nomryuaem

2 = R(y) = R(5(z)) = (R o S)(x).
J
Onpenenenne 2.13. Omobpascenue f mmonceemea A ao MHoHceemeo B nazvieo-
emes DUEKTUBHBIM, ¢ca 010 OTHOBDEMENIO ABAACINCA UNBERIUGHbIM U CIOPoeK-

MUGHUM omobpadcenuesm mronceemen A na mroscecmen B.
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§ 2. CoorsercTsus, OTHOWIEHUS 1 GyHKuIHT

B panpueitmem samucn f 1 A » B Gyger CAYXKUTH 1L COKPATIEHHOIO 000-
BHAMCHUA yTBEPKIACHUA [ — Ouekmmusnoe omobpasicenue mmoncecmea A na mro-
aeeemeo B

Bameuanue. Lcau R — 6nexrusmoe 0TODPaMKEeHHe MHOMKECTBA A HA MHOKECTBO B,
ro Oyaem rooputh, 9ro R ocymecrsser B3aHMHOO/ITHO3HAYMHOE COOTBETCTBUE
MeX Ty MHOKecTBamu A u 3.

Teopema 2.7. Fcau S — Guesmusnoe omobpasicenue mroscecmea A 1a muoot ec-
60 B, a R — 6uexmuenoe omobpasicerue muoscecmea B na muoscecneo C, mo
R o § — buexmuenoe omobipancenue muoocecrnsa A na smnoscecmneo C.

Joxaszameavemeso Cpasy cieayer m3 Teopemsl 2.5 u Teopemst 2.6. [

Tetieps MBI pACCMOTPUM BaKHBIH BOITPOC 00 0OpaTUMOCTH orobpazkenuit (hynk-
1)

Onpenenenue 2.14. /laa npoussosvnozo mmoxcecmsa X o0603nauum wepes iy
cacdyrouee omobparcenue

ix ¢ X = X, ix(u) = u  npu mobomu € X.

JIerko noHsaTh, UTo iy — OuexmusHoe omobpascenue muoxecrsa X Ha cedd,
ix HA3BIBACTCS TMOHCOLCTNEENHBM 0TNOCPAtCERICM MhoNcecmea X,

Onpenenenue 2.15. Omobpascenue R A — B mnoocecmea A 60 mno-
acecmso B onaswisaemca oGpaTUMBIM, €CAU CYUECMBYEm TaKoe omobpascenue
S+ B = A muosceemea B 6o muoscecmeo A, umo

19 © R — ?:A, [{ ] 15‘ = 5{')'.

Bameuanne. Herpyino pokazath, 9To ecin Juis orobpaxesns R : A — B
MHOXKeCTBA A BO MHOMKecTBO B cymectByer takoe otobpawxenme S @ B — A

mroxecrsa B o mMaOMKecTBO A, 4T
BoBR=1; ReS=

10 0TO6paKenne S oupeaeaeHo OHOZHAYHO, OHO HASLIBACTCS OBGPATHBIM orobpa-
xKenmem s orobpakenns R u obosnavaercs vepez R

Teopema 2.8. Omobpancenue R : A — DB muoorcecmea A 6o mmoscecmeo B
Asasemei OBPATUMBIM 110200 1 MOALKO Mo20a, Kozda R — BAEKIUS MHOMHCECTNGA
A na mnooceerneo B u e cayuae obpamumocmu omobpasicenua R obpammvim On
nezo omobpasicenuem seasemes RS, m.e. R~1 = R
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IJIABA I SJIEMEHTbB! TEOPUHW MHOXECTB

HAorxasameanncme o [ycrs orobpaxkenne B : A - B muoxecrsa A
BO MUOXeCTBO 3 gpjisieTcss obpamumvim u S — Takoe orobpaxenne S : B — A4
MHOXKecTBa I3 B0 MHOXKECTRO A, yT0

SoR=1i44, RoS = ip.

Moxazxem, uro R — Guexyun.

[Ipex e Beero yoenumed B ubektupnocrn R,

Ecan u, v~ raine snemento w3 suomecrsa A, uro R(u) = R(v).

Hpnmenss k obenm wactsym nocienuero pasescrBa otobpaxkenue S, mosydum
PABEHCTBO

S(R(w)) = S(R(v)),

U3 KOTOPOTO HOJNYYAeM DaBeHCTBA
(S o R)(u) = (S o R)(v), islu) =iy (v), gy,

Snayur, B — uirbekTusHOE orobpaxenue,

Hrobm y6epurhes B clopbexTunHOCTH oTobpaxenns: R, BoszbMem [TPOUBBONBHLIH
IEMEHT Y BO MHOXeCTBe [, a 4epes 2 0603naY8M 3J1eMeHT S(y) u3 mnoxecrsa A.
Torga nomyym

f(z) = R(S(y)) = (R o S)(y) = inly) =y,

HoaroMy R~ ciopbekims, a snauut, R GHekTuBHOe orobpazxkenne Muoxecrsa A
HA MHOXKeCTBO B.

Hnsi jokasatennersa 06paTHOro yTBepK ICHHS apeinojaoxum, 4o K : A»» B
— OnekTusHoe 0TOOpaKeHUe MuoKecTBA A Ha MHOMKeCTRO B.

Paccmorpum coorserctsme R u3 Muoxecrsa B po MHOXKECTBO A,

[lo reopeme 2.3 R¢ - omobpasicenue, a Tak Kax

S(RY) = p(R) = B,

10 RY — orobpaxenne muoskectsa B 1o MHOKeCTBO A, [Iposepka BRIIOSUMMOCTH
PaBCHCTR
HE8 =gy, S o R =4y

HPELOCTABIACTCH THTATENO B KaueCTBe JIerKoro YIparKaenud, []

B xauecTne HEKOTOPOTO Mon0AHeNNS K TOJIBKO MTO JIOKa3aHHoi Teopeme 2.8 mo-
KET PACCMATPUBATLCH CHACAYIONAA TEOPEMA.

Teopema 2.9. Jlaa moeo, Ymobv ommowenue MENCAY DREMENTNAMU MHONCECME
A u B ocywecmennno B3AHUMHOO/THO3HAMHOE COOTBETCTBME Mescdy A u B,
Heo0L00UMO U OCTATNONIO, YMOBY BUNOAHANUCH pasencmea

HRo R = ?:B, Rf o = LA



§ 2. CoorBeTcTBuS, OTHOIEHUSA W dyHKIMI

doxasameanncme o Ecin ornomenne R MEXKY TeMEeHTaMi MHOMeCTB A
u B ocymecrsisier B3anMHOOAHO3ZHAYHOE COOTBOTCTBIE Mmexay Au B, re. R
ABIATCH OMEKTUBHBIM 0TOOPAKEHHEM MHOKECTBA A HA MHOKOCTEO B, To nerxo
JAOKA3aTh, YTO BBIIOJIHSIOTCA PABCHCTBA

RoR =i, R oR=i,

Hrobm1 jloxasats obpaTHoe yrBepiKacHue, NPELION0KUM, YTO BHITTOMHAIOTCH Pa-
BEHCTBA

RoR =ip,  R'oR =i,

lokaxewm, uro R — GuekrupHoe oTobparKkenue MHOKeCTEA A HA MHOKECTBO B.
Bermu € A, v,w € Bu

uRv, uRw,

vRu, wRw.

B vacTrOCTH,

v Ry, uRw,

MO3TOMY
v R o Rw,

Ho £ o R = ip, snauut, vigw, re. ip(v) = w. Ho ip(v) = v, caepoBaTeNbHO,
v = w, re. R — orobpaxenne.

Tax kax 6(R. o B) C §(R), 10 d(ia) € 6(R). Ho 6(ix) = A, 3uaunm,
A C 0(R), uro Bmecre ¢ §(R) C A maer pasencrso 6(R) = A.

Iostomy R — orobpaskenmne muomecrsa A Bo MHOKeCTEO B.

CoBepimenno aHajOrHuHO JOKAZKBACTCA, 910 K¢ — orobparkeHue MHOKECTBA
B Bo MuO)eCTRO A,

Tak Kax 1o mpenosoKenno BLIIOIHAIOTC] PABCHCTEA,
R & B = ip, R 6 R =4y,

T0 [T — obpaTumoe orobpazkeHne MHOKeCTBA A BO MHOKeCTBO B, 1O9TOMY 1O
reopeve 2.8 R - buexknms. ]

Teopema 2.10. Jlaa awobux Gunapnwx omuowenuts R, S u ] eunoanaomea cie-
dyowue pasencmea

(1) (RoS)oU = Ro (Sol),
(2) (RoS)t = S o R



IVIABA 1. 2JIEMEHTHI TEOPHI MHOXKECTB

Hoxraszameasvcme o [lokaxem pasencrso (1).

z((Ro S) o Uy < (Fv)(aUv&v(R o S)y) +=
= ()(zUv & Guw)vSw&wRy)) <= (Fv)(Fw)(zUv & vSw & wRy) +=
= (Fw)(F)(aUv & vSw& wRy) <=
== (Hw)((H'U)(J:U'u&?)S'w)&’wRy) &=
== (Hw)((m‘(b’ o S)w) &:'u;Ry) =
< (R o (S o U))y.
Hoxazxem pasencrso (2).
z(R o S)y <= y(Ro Sz <=
<= (v)(ySv&vRr)
<= (v)(zRv&vSY) <=
<= z(R° o 5%y.

O

Onpepenenue 2.16. Ilycmv R — 6Gunaproe ommowenue, a X - npouscorvioe
muooicecmeo. Obpazom muoorcecnsa X omrocumenvro R nazweaemen caedyrougee
MHOHCECTNEO

R(X) = {y | cywecmsyemz € X maxot, wmo xRy }.

Ilpoobpasom mroocecmea X ommocumenvno R nazweaemes caedyrouLee mio-
JHCECNEO

RYX) = {z | cywecmsyemy € X maxoti, wmo zRy }.

Bameuanme. Herpyjno nosrs, wro mpoobpas muoxkeersa X ornocurennno R
910 poctTo obpas muoxkecrsa X, HO OTHOCHTENBHO R, T.¢. HMCOT MecTo PABCHCTBO

RYX) = BRY(X),

Teopema 2.11. Jlaa a0bozo omnouternus R umerom mecmo cacdyroujue pasencmaea
U BRANYCHUA!

(1) R(U A) = U R(a),
(2) R(N A) € N R(A);
3 R(U 4) = U RYA):

( i€l i€l

(4) ecau R — dynngus, mo R A;) = () RY(A);
i€l i€l

(5) ecau A C B, mo R(A) C R(B);

(

6) ecau A C B, mo R™Y(A) € RY(B).
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§ 2. CoorsercTBus, oTHOMeHNY U dbyuknum

Hoxasameavcemeo. (1) Bamz € R(UU 4;), roB |J A; natnercs 3nement

i€l icl
v Takoif, uro vRx. Tak kak v € U A, To maitnercs raxkoe 1 € I , 9TO ¥ € A;,
i€l
nosroMy ¥ € R(A;), a swaunt, z € |J R(A,).
icl

CuestoBaresibio, umeer MeCTO BKIIOUEHNe
R( 4) < | RA). (*)
je] 167

[yers 2 € |J R(A;), rorga upw HEKOTOPOM ¢ & € R(A;), 3maunT, ecTh Taxol

i€l
anemenT v B A;, uro vRx, HO Torma v € U A, snauur, z € R({J A)), nosromy
iNc tel
U R(4) < R(|J 4). (+%)
Terl sl

W3 Bxmouenmit (*) u (**) ety npusmmma o6vemuocti creiyer pasencrso (1).
(2) Ecmn 2 € R( () A;), To naigercs asement v € (1 A; makoii, yro vRz.
el iel
Tax xak mpu mobom 1 € [: v € Aj, TO MOXKHO YTBEPXKIATH, YTO st J0GOro
t € I naitgercs snement v B A, TaKol, 4To vz, 3nauur, € R(A;) naa moboro i,
nosromy x € [ R(A;).
i€l
(3) cpasy cieayer uz (1), ecimn BenoMauTS, Y10 R7YX) = R¢(X).
(4) Braouenue
i -1
R 4) € [ R(4)
iel i€l

cpasy crefyer w3 (2), Tak kak R™'(X) = R(X).

Hoxazxem obparnoe prmouenue. Tycrs

T € ﬂ R™'(A),

roraa npumobom i € Itz € R7'(A), snaunt, R(z) € A;, nosromy R(z) € N A,
ted
410 BMecTe ¢ x R R(x) siever

z € R[] 4).
i€l
Briiodenue (6) cpasy caenyer us (3).

(5) BEcm o € R(A), To maitneres anement v Tako, 4ro v € A, vRx, °Ho Torsa
B cuity Beouenua A C B v € B, snaunr, ¢ € R(B).
N
Kax yxe ormeuasocs seime, muoscecmso scex dyrryut us A 6 B oGosnauaercs
uepes B4,
[Tycts (A;)ic; — NPOU3BOIBLOE CEMEHCTBO MHOXKECTB.
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LJTIABA 1. SJIEMEHTBI TEOPHH MHOXKECTB

Onpenenenue 2.17. Jexapmociim npoussedeniem cemeiicmen mHoncecme (Ai)ier
NHAZVEACTNCA CACIYIOULEE MHONCCCTNEO!

II A ==Lt | FfiT= U Ai | st kazporo 1€ I f(i) € A, ).

ieJ N

B xauecTse 0H010 13 BAaXKUBIX TPUNIMIOB KAHTOPOBCKOI TEOPUH MHOKECTB pH-
MEM CITEAVIOITUH.

AKcuowma MYyJXZbTHUODJUKATHUBHOCT A. Jexapmoso
NPOUSBEIEHUE HENYCTOZ0 CEMETCTIEN HENYCTIWE MHONCECNE HENYCMO, M.€. ECAU

I'# & unpumobomi € I A, # @, mou [| 4; # .
i€l

Samewanne. [Jannoe Beiuie onpegencHne HOHATHA COMEICTRA SIEMEHTOB SIBISETCS
AC/IOCTATOMUO MeTKHM, OLHAKO €r0 MOYKHO YTOYHHTb, HCHOJIB3YS YIKE BBEACHHOE
nousdTne QpyHKIHH.

Hycrs I — jo6oe MHOMKECTBO, HAZHIBACMOP MHONICECTEOM undexcos, a X -
M060e MHOZKECTRO.

Onpenenenune 2.18. CemelicTBOM sacmenmos Muooceemoa X ¢ MHOHCECTNEOM
undexcos I nasweaemea mobaa dynruyus f I — X.

Onpenenenue 2.19. n-mecmusim ommowienuem Ha MuoNceemee A nazosem noboe
nodmmoscecmeo muoscecmea A",

Jhobas dnm\uuzi [+ A" = B mnaspisaercs n-mecmnot dynwyuet us A ¢ B.
Hpw arom mamyr b = f(ay, ..., a,) BvMecro b = = f({a1,...,a,)), b HazpIBAIOT 3HaMe-
Huem hynkyu f MPU SHANCHUAT aPLYMENINOG Ay, . .., Gy UAL 8 MOUKE (@1, . . ., 0y).

Omnpenenenne 2.20. n-mecmiim NPedUKamon, onpedeaennom na muosicecmee A,
HAIWGACTICA M00G8 - MECTRHAHA rpe,nmmﬂ us mrootcecmea A 6o muoscecmeo {1 ,JI},
cocmoswee us deyx anemenmos U — “uemuna”, JU — “nooics”

Mexgy n-mMecrTHbIMU TIpeMKaTAMH, ONPCACNCHHBIMU Ha MHOXKeCTBe A, 1 n-Mecr-
HBIMH OTHOTICHUAMU 1A A ecrecTBEHHBIM 06pa3om YCTaHABANBALTCS B3aAMMHO O/1-
HOSHAYIOE COOTBETCTBHE, €CJIM KAXCJIOMY N-MECTHOMY npeukary P onocrasuth B
COOTBOTCTBUE OTHOLIEHTIE

Hp = {{thyunniln) | Gryoneilin € AR Play, .. .,0,) =W }.

Yonpaxunenwms

Hokazars, uro () A;) x (N B) = N (A: x B;).

i€l tC ! 16
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§ 2. CoorBercTBust, oTHOMEHNS 1 vk

Hokazarn, uro

(LJ R?)OCJZU(I?:OQ), QO(U R?):U(QDR?]

1€l =y iel =y

Ecmu U — H(’H)’(‘T‘O? MHOKECTBO, TO A7 HPOH3BOIBLHOIO €ro MoMHOMKeCTBA A
obosnauum uepes yY 8 wapaxmepucmuneck Y10 dynruuo mroxcecmen A, 3anan-
HYIO CAEAYIOImNIM 0Opazom:

7(?1 =1, ecmmx € A no, ecmmz € U\ A.

Onpesresntnm orobpazkenne
F: PU) - {0,1}Y
caeayomum obpasom:
F(A) = x% s moboro A € P(U).

Hokazare, uro F' — 6uexrusnoe oTobpaxenue P(U) na {0, 1}".
Jlokazarn, yro
1 xi@
(2) x5 (@)

(3) ?('%;\4 (@) =1~ x4 (2),

1

il

0,

(‘{1) X{’{I"lh’ (5"') e /\g f:i’:) ' Xfﬁ' (."L'):

(5) Xava (t) = x4 (=) + x¥ () - x4 () - x% (2),
) XU 4 (2) = maxx¥ (z),
el el

(M X% 4 (@) = minxf (2).
te el

Bajtars Guekrusroe orobpaxkenne A" na AL yTme I = {1,2 ...,n)

Hoxazars, uro ecan npu mobbX pasauuHbBIX ,J w3 I mMuoxecrsa A; u A; ue
HIEPECEKAIOTCs!, TO MOXKHO 3ajaTh DHEKTUBHOE OTOGPAsKeHHe MHOKECTBA

gL

Ha MHOZKCCTDO
[T B*

iel

29



I'TABA 1. 9JIEMEHTBHI TEOPUN MHOKECTB

10.

Hoxazars, yro ecom st mobweix Muokects A, B u C MOXKHO 3a,1aTh OUeKTHB-
HOEe 0TOOPasKeHHe MHOKECTBA

H o
APXC pa mmokeerso  (AP)C

3aj1aTh OHCKTHBHOE OTOOPAKEHNE MHOMKECTBA

(]] 4:)*

iel

[T A"

tef

Hd MHOXKeCTBO

v

Jajiars GuekruBoe oToOpaKenne MHOMKECTBA
14
i€l

Ha MIIOXKEeCTBO

eciIn
I =1 wil I ™l = g

1\/10)]{!'10 JIH - 3aaTh  COOTBeTCTBY IONIEE 611’3}.(’1"}113]10(3 0']"06]}3.){(81‘1”9 HpH
LNl #e7

[Tycrb (Ai)ie s — ceMeRCTRO MAOKECTB, a ¢ — OHEKTHBHOE 0TODparkenue MHo-
KeCTDa )‘r Ha ('.(‘69‘ _;’t[j)](?l-i}ﬂ'f"h, YO BRITOJIHASTCH PaBeHCcTBO

U A; e U Xlr;:‘(i]
e te]
3&].}[?4.-"1‘]1 F)H(’!K'I'l’l BHOE U'l'UGp‘dJKQH]‘IC MHOZKCCTRA
11 4
)

e, MHOXKCCTRO

I1 Aeer

ie
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& 3. Hexoropsie crienmagbuple OTHONICHIS

3. Hexkoropsbie cnenmajabHble OTHONICHUH

O,"I‘I{ MM M3 BAYKHEHITINX ABYMECTHBIX OTHOIMEHAN ABJAACTCH OMMHOULEHTE IKEUCA-
AEHMHOCTIY.

Onpegenenne 3.1. OTHOMIEHNEM SKBMBAJICHTHOCTY UAU NPOCO SKBUBA-
JIEHTHOCTBIO Mo MHOMCECMEE A nadvieaemen Kaoicdoe deymecmmoe omuouterue R
na MHOKCECGE A, YOOCACMGOPAIOULE CACTYIOUUM TIPEM YCAOGUAM:

(1) pebirekcuBHOCTE: das w0620 anemenma a & A: aRa;

(2) cmMMeTpHYHOCTB! daa abur saemermos a,b € A:

ecaw aRRb, mo bRa;

(3) TPAH3UTHBHOCTE: das A106WL saemenmos a, b, c € A:

ecau aRb w bRe, mo aRe.

3ameuanue. Ob6oszmaunm depes Ay Tak HA3LIBAGMYIO OUG2OHAAL MHOMCECMEa A,
MOMTOXKHB

Ap = {{a,a) | a€ A}

Torna pedpaexcusrocts ornomennst R osnagaer, yro Ay C R.
CummerpryrocTs ornomerus R ozHavaer, yro R° = R.
Tpansnrusnocts ornomenns R osnavaer, yro Ro R C R.

[Ipusenem naunbosee pactupocTpaneHHble 0603HAYCHUA 18 OTHOLIEHMIT SKBUBA-
JCHTHOCTH: =, =, ~, R,

B nanbueiiniemM npon3BoibHOE OTHOLIEHHE SKBHBAJICHTHOCTH Mbl 06LI4NO Gyiaem
0D03HaYATh Uepes =,

ﬂ}'CTb = — OTHOILCHHE PKBHBAJICHNTHOCTH Ha MIOKECTBE 1., a o — AJaeMeHT 3TOro
MHOMKECTBA.

Onpeanenenne 3.2. KiaccoM 3KBUBAJIEHTHOCTH (CMEXKHBIM KJIACCOM) JAe-
MEHTA (2 N0 OMHOWEHUN IREUBAAEHTRHOCTMIU = HAIBEAEMCA MHONCECTNEO

a=={z|2€A & a=2z}.
O6b1110 MIIEKE = ONMyCKaeTed, T.e. BMECTO 3AITHCH )= nenoab3yercs 3anuch [al.

Onpenenenne 3.3. Muoscecneo 6Cexr KAWCCOE IKGUBAAECHIMMHOCIY N0 OTHOULE-
U0 IKGUBAAECHIMHOCU =, onpedeaeHHomy Ha muooiceemee A, nasmeaemces hax-
TOPMHOYKECTBOM MHONCECmea A no omHowenu1o IneusaicHmHocmy =.

(.IJE],KTOPMHOH\"I:‘.('.TB(} muozkecTBa A 110 OTHOUICHUIO HKBHBAJCHTHOCTH = 0DO3HA-
vaeTcst yepes A/ =.

Cnenywomasa TeopeMa YCTAHABJIMBAET BAXKHEHIINE CBOHCTBA KJACCOB IKBUBA-
JEHTHOCTH.
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I[VIABA I. 9.;’T}1MEJIITI)I TEOPHU MHO}KF CTB

Teopema 3.1. (1) Aas a06020 a € A: a € [a].
(2) Lieau b € [a], mo [a] = [b).
(3) Beaw [a] N [0] # @, mo [a] = [b], m.c. mobue dea pasawrma cmescrir
KAGCCO 1HEe NEPECERAMes,

4 A= U][a

ae A
Adoxasameanvcmaeso. (1) B cumy pedbirekcuBrocTn mvieeM a = @, 3HATUT,
ac€ [a].

(2) Hycrn b € |al, rorma a = b, no: ITOMY B CHJIy CHMMETPRUHOCTH b = a, 3HauuT,

€ [0]

Eem z € [b], To b = z, orkyua HCTIONTL3YS @ = b B CWIy TPAH3UTHBHOCTH
nonydacm b = x, snaunt, [b] C [al.
Amaiorntnbiv o6pasom w3 a € [b] cienyer, wro [a) C [b]. Buaunt, [a] = [b].

(3) Ecau [a] M [b] # @, 1o nyers ¢ € [a] N [b]. Torma B cuny (2) [a] = [c] = [b].

(4) cpasy cienyer us (1). l

B onpeaenennn knacca sxsuBasentHOCTH yuacrpopadl sjement a. Crheayomas
TeOpeMa IOKa3bIBACT, 410 6e3 3T0T0 MOKHO 0GOHTHCE.

Teopema 3.2. Henycmoe nodmnoscecmeo B mmoocecmsa A ABAACTNCH KAACCOM
IRGUBACHIMHOCINUY NO OMNUOUEHUI IKGUBAALHINHOCIIU = M0200 U TMOALKO mozda,
Ko2da

(1) dna wrobwz snemenmos a ub us B q = b,

(2) dan wr0buz s0emenmos a u b us yeaosuda € B ua = b caedyem, uwmo b € B.

HAdAoxaszameavcemeo [Iycrs B — knace sxkBuBasenTHOCTH 110 OTHONTEH 1)
PKBUBAJIEHTHOCTH =, TOTAA Halliercd Takoli ajeMent ¢, yro B = [c].

Bemanbuw B=[c,toa=c b=c, RHAYUT, @ = b,

Ecim a € B = [c], 1o [a] = [¢]. Ecam k romy ke a = b, To [a] = [b]. Tlosromy
be b =B.

Tenepn npeanonoxum, uro nenyceroe noamnorkecTso B muoxkecrsa A yaonse-
TBOPACT YCJAOBUSIM:

(1) st m00BIX 251eMeHTOB @ i b w3 B g = b,

(2) st 1106BIX MEMEHTOB @ U b U3 yenosnit ¢ € B w a = b caeayer, yro b € B.

Hyers @ € B. Iokasem, qro [a] = B. Econ z € [n._], 10 @ = T, YTO BMECTe ¢
a € B naer x € B, syaunr, [a] c B,

Lemn x € B, 10 3 a € B cnepyer, wro g = T, 3Ha4uT, 2 € [al, nosromy B C [a].

: : : : . aj.

Bnaunt, [a] = B. 0]

Onpenenenne 3.4, Henyemoe muooicecmeo U HENYCINVT NONAPHO HENEPECERnIn-

UWUTCA nodmHodcecng Muosceemea A, obsedunerue Komopozo cosnadaem co ecem
A, nasveaemes pazbuenuem Muosicecmsa A.
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§ 3. Hekoropwie cuenpansibie orsomenus

B CAeaVIONnInX TeopeMax AOKA3BIBACTCH, YTO U3y4aTh OTHOUIEHHS 9KBHBAJEHT-
HOCTH Ha MHOXKecTse A To AE caMoe, YTO U3VIaTh paaﬁnemm ATOTO MHOXKCCTBA.,

Teopema 3.3. Ecauld — pasbuenue mmoncecmeq A, mo omnowenue Ry, onpede-
AHEMOE CAEIYIOUUM 06pas3om

T Ryy <= cywecmeyem mmoscecmeo X € U maxoe, wmo x,y € X,
AGAACTICA OTNMHOMWECHUEM IRGUBAACHITIHOCTIIL HA 14

Adoxasameannvcmeo Iyers U — pasbuenne maomecTsa A. [Tokaxewm,
410 onpejieeHnoe B hopMYAHPOBKE TEOPEMbI OTHOIIEHUE [y, SABISOTCS OTHOMCHHEM
IKBUBAJICHTHOCTH, T.€. 0bilajaeT CBORCTBAME PeIeKCHBHOCTH, CHMMETPHYHOCTH 1
TPAH3NTHBHOCTH.

(1) Pedbrexcusnocts, Eciu o € A, 10 B cuny papencrea A = X%_JMX , Haiercs
TaKoe MHOKecTBO X € U, uto a € X, 3nauur, aRya. _

(2) CummerpuurocTs otaowenus By Cpasy Cileayer u3 ero oupeaesenus.

(3) TpansurusnOCTS. Iycrs aRyb n bRyc. Torua Hafpyrea B U Takue MHOMKECTBA

XunuY wroabe XnubceVY. Tornabe XNY. Orcroa no onpenenenuo
pasbuenust monysaem, yro X =Y, suaunt, a,¢ € X, noaromy alyc. (]

Teopema 3.4. Feau U, V — pasausnvie pasbuenus mmomcecmea A, mo Ry u Ry
— PA3AuNHbe OMHOWEH LA IRCUCAACHTIHOCINU.

doxasameanecmaeso. Hyere U, V — pasianunbie pasGuenust MHOKeCTBA
A, noxaxem, uro Ry u Ry — pasiuuHbe OTHOMETHS IKBUBATCHTHOCTH. st aroro
MOKaXKeM, 4To papencTso [y, = Ry Bieder papencrso U = V.

[Tyers X € U. Bozsmem x € X. Tak kax A = %Jg}v, TO HAHAETCS TaKoe MHOYKECTBO
YeV urozeY. |

Hokaxem, yro X =Y. Ecm v € X, 1o TRy, 3uauur, w 2Ryu. Ho 2 € Y,
nosromy w € Y. 3uaunt, X C Y,

ITo Toit e cxeme yeTanasansaercs cupasemnBocTh B/moyenns ¥ C X 3uaunr,
X=YulCV.

Tak kax paszGuenua U u V paBHONPABHBL, TO UMEET MECTO H BKIIOUCHUE VCU,
syaunt, Y = V. 0

Teopema 3.5. /laa xaswdozo ommowenus sxsusasenmmocmu R na mroscecmee A
cywecmsyem makoe pazbuenue U amozo muonceemea, wmo Ry = R.

Hoxaszameawvecmeo. Pacemorpum ssenennoe Borine pasbuenne
U= {[a] |ac A}

Ha KJIACCHL IKBUBAJIEHTHOCTH 110 OTHOWICHWIO 3KBHBasentHocTn R. Ilokaxem, uro
Ry = R.
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FJIABA 1. 9JIEMEHTBHI TEOPHH MHOXKECTR

Hoxaxkem Bxmoyenne R C Ry. Ecim (a,0) € R, 10 aRb, nosromy a,b ¢ lalp.
3uanur, aRyb, nosromy (a,b) € Ry. Cnenoparesbuo, R C Ry.

Hycrs (a,b) € Ry. Torna naiigerca rakoe miosxecrso Y €U, uroa,beY.Hono
ONPEAENCHRIO pasbueHust U ero SJACMEHTAMH ABISIOTCH KJIACCHI SKBUBANCHTHOCTH,
SHAMHAT, HARJeTCs sneMent ¢ € A takoll, yro ¥V = [clr. Tloaromy a,b € [e]. Buaunr,
alth, T.e. (a,b) € R. Tem cambim JA0KazaHo, uro Ky C R,

Oxonuarensno noaygaem, 1ro fy = R. O

Hokazamubie Teopemu yreepiaor, wro MEZKILY OTHOIIEHHAMH 9KBUBAICHTHOC-
TH HA MHOKecTBe A M PaszbHeHNAMU 9TOTO MHOMKECTRA CYINECTBYET €CTeCTBeHHOE
B3AUMHO OJIHO3HAMHOE COOTBETCTRHUE.

OTHOMIeNNs HKBHBAIEHTHOCTH BCTPEUAIOTCS BO Beex pasjenax MareMaTukH,
[Ipuresiem wekoropuie npumepsi.

Oﬁ[)l"lli{)ﬂ OTHOIICHWE PABEHCTBA HA NPOM3BOJALHOM MUOZKECTBE SBJIAETCS O1THO-
IHEeHHeM 3KBHBAJCHTHOCTH,

Ornomenne noxo6ua buryp — Bayumii 1 PUMED OTHOMICHWUS 9KBUBRJICHTHOCTH B
FCOMETPHM eBKIIMAOBOH IUI0CKOCTH. OTHOWEHHE TADAILIEBHOCTH IPAMBIX. Ha T1710C-
KOCTI - JADYroi BazKubIit npuMep oTHolenus IKBUBAJIEHTHOCTH B P€OMETDHM TIPH
YCJIOBHH, MTO MBI CUHTAEM Ka/KAYIO NPSMYIO TAPAJLTEIbRON caMofl ceGe.

Obosnatnm vepes R MHoKecTBO Beex JEHCTBUTENLHBIX unced, a qepes Q — vuo-
AKECTBO BCEX panmonaibHuX unces. Onpeaenum na mnoskectee R JCHCTBUTENBHBIX
FTHCEI CICNYIOMEe BAsKHOEC OTHOIHEHHE IKBUBAICHTIOCTH: nycrb o, € R, nosaraem

a=f mod (Q <= a-8eQ

Huraremo B kavecrne ynpaxnennsg HPEAOCTABIACTCH TPOBEPKA BLITIOMHHMOCTI
YCIOBUI PepICKCHBHOCTH, CHMMETPHYHOCTY i rparsutuBnocru. Iocrpoennoe or-
HOHMICHHE SKBUBAICHTHOCTH HCHO/IBL3YETCH B MATEMATHYCCKOM AlaTH3e IIPHA HOCTPO-
CHIR TipuMepa HemsmepuMoro no A. JleGery muozmectsa.

Hyers 7, — muoxkecrso seex nesbix aneen. Onpejeanm va muoxkecrse R Jeicrm-
TCALHBIX 9HCEJT eIle OHO OTHOMICHNE 9KBUBAJICHTHOCTH: nycre ¢, f € R, nosaraem

a=f mod(Z) <= aoa-f¢cZ

W suoeb unrarenio s kadvecrne YHPAZKHCHUSA NPCATATACTCS TTPOBEPUTE, YTO Mb]
ACHCTBATEILHO HOJIYIACM OTHOLIEH e IKBUBAJECHTIOCTH.

Baxnyio pons orionenust sxsnsanentroctn n dbaxropmHoKecTBa 10 HUM Hr-
PAIOT B anredpe - Ha UX UCTIONB30BAHMH OCHOBALO mocTpoerne seex “GaxTopoin-
eKTOB™: hakroprpyun, dakropkoser, daxropmosyneii u .

He menee saxkua poss srux nonstuii u HPH NOCTPOCTIMY YHUCTOBBIX CHCTOM.

[Tycrn

N={42...,n..}

MHOKECTBO I ATYPAJLHBIX YMHCEJ.
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§ 3. Hexoropsie cueupaabHble OTHOMICHUS

Iokaxkem, xak, ornpasigscs o1 MHEOKecTBa N HATYPATLHBIX UMCEN, MOMKHO MO~
CTPOUTH MHOMXKECTBO Zi HEbIX Yucel.

Jlnsa nocrpoennst MHOMKECTBA 7 LEIBIX 9UCE] PACCMOTPUM Ha MHOXecTse N x N
CACIVIONICe OTHOTIeHUE =

(a,0) = (¢,d) <= a+d=c+b

HYuraremo npegocrapisercs B KaueCTBE YNPaKHEHHA TIPOBEPUTH, YTO OTHOLIC-
HHE = ABJIAETCS OTHOMICHUEM YKBHBAJIEHTHOCTH.

O6o3nauum depes Z daxropmuoxkectso N x N/ =. Onpefesum Ha MHOMXKCCTRE
Z onepanpu CAOMKEHUS -+ U YMHOKEHUH -

(@, 0)] + [{c,d)] = [(a+c,b+d)],
[(a,b)] - [{c,d)] = [{ac+ bd,be + ad)).

(
Ll[«{-]‘a:'remu HpeJocTap/IsaeTes B KaveCcTse _YHI'JE].}KHQHHH HI)()BepHTb, YUTO MHOMKECT-

BO Z pMecTe ¢ TaK OH]')(?,E[Q.TTEHHBIMH Oliel.'!aI['HHMH CHOMKeHHud + M VYMHOXKEHHA - 5B~

JIFeTCsl KOJIBIOM, TIpHueM orobpakenne f : a +» [(a + 1,1)] sanaer mzomopduoe

BJIOKEHHE MHOMKECTBA HaT}"paJIth”{ quce ¢ onepauuaMu CJO0EeHnI | yMIIO}KGHHH

B 2T0O KONBIO. HpH ITOM JII1E .][IOGOT"O AneMenTa z € Z HaﬁﬂyTCﬂ TaK|e Il'd'l‘yp'rlﬂblﬁ:ﬂ‘

ancaa a u b, aro z = f(a) — f(b), rae — — onepaiust BBIYUTAHUSA B KOJIbIE Z.
Cucrema (Z, +, ) Ha3BIBALTCSH KOJTBIOM LETBIX YHCE,

[okazkem, kax, OTNpaBIgsCh 0T MHOXKECTBA Z UEABIX THCE)T, MOXKHO TTOCTPOUTE
MuoxkecTBo Q panuoHagbHbBIX YUCE.

na nocrpoenust MEOKecTRa @ PAIMOHANLHBIX YHCE PACCMOTPUM Ha MHOMKECT-
Be Z x N caejayiomnee oTHOUICHRE =

(a,b) = {¢,d) <= ad=cbh.

1'_:[ HTATCII0 OPeJoCTaB/IdAeTCs B KadecTrse YHpaxKHeHH:d [IPOBEePUTL, YTO OTHOINe-
HUe = g4BJgeTcs OTHOIICHUEM SKBUBAJIEHTHOCTH,

Oo6osnaaum depes Q daxropmuoxkectso Z X N/ =. OnpegejauM Ha MHOXKECTBe
Q onepanum CAOXKEHHS + U YMHOKEHUS - :

a,0] + (e d)] = [(ad + cb,ba),
[{a,0)] - [{e,d)] = [{ac,bd)].

IIHTaTQﬂIO npeaocrasideTcs B xavdecTse VHpaAIeH A MPOBCPUTE, TITO MHOZKECT-
BO @ BMECTe ¢ TaK OrpeueJeHHbIMU OI'[(T“})H-H,H}'[.\-']H CIIOZKEeHUS + U yl\f[HU}K('}HHH + ABJIHA-
etcs moseMm, npudem otobpaxenne f @ a > [(a,1)] 3agaer uzomopduoe Biokenue
KOJBIA TIeALIX YHUCE] B 2710 110J1e. l._lpii ITOM JIJjIsT 1 106(]1"0 aleMenTa r € @ Hi_l.]';'[,llyTCH
Takue uejse yucaa a u b, uro r = f(a)/f(b), rne / — onepanusa pexenus B noae Q.
Cucrema (Q, +, ) HaspIBAETCA 110JIEM PATMOTATBLHBIX YHCE.

[Tocrpoenne nosta R geflcTBUTENBHBIX HHCEN MOXHO UPOBECTH 10 CJICAYIOMEH
cxeme. llpenpapurenbHO HAIOMHEM JBA OUPEJE/ICHUS U3 MATeMaTHYCCKOrO aHaJu-
3a — HoHgTHS (PYHIAAMEHTAIBHON HOCIEI0BATENIBLHOCTU U IIOCJE 0BATE b~
HOCTHU CXOAfAIIeics K HYJITIO.
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IVIABA 1. SJIEMEHTHI TEOPHUW MHOXKECTB

Onpenenenne 3.5. Iocacdosamenvrocmn (Ty)nen PAUUOHAALUBL “UCCA HASWSEA-
emea (PYHIAAMEHTANBLHOMN, ecau das M06020 NOAOHCUMEALHORO DAUUOHAALIOZ0
MUCAL E CYULCCMBYEIN TNAKOE HATNYPAADHOE YUCAO Ty, YN0 OAR AH00VL HAYPAALHBLE
YUCEA T U T BOALUIUE, “eM N, CUNOANACTNCA HEPABENCMBO |1y — T| < €.

Onpegenenne 3.6. Iocaedosamesvrnocms (1y)pen PAUUOHGADHUE YUCEA NOIHEA-
EMeAs CXONAENcH K HYI0, ecat 0ad M0b020 NOAOJICUMEADHOZ0 PAUUOHAABHOZ0
WUCAG E CYWECTREYETN MAKOE NEMYPAADHOE YUCAO Tig, MO OAf 4100020 HAMYPALL-
HOZO MUCAL T DOALUIE20, MeM Ty, BUNOARACMCA HEPABEHCNMEOo [T, | < .

DyngamenTaibibie MOCTeJOBATCILHOCTH €I1e HA3LIBAIOTCS TOCIeTOBATCILHOC-
TIMM, exopanmmMucs B cebe. CXOAsIecst K Hyuo HocaeI0BaTebLROCTH HIOT/IA Ha-
BHBAIOTCH OECKOHETHO MAJIBIME TOCACIOBATEILHOCTAMHY.

Obosuauum epes F(Q) MuomKecTBO BeexX DyHIAMEHTATIBHBIX HOC/ICI0BATEIBHOC-
Teli panMoHadbHBIX uuces, a vepes O(Q) — MHOXKECTBO BCEX CXOUANMXCS K HYIUIO
10CJe,10BATEIBHOCTEH PALMOHATLILIX THCE,

Onpenesnm na muoxkecrse F(Q) ornomenne =

(a"u.)'rr.E‘N = (hn.)ﬂEN = (0‘11 [ bu.)n.(,'N 5 O(Q)

Huraremo npejocTaBiIseTca B KauecTBe yOpaxkienus HpPoBepHTh, YTO OTHOLIE-
HHEe = ABAALTCH OTHOUICHHEM 9KBHBAJICHTHOCTH,

Obosnaunm uepes R dakropmuoxecrso F(Q)/ =. Dro MuomecTso 0603094
ercs eme depes F(Q) /O(Q).

Onpesennm na Maoxecrse R ectecrBennniv 06pasoM olepanun CIOKeRns + u
VMHOKEHUS -

(‘{I'TL)??{_N + (bn)-n(—_?é = (_a-n | bn)n,c-ir‘-vép
((‘T'n)-m"fl“-f * (anﬂE’N = (ﬂ'nbn)n{-,N-

Turaremo npegocraBageTcs B KaUecrBe YIPaKICHASA TPOBEPUTD, YTO MHOKECT-
po R BMecTe ¢ Tak OUPCACACHHBIMU ONCPAIIMAMU CJIOKEHUS + | YMHOZKCHHA - 5B~
JIHETCs HoJIeM, 1upuieM otobpaxkenue f:r = (r),en 3aaeT 130MOphHIOe BIOKCHHE
NoJIs PAMOHAIBHLIX 9UCe B 3TO T0sie, Te 4epes (1),cy 0603HaueHa nocToaHaas
HOCJEJIOBATCILHOCTD, BCE WICHBI KOTOPOH paBIDI T.

Hpu srom moboii anement a € R Gyuer npeagiom HeKOTOPOH MOCACA0BATENBHOC-
™™ BuAa (f(ry))nen.

Cucrema (R, +, ) nasmpaercs nosem jpeficrsurebanx gucen. K poMe Toro, 1o
HOJ1E€ MOAKHO YHOPSJOUATH TAKUM 00Pa30M, YT0 OHO CTAHET HEIPEPLIBHO APXUMEI0B-
CKH YIOPAJOYCHHLIM IoJIeM. Letain MOXHO HARTH B KHUTAX 110 MATeMATHICCKOMY
AHAJIN3Y,

B Teopun yncesr BaxKuyio posih Urparot ¢ IYIOUIHAE OTHOIMeHU S 9KBUBAJIEHTHOC-
TH Ha MIoKecTse 7 nenpx uucel. OukcupyeM nesioe 9ucio m. Hutst nenwix yncen
@ u b nonaraem

a=b (modm) <= a-baeanrca na m.
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¢ 3. Hekoropsle cuenuaabubIe OTHOIIEHUS

.JTI[!I"KO NPOBEPUTL, YTO 3TO OTHOIMEHHE ABIACTCA OTHOIIIEHUEM 3KBUBAJIEHTHOCTH.
OIID Ha3BIBAETCH OMHOMUCHUEM CPAGHUMOCINU WK DABHOOCTIATIIOYHOCTILL 1O M(}l‘}y~
JMD T

HApyro#i Baxknblit Kjrace ABYMECTHBIX OTHOUICHHN 00pas3yioT OTHOUICHHA IaCTH Y-
HOTO NopdaKa.

Onpenenenne 3.7. OTHOMIEHNEM YaCTHYHOIO OPHIAKA UAU NPOCITO YACTH Y-
HBIM DOPAITKOM HI MHOMNCECITNEE A HA3BBAETICA .rwoﬁof: deymemnﬂoe OMHOUeHUE
R na amom mmoorceemee, yoosaemsopaowee yeao6uam

(1) pedaekcuBHOCTD: daa w6020 saemenma a u3 A: aRa,

(2) aHTMCMMMETPHYHOCTh: OAf MOOWT dacmenmos a u b uz A: ecau aRb u
bRa, mo a = b,

(3) TPaH3MTUBHOCTL: dasi A0bux saemenmoe a,b, ¢ € A: ecanw aRb ubRe, mo
aRe.

OBbI1HO OTHOIICHHE YACTHTHOTO NOPsIKA 0G03HAYACTCS Yepe3 < M B TAKOM CJ1y-
qae smMecTo (a,b) €< mumyr a < b.

Cucrema (A, <), cocrosimas W3 HEIYCTOrO MHOYKECTBAa A M OTHOUICHMH YACTHY-
HOO NopAIKa g Ha HEeM, HASBIBACTCA “TaCTHYHO YnopanodYeHHbIM MHOXKEeCTBOM
1 obbruno obosnataercst Toxe uepes A.

[Ipumepamy OTHOWIEHMH YACTHIHOTO HOPSJIKA SIBASIOTCH OOLIMHBIE OTHOIIEHH
NOpsAKa Ha MHOYKCCTBAX HATYPANLHDIX, MEJBIX, PAUMOHANLHBIX H JeHCTBATETBHBIX
umcess. Baxkupiit npuMep 4acTuuno yrnopaaoueHHOro MHOMKECTBA JAeT MHOXKECTBO
P(A) Bcex nOAMHOXKECTE IPOU3BOILHOIO (DUKCHPOBAHHOTO MIOKeCTBA A ¢ 0THOMIE-
HueM BKIKUenua C Kak OTHOIMEHHEM YacTHIHOTO HOpAjKa.

Ecin (A, <) — 9acTH9HO yUOpsI0MeHHOC MHOXKECTBO, TO Ha MHOMKeCTBE A™ ToxKe
MOZKHO BBECTH OTHOUIEHHE YACTHYHOIO HOPSIKa, KOTOPoe Mbi OyaeM 0603Ha49aTh TeM
xe cumpodom <. Monaraem

{lhgy v sl S Whyw By &= 8 € b8 o lla S b

Herpynso npoepuTs, 410 Tak OUPEAETEHHOEe OTHOUICHHE SBILETCS OTHOIIEHHEeM
YACTUYHOIO NOPSIKA.

Ecau a u b — snementst acru4no ynopsiuodenuoro Mmuoxkecrsa (A, <) u nuto
a < b, mbo b < a, TO 3jeMeHTH G 1 b HA3BIBAIOTCS CPABHUMBIMU.

PEL(‘.('.M()T})(YHHO(—‘. BBITIE OTHOMICHNEe TaCTHTHOTO IOPAIKa S eIe Ha3bIBaAOT OTHO-
[HEHUEM HECTPe2020 YMYACcmuHo20 ??,Op.ﬂ’.()?ﬁu, TaK Kak OHo {)6.]'[3.118.@’]_' CBOUCTBOM 1.)6(1)—
nexcusnoceTu, TTomgaras

a<b <= a<b&a#b,

MbI [IOJIVYUM OTHOLICHHEe < CTPOrOro HacTUYHOrO MOPAIKA. 3aMETHM, BCerjia
@ £ @, 3T0 CBOUCTBO MOXKHO HA3BaThL aHTHpedIeKcnBHOCTLIO. Kpome Toro, ecin
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FJIABA 1. DJIEMEHTBI TEOPUU MHOMKECTE

@ < b,rob £ a. Jna ornomenvs CTPOroro JacTHIHOrO IOPAJAKA BLITOJHICTCH
CBOHCTBO TPAN3UTUBHOCTH.

MoxHo HaunnaTs PacCMOTPEHHME C OTHOINCHUA CTPOTOrO YACTHYHOT'O NopsaKa <,
KaK TTPOM3BOJLHOLO JBYMECTHONO OTHOMIEHHS , 06.1a1a IOILEro CBOMCTBOM TPAH3UTHEB-
HOCTI M aHTUPeDICKCHBHOCTI, U HOAYIHTH OTHOMICH e < HECTPOroro 9acTuaHOro
TOPHJIKA TIYTEM ONPeIenaens

a<b <= a<bVa=\

.BE'].H\'III':II\;I TI[)HMG[JOM OTHOIIEHH S CTPOTOro 4acTu4vHoro HOPSIARAa ABJAETCS OT-
(s8]

HOILCHUE JleKCHKDI‘paCbH‘-IGCKOI‘O HOPEIKE Ha MHOMKECTRe U A”’ BCEX KOHEYIBIX
n=1

NOCALA0BATCALHOCTEH, COCTABICHHBIX M3 JIEMEHTOB YHOPSUIOUCHHONO MEOMKECTRA A.
Ono BEOIUMTCS Cotestyionmum onpeaesenen

(a,...,a,) < by b)) = n<mv
V (n=m & uHailgercs maxoe wueno k,uro 0<k <n u

a=b &.. & aq=b & k1 < bpyy).

Onpenenenne 3.8. Saemenm a wacmuno Yynopadonernnozo muoxcecmen (A, <)
HASVIGAEINCH MAKCUMATBHBIM (MUHUMAIBHBIM), ecan oas 4106020 anemenma b
mrooicecmen A uz nepasencmea b = a (coomeememeenno ua3 Hepasetcmea b < a)
caedyem pacencmeo a = b.

Yactuy HO YIIOPSJOYEHHOE MHOMKCCTBO M OZKeT BO ('JGI.IL(! HE UMCTh MaKCHMAJILHLIX
( MHUHIMAJTLHBIX ) ACMEHTOB, a MOYKET HMCeTH W HECKOJNLKO MaKCMMAJALHDLIX (M WHI-
MaJTLIITLIX ) aneMenTon, {1 OCTPOCHNIC COOTBETCTH YIOHIHX HpuM EPOB NPEIOCTABATCT Y
HUTATCI0 B KAYeCTRe YIOpazKHeHu,

Omnpenenenne 3.9. Jaemenm a vacmuuno Ynopadouennozo muoxcecmen (4, <)
HOo3veaemes Haubo b IuM (HammenbIIAM), ecau dna a06oe0 anemenma b amozo

MHUODICECTNBA. GUnoANAEMCA Hepasencmeo b < q (coomeememsenno HEPABEHCTNGO
a<b)

Aeno, uro ecim B wacrnyno YHOPALOUCHHOM MHOMKECTBE eCTh HaubOaLmmi (Hau-
MCHBITHG) 9JEMEHT, T0 OH GYAeT eAHHCTBCHHbIM MAKCUMAILHBIM (MUHHMaIbHbIM)
AMEMENTOM 3TOTO MHOKCCTBA,

Oupenenenne 3.10. Daemenm a wacmumno ynopadouennozo muoscecmea (4, <)
Hasvieacmes Bepxue (HH)KHeii) IPaHBIO nodmnosicecmea B mnoscecmea A, ec-
At das 106020 dnemenma b us B ewnoansemes nepasencmeo b < a (coomeem-
emeenno a < b). '

Onpepenenne 3.11. Tounoii Bepxmeil (rKHeil) rpaubio nodmnoscecmea I3

HACTRUNHO  Ynopadouennozo muoocecmea A nasmeaemes HAUMENBULAH GEPTHAL
(mauborvwan nuscnas) epanw das smoso nodmmoscecmea B,
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§ 3. Hexoropbie cnenuasbibe oTHOMICHM S

Tounas mepxusa rpann nomMuoxecTBa B, ecam ona CYUIECTBYET, ONpejeqeHa
OAHOBHAYHO M 0b03HAauAeTCa vepes sup 3,

AHAJIOTHYNO TOYHAS HUMKHAL TPAHb HOIAMHOKOCTBA B, eciu ona cymecrsyer,
OnpesieieHa OIHO3HAYHO W obo3HavacTed vepes inf 3.

Onpepenenne 3.12. Yacmunno ynopadouennoe smmodcecmso (A, <) nasweaemesn
penieTkoil wau CTPYKTYpPOH, ecau daa anbuwr ee deyr anemenmos a 1 b mmo-
aceemso B = {a,b} umeem mownyro seprivoro u TROMIYIO HUNCHION 2PAHL.

Tpaguunonno sup{e, b} obosnawaercs yepes a U b, a inf{a,b} — uepes a U b.

Baxupiii npumep pemreTky gaer MHOKECTBO P(A) Beex nogvuOKeCTS MpPON3-
BOJILHOTO MHOYKECTBA A, 4aCTHYHO yHOPSALOUCHHOE OTHOUTeHUeM C BKJIIOYEHMSL.

[ToraTne HaCTHYHO yHOPSAAOUEHHOrO MHOMKECTBA SIBIASETCH CIMIIKOM obmum,
YTOOBI MOXKHO OBIIIO HAKEATHCS J0KA3aTh KaKue-1u60 r1yboKHe Teopembl OTHOCH-
TEJILHO KJIACCA BCEX HACTHYHO YHOPATOYEHHBIX MHOMKeCTB. Jl1060e MuokecTso A
MOZKHO MaCTHYHO YNOPAJOUATE, NOJOXKUB JId NPOU3BOJBLHBIX €6 9JIeMeHTOB a 1 b

ash <= a=h

U Bee xe ecth 0110 0vennb BaykHOE YTBEDK ICHHIE, CIPaBe/IIMBOE LI NPOU3BOIh-
HOIO HACTHYHO yHOPANOMEHHOTO MHOXKECTBa, OHO HOCHT Hazsanue Jlemma ITopua.
Hna ero dopmynuposky maM noHasoGuTCH TOHSTHE nernu,

Onpegenenne 3.13. [Hodmmosnceemeo B wacmusmo YNOPAJOLEHHOZ0 MHOIICECNEA
(A, <) nasvieaemes NENBIO, ecan 0as A06wT deyx snemenmos a u b uz B aubo
a<b, aubo b < a.

Jlemma Ilopna. Yacruuno ynopsiodenoe mMuoxecrso (A, <), Kaxmast ey Ko-
TOPOr'o HMeeT BEPXHEIO I'DAHb, COACPXKHT MAKCHMATLHBIN 3J1CMEHT.

Hokasarenserso Jlemmver opna no psaay npuuun Oyaer laHO HECKOJBLKO 11037Ke.
3aMeTHM, UTO B 9TOM JOKA3ATEIBCTEE Oy/leT HCIIOIB30BAH TOKA €Ile He BBECHHbI
HaMu UPHHIAIT TeOPAM MHOXKecTB — AKcuoMa BeIGopa. Bonee Toro, Gyuer joka-
3ano, yro Jlemma Tlopna sksusanesrna Axcnome BLGopa, OITOMY €€ MOYKHO BbLTO
Obl IPUHATE B KAUECTBE OJAHOIO M3 IPUHIMIIOR TeOpun MHOXKecTB. OJIHAKO 110 ps-
AY NPHIHH MACTO NPEANOYHTAT OPaTh B KAMECTBE OAHOTO M3 NPUHIMIIOB TEOPHU
MHoxkecTB AxcuoMy Bribopa, a Jlemmy Uopna u psia APYTUX ei SKBUBAJEHTHBIX
VIBEDPXKJICHUI BBIBOAUTL U3 Hee.

Onpenenenue 3.14. Omuowernue < wacmuunozo nopaoxa 1a mHoscecmee A wa-
3uGACMCA MUTHEWHBIM [IOPAJKOM (At NPocmo NOPAIKOM, ecau awbve dea sie-
MeEHMA @ w b 3mo20 mHoxceemen cpasrumel, m.e. aubo a < b, aubo b < a.

HA3LIBACTCS JIMHEITHO YHOPHAIOIeHHBIM MHOXKECTBOM HJIH npocro ynopdamo-
Y€HHBIM MHOXKECTBOM.,

Cucrema (A, <), cocrogmas n3 Muokectsa A 1 IHHEHHOTO Hopsijika, < Ha HeM,
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IVIABA 1. 9JIEMEHTBI TEOPHUH MHOXXECTB

B xadecTse npuMepoB JMHEHHO YHOPAIOUEHHBIX MHOKECTE MOZKHO NPUBECTH
MHOZKeCTBa H aTypalabH bIX, OCIBIX, PAUHOHAJLIBIX 1 ,[I,(‘)ﬁ(ﬂrl.‘BH'I'f:‘.ﬂ BHBIX HHCEJ ¢ U{Jb].‘-l-
HBIME OTHOWECHWSIM I TMOPpdiKa 18 HUX, ,EL!J\' VY CEPUIO TTPHMEPOB al0T MHOXKeCTBA
KOHEUHBIX 1OCJIeT0BATC/IBHOCT el , COCTABIEHHBLIX M3 BJEMEHTOB JUHeHHo VIIoOpsLao-
HeHHOTO M HOZKECTBA, C OTHOIMICUHWEM L-‘lf‘li\'(il’ll(t')l'})a-(bH‘IQ(ZKOT‘{) NOpAIKa.

4. PaBHOMOIHOCTL MHOXKECTB

[Mousrue pacromougrocmu mmostcecme aBisteTcs oHIM U3 BAXKHOHIIIX HOHSTHIL
TEOPUE MHOKECTR.

st Toro, wrobel OTBETHTH HA BONPOC, COACPIKAT JH BA KOHEUHBIX MIOMKECTRA
OJIMHAKOBOE HYUCIO 3JIEMEHTOB, HOCTATOTHO NEPECYUTATh MEMEHTLI 3THX MIIOMKECTH
1 CDABHATH JIOJIyHenHbie gucua. fAeuo, 9ro aig 6ecKoHe HBIX MBOKECTB TAKOW Me-
TOA NpuALMNnaIbO ne rogures. I Kanropom Gbui HpeaioxKen caeayonmi Meroy
“CPABHEHUS TIO BeSTMUUHE” NPOMIBONBLIBIX MIOYKECTB, B TOM YMCIE 0 GECKONCUHIX.

Onpenenenne 4.1. Muowcecmea A u B naswearomes PaABHOMOIIHBIMHU, €CAl
cywecmasyem buermuenoe omobpasicerue muoscecmsa A wa muoscecmeoo B.

Banuch A = B 6yaer cayxurh obo3nadenney yrBepxaenns “mnoncecmea A u
B pasnomouponmi’. Tlpn s1om, ecin f— Guexims Mroxkectna A Ha MHOMKECTE0 B ;
T0 OYIEM TOBOPHTH, 4TO [ YCmanasueaem pasromoumocms muodcecme A u B,

Eciu A v B~ xoneunele MHOKECTBa, TO OHH pPaGHOMOUNG 0200 U MOALKD
mozda, kozda cocmosam us 001020 U MO20 Kee wucaa Inemenmos. Taxum obpasom,
IOHATHE DABHOMOTINOCTH MOXKHO DACCMATPUBATL KAK ECTECTBEHHOE 0606menyue na
NPOU3BOJBHBIC MHOYKECTBA, HOHATUS PABHOYHCICHHOCTH KOHCIHBIX MHOMKECTB.

Hpuvep. Tlycre N - Muoxkectso peex narTypaibubix yncen, a B — Mnoxecr-
BO BCEX HETHBIX HATypaibHbIX uuces. Torga dyukuus f(r) = 22 yeranapiusaer
paBHoMOnHOCTL MuOKeeTs N n B. 13 s1oro npumepa BuIHO, 4T0 Geckoneqnoe
MHOZKECTBO MOKeT OLITh PABHOMONIHO CBOEMY COBCTBEHHOMY nojaMuoxkecTsy. Yro
HEBO3MOMKHO JIJI KOHEIHBIX MHOMKECTS.

Teopema 4.1. /Tra amobuwx muooceeme A u B ewnoanssomes caedyrougue ymeep-
atedenua:

(1) A=A (pedaexcusnocms omuowenusn PASHOMOULHOCIN, )

(2) Eeww A= B, moB = A4 (cummempumoems ommowenus PABHOMOUHOC-
mu);

(3) BeruA=BuB=C,moA=0C (MPANHSUMUSHOCING OMHOUEHUS PaAsHO-
MOUHOCTIIU,).

Adowasameavemso (1) Pasnomomuocrs muomecrsa A camMoMmy cebe
yeranapiupaer (pynknuda i,4.
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§ 4. PaBHOMOIHOCTH MHOMKECTB

(2) Ecn passomonmocts muosecrs A u B ycranapimBaer pyskuuga f, to pas-
HOMOIHOCTL Muoxecrs B n A yerasasmusaer dywkuus f!.

(3) Ecnu pasromompmocts muoxecrs A u B ycranapausaer (GpyHkuug f, a pas-
HOMOMIHOCTH MHOMNKecTB 3 n ' — dyHKuua ¢, TO paBHOMOWIHOCTH MHOMKeCTs A u
yeranaBiupaer (pyuxnus g o f. ]

Eean muoxecrsa A m B paBHOMOMIHB, TO Oynem roBoputh, uro A u B umeror
00URGROGYI0 MOUHOC IR OJTHO U TO JKe KapIuNaAbHoe Tueio. 3aMeTnM, 4To Mbl
HE OTIpeNieIgeM HUl IOHATHE MOUSHOCTIU MHOKECTBA, HH NOHATHE €10 KapouHaAbHo20
HUCAQ, A TOJIBKO JIHIIL BBOAUM HOBBI TEPMUH ISl TOHATHS pasHOMOIIHOCTH. Cam
I'. Kanrop oupepensin mowpocms wmu xapdurasvioe wucao MHOKeCTBA A KAK Ta-
KOe ero CBOMCTBO, KOTOPOE OCTAeTCA 10C/Ie ABCTPArHPOBAHNS 0T KAUCCTBA HJIEMEHTOR
MHOMKECTBA M OT UX MOPAJKA. 1100bl HOAICPKHYTD 3T0T JBORHON akT aGeTparnposa-
nnd, I'. Kantop Beest cumpon A st ofosnavenuns MOHIIOCTH MHOKeCTBa. KoHeuHo,
NPUBEICHHOC TOJIBKO YTO OUPEACJNCHNUE HOHATHI MOUMOCTNY MHOKECTBA HE MOYKET
pacCMaTpPUBATLCS B KAYECTBE MATEMATHIECKOIO oupeaeaeHus. MoKHO OIBITAThCS
AaTh 1 60J1ee TOYHOE OIPEICNCHHC HOHITHA MOULHOCTNL MHOMKECTBA. Hanpuawmep, nox
MOITHOCTBIO MHOZKECTBA A MOKHO TOHNMATh KAGCC BCEX MHOMKECTB, PABHOMOILHLIX
MHOXKecTBY A. OQHAKO TAKOH TOAX0 K HOHSITHIO MOTHOCTH HATAIKABACTCH HA pan
TPYAHOCTEH, HAUPUMED, KaK J0Ka3aTh, 4T0 JIO60E MHOMKECTBO UMEET MOH[HOCTD,
T.L. UTO /151 HOOOr0 MHOKECTBA A CYLIECTBYET KIacCC MHOZKECTB, eMY PABHOMOIII-
nuix. Kpome Toro, pacemorpenue “CIMIKOM GOMBIINXT MHOXKECTE MOMKET I PUBECTH
K NPOTHBOPEUMSIM.

C Apyroit cTOpoHbl, TEPMUH MOIKHOCTD HE 00A3aTeNbHO HCMONL30BATL, TAK Kak
TEOPEMBl TCOPHM MHOXKECTB MOYKHO (DOPMYMHPOBATH Tak, 4TOOH B HUX peub wLiA
He 0 CBOHCTBAX MOMHOCTEH WIN KADJAMHAILHBIX YHCEN, & 06 OTHOMICHHAX MEKILy
HUMH, CHOPABEIIMBOCTL ¥Ke 9THX OTHOIIEHHME MOMKHO J0KA3aTh 1IPH HOMOIIA HOHS-
TUs paBHOMOTIHOCTH. OAHAKO MHOTHE TEOPEMb TEOPHH MHOKECTE CTAHOBSTCS Goslee
MAKOHUIBIMH, €CU UX (POPMYNUPOBATE KAK TEOPEMBI O MOIIHOCTAX AN O Kapiu-
HAJILHBIX THCIAX. DTO CIYXKAT ONPAB/AINEM BECICHHs B TEOPHIO MHOKECTB Kapiu-
HAJILHBIX YHcest. Bynem cunraTs, 410 ¢ KaxkapiM MHOKECTBOM A cBg3an HEKOTOPEII
ofbexrT A, HA3BIBAEMBbI KapOuNaAbHvM NUCAOM TIH MOUHOCTTION0 Muokecrsa A,
NpHYIeM MHOXKeCTBA A u B paBROMOMIB TOTAA 1 TOJLKO TOTIA, Korua A = B,

Ecan A — Geckonednoe MuoxecTso, 10 A HaBBIBACTCH OECKOMCUHBIM KAPOUHANDL-
HOLM MUCAOM, 8 €CM A — KOHEMHOe MHOMKECTBO, TO A HASBIBACTCSH KOHEMMMM KaD-
QUHANDHBLM VUCAOM.

Onpenenrenne 4.2. Mownocmy muoncecmen A ne bonvue MOULHOCTIVE MHODICECTT-
6a B, ecau cywecmeyem unsexmuenoe omobpasicerie muosicecmea A 6o myoscecm-
6o 13,

Bamuer A < B Oyfer cny:KuTh coKpalieHneM [Uist yTBEPAKIEHUsT “ MOUHOCTIL
muoocecmea A ne foaviuse moumocmu muodxcecmen B
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IVIABA 1. SJIEMEHTBI TEOPUU MHOXKECTB

Teopema Kantopa ~ Illpenepa — Bepnmreiina. Ecan A < Bub < 3, TO
A=B.

Adoxasameancmeo Tyers f - uHbeKTHBHOE oToOpaXkenne MHOKecTBa A
BO MHOXKECTBO B, a ¢ — HHBEKTUBIOE 0T00OpazKenue MHOXKeCTBa I3 BO MHOMKECTBO A.
Hoxazem, uro cymecrsyer nekoTopoe GuexTuBHOE 0TOOPAKERNE h MEOKeCTBA A 1A
MHOKECTBO f3.

[onaraem

:/'1() = fi\g(_B), B(; = f(A[))
An—l—l = gf-Bn); Bn-l-l = f(An-H)-

Hoxaxem, uronpu i # j AiNA; =@ B; NB; = @. JokazaTeaserso nposeien
MHYKIe o ¢+ 5. Zleno, wro i 4§ > 1. Moxuo cuurars, wro i < i

(1) HIycrp i+ 5 =1. Tormai =0, j = 1 u HAJI0 J1OKA3aTh, 1TO
AoNA =8, ByNB =2,
Hoxaskem, wro npun § > 1
ANA; =02, BynB;=g.

Houpu j > 1 A; = g(Bj.-1) C g(B), a Ay = A\g(B), mosromy AgNA; = @.

Hokaxem, aro By N B; = @. llpeqionoxum npoTuBHOe 1 nyers b € ByN B, =
= [(A) N f(A;). Torna uaiinyrea rakue sjieMeHTH g € Ay, 0; € Aj, uTO
b= flag) = f(a;). Tak kax f — uabeKTUBHOE 0TOOpaXkKeHne, T0 Gy = a;, 3HAUUT,
ag € Ag M A; = @. Tlomyuennoe nporuasopeune nokaswipaer, uro By N B; = @.

(2) Cacnaem WRAYKTHBHOE HPEINONOKAHTE:
UPH JI0OBIX § £ i+)1<k

B) IHyerb i 4+ j =k > 2ui < J. Caywait i = 0 yxe paccMorpeH Bbiuie,
HOSTOMY MOXKHO cunTarh, 410 1 < 4 < j < k. [Jonyerum, uro A; N Ay £ 2,
[yeth a € A; N A;. Tak kak A; = 9(Bi-1), A; = 9(B;_1), To mafiayrcs Takue
smeMentTh b,y € By, bjy € Bj_y, wro a = g(bi1) = g(bj-1). Tak xak g¢
MHBLCKTHBHOE oTOOpazkenne, 1o b, = bi_1, o3TOMY b;_, = bji-1 € B;i_1 N B q.
Ho (i = 1)+ (j—1) <i+j =k, HODTOMY 110 MHAYKTHBHOMY HPEITON0KEHTIO
B, 1N Bjy = @. Monyyennoe IPOTUBOPEUNE noKasbiBaet, u1o A; N A; = @.

Honyerum, wro BinB; # @. [lyers b € Byr 1B;. Tak kax B; = f(A;), B; = f(A4;),
TO naiayrea anementsl a; € Ay a; € A; takue, uro b = f(ai) = f(a;). B cuny
HHBEKTHBHOCTA [ a; = a;, 3Ha4nT, a; € A; N A; = @. Toayuennoe npornsopeune
nokaspisaet, ¥ro By N B; = &,

[onaraem
(o 4] oc
C=4 D=|JB.
n=0 en
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§ 4. PaBHOMOIHOCTL MHOMKCCTB

Onpenemam oroGpawenne h uz A 8 B: h(z) = f(z), ecan z € C' u h(z) =
g (), ecniu z € A\C.

Tak kax A\g(B) = Ay C C, 10 A\C C ¢(B), 3naunr, onpejencHue 0TobpaskeHus
h KOppekTHO.

lokaxewm, uro h — cropwexrusnoe orobpasxenue. [lycrs b € B.

Ecau b € D, ro maiijerca taxoe n, uro b € B,. Ho B, = f(A,). 3uaunr,
Hafiercst sjaeMent a € A, raxoit, uto b = f(a,). Tak kax a € A, C C, 10 At} =
[lan) = 0.

Eean b ¢ D, mo g(b) ¢ C, tak Kak B MPOTHBHOM ciry4ae IpH HEeKoTOpom N => 1
g(b) € A, mTorma b€ g *(A,) = B,_; C D. Buauur, h(g(b)) = g (g(b)) = b.

lokaxem, uro h — unnekTuBHOE OTOGpaKEHUE. Hyers x1,20 € A u h(z;) =
h(zs). Ecim 21,22 € C' wmn 21,1y € A\C, T0 U3 HHBEKTHBHOCTH f u g7" cpasy
CHEAYET, UTO Ty = To.

Ocraerca nokasars, uto cayyait h(z;) = h(zs), 2, € Cuxzy € A\C neposmoxen,

[lpeanonozxnm nporusnoe, nycrs h(zy) = hzy), 2, € C u x, € A\C. Torna
f(@1) = 97 (xy), snaunt, g(f(21)) = 9. Hycrs 2, € An, Torna f(zy) € f(A,) = By,
9(f(x1)) € g(By) = Apyy. Bnauur, 2, € Anyy C C, uro [POTHBOPEYAT [PE/TNOJI0-
KeHuI Zy € A\C.

Tem cambim A0Ka3aHOo, 4T0 h — OHEKTMBHOE OTOOPAKeHUEe MHOXKECTBA A HA MHO-

KeeTso B, nosromy A = B, 0

JaguMm eure 04HO J0Ka3aTeNbCTBO 3TOR BayKHOM TEOPEMbI, CJeyst Mocobuio
E M. Topnona u I'M. Tlomorosckoro [8]. TTpesBapuresrbio nokakem HHTEPECHOe U
BasKHOE yTBeDXKAEHHe, Hocamee nasBanne Jlemma A. Tapckoro.

Onpenenenune 4.3. Omobpascenue @ 6 ceba muoncecmea P(X) scex nodmmo-
HCECTNE NPOUICOALNO20 MHONCECMEE X HAZVEAEMCA MOHOTOHHBIM, €CAY OAA A10-
ovix deyr nodmmoncecne A u B muooceemea X exawvenue A C B aaenem axaso-
uernue p(A) C ¢(B).

Onpepenenue 4.4, Ecau @ — omobpasicenue 8 cefif npouscoavhozo Muomscec-
6a W, a A* — maxotli snemenm omozo mmooicecmea, wmo p(A*) = A*, mo A*
HA3VGACTNCA HETIOJABUAKHOM TOYKOR omobpasicenus .

Jlemma A. Tapckoro o menoasmx<HO# Touke. JI060e¢ MonoTonnoe orobpake-
Hite p B cebs muoxkecrsa P(X) Beex HOAMHOXKECTB IDOU3BOJBHOIO MHOXKeCTBA X
HMCCT HEeNMOUABH2KHYIO TO GKY.

dowasamenncme o Oboznaunm uepes M ciepyionee ceMeficTBO TOIMHO-
JKEeCTB MHOMKecTBa X ;

‘[U | UCX A 99(()’—) . U’}_

dleno, aro camo muomectso X xoaut B M. Ecomw B € M , TO 1O OTIPEJIeJIeHNIO
@(B) € B, uro B cuity MonoTonsoctH orobpazkenus o gaer skmodenue o(p(B)) C
@(B). 3nauur, @(B) € M.
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IVIABA 1. 9JIEMEHTBI TEOPHW MHO>KECTB

[Monraraem

[okaxem, uro A* -~ nHenoasuzknas Touxa orobpaskenns . Ecan B — upows-
BoaLIOC MHOKeCTBO U3 M, 1o A* C B, orkysa B cuity MOHOTOHHOCTH OTOOpazKe-
Hua @ noayvaem ¢(A*) C @(B). U3 onpeacnenns cemeitctsa M MMeeM BKAIOUYCHUE
w(B) C B, 4r0o BMECTe ¢ HPEIBIAYIIAM BKIIOUYEHHEM JaeT @(A*) C B. Ho rorna

p(A)C [ B=4,

BeM

T.e. A* € M. Ho rorna u ¢(A*) € M. Tlocneanee B CHJIY OHPEILNCHUS MHOKECTRA
A* Baeser rmouenne A* C ¢(A%). Tlocaeee BMecTe ¢ paHee YCTAHOBICHHBIM
BKJIIOUEHNEM AaeT HyxKHOe paBeHCTBO ¢ A*) = A*, jlemma jokaszana. (]

AdAokxasameanvemeo meopemot Kanmopa — Hlpedepa — Beprwwmetina.
Myers [+ A= Bng: B— A— unvexrusisie orobpasenns. Ham meobxommmo
nocTponts Guekrusnoe orobpaykenue h 1 A — B. Jloxaxem, 4ro CymecTByeT Takoe
noamMuozKecTBO A* Muoxmecrsa X, uro A* = A\ g(B\ f(A4%)).

Pacemorpum orobpazkenne ¢ 8 ceba Mmuokecrsa P(X) Beex MOAMUOKECTS MHO-
aectna X, 33/1aHHOC PABEHCTBOM

() = A\ g(B\ J(U)).

Herpyano mposeputs, uro ¢ — monoronnoe orobpaxenne. [lo semme A. Tapckoro o
HEIOJBHZKHON TOUKE CYIECTBYET NOAMHOMCCTBO A MHOMECTBA A, VIOBICTROPSIO-
mee pasencrsy A* = @(A*) = A\ g(B\ f(A")). deno, uro f 6GuexrusHo orobpazkaer
muozxectTro A Ha f(A*). Kpome Toro, rax kak A\A* = g(B\ f(A*)), 10 g 6uexrunio
orobpazkaer muoxkecrso B\ f(A*) na A\ A*, nosromy ¢! GrekTinEo orobpazkaer
mHOzKeerBo A\ A* wa B\ f(A*). Bnaunt, fUg™! Guekrusro oTobpamaer MHOKECTEO
Amna B. a

Oupenenenne 4.5. Mowmnocrns A mnoncecrnea A menvue moupocmu Bomno-

oceemnea B3, ecau A < B, no A # B,

Banncen A < I3 Gyzer cayRuTh cokpamenuem s VTBEPZKAeHus “mowrocmy A
mrosicecmea A menviue moupocmu B muoocecmea B,

I;;'EI.M!;‘.'FH!\'I. HTO B COOTBCTCTBHHE © onpencaetuemM MOUHOCTh A MHOZKecTBa A MCHBb~-

e MoiHocTH B Muoxkecrsa B, ecan CYHECTBYET UHBEKTHBHOC OTOODAZseHHe MHO-
AKeersa A BO MHOKECTBO B, HO He CyIecTBYeT GHeKTHEHONO OTODPAKCHN A MHOMECCT-
Ba A na MHOKeCTBO B, T.e. MIHOXKECTBO A PABHOMOIIHO HEKOTOPOMY NOJMHUOMKECTRY
MHOMKECTBA [, 110 HEPABHOMOWINO BCCMY Muoxectsy 3.

B xavecTne yupaxuenns anTaTemo npeaiaraercs IPOBEPUTD, YTO CHPABEITUBLI
CACYIOINE YTBEPIKICHHA:
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§ 4. PaBHOMOIIHOCTL MHOMKCCTB

(1) ans moGoro muokectsa A A ¢ A (anrupediiekeusnocrs oTHowenns <)

(2) st mobeix muokeets A, Bu Ciecm A< BuB < C, 10 A< C (Tpanan-
THBHOCTL OTHOMIEHUs <).

I'. KanTopy NpHHAJIEKHT 3aCTAyTa OTKPBLITHS CYMIECTBOBAHUS GECKOHCHTHRIX MHO-
KECTB, UMCIOIINX PABJIMYHYIO MOIIHOCT.

Teopema Kanropa. Ecin A — npousposasnoe MuOKecTRO, a P(A) — muoMecTBO

Beex ero noaMmuoxkects, 1o A < P(A).
Hoxasameancme o Orobpaxenne

fram— {a}
ABIACTCA MILEKTHBHBIM BIOXKCHHEM MHOKecTBa A BO mMHOkecTBO P(A), n109TOMY
A < P(A).

Ocraerca nokasathb, uro A # P(A), T.e. a0 He cymecTByer GHEKTHBHOTO 0TO6-
paxenus MHoxectBa A na muoxecrso P(A). Mo qokazxkem, uto gaxe ne cymect-
BYeT CIOPBLEKTHBHOIO oToOpaxenns muoxkecrsa A Ha muoxkectso P(A). ITyers o -
MPOM3BOJIBLHOE GTOOpaxkenue MEOXKecTBa A BO MHONKecTBO P(A). Pacemorpuy cire-
ayiomee noaMuokecTso D, muoxkecrsa A:

D,={z|zeA & z¢yp)}

[Toxazkem, 4T0 He CylIecTBYeT Taxoro sjaementa a € A, 4To D, = p(a). Ilpen-
MONOZKHM MPOTHBHOE, [YCTH Haiijerca Takoll anement a € A, wro D, = p(a).

Honycrum, uro a € p(a), Torga a € Dy, OTKysa 10 ONPEIETEHRI0 MHOKECTBA
D, nomyuaem a ¢ @(a). A Tak KaK [0 IPeINOIMKEHHIO ¢ € @(a), TO MOJyUeHHOe
NPOTHBOPEUHE MOKA3BIBACT, 4T0 a ¢ p(a).

W3 nocaegnero no oupenesennio Muokeersa D, nosywaem, urto a € D, Ho
Torja a € p(a).

Nrak, mbl noxazamm, 9ro a ¢ ¢(a) n a € (a). Tonywennoe mpoTuBopeune
MOKA3BIBAET, YTO HE CYUIECTBYET Takoro sirementa a € A, uro D, = p(a). Snauut,
OTODPaKeHNE ( HE SIBIAACTCSH CIOPHEKTUBHLIM.

D10 3aBepIaeT A0KA3ATEALCTBO Teopembl 1. Kantopa. O

3amegaune. Ecmn A -~ konewnoe muoxectno, coctosimiee u3 n aaementon, To P(A)
----- KOHCHHOE MHOXCCTBO, COCTOdlIe: H3 2" sgemeHTOB. 37T0 Jledstaer olnpapjaHHbIM
BBCJCHHE CACAYIOero 0603HAYCHUSE! [I0JArAeM

ot = 2P,

Torna no reopeme I, Kanropa A < 24,



IJIABA 1. SJJEMEHTH TEOPHUHW MHOXKECTB

aa nponsposibHOrO MuoMKecTBA A OnpesennM GECKOHEYHYIO BO3PACTAIONLYIO
NOCAEI0BATC/ALHOCTL KAPAUHAJBHBIX YHCES, TIOJIATaA

ey +— /17 Oy = %
o reopeme I'. Kanropa,
G <0 Cha we < Oy L By € e

BBH B B KaYecTBe HCXOIHOIO MHOXKeCTsa, A MHOKECTBO HaTYPaabHLIX THCC WA
mohoe JAPYTroe ﬁeCKOI'Iﬂ“-IH(TG MHOMECTBO, HOJIY UM 6{3(7](0]](!‘1]-[}'70 BO3PACTATOTMYH) 1HOC~
JACHOBATEJILHOCTE G(JI'KOI'I(".'-H'ITJTX KapJIuHaJIbHbIX YHCe. y}K(! ITO CBUAETCALCTBYCT O
NIOAOTBOPHOCTH NPETOMKEHHOTO It .K'r:LHT'()[“JOM criocoba CpaBleHusd ﬁe(:K(}l-i(‘.‘thlX
MHOZEECTB 11O MONIIIOCTH. /TI?]..JII_)HCI'UHIIE‘.(". H3VHEHHE MUPa KapAUHATILBHLIX YMCen e
BXOJWUT B HAILHW TIJTAHLI. Br.rlNIGTI»I M JHIL, 9T0 9T0T MHD ‘II){IT.BBI)[‘IEI.FI HO 601_'}]’1‘, W JT1eK0
HE Ha BCC CBAZAHILIC ¢ HHM BOITPOCH! HOJAYHeHBI OKOHYATCILUBIC OTBOTHI.

B panpueitmem Gyaer nojesna cieayiomas, HHTYUTHBHO OYCBHAHAS, TEOPEMA

Teopema 4.2. Ecau cywecmeyem cropsexmusnoe omobpancenue muoxcecmea A
na mroxcecneo B, mo mownocmn B e npesoczodum smowmoemu A.

Adoxasameannvcmeo Iyers f: A - B copbekTusHoe orobpasxenue
MuozKecTsa A Ha MHOXKecTBO B. [lig npoussornnoro siaeventa b € B nojaraem

Ay = {alfla) =b}

[pu b # ¢ mpoxecTBa Ay 1 A, e HEPeCeKAIOTCH W BCE OHH Henycrol. Jns Kax1oro
b € B puibepem 8o MHOxKecTBe Ay HEKOTOPBIA AJeMeHT ap B 3abUKCHPYEM 9TOT Bbl-
00pP (BOBMOYKHOCTE TAKOTO BHIGOPA HAM rapauTupyer axcuoma swbopa). Torga aerko
HOHATL, YTO 0"|.‘06[J€']-)K(:‘.llMC @y 3adanioe PaBCHCTROM \,O(f)) —_ fly, ABJACTCSH BIOZKE-
HUeM MHOACCCTRA _B BO MHOMCCTBO /4.. 9’[‘0 3:-1.1;(-!_1)11121.(%1‘ JA0KAZ3aTCILCTBO TCOPEMBI.
]

5. KoHeuHble 1 cyernble MHOXKECTBA

AIst TPONBBONBLHOrO HATYPANBHOIO THEAA M 06OZHATNM vepes N, caeyiouee
MHOXKECTBO HaTypaubibix uncen {1,2,...,m}. Herpyauo JIOKA3aTh, YTO NIpU M # n
muozxkectsa Ny, u N, HepaBHOMOIIHDI.
Onpenenenne 5.1. Muoocecmeo A nazweaemes KOHEYHBIM, ecau Hatidemes ma-
KOC Hamypasvroe wucao n, wmo A paeromousno muoscecmey N, . Hpu smom n na-

AEACINCA YACJIOM IJIEMEHTOB MmiuoxHcecmaa A.

Cretyionte yrBepKICHMA JIETKO CIIEAVIOT 13 OTPCACIIEHNS] KOHEYHOT'O MHOYKECT-
Ba.
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§ 5. Koneunsle u cueTHnie MHOKeCTBA

Teopema 5.1. [To0mmooicecmeo KOHEHHOZ0 MHONCECTIBA CAMO SBAILTCR KOME -
HOLM MHOHCCCMEOM.

Teopema 5.2. Obzedunenue KoMeuHO20 MUCAG KOMENHWE MHONCCCTNE CAMO ACAA-
EMEHA KOHEUHBIM MHOHCECTIBOM.

Teopema 5.3. Ecau A — wxoneunoe mromcecmeo us n INEMEHMOG, 0 B — Koney-
HOE MUOCECTNGO U3 M dnemenmos, mo A X B — xouewnoe muoscecmeo ua mnim,
INCMEHITLOB.

Teopema 5.4. Ecau A — xoneunoe muoscecnao us N IAEMENTNOG U CYULLCTEY-
CM CHOPBERMUGHOE 0OOPAICEHUE FNO20 MHONCCCTNE HE MHONCECTNED B, moB —
KOHEYHOE MHONCECNGO U3 T IAEMEHMOE U M < n.

Onpenenenne 5.2. Muoocecrnso A, we ABAANOULCECH KOHEUHBIM, HAIBLGAETNCA
BecKoHEeYHBIM,

[Ipocrefimuym npuMepoM 6ECKOHETHOIO MHOMKECTBA SBISETCS MuoxkecTBo N Ha-
TYypaIabHbIX unces. Kro Mommoers ofo3nauaeTcs yepes Ng.

Onpenenenue 5.3. Muosceemeo A, pasromownoe muoncecmey N namypanviios
HUCEA, HA3WBAEMCA CHETHBIM. F2o mownocms obosnanaemca wepes Ny.

Teopema 5.5. Mnoscecneo NxN nap namypaisnuus wuces — cuemmoe muoscecm-
60. Ipu awbom namypanvrom n muoncecmeo N* n-ox HATMYDAADHOLT YUCEA — CHEM-
HOE MHOACECTNGO.

Hdoxaszameanncme o Pacemorpum orobpakenue ca(n, m) = 2"~ (2m — 1).
deno, uro ¢ — Guexuus Muoxkeetsa N x N na N.

Mupykupeit 1o n crpoum GuekrusHOe orobpaxenne ¢, Mmuoxecrsa N* n-ox nHa-
TYPATBHLIX uuces na Maoxkecrso N warypansusix wncen. Iosaraem

B B gl et Unt1) = Cacu(ay,...,an), Ant1)-
(]

CJIEACTBHG. f]pﬂMOS 'Rj.?ﬂ?iéi’(?ff(j&?iﬂ(? KOHEYMHOZ20 “UCAL CHETMHML MHONCECTE CAMO
HABAACTNCA CHETAHBIM MHONCECTIBOM.

Teopema 5.6. Jlo6oe Geckoneuioe mmoscecmeo COEPIHCUM.  CHEMHOE NOOMHO-
HCECMEO.

Adowasameanscmae o 3aMeTHM, BO-IEPBBIX, YTO HECKOHCYHOE MHOKECTRO
HCOYCTO, & BO-BTOPBIX, YTO 1IPH YAAJACHUH M3 OECKOHEYHOI'0 MHOMKECTBA KOHEUHO-
I'o NOAMHOKECTBA, MBI lIOJI},"'lH.(‘!NI 60{31(0}[9‘1?](}0 MHOAECTRO. 9’1‘0 [o3pOJIsIeT HaAM 110
MHAYKIHKA OIpeacanTh CHETHYIO HOCHed0BATENBEHOCTH i, Az, ..y COCTOAIYIO M3

NONAPHO PA3AHYHLIX 9JCMEHTOB r)e(fKOHC‘]HI‘)]‘O MHOMKCCTRBA 1‘1.'
a € fl, apty € A \ {(I-],..,,G-,,.}‘.
Acno, uro {ay,...,a,,...} — cyernoe MOAMHOKECTBO BECKOHEUNOTO MHOKECTBA A.

O
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JIABA 1. QJIEMEHTBHI TEOPUW MHOXXECTRB

Teopema 8.7 BG(??CO?L(;‘"&H(?@ 'F?,()()MHOI}-'C(’.C?TLSO CUETNHO20 MHONCECTNGA CAMO ABALCIT-
CaA CHETRHBIM MHONWCECITIEOM.

Howaszameanncme o Ilyers B — beckoneunoe NOJIMHOKECTBO CHETHOT'O
muokecrsa A, B cuny npeapiiymieii reopemsl B nMeeT HEKOTOPOE CHETHOE TOAMHO-
wecrpo C. Torna = s el Frumati

R-C<Bsi=N
B cuny reopemer Kanropa — Ilpeaepa — Bepuurreiina us s1ux gepasencrs caepyer
pasencrso A = N, 3

CJIE,H,CTBHG. H'Of’.M'.‘LUJ}‘C{’{.‘.TTEESO CUETNHOZO MUONCECTNGH ACAACTCA KOHEUHMM UL
CHETHBIM MHONCECINEOM.

Teopema 5.8. Fcau .= beckonennoe mnoocecmeo, a B — woneunoe wan cvemmoe

mmoscecmeo, mo A U B = 4

doxaszameannscmaso JocTarouno joka3ars TEOPEeMY JLNsl CAVIas, KOria
ANB = @. J. Hyers C — cuernoe nojamuokectso 6eckomednoro Muoxectsa A, IToka-

xem, uro C U B = (. Hycry [ — Guexnua N na C. Eciin B — cierHoe MHOXKeCTEO, a
— Ouexuna N na B, 10 dyuknmsa h, onpeenenmas pasencrsamu h(2n—1) = f(n),

h,(,?n) = g(n), sanaer 6uckimio N na C'U B, apauur, CUB =N = (. [oaromy na
JABCPIICHIA JOKASATEIBCTBA JIOCTATOUHO BOCLOAb30BATLCH PABEHCTBAMMU

A= (A\C)UC, AUB = (A\C)U(CUB).
0

C.IIG,D\('-']'BI‘IB. 06?5(’.!’)“?!--‘??!-‘1},6 KOHCUHOZ20 YUCAL CHETNHBILT MHONRCECTIG CAMO ABAACTLCS
CUETTIHDLM MIONCECTIEOM.

Teopema 5.9. Jhoboe Gecronennoe muomcecmeo codepoicumm cobemeenHoe nedmio-
CECINGO, EMY PABHOMOUHOEC.

Hoxasameanvemeo. [Iycr, A — Geckomneunoe MHOXKeCTBO W ¢ € A,
I.O]"ﬂ,d, MHOXKCCTRO 1 ])rlHHUMUL!J'HU "c],l[pHM( 1 CROE MY l(](\' TB(‘IIH()MY HOAMHBOMEC TBV

A\ {a}. O

BHM(_‘.‘laHl’le. Tak rkax HHKAKOE KOHETHOC MITOMECTRO HEe MOYKeT OLITH PAaBHOMOITHO
HHKAKOMY CBOEMY C()ff)("f'!i(‘HH(h\.fI)/ HNOJAMHOMECTRY, TO YCTanoBiAeHHOC B Teopeme CBOT-
CTBO DECKOHEUHBIX MHOMKECTB MONHO OBITL 110 TOMECHO B OCHOBY anpeaedeHus o f'cum-
HCHITBIX MHOMECTE, a HMCHHO, ({(KUH(’HHH'\:I MOXXHO ObiJ10 Obl HazBarb MHOKEC TBEO,
coaeprkalee cobeT BEHHOE HOAMHOIKCC TBO, PasHOMOIIIHOE BCCMY MHOXKEeCTBY.

Teopema 5.10. Lcau cyweemeyem ciopsermusioe OMOOPaNCerHUe MHONCCCMBA
HATMYPAADUDLEL HUCEA 1A MHOICECMGo A, Mo A — KoneuHOe UAU CUCTRHOE MHONCECT-
80.



§ 5. Koueunsie n cyeTHbIE MHOMKECTBA

Hdoxasameanovcmeo lyers f: N — A — ciopbexkTusroe orobparkenne
MuoOzKecTBa N HATYPAJBHLIX THUCCT HA MHOYKECTBO ./4. E(Z.J'll*l A - KOHEeYHOe MHOMKCCT-
BO, TO yTBEpzAJJIeHUHEe TeOpeMDbl TOKa3aHO. HYC'I‘I_) A — GEEL".KOIIC‘-II’IOQ MIOXKECTRBO. ,FI,IIFI
HPOUSBOJALHOTO 3JIeMeHTa a4 MHOXMKECTBA A noJraracm

N, = {n | fln)=a)

fcno, yro N, — Henycreie, NonapHo Henepecexaonuecs moAMHOKECTBA MHOMKECTBA,
N, obvenunenne koropeix cosnagact co Beem N. Ilyers npu suobom a n, — Hau-
mewvuiull snemenm muoxectsa N,. Ionaraem ¢(a) = n,. Herpyaao nposepurs,
UTO (¢ — WHBEKTHBHOE 0TOOpaykenue Muoxkecrsa A Bo muoxecreo N. U ocraerca
BOCIIOJIL30BATBCS OTHON M3 MPEABIIYITHX TEOPEM. O]

Teopema 5.11. Ob6aedunenue cHemmozo MHONCECTNGA CHETVHYLE MHONCECNG CAMO
ABAACTNCA CHEMHBM MUOHCECTIEOM.

Howaszameannecmeo Iycers npu mobom n € N A, — cueTHOE MHOXKECTBO

4]
Ar:UAn.

nen

[Ipn mrobom 1 € N cymecrByer clopbekTuBHOE 0TOOpaXkenwue f, muoxecrsa N na A,,.
TTocrpoum clopbexkTuBHOe orobpaskenue MHOKecTBa N Ha A,

[Monaraem f(n,k) = f,(k). AcHo, uro f — clOpbLEKTUBHOE 0TOBpAXKCHHE MHO-
xecrsa N x N na A. Eciw ;' — ciopbextusnoe orobpaskenne muozxectsa N na
N x N, 10 fe;' — cioppexrusnoe oroGpaxenne muoxecrsa N pa A. 3naunr,

A < N. /[lng 3apepuenns JOKa3aTeJbCTBa OCTACTCA 3aMeTuTh, 4to N = A; < A u
BOCIONBL30BaThed Teopemoit Kanropa - [penepa — Beprmreitna. C

|

—

Teopema 5.12. Muoowcecmeo ecex koneunux nocacdosamenvrocmeti, cOCMasAEH-
HOLT U3 IACMCHINOE CHETMNO20 MHONCECTNBA, CAMO ABAACTNCH CUEIMHBM MHOHCECTT-
GOM.

,,ﬂ okwas3ameandbeimeo. ):LOCT&'.['{)‘IIIO JAOKa3aThH CHETHOCTh MHOXKECTBA

N e

M

A 310 cpasy caenyer u3 Teopem 5.10 1 5.11. ]

C.TIG,II;CTBMB. MHoocecmeo 6Cer KOHEUHUL NOOMHONCECTIE CHETMHOZ20 MHONCECTNEW
CAMO AGARACTNCA CHETIHOLM MHOMHCECTIEOM.

3akoHuuM naparpad H10Ka3aTeJbCTBOM OJHON HHTEPECHOHW TEOPEMBI U3 TEOPUH
HCEL.
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FJIABA 1. 9JIEMEHTHI TEOPUN MHOXKECTB

Onpeapenenne 5.4. Komniekcnoe wucio Ha3ueaemes aazefpauneckum, ceat oo
AGAACTICA KOPHEM HEKOMOPO20 NCHYACE020 MHOZOUAEHA C UEAbMU KoPPuYUeHnma-
M. B npomuenom cayuae oMo Ha3vweaemes mpaneyeH0eHmHvLm.

Kazioe panponasbHoe YHEI0 m /1 aBAgercs anredpanaecKuM, Tak Kak OHO —
Kopenb Mporousena na — m. Muoxecrso A anare0pandeckKux 4HCEN TO CBOMM ajl-
rebpanieckum cpoficrsaM ne omtuaaercs or muaoxecrsa C xommiexcrbix uncer: A
— 1A2CDPAUNCCKY, 3AMEHYNOE NOAE.

Eme s XVIIT sexe JI. Diinep Bbickasast npeanoiokenie 0 CymecTBOBALNA TPAil-
cuenJIeHTHeIX yuces. Ho ronbko s 1844 o 2K, Jluysumno yuanocn a1o TTPe 010~
KETHE JIOKa3aTh, Bonbmmm MareMarnieckny JoCTHKenneM ObIJIo TOKA3aTeALCTRO
UL Dpmurom B 1873 1. rpancienAeHTHOCTH YHCAA €. BRUIANIMeS MaTeMaTHaec-
KIM PesyapTarom craso goxasareancrso @, Jlungemannom B 1882 r. Tpancnen-
ACHTHOCTH “THCJIA T, OTKY/Ia CAEA0BAIA HEGOIMOICHOCTIID TLOCTIPOCHUA ¢ NOMOULHIO
YupKyAL U sunelinu keadpama, pasnozo no naowadu darromy xpyzy (sadava o xead-
pamype xpyea). B xonne XIX seka I'. Kanropy yaanock, uenoavays semodv, cosdam-
HOT UM TNCOPUL MHOJICECMS, TOKA3ATH, YTO B HEKOTOPOM, TOYHO ONPEIEICHIOM UM
CMBICILE, “INPANCUCHOCHINHUE YUCEA CIMOABLKO JICe, CROALKO GCET JeticmEumenb
WUCEA”, TOYHEE JOKAZATH, YTO “MHONCECTNE0 MPAHCUEHOCHIIHDLE YUCCA DAGHOMOUL-
HO MHOYICECINGY 6cer deticmeumenvrors wuced’. DTo ObLIO TOPAUTEILHOE MATe-
MATHUCCKOe OTKpbITHe KoHna XIX Beka — nojayuaercd, UTo ¢TO JeT MaTeMaTHKl
HCKAJIM TIPUMEPDLL TPAHCHCHICHTHRIX YHCe, TeHOH 3HAYMTCABIBIX YCHIMI CTPORIIH
OTACALHBIE TIPUMEPE! TAKUX YHCe, NeHol ente GONLIINX yeuanii JoKa3pBaln TPAHC-
HEHIECHTHOCTH KOMKPCTHBIX YHCE, & OKA3a/10Ch, 910 “HOYTH BCE YHCIA TPAHCHEH-
JIEHTHDBL, BO3BMHI CHyUaiibiM 00pasoM JeficTBHTEIbHOe YHEA0 ¥ OHO ¢ 04CHD HOJib-
WOH BEPOATHOCTHIO OKAKETCH TPAHCUCHACHTHBIM”. DT0 ApKuil IPUMED MOIIOCT]
TCOPETUKO-MHOKECTBCHHDIX METOJIOB, TO ¥ HO3BOMUIO UM, HA HAI B3NS, B I1ep-
BOH nojopuie XX peka nponusars (“3axsaruTh”) SHAUMTEILHYIO JACTh MATeMATHKH.
Ounaxo joxazarenserso I, Kantopa — 910 n apxuii npumep “HeKOHCTPYKTUBHOTG
AOKAZATCALCTBA: 4TODBL JJOKA3ATH, UTO TPAHCIEHACHTHBIE YHCIA CYIICCTRYIOT, 10Ka-
BHIBACTCA, ITO MX “0UeHb MUOTO”, 0/IHAKO JOKA3ATEALCTEO HE O3BOJISET, 10 Kpaiineii
Mepe 6e3 SHAMMTEMBHBIX JOHOJIHUTENLHBIX Y, CTPOUTL KOHKDETHBIC HpUMeEpDI
TpaHcueHAeHTHEIX wncedr. Jokazarenncrso 2K, JlnyBuiuig Bee e TO3BOMSIET Crpo-
WTh KORKPETTbe TPUMCPbI TPAHCUECHACHTHEIX UHCeT, XOTH 9TO MOCTPOCHHE i Tpebyer
HEKOTOPBIX JIOHOJHATEILHLIX YCHINH, joKasaTebeTBo ke I Kanropa Tpebyer eme
Gonprmx yemauit. Moxno 6uto 661 cka: 3aTh, 4T0 AoKasareancTso 1. Kanropa ne
HOSBOJIACT CTPOUTH UPUMEDH TPAHCUEHACHTHLIX YHCEH, OJHAKO 910 YTBEPAKACIHE,
KaK 1 DOJLIMMHCTBO W3AMITHE KATCTOPUYHBIX YIBEPIKICHHH MOKET GbiTh OCTIOPEHo.

[lepBpiM mIarom na nyTH JOKa3aTeILCTBA TeopeMbl 1. Kanropa o momnoctu
MHOZKECTBA TPAHCHECHJICHTHBIX YHCE ABAACTCA CJELyIOmads TeOpeMa, JOKa3auHas
I'. Kanropom B pabore, onybmmxosannoit B 1874 rofy. dro Oplta nepsas nybanka-
mus I Kanropa no reopun muoxecrs. B 9roit sxe pa6ore [ Kanrop nokasan, uro
MUONHCECTNGO JeUCTNEUMENbHIL wucen He asasemed cuemimm. Obliee ke orr pejie-
JEHUC pasrnomoupocmy mrodcecne ouito nano I'. Kanropom snme B 1877 IOJLY.
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§ 5. KoHednble u cueTHLIC MHOMKCCTBA

Teopema 5.13. Muootcecmeo 6eex aazebpauveckur wucea cuemmo.

Adowaszameanncmeo CIeTHOCTD MHOKECTBA 7 UEIBIX MHCET CICAYET M3
pasencrpa Z = NU{0}U(—N), rae =N = {—n | n € N}. Conocrasus kax oMy neny-
NEBOMY MHOTOUJIEHY ¢ HejibiMi Koadduuuertamu f = ag + a,x + . .. + a,2", ap # 0
NOCAEI0BATEIBHOCTD (Gg, A1, . . ., Q) UEIBIX YHCET, HOJYUHM BJIOKEHHEe MHOMKECTBA
(Z[z])" HemynembIX MHOrOMMEHOB ¢ LEABIME KOI(DDUIHCHTAME BO MHOXKECTBO (Z)*
BCEX KOHEUHBIX MOCTENOBATEbHOCTeN IeABIX Yuced. A Tak Kak HOCTenHee MHO-
XKECTBO CYETHO, TO cueTHo u MHOxKecTBO (Z[2])1 Beex meHyseBHIX MHOTOUIEHOB C
nessivu Kospdunuentamu. s uemynesoro Muorowiena f ugepes Cy oboznaunm
MHOZKECTBO €10 KOMIUICKCHBIX KopHel. 113 xypea asireGpsl X0pomo u3BeCTHO, YTO
C; — xOHeyHOE MHOMKECTBO, YUCIO NIEMEHTOB KOTOPOTO HE MPEBOCXOAMT CTEHeHM
muorowiena f. Teneps cuernocrs muozkecTsa A cieyer u3 paBencTsa

A= |J ¢.
Jezia))

0

Teopema 5.14. Mnoowcecmeo 6cex OelicmEUMENbHUE MUCEA HE AEAACTACA CUeM-
HOEM.,

/I oxas3samMmeaAsbcmaeasao. ,.[LOK&H(GM, H9T0 HE 9BJIACTCH CUETHRIM JazKe MHOMKeCTBO

uncest w3 uarepsana (0, 1). Orciona B ciity ciaescTBus TeopeMol 5.7 Mbl HOTY UM,

Y10 MHOXKECCTBO BCex ,I[,CI:!ICTBHTQJ]})HBIX THCE TOXKe He ABIACTCHA CYHeTHBIM.
[Tokazkem, uTo aust mo6oii cyeTHOl NOCHEI0BATEILHOCTH

BHpyeon, Opyee (*)

JEHCTBATENLHBIX "nces u3 unrepsaia (0, 1) B 970M uHTepBase CymECTBYeT YHCIO,
KOTOPOC He BXOIUT B 3TY MOCHCIOBATCIEHOCTD, T.C. HUKAKGA NOCACIOBAMEALHOCTY
(*) ne momcem codeporcamu ece wucaa unmepsana (0,1). Tpejcrasum Kaskaoe THCAO
nocieoBarebrocTn (*) B Buje GecKOHEUHOR AecATHIHON Apobu, He comeprKauel
9 B nepuone, Ang obecleueHns 0JIHO3HAYHOCTH NPeaCTABIeHH

Gy = 0,0, 000 i lpg i

lonaraem @, pasusiM 0, eciv ay,, ormaaro or (), u paBHbIM 1, ecoim dy,, paBHO (.
Zlero, 4To @, HE PABHO Gpy, TOITOMY UHCIO

a=0,a1ay...0,...
uz unreppadia (0, 1) ne conepxutcs B nociesosareasuoctn (*). 0]

Sameuanue. Meros, HCHOAL30BAHUDIE HAMH JJLA ITOCTPOCHIS YHCIA (v, BT H306pe-
ren I Kantopom u Hocur naspanne duazonanvuoni memod I'. Karropa. On m03Bos-
er, o Kpaineif Mepe B npuHIHNe, 110 Jiob0H HOCAEN0BATEBHOCTH, coAepKANIeH BCe
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IVIABA 1. ’)JﬂiMEH’IbT TEOPHH MHOKE CTB

anrebpamiccKkne Yucaa, HOCTPOUTS JeHCTBHTEHHOE THCIO 13 nureppana (0,1), ne
BXOJIAILICE B 9TY HOCACAOBATCABHOCTS, 3HATHT, 9TO THCIO byner mpancuendenmmom.
Quuako, 9TO6B MOCIPOUTL 1O ITOI CXEME KOHKDETHOE 1 'PAHCHCHACHTHOE THCIIO, HA-
A0 HMETH B DACHOPHIKEHUH (CHHTATE YIKe [I0CTPOCHHOM) IIOCHEL0BATCABHOCTE BCCX
adaredpantecknx wnces. He 6ymem noka LY TEMY DA3BHBATD, TAK KAK 9T0 YBEJIO Obl
Hac C/inikoM Jfajleko oT OCHOBHOI rein. /Inaronanbubiii metoy I Kanropa naxo-
AR MHOTOTHCACHHBIEC HIPUMCHEHHA HPH AOKAZATCABCTEE (DYHJAAMEHTABHBIX TEOpeM
MareMarnieckol JIOrHKm,

Teopema 5.15. Ecau R — amo mnosceemeo scex deticmeumenvuns vucen, a A —

MO MHONCECMBO 6CCx arzebpauneckur wuces, mo R\ A = R.
Bamernm, uro R\ A — 910 mmosceemeo acex MPEHCUEHOEHTIHDLE YUCEN.

HAoxasamenvecmeo Tak kak R = (R\ A) U A, 1o muoxkecreo R\ A
Oeckoneuno B cnaty reopem 5,13, 5.8 u 5 0.14, M109TOMY HYZKHOE PABEHCTBO CJeyeT U3
reopem 5.13 n H.8. L

6. MuoxecTsa MOIIHOCTY KOHTHHYYMa

B arom naparpade paceMmarpuBaoTes HEKOTOPBIE CBOHCTBA MHOMXKECTB, PaBHO-
MONIILIX MIOXKECTBY BCOX JEHCTBUTCILHLIX THCE.

Onpepaenenue 6.1. Muooiceemeo A, pasromousnoe muoncecmey R ecex dediemeu-
TMEADHOLT NUCE, HA3GIGALMCA KOHTHHYATBHBIM muoocecmeom. Ezo mowmoemn
0003HANGEMCA HEPES ¢ U NAZUBAEINCA MOTITHOCTHIO KOHTHHYYMa.

Teopema 6.1. (O l) = ¢. Jlas mobmx deticmeumenvmms wucea a u b, ecau a < b,
mo (a,b) = ¢ u [, 0] ?] =

Aowxasamennvcme o Oyuknus [(x) = tg(ma — w/2) 3anaer GuekrusHOE
orobpaxenne uarepsana (0,1) na Muoxecrso R BeeX MelCTBHTOIBEbX THCOL.

Gynxnna g(z) = (b— a)x + a 3azaeT GuekTHBHOC orobpazkenue nurepsana (0, 1)
na nurepsada (a,b).

Ocraerca samernts, yro [a,b] = (a, b) U{a, b} u cocrarbes na reopemy 5.8, [

Teopema 6.2. /Jlas a06020 namypanmnozo wucaa n ewnoansomes pasencmea
(0,1)" =cuRn =,

Aas mobux dediemeumenvios wucen a u b, ecau a < b, mo (a,0)» =¢cu [a,b]" = .

Hdoxasa meabcmae o loxasareaberso uposeiem UHAYKIAer 110 n. Ovesnpno,
uro ¢ = (0, ]) (0,1)2.




§ 6. Mnoxecra MonocTs KOHTHHYyMA,

[ Karrop npuayman BeceMa 0CTPOYMHBLT ClOCOD BJIOMKEHH unrepsata (0,1) B
kpaspar (0, 1)%. HanoMmamMm, 9To kaki0e AelicTBUTeNBHOE MHCIO OJHO3HAYHO 11Pe/1-
CTaBUMO B B e GeckonewHoll jecstinoii apobn, ne comepxameit 9 B nepnoge. Tou-
ke (a,b) ksajgpara (0,1)2, e

a=0,a10003...ay..., b=0,bbyby...0,...
I Kautop conoctasun jefic TBUTENLHOE THCI0

-ip((.f,, E)) = 0,a;b nggﬂ.gbg i -”‘ﬂ,bn S

 nosymna siozxenne @ kpajgpara (0,1)? g unrepsan (0, 1). Buaunr, (0,1)2 < (0,1).

[Mosromy (0,1)? = (0,1). Tenepb MuAyKume#d Mo 7 JACrKo MOJYYUTL PABEHCTBO

(0, 1) =i0,1),
Otkyna cpasy ciesyior 0CTAILHBIC YTBEPIKACHIS TeOPEMbI, O]

Caencreune. Ecau npu mobom i (1= 1,...,n) A; — muoscecmeo mowroemu ¢, mo
u ux npamoe npouseedenue Ay X ... X A, umeem moumocme c.

Teopema 6.3. Mrooicecmso P(N) scex nodmmoocecme miosrcecmea namypaavror
wucea N umeem moumocms ¢, m.e. 6wnoanaemes pasencmeo ¢ = 280

Hoxasameanvcmeo. Myers x4 — XapakTepucTuieckas (hyHKIus M0 MHO-
xecrsa A muokecTBa N HATYPAIBUBIX YMCe, T.e.

xa=1 emu €A un0 ecmz e N\A,

Conocrapup nmpoussoasuomy nogmroxecrtsy A muoskecrsa N HATYPAJbHBIX YU~
ceJt JIeHCTBHTEbHOR YnCI0 u3 uHTepsada (0,1)

0, X A(0)xA(1)xa(2)x4(3) .. xa(n) ...,

nonyunm piozkenne muoxkecrsa P(N) peex monmuoxkects muoxecrsa N B nurepsad
(0,1). Suauur,
P(N) <(0,1).

Kax noe uncio o u3 urrepsana (0, 1) npencraBumo B BuAC 66CKOHEUHOM JBOM Y-
Ho#t apodu (0,a1az...a,), THe an € {0,1}, Te. & = a1/2 + ay/2% + a3/2° + ...+
+a, /2" + ... . Tlpudem, ecan HCKIOMHTL W3 PACCMOTPCHMS ABOHUHLIE ADOOH, CO-
Acpzkale 1 B mepuoge, To YKa3aHHOE HPEICTABICHIe OTHO3HAYHO. DTO HO3BOJAET
sajarh Biaoxenne uarepsasa (0,1) 8 P(N), conocrasnas uncny o = /2 + a,/2%+
tag/2% 4+ ..+ a, /2" + ... nogMHOKeCTBO {ay, ag, a3, . . ., Ay, .. .}. Bnaunr,

|

(0,1) < P(N).

1 ocraercs cocliarbes Ha TeopeMy Kanropa — IlIpenepa — Bepumrreiina. ]



I3 pokazanuoit reopeMpr # Teopemp 1 Kanropa (cm. crp. 45) 0 MommocT Mi10-
AKeCcTBa BCEX MOJAMHONKCCTB JARHOTO MHOMKECTBA CPa3y NoJyvaem

Caeacreue. Ry < c. Muoosiceemeo ecexr deticmeumenvmms NUCEA HE ACAACTICHA
CHETTIHBLM.

Caencreue. Mioscecmeo mpancuendenmmmz wucen PABHOMOULHO MHOHCECTNEY
aren df.”t’liCTHGHTR(UH)HMIIT YUCEN,

Hoxaszameansecmeo. Iyers A -— MEHOKCCTBO Beex TPAHCUEHICHTHLIX JefCTBI-
TCABLHLIX qucest. Tak kax muoxectso R Beex mefcrBUTENbHBIX THCEH He ABANCTCH
cueTpiv U R = (R\ A)UA, T0 B ety Teopemsl 5.8 1 MHOKECTRO R\ A ©e apagerca
KOHeUYHBIM MM CYETHBIM (B IPOTUBHOM CILYHAC CUCTHBIM BLLTO GBI 1 MHOMKECTEO R

BCeX ACHCTBHTENBHBIX WHCe), mO3TOMY 10 Teopeme 5.8 R = (R\ A)U A = R \ A
(1

Teopema 6.4. Mroscecmeo ecen Geckonenmmir nocaedosamenvrocmeti, cocmas-
Aennolr u3 deyx wuces 0 u 1, umeem mougroem c.

Munooiceemeo seex nocaedosameavrocineti, cocmasaennmz us deyz wucea 0 u 1, ume-
eMm MOULHOCTIY €,

Aorasamenncme o INokaxkem, 410 MIONKCETBO S(0,1) Beex BeckoneynbIx
HO('..JIt’.,-‘I,UBa'l‘E‘.J[IJ‘HOCTE‘,'I‘:’!; COCTABJICHHBIX U3 JABYX "wHcen On 1, PABHOMOIITHO MHOYKeCTBY
P(N) Beex noaMHOMKeCTE MHOKECTBA HATYPATHHBIX HCe! N, kotopoe umeer mom-
HOCTL C.

Conocrarum 1pOM3BOILIHOMY noamuokecTsy A muoxecrsa N narypainmsix um-
CENT MOCae A0BATENLIOCTT

XA((})} XA(l)v XA(QL XA (3): i 5 X/l(n): )

PAC XA~ Xapaxrepucruieckas pyHKUNS DoAMHOKecTBa A MuoskecTsa N HATY PAJIb-
HBIX YHCeJL, T.€. |
X4 =1, ecimz € Au0, ectuz € N\ A

Honyuny Guekrusnoe oroGpazkenue muoecrsa P (N) Beex nomvmomxects muo-
xeerea N na S(0,1). 3uaunr,

PN = 5(0,1).
s sapepienua nokasarennbersa ocraeres BOCTIOJIL30BATLCA TeopeMolt 6.3, [

Teopema 6.5. Muooiceemso scex Gecronewrma NOCALIOGAMEALHOCTNETE HATNYPAN-
HOLE YUCCHA UMEET MOUIHOCTLL .

MH()OH:GC?RGO aGeer ﬂOCﬂ6()()GG,TH.{lﬂ.’UHOl’l’InE?‘j HATRYPAABHBLE YUCEA UMEECTTL MOUHOCTD C.
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§ 6. MuokecTBA MOIHOCTH KOHTHHYYMa

Howazameanncmes o Tokaxem, uro muoxkectBo NV Beex GeckoneuHpIx
HOCICA0BATENBHOCTEH HATYPAIBLHBIX “HCen paBHOMOLIHO MHOxkecrsy S(0,1) Beex
DECKOHeIHBIX MOCACIOBATENBHOCTEH, COCTABICHNBIX U3 ABYX uwmuces 0 u 1.

g npoussoabHOre HaTypanbHoro uuciaa n 0bosmawmm uepes (" mocaenopa-
resapHocTh 0, 0,..., 0, cocroduryw u3 n HyJeit.

Comocrasus mpoN3BOILHON GECKOHETHON TOCACI0BATEILHOCTH

Q1,894 vos 3 Qg o
HATYPAJBHBIX YKUCE] HOCAe10BATC/IhHOCTh

0%,1,0,1,...,1,0% 1,...

?
HOJIYIHM HepaBeHncTBO
NY < S0, 1).

A Tak Kak o6paTHOE HEPABEHCTBO 0YEBHHO, TO MOJYYACM PABEHCTBO

i _
B =8(0,1)
Mg sapepurenns JOKa3aTEALCIBA OCTACTCH BOCTIONL30BATHLCS TeopeMoit 6.4. [

Teopema 6.6. Ofsedunerie cuemnozo MHOHCECTREA MHONHCECTNE MOUHOCTAU € Ca-
MO UMEETIL MOULHOCD C.

Hdoxaszameanncmeo [lycrs npu mobom n € N muoxectso A, umeer
MOIHOCTE €.
[Tonaraem

By = A, Bpyp = Ann \(ALUAU...UA,).
Torma npn mobom n: B, C A, w upu n # m muoxkecrsa B, n B, He IepecekaoTes
UA; = U B,.
REN n nEN n

[Ipn xaxcagom n € N cymecrsyer sioxenue p, muoxkecrsa B, B CermMent
[1/n+ 1,1/n). Torna

= U
b n{-‘N{Pn
CHYKNT BJIOKEHUCM MHOMKECTBA
WAy == KB,
nel nek
B urrepsan (0, 1). TToaromy
U A, <(0,1)
neN '~ ( )

D10 BMecTe ¢ HepapedcTBOM

J2eT HY2KHOE DABCHCTBO



IJTABA I DJIEMEHTHI TEOPHH MHO>KECTRB

Teopema 6.7. Obsedunenue ROHMUNYAALHOZ0 MNONHCECMBAE MILOICCCTNG MOULHOC-
M C CAMO UMEET MOUMHOCTD €.

doxasameanncme o Ilyers npu aodom o € (0,1) muOKecTBO A, MMeeT
MouHOCTh ¢ Obo3HauMM wepes @q HeKOTOpoe GHEKTHBIOE 0TOOPaXKenne HHTepBaJIa
(0, 1) na mMroxkecTBO Ay, MMeromee 1o yeaosmo Moumocts ¢ Tomaraem (v, £) =
¢a(t). Torma ¢ — cropbexrunioe orobpasxkenue exunuyroro kpaapara (0,1) x (0,1)
Ha MHOZKCCTBO
.
ac (0,1}

D10 JaeT HepaBencTrBo

U A, < (0,1) x (0,1) = (0,1).

ae(0,1) i

Obparroe HEPABEHCTBO OUCBUIHO. ]

Teopema 6.8. Mrooceemeo ecex Geckonenwnnx nocaedosamenviocmedi deticmen-
MEALHBT MUCECA UMEET MOUSHOCITVG C.

IWHOD!C&(JWLS(J aeer ?.r,(J(_.‘-ﬂ.{,'f_’]OG(LTYLE’-JEbH{)C’.”!’LC'?'E foiécms?m.l,mma’m:t: HUCEA UMEET. MO~
HOCTIS €.

Hdowxasameanecme o Ilokaxkem, uro MHoKkeerBo RY Beex GecKonednnix
HOCAELOBATENIBHOCTE ! JeficTBHTeAbHBIX THee/l IMeeT MoHocTh ¢ Venonssys teo-
pembl 6.4 # 5.5, nosyuaem paBeHCTBA

RY = ({0, 1)) =

7. Onepanunm Ha/JT KapARHAJIBHBIMY YMCJIAMUI

Kax yxe 6bu1o ckazano Boiwe, Mbl CYATACM, 9T0 KaxKJoMy MHOXkecrBy A co-
NOCTABICHO KapAMHAALHOE YMCJIO N, KoTopoe obosmavaercd dacro yepes A, na-
3BIBAEMOE MOUWHOCTILIO MEOKecTBa A, npuiem A = B mozda u moavko mozda,
Kozda muoorcecmea A u B pasromougmnt, T.c. CYIECTRYET ODHEKTUBHOC 0TOBparkeHmne
OAHOTO M3 HUX Ha Apyroe. [Tpu arom, ecan cooTsererByionee MHOKECTERO A — Ko-
HETHO, TO U KAPDAHHANLHOE YHUC/I0 HA3LIBAETCS KOHEYHBIM, a €COH OeCKOHEUYHO — TO
DECKOHETHBIM KADJAMHAALHBIM THCIOM.

Omnpenenenne 7.1. Cymmoil xapdunaavuor wucea ny w Ny HAIWEAEMER Kapou-
naavnoe wucao n = Ay U Ay, 2de Ay u Ay ~ makue nenepecexarougueca suoscecmaa,
ymowy =A; (i=1,2)



§ 7. Onepanmu Haj KapAXHATBHBIMEH YHCIAMH

Herpyytno npoBepuTh, 4ro onpegeeHne CyMMbl ABYX KapIuHAJILHBIX THCEN He
38BUCHT OT BHIOOpaA MHOXKecTB Ay 11 A,.

Cymva kapauHaJbiBIX HHCe] Ny ¥ 0y 0fo3nadaeTcsa qepes ny + ny.

Hurarenro B KauecTBe yUPasKuCHus NPEAIAIACTCH JOKA3ATH, YTO A1 oneparuu
CIOKEHUA KaPAHHAIBHBIX YHCE BRITOMHSIOTCH CBOMCTBA KOMMYMAMUSHOCTIU, (C-
COUUAMUBHOCTU ¥ KADIMHAALHOE YUCTO & UTPAET POMb HEUmMpasbhozo snemenma.

AnajioruuneiM 00pa3oM MOXKHO OTMPEACANTL CYMMY J000r0 cemeiicTna KapJu-
HAJBHBIX YHCE,

Onpenenenne 7.2. CymMoit cemeticmen kapounasvius wucen (0;)ics nasmeaem-

ca xapdunaavhoe wucao n = | J A;, 2de (A;)icr — makoe cemeticmeo nonapno nene-
il

PECERAUULCA MHONMCECTRE, Ym0 npu mobom © € T:ny = A;.

Hertpyano mposeputn, 9To onpeenenue cyMmbl ceMeifcrsa KapAMHAABHBIX YHCE
HE 3aBUCHT OT BHIOOpaA ceMeiicTra MHOXKECTB (A;)icr.
Cymma cemeitcTBa KapaumnaibhbiX qacen (n;);c; 06o3nadaercs qepes Y ;.

el
AHANOTHYIHBIM obpazom onpejensercs HPOU3BEICHUC ABYX KapAMHAJBHBIX TUCEN
H IIpoM3Beaernme cemeiterna KapliuHaJLHBIX THCeT.

Onpeaenenue 7.3. ITpousBesenueM kapdunasvHsis wicea ny u Ng HA3BLBOLTNCA
Kapoumaivroe wucao n = A; x Ag, 2de Ay u Ay ~ maxue Muodceemasa, wmo n, = A,

(i=1,2).

Hl‘.‘-'l“].')yﬂilo IIPOBEPHUTH, YTO OIpPEICJICHHE NpPOU3BEHEHUAA JBYX Kap/AuHaAJIbBHBIX YH-
CeJT He 3aBHCUT OT Bhibopa MHOXKecTB Ay 1 Aj.

[Iponspenenye KapJuHaIbHbIX YHCEA N U Ny 0B03HAYALTCH YEPE3 Ny - My,

Yuraremo B KavecTne YIIpazKHeHMI NpPeJaracTcsd JA0Ka3aTh, YTO JLJIg Olepanun
YMHOMEHNI KapPIUHAITBHBIX YHCE] Bbll'[(li]l‘l_ﬂl(il‘(‘-ﬂ CBOCTBA, KROMMUYTRATIUEHOCTTL U, (C-
Tna.

AHAJOMHYHBIM 00PA30M MOKHO OUPEAEIUTL TPOU3BEICHNe JI060ro ceMelcTsa
KapAMHAIBIBIX THCeT.

Onpenenenne 7.4. IlponsseseHueM cemeiicnea KapouMaibHms “ucen (n,)ier

nasvisaemea wapdunaavnoe wucao n = [[ A;, 2de (A;)icr — maxoe cemeticmeo mmo-
el

otececme, umo npu mobom i@ € 1 n, = A;.

I’TRTI)I}",L[,I'IO HPOBEPUTL, YTO 011}'}0;1(5.119!1“(3 leOH:EBCJT‘EHI/Iﬂ cemeicTBa KapJHHA b~
HBIX THCEJT HE 3aBUCHT OT Buibopa cemedcrsa MuoxkecTB (A;)icr.
[Ipoussenenne  cemeicrba  KapAMHATLHBIX — HMHCE (n?.).ief 0bo3HATaeTCSH
qepes [ n;.
1]
Beesem obosnavenns 0 = @, 1 = {@}.
XoTa 1A KapAMHAJIBLHBIX YHCe] BBIIOJHAIOTCA DABEHCTBA

I
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IJIABA 1. 9JIEMEHTBI TEOPHU MHOXKECTB

L1) ny 4+ np = ny + 1y,

L2) (m +ny) 4 ny = ny + (ng +ny),
1.3) ny +0 = ny,

2.1) nyong =ny - ny,

2.2) (ny-mg)-my =m; - (ny-ny),

2.3) np 1 =mny,

3.1) (g +mng) n3=n;-n3+n, Ny,

KAK M JUISL HATYPAJILHBIX 9HCEl, HO HA 9TOM aHANOTHS ¢ HATYDPAIbHBIMHU YUCJIAMH,
HOXKANYIl, 1 3aKaHIUBACTCH.

13 reopemsr 5.7 ciieyer, 9T0 s moboro HeCKOHeYHO0 Kap/IMHAILHOIO Yueia
N BLUIOHACTCA PABEHCTBO No + 0 = n, B vactHocTn, Ny + Ny = Not Ng + ¢ =¢.

Tax xak [0,1) U[1,2] =[0,2], 70 ¢ +¢ = «.

W3 reopemnl 5.5 cieiyer, 9To BLUTOAHACTCY pasencTBo Ro- Ny = Ny, a u3 Teopempl
6.6 — pasencTso Ny - ¢ = ¢.

ITo Teopeme 6.7 ¢+ ¢ = .

Bousee Toro, B caeayiomem naparpacde byser nokazano, 4ro das 106020 Hecko-
HEUHO20 KAPIUHAALHOZ20 YUCAG N BBITOJHIOTCS paBencTBa No-n=n, n+n=nu
n-n==n.

Hamomunm, uro jaia npomssoneubix mioxkeers A u B uepes B4 obosznanaercs
MHOZKECTBO Beex oTobpakennii Muoxkectsa B Bo muokecrno A. Ynrareso npe/Lia-
FAaeTCa B KauecTse YIPaKHCHUA JIOKA3aTh, UTO ecau mHoncecmea A u B KOMEUHLLE,
PULEM MHONCECTNED _-4 Cacmoum U3 a 3’J1I’?.Mff?£-???-()f_¥, a mMuooicecmeo B — U3 b, THo
mnootcecmeo B cocmoum uz b snemenmos. 1o JAENAeT OUPABIAHHBIM CJICIYIONIee
OIIPCIeICHIE.

Onpeaenenne 7.5. Crenenbio KAPOUNAALHOL YUCEA Ty U Ny HAZWEACTCR Kapou-

HAADHOE HUCAO T = A‘:"‘*, ede Ay u Ay — maxue MHOHCECMBa, vmon; = A; (1= 1,2

g & S

Crrenens Kap muaibHbIX Ynce ny 1 Ny obosnavaerca uepes e
Hurarenio upesocrasnsercs B kadecTre YHPAXKHENN JOKA3aTh, YTO JUIA CTee-
Hel Kap/IMHANBHBIX YHCET BBITIOMHAIOTCS 0GB Hbe paBeHCcTA;



§ 8. Broume ynopsiaodennsie MuoskecTsa

8. BrosiHe ynopsijjoueHHbIe MHOMXKECTBa

CrangapTHoe OTHOMIEHNe NOPSIKA HA MHOMXKecTBe N HATYPAJIBHLIX ducesr obga-
AAET OAHUM NPUHIMIHANBHO BaZKHBIM CBOHCTBOM, HacTO UCHONIBL3YEMbIM B J0KA3a-
TEABLCTBAX BMECTO METOJA MATeMATHIECKON HHIYKIMH, — A060€ Henyemoe nodmmo-
HCECTNGO MHOICECTNBA HATNYPAADHUDLE “UCCA UMEETN HAUMEHBUT saemenm. CTaH-
AapTHbIC YIOPAAOYUBAHHA MHOXKECTBA PAIIMOHAJILHBIX M MHOMKCCTBA JIeHCTBATEb-
HBIX 9UCe MON00HBIM CBOMICTBOM yiKe He 06113101

Onpenenenne 8.1. Junetinndi nopsdox < ma muoxcecmee A masweaemes 11oJI-
HBIM, @ camo mHoscecmeo A emecme ¢ omum nopadkom — BIOJIHE YHOpAa0yYeH-
HBIM, ecau A0b0e HENYCmoe NOOMHONCECTNEO MHOMICECTNGE A UMEET HAUMENULUT
INEMEHTI.

3ameuanue. Muorga mpr Oyiem 0603nadarh BIOJHE VIOPSTOYCHHOC MHOMKECTBO
yepes (A, <), 4r06bI HOAYEPKHYTH, 9TO 9TO MOHATHE BKIFOYACT B ce6si HE TOMBKO
MHOMECCTBO A? HO H OTHOIICHWC TOJHOO HopstiaKa S Ha HEM.

He mbrraiitech nocTponth npHMep OTHOMWEHUs MOJHOTO MOPAAKA JAKE Ha MHO-
KECTBE NEHCTBUTE/bHBIX MHCET — caenaTh 370 rpyano. Ouuako B 9ToM naparpa-
de Gymer nokazaHo, UTO TAKOE OTHONIEHME CYIIECTBYCT, TOTHEE Oy1er JIOKa3aHo,
GTO A000€ MHONCECTIBO MONHCHO 8NOAHE Ynopadovumb. Ho moKasaTenbeTBo Oyaer
HEKOHCIMPYRINUGH LM W HE TIO3BOJIUT B “4BHOM BHAE" MOCTPOUTH IIPUME]P MOJHOTO
HOps KA Ha MHOXKECTBE JACHCTBHTENbHBIX ducel. Bojee Toro, us pambueiiniero Gy-
AET BHAHO, ITO YTBEPKACHHE O BO3MOMKHOCTH BIOJHE YIOPALOYMTD POH3BOILHOE
MHOKECTBO HO CYTH JIea JOJIAHO PACCMATPHBATHCS B KAUECTBE OJHON M3 aKCHOM
TEOpUN MHOXKECTB, XOTA [0 PAJly NPUYHHE, UPeZKIe BCEro HCTOPHIECKOTO XapaKTepa,
NOCTYHAIOT TO-JIPYTOMY.

Onpepnenenne 8.2. Jlunetino ynopadowennoe muoncecmso (A, <4) nasweaemca
N006HBIM (M30MOPGHBIM) AUHELHO ynopadouennomy srodicecmey (B, <p),
ECAU CYwecmsyem maxoe buexmueroe omobpastcenue [ muoncecmea A na mmo-
oeecrneo B, wmo daa mobuz anemenmos T,y € A:

ecanx <y, mo f(z) <p f(y).

Orobpaskenue [ U3 NPEABIAYINETO OTPEICTCHAS HASLIBACTCH TAKIKE N30MOp-~
dbusmom stuneiino yrnopanouensanx Muoskects (A, <a)m (B, <p).

3anuch A ~ B 6yfer cayxUTh COKPAIIEHHeM [Tst YIBEPXKACHU: “aunetino yno-
padovennoe mroscecmeo A nodobuo auretine ynopadovennomy smuoncecmey 37,

Acno, wro ecau aunedno ynopadovennvie mnoncecmea A u B nodobuuw, mo onu
PAGHOMOULHL.

B xawyeeTse ynpaxHenrs UATATENI0 HPELOCTABIACTCH BO3MOKHOCTE MPOBEPHTE,
YTO Tax OMPeeSeHHOe OTHOIEHHE 2 oAodua obajaer cBoHCTBAMM pedaekcuanoc-
U, CUMMETPUNHOCTIG U MPAN3UMUGHOCTIL.
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IVIABA 1. SJIEMEHTBI TEOPHU MHOXKECTB

Kaxcaomy muneiino yropsouennomy muokecrsy A comocrauM camson A, ko-
TOPLIH HA30BEM HOPSAAKOBBIM THIIOM 9T0I'0 MHOKECTBA, TIPH 9TOM HPEeJTIONATACM,
uTo Aunetine ynopadovennue muoscecmea A u B nodobuv mozda u moavko moeda,
xoeda A = B.

[Tyers muoxectBo A auneting ynopadouero ommowenuesm <.

Onpenenenuve 8.3. Hauaneubim OTPE3KOM, OMCEKAEMOIM IAEMEHITIOM G MHO-
acecmea A, HaZBEAEMCA MHONCECTNGO

Ac={z|oed & z < a}

3amerum, uro a ¢ A, u A, = @ TOra U TONBLKO TOTAA, KOYila ¢ — HAMMEHbITH
aneMeHT Muoxecrsa A. Eenn a,b € Awa <b, 10 A, C A,

Kaxaprit orpesok A,, Kak n j1060e HENyeToe NojMHOKECTEO JTHHCITHO VITOPSIJI0-
HCHHOTO MHOZKECTBA, CaM JIMHeHHO YNOPAJOUEH OTPAHHUCHHCM Ha HeM OTHOLLCHNS
HopsjlKa < Ha MHOKecTBe A.

Hoxaxem, uro ecoin a,b € A wa < b, To (As)a = A,. Tlyers z € A,. Toraa
T < @, TaK KakK a < b, 10 x < b, sHauur, 2 € A,. Ho a € Ay m & < a, nosromy
T € (Ap)g. 3naunr, A, C (Ap)a. O6parno, nyers z € (Ap)a TorEa T < a, 3HAuMT,
r € A, Hoaromy (Ap), € A,. Tem cambim Jokazano, uro (A), = A,.

Ecma,be Ana<b 10 A, C Ay, TX. a € Ap,HO 0 ¢ A,

Oupenenenne 8.4. Mnooicecmso seex ompeskos aunetin YNOPAGOUENN020 MHO-
orceemea A bydem obosnanams wepes W(A).

Teopema 8.1. Jas awbozo aunetine YnopAdoenrozo muoocecmea A muosicecm-
60 W (A), ynopadouennoe ommowenuem exaonerun C, nodobro camomy mmorcecm-
6y A.

Adoxazameancme o Berecrsenupiv obpasom onpejaenny orobpazkenue
muomectsa A po muomecrso W(A), nonarasn

fIcno, uTo p — Grekima MEOMKeCTBA A HA MHOKECTRO W(A).

Hpu srom, ecan a < b, 1o A, C A,. 3naMuT, ¢ - H30MopGUIM JAUHEHHO Yo psi-
AOICHHOTO MHOXKeCTBA A Ha JHNEHO YIIOPSA0UCHHOE MHOMKECTBO W(A). Buaunr,
JMHEHNO yHOpAA0ueHHoe MHOKECTBO A 1010610 nuHeNRHo YHOPAJOUCHHOMY MHO-

wecrsy W(A). O

Onpepnenenne 8.5. [lodmnonceemeo B aunetino Ynopadonennozo muoscecmeon A
NA3WGAENMCA HAYANOM A, ecau das mobuwa ssemenimos © u Y muoocecmea A ua
moeo, wmo y € B ux <y, cacdyem r € B

Teopema 8.2. Ecau A — enoane YNOPAJONEHIOE MHOIICECMBO, O €20 NOOMHO-
ocecmeo B osieanemes navasom A mozda u moavko mozda, kozda aubo B = A, aubo
o A cywecmsyem makodi saesmenm a, ymo B = A,.
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§ 8. Bnosme ynopsoueHnble MEOMKeCTBA

Aoxasameanvecmeo. feno, uro u A, n A, ABAIOTCS HAvATAMM MHOXKeCTBa A,
[lycrs B — wavaio muoxecrsa A u B # A. O603maunm yepes a HauMeHbIIu
anement Muoxecrsa A\B. Herpyaso nokasars, uro B = A,. L]

B nanbneiimem uepes <, <u, <p u T.a. 6yaem 0603HAYATH OTHOINEHMS CTPOroro
MOTHOTO nopsjiKa, T.e. a < b <= a < b&a # b. B wacraocru, £ a.

Onpenenenne 8.6. Omobpanicenue [ aunetino Ynopadouennozo MuoHcecmen
(A, <a) 6 aunedno ynopadovernoe mnoscecmeo (B, < B) MA3WEAEMCA MOHOTOH-
HBIM, €CAU OAA JOBVE INCMENINOE T,y € A HEPABENCIE0 T < 4 Y GAENEM NEPUOEH-

emeo f(z) <p f(y).

Jlerko nonare, yro moboe MoHOTOHHOE oTobpaKeHne JUHEHHO YHOPSI0YeHHOTO
MHOKECTBA B JIMHEHHO YIOPSIOUEHHOE MHOXKECTBO SBIACTCH HR'LEKTHBHBIM 0TOODA-
JKEHMEeM.

Teopema 8.3. Ilycmv f: A — A — monomonoe 0mobpasicenue 6noane Yynopa-
donennozo mroscecmea A 6 ceba. He cywecmeyem anemenma a € A maxozo, umo

fla) < a.

Hdoxaszameannscm e o. [peauosoxRnM npoTHBHOe: IyCTh HAUIYTCS MOHOTOHHOE
orobpaxkenne f : A — A HEKOTOPOTO BIOTHE YIOPSLIOUEHHOTO MHOKeCTBA A B cobst
i vseMeHT a € A taxue, uro f(a) < a. Torga menycro cienyomee MuoKectso B

B={z|zeAd & f(z)<z).

lycers a — nanmensimmit saement muoxecrsa B. Tak kak a € B, ro f(a) < a,
OTKYJa B CUJIy MOHOTOMHOCTR oroOpazkennst f nomywaem f(f(a)) < f(a), 3maunr,
f(a) € B. Ho f(a) < a, a 370 NMPOTHBOPEYNT MPEANOSOKEHHIO 0 MIHUMAILHOCTH
IEMeHTa a BO MHOXKecTBe B. L]

Caencreue 1. Bnoane ynopadouennoe muoscecmeo ne movcem 6umv nodobno
CEOCMY OMPEIRY UAU €20 YGCTNU.

doxasameanscme o Eciu 66 HeKOTOPOE BrOMHE YHOPAJOICHHOE MHOMKECT-
B0 A ObLI0 NOKOOHO CBOEMY OTPesKy A, WM €ro YacTH, TO HALLIOCH Obl MOHOTONHOE
orobpaxenue f: A = A,. Torga f(a) € A,, asuaunr, f(e) < a. Iro npoTusopednt
TeOpeMe. ]

Crencrsue 2. /lsa pasauvmmiz smpesxa enoare YNOPAIOUENHO20 MHOICECNEA HE
mozym. dwmms nodobr.

doxaszamenncme o [Ipeanonoynm, uto ABa pasamIHbIX orpeska A, u
Ay HEKOTOPOIO BIIOJIHE YNOPSA0UCHHOTO MHOMXKecTBa A nonobunsr. Torpa a # b. Bes
OTpaHMYeHHsT OBUHOCTH MOXKHO CunuTaTh, 4T0 @ < b. Torma BioJHE yHOPAAOYEHHOE
MHOXKECTBO Aj MOJ06HO cBOEMY OTDE3KY (Ap)a = Aq. Yo NPOTHBOPCIUT TEOPEME.
(]
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LJIABA 1. 9JIEMEHTEI TEOPUN MHOXKECTRB

Caencrsmne 3. Cywecmeyem ne Goaee 001020 usomoppusma deyx enoame ynopa-
donennws mMuosceem.

dokasameannecmeo. Hdonyctum, 9to f v g — aBa PAsIHMHBIX MOHOTOHIBIX
OTODpaKeHNY BUOJHE YHOPAJ0UEHHOIO MHOMKECTBa A HA BIOJINC YIOPSIOTeHHOe
mioxeetso B, Torga B A maiinercst Takoit snement a, wro f(a) # g(a). Bes orpanu-
HEHHST OOMHOCTH MOZKHO cumrarh, uro f(a) <p g(a). Torna (97 o f)(a) <4 a, HO 910
HEBOIMOZKINO, TaK Kak ¢~ o f ~ MOHOTOHHOE 0TOBpAYyKCHIe BIO/IHE YUOPHAAOTEHON0
muoxkeersa A B ceba. i

Onpenenenne 8.7. OpauHanbHbIMU 1AL NOPATKOBLIMY YUCIAMM  HA3bLGA-
WMCA NOPAIKOGUE Tunvl A 6noane ynopadovennms muosicecms A. ITpu amom, ecau
MHOXCECNGO A Konewno, mo A Ha3MEaCMCs KOHEHMIM OPOUHAALHBM YUCAOM, G CC-
Al GECKORENHO ~— MO BECKOMEMHYM OPOUHGALHOLM YUCAOM.

OpIHadBLHBIC YHEHA YACTO HA3LIBAIOTCH IIPOCTO opdunaiamis.
Beegem creayiomue obo3navenis

0=0,n=N,, w=N,

rae muoxkecrso N, = {1,2,.. .y} u mnoskecrso N peex HATYPAJIBHEIX YUCET YIIO-
PANOYEHBI CTECTBEHHBIM 00Pa30M B MOPSJIKE BOIPACTALUS 3J1EMEHTOR.

0 1 7 JAI0T UPHMEPHI KOHEUHBIX OpAMHANbHbIX TUCEN, a W — HpuMep beckoyey-
HOFO OP/IMHANIBHOTO Mueta. Jpyrux upumMepos GecKoneanbix OPAMHAJLHDBIX YHCE] ¥
HAC HOKA HET, oHu Oy VT NPUBEJICHT 103K,

s OpAMHAILEBIX unces BBeNeM oTHOmeHe CTPOTOTO HOpsLiKa <,

Oupenenenne 8.8. /s opdunasvume wuces o — A u B = B nosseaem

o < f3, ecan muoscecmeo A nodobuo (uzomopghio) HEKOTOPOMY HAUAALHOMY OMN-
peswy muoncecmaea 3.

flcHo, o onpesenerne oTnomenns o < 4 ne zasucur or BBIDOpa MHOKeCTE A
n b3

Honaraem o < 8 <= (a< gV a = 3).
Teopema 8.4. Omuowenue < obradaem scemu OCHOGHBLMU CEOUCTNGAMU OTMHOULE-
HuA aunednozo nopadka:

1) uppedaercucnocmo: o £ o)

2) mpan3umusnocms: ecan o < BuB <y moa<ry;

3) epasnumocmun, ecan o £ 3, mo aubo o < B, aubo B8 < .

Hdoxaszameanvemaeo. 1) Uppedaekcnsroers ormomeny A << yCTaHoBJIeHa B
cacactern 1 npeasiaymedi TeopeMi.

2) llyerb o < Bu B < 7. Bosbmem makue muomecrna A, B n C, a0 o = A,
B =B 9=0C. Ilyers f ~— usomoppusm A na By, g — usomopdusm B pa ..
Hokazkem, uro g o f — usomopdusm A wa Coy(p)-
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§ 8. Bmosne yuopsgouenHbe MHOXKECTBA

fAcno, wro g o f - monoTonnoe orobpamenue A B C. Ilpu sroM, eciu a € A,
1o fa) < b, smaunt, g(f(a)) < g(b). Iosromy g o f ~ moHOTOHHOE oToBpaKe-
Hue A B Cypy. Ocraercs 10Ka3aTh CIOPHLEKTUBHOCT 9TOTO orobpazkenns, Tak kak
9(B) = C,, o g(b) < c. Iyers e € Cypy, Torma e < g(b), a 3uauur, ¢ < c. [Tosromy
e € C. = g(B), 3naunt, Halgercs Takoi snement d € B, uro e = g(d). Toka-
xeM, 4ro d < b. Ecan Obl Bbinosmsiocs Hepasenctso b < d, TO u3 MOHOTOHHOCTH
orobpaxkenns g mbi nosyuniu 66t g(h) < g(d) = e, uro upornsopeunt HEPABEHCTBY
e < g(b). Tax xax By = f(A), 10 naiigercs B A Takol saement a, yro d = f (a).
Torpa ¢ = g(d) = ¢(f(a)) = (go f)(a). Buaunt, go f — uzomopdusm Muomecrsa A
na orpesox Cypy MHOMKecTBA O,

Ocraerca noKa3aTh camyio CIOKHYI0O n Hambojee BaxHYIO s JATbHEHATIErO
U3JIOZKEHUA TaCTh TEOPEMH.

3) Cpasmmvocts. [lycts A n B -~ Brnosae yHOpsSA04eHHbIE MHOKECTEA. [Tokaxkem,
49710 60 OHM OA00HK, GO 0HO U3 HUX MOA06HO OTpesKy apyroro. Pacemorpum
MHOZKEeCTBO

D= {{(a,b) |lac A & beB & A,~B,}.

[okazkem, wro D - dyHKIHOHATBHOE, HHHEKTHBHOS, MOHOTOHHOE OTHONIEHUE.
Ecan (a,b) € D, 1o uepes f, ), o6osnaunm nsomopdusm orpeska A, na orpeszox By,
B cuny cnegersua 3 jaas kaxioi napw (a,b) nsomopdusm fap OTIPEHENEH ONHO-
3HAYHO.

a) OyHKINOHATBHOCTD.

Ecam (a,b) € D u (a,¢) € D, 10 A, ~ By n A, ~ B, snauur, B, ~ B,. OTkya
0 CAENCTBHIO 2 NpeibIayIel Teopembl nojyiaem b = c.

6) UebexkTuBHOCTD.

Ecin (a,b) € D wn (e,b) € D, 10 A, ~ By u A, ~ By, 3nauur, A, ~ A.. Orxyia
O CHEACTBUIO 2 IPEABLLIYINed TeopeMbl NoJIyuaeM @ = c.

B) MOHOTOHHOCTD.

[ycrns (ay, b)) € D w (ay, bs) € D, upuuenm a; < ay. oxasxem, uro b; < by. Fiion

uzomopdusm orpeska A, Ha otpesok By,. Tax kak a; < a,, T0 Ay C Apy

O6osnaunm uepes f orpannuenue Ha A,, n3oMmopdusma Jag by #cno, w0 [ -
MOHOTOHHOE oToOpaskerue orpeska Ag, B orpesok By,. [lonaraem b = f,,,;,(a;).
[oxazkem, uro f(A,,) = B,.

Ecin x € A,y 10 T < ay, nosromy f(z) = fo,,(2) < fa,p,(a1) = b. Snaunr,
/(Aw) € By,

Mycrs z € By. Torna 2 < b = fo,p,(a1) < by, 3waunr, 2 € By, = fo, 4,(As,).
[losromy B A, naiterca saement ¢ Takoil, 410 z = f,, 4, (¢). Tokaxewm, 4ro ¢ < a;.

-~

ITpeanonoxum nporusroe a; < . Toraa UPOTHBOPEUNBYIO CHCTEMY HEPABEHCTE

h ) ffi.-;r,n'lz (a']) g fﬂg.hz (C) = Z < h'

Suaunt, By C fo,5,(Aq,) = f(4,,).

Wrak, fo, b, — msomopdmoe orobpazenne orpeska A, Ha orpesox By, a f

uzoMoppraoe orobparkenue TOro e orpeska A, na orpesox By. Orciosa cie-
Jyer, 9ro orpeskm By, m By noaobmuel. 3HauuT, no caencTeuio 2 teopemor 8.3
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IVIABA 1. 9JIEMEHTBI TEOPUM MHOXECTB

bi = b= fu,p,(a1). Snaunr, by € By,, 1e. by < by. Kpome TOrO, SICHO, 410 f = f, 4,
T.¢. Orpanuuenue fo, i, [,..m Ha A, msomopdusma f,, ,, copnagacr c fa i

W3 sonneckasannoro caejyer, wro D — uzomopdbusm csoeit obsactu onpejese-
Hud r)'(_f)) HAa CBOIO 0DIACTL 3HAYCHMTH o(D). Ocraerca BBIACHUTD, 4TO cODON npe;-
crapasior obmacrn onpejenenus 6(D) u obnacts snadennit p(D) oroGpakenns D.

Hokazxem, uro ecmu (a,b) € D, ro f,, € D. Tlyers (¢, d) € fap, BHAUMT,
Jap(c) = d. TTokaxem, uro Jap |4 — n3omopdusm orpeska A, na orpesok By.

BaMernMm, 910 f, |4 — MoBOTOHHOC orobpaxkenue orpeska A. B orpesok B,.
[pu srom, ecn m € A, To m < ¢, 3uaunt, fap 14 (m) = fap(m) < faplc) = d.
Caenosarenvro, fop |4 (Ae) € By Tyers 2 € By, Torna 2 < d < b. B orpeske A,
HAMJIETCH SJIeMEHT 1 Takol, uTo 2 = f,4(n). Kax u peinre ybexpaemcs, uro n € A,.
Suaant, fop (a4 (Ar) = By, nosromy {c,d) € D. Cnenosarensuo, f,p C D.

Hoxazewm, wro obaacte onpegenenns §(D) orsomenus D apasgercs HaYaioM
muoxkecrsa A. [yers x,y € A, 2 < yuy € 6(D). TTokaxem, uto z € (D). Orpesox
Ay nsomopden orpesky By, npu nekoropom b us B. ITycrs f — uzomopduam orpeska
Ay na orpesox By. [Mokaxkem, uro orpannuenue f |4, m30MopdusmMa f uzomopdao
orobpaxaer Ay = (A,), na (By) J(z) = By (1K Rax x < y, T0 2 € Ay, 3HAYUT,
fz) € By, me. f(z) < b). Ionaraem ¢ = f |4.. Ecu z € A,, 10 2 < T, 3HAYMT,
¢(z) = f(z) < f(z). TTosromy ¢ — MonoTonmoe orobpazenne orpeska A, B 0TPe3ok
By(z). Ocracres yGenrbes B CIOPBEKTHBHOCTH orobpaxennst ¢. Ilyers ¢ € By,
Torga ¢ € By, nosromy B A, Hallnercs TakoH sjemMenT a, uto ¢ = f(a). Tokaxkem,
410 a € A,. Ilpeanonoxum, uro o < a, torna f(z) < fla), re. f(z) < ¢. Ho
foce/Hee HepaBeHCTBO MPOTHBOPETHT BLIGOPY ¢ — ¢ € Bj(,). 3Hauur, a € A,,
nosromy ¢ = f(a) = p(a). losromy ¢ — u3oMophusm orpeska A, na oTpesok
Bf(z), sHauur, (z, f(z)) € D, z € D.

CoBepuiento aHAIOMMYNO JOKA3BIBACTCH, YTO OBJACTL 3HAYCHUTH o(D) orobpa-
xennst D apngercs HayagaoM MuoxkecTsa B.

[To reopeme 8.2 sosmoken omun u3 CJEIYIONHX YeTBIPEX CJAYYacs.
1) 6(D) = A, o(D) = B. B srom cayuae A ~ B.

2) 8(D) = A, o(D) = By nna uekoroporo b € B. B s1om cnydae A ~ By,
3) (D) = A, nas nexoroporo a € A, o(D) = B. B arom cayuae A, ~ B.
4) 6(D) = A,, o(D) = B, s HeKOTOpbiX @ € A, b € B.

Hokazxem, aro cayqait 4) neposmozken. B camom Aene, B cyyae 4) D - uzomop-
buam orpeska A, Ha orpesok By, 3uaunrt, (a,0) € D, no roraa a € (D) = A,, uro
HEBO3MOZKHO. DTO BABEPIIAET JOKAZATCILETBO TCOPEMEL. ]

Ecin A uw B — sroime ynopsiiouenusie MHOKECTsa 1 A <B,10 A< B.

Hosromy nosyuaenm caepyionee Baskioe cieacTrue,

Cuencrsue. Feau A u B - enoane YNopAGOUEHHBIE MIOdICECTGA, ™o AUbo A =B,

aubo B < A. Te. mobble aBa BrHoJHe YIOPsiMOYEHHBIX MHOXKECTBA CPaBHU-
MBI 110 MOIIHOCTH,
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§ 8. Bnouane ynopanouennoie MHOKeCTBA

Jns yeranoBIeHMst JajbHEfuX CBORCTE onepauuil Hal KapAnHa bHbIMI YUCIa-
MW HaM HO’I‘I)E‘.G}*’C’I‘(fﬁH IIPUBJICKATh ODJAHHAJBHBIE THCIIA. CB$]3B MEXKJIY ITHMH HHC-
JaMB yeTaHaBJIuBaeTcd ¢ [HOMOIILIO Mmeocpembl u.Fprf.’-ﬁ-O 0 GOIMOMHCHOCINUY 8NOAHE
ynopadouums moboe muosicecmao. OHAKO JOKA3ATEIBCTEO 9TOH TEOPeMbI OIHUpPa-
ercs Ha cnenuaasLaoe VTBEPIKJICHHUE TCOPHUH MITOXECTB, HaiblBacMoe AKCUOMOTE 6bl-
GOPLI. Hpe,mcrramummn CCTECTBEHHLIM PAaCCMOTPETh HEKOTOPbLIE YTBEPKOCHHS JKBH-
BaAJIEHTHBIEC aKCHOMe B[}IGO})&.

1. Akcuoma BeIGopa. Feau [ — omobpascenue muoocecmea X 60 MHoMCEC-
60 Y u npu wobom x € X f(x) — nenyemoe mmoocecmeo, mo cywecmeyem
dbysknmMa BeIOOpaA g, onpedeactnan wa muoocecnse X o 3HAMEHUAMU 60 MHO-
orceemee | f(x) makas, wmo dan wobozo z us X  g(z) € f(z).

reX

2. JIlemma Ilopua. Yacmusno ynopadonenioe muoscecmeo, kancdoe ua aunet-
HO YnopAdOMENHHT TOOMHONCECTNE KOTROPOZO UMEET. GEPIHINN 2Dy, COOEPICUM.
MAKCUMAAOHBT INCMEHTN,

3. llpuauun maxcumansaoctn Kyparosckoro — Xaycaopda. Kancdas
UENb MACTIUYHO YNOPAJOUENHO20 MHOJICECTNEA COOEDHCUMCA 6 HEKOMOPOT MAKCIL-
MaAAdHOT yenu.

4. Axcuoma Ilepmedno. Jlaa aobozo mnoorcecmsa X Henyemuix nonapio mene-
PECERAIOUSUTCA MHONCECTNE CYWECMBYEM maKkoe muoxcecmeo B, wmo daa mobozo
muoorcecmsea A us X' mmoorceemeo AN B cocmoum posHo ui 001020 snemenma.

5. Teopema Llepmeno. Kaoicdoe mHodcecmeo moncho 6noane ynopadoums.

g dopmymHpoBKE clienyionero yrBepiKieHusi HaM noTpeGyercs NoHsTHe Ce-
MeRCTBa OAMHOMKECTB, UMEIOIET0 KOHEWIbLl Tapaxmep.

Onpegnenenne 8.9. Cemeiicmeo nodmnooicecns X muoocecmea E umeem KoHeu-
HBII XapakTep, ecau daa kascdozo nodmmoscecmea A muomcecmea E umeem
MECTIO IKBUBAACHINHOCTVD:

A npunadaesncum X mozda u moavko mozda, Kozda Kaxncdoe KoOHENHOE NOOMHO-
AHCecmeo muodcecmea A npunadaescum X .

6. Jlemma Teiixmiomnepa — Twioku. Kaxcdoe cemeticmeo nodmmoscecma X
MHOMCECTNEA E, UMEIULEE KOHEUHDT rapawmep, 06ﬁ&-dﬂ(i?’” MAKRCUMAAOHBM IAEMEH-
oM.

7. Mas mobozo omobpasicenus [ mmoocecmea A wa wenyemoe muoxcecmao B
cywecmeyem gynkyus g us B ¢ A maxaa, wmo fo g =1ig.

3amernm, uro dyaxnug ¢ 6yjer unbexmei.,

8. Akcuoma MyIbTUILTMKATUBHOCTH. Jlekapmoeo npouscedenue Menycmoz0
CEMETUCTNEA HENYCTNUT MHONHCECME HENYCMO.
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IJIABA 1. 9JIEMEHTBI TEOPHUW MHOXKECTB

Teopema 8.5. Copmyaupocarnsie swue socemn YMmeepotcIenull IKGUBANCHIIDL.

Hdowxasameanvcmae o JIokazsarenberBo UpoBejgeM 1o CHEeJVIONIeH CXeMe

(3) = (2) = (6)

ft 4
(8) = (1) &= (8

(4)
(7)
(2) =+ (1).
Hycrs [ — orobpaxenne muoxecrpa X BO MHOMKeCTBO YV 1 npu Jsobom x € X
f(x) — nenycroe muoxectso. Menoapsys Jlemmy HopHa jiokaskeM, 4T0 cyiecr-
ByeT pyHkumst BeiGopa g, onpesenennan Ha MHONKecTBe X O 3HAYCHUAMU BO

muoxecrse ) f(x) rakas, uro gus moboro z uz X g (z) € f(z).
rEX
Obosnauny yepes T' ciaeayomee MHOKECTBO

{olpCX x U f(z) & ¢ — dysxiwmonansno &
zc X

st oboro x uz 8 () () € f(z)},

T.L. 9TO MHOXKECTBO BCEX OTOOPayKeHMil, OIPETCNCHHBIX HA HOIMHOMKECTEAX MHO-

xeerpa X co 3navennamu Bo Muokecrse |J f(x), obiaamaommx csolictBomM: ecam
2EX

z € X u p(z) onpexeneno, To p(z) € f(x).

Muoxectso T' uwenycro, tak Kak, nampumep, {(a,0)} € T, rne @ — nekoropwuit
anement 3 X (X # @) u b € f(a) (f(z) # @). Muoxecrso T wacTuuno ymops-
Aoueno ornomreHuem sriodenus C. TTokaxem, uro MHoMeeTBo T ¢ OTHONICHHEM
prmotenms C ynosnersopsaer yenosuio Jlemmbr Iopaa.

Hycrs A — numeitHo ynopagosennoe noagMHOKECTBO MHOKECTRA T, T.e. js mo-
Obxzuyms Awmz Cy, wmy C z. [Honaraem z = %}A x. OueBnaHO, YTO IS
aoboro x m3 A: x C 2. Yrobn jokazarh, uto 2 — ne}.}xu;si rpans A B T, ocraerca
JIILL JIOKAa3aTh, 4To z € T,

Tax kax g moboro v us A v C X x 'L'E:J\’f (), 702 € X X .,.E\’ [ (z). Tlokazkem,
4TO 2 — YNKULONAALHO. i e

Iycrs (a,b) € z n (a,c) € 2. B A Hall1yTCH TaKue JBa MHOXKECTBA T M Y, 4TO
{a,b) € x, (a,c) € y. Tax xkax A nuneiino YHOPAAO4EHO, TO Jmbo & C ¥, subo y C z.
Hocrarouno pacemorpers auns, cayuaii 2 C y. B atom ciydae (a,b) € y u (a,c) € v,
"UTO B CHILY (DYHKUMOHATBHOCTH ¥ 1aet b = ¢, T.e. z hyHKIMOHAILHO,

[lyets o € §(2). Haitnerca taxoe u, uro (a,u) € z. 3maunut, B A CYUIECTBYCT
Takoe x, uro (a,u) € z. Tlosromy a € 6(x), a 3uaunr, z(a) € f(a). Ho 2(a) — 910
u, 3uawuT, u € f(a). C apyroit cropowst, u — 910 z(a), smaunr, z(a) € f(a).
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§ 8. Buoune YHOPALOEHHBIE MHOKECTBA

Takum obpazom, Bee yeiosust Jlemust [lopaa Beinonnenst, 3uaunt, T cogepur
MAKCUMBABHDTL FNEMEHT ©.

[TokazkeM, 4TO  MOYKHO B3ATH B KadecTBe Hynxuyuu ewbope (3amMeruMm, 4To
DYHKIUS © Onpejienena, KOHEYHO, HEOJHOZHAMHO, TaK Kak ' MOXKeT Couep:KaTh
Hosiee OHOTO MAKCHMAJLHOTO SJEMEHTA,).

Tax kak ¢ € T, To ¢ — GyHrUHOHAIBLHO U A1 moboro z u3 6(p): (z) € f(z).
Ocraercs 1mokasarb, 410 6(p) = X,

Ecmn 6s1 970 661710 HE Tak, 10 cyuecropag Ger anement a € X \ 8(p). [Mycrs
be f(a) ng = ¢U{{a,b)}.

ITokaxem, uro g € 7.

pCX x U f(z)n{ab)eX x U f(zx),ssauur, g C X x U f(z).

reX zeX zeX

IIposepuy, 4ro g dyukmmonamsro. Ecmu (x,y) € g, {(x,2) € g, To ambo (1)
(x,y) € ¢, (2,2) € @, mibo (2) (z,y) € {(a,b)}, (z,2) € {{a,0)} (cayuait (z,y) € ¢
i (L,u) € {(a,b)} veBoaMOKEH, TAK KAaK TOTJA M3 BTOPOIO YCIOBUA CJAEAYET, WTO
(z,y) = {(a,b), Te. x = a, y = b, a U3 nepporo ycjuosua noayyaem x € &(p), T.e.
a € 6{), 9To NPOTUBOPEUUT BLIGOPY a).

B cryqae (1) u3 GhyHKIHOHAILHOCTH (0 CIEAVET, YTO Y = 2

B cayuae (2) monyuaem y = b = 2.

Ecim @ € d(yp), To naitmerca anement y = g(x) raxoit, uro (z,y) € ¢ U {{a,b)}.
Eemn (z,y) € @, 10 g(z) =y = p(z) € f(z). Ecam xe (z,y) € {{a,b)}, T0o z =an
y = b. osromy g(z) =y = b € f(a) = f(z). Suauur, g € T. Oanaxo 310 BMeCTe C
VCI0BUAME p C ¢ U p # g IPOTHBOPEUAT MaKCUMabHOCTH . [Tosromy 6(p) = X.

(1) = (4).

1-1)' Th A NPOU3BOJIBHOE MHOZKCCTBO HCITYCTBIX HONDapHO HEnepeceKarommuxc:d
muoxkecTs. Ucnospays cymectBoBamie (hyHKIAN BEIOOPA, TOKAXKEM, YTO CYIIECTBY-
eT Takoe MHOXKecTBO B, uro aag moboro muoxkectBa A m3 A muoxkectBo A N B
COCTONT POBHO M3 OOHOTO JI€MEHTA.

Pacemorpum mMuoxkecrBo f = {{a,a) | a € X}, 3anaiomee TOXKIECTBEHHOE
orobpazkenue muoykecTsa X na cefa. Tak xax npu mobom x us X f(z) — nenycroe

MHOZKCCTBO, TO 1O AKCUOME emﬁom cymecrsyer (ﬁy?—t?\:hﬂ.’rﬂ Gbﬁﬁoj’]ﬁ: q . X = Uz
reX

Obosnaunm 1gepes B g(X) = {g(z) | = € X }. Tlokaxkem, uro B — rpebyemoe
muoxkectso. Ilyers A € X. Torma g(A) € f(A) = A, re. g(A) € An B. Ecan,
Kpome roro, ¢ € AN B, To naiinercs muoxecrso O € X Takoe, aro g(C') = ¢,
noatomy ¢ = ¢(C) € f(C) = C, 3nauut, ¢ € ANC. IIO MHOXKecTBa H3 X nonapuo
He nepecekatorest, 3uadut, A = C u ¢ = g(C) = g(A). 3nauur, nepecevenue AN B
COCTOUT M3 €AUHCTBEHHOIO djemenTa g(A).

(4) == (1).

[Tyers [ — orobpaxkeHne MmuoxecTBa X BO MHMKecTBo Y n npu Jwobom
zeX [(x) — nenycroe muokectso. Ionbayacs Axkenomoit Tlepmeno, nokazxem,
4TO cyuecrsyer pbyHKnua Buibopa g, onpejciaenras ma MHOKecTBe X €O 3HAUC-

HIAMU BO MHOMXKecTBE U f (x) Takas, uro jgua moboro z u3z X g(z) € f(x).
zEX
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I'VIABA 1. DJIEMEHTHI TEOPUN MHOXKECTB

Pacemorpam mroxkecteo U = {{x} x f(z) | 2 € X}. Dnementamu muoxecr-
Ba U/ cayxar menycroie muokecta {x} x f(z). [lokaxkem, uTo OHM HONAPHO HE
nepecexalores. Lean (a,b) € ({z} x f(x)) N ({y} X f(y)), o z = a = y, nosromy
{a} x f(z) = {y} x f(y). Iyers B — Muoxkecrso, uMelonee poBHO MO OLHOMY
O0IEMY IEMEHTY ¢ KasKJbIM MHOKeCTBOM 13 [/ cymecrsyoniee B cOOTBETCTBHY ¢
Akcnomoit Hepmeno.

lHokaxkeMm, qro B KauecTse (Hyngnuy BLibopa ¢ MOKHIO B3ATH MHOXKECTEO B,
Bamerum, 4To

B=Bn TE{\({I} X f(z))={(z,y) | v € X&(2,y) € Bn{{z} x f(z)) }.

Fema (z,y) € gu (z,2) € g, 10 (2,9) € BN({z} X f(2)) n (x,2) € BN({z} x f(z)).
Orecrona o seibopy muoxecrsa B noayuaem (z,y) = (x,z), snaunt, y = z. Wrak
g — ¢ymwyua. Ecom o € X ny = g(x), 7o (x,y) € BN ({z} x f(z)), nosromy
(x,y) € {z} X f(z) u g(z) =y € f(z).

(1) = (5).

Honbsysach, akcnoMoii BeIGOPA, MOKAKEM, 10 KaHCO0E MHONCECBO MOJICHO
enoane ynopadonums. Vimenuno ana pokazarensersa aroro daxra Llepmeno n ne-
HOJB30BAJ B gBHOM Buje axcuomy spibopa. Tlo yrsepxxpenuto @penkens, Bap-
Xunnena n Jlepn neppas gBHag CCLLIKA Ha akcuoMy spibopa Gbuta caenana 1lea-
Ho B pabore no audpdepennuanpupm ypasnennam. Ounaxo g0 sroro Kanrop yxe
NPUMEHS HeABHO AKCHOMY BbiDOpA.

[lyern M — npousBoibioe MuoKecTB0, [ — Toxjaeccrsennas (HYHKINA HA MHO-
keerse X = P(M) \ {@} Beex menyernix nogmnozkects muomecrsa M. Yepes
g obosznaduM hynxyuro 6u60pa, COOTBETCTBYIONYI0 orobpaxenuio f. Pacemorpum
ciaeaylomee ceMeiteTBo S HEIYCTBHIX NOAMHOMKECTB MHOXKecTBa M

S={A|ACM&A + o2&
A MOACIIO BIOJRE YTIOPATOYUTH TakK, ITO JJ1A JIK)GUI’U

GE AT glMN A= a})

Cemeitcreo S nenycro, tak kak {g(M)} € S (3amerum, uTo B 9TOM CJyuae, eciu
@€ A= {g(M)}, 10 a=g(M)u A, =2, nosromy g(M\ A,) = g(M) = a).
[Toxazem, wro g mobbix asyx muomecrs A u B a3 S 0jH0 M3 HUX ABJIACTCH
HauAIoM JApyroro. s sroro samernm, uro MuoKecTso {g(M)} apngerca navaiom
g A, ow s BB camom geqe, nycrb @ mob — HAMMCHDLIIME 9J1eMeHTH B A 1
B B3 coorserernenno, toria A, = @& = By, snaunt, a = g(M \ 4,) = g(M) =
= g(M\ By) = b, re. a = b = g(M), snaunt, g(M) — nanmenbmmii smeMent s
mobom muoxkecrse A ns S, nosromy {g(M)} — obuee nauano auaa A u B. Tyers €
obiee navasio ana A u B. fleno, wro C' # @, Tokazxem, wro o6bejuicHue Joboro
MAOZKeCTBa, L navan moboro yIopsaaouennoro MHOKeCTBa £ apisercs navaiom fo.
[Tycrs 2 € ug})u} y € Eny <, Torna naiinerca z € D raxkoe, uro z € z, Ho z -
HAUa10 ', nosTomy y € z, a 3nauut, y € U u. [osromy C' — obmee navano g A

ue D
u B. [lo reopeme 8.2 BO3MOKEH OfMH H3 CJAELYIONNX YeTbIPEX CIyYaeB:
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§ 8. Broume ynopgaaodeHHbie MEOKECTBA

(1) C = A, C = B. B stom cyuae A = B.

(2) C = A, C = By, pag uekoroporo b € B. B atom ciaywae 4 — navano B,
(3) C = B, C = A, ana nekotoporo a € A. B arom cayqae B — mavano A.
(1) C = A,, C = By js vekoropuix a € A, b € B.

Ocraercs nokasars, 4ro ciydail (4) nesoamoxken. B camom nese, B ciyuae (4)
g =g(M \ A, = g(M \\C) = g(MX\.B;) =b, 1e. €= A, C = B,, 8o dcHo, 970
C U{a} — obmee navano pia A u B, o C' — obbegunenne seex obMMX HAYAT 15
A u B, nostomy C' U {a} C C. 3naunt, a € C A,, 9T0 HEBO3MOMKHO.

[Tyers L = 1U A. Tlokazxkem, uro L € S. B camom jienie, ouepuuno, uro L € M,
AcS

L # @ (9(M) € L). Onpeneanm #a L orHoumenune < ciefyiomyM obpa3oM: ecau
x,y € L, To naitpyres muoxecrsa A, B € S takue, uro ¢ € A, y € B. Tax xak nubo
A = B, qaubo 070 W3 HUX SBJIHETCH OTPE3KOM Jpyroro, nodromy Jwmbo z,y € A,
gubo z,y € B.

Bes orpanngenns obmuoctn cuutaem, 4to 2,y € A. INonaraem z < y mozda u
moavko mozda, xoeda 1 <4 y. Ecom kpome toro, z,y € C, To Tak Kak aubo A = C,
b0 OJTHO W3 HUX ABJIACTCA OTPEIKOM JIPYLOTO, NOJyHaeM & < 4 y moada U moibko
mozda, xo2da x < y. Hosromy ornouienue < onpejieneHo Koppektno. Jlerko npo-
BEPHTH, 4TO OTHOWEHMC < BroJjue ynopsgouusaer L. Ilposepum, Hampumep, 4To
moboe HenmyceToe moAMHOKecTBO K MHOMKeCTBa, L uMeer nauMenbluui sjgement. Tak
kak K # &, To waitnerca snement ¢ € K C L. Ho toraa mia nekoroporo A uz S
¢ € A, Buaunt, ANK # @. [lycrb d — nanmensimuii agement B AN K orHocuTebHo
nopgaaxa < (Wi, 9TO TO JKe caMoe, OTHOCHTENBLHO HOpAaKa < 4 ). ITokaxkem, uto d —
HauMennImuil saeMenT v B K. Ecan OB 910 661710 He Tax, To B K namenca Obl 9Jie-
MeHT b Takoit, uto b < d. [Iyets b, d € B € S, Ttorna b <p d. [lo panee gokazanuomy
mmbo A = B, imbo A — orpesok B, nmubo B — orpe3ok A. B nepsuix AByX ciydasx
n3 roro, uto d € A m b <p d caenyer, uro b € AN K u b <4 d, 4T0 IPOTHBOPEUNT
MUHIMAJIBHOCTH jementa d B AN K.

B tperbem ciayuae us toro, uro d € Au b <g d caeayer, uro b € ANK nb <4 d,
YTO BHOBb TPOTHBOPEUMT MHHUMAJILHOCTH diementa d B A N K.

WUrax, L € S. 3uauut, L MOXKHO BOOJHE YIIOPSI0YHTD.

Mokaxem, uro I, = M. Ecim 910 HE TaK, TO paccMOTpHM MHOZKecTBO A = L U
{g(M \ L)} u Bsegem Ha A orHowWeHHe uopaika =<: ecau z,y € L, mo
r<y<>ar<yel,ecaumcerel, yec{gM\L}, mozr<y.

[Mokaxxem, aro A € §. 3amerum, uro A C M. [lanee, nerko nposepurhb, 4T0

BBE/IEHHOE OTHONIeHHE < ABIAETCH OTHOMICHUEM [OJHOro nopsjika. Kpome roro,
ecn @ € L, 10 Ay = Lo u g(M\ A,) = g(M\ L,) = a, a eciu a € {g(M \ L}, 10
Ao=LugM\ A,) = g(M\ L) = a WNrax, A € 5. Ho 370 HEBO3MONKHO, TAK KaK
rorma A C L ¢ A. Tloay4ennoe nporusopeune jgokassisaer, aro L = M. 3uauur,
M mooicrno enoane ynopadonume.

(8} == {3).
]_.[()!\"rl.)i(l':fl\fl.l 1O A3 TeopeMbl L[E‘,[JM@.JIO O BIoOJgane _YTIOpH‘IHBaf’.MOCTH JIIO()(J[‘U MHO-
JKecTBa cienyer nmpuHIun MakcumansHocrn Kyparosckoro — Xaycmopda:

69



I'VIABA 1. SJIEMEHTBI TEOPHU MH OXKECTB

Kancdas yensy wacmunro YNopadoennozo muoscecmeaa COOEPHCUMCA 6 HEROTNOPOL]
MARCUMAADHOTE Yenis.

Homyernm, wro muoskectso M aactuuno YHOPAOYEHHO OTHONIeHUeM <, a [,
uenk B M, r.e. noamuoxkectBo Muokectsa M inmeiino YHOPSAOYEHNOe OTHOIIEH H-
eM <.

Eean L = M, o nenw I, MAKCHMAaJILIA, T.€. HE COACPYKUTCS HU B KAKOH OTJIHYHOI
O Hee NeTid.

Licam L # M, 1o Brosue ynopsgotum MuOMKecTBo A= M\ L ornomenuem <.

Teneps kaxnomy WIEMEHTY 0 U3 A CONOCTABUM Ciexyomum obpasom HekoTopoe
MUOKECTBO Lg, KOTOPOE HBJISICTCH PACIIHPEHHEM OTHOCHTOALHO S uenu L. Ecom juis
moboro sjementa b < a MHOKeCTBO L, YKe onpenenaeno, to nojgaraem L, paBHbIM
U Ly U {a}, ecam a cpasaum o < €O BCEMM dJIeMeHTaMu n3 U Ly, v paBuniv U L,
h<n * b<a b<n
B IDOTHBIOM CJ1y4ac,

Iposepum, wro L_ALO_ ABIACTCH MAKCUMAALHOT yenvio, codeporcawedi L.

ac

M3 nocrpoenust muoxkecrs Ly cnepyer, uro L € L, mecsm b < a;xo Ly © L.
3naunt, L C U L,.
aCA
Ecm e,be U L, To
acA
mmbo (1) ¢,b € L u, snaunt, ¢ cpasaumo ¢ b o <,
mabo (2) c€ L, b ¢ L, 1o torna Ly = L.J1r g U {b} (nnave b ¢ U4.La) 1 IIO9TOMY
2l Qg

-
b cpasnum no < co Beemn aeMenTAME 13 U L., B wacraocrn, ¢ ¢

a-<h &
mibo (3) ¢ ¢ L, b ¢ L. Mycts B 910M cryuae ¢ < b, Torpa Ly = U{Lﬂ U {b}
=

1 b cpaBHuM 10 < CO BCEMH 3T€MENTAMM na Ul mice WL, (npaue ¢ ¢ U4Lﬂ),
a—=b a-=f ae .

SMAUNT, B TACTHOCTH, b cpaBHum 10 < ¢ ¢,

Mraxk, U‘L,,, ----- ueno. Ecun 661 nens U T, He 6bi1a AKCHMANLHOM, TO Halrecs
ac.s e s

Obl aaemenr b Takoit, yro b ¢ U L, ub cpasunm 1o < €O BCEMM NEMCHTAMH U3
aEA

U L,. Ho B arom cayuae b ¢ L, snawur, b€ A = M \ L u b cpaBaum no < co

at A

RCEMH stementamu 3 U L, (UL, € U L,), nosromy Ly = U L, U {b} u, suaunr,
n€ A a-<h a4 b

b e Uif.,”,, UTO HPOTHBOPETUT TPCOJIOKEHIIO b ¢ UL,
LSy ac A

Hraxk, L_JlL” - MakcHMajibHas 1Helb, cofepykamag nemns L,
s/

(3)== (2.

Hokaxem, uro uz pminuna mMakenMansnocrn Kyparosekoro — Xaycnopda
(Kascdes yens wacmumno Yynopsadoveniozo muoscecmnea codepatcumen ¢ nexomo-
poti MakcumaabHot Uenu) CIeiyer JeMmma Lopna: wacmuvno ynopadouennoe mio-
Jlcecineo, kancdoe u3 Aunering YNopadovennur nodmmoscecme KOMOpPo2o umeem
GEPLII0I0 2PAND, COOCPAHCUM MAKCUMANHL SACMENTT.

[yers vactugno YUOPSIIOHEHHOE OTHOMEHMeM < MHOKecTRO M YHOBACTBOPIET
yenosuio nemmbl Hopha, T.e. kaxgoe n3 ero JIMHEHHO YIIOPSA0YenHbIX HOUMHOZKECTH
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§ 8. Brosane ynopsimoueHHble MHOMXKECTBA

AMeeT BePXHIOW rpaub. Bossmem B M upoussosnbubiii snement b. B cuny npunim-
na MakcumadabHocTn Kyparosekoro — Xayciuopda muoxkecrso {b}, Gyayiu uenbio,
CONIEPKUTCA B HEKOTOPOH MakcuMasibhoil venu L, koropag umeer B M Bepxuion
rpaHb ¢ (3amernm, 4To ¢ € L, TaK KaK B UPOTHBHOM ciydae Lenb L cojepKanach
6b1 B omnuunoit or Hee nenn L U {c}, uro nporusopenutr ee makenmansuoctu). [To-
KaxKeM, 4To ¢ — makcumaavhoiti snement 8 M. Honyernwm, uro aro we tak. Torua
B M mnaitmercst sneMeHT @ Tako#, 4To ¢ < a. [lokaxem, 4TO a CpaBHUM ¢ JIOOBIM
anementoM d nenu L. Dro caegyer u3 Hepasescts d < ¢ (¢ — BepxHss I'paHb ue-
mt L s M), ¢c <a,d< a Tak xax L — nens, o L U {a} — T0XKe 1e01bL, HO 310
POTHBOPEIHT MAKCUMAJILHOCTY 1enu L.
SHAYNT, ¢ — MOKCUMAABHBLL demenT B M.

(29 === (6).

lokaxewm, uro u3 gemmbl [opua Mmoo seirectu aemmy Teilixmronnepa —
Trroku: xancdoe cemelicmeo nodmnosicecme X muoncecmea E, umerouee Komen-
Hul zapaxmep, 06AGIaem MAKCUMAADHDIM IACMEHTNOM.

H}’C'I‘b cemeiicTBo HOIMHOXKeCTD X MHOXKeCTBa F UMeeT KOHEYHBIH XapaxkTep.
Muoxecrso X' vactuyno ynopsaodeno ornomenueM C. [lTokazkem, urto gas Hero
Boirosueno yeaosue jgemmol Hopua, Hyers L — mobGas mens B X. [Tokarxkem, 1To

MHOZKECTBO A = ULy aBisiercst eepaned zpanvio ana L g X,
yE

Bo-nepsrix, ecin y € L, o y € A,

Bo-proprix, nmokaxem, uro A € X. [lyers C' — KoHEUYHOE HOAMHOMKECTBO MHO-

Keersa A, COCTOSIINEE M3 ANEMEHTOB €, ..., C,. B L Haiigyrca rakue saeMenTol
Yy «ooy Yny 9TO €1 € Y1, ...y Cp € Yp. 1Ak Kak L — 1ernb, TO MOXKHO CYHTATD,
uto Y1 C Yo C ... C yp. [losToMy €1 € ¥Yp, ..., Co € Yn, T.e. C C ¥, Tak kax

Yn € X, a C — KoHETHOE MOAMHOXKECTBO Yy, T0 C' € X. 3HaunT, Kaxji0e KOHeIHOe
HOAMEOXKECTBO MHOKecTBa A nmpurajesxur X, noaromy u A € X.

Uraxk A — eeprnas 2pane nenu L B X, [To nemme [opra B X ecrb makcumaavinid
SIEMEHT.

(6) = (2).

Homyeram, uro muoxkectso F yjiosaersopser yeaosuio jgemMbl Llopna: r.e. xaokc-
doe u3 €20 AuUNEting ynopadoueHHmT NOOMHONCECME UMeem eprinoto 2panb. [loka-
AKeM, 4TO [7 CONEPIKHT MOKCUMGAbHBI JTCMEHT.

(Q6osnauum uepes X MHOKECTBO BeeX Heneil muoxkecrea F. [Tokarkem, 410 MHO-
KeeTBo X MMEeT KoHeuHbl rapaxmep.

Ecin A € X, 1.e A apisgerca nenwio B K, To 1 i11060€ o MHOKECTBO MHOKECT-
Ba A ABASETCA UENUbIO, & 3HAYUT, HpHHAMIeANT X, B 9aCTHOCTH, 9TO BEPHO A
KOHEYHBIX HOAMHOMKECTB MHOKecTBa A.

[lyers Termeps A C E u Kazxgoe ero KOHEYHOE MOAMHOXKECTBO B npumajie-
xut X, T.e. apadgerca uenoio. [Tokaxem, uro u A npunagimexur X, T.e. ABadgercHd
uenbio. IlyeTh @ m y — NPOU3BOJILHBIE HJIEMEHTBI MHOMXKeCTBA A, Torga NojaMHO-
xeerBo {x,y} MHOKecTBa A npunajuieRnT X, T.€. ABJIAETCA NENb. SHAYNT, T U Y
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JIABA 1. QJIEMEHTBI TEOPUW MHO2KECTB

cpapuuMbl. Tak kax cpasHnmel mobeie JiBa 3jementa muoxecrsa A, To A - nenn,
snaunt, A € X.

Urax, muoxkectBo X umeer xouewnwtti zapaxmep. [lo memme Telixmionnepa —
Trioku B X ecrb maxcumasvhnd snement A, ne. A — maxcumanvios verns, 1lo
yeaoBsuio JieMmMbl [lopHa maijieres eeprmsts epans ¢ jiis A B K.

IToxaskem, 910 ¢ — Mmarcumarvivoidi snement. Ecam 310 pe Tak, 1o B F Haiijgercs
Takoil anemenT b, uto ¢ < b. A 1ak kaxk ¢ 6oaniue joboro siemenTa uz A, 10 910
Bepuo W Ayt b. 3uaunt, Muoxkectso A U {b} aBisercsa 1enblo, 4To HpoOTUBOPEYNT
MAKCUMAaJILHOCTH nenyu A.

(1) = (8).

Iyers (A;)ier — HENyeTOE CEMCRCTBO HCNYCTBIX MAOKECTE, [ — hyHKINA, Onpe-
nenennas wa I vaxas, uro f(i) = A;. Ilo axcuome ewmbopa cymecTsyer ::ﬁ’f}'r&?i:ﬂ?d.ﬂ
euibopa g, onpeaesennaa wa I, raxag, uro npu aobom i € I g(i) € f(i) = A, Ho
rorga g € [[A;, swaunt, [[A; # 2.

icl ic]

(8] == (1],
[Tycrs dynknus [ ynosiaersopser yeaoRuio akcuoMbl Beibopa. PaceMmorpum ce-
MeficTBo (f(2))zex MHONKeCTB. [lo axcuome myavmuniukamueHocmu CywmecTByer

dbynxnna g € H J(x). Ho Torua g — omua u3z dynxyudi eubopa.
TEX

(@) = (.

[lyere [ - orobpazkenne muoxkecrsa A na nenycroe Muoxkeerso B. [lis kax1oro
y € B obosnaunm uepes W, muoxectso {y} X {z | z € A & f(z) = y}. Seno,
HTO HEMYCTHIE MHOMKEeCTRA Hy nonapuo ne nepecexalores. llo axcuome Iepmeno
CYMECTBYET MHOXKeCTBO D), umeloniee ¢ Kaxipim u3 Muoxects W, B Todnocmu 1o
opuomy obuemy anemenry. Iyers g = D = (.U[L;JBDVU) N D. TMokaxem, uro ¢
dynwuyua vz B A. i

fcno, uro d(g) € B. Eein z € B, 10 nyeth v, — Taxoit anement, uro (z,v,) €
W. N D. Torna (z,v,) € g, nosromy z € §(g), suaunr, 6(g) = B.

Ecim (z,y) € gu (r,2) € g, 70 HAMAYTCH TAKME SJTEMEHTH % U U, 9T0O (’r Y) € W“
i {z,z) € W,. Ho rorna v = ¢ u v = y. 3nauur, (z,y) € W, u (z,2) € W,. Tax
Kak, kpome Toro, (x,y) € D n (z,2) € D, 10 (z,y) = (z, ), 3nauur, y = 2. I.o. g

byuguua uz B B A.

Hokamem, uro [ o g = ig. Ecan (z,y) € fog, To nafizercs anement z TaKoii,
uro (z,2) € g, (2,y) € f. Ht} rorga {x, ,g} € W, D, anaunr, f(z) = x. Kpome roro,
n3 (z,y) € f caenyer, uro f(z) = y. [Nosromy z = y. Buaunr, fo g = ip.

Javerum, uro PyuKuM ¢ ABISETCS unseryuet, TaK KaK

a(in) = 9(y2) = flg(n)) = flg(y)) =
(fog)(w) = (fog)(ye) = in(nn) = in(y2) = y1 = 1.
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§ 8. DBnosme yuopsio4eHHLIE MHOKECTBA

Mosromy (7) MoxkHO ¢hOpMYIEPOBATEH Tax: A5 J106010 MEOKecTBa A 1 M0OBO
(Jl’ll)C,.'.L(‘?.,"lf:‘HHUﬁ Ha HeM (l)}’flKl.U’lH f BBITTOJHACTCH HEPABEHCTBO

) <

2|

(7) = (4).
llyers muozkecrBo X cOCTOMT U3 HENYCTHIX 1IOMAPHO HENEPECEKAIONINXCS MHO-
xecrs. Pacemorpum mmoxecrso f = {{a,b) | b € X&a € b}. deno, uro f -

{b.y'HK[LHEI, 0'[‘()6[)&)1(&.‘.0[11&5[ UY:I: Ha X.
LS

B CUITY (7) cyluecrsyer MH'LCKTHBHOE 0’1‘(]6[)?].)}(81-“10 q X B L) o TaxKoe, 4ro
rEX

iy = fog. Ilycrs B = p(g).

[okazkem, 40 MHOXKECTBO B nmeer ¢ KaxapiM MuoxectsoM A u3 X eauHcTBeH-
HbI 0Omuil sIeMeHT.

llyers z € X, rorma g(z) € p(g) n x = f(g(z)), re. (g(z),z) € f, noyromy
g(z) € 2N B. 3naunt, z N B # @.

llycre reneps y € x N B. Toraa y € p(g). 3uauur, naitgercs 2 € X Takoit, uro
y = g(z). Toraa, kak 610 MOKa3ano BeE, ¥ = ¢(z) € 2N B. Iloyromy y € z N 2.
Ho rorga x = z n y = g(z). 0

Teopema 8.6. Jlaa npoussosvuur mousnocmed v u (I 66noanaemes 00HO 4 moab-
K0 000 U3 YCA0BUT

(1) a= g4, (2) a< g, (3) B < a.
doxaszameasvcmes o Hanomuum, 4ro
a<f == a<f & a#0.

Snaunr, (1) HecoBMecTHO HU ¢ (2), Hu ¢ (3).

(2) u (3) TOXKE HECOBMECTHBI, TAK KaK M3 HUX caenyer, uro o < 3, 3 < an
« # [, oguaxo 1o reopeme Kanropa — Bepuureitna us nepasercrs o < fun g < o
cjejnyer paBeHcrBo o = [3,

Hrobel gokasars, 4TO 10 Kpafinell Mepe OjuH M3 3TUX CIYYaeB WMEeT MecTo,
BOCIOJIB: 1y(‘M( a reopemoit Llepmeso. ITycrs X u'Y — rakue muoxkecrsa, 4ro o = = X
3 = Y. Tlo reopeme Ilepmeno muoxecrsa X u Y moxno enoane ynopadouumon.
lchrflb <x U <y — COOTBETCTBYIOUIHE OTHOMEHHA TOJHOTO HOPAIKA.

B emsy nyHkTa 3) TEOpeMBl UMEET MECTO OJMH M3 CITYIOMINX JIBYX CIAYYAeH:

~
&
~I
A
=

(1) X <

Ho rorua -
mbo (1) X <Y, abo (2) Y < X,
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PJABA I QJIEMEHTH TEOPUU MHOMKECTB

e mbo o < B, aubo f < «. 3HaunT, uMeeT MecTo OJIHA M3 BO3MOXKHOCTE
(1) a=245 (2) o % g, (3) B < a
o

Caeacrsue. Kaopdumaivuvie wucaa  aunedno YNOPAJONEHDL  OMHOUEHUEM <
(u omuowenuem < ).

HLi1st IPOUSBONBHOTO TOPAAKOBOTG YHCIA (v uepes W{(a) obozmaunm muoacecmeo
GLer ﬂ(J;.")}r‘.-d?;OB?aLT HUCEA, MEHDULUDT (v,

Teopema 8.7. Jlasa mobozo NOPAYK0BO20 “ucra o mmuoxcecmeo W () — enoane
Ynopalonenioe Muoscecmeo nopadkosozo muna o.

Adokasameanvemaoo lyers A — snosme YHODAAOUECHHOE MHOMKECTRO TTOPS KO-
Boro Thita «v. ‘Torja A uzomopduo Muoskecrsy W (A) = {A, | a € A}, ynopsouen-
HOMy — OTHOIIEHHeM  BKioveHust C. B cBow  ouepeap  MHOKECTBO
{A, | a € A}, ynopsyiouensoe otnonennem BIGHOEHHst, H30MOPMHO MHOKECTBY
[A,|a€ A}. B camom jese, ecan A, 1 Ay — PasAHYIBIC OTPE3KH, TO OHU HE MOTYT
Op1Th 110400HBI, 3HAYNT, 1: % }11

Sean e A, C Ay, To A, = (Ap)a, sHAUMT, A, < A,.

Hoxazkem, uro {A, | @ € A} = W(a)}. Bemn a € A, 10 A, < A = a, nosromy
A, € W(0). Ecin xe B € W(a), 70 8 < a. IIyers B — Buonue YHOPSLIOYEHHOE
MaOXKecTBo THna 3. Torna Haityerest oTpesok A, nogoGunii B, snavnr, B=B=4,
B € {A,|ac A}. NMovromy W(a) = a. a

Cuencrsue 1. Beakoe muoscecmeo OPOUNAADHILT NUCEA GNOAHE YNopAdOUEHo.

Aowasameancmeo Myers A — POA3BOJIBHOE MITOKECTEO OPJIMHABITBIX
HHCEN, 3 — ero Henycroe moaMHOMNKeCTBO. [lycrs @ € B. Ecin W(a)N B = a, TO v

HauMEHLIH snevment B 8. Fenu ske W(a) N B # &, 1o nycrb § — HARMEHBIIHH
dnement noamnoxecrsa W(a) N B muoxecrsa W(ea). Torma B 6yner n HauMensmmm
AIEMEHTOM HOJMHOZKeCTBA B MuowKeersa A. ]

Caencrue 2. Jlas ai06020 muovcecmen A NOPAIKOGUT “wucen CYULeCTEYem no-
PAJKOGOE wucao, Goaviuee ecex “ucea us A.

Adorasameanncmeo Maokecrso A camo Biome YHOPSAA0YCHO U B KAUCCTRe
MCKOMOTO HuCIa MOXKHO B3STb NOPAAKOBLIN THT B Muomectsa B = U Wia).
_ ac A

B canonm sieste, Muoskectro 13, Gyyuu MuoKecTB0M MOPSAMKOBBIX HHCE, CAMO BIIOJIHE
ynopsgoueno. Ilyers 3 = B. Ecim a € A, 10 W(a)=au B, = W(a). Tax xak
BHOJTHE YHOPAROMEeHHOe MHOXKCCTEO 13 He MoxeT GbiTh no1061H0 CBOEMY OTpe3sKy B,,

10 3 =B > B,=W(a) = a. [

Caencrsmne 3. He CYWECGYEN MHONCECTBA, COOCPHCAUERO GCE NOPAOKOGHE Y1U(-
i,
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§ 8. Bnosme ynopgjiouenuble MHOXKECTBA

Hoxasaameavcmes o Cpasy creayer u3 NpeabliyIIero CjieICTBus, (]

Caencrsue 4. Cpedu nopadkosus wucea, He NPUHGOACHCAULUT OGHHOMY MHO-
scecmey A nopAOKOGHLT Mucea, ecmt HAUMEHbULEE.

Hdowxasameancmso IlyeTh o — nopsakoBoe YHCI0 GOMBITEE BCEX THCE
w3 A, a @ — nanmensiiee 8 W) U {a} wucao n3 (W(a) U {a})\ A, rorma 4 -
HCKOMOE YHCJIO. U

Oupenenenue 8.10. Jlrs nopadkosozo wucaa o naumensuwee nopadkosoe wucao 3,
ne npunadaecocaujee Wia) U {a}, nasmeaemes senocpeacTBeHto CIAeAYIOUIUM
3a o u oboznavaemen wepes o,

Hoxaxem, uro o' = a + 1. B camom jieqe, o-nepsrix, o < o + 1. Bo-Bropeix,
eciin o < f3, o W(a) € W(B), nosromy W(a)U {a} € W(B). Buaunr, aunto
W(a) U {a} = W(), mbo W(a)U {a} asrgerca navaisuev orpeskom W(3),
noyromy o = Wia)U {a} <W(B), re. a+1 < 8.

Cnepcrsue 5. Beakoe muoncecmeo Kapounasonua wuces 6noane ynopadoieno.

Hdoxasameanncmeo. Ilyers X - NpoH3BOALHOE MHOYKCCTBO KAPAMHAIBIBIX
ancest. Jas kaxoro y € X peibepem MHOxKecTBO Y Takoe, yro Y = y. [lo reope-
me Llepmeno muoxecrso Y MoxkHO BrOJHE yuopsaaoants. O6oznadum Y uepes Gy
[ycrs V' = {a, | y € X}. Pacemorpum orobpakenue f @ 1y v, MuoKecTRa X

Ha MHOXKecTBO V. Ecu y,2 € X, y # 2, Y =y, Z = 2z, To no Teopeme 8.6 aubo

g

-

Tt

< Z,mbo Z <Y.FEem Y < Z, 10 HeBO3MOXKHO, UTobbl Z < Y. TaK KAK MHAYE
= 1 ? Sk 1

N

<Y, swaunr, Y < Z. [losromy f — monorounas Guexkumst X na V. Tak kak
11000e MHOMKECTBO OPAMHAILIBIX YMCEJ BUOJIHE YHOPANOUEHHO, TO U MHOKECTBO V/
OPUUHAJILHBIN YMHCCHT BIIOJIHE ‘Y]IO]J?U'[‘O‘{C]IHO: JHAYHT, BIIOTHE }"l'I()pﬂ,‘T‘O‘{E‘,HHD 51 X D

Caencrue 6. Jlaa 1106020 Kapdunaasbnozo wueaia n Cyulecmeyem Henocpedcmeen-
no eaedyrowyee 3a num Kapdunaavroe wucio n, m.e. maxoe xapdunaavHoe wucao N,
WMo

(1} noem®,

(2) ecau m — wapduraavroe wucao un < m, mo nt < m.
doxkaszameanecmeo Ilyers nt HAUMEHLINEC YHCJIO U3 MHOMKECTRA
{ov | @ — xapaunanbroe yneno, n < a < 2"}, Ouepnano, wro n* — menocpecrsen-

HO CAeayronee 5a N Kap/JAHHAJIbBHOe YHCJI0. O]

Bameuanue. Popmyaa 2N = Ry pripascaer SHAMEHUTYIO KOHMUHYYM-2UNOMEIY
[ Kantopa.

[puanun MITHIMATBHOCTH JJIA OPAMHANBHBIX yuces. Eemn @ — npous-
BOJILHOE CBOHCTRO OPJMHANBHBIX YHCEN, KOTOPOE BBINOJHSIETCA XOTS Obl A5 OJHOTO
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IVIABA 1. 9JIEMEHTHI TEOPHH MHO2KECTB

OPJMHAJILHOTO YMCJIA, TO CYIICCTBYET HAUMEHbUEE OPAMHAIBLHOE YHCI0, 0018110~
mee cBoicTBOM (.

[Tyerp i1 opauMHaJIbHOrO MHeAa (v BLITOJHAETCH CBORCTBO (Q, TOr1a B Kayecre
MCKOMOT'O HAMMEHBIIEr0 OPAUHAIBLHOIO YHCI8 MOXKIO B3ATH HAUMEHBIIEE OPIUHAIL-
HOC YUCTO B MHOMKECTBEC

{7 |7~ opmumansroe wncio uz W(a) U {a}, obmamawomee cpoiicrrom ( }.

Hpunuun rpanchunuraoil nuayknmm aJist opAuHANBHBIX quces. [Tycmo
() — maroe ceolticmeo opdunarvnus wuces, WMo 0aa #100020 OPOURAADHOZ0 YWUCAR
 u3 mozo, wmo ece opdunaavibie wucaa 3 < o ofaadarom ceoticmeom Q, caedy-
em, wmo w o obaadaem ceotcmeom (. Tozda ece opdunasvime wucaa obaadatom
ceoticmeom Q.

Hdoxasameanncme o lpeanonokny nporusnoe, n nycrs 3 — onuo u3 op-
JMHANBHBLX, e obaagaomux ceoftersom Q. Tyers o — nanMenbiice opaunaThuOe
aneno s W(B)U {4}, ne obnasaomee csolicrsom Q (11060e MHOKECTBO OPHHAIb-
HHIX uncell Broaue ynopajnodeno). Torga see opaunaibisie yncna uz W(a) obia-
Jaior ceoifcTBoM (), a snauuT, 9TUM cBoiicTBoM obaasaer 1 . ITo mpoTMBOpeYnT
BhGOpY (. O

B saximouenue yeranosum psj hpakton apudMerukn GecKOHeTHBIX KapIHHab-
HBIX HHCEIl, CYIECTBCHHO OTJIMYAIONNX ee 0T apupMeTHKH HATYPAILHBIX YHCell
(konednpx KapmHaaLIBX wuces). Ipu srom Gyser nokasamo, kax npm yeranos-
JeHHH CBOHCTB KAPIAMHAIBHBIX YHCET (MOLIHOCTEH MHOKECTE) IPUXOIUTCH HCIOb-
30BATL CBOHCTBA OPJMHAILHBIX THCe (ITOPSKOBLIX THIOB BIOJHE YHOPSILOMCHHbIX
MHOZKECTD ).

Teopema 8.8. /laa npoussoavnozo 6eCKOHeM0z0 KapounaibHo2o 4ucia n 6unoa-
HATOTCH PAGCHCTNGO

I)n+n=n,
2)n-k=mn, 20c k — Koneunoe nenyaceoe KapouNaALIOE HUCHO,

3)n Ny =n.

Howaszameancmaeo. NokameMm, 4T0 HARIETCH TAKOE KapJIMHajbHOe YHCI0 Ny,
910 N1 = Ny - ny.
0 Ny

[Tycry n = A. Buoane yunopsaouny Muoxeerso A HEKOTOPBLIM OTHOTIEHUEM < 4
noanoro nopsika. Beejgem na maoxkecrse N x A orgomenue

(nya) < (m,b) <= (a<ab) V (a=b& n<m).

Herpyitao 1poBepuTh, 970 OTHOMEHUE < BIOJIHE ynopajgounpaer maoxecTso N x A,
Muozecrso A nojgo6H0 TOAMBOKCCTRY

{1} x A = {{1,a) | a € A}
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§ 8. Buouue ynopagouennbie MHOXKECTBA

muoxkectsa N x A. [osromy u3 ciesersug Teopemnl 8.3 onyuaeM, 4To MHOMKECTBO
N x A ne moxer GbiTh M0206HO HAMANLHOMY OTpesKy MHOKecTBa A. 3HAYUT, MHO-
xeetso A nonobno aubo muoxecrsy N x A, aubo HEeKOTOPOMY €ro HAYATLHOMY
orpesky (N x A)y,; a0 B 11epsom ciynae noayuaem

A=Nx 4.

3uaunt, n- Ny = n. Bo Bropom cayuae

A = N % Ay

-8

Tax kax
(N x A)(ﬂo.ﬂ-u) - (N x Aﬂo) U (Nno X {U’U})

u N, % {ag} — xomeunoe mMuoxkecTno, TO N = Ng - ng, e n = A,,.
Papencrso 1) ciejyer u3 c1eayionmx paBeHcTs

n+n=xN -ng+Ny-ng = (Ro + Ng)ng =Ny - nyg = n.
PapencTBo 2) caeayer u3 caeayioumx paseHeTs
n-k-—-(No-ng)-k:(Ng-k}-n{;:?\‘(,-nn::n.
Papencrso 3) n- Ny = n nosydaem u3 caeayonmx paBencTs
o n=Ng-Ny:ng=8y-ng =n.

U
Crenyiomas Teopema ciejayer u3 jemmbl Lopna u gaxke Ha camom zeje eff 9K-
BUBAJEHTHA,

Teopema 8.9. Jlasa npouzeoavnozo 6eckomeunozo kapounaibiozo wucaa N ewnoi-
HAEMCA PAGEHCTNEO N - N = N,

Jdoxaszameanscmeo. s nponssojabHoro Maoxkecrsa A Takoro, yro A = n,
oJIaraemM

M(A)={f | [ — Ouekrusnoe orobpaxkenne muoxkecrsa B x B na B

LT HEKOTOPOI'o GECKOHeYHOro HOIMHOXKECTRA I3 muoxkecTBa A }

Tak kax m060e HECKOHEMHOE MHOKECTBO A COACPIKHUT CUETHOE NOJAMHOKCCTBO 1B
n B takom ciaydae B x B = B, 1o muoxecrso M(A) nenyero. MuoxkecTso M(A)
HACTHYHO YTOPSTOYEHO OTHOMEeHWeM BKJIIOUEHHS C W HETPYAHO TPOBEPHTH BLIIION-
HUMOCTh ycaosus nemmbl Llopaa. Suaunt, o gemme Hopra so muoxecrse M(A)
eeTh MakCHMasbHbl saement g C x C - C.

[Iyecre m = C. 3amerum, uro C' x C'=C, nosromy m-m = m, T.e. m*> = m.
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IJIABA 1. 9JIEMEHTBI TEOPHUU MHOXKECTB

Aeno, uro m < n. Ecim m = n, 1o Teopema jfoKkazamHa.
Ipeanonoxum m < n.

Hokaxem, wro Boimosneno vepasencrso A\C > m.

Hpennononcum nporusoe A\C' < m.
Torpa B cuny npespijyieit reopemn

11:E—Ef_ﬂf(;'1\(}5-:(.—f f jﬁ%gnl+m:m,

49TO HPOTABOPEUNT CACTANLIOMY BBIITE TPEJINOJOKEHMIO M < 1,
[Mycre C) — nopgMuozkecTso MommoeTn m MuaoxKecrsa A V.
st mosryenna NpoTHBOpE s PACCMOTPUM MHOXKecTB0 1) = C' U Ch. Torpa

DxD={C%xq) Ul %G}y (C'% 00 xaC).

Ilyern
E=(CxC)U(C xC)U(C, x Cy).

Torra E=m*+m?’+m’ =m+m+m=m. [Toaromy cymecrsyer GuexTuBHOE
otobpazkenue h muoxkecrsa E na Muoxecrro O).
[Moaparaem [ = g U h. Torna

[ (CUC)x(CUul) - (Cudy),

HO 5TO TPOTUBOPEUHT HPEATTONOKCHIIO 0 TOM, 4T0 oTobpaxkenue ¢ : C' x ¢ —» (
ABIACTCA MAKCUMAMBHBIM d1eMeHTOM Bo Muoxecrse M (A). Tlonyuennoe nporuso-
Peune 3aBepIIACT JA0KA3ATETLCTBO TCOPEMDI. L]

CaencrBue. Jas npoussosvrus 6ecronevmms KOPOUHAALHBLE YUCCA N U M GDN0A-
HANIMCH PABeHCMEa

1) n 4+ m = max{n, m},

Z2)n - m = max{n,m}.
Hdowaszameancme o Beunry reopemr 8.6 MOKHO CUMTATL, N < M, & 3HAYUT,
max{n,m} = m.

Papencrsa 1) i 2) nosyualores w3 HepaseHeTs

m<n+m<m4m=m
m<nm<m-m=m

na ocnosanuu reopemsl Kanropa — Hlpeaepa — Bepumreiina [
B kavecrse eme opporo HPUIOAKEHUS AKCHOMBL 1 Teopembl Llepmeno, a 3uauur, u
IKBUBAJICHTHBIX UM yTBEDAKICHHIN, PACCMOTPUM BOTIPOC O CYUICCTBOBANNN GA3MCOR

B BeKTOPHBIX [IPOCTPAHCTBAX.
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§ 8. Brnose ynopsuouennbie MuoxkecTBa

Onpenenenue 8.11. Muoscecmeo eexmopos £ 6eXMOPHo20 npocmparemea V wad
noaem K nasweaemes 6azmcom amozo npocmpancmed, ecau ao0bot sexmop us V
00MO3NAUNHO NPedcasum 6 sude AUMCTHON KOMBUNAUUL KOHEUHO20 MNONCECTIEN
6ERMOPO6 U3 & .

Teopema 8.10. B awobom eexmoprom npocmparcmee V. 1ad NPOUIBONLHBLM TLOAEM
K cywecmeyem basuc.

dowxasameanvecmaeo Hamomuum, uro HPON3BONBHASA cucTeMa S BeKTO-
POB BCKTOPHOI'0 HPOCTPAHCTBA HA3LIBACTCH JIMHEHHO HE3aBUCUMOI, e JuHeli-
HO HE3ABUCHMOHN sBjdercd 10b6as KOHeUHAas NOACHCTEMA CHCTeMbl S,

Obozmaunm deped X' ceMeHCTBO BCEX AUNETHO HEIA6UCUMBLE CHCTEM BEKTOPOB
BEKTOPHOI'O npoctpancrsa V.

U3 oupenenerus muHeilHO HE3ABHCHMBIX CHCTEM BEKTOPOB Cpasy cjieayer, yro
CeMEHCTRO mojMHOXKeeTB X' MHOMKeCTBA V' uMeer konewnoidl Taparmep. [Hosromy 110
nemme Telixvionnepa — Trioku cemeiicrso noamuoxecte X 0BJIAJAET MAKCUMAND-
HBM INEMEHNOM, T.€ B V CYIMECTBYET MAKCUMAALHAA E OTHOCHTENBHO OTHOLICHMSI
BRAIOUeHAst C JuHeHno HE3ABHCHMAS CHCTEMA BEKTOPOR.

Hokaxem, uro £ — Gasuc pexkTopHOro npocrpancTsa V.

Eciiu HeKOTOPBINA BEKTOD © He TpeacTaBasIcs Obl B BULC THHEHHOMN KOMOUBAUHH
BEKTOPOB U3 £, 10 JIErKo ybeanThest, 9T0 CHCTeMa BEKTOPOB £ U{w} 6bra 6bt muneitno
Hezapucama. Yro npoTHBopeunso 65 MAKCHMAIBHOCTH cucTeMbl £,

OHO3HAMHOCTL UPEACTABACHUS BEKTOPOB B BUJIE JTHHCHHBIX KOMOUHAIMHA BEKTO-

POB W3 CHCTeMBL £ nerxo ciaenyer us anHeiiyoil HezaBuCHMOCTH CUCTEeMB] BEKTOPOB g,
)

3ameuanne. Moxno jgoxasars, uro mwobwe dea bazuca NPOU3EOALHOZ0 BEKINOPHOZ0
npocmpancmea V. pasHomoum.

B xauecrse BechbMa HETPHBHAILHOTO CSACTBAS MOKA3AMHON TeODPEMET NOJIY 9UM
OTBET HA CACIYIONMA HuTepecHblit Bonpoc. O¥eBWAHO, 4T0 414 JuHeHno#l HyHKIun
f(x) = ax Bomonusercs TOXKECTEO flz +u) = f(z) + f(u). Moscno au npu-
BECTNU NPUMED Heaunetinolt gynryun f, onpedeaennoti na ecem mmoscecmee deti-
CMEUMEALHYT wuces w ydosremeopaoweti moscdecmey f(x +u) = f(x) + f(u)?

OT1Ber 0Ka3plBACTCH MOJOMKUTENbHBIM, HO “aBnbii’ npuMep Takoi yHximpn He
W3BECTEH, OJHAKO Mbl Cefyac MmoKaykeM, 9To Takne GhYUKIUH CyLIeCTBYIOT.

Pacemorpum MHOzcecTBO R IelicTBUTENBHBIX YHCE] KAK BOKTOPHOE NpOCTPAN-
¢TBO HaJ nojieM @ panuoHaILHBIX THCeT.

B enny spimeckasannoro s R naiinercs 6asuc £ nan Q. 3adukcnpyem nekoropsiit
BeKTOp € B Oasuce €. [lig npouspoashoro « € R uepes f(z) obosnaunm xoadpdurm-
€HT 1pU HA3UCHOM BEKTOPE € B PA3NOKeHun BekTopa x 1o 6asucy £. dcro, uto s
bynxuuy f(z) srmonnaercs Toxaectso f(z+u) = f(z)+ f(u). Onnaxo 1a byuk-
e He ABagercd jguneiinoi dbynxnueit Buga f(r) = az, Tak kak ona HPHHHMaeT
TOJMBKO PAUUOHAALHBLE IHAYEHUA.
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FHABA I 9JIEMEHTBI TEOPHN MHOXKECTB

3 KavecTne ele OJHOro KJACCHYECKOIo IPUMEHEHUS AKCHOMBI BLIGOPA, PACCMOT-
pum Teopemy X. Xaua - C. Banaxa o npogomkenun guueiinpix (byHKIMonaion,

IHyers L — nuaeitnoe mpocTpancTso HaJL NoJAeM JecTBUTeNLHLIX Yncen . Jhoboe
orobpaxenne n3 L 8 R nassisacres dynunyuonaiom na L. Oyaknuonan [ Hassipa-
eTCH AUHETHbIM, eCIHH A JH0OBIX ABYX ancest « u [ u3 R n mobBIX ABYX BEKTOPOB
v uu s L sbogugerca paseactso f(oav + fu) = af(v) + BF(u).

DTO YCIOBHE PABHOCHIBHO JIBYM YCJIOBHAM

1) addumusrocmo: jiisa mobbIX BYX BEKTOPOB U W 4 U3 L BHILIOJHSIETCS paBeH-
creo f(v+u) = f(v) + f(u),

2) odnopoduocmy: nng mwoboro uucena o w3 Ron BeKTOpa v M3 L BInoJHgeTCA
pasencTBo f(av) = af(v).

DyuKinonan p HazpIBACTC 00HOPOOUO GUNYKAVM, €CITH A HErO BHITOHSIOTCS
CJIeJLYIOIINE J(BA YCAOBUSI
1) noayaddumusnocmuv: pia M0OLIX JIBYX BEKTOPOB v ¥ u u3 L, BHIIONHAETCH
HepaseneTso p(v + u) < p(v) + plu),

2} noayodio odHocmb: J1s J1060ro neoTpur ATCIBHOIO JeHCTBUTCALHOTO Yucsa
Y / pi

Teopema 8.11. lycmv na aunetiviom npocmpancmee L nad nosem deticmeumens-
HOLE ucea 3adar 0dnopodno eunyrand Gynxuyuonas p, a Ha nodnpocmpancmee U
sadan aunetinud gynnyuonan f, npunes das aobozo BEKTNOPa U U3 NOONPOCpPa.-
emea U evnoansemes nepasencmeo f(v) < p(v). Toeda eywecmeyem auneinmd
dynxyuonan I, onpedeaennmdi na 6cem npocmpancmese 1, AsAsowutica npodoasce-
nuem aunetinozo dynmyuonaa f, npusesm das m06020 eexmopa v npocmpanemaa L
sunoangemcs nepasencmeo F(v) < p(v).

doxasamenncmeo. lyers w e L\ U. O6o3nauum uepes U(w) maneitnoe
HOMIIPOCTPANICTRO, NONYUEHHOE TIPUCOCHHenMeM BekTopa w K U, r.e U (w) cocront
13 BCEBOZMOXKHDBIX BEKTOPOB BHAA U + 1w, T/1e { — NPOM3BOABLHOE AeHCTBATEIBHOE
0. JLiTs IPOM3BOJALHOTrO GHKCHPOBANHOTO JCHCTBHTEILHOIO YHCAA ¢ PABEHCTEO
Jelo +tw) = f(v) + e oupegenser npoiomKeHNe IMHEHIOTO dbyukunonana f ¢
noaupoctpancrea U na nogupocrpancrso Uw). Ocraercs nogobparh Takoe wmc-
J0 ¢, 9100l npn JoboM 1 BBINOAHSIIOCH HepapercTso f.(v + tw) < p(v + tw), Te.
f) +te < plo + tw). Ilpn t = 0 nepasenctso, KoHeuno, suutosneno. [Mpu ¢ > 0
OHO PABHOCHILHO HepaBeHeTBy f(v/t) 4 ¢ < p(u/t+w), anpn t < 0 — HEPABEHCTBY
f(=v/t) — ¢ < p(—v/t — w). Taxnm o6pasom, 1OCTATOUHO TOKAZATH CYIIECTBOBAINE
HICAS €, YAOBACTBOPAIOLILrO HPH JIOOLIX HOJOKUTENLHBIX § 1 I HepaBeHcTsaMm

fft) —pluft' —w) < ¢ < plu/t +w) - flv/t).

A 510 OyeT BEPHO, eCIM Mbl YCTAHOBIM, UT0 Mpu mobsix v/ u v us 1, BBILOJIHAETCS
HEPABEHCTRO
o}
f') =p(v' —w) < p(v" +w) (0",
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§ 8. BuosHe ynops/joueHHbe MHOKECTBA

[Tocnennee mepapencTBo ROKAZLIBALTCH caepywiumM obpaszom: npu Jaobnix v’ u "
u3 L

f)+ f(") = f0' +9") < p(v' +0") =
p(v' —w+ " +w) < p(v' —w) + p(v" +w).

3naunr,

sup{f(v') = p(v' — w)} < Jnf {p(v" +w) - f(2").

wel
PacemoTpuM HacTHYHO yHOPSLIOUEHHOE OTHOMEHTEM < MHOXKecTBO . s/IeMeHT -
MH KOTOPOI'O SIBJIAOTCS BCeBoaMoxuble napwl (W, Fy ), tne W — noanpoctpas-
¢TBO npocrpanctsa L, cogepxamee U, a Fy — rtakoe awumeitnoe mpomoskenie
dbynkmonana [ ¢ U wa W, uro npu moboM w u3 W sbmoaHsercs HEPABEHCTBO
Fy(w) < p(w). Tpn srom cumraem, uro (W, Fy) < (Wi, Fyy,) Torsa u 1oibKo
Torga, korma W C Wy u Fy, — npogoimkenue dbynkuponana Fy. Herpymmo mpo-
BCPATDL, 9TO OTHOWIEHNE < sB/AAETCH OTHOINEHHEM YACTHYHOIO HOPSJIKA, 1.€. OHO
PeDIEKCUBHO, TPAHSUTUBHO U AHTHCUMMETPHYHO M /IS HETO BBHIIOMHEHO YCJOBHC
geMmbl [lopra ~ st KaKoro JuHeRHO yHOPA0YenHOr0 OAMHOMKECTBA Y MIHO-
xecrsa ¢ cywecrsyer sepxussa rpaub: ecin L = {(W;, Fy,) |i € I}, To nonaraem
W' = Ui/ Wi, Fw = UjerFw,. Torna napa (W, Fiy) upusagnexur & u ssnsercs
sepxneit rpanpto pas Y. ITo memme Hopna B ® umeerca MakcuMaibHBI 3JeMeHT
(W, Fyyp). Ocraerca nokasats, wro W = L. B nporusnom ciyuae Gepem w € L \W
¥ ONMCAHHBIM BBIUIE CIIOCOBOM CTPOUM HPOJIOKEHUE Fiwy bynxumonana Iy wa

W(w). Torna napa {W(UJJ?FW(-“;Q upumaexnr ® u (W, Fi) < (W(w), Feun s
4TO HPOTHBOPEYHT Makcumaibroctn (W, Fyr). 0

B s3akmouenue naparpada npusesem mpuMep npocto GopMyanpyeMoi 3aga4u
Yiiama U3 TeOPHM MHOKECTB, HOTBITKH PEIeHMS KOTOPOH HATATKMBAIOTCS HA HOIPe-
OJIOJTUMbIE HA CECOMHANIHII TCHD TPYIHOCTH.

Moorcrno au npusecmu npusep nenycmozo muoscecmea X u dyrxuu j, onpede-
acrnot na muoorcecmee P(X) ecex ezo nodmumosceeme u npunumarowet Auws 0sa
anarenus 0w 1, makotl, wmo 3navenue GyHKUUL [ 1o KaHcOoM 00HOIAEMENTHOM
nodmroncecmee muooicecnsa X pasno nyato, (X)) = 1 u daa awbozo cuemmozo
MHOHCECMBA (Ap)nen NONAPHO HENEPECERAIOWUTCA NOOMHONCECTNG MHONCCCMEn X
BUNOAHACTNCA PAGEHCNGO

00

AL — T
w( Y An) = B p(An)?

1
Kaxpaa rtakag GyHKOMA Ha3BIBACTCH CHCTHO-aINIMBHON ABY3HAMHON Mepol Ha
MHOZKECTBE BCEX MOAMHOMKECTB MHOMKeCcTBa A
3aMeTHM, YTO ecJan B THCHO TpeGoBaHMM HE BKIIOYATH VCJIOBHE PaBeHCTRA HY-
JIO 3HAYenuA PYHKIMA 4 Ha KayKI0M OJHOIIEMEHTHOM IOJAMHOXKECTBE, TO HPUMED
TakOW (PYHKIMHA JIEPKO TPUBECTH: /ISl HPOM3BOJILIOTO MHOKeCTBA X 1 hUKCHpoBan-
HOT'O B HEM 3jeMeHTa @ NoJaracm

ectt ACX, 10 wu(A) =1 <= ac€A
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IVIABA 1. SJIEMEHTHI TEOPUN MHOXKECTB

Taxue dpynkuun nazmBaoTea d-vepavy.

Aeno, uro muozxectso X' ne Moxker OpITh KOHEYHLIM WIIH CYeTHbIM, Bosee y6o-
KOE M3YTEeHUE HTOTO BONPOCA HOKA3LIBACT, TO €CJAH TaKOE MHOMKECTBO CYIIECTBYET,
T0O €10 MOIMHOCTD “ovennb Doxbias”. Onuako BOupoc o CYHIECTBOBAMNWHN TAKOTO MHO-
Aeersa X', TaK JKe Kak B NOUBLITKY PEenys KOHTHHYYM-THIOTE3H, HEH30EKHO pH-
BOJAUT HAC K HeOBXOMMMOCTH TOTHOH (hOPMYANPOBKH aKCUOM TCOPHH MHOMKECTB, UTO
B CBOIO OUepeb BeAcT K HEOOXO/MMOCTH HOCTPOCHHSA COOTBETCTRYIOWET0 (hOPMATH-
HOTO 43bIKa HepBOIO NOPSIJIKA, OJHAKO 9T0 He BXOJNT B IEIH HACTOATIEIO MOCObHd
1 COCTABMSET HPEAMET OTAEILHOrO PA3TOBOPA.

9. Harypaabubie ynciaa. Cucremsi ITeano

]3]1”.]][.‘. {H'Jﬂ(i [MOKa3aH0, KaK, OTHPABIAACH O CHCTeMbB! HATYDPAIbBHBLIX YHCE]
) JE
< N} 1:\ "1': % >1

MOZKHO TOCTPOHTH BCE OCTATLHBIC THCIOBBIC CHCTEMb] — TIEBIC, PAIMOHAJIBHbBIE, J1CH-
CTBATEABHBIC M KOMTLICKCHBIe dicsa. [Ipn sTom Mbl pacemaTpusamm narypasbnsie
THCIA, Kak aannpie HaM. T.e. B onpesenensoii Mepe nocTynaa B COOTBETCTBHM €
shickaspiBannem JI. Kponekepa: “Harypansanie uncna coznan roenoms Bor, a sce
OCTAJILHOE — JICJI0 YeJI0BeYeCKHX pyK'.

B »srom maparpade Gyayr pacecmorpens: apa noaxoga mis ONpeeaenus MHO-
AKECTBA HATYPANLUBIX MCeI: aKcnoMaTuyecknii n remernyuecknit. Ilepsoiit u3 unx
OCHOBAT Ha npemjoxennoit JIx. lleano B 1889 rony cucreme akcuom s apuc-
METHKHM HATYPAJBHBIX IHCCH, CXOMHYK) CHCTEMY aKCHOM JITH HATYDAJILHBIX UHCE)
Hesapueumo npejaoxku B 1888 rony P. Jenexmn. Bropoit noaxon ocnopan na
npeanozkennom konom don Hefimanom onpegesennn natypanbubix ances s pan-
Kax TeOPHU MUOKECTB.

9.1. Cucremsr ITeano
Onpegenenne 9.1. Cucmemoti Heano nasweaemes
(Pog0),

ede P — nenycmoe muoniceemso, s : P - P — odnomecmnas Pyrryus Ha Mmio-
orcecmee P, nasvieaeman Gynkyucti caedosanus, a ¢ — emdeaenmmiti smemenm. o P,
APU YCAOGUU GUNOANCHUA CACOPIOUUET AKCUOM, NAIUGaeMbT arcuomamy TTeano:

I} dnsn mobozo a € P sunoanaemes nepasencemeo ¢ # s(a);

I1) s — unsexmuenas @yuryua, m.e. g 406ms a,b € P us pasencmea
s(a) = s(b) caedyem pasencmeo a = b;

1) axcuoma undyryuu: nyemv B C P - NPOUIBOALHOC NOOMHONCECINEO MHO-
ocecmsa P omaxoe, wmo ¢ € B, u das m106020 saemenma a € Pr ecau a € B,
mo s(a) € B, mozda B = P.
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§ 9. Harypauabusie uncna. Cucremnr [Teano

Bameuanmne. Kaxjgoe nmogmuoxecrso B muoxecrsa P TaKoe, 4To ¢ € B, u a4
aoboro anementa o € P: ecana € B, o s(a) € B, 6yaem nazmsars UHIYKIMUGHbIM.

Bonpoc o cymecrsopannu cucrem [leano Mbi 06e MM 11033Ke. A cefivac pac-
CMOTPUM BOHPOC 00 OJHO3HAYHOCTH XaPAKTEPUCTHKH chuereM lleano YKA3ZAHHBIMY
AKCHOMAMI.

Onpenenenune 9.2. Cucmemu, Hearo
(P,s,c) u (P,s,c)

NAZBLBAIOMNCA USOMOPHHMMIU, €CAU cyuecmeyem buekmuenoe omobpancerue |
P — P" maxoe, ymo f(c) = ¢ u das am06020 = ua P ewnosnaemes PABEHCINGO

1(3(2)) = 5(f(x)).
Teopema 9.1. Jhobue dee cucmemn ITearo usomopdrm.

Hdoxaszameanvcme o Jokaxkem, uro CYIECTBYeT OHEKTUBHOE 0TODpasKeHne
f P = P rakoe, aro f(c) = ¢ u mis 106010 T u3 P BIIONHETCS PABEHCTBO
f(s(z)) = '(f(z)).

Bamerum, 4uro ecqm Takad GyHKups [ CymeCTBYeT, TO OHA B COOTBOTCTBHH C
AAHHBIM BbIINE OOPEJeNCHneM TOHATHS DYHKIUY ABIACTCH TOAMHOMKECTBOM {J MHO-
xkecrsa P X P’ u yrosnersopser cieayiomum JBYM YCTIOBHAM:

D) {e,¢) e U,

oo obsix a u b

) ecan (a,b) € U, 1o (s(a),s'(b)) € U.

Obosnaunm wepes W muoxkecTBO BCEX moaMHOKecTB U MHOKecTBA P X B
yaosaeTsopaionx yciosuam 1) u II). feno, uro W # @, mak kax, manpumep,
PxPecW.

[Tonaraem

f = N U
Uew

Jlerko BuieTh, UTO f 9BAAETCH MOAMHOKECTBOM MHOKecTBa P X P u VJIOBJIET-
popaer ycaosuam 1) u IT), ne. f e W.

Snaunt, f — coorsercTBue ¢ 06JACTHIO OMPEAEACHNS 3(f) € P u muHOKeCTBOM
snauennit p(f) C P’

Toxazxkem, uto f -~ dynxina ¢ obnactoio onpesenenns §(f) = P u MHOKECTBOM
sunavennii p(f) C P', yaOBJAETBOPAIOMAS YCIOBHAM

1y Fip) == g
2) f(s(a)) = '(f(a)).

O6osnaunm yepes B muokectso §(f), Te.
B={a|aecP&(E)(be P)&(a,b) € f}.
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% 1 i !
3 yeaosus 1) cneyyer, uro ¢ € B. Yeaosue I1) gaer: ecom a € B, 1o s(a) € P'.
Suauur, B HHAYKTHBHOE MHOXKECTBO, NMOYTOMY 110 Tperbed akcuome Ileano
B =P, rve.0f) =

IIposepum, uro g [ puimosnsieTea cpodcTBO (DYHKIMOHAJBIOCTH, T.C.
V) (Vo) (Ve ) (1) € f & (g, 22) € f) = 21 = ),
Obo3HauMM yepes () MHONKECTBO
{a | (Va)(Vaa)(({a, 21) € f & (a,22) € ) = 21 = z)}.

Hoxaxkem, 410 () — MUAYKTHBHOE MHOMKCCTRO.

Hokaxenm, uro ¢ € (). Tak kax (¢, ¢') € U, 10 HeOBX0JAMMO TTOKA3ATL, 4TO 75
moboro z, ecan (¢, z) € f, 10z =, lI].'JE,}_LII(_J..'IO}}\MM NPOTUBHOE, T.€. UTO CYUICCTBYET
Takoe ¢, 910 (c,e) € f, no e # .

Pacemorpum mnozkeerso U = f\{{c,e)}.

Tax xak € # ¢, 10 (¢, ') € U, Te. niaa muoxecrsa U suinoaneno yejosne 1).

[Iposepum semonmumocts g muoxecrsa U yenosus 1), Eean (a,b) € U, 10
(a,b) € f, rorma (s(a), s'(b)) € f. Tax xak §'(b) # ¢, 10 (s(a), s(b)) € U.

3HauNT, VIR HOCTPOCHHOro MuoxkecTsa [ Buinoaneins yeaosus 1) u 1), noaromy
fCU = f\{{(c,e)}. Honyuennoe uporusopeune moKkaszpBaet, 4To ¢ € (.

HO}\(J.-A({EM, uro ecan a € ), 10 s(a) € ().

NCTanosuM, 4ToO eCin (:s(u), e} € [, 10 nafigercsa Takoi saeMenT b, uTo { a,by € [
ne=s'b).

lpeanonoxum 1poTHBIOE, T.. UTO CYIWECTBYET 9JEMCHT ¢ Takoi, «9To
(s(a),e) € [, no mer Takoro ssmementa b, uro (a,b) € f u e = s'(b).

Pacemorpum muoxectso U = f\{(s(a),e)}.

lIposepum suinoamumocts s Muoxectsa U yeaosuit 1) u I1).

Tax xax s(a) # ¢, ro (¢, c') € U, 1.e. s Muoxkecrsa U swinosmeno yeaosue [).

[posepum pomonmumMoctTs gias Muokecrsa U yeiaoBug I1). Iycrs (d, 1) € U,
worga ((d, 1) € f, suaunr, (s(d),s'(1)) € f.

Ecin d # a, 1o mo mropoit akcuome Ieano s(d) # s(a), mosromy (s(d), s'(1)) ¢
{(s(a),e)}. Bnaunt, (s(d),s'(l)) € U. Eetn d = a, 10 {(a,b) € f. Torsa
(s(a),s'(b)) € f.

Tak xak Her raxoro snementa b, wro (a,0) € f u e = s'(b), ro e # s'(b).

Hosrowmy (s(a), s (b)) € U.

'31-{?%‘111-‘1', pIRE n(u:"?]memwl_'o Muoxkectsa U suinonnens yeaosust 1) u 1), nosromy

= [\{(s(a),e)}.

I—.I[JJIY'-II?HH(JC HPOTUBOPEYHE HOKA3BIBaET, uro ecan (s(a),e) € f, To naligerca
Takoit saement b, uro {a,b) € f n e = s'(b).

Hyers a € Q. Yrobn gokasars, uro s(a) € (@, HIPCANONOKEM, €UTO
(s(a),e) € [ & (s(a),ex) € f.

Torya nafinyrea raxue amemenrot b; (i = 1 .2) yro (a,b;) € f u e; = §'(b;).

Tax kak a € Q, 10 by = by, 3naunt, e; = ey. Ioaromy s (a) € Q.
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§ 9. Harypaisuwie uncaa. Cucremsr ITeano

Baaunt, (Q — HHAYKTHBHOC MHOXKECTBO, HOTOMY 10 Tpernelt axcuome [leamo
)=
Buauut, f — pyaxnus.

Tem cambiv sokasano cymecropanne dbyuknumn f takoit, uto o L= P,
plf) P,

0 f(e)=¢

1 s 1106010 ¢ € P BbIOAHAeTCsS PABEHCTBO

2) f(s(a)) = 5'(f(a)).

Ocraercs gokasars, f — Guexmuenoe omobparcenue, r.e. uto p(f) = P'u f —
HHbEKIA,
Hoxazkem, aro p(f) -~ undyxmuenoe nogMuoKecTB0 MEOMNKCCTRA P

1) ¢ = f(c) € p(f)

2) Ecm b € p(f), o b = f(a) ana wexoroporo ¢ uz P. Ho TOI A
s'(b) = 5'(f(a)) = f(s(a)) € p(f).

Suaunt, p(f) = P

Hrobpr rokaszars, uro f - nbeknus, 0603HAUMM Uepes B creayiomee mommiuo-
AeCrso MuozkecTsa, P’

B ={b| (Vu)(Vo)(b= f(u) & b= f(v)) = u=u}.

[Hokaxkem, uro B — MHAYKTHBHOE MOAMEOXKECTBO MHOMKeCTBa P,

CHavaya yCTAHOBHM 110JI€3HBIN U151 TalbHEHIIero dbaxr: das aobozo snemen-
Ma a omAuHo20 om ¢ aremenma u3 P natidemea maxot snemenm e, wmo a = s(e).
9’1‘0 ('.[.)?23_‘{' C.J'le,l‘ly{.‘.’l' W3 UHAYKTHBHOCTH MHOAKeECTrBa

{e} U {s(e) | ec A}

3amMeTuMm, 4ro n3 akcuombl 2) CJIeIyer, aTo A5 J060ro sjieMenTa ¢ OTIUMHOTO OT
¢ COOTBETCTBYIONTUN 9JEMEHT € ONPEACICH O/IHO3HAYHO.

Hokaxem, uro ¢ € B. ¢ = f(c). Ecim xpome toro, ¢ = f(a) & a # ¢, 10
Haiercs e takoi, yro a = s(e), no roraa ¢ = f(a) = f(s(e)) = s'(f(e)), uro
NPOTHBOPEYUT aKcuome 1).

[lycts b € B. Ecim 8'(b) = f(u) u §'(b) = f(v), 70 u # ¢ u v # ¢. Buauut,
u = s(z) mv = s(y), rorma §'(b) = &(f(x)) u s(b) = s'(f(y)). o akcrome 2)
b= flzx) wb = f(y). Tax kak b € B, to x = y. 3naunr, s(b) € B. [osromy
B — unayxrupnoe nogmuozkecrro Mpoxmecrsa P, 3naant, B = P, nostomy [ —
HHBEKIINA,

Wrax, f - m3omopdusy cucrem Ileano P un P’

Mozxkno jokazarn, 4ro yeaosusmu 1) n 2) Gyrxups f onpeieseHa oJHOZHATHO,

B camom gese, MpeAnosoKuM, 9T0 Cymectsyior gynkiuua f; u fo Takume, 9ro

0(fi) =P, p(f;) S P'm
1) fi(c) - CJ:



I'JIABA 1. 9JIEMEHTHI TEOPUNW MHO>KECTB

v i J1ioboro a € P BBITOAHSIeTCS PABEHCTBO
2) fi(s(a)) = s'(fila)) i=1,2
OboznaanM vepe3 B MHOXKECTBO

{a | fi(a) = fala)}.

Tax kak fi(c) = ¢ = fa(c), To c € B.

Ecam a € B, 1o fi(a) = fy(a), suauur, fi(s(a)) = s'(fi(a) = ¢'(fa(a) = fa(s(a)).
Caepnoparensuo, s(a) € B.

Buaunr, B — WHAYKTHBHOE MHOMKECTBO, MOITOMY 10 Tperheil akcuome [leano

B = P. lloaromy fi = fo. 0
Pacemorpum sonpoc o eymecrsosanun cucrem [earno.

Onpenenenne 9.3. /las npouszeonviiozo muoscecmsa U noaszaem U' = UU{U }.
Muoosceemeo U' waswesaemes mocaepoparenem mmosicecmea U,

Onpenenenue 9.4. Muoxceemao S Ha306eM UHIYKRMUSHBIM, €CAU €20 INEMEHITOM
AGAACTICA NYCTROE MHONCCCTNEO @ U eMecne ¢ ROHCOUM JAEMEHTILOM (. (LI moace
ACAACTHCA INCMENITNOM FIMO20 MHOHCECITEW.

Cn CAVIOMee YIBCPACICHNIC NIPHHAMACM B Ka9ecTne ene o110 O U3 AKCHOM TeOpPHH
MHOMKECTE.

Axcnoma DECKOHEYHOCTH. Cyuiecmsyem undyrmuenoe MHoNcecmaso S.

Onpenenenne 9.5. Muoocecmeom namypanviue wucea N naswveaemesd nepeceve-
HUE 6CCT UHOYKIMUGHBLE NOOMHONCECTNG MHOICecmen S,

Muoxecrso HATYPAJBILIX YWHCe/l N {_)('_}..IIE.'!.J.LEI.O'I' CACUAVIOIMMA TpeMda BazKHbIMH
CBOHCTBAMM:

1) @ € N;
2) ecma€N roa € N;
3) mns moboro noamuoxkecrsa L muoxkecrea N rakoro, uro @ € L u ecin a € L,

10 @' € L, puinoangeres pasencrso L = N,

Bameuanue 1. Cpoiicrsa 1) n 2) osnanaior, 410 N — uHAVKTHBHOE MHOMKECTBO, a B
cuity epolicrsa 3) N ne nmeer cobctBeHIbIX HHAYVKTHBHBIX HOJMHOXKCCTB, T.€. J1000e
HILAVKTHBHOE HOAMHOMKECTBO MHOMECTBE, N COBHAJTACT CO BCEM ITHM MHOMKCCTBOM.

3ameuanue 2. Pacemorpennsif cnocof oupejenenust HOHSTHS HATYPAJILIOTO YHC-
JIa Yepe3 MoHATHe MHOXKecTBa npuaaguexnt JDxory ¢gpon Heiivany:
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§ 9. Harypaabubie uncia. Cucrenbr Teano

0=@, n'=nuU{n).
Lorraob ®pere s 1884 1. upemmoxmt apyroe OIIPEJIeJIEHAe HATYPaJIbHBIX THCET:
0 — 1o kiace {@},
1 = 9T0 KAACC BCEX MHOMKECTB, KOTOPBIE CTAHORSITCS MYCTHIMH NpH VAAJIEHHY U3

HUX OJLHOTO 9JEMCHTA,

n' — 310 KJIACC BCCX MHOXKECTH, KOTOPBIC TOIIAIaI0T B KJacC 7 IpHU VAAJIeHUuH M3

HIX OJIHOTO JeMeHTa.

9.2. PekypcusHbie onpeaenenusi B cucremax Ileano

Teopema 9.2, Jlas mobwx deyx dynryuii g u h maxuz, wmo d(g) =N, p(g) CN,
0(h) = N"*2 u p(h) C N cywecmeyem edurncmeernas pynruus f maran, wmo
6(f) = N1 p(h) C N u das aobuz 41,y Gn, b € N evnoansomen caedyrowue
pacencmean

?) f(afl"'"](ﬂfl'.l]'):g({;'l:"'!a?l)’
2) flar, ..., 00, 8(b) = hay, ..., a0, b, flar, ..., an, b)).

3ameuanne. Ilpo ¢ynkumo f ropopsr, uro ona HOJYYIACTCA € HOMOTIBIO PHMH-
THBHOM pexypcuni u3 (pyuxumnit g wh n nmyr f = PR(g; h).

Hdoxasameavcme o HauneMm ¢ I0Ka3ATENHCTBA CYIECTBOBANINS byux-
unn f. Bamerum, uro ecam taxas yukius CYIECTBYET, TO OHA B COOTBETCTBHH C
AAHHEBIM BBITITE (J]'I[JG_).[_EJIUHHSM MOHATHS (bl}’l'il{f.lnli ABJIACTCSH HOAMHOXKCCTBOM L’r MHO-
xecrpa N x N u s mobwix ay, ..., a,,0,c € N YAOBJICTBOPSIET CICAVIOWINM JIBYM
VCIIOBMSIM

L) {{6q, o sn 1) gl01, oos0)) €U,
IT) ecam ((a,...,an,b),¢) € U, 10 {{ay,...,an, $(0)), hay, ... an,b.¢)) € U.

Oboznauum uepes W MHOKeCTBO BeeX noaMuoxects [J MiomkecTsa NP x N, ynos-
Jersopaiomux  yerosusm 1) u 1), deno, ato W # @, qax «xak, HaTpuMep,
N'*'xNeW.

Honaraenm

() U

UeWw

Jlerko BuyieTs, yto f aBaserca nogmuokeersom muoxkecrsa N**! x N u yaos-
JeTeopser yeaosuam 1) u 1), re. f € W.

3uaunt, [ — COOTBETCTBUE ¢ 0OJACTHIO OIIPe e eHus & (f) € N**! y mHOKECTBOM
swanenuit p(h) C N.
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[oxaxkem, aro f - hyHKUMSA ¢ 06AACTBIO ONpEieaeHus o (f) = N**! u muoxect-
BoM suavennit p(f) C N, yuosaersopaiomas yeaioBusam

I) f(ﬂ'h vy iy, 1) = g(a.1, i3 .,(_ln),
2) flar,...,an,8(b)) = hlay,... a4, b, flay,..., ay, b)).

st cokpamenua obosnauaem nabop ay,. .., a, 1epes i.

g nponssosabroro dbukenposannoro nabopa (ay, . .., a,) obosmauum uepes P
MHOAECTBO

{0 | be N& (3c)(c € N& ({ay,...,a,,b,),¢) € f}

N3 yenosua 1) caeayer, uro 1 € P;. Venorne 11) paer: ecanu b € Py, 1o s(b) € P;.

Bnaunr, Pp — MHJAYKTMBHOG MHOKECTBO, MOITOMY 10 Tperhefi akcnome Ileamno
P = N Te. past mo6oro wabopa (ay, ..., ay,,b) (@1,...,an,b) € §(f), nosromy
3(f) = Ne,

LIposepum, aro jna [ Beimosnsiercs CBOCTBO (DYHKIHORAIBHOCTH, 1.¢.

(Vay) ... (Voo ) (Vy) (V21 ) (Va2 ) (B 1y - ooy B0y 0, ), 21) € f &
(L1, Zns ¥ ), 22) € ) = 21 = 7).

Jlns npoussosinioro gpukcupopanioro nabopa (@i, ..., a,) obosnauny vepes (),
MHOZKECTBO

{b | (Vz)) (V) (({{ar, ... an, b, ), 21) € F&({ay, .. ostn; b, ),2) € F) = 5y = 23)}.

Hoxaxem, 110 (Qz — MHAYKTHBHOE MHOKECTBO.

Hokaxey, uro | € Q. Tax xax ({ay,...,a,,1), g(ay,. .., a,)) € U, T0 Heobxoau-
MO [OKA3ATD, 910 Anst oboro z, ecin ((a1, ..., an, 1,),2) € [, 10 2 = glay,...,a,).
[Ipeanonoum npoTuBHOE, T.€. Y4T0 CYIWECTBYCT TAKOE €, UTO {1y ooy Oy 1y ), 80 6 T
HO 2 £ glay, ..., ay,).
Pacemorpum muouecerso U = f\{{{ay, ..., a,,1,),¢) b
Tax kax ¢ # g(ar,...,a,), 10 ((a1,...,an,1),9(as,...,a,)) € U, ne. gas muo-
aectsa U puinonweno yesosue I),

[Iposepum srmonsamocTs g Muoxkectsa U yesosus IT).

Ecimn {{ay,...,an,b),¢) € U, 10 {{ay,...,a,,b),¢) € f, Toraa

({81, vy By, 8()), BBy, 5 o5 8ns i 0)) € T

Tak kax s(b) # 1, To ((ay,...,an,s(0), h{ay, ..., an,b, c)) e U.

BHAYKT, Jf TOCTPOCHHON0 MHOKCCTEA U/ BRIIOIHCHbI yeaosust 1) n I1), nosromy
FCU = A\ {{({a,...,a,,1,),€)}. Honyuennoe NPOTHBOPEUNE MOKAZLIBACT, Y10
1€ Q,.

Toxaxem, uro ecim b € (5, ro s(b) € Q.

Yeranosum, uro ecmn ((ay, ..., an, s(b)), e) € f, 1o maiijercs Takoit smeMenT oA
970 (@1, ... ,8n,b),c) € f we=h(ay,...,an,b,c)

[lpesinonoxuy  npoTHEHOE, T.e. UTO CYIMECTBYET SNCMEHT € TAKOH, W10
({a1,...,an,8(b)),€) € f, no Her Taxoro sgementa ¢, uTO (i v stns O)i @) FE S
€ = R0 ey Gy B 8)s
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Pacemorpum vuoxecrso U = f\{{{ay, ..., ayn, s(b), ), e}
ITposepum spinosaIMOCTS A5 MuO2KeCTBA U yeaonnit 1) u I1).

Tax kax 8(b) # 1, 10 ((a1,...,a4,1),9(a1,...,8.)) € U, re. mna muoxkectsa U
BBHIOJIHEHO yeaoBue ).

lIposepum BhImOAIUMOCTL M4 MEOXKecTBa U yenosus IT).
[yers {(a1,...,a,,d),c) € U, rorma ((ay, ..., an, d),c) € f, snauur,

(a1, ..., an,s(d), hiay,... an,d, ¢)) € f.

Ecom d # b, 1o mo mropoit axcmome Ileano s(d) + s(b), nosromy
(a1, ..., an, 5(d)), h(ay, ..., an, d, c)) 4 {{{a1,...,an,8(0)),€)}.  Buaunr,
{({ar, ..., an, s(d)), h{ay,...,an,d,c)) € U. Ecoin d = b, 10 eyl ) 8Y B S
Torma ({a1,. .., an, 8(b)), h{ay,...,an,b,¢)) € f.

Tax xak wer Takoro asemenra ¢, wro ((ay, ..., a,, by,e) € f wu
e=h{ay, ... a0, b¢), 10 € # h{ay, ... a,,bc).

Hoaromy ((ay,...,an,s(b)), hay,...,an,b,¢)) € U.

BuaunT, g MOCTPOEHHOr0 MHOXKeCTEa [/ BBITOIHEHD YeI0nHs [) u II), noatomy
fFCU=f\{{a1,...,a,s(b),),e)}.

[osmydennoe nporusopeune MOKa3plBaeT, UTO eCIn ({a1,...,an,s(b)),e) € f, 10
HaHueTcd Takoll anement ¢, 4ro ((ai,...,ay,b),¢) € f ue= h(a,, ..., a,,b, c).

Iycre b € Qg Yrober goxasars, uto s(b) € Q, NPEANOJOKUM, UTO
({ar,...,an,5(b),),e1) € [ & {(a,...,an,5(b),),€) € [.

Torna wainyrea Taxne snementet ¢; (i = 1,2), uro ({ay,...,an,b),¢;) € f m
€ = J".‘J(CI'L, oo v g By b, Cf;).

Tak kax b € Qg, T0 ¢; = ¢4, 3na4UT, €; = ey. [ToyToMy s(b) € Q.

3uaunt, ()5 — MHAYKTHBHOC MHOXKECTEO, HOSTOMY M0 TpeTheii akcrome Ileano
Qi=N

Suaunr, f — bynkums.

Tem cambiv goKasano cymecrsosanme byHKUAN J Taxoit, uro &(f) = Nt
p(f) C N w g mobuix ay,. .., a,,b € N spmoasiores CJIeYIONIHe PABEHCTBA

1) fley,...,an,1) = glay,...,a,),
2) flar,...,an, (b)) = hlay,...,an,b, flay,...,0a.,b)).
Has goxasarenbersa CAPACTBEHHOCTH, MPEIIIONOKUM, UTO CYIIECTBYIOT (YHK-

nun fy m fy rakue, uro 6(f;) = N1, p(fi) € N u aaa mobuix ay,...,a,,0 € N
BRITOJTHSIIOTCST CIIEAYIONINE PABCHCTRA

1) .f.é(c‘:] A | r"""”-'.' l) o= .g(a!'l o /T {'Ef”.J‘.l
2 fil@gyve eyt 8(0)) = Bl@is 80, By Fely; saoi 8 0)) § =192

st nponspoasioro dukcuposannoro nabopa (a, ..., @) 0603HAUMM yepes I,
MHOXKECTBO
{_b | fl (U*ls ceg iy b) = f‘?.(”fl; sy Oy, b)}
Tax xak fi(ai,...,an,1) = glaq,...,an) = falay,...,a,,1), T0 1 € R,.
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I'VTABA 1. 9JIEMEHTHI TEOPHUH MHO?KECTB

Eecrm b € Ry 10 filay,. . oy@nd) = falay, .. 04:D); 3HaGNRT,
fl(”‘l: sy g, "’(b)) = h(a!: *ih iy n"!i.'.' h:‘ fl.(a! LA G-m h)) e

= h{ay, ..., an,b, folar, ... 60, 0)) = falay, ..., an,s(b)). CaepoBarennuo, s(b) € R.
Buaunt, R — HIIYKTUBIOC MHOXKECTBO, HOATOMY 110 Tperbel akcuome Ileano
R; = N. Tlosromy f; = fs. (]

9.3. Onpeaenenne CIOKEHUA YW YMHOXKEHUS HATYPAJIbHbIX
quceJi

U3 poxazanmoit TeopeMer 9.2 cieayer, 4TO CYIIECTBYET €MHCTRERHAA (DYHKIMS
+ rakas, uro 6 (+) = N, p(+) € Nu ans 110661x a, b € N spimonnaiores cneayionme
paBencTea

1) a+ 1 = s(a),

2) a+ s(b) = s(a+b).

Dyuxums + Ha3LIBACTCH CAONCCNUCM TATYDAILHBIX YHCET,

B uuzxe caeaylonmnx reopemMax, ¢ A0KA3aTeALCTBAMI KOTOPLIX YHTATEIL MOXKeT
o3HAKOMUTBCS, Haupumep, 1o xuure C. Pedepmana “Yncnonsie cucremst”, yeranag-
JMBACTCH, YTO [l BREACHHON OUCPALNH CIOMKENHs HaTyPAThHLIX YHCE] BHITOJIHH-
FOTCs XOPOILO U3BECTHBIE M3 IIKOJIBHOIO KYpPCea MATEMATHKM CBOHCTBA.

Ciioxenue HATYPAILIBIX YHCES YAOBICTBOPICT aAcCONMATHBHOMY 3aKOHY,

Teopema 9.3. [las 410602 HaMypoasnuma wuces a, b u ¢ 6un0ANAETICA PABEHCINEO
a+(b+c)=(a+b)+ec

KoMMyTaTHBHOCTE OMEpannuy CJI0KEHNA HaTypaibHbIX YHCEN VCTAHABIMBACT
CNEJVIONIAS TeOPeMa.

Teopema 9.4. /laa a06va HAMYPAALHOT YUCeA @ U D GUNOANAEMCA PABEHCINEO
a+b=>b+a.

/'I_.ll.-'l}I ONepanun CIOACHNAA HATY PAALHBIX YUCE] BLITTOAHSCTCT 3aK0H COKpalllCHAA,

Teopema 9.5. /lus a06via namypasviws wuces a, b u ¢ us pagencmea a+c = b+ c
caedyem pasenemeo a = b.

Teopema 9.6. s moboix namypaivnois wuces a u b 6wnoAHACTCA HEPAGEHCINEO
b#a+b.

Cn COVIOTHA:d TeopeMa YCTaHABITUBACT 34KOTM FPUXOTOMHW JJIH ONCPAUUd CI0zKe-
HHIs HaTypPaJdbHbIX THCET.

Teopema 9.7. Jaa aobox namypasvrvx wucea ¢ u b evinoanaemes 00no us mpex
Yeaoeul

I igs=dis
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8 9. Harypansasie uncna. Cucremm [Teano

11) waiidemes ¢ maxoe, wmno a = b+ ¢;
1) watidemea ¢ makoe, wmo b = a + c.

IlTpuvem nuxaxue dea us smur ymeepocoenuti ne Mo2Ym GUNOAHATIGCA 00HOGPE-
merno. Faemenm ¢ 6 cayvwaaxr 1) w 1) onpedenen, odnoanayno.

13 mokazansoil Bbime Teopembl 9.2 CJEIYET, UTO CYUIECTBYET eMHCTBEHHAS
dyukims - takast, 110 0(-) = N°| p(-) € N u qna mobeix a,b € N BHIIOAHAIOTCS
CJAE/YI0IHe PABEHCTBA

1)a-1=a,
2)a-s(b)=a- b+a.
DyHKINA - HABLIBACTCA YMHOINCEHUEM HATYPAJIBHBIX THCEL.

B HHZKE CJCJIYIOIIUX TeopeMax, ¢ JOKa3aTe/ bCTBaMu KOTOPLIX YTHTATCIL MOMKET
O3HAKOMUTHCA, Hanpumep, no kuure C. Gedepmana “Yucnopsie cucrempr”, yeraHan-

JBaeTcd, UTO a5 l.iB(EJEGHH()ﬁ olepagiy YMHOYKEHHA [HATYPaAJbHbIX 4YUCe/ BbIOJI-
HAKTCH XOPOUIO0 H3BECTHBIC M3 MIKOJLHOIO KypCa MaTeMATHKW CcBOHCTBA.

Jlepas JlH('.Tl)HﬁY'['HBHOCTb onepanuy YMHOKEHHA OTHOCHTCIBHO CJHOKCHUA,

Teopema 9.8. Jlaa mobvix namnypaavols wucea a, b u ¢ 6bNOARACMCA PAGEHCTNEO
a-(b+c)={(a-b)+ (a-c).

lpasasg AucTpubyTUBHOCTD ONEPAITMH YMHOKEHHA OTHOCHTEIBLHO CIOKCHMUS.

Teopema 9.9. [laa a06oiz namypasvuus wucea a, b u ¢ 6uNOANACICA PABEHCMEO
(b+c)-a=(b-a)+ (c-a).

KLOMMy'l‘ilTHBI'[OCTh onepanid YMHOMKCHTA HaTYPaJbEbIX YHCeJI.

Teopema 9.10. Jlasa 41060z Hamypasvnue wuces a u b 6wnoiHAemes pasencmeo
a-b="b-a.

ACCO].LHH.’IH BHOCTH Ollepaluil YMHOZKeHIA HaTVPalbHbIX THCE.

Teopema 9.11. Jlra mobur namypaavins wuces a, b u ¢ 66NoAHACTNCA PABENCTGO

a-(b-c)=(a-b)-c
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IJIABA 1. SJIEMEHTHI TEOPUH MHOXKECTB

3axon COKDPAIICHEA J0s O nepanumn YMHOXKeHud o ATYPpaJbLHBIX YHUCEJ.

Teopema 9.12. Jlaa mobux namypasvnwa wuces a, b u ¢ us pasencmen a-¢ = b- ¢
caedyem pasencmeo a = b.

Vs reopemer 9.2 citeiyer, 910 cymecTByeT eauHcTBeHIAS hyukiug T Takas, 410
6(1) = N°, p(1) € N u nns mobwix a,b € N peimosmsiores CHeJIYIONHMe PABEHCTBA

1) atl=aq,

2) atsh)=(a1h)-a.

[D}’I'H(J_I,I'Iﬂ T HAa3LIBACTCH (1‘!’.'3")’f}(f()(??t'{!-fl.a‘vt G CMeEncHL HaTypPaabHbLX 9NCe]. Bumecro

a1 b numem a’,

IIO—T VAHO JTOKa3aTHL Clie HOILYIO TeOpeMy.
o L . F

Teopema 9.13. Jins mobuz namypaivnoa wucen a, b u ¢ ewnoinsomea caedyio-
ULLE PABEHCMGH

) 1t=1;
I} .. 87~ gt = gPts:
) (ab)e = abe;
V) (a-b)°=a°-P"

10. Hexkoropwie npuioxkenunsi akcmoMbl BbIGOPaA

Hrobbl TPOACMOHCTPUPOBATL TPUMEHEHNA AKCHOMbI BLIOOPA, PACCMOTPUM HEKO-
TOpBIE 32J1aH U3 TCOPUM M3MEPeHns NIomaiei u obbeMon.

Onpenenenne 10.1. Jpusxennem wucaosol npamoti R nasweaemen moboe om-
obpaoicenue [ : R — R, compansowee pacemoanue, m.e. oan mobus a,0 € R
svinoanaemcea pasencmeo |f(a) — f(B)] = |a — ).

[Tpumepsr asuKkenuit YuCIOBONR TIPAMOL:
"

1) foz) = &+ a, rae a — dukcHpoBaumoe seficTBHTEILHOE UUCII0; TaKue JBH-
Aenua f, HasbIBAITCH CABUMAMM;

2) fla) = —x — cummeTpus oTHOCHTEALEO HATANA KOOP/IHHAT;

oy #=)g " A

3) fa ‘(z) = -2 +a, e a (puKCHPOBATHOC JIEHCTBUTEILIOE THCITO.
OKazbIBACTCA, ITO JAPYIMX ABHZKCHHHE YHCHOBO] HPIMON HET.

Teopema 10.1. Eeau g — deusicenue vwucaosoli npAamotl, mo natidemesn maxoe deti-
CIMBUINEALHOE YUCAO @, Mo aubo g = f,, aubo g = f,i ),
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§ 10. Hexoropnie NpuIoKeHUs aKCHOMBI BbIOOpA

Adoxasamenvcmeo Tyers ¢ — ABUKEHHE YUCTOBOI npamoit. TTonaraem
a = g(0). Torna u3 oupesesenns ABHAKECHMS CICAVET, ITO IS JHOBOI0 T BLIIOHS-
I0TCA DARCHCTHA

19(z) = a| = Jg(x) - g(0)] = |z — 0] = |a].

3uauur, g(x) = (—1)"@x+a, vae bynxnus o (z) npunavaer s /iBa 3HAYECHES
0 n 1. Tlokaxem, uro dbyukuusa o(x) nocrosuna.
Iyers v m 3 -~ nBa paznuunelx geficTBUTEILHBIX YUHCTA, UPHIEM (v OTJIUHO OT
nyna. Torua
9(a) — g(8) = (-1)"@a - (-1)7D .

gla) —g(3) = (~-~1)“(“)(n- ~ (=1)8),

rie p = o(f3) — o). BameTum, 4To p MOKET UPHHUMATH OO U3 TpeX 3HaYyeHuil
=1, 0, 1. Tax kax g geuxenne, To |a — (—1)°4] = o — 4.

3nauur, o — (1)’ = *(a — 8). Eam a — (-1)°8 = —(a - 3), 1o
2a0 = [(=1)” + 1]8. Ilpu p = +1 nomyuaem & = 0, 410 TPOTHBOPETHT BHIOODPY o, a
npu p = 0 nonyuaem, 4ro @ = f, a 310 NpoTHBOPEUNT BEIGOPY o u .

Creposarensno, o — (—1)°8 = o — B, a zuaunt, p = 0,

Tem cambim JloKa3aH0, 910 A9 MOGHIX ABYX PABIHUHBIX JIEHCTBITETbHBIX 1i-
cet o {3, M3 KOTOPBIX XOTs GBI OHO OTIMYHO OT HyJ8, BLUIOMHACTCA PABEHCTBO
o{a) = a(f) = 0. lloyromy mns moboro & g(z) = (—~1)°z + a. O

Onpenenenne 10.2. Todmmoocecmea A v B wucaoeo npamoti R naswearomes
KOHIPYIHTHBIMM, €cat cyuecmeyem maxoe deuscenue [ wucaocoti npamoti R,

wmo f(A) = B.

Jlerko IPOBEPHUTL, ITO OTHOIIECHHE KOHI'DYIHTHOCTH ABALETCH OTHOLIEHMCM dK-
BHBAJICHTHOCTHA Ha MIIOXKECTBE BCEX NOAMHOZKECTB YHCJIOBOMN I'I.I)}{M(_)ﬁ R.

Onpenenenne 10.3. JdApu>kennem npocmpancmes R™ nasweaemes amwoboe omob-
pancenue f @ R" — R*, corpansowee paccmosmue, m.e. das arobox v,u € R
sunoaniemca pasencnso d(f(v), f(u)) = d(v,u), 2de d(x,y) — Pymcyua, 3adarn-
wad pacemosnue 8 npocmpancmee R,

Bonpoe 06 onucanun gsuwxennii npocrpancrsa R" usyuaercs s [eOMETPHH U
JuHelnoit anrebpe.

Caenys VLII. Harancony [31]|, pacemorpum aBe 3apaum — MPYOHY U Ae2Ky0
sadavu meopuu usmepenua i pocrpancree R

Tpyanaa sanaua teopun usmepenus. Tpelyemca conocmaeumo Kaotcdomy

ozparurennomy nodmmoscecmey A npocmpanemea R* neompuyameavnoe deticmen-
meavroe wucao (i A), nasweaemoe mepoti muosicecmea A, max, wmobs euinoa-
AUCH CACOYIOULUE YCADBUA:

1) p([0,1]*) =1,



IABA 1. JIEMEHTBHI TEOPHUH MHO>KECTB

2) Ecau muooceemea A u B xonepyonmmnn, mo p(A) = p(B);

3) Feau (Aj)icr — KOHEUWROE WAL CHEMHOE CEMETCTNEO 02PANUMEHNBLT TONAPHO 1C

nepecerariuned MHOMNCECTNG U 1L (Jﬂﬁfﬁd?&ﬂt’-??ﬂﬂf U /j.r_ OePaHuULeHo, mo
7]

pl ) = D u4a).

el icl

Teopema 10.2. Tpydnas 3adava meopun usMEPeHus HEPA3PEUME 0ANCE O “UC-
a0601 npamoti K.

doxasameanncme o lIpepnosokuM NPOTUBHOE W MYCTE Jt — Mepa, Olpejie-
JCeHHAS Ha BCEX OrPAHMYEHHBIX NOAMHOXKCCTBAX YHCIOBOH npamoit. Pacemorpuy na
orpeske [0, 1] wneaoBoit npamoit R ssenennoe panbie OTHONIEHEE CPABHUMOCTH 110
MHIMKECTBY PalMOHadbHBLIX unuces Q HalOMHAM, 47O 114 JAeHCTBHTENBHBIX YHCe
a u I Bunoaneno a = J mod (Q) rorna m Tonbko Torga, Korma pasHOCTL @ — 3
ekt B (. Do oTHOWEHMe ABISeTCH OTHOMCITHEM SKBUBascHTHOCTH. [0 axcuome
6ul00pa cymecTByer MuoxKeeTro V', conepaniee B TOUHOCTH 10 OJHOMY JIEMEHTY
3 KAZKJ0I0 Kjacca sKBupajgeHTuocTn orpeska [0, 1] no sromy ornomenuno.
PaceMoTpumM HEKOTOPYIO HyMepaiiio

Ty = {}‘ L IR PR AT

BCEX pannoHadbHbIX umcen orpeska [—1,1]. Tlonaraem A, = f, (A), rae f,.,
CABHL HA 9UCI0 Ty Kazaoe MuosxecTso A, KOHPPYIHTHO MHOXKECTBY A, 1H09TOMY
p(An) = p(A). Pacemorpum cemeiicTso (Ap)nen O'pAHUYEHHBIX TTOTIAPHO HE TTepece-
Kalomuxes MHOKecTB. Bee onn copepikares B orpeske [—1, 2], nosromy ux ofwenp-
HOHHE OIPAHTYEHO H

0,1 € |J 4. € [-1,2].
" nehl

BHAYNT, B CHIIY TIYHKTA 3) BHIOJHAIOTCH PABCHCTBA

w(0,1)) < Y p(An) < p((-1,2).

el

1((0,1]) = 1. Kaxnoe uz muokects A, KOHIDYIHTHO MHOXKecTBY A, mosromy
p{An) = p(A) = o. lonyaaem nporusopednsyio cucremy HEPABEHCTH

1< > 0 < u(-3/2,3/2).

neM

DTO 3aBEPHIALT JOKAZATCALCTEO TEOPEMDL. ]

licrecTBenno BO3NUKAET BONPOC, HACKOABLKO CYHICGTRENNO MCTIONB30BAHAC AKCH-
OMBI BHIOOPA B JIOKA3ATCALCTRE IPEJIBLAYIEH TEOPEMEI, T.e. MOKHO /1 JOKa3aTh 9Ty
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§ 10. Hexoropele Npu/IOKeHrs aKCHOMBI BHIGODA

Teopemy 0e3 HCTONB30BANNST AKCHOMBI BEIGOPA MITH JIPYTUX aKCHOM, eff 9KBHBATCHT-
upix. OKasplBaeTcs, UTO B OMPEJAEJICHHOM CMbICIe (€3 akCHOMBI BRIGOPA OBOHTHCEH
nens3a. Ho Kak 970 MOMKHO J0Ka3aTh, T.6. KAK MOXKHO JIOKA3aTh, YTO HEYTO HEJIDL3S
A0Ka3aTh. [loneiTku JaTh OTBET HA YTOT BONPOC MPHBEAYT HAC K HEOBXOTAMOCTH
YTOTHEHHUS, Ka3aJ0och Obl, BCCM XOPOIIO HM3BECTHOTO HOHATUS “MameMamuieckoe
dokasamenvemeo’. 1o GLLIO Cesano B nepoit nonosuae XX Beka B paMKax matre-
MATUUECKOR JIOPHKH, HEKOTOPBIM BBEJECHUEM B KOTOPYIO CJYYKHT CACAYIOMAs riasa
nocotnst.

Jlerkas 3anaua reopun nsmepenus. Tpelyemcs conocmasume Kascdomy ozpa-
HUNEHHOMY nodmnodiceemey A npocmpancmea R™ HEOTNPUYAMEADHOE JelicmEu-
meavtoe nucao p(A), nasweaemoe mepoti mroncecmea A, maK, 4mobvl 6uNOAHA-
AUCH Cﬁt’idy?ﬂ?ﬂ,“ﬁ YCAOGUA!

1) wll0, 1]%) = 1
2) Ecauw muonceemea A u B wonepyanmmunt, mo p(A) = u(B);

8) Beaw (Aj)ien,, — KOHENNOE CEMETICTNGD 02PANUMEHHULT NONAPHO HE NEPECeKa-
HUUTCHA MHONCECTNE, MO

w(|J 4) = ) A,

{EMNy €My,

Teopema 10.3 (®. Xaycaopd). ITpu n > 3 aezkas 3adava MeoPuUl UIMEDPEHA
Hepaspewiuma das npocmparemea R .

HoxazaresbeTBO 910 TEOPEMbI He ABIAETCH CAMIIKOM CJOMKHBIM, OTHAKO €ro AK-
KYPATHOE M3JI0KEeHHE ¢ 110/pobHoil MPoBepKOoil Beex JieTatedl yBeso Obl HAC CIAMIIKOM
HAJIEKO OT OCHOBHOM Jimnun tocobust. IloaTomy Mbl orpanssauMest JAumb o6ey # 1eHn-
M OCHOBHBIX HrLI'(.‘.ﬁ JOoKa3aATCALCTBA.

Muozxecrsa Towek npocrpancrsa R, coBnajaomye npu HeKOTOPOM JABHZKCHIH
HTOTO POCTPARCTEA, HAZBIBAIOTCA KOHZPYIHIMMbLMIL.

Muoxecrsa A u B Ha3sbiBAIOTCA KOM2PYIHIMNBLMU NPU KOHCHHOM PasOUenL, ec-
JI HARJIETCS TAKOE HATYPAJILHOE YHCJIO 1, TAKHe TIONAapHO He NePecekaionyecs MHO-
KeeTha Aj,..., Ay, M orakue nouapHo Hemepecekalonmimecst MHoskecrsa By,. .., By,
4TO

A=A U4 U., U Am.. B=BUByU...U B

Ay xourpysutho By, ..., A, xourpysutho B,,.

3amues A & B Gyner obozHauars, uto mHosxcecmea A uw B aeamomes xonepiy-
IHMHDMU NPU KOHEMHOM Pas3bueHILL,

Konrpysuraeie npu KoHeTHOM paz0HEHUN MHOMKECTBA HASHIBAIOTCH €11e PABHO-
cocrapaenibiMu. OHAKO, B FeOMETDHE ITOCTeIHUE TePMUH 3aKperien 3a GUrypamu,
KOTOPbIE MOXKHO pa3bUTh Ha O HHAKOBOE THCIO HE HMCIONAX 0OnMX To4YeK 1noadu-
Iyp, COOTBETCTBEHHO KOHIPYIHTHDBIX.



I'TABA 1. QJIEMEHTBI TEOPUH MHO>KECTB

Jlokazano, 9To npgaMoyroJbHbLIH paBHOOCIPEHHLIH TPEYTONbHUK KOHPPYIHTEH
PN KOHEYHOM pasOMeHnn KBajpary, Ho jokasarenancrso nernpocroe. Moxno noxa-
3aTh, YTO OTHOWEHUE PABHOCOCTABICHHOCTH TPAHIUTHBHO.

Credan Banax n Anndpen Tapexmii goxasanu ciaeayionmit 3aMevaTebHbBIH
paxt: das mozo, wmobve d6a MHOROY2OADHUKG HA RAOCKOCTNU UMEAL PAGHBLE TLAOULG-
ou, neobroduma w doCMAMoNNG WE KOUZPYIHMNOCTIY NPU KOHEUYHDIT Pa3buetuis.,

B 1924 roay C. Banax n A. Tapckuii jlokazaam cieylomee, Ha NepBbiil B3I,
BECHMA NAPAJOKCANLHOE, YIBCPKICHUC: A00be 060 02DAHUMEHHDIL MEAL 6 NPOCT-
panemee R xowzpyormin, npu koneurom pazbuenuu. Jobot wap mozcno pazbumo
HO 5 HENEPECERMOUNUETCA MHONICECTNG, U3 KOMOPUWT NYIMEM TLOGOPOMOE U NEPEHOCOB
MONCHO NOAYNUINDG 060 HENEPECERMOUNUTCA UAPQ, KAHCOBIT U3 KOMOPHLT KOHZPYIH-
mex ucrodHomy wapy. 3Havum, 6 3aMKHymom S-meprom wape D cywecmsyiom
dea maxuxr noommoocecmea X u'Y, wmo D = X UY, XNY =@, X ~ D u
Y = D. B mo oice gpema das kpyza smo necoamootcno. Orciona Cleiyer, B d4act-
HOCTH, HePA3PenMMocTh Upu 1 = 3 jajg npocrpancrea R™ nerxoi 3ajadan Teopuu
M3MEePeHNA.

OAHAKO e U3BECTHO, KOHZPYIHMER AL KPY2 NPU KOHEHHOM pa3buenuy keadpamy
¢ moti sce naowadvio. B arom embicsie npobaema “kBajiparypbl Kpyra® ocraercs
OTKPBITOM.

B crarpe T.JLk. Mexa |44] npusesen pocrynubiil Jis TOHUMAHUS BAPHANT J10-
KasaresancTsa Teopembl C. Banaxa u A. Tapckoro, u3 KoToporo Jerko nojyunTh
JlOKazaTenberBo TeopeMsl Xayciaopda. (JCHOBHBIC MAEH TOr0 JOKa3aTeNbCcTRa Oy-
JIYT H3JOKEHbBL HUKE,

B npocrpancrse R? paceMaTpuBaiorcs 1Be 0CH @y, M Gy, PACTIOJOKEHHBIE B TLI0C-
kocrn XOY, npudem ay — 910 ock OX, a ock a, cocrapiger ¢ ueil yron 0. Yepes
tp 0bosHatuM MOBOPOT Ha yroi 120° OTHOCHTENBHO OCH @y, & 4epe3 ¢ — MOBOPOT
Ha yrost 180° orHocHTeNbHO OCH @y Seno, uro ¢* = 1 u ¢? = 1, rae gepes 1 obo-
3HAa¥eH0 TOXAeCTBEHHOe 0ToOpazkenne npocrpagcTsa R na ceba. B rpynme seex
Jprzkennii pocrpancersa R pacemMorpum moarpyuiny, moposkaeHRyYIo BPAeHH MU
v ou . Hpusedennvm croeom nazonem m060e BLIPAZKEHNE BH,1a

@, i, N

WP P2 | PP,
raet >0, e {01}, B.€ {0,1,2} un By,...5 8 {1, 2}

Boimucas mMatpuupl y1ux mpeofpasoBanuit B cramgapTHoM 6asuce, MOXHO 3a-
MOTHTD, YTO €CHH IPUBEJEHHOE CJAOBO OMPEIEISeT TOXKAECTBCHHOE 0TObpaskenue,
TO TAITCHC COOTBETCTBYIONETo yiva §/2 apisiercs KOpHeM HEeKOTOPOTro HeHyJIeBo-
ro nosmdoma Haj nostem Qv/3]. Tak Kak MHOAKECTBO HOJRHOMOB Q[v/3][x] cuerno,
a y KazKjloro NOJMHOMA MHOKECTBO KOPHEl KOHCUHO, TO CYUECIIEYENn, Y200 MEMHC-
dy ocamu 0, dasa Komopozo HUKAKOE HEMPUSUAALNOC NPUBCICHHOE CAOBO He daem,
moxedecieennoe npeobpasosanue. 1lyers 6 — 0juH 13 TaKUX YIVIOB, TOIIA JIOOLIM
JBYM DA3JNUHBIM IPUBEJEHHBIM CJI0BAM COOTBETCTBYIOT PA3JHUHBIC Tpeobpasona-
mug. Obosnadanm vepes G rpynmy, NOpoKACHIYIO TPeoOPA3OBANNAME 1) I . Torma
BRIINE CKasannoe osnadaer, 4o rpymna G umeer sajanue (regeTnvecknii ko)

{ o ||¥° =1, * = 1))
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§ 10. Hekoropsie mpriiokenns akcuoMb BoIGOpA

U ABALETCH CBODOJHLIM NMPOU3BEACHUEM MHKIHUCCKHX rpymn ((¢ || ¥* = 1) u
([l ©* = 1)) rpervero n sroporo NOPAIKOB.

CrenuanbubiM o6pazom paszobbem muomkecrso G ma TPU [ONAPHO HEHepecexa-
fowuxea muoxkecrsa A, B n €. s aroro ynopsioaum see IPUBCJIEHHBIC CJIOBA B
NOPAIKe BO3pACTAHHA UX JJIMUBI, & CTOBA OJAMHAKOBOH JIMIbI YHOPSAOYUM, HALPU-
MEp, JICKCUKOrpapuieckn, cuuTas, 4To ¢ NpeiuecTsyer Y, TOSYUUM CIIUCOK

Wo =€, Wy =@, Wy =1, Wz, ..., W,,

Monaraem wy =e € A, wy =@ € B, w, = YveB, pwe A voeCuy?el.
Iyers ams moboro ¢ < n c1080 w, oTHECEHO K oanomy u3 Maoxects A, B wim C.
Pacemorpum enoso w,,. Moxkno CHMTATb, YTO €ro JJIMHA He Menblue 3. BoaMoK bl
Tpu caydas: 1) w, = i, 2) wy, = hpu u 3) w, = Pipu.
Pacemorpam cayvait 1) w, = piu.
Ecnu u € A, to w, = pyu € B.
Eciu 9w € B, 1o w, = @piu € A.
Ecimu ypu € C, to w, = pipu € A.
Pacemorpum coyuait 2) w, = ou.
Ecou ou € A, To w, = pu € B.
Eciu pu € B, to w, = hou € C.
Eciu pu € C, 1o w, = You € A.
Pacemorpum coyualt 3) w, = ynpu.
Ecmm u € A, o w, = 1) € C.
Ecm u € B, 10 w, = ) € A.
Ecnm u € C, 10 wy,, = ) € B.

B urore nonyvaem pasbuenue muoxecrsa G ua TPH NOITAPHO HEHEPECeKAIONINXCS
muoxectBa A, B u C.

Hokazem, uro ¢*(A) = C, v*(B) = A, y?(C) = B, ¢(A) = B, W(B) =-C,
P(C) =Aup(A)=BUC.

[yers w € A.

Ecmu w — 910 u, 10 ¢hw = 1pou € B u v?w € C.

Eean w — 910 thpu, To pu € C, nosromy pw = 1* ou € B u *w = pu €C.

Ecin w — sro ¢*pu, 10 pu € B, nosromy ypw = wu € B u p?w = ppu € C.

rax, 9(A) C B u y¢?*(A) C C.

Iokazkem, uro 1(A) = B.

Honycernm, uro 1(A) # B u nyers w — cioBo Munnmanbroii uidne us B \ 1 (A).
Eciu gamma w pasna 1, 70 w Moker 6bITh JHIIL CIOBOM ®, HO Torma Yy € 1(A),
nostomy ¢ = () € (A). Monyuennoce npornsopeune NOKA3LIBAET, YTO JINHA,
w ne Menpure 2. JLiis HEKOTOPOro u BO3MOXKEH OJUH W3 Tpex Clyvyaen

1) w — 310 You,
2) w - 310 VYU,

3) w — 310 Yu.
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IJIABA 1. DJIEMEHTBI TEOPHH MHOXKECTB

B cnyuae 1) pu e A uw = )(pu) € (A). llporusopeune.
B cayuae 2) ¢?pypu € A n w = p(ieyu) € (A). lporrsopedne.
B cnyuae 3) u € C, yu € A n w = p*u € (A). llporusopeuue.

Tem cambim jlokasano, 1ro (A) = B.
ITo roit ke cxeme JIOKA3BIBAIOTCS M BCE OCTANLILIC PABCHCTBA.

Tak kax npeobpaszopanus n3 rpymnsl G COXpaHsIOT PACCTOAHUA, TO ITa TPYIIA
deticmeyem Ha Kaxjoi 2-mepHoit cdepe S uxkcupopannoro pajuyca npocrpas-
ersa R*. Tna snemenrta g rpynnsl G u 1rouku v cepst S uepes g - v Gyuem 060-
3HAYATL TOUKY Chepnl, B KOTOPYIO IEPEXouT Touka v npu nosopore g. Homyuaem
orobpaxkenue - : S x G —» G, s KOTOPOro BHINOJANSIOTCH CJIEAYIONIHE CBONCTBA:

1) (gh)-v=g-(h- v), D lsusn
Ha cdepe S npocrpancrsa R Bsegem oTHomennue sKBUBAJICHTHOCTH
vEguy <= (JgeG)(u=g-v).

Herpyano nposeputh, 94T0 BBCACHHOE OTHOINEHUE =g JAEHCTBUTENBHO SBJISETCH OT-
HOUWICHHEM 9KBHBAJCHTHOCTH, T.€. JUId HEro BHIIOTHAKOTCH CBOTiCTBA ped ieKenBHOC-
TH, CAMMETPUYHOCTH ¥ TPAH3UTUBHOCTH. Jlng npon3BoibHON TOYKH v cheprl S ue-
pes G(v) 0bo3HAYMM COOTBETCTBYIONMNE KAQCC IKGUEAAEHINHOCTNU, T.€. MHOMXKECTBO
{g-v]ge G}, xoropoe nasppaerca opbumoti TOUKN v,

Kaz1oe Henyceroe HpHBEIEHHOE CAOBO OLUPEALIIeT HETOXK IeCTBEHHOe, COXPaHd-
TOIEe PACCTOAHNS 1 OPHEHTALNIO Junelinoe upeobpazosanue npocrpadcrsa R | Gu-
CKTHBHO oToDpaxalomee ejqunnuanyio chepy Ha ceba. Ilo reopeme J1. Ditnepa ono
ABJIACTCHA MOBOPOTOM OTHOCHTEIBHO HEKOTOPOH OCH, HOITOMY Yy Hero Ha cdepe B
TOYHOCTH JIBE HEMOJABUKHBIE TOYKM. SHAYMT, €CJH JBA PA3JUYHBIX HPUBEJIEHHbIX
crosa W (1, ) u U(v, @) uepesogar Touky z chepel B OXHY U TY e TOYKY, T.C.
W, p)(x) = U(1h, ) (), To 51a TOUKa & ABILETCH HenodsuMCHOT mouroti needu-
nunnozo npusedentozo crosa W(w, p)U(1, ¢). Takue Touxy HazoBeMm “IuKindec-
Kkumu”, 3 c4eTHOCTY MHOXKECTBA IPUBEJCHHBIX CJIOB M KOHCUHOCTH YUCIA HEIo/l-
BHZKHBIX TOUCK Y Kakg0ro Takoro 1peodpasoBaHud CJeiyeT CHeTHOCThH MHOKECTBA,
“nukamraecknx” ToUeK. 3aMeTHM, UTO €C/IH B OpOHTe MMeeTca Xors OBl OHA IIHK-
JHIeCKas TOYKA, TO BCe TOUYKM opburbl - nukauveckne: ccan W(p,v)(v) = v n
u = Ulp,¢)(v), 0o Ulp, )W (e, ¥)U " (p, 1) (u) = u. Opbursl, cogepxaime uux-
JIMYECKHE TOUKH, HA30BEM yukauveckumu, B culy cKazsanHoro BbIIE MHOZKECTBO
UMKINYCCKUX OpOUT cueTno. A Tak Kak Kaxkjad opbuTa cuerHa, 10 CUeTHBIM OyaeT
n obbeannenne ¢ Beex uuKkanueckux opbut. Menonnsva axcuomy eubopa, “1ocTpo-
M’ muozkecTso M, copeprKaniee 13 Kaz ol nenukangeckoi opOuTH 10 0410 TOY-
ke. g npousponbnoro nmogMuoxkeersa H orpynnst G u nogmuozkecrsa X cdepnt S
qepes - X 00o3HAYHM CJIEVIONEe MIOMKECTBO

{hvwlhe HAvE X}
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§ 10. Hekoropsie npuiokenus akcuoMbr BHIOODA

[Tonaraem

A=A-M,B=B-M,C=C-M

Torpa S = AUBUCUQ u ¢*(4) = C, ¥*(B) = A, Y C)=Bnu o(A) =BUC.

O6osnauum 4epes I wap npocrpancTea R ¢ HEHTPOM B HAuaJMe KOOD/MHAT.
itg 1pOM3BOILHOrO NOAMHOKeCTBA F cchepel 8, orpannauaonei map D, gepes
E 06oznauum moaMHOMXKECTBO 9TOTO mApA, COCTOSANIEe M3 BCEX OTTHYHMX OT HaTATA
KOOP/IHHAT TOYCK BCEX OTPE3KOB, COCAMHAIOMINX HAYa 0 Koopauuar () ¢ TOUKAME
MHOMKecTBa F.

Torna

D=AUBUCUQ U{0O}

n ?*(A) =C, ¢v*(B) = A, ¥*(C) =B n p(A) =BUC. ycrs Q ~ sro Q; U {O}.

Honyernym, uro nerkas 3asa4a Teopun UIMEPEHHS PASPELINMA JUIs POCTPAHCTBA,
R® u nmyern g2 — coorsercrayioman mepa. Torma (D) = ju(A) + u(B) + pu(C) + p(Q),
WA) = p(C), p(B) = u(A), p(C) = p(B) n p(A) = u(B) + u(C).

Bnaunt, p(A) = u(B) = p(C) = 0. Mosromy (D) = 1(Q).

Ha syx: pasauunpix rouex cephl v B u CYNIECBYIOT JHMIL ABA TOBOPOTA,
UEPEBOMANIMX ¥ B 4. SHAUT, CYNTECTBYET JHUIL CUCTHOE YHCJIO OCeH, HOBOPOTHI
OTHOCATEBHO KOTOPBIX LEPEBOAAT XOTd OBl OJHY TOUKY CYETHOrO MHOMKECTBA B
KaKyio-1ubo TouKy sroro muoxkeersa. [lostomy cymecrsyer takoii MOBOPOT f, st
xoroporo f(Q) NQ = &. Torma D = QU f(Q) UU u 51 Tpu MuoxecTsa HOUAPHO
He nepecexarores, noaromy (D) > 2u(Q), aro Bmecte ¢ pasencTroM w(D) = p(Q)
Aaer pasencteo (D) = 0. Snaunt, Mepa mo6oro noaMHAOKECTBA mapa I pasna 0,
MOTOMY Mepa JI0DOro OrpanuieHHOT0 MHOMKECTBA paBHa 0, T.c. 1 — HyJeBas Mepa,
4T0 nporusopeuut rpebosannio u([0,1]7) = 1.

B kauecrre eme OOHoro MpUMeHeHHd aKCHOMDI Bb]()()[.')%}- PaccMOTPHM TEOpeMy
AH. Tuxonosa o KROMBAKRITNHOCTIVY ?’L}')O'u-?f?f?dﬁﬂ?.f-ﬁ KOMRAKTIHDT MONO0A02UNMECRUT
NPoOCinparcIie. Ho puavase HaloMHHM OCHOBHLIE, HE‘-OGXO,H_HMLIG AJIs JasibHeinero,
crnpeaeaennd U3 TOHOJI0IMH.

Onpesenenne 10.4. Tonoaozuneckoe npocmparcmeo — 3mo napa ( U, ), 20e
U — mnoocecmeso, a 7 — cucmema e2o nodmmooicecne, m.e. v C P(U), ydosaemeo-
PAIOUAR CALOYIOUIUM YCAOBUAM — AKCUOMAM MONOAOLUNECKOZ0 NPOCTAPANCINGA:

1)@er,Uer,

2) ecru A,Ber, mo ANBE T,

3) 0an npoussoavrozo cemeticmea (A,)ic; muoocecmes A; us T UAier.

1=y

Mhooiceemea us T HA3WGAIOMEA OMEPUIMBMU MHONCECTIEAMI, 4 CAMA CUCTIEMA

T — monoaceuei na U,

,af“lOII()..-‘II-l(‘.I'II’I}'I OTKPBITBIX MHOXKECTB HA3BIBAWTCYH SOMEHYIMBILMYL MILOZKOCTBAMM,
Cucrema F SAMEKHYTBIX TOJIMIIOYKCCTRE TOTOJNOIMYECKOro [HPOCTPAHCTBA VIOBISTBO-
pPACT CAedYIOHIHM YCJIOBHAM, KOTOPLIE MOTYT BBICTYIIATE B KaJeoTBC aKCHOM TOMO-
JOPHHECKOTO TTpoCTpalctTBa IIPH ero onpeaesenin 4epes noudgTHe 3AMKHVTOrO MHO-
KecTna:



I'JIABA 1. DJIEMEHTDBI TEOPHW MHO>KECTB

NWoeF,U€eF,
2QYecom A, Be F,ro AUB € F,
3) 1A MPOMABONLHOTO cemeiicTBa (A;)ie; Muoxects A; us ' MierA; € F

Tak Kax TONOJOIHH — 9710 NoAMHOKecTBa MuoxkecTsa P(U), T0 HX MOXKHO cpaB-
HUBATL: TONOJOrMA T cjabee TONOJOrHN Ty, ecin 7 C 79, IPH 9TOM TOTOJOINT Ty
CUILIee TOMOJOTHH Ty .

Tax Kax nepecedenne Mpou3BoJLHOTO ceMeHcTBa (7;)c; TOMOJOTHIT Ha MIOKECT-
pe [/ apngercs TOMOJOrMEH Ha H5TOM MHOMKECTBE, T0 JJ4 IHPOU3BOJLHOTO TOMIO-
sweersa X muoxkecrsa P(U) nepecevenne scex copepzxaumx X ronoJornii Oyuer
“enabeinneit” Tonosorneit Ha U, nopoxiennoi X, koropyio Mel Oyiaem 0b03Ha4aTh
gepes 7(X). Dra TONOJNOINA YAOBIETBOPHET CIIELYIONIUM YCIOBASAM:

1) X € r(X),

2) ecom 1) — Tomosiornga Ha U m X C 7y, 7(X) C 7.

g

Moskio aarh “6onee konerpykTusHoe” onucanue tonosoruu 7(X). U3 akenom
I OTKPHITBIX MHOXKECTB TOTOJIOIHYECKOIO TPOCTPAHCTBA CPa3y CJIeAyer, YTo Ipo-
U3BOBLH0E 00BEIMHCHIe KOHCYHBIX HepeceyeHnii MHOXKECTB U3 X TPUHAICKAT
7(X). Herpyauo mokasarh, 4T0 MHOXECTBO, COCTOSIEE W3 HPOU3BOJLHLIX 00BE -
HEHHI KOHEUHBIX TepecedeHuit MHOKeCTB 13 X, YIOBJIETBOPAET aKCHOMaM JIa OT-
KPBITHIX MHOYKECTB, eCJIH CHRTATE, YTO 00LeAHHEHIE TYCTOrO ceMefcTBA MIOXKECTB
HYCTO, & epecedeHne Iycroro ceMeidcTsa MuoKecTs ectb Bee U, SHaunt, monosorua
T(X) — 910 6eeso3moocHe 00BEIUHENLA KOHEUNBET nepecesenuti miodiceems ud X.

Hyers (U, r) u (Uy,71) — Apa tonosornuecknx upocrpatcrsa. Orobpazkenne
U - Uy nasblBaeTcs nenpepuensim 0rodpaykeHueM TOUOJOIMHeCKOI0 TPOCTPaH-
crea (U, 7) B Tononornyeckoe npocrpakcrso (U, 11), ccom npoobpas [~ X) moboro
OTKPBITOTO TOAMHOXKecTBa X npocTpancrsa Uy otkpeiT B npocrpadcree U,

Host npounssejenns [ [ U; cemeitersa (U;)ier muoxecrs U; uepes pry o6osnadnm

i€l
HPOCKTHPOBAHIE HTOI0 NPOU3BEAEHKA Ha L-biil comuomuTenns, n.e. pri((i)ier) = uy.
Eesn ((Uy, 73))icr — CEMEHCTBO TOHOJOTHYECKUX TPOCTPAHCIB, TO HA WX HPOU3-

pegennn || U; cywecrByer caabetivias monoaoews T, B KOTOPOR HEUPEPLIBHLL BCE
icl
dbynkuun npoexruposanug pry. Muoxkecrso [ U; smecre ¢ 9roit Tonosorueii 7 na-
1ed
spiBaercd npouseedenuem cemetictea ((U;, 7;))ic; TONOJSOTHUECKHUX TMPOCTPAHCTB M
obosuavaerca uepes | [(U;, 7).
icl

Haunm “Dosiee KOHCTPYKTHBHOE  ONUCAHNE STOH TONOJOIHN.

g upouzpoibHoro ¢ € I u npoM3BosibHOrO OTKpeITOro B Uy MuoxkecrBa Gy ero
npoobpas

;UT';]'(G;_) = H {fr.i X (;1
i€t

OTHOCHTEILHO 0TODPayKEHUsT TPOCKTHPOBANNS Pry JOJKCH OBITH OTKPBITBIM MHO-
xecteoMm B U, a 3uaunt, oTKpuIThiMu B U OyiyT M KOHCUHBLIC NEPECEUCHUS THX
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§ 10. Hekoropsle mpuiokenns akcHomMbl BbIOOpA,

MHOXKECTB, T.e. MHOKecTBa Buga I' Buna [| Gy, rae npu moboum ¢ € I Gy — o1-
tel

KPLITOe MHOXKECTBO B Uy U JIMIIL 1181 KOHEYHOI'O MHOMKECTRA, HHJICKCOB { MHOKECTBO

Gy ormayHo or Beero U, HOTOMY OTKPBITBIMHA OYAYT NPOUIBOJIBHLIC O0LETMHEHNS!

MHOXKECTE yKasannoro suna. Herpyawo nposepurs, uro cemeiicrso NOAMHOYKECTE B

U, coctosiee U3 mpousBosinbHbIX obbenenuii MuokecTs Buja [ suja [[ Gy, rae
tef
npu sobom ¢ € I: (G — OTKPHITOE MHOMKECTBO B Up m muwn jyrs KoHewHoro mmo-

KECTBA HHACKCOB ¢ MHOKeCTBO Gy Omtu4Ho or seero U, VAOBJETPOPALT aKCHOMAM
TONOJIOTHICCKOTO NPOCTPAHCTBA, & 3HAMHUT, YTO H eCTh CeMeHCTBO Beex OTKPBITHIX
MHOKeCTB B U. Takum obpasom kaxkaoe orkpeitoe MEOKeCTRO W 13 U ectb o6b-

CAMHEHIe OTKPBIThIX MHOXKecTs I' Buna [| Gy, rae upn mobom ¢ € I Gy — OTKpBITOE
ter
MHOKeCTBO B Uy M JIMIThL A1 KOHEYHOIO MHOKCCTRA HHAEKCOB T MHOXKecTBO () OT-

IO 0T Beero Uy, nosromy oTkpbrree Muoskeerea I ykazanuoro BUJIa 0Gpasyior
bazy rononorun na U, ra 6aza nocnr massamme Gasza AT, Twuxonoga.

Onpeanenenne 10.5. Tonoaoeuyeckoe npocmpanemeo (U, 7) nasweaemes xom-
NAKMKDLM, ECAU U3 A06020 €20 NOKPWINUA OMKEPOMGLMU MHONCECTNEAMU MONCHO
Bu0EAUNYL KOHEWI0E Nodnoxpywmue, m.e. das 1106020 cemeticinea (Vi)ier omupomubix
mrodiceems us pasencmea U = | Vi caedyem, wmo CYWECTNBYEIM, MAKOE KOHEUHOE
i€f
nodmmodcecmeo Iy muoncecmea [ , wmo U = |J V.
i€y

DKBHBATCHTHOE ONPEACACHIE depe3 MoHsTHe BAMKHYTOIO MHOMKECTBA, CJIEYIO-
wee. CemeitcTBo R HOAMHOKECTB MHOXKECTBA U HAZBIBACTCH UCHMPUPOBAHHBM, €C-
[ fIepeceenne Joboro KOHEUHOro YHCIa MEOKeCTB 13 R nenyero. Hurarenio s ka-
HCCTBE YIPAATICH s UPEIArAeTCA IOKa3aTh, YTO MONOAOZUNECKOE NPOCTPANCILEO
AGAACINCA KOMNAKIMNYM MO20G U MOAYKO 020, K020 HENYCMO NEPECENEUe A10-
D020 yenmpuposanoeo cemeticmea 3amMENYMMT NOOMIONCECTNE.

Teopema 10.4 (A.H. Tuxonos). ITpouseedenue [T, 7)) cemeticmea
(=¥

(Ui, 1) )ier momnarmmo monosoeuneckus NPOCIPAHCING KOMNAKINMHO.

Jdemma 10.1. Jan amoGozo uerompuposannozo cemeticmea Ro nodmmoncecme mro-
scecmen U cyweemeyem maxcumarvnoe yenmpuposarmoe cemeticmneo R C P(U),
codepoicatiee Ry .

,Z( OKaG3IamensvCcmaeo. }"I}i.l'IUMHIII\;I, 4TO MHOKECTBO ¢ HOJAMHOZKCCTB MHOXeCT-
sa U (re. @ C P(U)) nasmeaerca guasmpon P(U), ecim ono yaosaersopsier
CAEAYOIINM YCJIOBKHY M, aKCHOMAaM d)H.HI)Tpfi:

1)@ ¢,

2Qecmm A€ @uBed,roANB e D,

3)ecim A€ Pu AC B, 10 Be .

Tak kak obbejunenue joHOro JUHEHHO YHOPSAJIOYEHHOI'O OTHOIIEHUEM BKJIIOUE-
Hiust C MHOKecTBa buabrpos uz P(U) camo 6yner duasrpom B P(U), T0 mura sobok
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IVIABA 1. DJIEMEHTDBI TEOPHHW MHOXKECTB

nern buasrpos B P(U) cymecrsyer Bo Muoxectse Beex dbuantpos B P(U) Bepxusag
rpatib, HosroMy 1o jemme Llopna mo6oii huanrp B P(U) copepKuTes B HEKOTOPOM
MAKCUMAIBHOM (DUILTPE.

Mo ueuTpupoBaHHOMY cemelcrsy Rg NMOCTPOUM coAepzKaimiuii ero (uasrp
$(Ry) D Ry, nosaras

mn

®(Ro) = {Y | AXy,...,Xn € B(Ro))([ | X: C V).

i=1

[Iporepka poinoaanmocti i O(Ry) akenom puisrpa nMpejocTapiaeTea YuTaTeio
B KAUCCTBC NPOCTOro yupazkuenust. feno, uro ®(Ry) 2 Re [lyers & — makcnmann-
uutit huanrp, copeprkainit ¢(Ry).

[TokazkeMm, UTO KaHCObLT MAKCUMGALHOLTL HUALID ABAACTICA MAKCUMAADHIM
UEHMPUPOBAHHM CEMETCTNEOM, G KAAHCI0E MAKCUMAADHOE UEHTNPUPOCANNHOE CEME-
CMBO — MAKCUMAALHOM PUALMPOM.

[lyers R -~ mMagcamaJbHOe HeHTpupoBaunoe cemeiicrso. Crpoum coneprkauii
R puavrp $(R). Tak xax puantp $(R) sApasercs NeHTPUPOBAHHBIM CeMENHCTBOM,
TO N3 MAKCHMAJLHOCTH cemeBierBa R cnenyer pasencrso ®(R) = R. 3uadut, R —
dunnrp. Ecau dbuasrp ¢ copepxnt R, To Tak kak ¢ — nenrpuposanmoe cemeicTso,
phionngercs pasencteo ¢ = R. [Toaromy R — MakcuMaabHbi HUIBLTD.

ITyery R — makcumanptiniit bunprp. Tokamem, yro R — MakcuMasbHOe ICH-
TPUPOBAHHOE CEMERCTBO.

Tax Kak Kaz bl (HPUabTp ABASETCH HEHTPUPOBAHHBIM CEMENCTBOM, TO 0CTALTCH
JMOKA3ATHL MAKCHMAALHocTh cemeiersa R. Tlyers R’ — nenrpuposannoe ceMeicTso,
copepxaiece R. Crponm duavrp ¢(R'). Torpa

R C R C OR).

Mz makcnmaaproctn dbuabtpa R caegayer pasencrso R = $(R'), a 3nauur, u
pasencreo R = R'. [osromy R — MakCAMaAbHOE HEHTPUPOBAHHOE ceMelicTBo. [
Jlg moboro duakrpa © umeer MeCTO IKBUBAJICHTHOCTD

(AedABed)+—> ANBEe .

[Hoxkaxkem, 1o A7s 00000 MaxCuManbioro gpuanrpa ¢ uMeeT MeCTO HKBHBA-
JeHTHOCTh
(AedVvBecd)+>AUBED.

e A e @ i B € @) 1o, xoneuno, AU B € &,

Has poxkazarennersa oOpaTinod MMIUIMKAIN, npejdnogoxum, uto AU B € @,
Ho A ¢ ® u B ¢ ®. Torja B cuily MAKCHMAJIBHOCTH HENTPUPOBAHHOIO ceMelcTRa
¢ cemeitcra ® U {A} n ¢ U {B} ne apugiores ueHTpHpOBAHHBIME, TO3TOMY B P
Hatayres taxkue muoxecrsa C' u D, wro ANC = @ u BN D = @, noyromy
@ = (AUB)N(CND) € ®, no 570 NPOTUBOPEHUT HYHKTY 1) U3 onpemesemnus
¢dpunwvrpa.
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& 10. Hexoropsie mpuy NOMKEHUS AKCHOMDI Bmﬁoch

[Toxazkem, 4To jag JHO6OI0 MAKCUMANLHOTO puspTpa © n moGoro o MHEOKECTBA
A muoxkecrsa U smbo A € &, qubo A € P,

Tak kak AUA = U € ®, 170 13 MAKCHMATbHOCTH cbunwrpa ® caepyer, uro A € ®
ambo A € P,

Hoxaxem, 4ro BepHO n o6paTHOE: e st JHOGOTO HOMMHOKECTEA A MAOKCCTBA
U mbo A € ®, ;mbo A € &, o & — mMakcumasbHbIH BHIbLT p.

[ycrs duisrp O copepxur bunbrp &. Beau ¢ # &, To naitnerca takoe A, uro
Aed'uAdg e Torna A e ®, asnaunr, A € &', mostomy @ = AN A € d', uro
HEBO3MOZKHO.

Ecm & — maxcumanbsit GuapTp, a A — TaKoe MOAMHOKECTBO MHOKECTEA U,
410 Jia 10boro X m3 @ ANX # @, 10 A € ©.

Pacemorpum cemeticrso @ = & U {A} Herpyano noxasarn, uro cemeiicrso '

ABTACTCS 1191-1:[JMpOBaJ-mbIM NO3TOMY M3 MaKCUMaabHocTH $ caelyer paBeHCTBO
@' = @, Tlosromy A € @' = &,

HAoxaszameannvcme o reopemn AH. Tuxonosa. Iyers U = []U;

UpAMOe NPOU3BCACHHE KOMNAKMHMT TONOJIOTHYECKHX [POCTPAHCTB, ¢ UH[J&E,-’I.FLEJIBH-
HOW BhInTe TonoNoTMel Ha nem. TTokaxeM, uro U — komnaxmmoe TONOMOIHIECKOE
npocTpancrso. [lycrs Ro — nenrpupopannoe cemeficTBo 3aMKHYTHIX HOAMHOKECTE
B U, aR — couepxauiee Ry MaKCUMAJIBHOE UECHTPUPOBAHHOE CeMeHCTBO HOIMIO-
Kecrs npocrpanctsa U. Jlna nponssossHoro noamuoxkecrsa Y upocrpancrsa U
yepes Y oGosnadum sammkanie Y, T.e. nepecedenne BCeX 3AMKHYTHIX [TOIMHOKECTB
B U, copepiamux Y. Tak kax aas X u3 Ry BEIONHSCTCH PABEHCTBO X = X, 10

NYc ) x

Yer XeRo

loyromy jocrarouno gokasars, uro () YV # @. Jl1a nponsBodbHOrO TOIMEOKECT-
YeR

pa Z C U n moboro t € T oboznaunm uepes Z! o6pasz muoxecrra Z npu orobpazke-
HUM TPOCKTHPOBAUA pry, T.e. Z' = pri(Z).

[lyere R' obosnauaer muoxkecrso {Y! | Y € R}. TMokaxem, uro cemeiicrso R
BAMKHYTBIX HOJAMHOKeCTB B Uy SBIAETCS EHTPUPOBAHHBIM.

[Tvers (?ﬁ?)‘ﬁj‘fn — KOHEYHOEe CeMEeHCTBO a1eMenToR u3 RE.

Torga (Y))i<j<n — KOHEUHOE cemeitcTBo ssementon u3 R. B cuny uenrpuposan-

noeru R () V;) #@. HoY; C [TV}

1<j<n teld

o7 (1 ve N II%=IICN .

1<j<n 1<j<n tet tel 1<j<n

suawur, (] Y/ # @, no rornau ) Y’;é@’
1<1<n 1<j<n

Bnauut, R' — nearpupoBanHOe ceMeRcTBO 3aMKHYTBIX MmuozxecTs B ;. B CUITY

komnaxktaoctn Uy torma () YV # @.
YeR!



I'VIABA 1. SJAEMEHTDBI TEOPUH MHOXKECTB

[Tokaxkem, uTo

[ Ncnv

tcl XeRt YeR
ITyern
rellcn x=TIN 7.
tel XeR tel YeR

Torna npu mobom ¢ € [

[Tyers Y € R. Ilokaxewm, uro f € Y. Jlua sroro gocratouno (m meobxomm-
MO} YCTAHOBUTH, uTO 1 Ji000ro oTKphIToro muoxkecrsa W, copepxamniero [,
WnNY # @ Kaxaoe orkpritoe muoxecrso W ns U ecrh 06beInHeHTE OTKPLITHIX

vitozkects I suna [ Gy, mie npn mobom ¢ € I: Gy — orxpuiToe MHOKecTBO B U 1
tel
JHID 18 KOHEYHOrO MHOZKECTBA MHACKCOB ¢ MHOXKecTBO Gy oTimmuno or seero U

(oTkporreie MpoxkecTsa I ykazannoro suna obpasyior fasy Tonogornn Ha U). TTo-

TOMY HaljeTeda Takoe OTKpuIToe MaokecTBo I' ykazannoro suia, yro f € I' C W,

Hocrarouno noxkaszars, uro I'NY # @, HUrak, f € I, I' = [[ G,. Ilycrs S — Taxoe
ted

KOHEMHOE NOJMHOMKECTBO MHOKecTBa I, uro upn L ¢ S: Gy = U,.

ﬂ.;‘[?l TPOU3BOALHOIO § € S nonaraem

Do ]]oX) g

tel\{s}

Torma I' = [ T’y u upu mobom s € S: f € I',. [Tokaxkem, wro I'; € R.
sCS

Atst 91010, Kax 6b110 TOKA3ano0 BB, Z0CTATOMHO (1 HEOOXOIMMO) YCTAHOBUTD,
uro aaa moboro Z uz R: ZNT'y # @. Uraxk, nycrs Z € R. Torua npu mobom t € I:
f(t) € Z, B wacrnoctn, npn s € S: f(s) € Z°. Ho f(s) € G, u G, — oTKpHITOR
MHOXKeCTBO, 1osromy Z° NGy # @. lyers npu mobom s € S:my, € Z° NG, # @.
Haiinerca rakas gynxuua g € 7, aro g(s) = m,. Ho rorpa g(s) € G, snaunr,
g € I's, nosromy g € I'y N Z. Cnenosarensuo Ty N Z # @, Ceblika HA 04HO U3
BLITIE JIOKABAHHBIX CBOUCTB MAKCHMAJLHBIX NEHTPUPOBAHHBIX CEMEHCTB MHOMKECTR
Jaer I'y € R. Ho roraa B enty kopeunocrn muozkecrsa S noayuaem ' = seR

sES

(nmanomunm, yro R — duunrp). A rak kak Y € R, 10 Y NT # @, Buaunt, f € Y,

[TO3TOMY
1N =TI e Y.

tel XeRt tel YeR YeR

Suaunt, [ Y # @. Beune y:ke ormeuasioch, UTo 13 MOCICAHCT0 cienyer

YeER
[ X0

XeRy
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§ 10. Hekoropble NpuaoKenus aKCHOMbI BbIOOpA

Teopema A H. Tuxonosa joka3zaua. £l

IIpuBesem 1eCKOIBKO yCOBEPMIEHCTBOBARHEI BAPHAHT AOKA3ATEILCTRA TEOpPeMbl
A H. Tuxonosa.

Tak xax obneguuenne mo60r0 JMHERAHO YIODSAOYEHHOIO OTHOMECHHEM BKIIO-
HeHHA C MHOXKECTBA UCHTPHPOBAHHBIX CEMENCTB 3aMKHYTHIX MHOXKeCTB B [/ camo
OyieT IEHTPUPOBANILIM CeMeCTBOM BaMKHYTBIX MHOMKCCTB, TO Aid JI0BOH memm
UCHTPUPOBAHHBIX CEMCHCTB 3aMKHYTHIX MHOxKecrs B P(U) cymecrsyer Bo MuoxKecT-
BE BCEX NMEHTPUPOBAHHLIX CeMeHCTB 3aMKHYThIX MHOKeCTB B P(U) Bepxuss rpatb,
nosromy no aemme Llopua mo6oe nerTpUpoOBARIIOe CeMERCTBO 3aMKHYTBIX MHOZKECTB
B ’(U) coaepKuTea B HEKOTOPOM MAKCHMAJLHOM HEHTPUPOBAHHOM ceMmeffcrBe 3am-
KHYTBIX MHOMKCCTB.

Io nenrpyposannoMy ceMeRCTBY 3aMKHYTRIX MHOMKECTB R MOCTPOMM COJIePIKA-
IEE er0 MAKCHMAILHOE LEHTPHPOBAHHOE CeMeHCTBO 3AMKHYTHIX MHOXKECTB R.

YCTaHOBUM HEKOTOPBIE HEOOXOJAMMBIE YISl MAJbHEHIIET0 CBONCTEA MAKCHMATb-
HOrO IEHTPUPOBAHHOTO ceMelicTsa R 3aMKHYTBIX MHOMKCCTR.

1)@ ¢ R.

2) Mokaxkem, a0 ecsin A u B — 3aMKHyThIe MHOMKECTBA B U, Ae R, ACB,
0 B € R. Pacemorpum comepxamee R cemeiterso R = R U {B} 3aMkHyTBIX
MHOXKecTB. Llokazkem, uro ono asasercs nenrpupoBannbiv. Eean 6bl 910 GbLTO He

akK, T0 8 'R nanumices 6u1 Takue Muoxkecrsa Xy, ..., X,, uro BN | Xi=9, uHo
1<i<n
rorgan AN () X; = @, 970 NPOTHBOPEYUT LEHTPUPOBAHHOCTH cemeiicTpa R. 13
1<i<n

MakcuManbnocTn cemeiicrsa R noayvaem papescrso R U {B} = R' = R, 3uaunr,
BeR.
3) Jokaxkem, 910 uMeEET MECTO IKBHBAICHTHOCTD

(AEe®PABeR)+—> ANBeR.

Ecim AN B € R, 1o B cuny nynkra 2) A€ Ru B € R.

Mg noxasarensersa obpaThOro npeanosoxum, uto A € R u B € R u nosyuny
AN B € R. Pacemorpum conepaxamee R cemeiicrso R' = R U {A A B} samxuyteix
muozkects. [lokazeMm, 9T0 0HO gBIFETCA HEHTPUPOBAHHBIM, FCin 6L 9T0 6bLIO HE
TaK, 10 B R Hanwmich 6pl Takne muoxkecrsa Xy, ..., X, uro AN BN N Xi=

I1<i<n
= &, HO 9TO TPOTHBOPEYUT LEHTPHPOBAHHOCTH ceMeiicTBa R. M3 MaKCHMMAIbLHOCTH
cemeitersa R nosyuaem pasencrso RU{AN B} =R =R, suauur, ANB € R.

4) Jlokazkem, uro ecim A u B — samxuyrhie Muoxecrsa B U/, T0 HMEOT MECTO

SKBUBASIEHTHOCTL

(AcR Vv BeR)+—AUBEeR.
Ecia A€ R umm B € R, 10 B cuty nynkra 2) AU B € R,

Hnsa pokazarenbersa o6paTHoro npeanoaoknm, uro AUB € R, Ho A ¢RubB¢
R H ITOJMYYUM HPpOTHBODEYTUE. B CHITY MaKCUMAaJLHOCTH HEHTPHPOBAHHOI'O ceMeicTaa
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I”MBA L SJIEMEH TbI TEOPHI MHOXKECTB

R ceveitersa R U {A} u R U {B} 3aMKHYTBIX MHOMXKECTB He SBIAIOTCH LEHTPUPO-
panupiMy. Jloaromy B R naitayres takue muoxkecrsa Xy, ..., X, n Yy, ..., ¥, ur0
N Xi=@ =n [} Y;=@. Hotoraa

1<i<n 1<ji<m
(AUB)N [ Xin ) Y=
1<i<n 1<j<m
(Am v ﬂ‘})u(b’rlﬂ){m ﬂ'}’j;):@,,

<< 1<3<m l<i<n 1<i<m

YTO IPOTHBOpEYUT npeanoioxkennio AU B € R u uenrpuposansoctu R.

5) Hokaxem, uro ecam A — samkHyroe muoxectso s U, R - Makcnmaiib-
HOE NEHTPHPOBANHOE CeMEHCTBO 3AMKHYTHIX MHoKecTs u jia moboro X uz R
ANX #3, 10 A€ R.

Pacemorpum cemeiicreo R' = R U {A}. Iokaxkem, uro cemeitcrso R’ spasercs
HEHTPHPOBAHHBIM CEMERCTBOM 3aMKHYThIX MHOZKECTB, TOIAA U3 MaKCHMaJbHoCTH TR
noayunm pasencreo R = R. [losromy A € R' = R. Fem Xy, ..., X, 13 R, 10 B
cuay nyukra 3) [) X; € R, nosromy AN () X; # &.

1<i<n 1<i<n

Ilyers R — MakcuMaJbLHOe HEHTPHPOBAIHOE CeMeHeTBO 3AMKHYTLIX MHOMKECTB,
COJIEPIKATIEE HCXOHOE NEHTPUPOBAHHOE CeMellCTBO 3aMKHYTHIX MHOXKECTB Ry.

EcmY e R,70CY = |J V, rue V — muoxecrsa u3 6a3sl Tuxonosa. Torxa

vel(y)
Y= (] V,snaunr, Y C CV, nosromy B cuay nynxra 2) CV € R. osromy

CVel(y)
[ = N cv.

YeR {CVER, V— na 6ase Tonoaoruy Tuxowona )

Eeman V' 13 6azsr ronosorun Tnxonosa, to V = [ Vi, rj1e S — KOHEUHOE MHOKECTEO,

ses
aVi= J] UxG,, rae Gy — orkpoitoe muoxectso s Us. TTosromy
tel\{s)
=| Jew, ov.= ] vxnca,.
SES tel{s}

Buaunt, (CVy)' = U, npu t # s u (CV,)* = CG,. osromy (CV,)t — samxnymoe

muozkectso B Uy. Buavn, samkayTo n muoxeerso (CV) = | (CV;)!, rak xax S
865

KOHEMHOE MHOXKECTBO.

lonaraem
t . 7y B V4 ¢ 2 2 : rm
R* #=m {(CV) | CVeR & V — ua6asn Tononorum ['uxonona}.

Hokaxewm, uro R' — nenrpuposanuoe cemeficTBo 3aMKHyTHIX MHOzecTs B U;. Ilyers
(CV;)i<jcn — Komeunoe cemeiicrno muoxkecrs u3 R Torga (CV))i<j<n — Koneunoe

106



§ 10. HekoTopbie Mpuiioxenns akcHoMp! BbIOOpA

cemelicrso MuOXkecTs w3 R, snaunt, () CV; # &. Ho

1<j<n

@ ﬂ (_‘;l'/} C ﬂ H(C[’?)f = H ﬂ ((?Ll'?_)t.

1<ji<n 1<j<n tel tel \1<j<n

Mosromy [ (C'V))' # @. Bnawur, R' — uentpupoBanioe cemMercrso 3aMKHYTHIX

N (CV) + o.

{CVER & V— ua 6asw rononornn Tuxonona}
[Tycrs

re]l] N (CV)t

tel \{CVER & V-— u3 basw Tononorun Tuxonopa}

Toraa npu awbom t us I:

f(t) € N (cv)t

{CVER & V- u3 6asn ronomoruu Tuxonona)

[lyers CV € R u V u3 Gassl Tononorun TuxoHOBA. [Moxaxem, uro f € C'V. Tak
kak V= N V,, CV = U CV, € R, 10 B cuaty nynkra 4 naitgerca takoe s € S, yro

€5 ) se8
CVy € R. Ilyers Vy = [[ U, x G,. Tokaxem, uto
tel\{s})

fecv= J] = ca,.
ver\{s)

Ho 10 caeayer nz
[(s) € N (V) < (cV,)
{CVER & V- uz Gazw tononorin Tuxonona )

Suaunr,

o #]] N vy | c

tel \{COVeR & V- u3 6aasl tonoaorun THXOHOBA }

N cv=[rc ) x

{CVER & V- us baser Tononorun Tuxonona 1 YeER
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IJIABA I 9JIEMEHTHBI TEOPHH MHOXKECTB

11. /lononmenune

[To MHEHHIO PAIa CHEUMANUCTOB 10 HCTOPHN MAaTeMATHKH, €CTh JIOCTATOHO yhe-
JUTEILHBIE OCHOBAHNS CYUTATL, TO HPHAMUTHBHAA MATEMATHKA CYIIECTBOBAJIA 34
4000 meT j10 B, YV erUNeTCKUX W BABUJIOHCKHUX IIOTHHKOB 1 3¢MJIEMECDOB.

[TepBrie TOUBITKY HAYYHOI'O OCMBICJICHUE MUDA TPAIUMITMOHHO CBA3BIBAIOT ¢ UMe-
nem apesuerpedeckoro dpuiocoda n maremarnka Qaneca (Pasec Mustercknit 0koi10
625-547 1. 10 H.3.), KOTOPBI HEPBLIM BBEJI B MATEMATUKY HOHATHE J0KA3AMENb-
¢mea u JOKA3aJ Pl TeOMECTPHYIECKHX TeopeM. B vacTHOCTH, eMy TPUITHCBIBAIOT J10-
Ka3aTeIbCTBA, VIBEPKIACHHHE “naMerp JeaT Kpyl Ha JiBe paBHble dacTn” W “yIvibl
npu ocuoBanvu pappobepeHHoro Tpeyroibuuka pasnb’”. Koneuno, no cospemen-
HBIM CTAHAAPTAM 9TH TEOPEMbl M MX JIOKA3ATENBLCTBA JIOCTATOYHO HECJ0XKHDLI, O/1-
HaKO 3acjayra Qajeca cOCTOUT B TOM, YT0 OH OCO3HAT HCOOXOAUMOCThL A0OKA3BIBATH
TAKMe, Ka3aoch Obl “OMeBHANbIE", YTBEPAICHU.

OJIHHM 13 HCTOYHUMKOB CBEICHUH, KACAIONMXCs “ONCTOPHICCKOTO” TePUO/Ia pas-
BUTHS MaTCMATHKM, fABIAETCs nanupyc Punja, nazsannbii 10 MMEHM ¢ro OTKPbLI-
paresas. OcHoBaast wacrb namupyca xpanures B Dpuranckom Mysee. D9ToOT CBHTOK
npejacrapager coboll ClpaBOYHHK 3eMJCMEpa s PeleHUA NPAKTUYECKHX 3a/134.
Cocrasnen on npumepro B 1550 . g0 1.9, muenom no umenn Axmec. Pan neeneno-
paresed cauTaeT, 9To nanupyce Punga 6ui1 cozpan na ocnose Gosee ApeBHAX HCTOY-
HHUKOB,

B manupyce Punjaa cojepikarcs peimcenns Caeayoimmux 3a1ad.

1) TIpumep pacuera mioma g mpaMoyroabHuKa seman pasmepom 10 xeros na 2
Xera.

2) Beraucnenne nsomaiu “kpyraoro noas” ¢ nepumerpom 9 xeTos.
3) Buruncienue momaeii noseit, uMeonmx (hbopMy TpeyronbHUKA W TPATeIuH,

Maremaruka, Kax 1 HCKYCCTBO, — 370 0cobblit ¢nocob mo3HaHug MUpAa.

Ha npors:kennu Beelt 4-ex Toicsuenerseli Meropun MaTeMaTHKd B Hell w3yua-
JUCh JIBA OJHOBPEMEHHO JAJEKUX H DIIM3KUX HOHATHI — MOHATHC %UCAG M TTOHATHE
ecomempureccerot duzypon. Llonarne uncia n npezxie BCero RaTypaiabioro YHeaa —
0cHOBHOI 06bexT n3yuenusa apudMeTHKE B NIMPOKOM CMBIC/IE ITOTO CJOBA HIN TCO-
PHH UHCEJT, & HOHATHE FeOMEeTPHIECKOR (DUTYPH — OCHOBHON 0OBEKT U3yUeHus Ieo-
merpuu, Cpasy GpocaeTca B 11a3a NPUHITHIMAILHOE PA3TUYHE 3TUX JABYX NOHITHI
KazK10e HATYPAJIBHOC UHCI0 BLICTYTIAIOT KaK JaJiee nege uMbiit 00beKT, B TO Bpems,
KaK 0OBIYHO TeoMeTpudeckas (purypa coCTonT n3 HeCKOHEUHOI0 YHCAA COBEPUICHIO
OJIMHAKOBBIX TOUeK. BrpovemM, n naTypanbHOe YHCAO 1 MOMXKHO PACCMATPUBATL KAK
COCTOSAIICE U3 N CJIMHUL, OJIHAKO OHH “JHCKPETHH”, B TO BpeMs KaK /UIA I'eOMeT-
prueckux guryp xapaxrepua “senpepsiBrocts”. Heemorps na 210 Ha NPOTAMKEHHH
110 Kpafinei Mepe nocae Hux JAByX THICAY JIeT HeOAHOKPATHO IPCANTPUHAMATHCE 10~
NBITKA 00LEJIMHUTE 9TH jIBA TTOHATHS, CBA3ATH TEOMETPUIO ¢ apuPMeTHKOM, BhBeCTH
13 OJIHOTO OCHOBaHMs BCO MareMartuky, Oua u3 mepsuix J0eunx 0 HAC HObI-
TOK OULeJMHeHUs 9TUX ABYX NONATHI, a 31a4UT, W obbeanHenns apudMeTHK 1
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& 11.  douoauenue

reomerpun, ornocures k VI sexy sio m.9. Ona Geta npegupunsita B mkoJe JIpeB-
Herpeteckoro gunocoda u maremaruka [Tudaropa n ee cMbica Xopowo Bppakaer
npunucsiaemoe ludaropy seickasvisanue “Bee ecrp uneno”,

Coxpymmreannnrit yaap 1o sroii rouxe spenus mxoias [udaropa 6o xareces
OTKPEITHEM OJHUM H3 ¢ YICHOB HECOU3MEPUMOCTH JMATOHANN KBAAPATA ¢ €r0 CTO-
POHOM, WM, KaK MBI TCTEPh TOBOPUM, JIOKA3ATENHCTBOM HECYIIeCTBOBAHNS TAKOTO
PAUMOHAIBHOIO YHCJIA 7, YTO 7° = 2, T.e. B WIKOJE [Tucbaropa B VI Bexe 710 m.5.
OblIa OTKPBITA HEPALMOHANBHOCTD /2 IIPH VCAOBHI, YTO TAKOE WHCI0 CYLICCTBYET.
DTO UMCIO Heb3d OBIO OTHECTH HH K IHEABIM UHCIAM, HU K ApobsiM, a B Te Jia-
JCKNE BPEMEHA TOJ CIOBOM “YHciia” NMOHMMAINCH Lefdble (MOM0KuTe bHbe) JUCITa
A WX OTHOLIEHUH, T.€. II0 COBPEMEHION TCPMUHONOTHU MOJI0XKATEIbHRIE DAIHOHA -
HbIC YHCaa. JLIMHEBL OTPE3KOB BBIPAZKATHCH GHCAAMH U HOIYIANOCH, 410 “duazonais
weadpama ne umeem daunn’. Co BpeMeneM GBIIA MOHATA HERO3MOKHOCTH MOCTPOE-
HUS PEOMETPUM Ha OCHOBE HOHSITUS HATYPATbHOTO uucia. Jdpesnumvu rpekamm 6oL
HAUACH BLIXOJ — OHM OOBABMIN, 4TO “wucaa — 2mo daumsd’. Apupmemura Guaa
ceedena x 2eomempuu. OAHAKO 9TO CBEJICHUE HA NPOTANKEHHM JUTHTCIHLHOIO Bpe-
MCHH CACPAKHMBAJIO PAa3BUTHE apupMETHKH 1 anreOpbi. DTO NOPOMIO MIYLIYIO OT
APEBHEIDEIECKUX MATEMATUKOB TPAJAMLMIO BLIPAXKATH COOTHOIEHUA MKy JI0ObI-
MM BEJHMTHHAMI B TCOMETPHYECKHX TEPMHHAX — ¢600UMY MATNEMATMUKY K 2C0MET-
pur. OT3BYKM HTOR TPAJUIMH Mbl HAXOMUM B BBLIPAYKEHUAX KEadpam wucaa, Kyo
“UCAR, 2EOMEMPUNECKEAA NPOZPECCUR, cpednee 2eomempuyeckoe n T.1. B “Hauanax”
Epkmuza Omaa npeupniara ojHa 13 NepBbX 1 J0CTATOYHO YAAYHBIX HOIBITOK 16-
AYKTHBHOPO M3JIOZKEHUA M3BECTHLIX K TOMY BPEMEHH MATeMATHYCCKUX (haKkTOB —
AKCUOMAMUYECKOE N3ITOKEHUE TeOMeTPHE ¥ JacTH apudmernku. Ocobyio poib B
PA3BATHH anreOPLI H TCOPUM TMCES CHITPaJ MHOTOTOMEBIH Tpys Huodanta “Apud-
mernxa” (IT1 Bek u.3.).

YpoBsenb pasuTus UHBUAN3ALNE, KAK B 3ePKaJIe, 0TPAKACTCA B CIOMHOCTH He-
MOJIE3YEMBIX €10 Yucel. JpeBHerpevyeckue MaTeMaTuky, paspabaTbipas CHCTEMY HA-
UMEHOBaHUHA Jis DOJBLILMX THCEIT, COBEPITHAN BEJIUKUH CKAYOK OT KOHEYHOIO K 0ec-
KOHEYHOMY. STOT PEeBONOUMOHHBIN ePEXO MBI Tereph CKPOMHO 0003HAUAEM TPeMst
MATeHLKAMU TOUKAME HOCHAe 3aM4T0# 0bo3navas Geckoreunntit psaa N HATYpaabLHbIX
qUCe

L 2: 308 v o s

st 1peBHUX TPEKOB KOHUEHIUsS GeCKOHETHOT0 pajia HATYpaJbHBIX wuce1 Ob1ia,
BAZKHBIM JOCTHZKEHUEM TBOPYECKOH MBICIH M BIOXHOBEHUS, TAK KaK OHA 114 Bpa3-
pe3 €O BCEMH HAKOILIEHHLIMHA K TOMY BPEMEHW €CTECTBEHHO-HAYYHBIMU 3HAHUAMU I
¢ punocobekuMU IIPEJCTABICHMAMU O KOHEYHOCTH Beeaenuoi.

[Tpusenem xapakreproe soickaspisanne B.A. Yeneunckoro: “ IHoucmune peconio-
BUOHHBLL TAPAKINED HOCUAD OCOSHARUE TPEBHEZPEUCCRUMU MATIEMAMUKGML BECKO-
HENUOCTIU NAMYPAALHO20 PAJE, MOYHEE CO30ANUE MAKO20 MOHATIUAL HATNYPAALHOZ0
YUCAG, NPU KOTNOPOM HAMYPAALHBLE HUCCA 0KA3AA0CH beckonento Mrozo. Bosnuxnye
KOK UHCTPYMENTN UCCACOOSANUA MUPG, NOHANUE HAMYPAALHO20 YUCAG CAMO G-
L0 NPEOMEMOM UCCACIOBANUL, KOMOPHLE NPUCEAU K BLLACACHUIO CKPUINBT CBOTICME
FMOZ0O NOHAMUA,
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IJIABA I. & 'TB

JTEMEHTBI TEOPHH MHOKEC

Voueumeavnom docrmuncenuem anmuinot MamemMamuky om0 YemaHosACHe
BECKOMEUHOCTIN MHONCECTNGA NPocMBLL wucea. Paxm nopadumesvhull xax no noc-
MANOGKE GONPOCA 0 BECROHENHOCTIU, LOTNA U 6C3 UCNOABIOGAHUA CAMO20 CA0GA “bec-
KOHEYHOCL ", mar U Nno Oe3ykopusHenolt mowHocmu (opMyALPOGKU 0IMBENa
(doaduyamoe npedaoscenue IX xnueu “Havan” Bexauda, “npocmolt wucen cyuiccmaey-
em GoAbULE 6CAR020 NPEOAOHCENNO20 KOAUMECMEA NPOCTILLE HUces” ) U No HEONCUDaH:
woti npocmome doxazamenvemea.”

Cmenas njaest 6ECKOHETHOCTH OTKPBIBAJIA IHIPOKHE BO3MOMKHOCTH B MAaTeMaTH-
Ke, HO U NpUBOAMIA K napagokcay. CMBICH nousTusd DeCKOHeYHOCTH He /10 KOHIA
PACKDBIT U JI0 CErOAHANTHErO JiHsd.

Teopng muokecrs I KanrTopa npogeMoHCTPHpPOBANa BO3MOMKHOCTL C1TPOrOro
n3yUeHns GeCKOHEUHOCTH, paciipocTpainia Ha DeCKOHeUHble MHOXKeCTBA MOHATHE
KOJHYCCTBA DJIeMenToB, 0OHapyKuIa, 4T0 U DCCKOHEYHBIE MHOXKECTBA MOTYT COCTO-
ATH U3 PA3HOTO KOJUYCCTRA DJIEMCHTOB.

He menee TpyiHo OKa3saJ ochk CUEJATh TIAD OT HOJOXKIUTCIBHBIX YHCe] K OTPHIA-
renbhibiM. [losoxurensubie gpobn noapodbno obeyzxkaaores yke B namupyce Punja
(1500 r. no u.5.), Obozravennsd pns apobeit u,.-"b H coppeMeHHbIe criocobbl aeiicrBuii ¢
auME Boexo g k¥ X V-X VI Bekam. B 1o ke Bpems orpunarebubie Yucaa Obim mpH-
HATHl B MATEMATHKE JIMIIL Ttocae nodpjicHndg B 1545 roay “Ars Magna” /xkunponamo
Kapaano (1501-1576). U yxe 8 snoxy Bosposxaenns buuin BBegensl B ynorpebaenue
KOMITIEKCHBIE YHCIA, KOTOPbIE OKOHYATEIbHO yTBepananck 8 MaremaTuke B XIX Be-
Ke: MPIaHJACKui MaTemMaruk Yuibam Poyan aMuibTon npeioxun uciojib3oBarh
YIOPsI0UeHHY IO napy {(a,b) mist 06o3HaeHAs KOMILVICKCHOI'O 9ucaa @ -+ bi, TeM ca-
MbIM JIMILAB MHUMYH0 CJIMHILY 7 "MUCTHYCCKOro craryea’, a nopsexken Iacnap Bec-
CeJb BBEJI TEOMETPUYECKOe NPEACTABIeHNEe KOMILUIECHBIX UHCET TOUKAMEA TA0CKOCTH,
Bequxny reopennem Y.P. TlaMiibTona ABIMIOTCA KBATEPHUONDL.

C najenneM ApeBHerpedeckKoil MBAINAAIME MATEMATHYCCKHE RCCEeN0BAHT 18-
PEMECTHINCDL B apadog3bIuHbIe CTPAHbL.

Apabckue ydenble BOCIPUHSIN MEOMETPUYCCKOe HACKE/IHe IPCBHEIPETeCKUX Ma-
FCMATHKOB, X Kpurepuy cTporoctd. Ho onn socnpunsan u maymyio oT BaBHIOH-
CKUX JIHCIIOB TPAJUIHUIO COCTABMCHUS TCKCTOB, COJCDKAIIAX 0DIME METOAbLl perre-
HUS ApUDMETHYUCCKHX 3a1a4. SHAKOMbL OHH OB M ¢ OTKPHLITHAMEA WHIMIICKUX MaTe-
MATHKOB, CO3JIABIINX JACCATHIHYIO CHCTEMY CUMCIEHMS, CBOOOIMHO UCHOIL30BABIINX
OTPUIIATEJILABIC YHCAA (B OTINYHE OT JIPEBHEIPCYCCKUX MATEMATUKOB).

Brira noaroropaena nousa jiis co3jganug anredpul. 3apoxjgenue agaredpbl Kak
Hayku 00 ypapuenngax oTHocdT K IX Beky, Hepes HeCKOMBKO CTOJCTHH HeCIea10BATN A
o anrebpe nagasncs s Mraaun, a 3arem u B 3anajnoit Espone.

Besmuxa pouas ypoxenna Xussl Myxammena nor Mycen anb-xopesmu. Ero coun-
Hewye “Xncad an-1xabp pan-mykabana” cuirpaio 0coOyio pob B HOABJEHUN LWHPOKO
HCHOJB3YEMbBIX Ceroats NoHATH] “anzebpa’ n “aneopumar’.

Teopua xBajparusix ypapuenuii 6niia nzsecrna eme B JIpesnem Basuione. B

Wrannn B XVI Beke 6u11u nosydeint hopMyan! 408 pelienus ypapuenuit 3-eif u 4-oii




A3YIeHHe KOMILIEKCHBIX unces. C 9Toro mepuoga Hauunaerces MCTO/Ib30Bane Hyk-

BCHHON CHMBOJMKN, CO3TaHMe COBPEMCHHON anredpanyeckol CHMBOIHKU (P. Bu-
er (1540-1603)). Jdanpueitimee MPpOoABHZAKCHUE B 3TOH obIaCTH CBAZAHO ¢ UMEHAMU
AL Marpamska (1736- 1813), A. Pydpduun (1765-1822), Huabea Xenpuka Abemrs
(1802-1829) u DBapucra [anva (1811-1 832).

300 ser ToMy Ha3za MaTEMATHYECKOE MBIILIEHAE OCHOBBIBAIIOCH HA ICOMETPHIL,
YHACJICIOBAHHOR OT APEBHUX I'PEKOB M JIHIIL HE3HAYMTEIBHO IPOJIBHHYBLICHCS 34
ABa TeicaveeTus. B XVII seke navanocs CTPEMHTEIBHOC H paJIKAJIbHOE Tipeobpa-
soBanne MareMaTuku. CTporuit axcuoMaTuyeckuis JSAVKTHBHBIN CTUIL reOMEeTPUH
YCTYTIIMJL MECTO MHTYHTUBHOMY WHIYKTHBHOMY HOAXOMY, & YHCTO FeOMETPHICCKHE
HOHATHA — OPEACTABIEHUAM O THCJIe U airebpandeckoit ounepanuu. CoznaroTed ana
AuTaeckas reomerpus (P. Jexapr (1596-1650), TI. Depma (1601-1665)) u mare-

MaTUIeCKHil anaiaus (anddepesimanbuoe u HaTerpanbioe ucunciaenns ~— M. Huio-

ToH (1643-1727), I'B. don Meiibuun (1646-1716)). OcnoBHbIe TOHSTHS MaTeMaATH-
HEeCKOrO anajiusa hynkuus u npegen. Ilonsrue IpeJesTa BROJWT HHTYUTHBHOE
UPEACTABICHUE O HENPEPBIBHOCTH B XKECTKHE MATCMATHYCCKHE paMKH.

Moo ckazars, uro 8B XVII Beke Bo3nuka “KJIacCHIecKas MareMaruka’.

Ko spemenn Beauxoit dbparmysckoit PEBOTIONMN MAaTCMATUKA JOCTHIIA PACIBE-
TA. SHAUUTEILHO BO3POCIO THCI0 AKTHBHO 3AHNMAIOLHXCS HAYYHBLIMEA HCCAENOBAHN-
amu. Hossurach yuebuas aureparypa, no3sBoamnpmag BHAKOMMTLCS ¢ HOBBIMH J10C-
THKCHHAMN MATEMATHKH. YHUBEPCUTETHl CTATH CUCTEMATHICCKH FOTOBWTE crermna-
JUCTOB B ODJACTH €CTECTBEHHBIX HAYK M MATEMATHKH,

Bosunkia neobxoauMocTs 0CBODOACHTSE ANIreBPLl 0T HECBOMCTBEHHON eif reo
METPHYECKON TEPMUHOIOIMH.

P. dexapr (1596 1650) npeanoxku 3a(ukcHpoBaTL OTpE3oK €, HA3BAB CIr'o ¢Iu-
HuaHbIM. Torna mpousseenne wuces a u b MOXKHO paccMaTPUBATL He KaK IJ101a,Th
HPSIMOYTOTHHUKA CO CTOPOHAMH @ 1 b, & KaK Iy TAKOIO OTPE3KA ¢, YT0 @ : ¢ = ¢ : b
(Teopust nponopruit Geta paspaGorana elIe JAPCBHEIPETeCKUMI MaTeMaTHKAMH).
Ksajparupif kopenns u3z a — cpenuee FeOMETPUUICCKOC OTPC3KOB @ 1 6.

[locae pabor P. exapra nossuaach Bo3MOKHOCTE CBODOJIHO OLIEPUPOBATH € TTPO-
H3BOJILHLIMU aqireDpanvecKuMu BEIPAsKeHTAMM, He 3a00Tach 06 ux PeOMETPHYECKOM
cubiesie. Co Bpemenu P. Jlekapra nauascs JuuBIIHics 6onee 200 je1 porece “ apud
MEMUSAYUY" MaTeMaTUKH, ee MepeBoia ¢ FEOMETPHYCCKOI0 Ha apumMernueckuit
A3pIK. Mtoru sroro nepuoga spko Xapakrepusyer peickaspipanne Anpn ITyankape
(1854-1912): “ B mamemamure ocmanucs auws HAMYPAAEHOLE YUCAA U MHONCECTIEA
namypasvumx wucea’,

B 70-x rogax XIX mexa B paborax I". Kanropa (1845 1918), K. Beitepmrrpac-
ca (1815-1897), P. Henexurna (1831-1916) u 1I1. Mape (1835 1911, dbpanmyzcknii
MATEMATHK, HocTpout onnospemerno ¢ K. Beitepurrpaccom apupMeTHUeCKYIO TeO-
PHIO JCHCTBATENLHOPO Tucaa) ObLIO Hoayueno crobooe or reOMeTpPUI Olpeene-
HUC JCHCTBHTEJILHOTO YMCIA — ACHCTBUTCAbHbIE YHCITA CTPOMJIUCH MCXO/A W3 YUCeT
HATYPAIBLHBIX, OHM OTPEENSINCEH KAK DECKOHEMHBIe MHOMKECTBA PALMONAIBHBIX 1N
cedt.,

[ocaenosarenn U, Heotona n I'.B. bon Jleitbuuna upesseruaiino crob JIHO 06
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I'JIABA . BJIEMEHTBHI TEOPHN MHOXKECTB

PAILATHCEH C PACIUILIBUATEIMHA TIOHATHAMY OCCKOHENNO MAAOT 1 DeckoHENHo Doavwol
BEAMYHH, CKIAABIBAIN HECKOHETHLIC CYMMEBl C/IANAEMbIX HO [PABUJIAM, BEPHBIM /14
KOHCUHBIX CYMM.

Ocnopupie nousirus cosgannoro M. Heoronom u N3, Jle#ibnunem ncuncienus
KA3aJCh TYMAHHBIMU MATeMATHKAM, BOCHUTAHHBIM HAa aHTM4iOli crporoctu. O
HAKO YCIIEXH HOBOIO HCTUCICHUS B PEIICHUN CTAPBIX, Ka3aBIIMXCH HENPUCTYIHBIMU,
320849 32CTABISAU OTOpackBaTh cCoMHenud., Kak nesu3 Toro neperoMHoro Hepuo-
aa seyunr npuswis 2K, ST Anambepa (1717-1783) “Houme eneped, u cepa £ 6am
npuder’’. JludpdepennunanbHoe 1 HHTEIPAIbHOE HCUUCTCHHS MO3BOJUIN PEUThH Ca-
MBIe pa3noo0pas’Hbie 3aja491: 0T PAcueTa TPaeKTOPHU apTHIIEPUHCKOT0 CHAPSIA 10
NPeJICKA3aHul ABZKeHUH iianeT W KOMeT.

Ho ocnopa TOTAAIHETO AHAJM3A — IOHATHE DECKOMEMNO MAA0UT GeAU UL KA~
3A710Ch CTOAIUMM Ha paHM OuiTHs 1 HeOLITHA, 9eM-TO BPOAE HYJIST, HO HE COBCEM
HYJ14.

B konne XVIII Bexa nogasuanch leppbie Npusnaku nebaarononyund - HeKop-
PEKTHOE HENOJIL30BAINE GECKOHEUHO BOMBIINX H DECKOHEUHO MAIBIX BEJTHIHH CTATO
NPUBOJNTEL K IIPOTUBOPEYUSIM.

B nagane XIX Bexa moHATHA akmyceavho GeckoHeuHo O0ibIoil M BeCcKOHeuHo
MAJION BeAMYIUH ObLUIH 3aMCHEeHb Mjeell npeiesa u HOHATUAMA Nomenyuaivio oec-
KOHCUHO BOMbLUION 11 Geckonewo Mastoll sennuun. Bennk sxaan B 910 aeno Hunnca
Xeuapuka Ab6ens (1802-1829, nopsexckuil MareMaTuk, OJUH W3 co3uareneit cob-
PEMEHHBIX KPATEPHEB CTPOrOCTH PACCY KJCHN B MATeMATHIECKOM alaJinse; JoKa-
3a/1 TeopeMy 0 HEePAspeluMOCTH B PAJMKAIax Ji/g YpaBHeHud 5-o# crenenn. Kax
NpU3HAHKE BbLIAIOIMXCH MaTeMarndeckux sacayr T1.X. AGens MozKHO pacemaTpu-
path yupesxaenne Hoppexcroit Axkajgemueit nayk n jgureparypst “IIpemun Adena”,
KOTOpasg Ceroais apasercs Boiciuel maremarndeckoit marpanoii), Oriocrena Ko-
wi (1789-1857, hpaniysckuil MareMaTHK, TOCTABAN MATEMATHYCCKUNH aHAIHU3 HA
byngavent Teopun npegenon), Kapaa Opugpnxa laycea (1777-1855, kpynueinmii
nemenkuii maremarnk XIX Bexa).

Hemouyienue B MATeMATHKY IS M3YYeHWA OLCKOHEYHBLIX MHOXKECTB HOYTH 2
THICAYH JIET JAEePZKAJOCh Ha aBTOpuUTeTe APHCIOTENd — B MATeMaTHKe [OCHOICTBO-
BaJIa HOTCHIMANLHAA HECKOHEUHOCTL Apucrorens.

B 1831 rogy K.®. Nayce saapasn: “. .. 5 npomecmyro npomue ynompebaerus
BECROHENHOTE BEAUMUNDL KAK ME20-M0 3AGEPUEHI020, YN0 6 MAMEMUMUKE HUK020a0
He donyemumo. BeckoHetnocms He HYHCHO NORUMarms bykeaivHo, Ko2da peds udem
cobemeenno 0 npedeae, K KOMopomy cKoab yeodno OAusKo npubaudicaiomes onpede-
AEHIBLE OMNOWEHUSA, KO2DQ Opyeue NPUHUMAIOIMEA HEOZPAHUMEHHO GO3PACTIAIOUL-
Mu”

VlenonpzoBanne akTyaabHol beckoueyHocTH B MaTemMaTnke pagnpaercs s X VIII
Beke (DecKOHEUHBIC DAL PACCMATPUBAIUCH KAK CYMMBI DECKOHEYHOIO YHCIA Clla-
raevbix ). Cam K.@. Tayee B XIX Beke yixe (hbakTUUeCKU HCHONB3YET aKTYaJbHYIO
HECKOHEYHOCTL B TCOPETUKO-YUC/IOBBIX HCCIETOBAHULX.

Emie oruersupee a1o Bui0 B paboTax HeMengux MareMaTnkos Jlexkena dupuxie
(1805-1859), Puxapna Hepekunna (1831-1916), Kapna Beitepurrpacca (1815-1897),
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§ 11.  Jlonouuenue

leopra Kawropa (1845-1918) u wramvanna Hxysenne Ieano (1858-1932).

Ho cepenunnr XIX sexa we pesoch CHCTeMATHICCKHMX HCCHIET0BAHUI cROCTE Hec-
KoHedHbIX MHOKeCTB. Toanko B 1851 rogy Guuta OCMEPTHO OonyOJIMKOBaHa KHHUTA
emeKoro Maremaruka n guiaocopa Beprapia Bonsnaro (1781 1848) “Tlapanok-
cor Geckoneunocrn”. B welt Guuia cnenana omma u3 MEPBLIX NOMBITOK HCCICI0BAHNS
CBOACTB axmyasvnot Geckorevmocmis.

[eopr Kanrop, sarnvascs reopuci TPUTOHOMETPUYICCKUX PSAJOB, NPHINET K He-
00XOIMMOCTH H3YUCHIST MHOMKECTE HA npamMoit. B wacTHoCTH, ¥ HEro Bo3HIK BOnpoc o
BOIMONCHOCTU 3AHYMEPOBAMND IACMEHIBL NPOUIBONDLHO20 MHOKHCECTIEA Ma npAMoti.

C 1871 nmo 1874 roy I'. Kanrtop wckai AOKA3ATENILCTBO HePABHOMOIHOCTH KBAJl-
pata n orpeska. Ho emy ynanock pokasars ofpathoe. B nuchume P. Aepekuniy on
mer S euoicy amo, no ne eepio’.

fpxum yenexom cozpannoit T Kanropom Teopun miosxkects crano HOTYYCHHOP
B 1873 rony I'. Kanropom moxazaresnctso wecwemmocmu MHONCECTNEA TNPAHCYEH-
denmunis wucen.

[leprrie npuUMeps! TpARCHEHIEHTHBIX YHCes BT nocrpoens B 1844 rony dppan-
nysckum maremaruxom 2Kosecbom Jlnysunaem. Cam repmun “mpancuendenmmnoe
nucao” seepen I Jleitl6rnuem, a npeanonoskenne o ux CYIIECTBOBAHUM BBICKA3ANO
JI. Ottnepom (1707-1783).

Besmyaninum MaTeMaTuyeckum g0cTHkenneM Ghuio JAoKazareaLeTBO B 1882 romy
Kapaom Jlusgemanom (1852-1939, nemenxmit MaTeMaTHK, HAYHUHBIH PYKOBOAHTCIDL
J. Tunwbepra (1862-1943)) rpancuengentuocty unciaa r u peresue 3HaMeHnTo
apobusieMel Keadpamypu xpyea.

Heropna passurns matemaTnxu CBHIACTEJLCTBYET, YTO MAaTeMATHYECKAsS MOJCTh
"ACTO 3a03€TCH B BUJIC 0COO0I0 sI3bIKa, NPEANASHAYCHHOTO T ONHCAN M HeCaeny-
emoro sisieHus. Mmenno B Buge sapika B XVII Beke BO3HAKIH muppepennuan-
HOE M MHTErpaibHoe ueHmc/ieHus. ‘Teopus MHOKECTB Jlaa YHUBEPCAbHYIO CHCTEMY
HOHATHH, KOTOPAA OXBATHNA BCE CYLECTBOBABNINE K TOMY BPEMEHH MATEMATHUOC-
KHEe TeOPUH. 3HAYeHHe MATEMATHYECKON CTPOrOCTH He JIEJYeT HPCYBCJINUNBATE H
AOBOIHTE 10 abeypia: 31paBbifl CMBIC B MATEMATHKE He MeHee YMECTEH, YeM BO
BCAKOI IpyToit obiacTu desopedeckoit gearennuocta. Bo see BPEMeHAa KpyIHHbIe Ma-
TEMATHHUECKHE HIeH ONeperkali ToCHoACTBOBABIINE CTAHAPTH CTPOTOCTH. Beskoe
otkpbitie XVII B. — co3ianue ocHOB aHANN3a GECKONEYMHO MATLIX (ocuoB nudde-
PEHIHAILHOTO W HHTErPalbHOIO HCHHCIeHHMIT) 6a3upoBaoch Ha TYMAHHOM OHATHH
“oeckonenno manotl’. Paspaborannutit M. Heioromom n I'B. Jeiibuuuem ga3nik ne
MMEJL TOUHOM CeMAHTHKH, KOTOPAA B YJOBIETBOpsowel mac cefivac dbopme Guita
HaiieHa i depes 150 ner, Ho IO3BOMAT OUMCHIBATE U MCCIE0BATS BAMKHEH LI
Aaenud pedcrsurenvirocty. Takuvu dyHIAMEHTATLHEBIME MATEMATHICCKAMEA O~
HATHAMH, KaK NPE/eil, BEPOATHOCTD, ANTOPATM M T, YCHENIHO TOMb30BAIUCH, He
HOXKUAAACH UX YTOUHEHUH.

Ananornunbiv 06pasoM 06CTOAN0 ACHO ¢ OCHOBHBIM TOHATHEM MATeMATHKH —
nosarHeM doxazamenvemea. Tpakrar H. Bypbaku “Hauana maremarukn’ OTKpHI-
paerca caoBamu “Co e6pemen OpesHusT 2pexos 2060pums “mamemamuxa’ — anavum,
2080pumy “doxazamenvemeo””.
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I'VIABA I DJIEMEHTEI TEOPHA MHOXKECTB

Tak kak eme co Bpemen P. Jlekapra MeTosaMu aHAJHTHIECKON NEOMETPHN MaTe-
MATHKH YMEJH U3YUEHHE eOMETPUYCCKUX 00BEKTOB CBOLUTHL K U3YUEHUIO JeiicTBH-
TEJALABIX YUCENT, TO NOABUIACH BOZMOXKHOCTL “apudmemusuposams”’ 1 reoMeTPHIO.
Bosuukio nosoe eduncmeo mamemamury na apupmernuieckom pyndamenme.

B pabortax I'. ®pere (Torno6 @pere (1848-1925) — wemenkuit mMaTeMaTHK U
JOIHK) 1NPeIOXKeH criocold noCTpoeHtst apiugMEeTHKH HATyPaJbHbIX wucen Ha Oaze
MOHATHS MHOXKCCTBA.

Teopua HeckoHEUHBIX MHOXKECTB, OCHOBLI KOTOpoi 3anoxkui B XIX seke I'. Kan-
TOp, cTana Ha MHOTHE TOAbl eHHHBIM (hyHjgamMenTom apupMeTnku ¥ reoMerTpuu,
JUCKPETHOTO M HENPEPLIBHOTO. D10 OTPAXKEHO B APKOM BHICKAZLIBAIHMHE BEJHKOrO
remerkoro Maremaruka Jasupa Duibbepra (1862-1943): “6Orazodapsa 2uzarnmerofi
coemecmnoti pabome 1. @peze, P. Jledexunda v I Kanwmopa 6eckoneurnoe 6uiao 603-
BEAEHO NA MPOH U HACAAACOAAOCH BPEMENCM CB0C20 NoAN020 mpuympa. Beckorey-
HOE 8 CROEM DEP3KOM NOALINE JOCINULNO 20A0B0KPYHCUMEALHOT 8blcombt yenexa .

OHAKO citelyer 3aMeTnTh, YT0 HE BCEe MATeMATHKH OC30rOBOPOYHO MPUHUMAIN
HOBYIO TOUKY 3peHud na maremarnky. Buavame orkpeirus [ Kanropa maronkuny-
JUCH HA HEJOBEPHE U JJAXKE AHTATOHM3M MHOIMX MATCMATHKOB ¥ He3pas3jaudne co cTo-
pount GoasiuncTsa gunocodon. OUNOZULKIO HOBLIM B3IVISIIAM BO3LIABUI HeMell-
kit MmaremaTuk Jleomonss Kponekep (1823—1891), 110 B3NIHA1AM KOTOPOTO TTpeiMe-
TOM MATEMATHKH MOIVIO OBITH JMIIL TO, L0 MOIVIO OBITL IOJYYEHO 3a KOHETHOe
YHCIIO IAroB M3 HarypadbbiX uncei. Cama mjies paccMaTpuBarh GECKOHEYHOCTD
KaK HE'UTO 3aBEePIICHHOC (aKTyaabliag 6eCKONCTHOCTD) MTPOTHBOPEYHAA TOCHOICTEO-
papimmM s3rgaM. OTHOMERRE PsAJa MATEMATHKOB K HOCTPOCHHBIM METOaMH Teo-
PUH MHOMKECTB “OK30THYECKUM TIpaMepamM” HarisaHo seipazkator ciosa L. Dpumura
(1822-1901): “ 41 ¢ yorcacom omeopanucaocy om amoti doctnotinot coHCareH e A360,
HENPEPOLBHOLT DYHKUUT, He uMeoUur npoussoonoti nu 6 00noti mowke’,

Teopus mmoxects B konne XIX — navase XX pexa GbicTpo 3aBoeBbIBAIA BCE
HOBBLIE M HOBBIC TIOZHIAH.

Ha Tepsom Mezk tyHapogHOM KOHI'PECCE MaTeMAaTHKOB, npoxoausiem 5 1897 ro-
Ay B mBeiinapekom ropoje Lopuxe, B J0kmaax BUILIX CIICIUAJIACTOB 110 MATEMA-
TrieckoMy ananansy Ajgonngda lyporia (1859-1919) u 2Kaka Anamapa (1865-1963)
HPHBOAMIUCH MHOTOYHCICHHBIE HPUMEDH HPUMEHEHUS TeOPHH MHOMKCCTE.

Ha Bropom Mexcaynapoanom xourpecce maremarnxor Japua Iuanbepr Bro-
YHIT 1O/ HOMEPOM 1 B CBOM 3HAMEHMTLIH civcoK u3 23 NPo6iaeM KOHTHHYYM-1HITOTesy
. Kanropa. Ha rom e xonrpecce Aupn [lyankape (1854-1912) cxazaun, uro ¢ meo-
PUL MHOHCECTRE MATMEMATIUKG 00PEAt cOGepUenio npovwnsti u nadescrsti dynda-
MEHIM, U TNENEPD 6 MATNEMATIURE OCTIAITNECA MOADKO HAMYPAALHULE YUCAL U KOHEH-
nole uau beckonednvie cucmemv maxuz wucea. [lo ero Maennio, MmaTemMarika cTaja
MOJHOCTHIO apuBhMemusuposanmoti 1 B Hell, HAKOHEN, TOCTUIHYTa aGCOTIOTHAY CTPO-
rOCTh.

Oanaxo, Kax 1v1acuT auivIMACKas HOCTOBHIA, “KazkK 1450 CEMbS UMEET CBOH CKeser
B mKahy” — BeKope paspazuics TPeTui KpU3Ne OCHOBAIHE MATEMATHKH,

baarogaps paboram Epnokca u Esximja Gbla 1peosoien nepsbiii Kpusuc 0cHo-
BaHUH MAaTEMATHKH, HAYAN0 KOTOPOMY HOJOXKWIO OTKphlTHe B mukoae ITudaropa
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HECOMBMEPUMOCTH JIMArOHANM KBAJIPATA ¢ €I0 CTOPOHOI.

Hepes gpa rercauenerua K. Beiteprpaccy, T Kanropy, O. Ko K.®. I aycey,
P. Hemexunay, 1. Moape, H.X. A6emio u AP. YAAIOCH YCTPAHWTH BTOPOH Kpusmc
OCHOBAHWH, BbI3BaHHBIT OypHbIM pazBuTHEeM ARDDEPEHIHATLHOTO B HHTErPATbHO-
PO MCIHCACHUH, HEAOCTATOTHO KPHTHYECKHM IIOIX00M K onepauuaM Ha | beckoHey-
HLIMI DANIAMH W TIDOM3BEACHHAMM, JIeHOHUIIEBCKAM MOHATHEM GeCKOHETHO Ma10f
BETUIHHDL.

A yIKe Yepes JABaauaTh Jer BHOBh BOMUKIN HPOBIIEMBI.

ITo cnosam JI. TwimsGepra, “npousouwo HENTTO, GHAAOZUNNHOE TNOMY, MO CAYYU-
AOCL Npu paseumun ucwucaienud beckonewno maanz. Ha padocmaz no nocody Hocux
DO2AMUT PE3YALMAMOB CINAAL AEHIM 00pa3om HedoCmamonio Kpumusecku ommo-
CUDCA K FAKONHOCTAU YMOIAKMONEHUT; noamomy yorce npu npocmom 06pasosa-
MU NOHATIUL U NPUMERENUU YMOZARMOMERUT, TOCTEneD CIABUIUT OOBNNBLML,
BULAGUAUCD TIPOTIUGCOPENUA, CHANAAG edunUMNME, 6 NOMoM sce Bonce CEPLEIHBIE. . .
Ha yuenue Kawmopa ¢ pasausmos COpon 6val npoussedeml byprvte Hanadxu.
Konmpdeusicenue Guao cmonw CIMPEMUMEAbHO, WMo obweynompebumervHeduiue u
naodomeopuetivite nowamus MATMEMATMURY, npocmetiwue u sancnetivue e ymo-
FARAOUEHUA OKA3RAUCY NOOD Y2posol U NPpUMEHenue ur 3ANPEULRAOCH

B 1895 rony I'. Kauropom oTkpuir Mapapoxe, CBA3AHHBIH ¢ MONHOCTBHIO MHO-
KeeTba Beex muoxects. B 1903 roay orkporr mapamoke Beprpana Paccena (1872-
1970): monyuienmne o CyHIecTBOBaHuM “6e300u100r0” 1A TEPBBIH B30I MHOMKCCTBA,
A={x |z ¢z} seaer x nporusopewnio.

Kasanocn, Bee aexano PAa3BaJMIAX, O HeM KDACHOPCUUMBO CBHIIETENbCTBYET
ppickaspiBanne A. Ilyankape: “ Kax moena UHMYUUUA do maxoti cmeneni obmarymu
Hac!”

B 1883 rony I Kanrop CHOPMYAUPOBAT BOHPOC: MOMCHO A1 GHOANE ynopado-
UMY MHOHCECNEO JCTCTNEUMEAIIT YUCEA, TIOTOKUTEIbHBIH OTBET Ha KOTOPBILI
nomnyqna B 1904 rogy neMeugui MareMaTuk Dpuect Hepmeno (1871-1953), nokazas,
UTO A1000€ MHONCCCMBO MONCHO SNOAHE ynopadovume. OAHAKO B J0KA3ATEIHLCTRE
M OBl HCTOIB30BANA YrKe YIOMUHABIIAACH BBIIE KCUOMA 8uL00pe, TT0 MOBOALY KO-
Topoit B 1epBoit nosoBuue XX Bexa GbII0 JOCTATOTHO MEOIO BeChMA JKAPKHX CITOPOB.
Tpamunuonno cunraercs, 9ro umenno Lepwmerno ssest B pacemorpenue AKCHOMY BbI-
6opa. BB o e Bpema no muenmo psa ABTOPOB BIEPBbIE IBHAA CCHLIKA HA AKCHOMY
BulOopa npusesena B pabore k. lleano mo anddepennmansiniv ypasaennsy, a
CIIE PAHBIIE €C B HEABHOM BHJIE yxke ucnosab3osart I Kantop.

[IpuBesem sipkoe BeIcKasbiBakme Beprpana Paccena 06 akcnome BBIOOpA: “ Cna-
HAAG ONG KAHCETRCA OMEEUINOT; 1O “em Boavie 6dymusacuives 6 wee, mem Goaee
CIPANNBMU KAHCYMCA 6618000, U3 3MOtl arcuomm: nod Koney, see nepecmaeis no-
HUMATD, WMo Jice ona osnanaern’,

bes ucnoavsosanus axcuom 6ubopa mu. 1e Mosicem dokasams, wno awboe bec-
ROHENHOE MHONMCECTNBO COJEPHCUTL CUEMNOE NOOMHONCECTNEO 1 PABHOMOUHO HERKO-
MOPOMY CCOEMY COBCIMBENNOMY NOOMHONCECTNBIY.

bes uenonszopanus akcnomsr BEIGOpa MOYKHO JOKa3aTh, 4T0 CHeTHOE MHOYKECTBO
PABHOMOIIHO CBOEMY COOCTBEHHOMY HOAMHOMKECTBY. 1Tyers X — cueTnoe MHOMKECTRO
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IVIABA 1. 9JIEMEHTHI TEOPUN MHOXKECTB

u [ — Oueknua muokecrsa N HaTypajybHEIX MMCEI HA MHOKECTBO X. Tosaraem
g(z) = f(f Y (x) + 1), Toraa g — Oueknma muoxecrsa X ma csoe coBCTREHTTOR
HOAMHOMXKECTBO., AHAJOTMYHOE YyTBEPXKACHAE MOKHIO JIOKa3aTh JIs moboro Gecko-
HETHOIO BHOJHE YIOPATOYEHHOTO MHOXKECTBA.

Fei U3BECTHO, YTO MHOYKECTRO U PABHOMOLINO CBOEMY COOCTBEHHOMY IOMHO-
weersy V ou f — Guexuna U na V, 1o nyers o € U\V, rorja nomaraem g(1) = a,
g(n +1) = f(g(n). lHyers T = g(N). Torga T' — cuemnoe nodmiodicecmeo MHo-
wecrsa U.

[peamonoyKenue, 910 A000e HECHEMHOE MHOMCECTNBO MMONER NPAMOT PaBHOMOUL-
MO MIOSICCCIBY GCET MOYER NPAMOTE HAZHIBACTC KONMAMYYM-2Unomesot. IT1a Iu-
noresa shickazana I Kantopom.

Jlo 9. Ilepmeiio B 1902 roay nraabanckuii maremaruk B. Jlepn orvenan neobxo-
JUMOCTD AKCUOMBL THTIA akenoMbl Be6opa. Ouako B SBHOM BHJE aKCHOMa BbiOOpa
obia cchopmymmposana B 1904 roay 9. Llepmeno n nenonssopana B J0Ka3aTebCTBC
BO3MOMKHOCTH BHOJHE YIOPAAOUUTE J11060€ MHOKECTBO.

COMHEHUS IO HOBOLY AKCHOMBT BHIOOpa MPUBOJEAT K Botpocy: “ Moocho au ¢ubop
ocyuecmenamy beckonennoe wuecao pasz? He nompebyemes au das amozo Geckones-
Hoe epemal”

TpyJHO (EPCONCHNTL 3HAMEHME TCOPUM MHOJKECTB JIJIA TAKUX MaTeMaTHICCKUX
JMCIMILIAR, Kax Tonosorug. Kak camocrodTenbHas MaTeMaTHUeCKasd LUCLHHILINHA
rorosiorus odopmunacs » nadanse XX sexka. OJHAKO HEKOTOPBIE TOMOJOIMUYCCKUC
Bonpockl pacemarpusan eme 1. JleiGuun, koropsiil nassisan ronosornio Analysis
Situs, a zarem JI, Ditnep.

JI. Ditnepy npunuceisaiorT gopmyay P. Jlexapra j18 BRIIYKIBIX MHOTOTpaHHA-
ko I+ V = FE + 2. C umenem JI. Diinepa csgsana u upobiema cemMu MOCTOB
B KenurcOepre na pexe [Iperons: MOXKHO jJu HPOUTH BCe HX OCAEI0BATENbLHO, HE
BCTYIAA HY HA OJUH M3 HUX JIBANKBL

Cerofus Teopus MHOMKECTE JICKAT B OCHOBAHUN DOJBIIMHCTBA PA3Je10B KJIaCCH-
veckoll MaTemaruku. 1'pynna dpaniy3cknx MATCMATHKOB, M3BECTHAS 1O/ ICEBLO-
anvom Huxons Bypbaku, na npoTsKenud HeCKOAbKUX JCCATHICTHH OCYLICCTBISCT
HONBITKY TOCTPORTH BCe 3JaHHE MATEMATHKI Ha TEOPeTHKO-MHOXKECTBeHHOM hyn-
JAMEHTE. DTa HONBITKA 0Kazaaa GoJIbIoe BINgAHKe va PasBUTUE MATCMATHKH B XX
peke. MuororoMupnit Tpakrar Hukois Bypbakn “Duemenrst MaremaTuku’ HaduHa-
ered ¢ xaurn “Teopua muoxkecTs”.

Bo sropoit noaosune XX Beka IIMPOKOE PACIPOCTPAHEHHE B MATEMATHKE [10J1y-
YKJIA TOYKA 3PCHNS, BIPAYKEeHHAS B BbIcKasbipanny Huxona Bypbaku — cyuwecmey-
e GCe, WMo NENPOMUBOPELUGO.

BecnokoieTBo 110 10BOAY OCHOBAHUNE MATCMATHKA Yallle BCEI'0 BOZNUKACT B KPU-
THYCCKUC MOMEHTE], KOIYla KasKeTCs, 170 OCHOBONOJATAIONNE HICH CTAHOBATCH IaT-
KUMH, # MATEMATHKH BBIHYKICHBI TPOBEPATD UX.

[Tposepka umen GeckoHEYHO MaJbix ObLIA MpoBeACHA CIYCTS MHOTO JIeT HOCHe
paspaborkn audeperpaibioro 1 uHTerpansuoro ueaucaenuit M. Heloronom u
I3, don Jeiibunnem.

Xapaxreprasg 3ajada JUist 1po0iieM, BOZHUKAIONKIX HPH TIEPecTPoRKe OCHOBaHKH
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§ 11.  Jononuenue

MATEMATHKH: KAK, COTpanue noiesnyio nadempotiny, omdesamyves om beckone o
MarvLT, omdas npednoumenue Goace acnum udeam? B XIX Beke O. Ko u ero
OCIEN0BATENN PEIUIIN 9Ty NPOGICMY Ha OCHOBE NOHATUS npejesa. beckoneuno
MABIE = He CAUNCTBEHHOE MATeMATHYeCKOe TIOHTHE, KOTOpOe HYyzKHO Ob110 AnHo
Y3AKOHUTh, Ju00 0TBepruyTh. MENMbIE YHCIA AAKT IPYTolt 1tpuMep.

Kak ckazan ¥V.B. Kyaitn (1908-2000) “Eeau wmo-mo npoasaaem becnoxoticmaeo
1m0 NOBOJY OCHOGANUT MANEMETNUKY, O HE 3HANUM. Ay Mo, wmo emandapmaot Ha-
yunod empozocmu cmaau cypoeumu?”

Cuenyer 3amerutsh 663 Kakux-1u6o KOMMEHTAPHEB, YTO OTPOMHOE BJHAHNE HA
HALIPABJICINE MATEMATHICCKHX HecaetoBannil B kone XIX ., KOTOPOE NPOIOIKATO
omymarhes u B XX 8., okazan [eopr Ppuapux Bepurapa Puman (1826-1866).

SHAYHTEIBHOR BIMSHMC HA BRIPADOTKY DasiMYbIX TOYCK 3peHHs Ha npobae-
ML CYUWECTREOGANUA 6 MATNEMAMUKE OKA3AIN PADOTHI CIELHATUCTOR 110 MATEMATH-
HECKOH JIOTHKE M, IPEXKIE BCETO, OLHOTO M3 BeJHYAHIINX JIOTHKOB HE TOJBKO XX
BOKa, MO M BCEro NOCIEAHEro JBYXTHICAYENETHETO NEPHOLA PA3BUTHI MATEMATHKH
Kypra egena (1906-1 978), AaHMIAACKOrO MaTeMATUKA 1 10T KA Aspbpena Yaitrxe-
a2 (1861-1947), onmoro us KPYIHCHITHX CHENMATHCTOB B 0OJACTH MATeMATHYECKOI]
JOTHKH W OCHOBAHMH MaTEeMATHKH aAMEPHKAHCKOTO MATeMATUKA Bunapia Kyaii-
Ha (1 908-2000), amepHKaHCKOro MATEMATHKA, HONBLEKOro npoucxosk aenust Anbdpera
Tapckoro (1902-1983), amepukanckoro Maremarika Hayns Jx. Kosna u jip.

Ha peryisipro sosamnkaompuii Y CLYJIGHTOB Bonpoc “3adeM Bee 310 HyKHO?” TPy/I-
HO ATh JOCTATOYHO yOeanrenbHbit (ana obewx cropon) orser. Ilpuseienm aummb
OAHH, HA HAUIl B3NS, JOCTATOYHO MOKA3ATENLHDI HCTOpUYeCK i npuMep.

B 1910 roay maremarink Ocpanny Be6ien n busux [xeiime [aunc obeykianm
pecbopmy yaeBHoro niasa o MareMaTHke B [Ipuncronckom yrusepeurere. “Mosxno
oboitTies 6e3 Teopun rpym, — ckazan Jlxn HC, — 3TOT Pa3jiesl HUKOTAA He TIPHHe-
CeT Kakoki-mbo nombser chusuke”. OHako reopuio TPYHI IPOJIONZKAM HPENOAABATD.
Ouenn ckopo uMenno reopus FPYHIT CTaJia TeHTPAILHBIM IIPEAMETOM JUId TeX, KTO
CTPEMUTCS DACKPBITH TailHbl sneMenTapHblx vacrui. Ilpuyem uMmeHHo IPHHCTOH-
ckue npogeccopa I'. Beitis n E. Buraep craau ITHOHEPAMH TEOPETUKO-TIPY ITIOBOIO
HAUpaBIennd B (hU3HKe ABRAATHIX TOLOB.

He caepyer cronb GesaneiasnmoHHo BRICKAZBIBATHES O BOIPOCAM, CTOAHIMM
BHE TBOCH y3Ko#l komnerenmnn. Kax CBHIETENTbCTBYET UCTOpUst, Oyyiee Hayku,
RAK BIPOYEM M MHOTHX JpYTuX 0baacTed YenoBeqeckoll JAesTenbHOCTH, upeJicKa-
3aTh HPAKTHICCKH HeBO3MOYKHO,

Tpyano yaepxarses or kommentapues mo BOIPOCY UPENOJaBAHNs MaTeMATHKH,
ocobenno B mxone. Hauunas ¢ nauana XX croserns yiKacamolee BreYarjeHe Ha
MHOIHX MATEMATHKOB IPOU3BO/INIA TIPOIACTE, CYMECTBYONas MEAJLY TKONBHOM
COBPEMEHUOH MaTeMaTHKOMH.

OAHAKO BOITPOC CARUIKOM CJOKEH, TTOGBE r0 MOYKHO ObL10 06y aTh Ha ¢Tpa-
Huax  yueOHoro nocobus. CaoskuocTs npobaems XOPOHUIO  OTPAYKAET BOIPOC
X, Opoitaenrans (H.Freudenthal) “O6yuemnue COBPEMEHHON MaTeMaTuke UJin CoBpe-
MeHHOe 0byuenue maremaruke?”’ Kak mmuyr I Pagemaxep u O. Tenumu B cpoeii
u3BecTnod Kuure “Hucna u durypn”, “Hacrosmas MaTreMaTika 3aK11094610s HE B
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IVIABA 1. SJIEMEHTDBI TEOPHIT MHOXKECTB

HAI'POMOZK ACHHN HCKYCCTBENIBIX BLITHCANTENBHBIX IIPUEMOB, & B YMEHAR MOTY1aTh
HETPUBHAJBLHBIC PE3YJILTATH 1YTEM PA3MBIILICHUA LIPH MUHHEMYME HPHMEHSIeMOro
annapara”’. Ho 910 TemMa s OTACIBHOIO pasroBopa.
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I'JTABA 1I.

JIOTUKA U MCYNCJIEHNE
BBICKA3BIBAHUN

1. Aundanrsi. CaoBa

Onpenenenne 1.1. Aadasumom nasveaemes awoboe HENYCTNOE MHONCECTRAD O
CUMBOA0E. DNEMEHIMBL MHONCECTBA Y HAIBEAIOMCA CUMEOAGMU UAL bykeamu dan-
Hozo aadacuma.

Huxaxux orpanwdennit na npupoay aJIeMeHTOB MHOKECTBA Y, (enmBonos adda-
BUTA) MBI He HAKTAJ(BIBAECM, €JMHCTBEHHOC IPEALION0KEHNE OTHOCHTENBHO 5 COCTOUT
B TOM, 1T0O MBI JOJKHBL YMEMD PACTOSHABATNY KAHCOBTL CUMBOA U3 Y. KAX O Hee
CAMBLTE NPU KAHCIOM U3 €20 BLOHCIENUT U OMAUMAIMD €20 OM GCET opy2uUT CuMB0-
A06 U3 X, T.e. NPEATONaraeTcs, 4T0 Pasanyns HeOAMHAKOBBIX CHUMBOJIOB 3HA-
IUTEJBHO [IPEBOCXOJAT MeJIKMe Pa3jiiuMs OJMHAKOBBIX CHMBOJIOB. Cum-
BOJIBI 13 Y DACCMATPHBAIOTCA KakK MPOCTHIE 3HAKM, A He Kak CUMBOJIBI, KOTOpBIE
9r0-Jinb0 o3Havator. CuMpoasl andasuTa ¥ cunmaoTes INEMERTAPHBIMY FHAKAMUL,
Aanee nenenumbeiMu. Hanpumep, ecin W on V osxomar 8 L, 10 Mbr CIUTAEM, YTO
W — 310 asemenTapHbiil 06beKT, gamee HeJICJIMMBII, B YaCTHOCTH, HE CYMTACM, 9TO
W~ aro aBa pasza nosropennoce V.

Onpeaenenne 1.2. CnoBoM w4 BLIPAYKEHUEM 6 aaasume X naszveaemesn
NPOUIBOALNGA KOHEUNAA (603MONCHO NYCMAL) NOCACAOBAINEALHOCTIL W Wy . . . W),

cumeonos u3 X, m.e. n > 0 u npu mobom t (1 < 4 < n) w; € L. Yuecao n
HASBEAEMCA TJIAHON CA06a W wy . .. Wy,.

Jmany npoussosasroro caosa X Gyaem o6ozHavarh qepes | X|. Tlyeroe cnoso
— 910 1080 gauupt 0, Oygem ero obo3HavaTh vepes A man depes 1, ecou 310 He
NpUBEIeT K MyTaHHTIE.

Ilyers X' 910 coBo wiws...wy, (w; € 8,4 = 1,...,n),aY — 910 cJ0BO
Gillg o'y (% € B, = Ty 98 )

L

Onpeanenenne 1.3. Caosa X u Y wnasweaomes rpacduaeckn paBHBIME, €Al

no=m unpu mobom i (i = 1,...,n)w; uv; 00UK U TOM HCE CUMBOA U3 L.
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Visepxaenne “‘caosa X u Y pasunt zpadunecru’” Oyiem 3amucHBaTh B BUE
X & Y,

Onpejesnenne 1.4. IponspenennemM (coejuHenneMm, COUICHEHNECM, KOHKa-
renanueit) cios X u Y wasweaemesa caoco XY, m.e. ecau X — amo caoeo
Wiy ... Wy, @ Y -~ 3MO CA060 ViVy . .. Uy, MO XY -~ 9mo €A060

UWW o Wyt V2 - . Vpp-

Ouepnano, yro |[XY| = |X]+ V] 1 XA = AX = X,
OrMeTuM caieyioniee odesranoe cgoiicto: ecan X = Y, a Z — mwboe Cioso,
TO
XZ =YZ " ZX = ZY

1 OOPATHO, CCIIH

XE=YE RN ZX. 55 DX,
T0 X =Y,

Ounpenenenne 1.5. Caoso X nasvisacmcea MOZCAOBOM caosa Y, ecau nalidymes
maxue caosa U w V', wmo ewnoanaemes pasencmeo Y = UXV. Hpu smom, ecau
caoeo U nycmo, m.e. eunoanaemed pasenemeo Y = XV, mo caoso X nasveaem-
ca HavasmoM caoea Y. Eeau oice nyemo caoso V, m.e. 6bNOAHAEMCA PABEHCTNEOD
Y = UX, mo caceo X nasvieaemes KOHIOM ¢A06a Y.

Jlemma 1.1. Feau X, Y, Z,V — cavea 6 andasume 2 u XY = ZV, mo das nexo-
mopozo caoea P aubo X = ZP uV = PY, aubo Z = XP uY = PV.

Jdoxasameanvcmeo Bem |[Z] < |X|, 10, ouesugno, Haiigercs Takoe
cioso P (BosmoxkHO uycroe), uro X = ZP, no rorpa ZPY = ZV u, snauur,
V = PY. B cayuae, korpa |X| < |Z], coBepmieRHO anaJornyHo NOKa3biBaeM, 410
JI HEKOTOpOoro ciosa I?

g s XP Y ws PV
]

Onpenenenue 1.6. [lycmo x ¢ 3. Broocdenuem caosa Y 6 cao60 X nazwueaemcs
caoso V oeuda X # Y + Xy npu yeavsuu, wmo X = XY X,.

Onpenenenne 1.7. Pesyavmamom samenvt dannozo sxoncdenus Vo = X %Y X,
cao6a Y 6 caoeo X o caoso Z nasveaemca caoso X4 X,.

S1CHO, 71O OJTHO ¥ TO Ke CJIOBO Y MOKeT HMerhb 00J1ee 0JHOr0 BXOXKJCHUS B CIIOBO
X, mOITOMY CJAEYyCT MOBOPUTL O 3amere 0antoz20 erodcdenus V' ciaosa Y B ¢10BO
A Ha cJioBO Z, a He HpocTo 0 3aMene cyoBa Y B ¢iaose X Ha cnoo Z. B gacTHocTH,
ecom Y — myeroe caoBo, To BxOKaenue V ocnosa Y B cnoso X mmveer suj X x Xy,
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§ 2. Jloruxka BrickassiBanuii

U TODJa PE3YIhTaT 3aMennl BXOxAenus V' ciaosa Y B caoso X Ha cnoso Z — 910
cnoro X, ZX,.

Ecnu enoso Y cocrout w3 onmoro cuMsona, Te. Y — sro HEKOTOpoe o (a € 1),
TO BXOKenne Vo cioba Y B caoso X Hasbipaercea szoscdenuem cumsona (6yrent) o
B cJI0BO X,

Ecim oo — cumson andasura ¥, a X u Z — ciosa s asipasure B, T0 pesyavmam
00NOBPEMENIOTE 3aMENDL KANCO020 BTONCOCHUA CUMEONE (v G ca060 X Ha caoso 7
obosnavaercs yepes

/Yﬂ, [Z ]

AHANOIHYNO, €CIN @y, . .y, — TONAPHO PASTUUHBIC CUMBOIHT 113 Y,aX, 21, o
Zn - ¢10Ba B ajicbasure ¥, TO peayavmam 0OHOBPEMENHOTE 3AMENDL GCCT 6T0NCICHUL
@1y -« vy Qn COOTMBEMCMEENHO HA, CAOGA 21, . .., Zn HASBIBACTCS PEIYALIMATIOM N00-
CINAHOBKU L), . .., Zy BMECTO vy, . .., (i M 0603HAYACTCH 9ePeR Ky, i [L1pis 5 &n):

2. Jloruka BpickasbiBanmii

B srom maparpacde Gyzer PACCMOTPEH OJMH M3 NPOCTERMUX A3BIKOB MaTeMaTH-
deckolt moruky — a3bIK Jloruku BeickazpiBauuii.

Hpoussosbnstii aozuneckuts azwn L cuumaemes 3A0GHHYIM, CCITH BBIIOJIHEHDI
CICLYIONHE YCJIOBHIS:

(1) sanan aadasum S aswka, T.e. HEKOTOPOE MHOMKECTBO CHMBOIOB — CHUMBOJIOB
asbika L. Ciiosa B andasnre L, T.e. KOHCUHBIE 10CIEI0BATENBHOCTH CUMBOIOR
U3 X, HASKIBAIOTCS BHPAdICEHUAMY A3vxka L

(2) onpeuesero mopmuoxkectso F MHOMKECTBA BCEX BhIDaXKeHMH si3vIka L; siemen-
Thl 9TOT0 MHOKecTBa F' naswiBatores ghopmyaan.

Ficom nveerea apdpexrupnas Iponeaypa, Ho3BOJAIOIAA 10 IPOU3BOILHOMY Bbi-
PAZKCHHUIO A3LIKA L ONpeAeTHTD, ABIsSercs au 0HO bopMyIIol, To ropopsit, 4ro L
A3BUK ¢ dfpermuciom nonsamuem Goparyan.

Andasur Yy sassika Lyg JJornku BoickaseiBanuil snseres OO BbEINHEHH-
eM TPEX MHOXKECTB CUMBOJIOB: 21, Yo, Ya.

(i) Muoxkecrso £y = { A, Ay, .. .} — CUETHOE MHOMKECTBO nponosuuuonasn-
HOLL NEPEMENNBIT.

Kazx it snemenr A; Mpoxeersa ¥y HazbiBaCTCSH NPONO3UUUOHANLHOT NEPeMEeH-
HOU WK TIepEMEHHBIM BhicKasbiBanueM. CMBIC/ 9TOTO HA3BAHE OyjeT sicer u3 Jajin-
HeHIero yuorpedienus 91eMeHTOB MHOKECTRA L.

(i) Mnoxkecrso £y = {=, Vv, &, —} COCTONT U3 YeTHIpEX CUMBOJIOB =, V. & 1
—.

CUMBOJ —1 HA3BIBALTCS OMPUYEHUEM, CUMBOJ V — duastonkuueti, cuMmpon & —
KOHBWHKYUENT, & CUMBOJ — — UMnAUKQUUel.
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I'VIABA II.  JIOTMKA U UCYUCJIEHUE BHICKA3BIBAHUN

DTH 4YeTBIPE CUMBOJIA HA3BIBAKTCH NPONOSUUYUOHAADHOMU UAU AOLUMECKUM
COAIKAMYU, TIPHYEM 1 — OJHOMECTHON CBA3KOH, a V, & 1 — — JIByMECTHBIMH CBA3-
Kami.

(ili)  MHOKECTBO £3 COCTONT U3 JBYX TEXHHYECKUX CUMBOJOB: (- aecad crobra
H ) — npasas cxobxa.

Nrax, aadasur Sp g3bika Ly Jlormkn Beickaseisanuit - 910

E] L] yg U 23,

@opmynbr a3bika Lyg. Howngrue gopmyane g3wika Ly onpejenaercs cjey-
IOTAMA TeTBIPLMS Ty HKTaMU:

(i) kaxast nponosunuorabiag nepemennaa A; — gopmyaa aspika Ly, naspi-
BAGMAI AMOMHOTE IV 2aemenmapnoti Hopmyaotl;

(i) ecoim A m B — popmyatst si3pika Ly, T0 1 CAeAYIONME BbIPazKeHUs gBISIOTCS
hopmynamu a3vika Lpgp:

(~A), (AV B), (A& B), (A = B).

(iii) murpaxenue B agdasure g3pika Ly Apaserca hopMysiol aToro a3sika Toria
M TOJBKO TODJA, KOT/Ja 970 caeayer w3 nyHktos (i) u (ii).

®opuyna (—.A) naseiBacrea ompuyanuem dbopmyast A n uuraerca ¢ e A" wan
“ompuyanue A7, dopmyna (A V B) naspiBaerca ¢ dussonkyued A, B” u unraerca
“ dusmonwyua A, B" mim “ A uau B”, dopmyaa (A & B) rasuisaercs “ konsonkuyued
A, B” v unraercs “ xonsonkuus A, B” nm “ A u B”, dopmyna (A — B) Hazbisa-
eres “ umnavuxayuet A, B” n anraercs “ A aaevern B” nan “ us A caedyem B,

MuoxkecTBo BCex dopmyn a3bika Lyp Oyiaem obosnagarh vyepes Fip.

[Tpupesennoe onpeaesicHie mONATHs (DOPMYIIBI JAeT CJeVIomuil cnocod noxa-
3aTEABCTBA TeopeM 0 (GopMynax #3bika Lyjg — JOKA3aTeJbCTBO MHAYKIMEN 1o
dopmynam.

CyTh €ro 3aKIOMACTCd B CJACAYIOMeM: 4T00LI oKa3aTh, 4TO Kaxiaa hopMyiia
s3pika Lg obaajgaer csoifcrsom D, 10CTATOUHO 0KA3ATH, YTO

(i)  kampag ssemenrapuas dbopmyia saspika Lyp obnagaer cpoitcrsom D;

(it) ecan dpopmysnt A u B ofnasawor csoitcrsom D, To u hopmyiint
(—A), (AV B), (A& B), (4 — B)
obaalalor ceoficreom D,

Onpenennm Tenepb OJHO U3 OCHOBHLIX NONATHI MATEMATHICCKONR JIOTHKH — [10-
HTHE HHTEepHpeTanmnm.
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§ 2. Jloruka BuickaspiBanuii

Ounpenenenne 2.1. Unrepnperaumeii sswxa I JIB HA306eM a060e omobpasice-
HUE O MHONCECTNGA NPONOFUYUOHAADHIE NEPEMENHBT L = { A1, Ay, ...} smozo
A3KG L 60 MHOOICECTNGO UCTUMHOCTIHWE 3Haverut] {", Jj.

Bygem rosoputh, wro unrepnperanus ¥ 3aJ2eT UCTHHHOCTHBLIC 3HAYCHUS
AN TPONO3UITMOHANBHBIX ITEPEMEHHBIX A3bIKA Lp.

Iycrs ¢ — npowssonbrast mirrepnperamus a3ea Ljg. Pacupoerpanum ¢ Ha
MHOZKeCTBO Fnp Beex dopmyn aspixa Ly Jlorukn Buoickassisaumit, 1.e. kax10it
dbopmyse A u3 MHOKecTBA F' COMOCTABAM MCTHHHOCTHOE 3HAYE uue p(A) € {1, JT}.

Kaxnoit n-mectroil nornueckoii (npcfmor;uqn(ma;ibnoﬁ) caske « (n = 1,2) co-
MOCTABUM HEKOTODYIO n-Mecrayio dyukumio H,, oupesenennyio Ha MuoxecTse uc-
THIHOCTHRIX 3uadennit {V, JI} u upunmMaioniyio sHaucHms B TOM 3Ke MIOKOCTEE.

Tpamuuuonso byukmuu H, 3ana0rcs ¢ NOMOIILIO TADJIAN, KOTOPLIE HAZBIBAIOT-
€4 MCTUHHOCTHBIMU Tabsmmamu.

Ay | Ho(A)
" J1
| m
‘ | i N T
A; AQ r H\;(.A.]:Az) [—1] Ag f{&(A],A?) /41 I ./'1‘3 If...,(A],Az)
niHu 1 nin 141 n ‘ 141 14|
Ui n U\l J JI nyJ JI
J 1N 1 JI | U J1 J U 1
m|a a ) laja) on | lafn u

Onpesennv 3nauenue @ s NPOU3BOILHON GOPMYIIB U3 MHOKeCTBA [ A3bIKA
Ljp nnaykmyeii o nocrpoeruio dbopmy.r.
3ametnm, uto ¥, C Fip.

(i) Amomman win snemernmapian dopmysa d asvixa Lny — 210 upocro mobas
NpONo3HIuonabiad nepemMendas A;, noyromy s moboit snementaproii bopmy-
Jsi ¢ mernunnocraoe 3nagenme p(®P) yxe onpeyeneno.

(i) Ecou dbopmyna ® a3pika Ly uveer oaud us CIeNYIONINX BUIOB;

(mA), (AV B), (A& B), (A — B)

rae A u B — dopmyner sispika L, TO HCTUHHOCTHOC 3HAYEHHE p(P) oupegensem
CACAYIONIUMH DABEHCTBAMYU

p(mA) = H.(p(A)),
AV B) = Hy(p(A),o(B)),
p(A&B) = Hy(p(A),(B)),
o(A = B) = H,(p(A),¢(B))



IVIABA 11 JIOTUKA Y HCYHUCJIEHUE BbICKA3BIBAHNN

WUrak, mobyro uurepuperannio ¢ a3pka Ljg, T.e. J 1060e oTobpakeHue
o o — {4, 1},

MIOYKECTBA TTPONO3HUKOHAJILHBIX nepeMeHHbIX #3blKa L,J“g BO MHOMKECTBO HCTHH-
HOCTHBIX BH&]-‘IQHP{ﬁ, MOZKHO €CTCCTBCHILIM 06})3.301\'1 HPOJONZKHATL 10 OTOGD&}KOHHH

¢ Fng — {M, J1}

muoxectsa Fyp Beex opMmyn si3bika Lyp BO MHOYKECTBO {I/L JI} HCTHHHOCTHBIX
SHAMCHM .

Onpenenenne 2.2. /s npoudsoavroli unmepnpemayuu o u a0bot dopmiyan, A
aawna L gg uemunnocmuoe snavenue p(A) 6ydem nazwearms MCTUHHOCTHBIM 3HA-
gennem gopmyan A 6 unmepnpemavuu @. Eeau npu omom p(A) = W, mo bydem
2060pume, wmo dopmyaa A MCTMHHA B waTepnperamuu ¢, a ecau p(A) = Jl,
mo Gydem 2060pums, 4mo Gopmyasa A JOXKHA B MHTEPIIPETANUN .

Onpenenenue 2.3. Popmynra A szwra Lgp nosvieaemes BHITOJIHAMOIM, ecau cy-
WECTBYEN, UHMEPNPEMayui, 6 Komopoli ama Hopmyae ucmurHa.

Onpenenenne 2.4. Mnooscecmeo dopmyn U aszvika Lygp Hosvieuemes cOBMeCT-
HBIM, ECAN CYULCCTNGYEM UHMEPIPEMAUUL, 6 Komopoti ace Gopmyabl us 3mozo MHo-
IICECTNGA UCTIUHNHDL.

Sameuanue. /L upoussosbroro Muoxkecrsa chopmyn U sispika Lyg n s jaobol
HHTepapeTrannl BAMTHCH
(') = U

OyACT CAVKHTE COKPAIICHHEM ISt yTBepKACHUA “6ce hopmyavt muoncecmea ' ne-
THHHDI B HITepUperanuyn o.”

Onpenenenne 2.5. Qopmyna A asvike L g nasvisaemes TOXKICCTBEHHO HCTUH-
HO]?I}. ecalt OHaG UCTRUNHO 6 ﬂ.?ﬂﬁﬂ?_‘.ﬂ mmir..f?.p'n,przmr}.?.guu Hmoz20 H3blkia.

Bameuaunue. 3auucs = A Oyjer ciayKurh COKPAIEHUEM /st VIBepaieHus “pop-
Mmyna A ABISICTCH TOXACCTBEHHO HCTHHHTOM,”

Onpenecaenune 2.6. Qopmyavt A u B aswvwa L jgp naseisaiomes paBHOCHILHBIMEI
uAlL YKBUBAIEHTHBIMU, ecAl dad A100601 UKMEPNPEMAtuy » IMo20 A3WKA GLiNoA-
HAETLCA p(meucm(fr)



§ 2. Jloruka Brickassisanuii

Onpenenenue 2.7. @opmysa A asvixa L g masvieeemea normaeckum cJie/i-
cTBUEM wmnodicecmsa dopmya I' smoeo aswxa Lyp, ecau das aoboi uHmepnpe-
mayuu @, 6 Komopott ece gopmyant uz amozo mmoxcecmea I UCTVUHMBL, UCTUHNG
u popmyna A.

3ameuanwme. Banucp [ = A Gyrer cuayxnre cokpamenmen AT YTBEPK JIeHHS
“bopmyna A asasemca aozuveckum credemeuem muodceemea gopmya .7

Onpenenenne 2.8. Muosxcecmeo popmya I' azvika Lyp nasoeem TOKAIBHO COB-
MECTHBIM, €CAU M000E €20 KOHENHOE NOOMHONCECTIEO COBMECTIHO.

Onpeznenenne 2.9. Gopmyaa A asvca Ly nasmeaemes 1oKambEbIM Jormyec-
KHM clrencrBueM mrodcecmea dopmya I amozo aawa Ly, ecau ona aeanem-
CA AD2ULECK UM Ca’&(i()[f'f}'l-t’i‘:‘j(’.i% HEROMOP020 KOHEWHO20 '??,l’)(jMH(’)LH(J:’ﬂCT?Mi(I I}, MHONCECTI-
sa 1.

Bameuanue. 3amucey I = fin A Oyaer cayxnrs cokpamennem s YTBEPXKIACHHS
‘Dopmyaa A ACAAEMCA NORGAVHOM NOZUNECKUM CACOCTREUEM MHoscecmea gop-
mya .7

Omnpexenenne 2.10. Muoscecmeo popmya T sazwra Lyy wasosem JTOKAILHO
TOJTHBIM,  ECAU 010 AOKAAVHO COBMECTNO U das a000T dopmyat A Azvka Lg

b0 I' =i A, aubo T f=py, (RA).

3ameuanne. Fean [N — nokaubHo coBMecTHOR MHOMXKECTEO Gopmya, To He cymecTsy-
er rakoif hopmysnr A, uro I = AT = tin (PA). B camom jgene, npeanonoskim,
410 cymecrsyer Takas gopmyna A, aro U f=pin Aul |=py (2A). B cootsercrsnn
¢ oupeneyenneM Haigyrca Takne Konednsie nogvuoxecrsa ', u Uy muoskecrsa T,
uro Iy = Anly | (nA). Torsa Ty UTy | (A&(-A)). Buaunr, maoxecrso
[ UT'y ne sesercs cosmecrubiv, uro mporusopeyur HIPETHOJIONKCHITO O JOKAJBHOIM
COBMECTHOCTH MHOKecTra 1.

Teopema 0 JTOKaJIbHOM MOMOJHEHUN. Jaa 1106020 AOKAADNO COGMECTIHOZO MIO-
orcecrnea gopmya I sswxa Lyg Jlorukm BeickazbiBanmii CYwecmasyem maxoe
AOKAAOHO NoAnoe mmosticecmeo dopmya ' aswra Lyp, wmo

e i

doxasameancmeo Tak xak andasur asvika Lyg Jlormku Bricka-
3bIBAHMI CYCTEH, TO CYETHBIM ABJISETCS U MHOKECTBO F' nis Beex dopmya Jlornku
Brickaswisanuit.

Iycts Fug = (@, Jnen.



I'VJIABA II. JIOTUKA H Hquffﬁ,,fI#?HlffE BBICKA3BIBAHHIT

Onpepesnnam nocnegopaTeabuocth (I',)en MEOXKeCTB hopmydr.
Iostaraem

Iy el

FEean muozxkecrso 1Y), yake onpeieseio, 1o nogaraem

i L Tau{®,}, ecim Ty Epin Pn
R I'nU {_'d')n}a eCII [.‘n iﬁé,fm (l’n :

Muykumeit o n JoKaxkeM, uTo Kaxioe u3 muoxmects dopmvyn I, snngercs
JIOKAJIbHO COBMECTHBIM.

Tax kax I'y = I', o Mmuoxecrso dopmyn [') aBiasiercs J0KaabHO COBMECTHBIM
O VCJIOBHIO TEOPEMDI.

[Tpeionoxkum, 9To yxe AoKasaHa J0KAJbHAS COBMECTHOCTh MHOXecTBa (hop-
mya [y, JloKaskeM JIOKAJIBHYIO COBMECTHOCTH MHOKeCTRA dhopmy.t ',

Eciu Ty B @ny 10 D 2280 LD, ]

fleHo, 9TO JOCTATOYHO JOKA3aTh COBMECTHOCTD JII0DOT0 KOHEYHOIO0 MHOZKECTBA
puga I'U{ D, }, rae 1Y -~ KoHewnoe noaMHoKecTBo MHOXKecTBa 1y, [Tycrnb [ — rakoe
KOHEUHOE HOJAMHOXKECTB0 MHOKecTBa 1y, uro I |= @,. Jlas KOHEIHOrO NMOAMIO-
secersa [ U T moxanbio copMecTnoro mMuoskectsa dhopmyi IY, cynmecrsyer unrep-
nperanus ¢ takag, 910 (I U ") = W. Torma ¢(®,) = U u (" U {®,}) = U,
Buagnr, muozxkecrso ['U{P, } coBMecTHO, N03TOMY B PACCMATPUBAEMOM CJLY 4a€ MHO-
keeTBo Iy, 4 JOKAJIBHO COBMECTHO.

Beod Ty g Oy 10 Dy =T {=0, ),

Ecan munoxecrso bopmyat Iy ) He aBIgeTca JOKaJALHO COBMECTHBIM, TO HAMR1eT-
c Takoe Koneunoe mogMuoxectso I muomxectsa I'y,, wro muoxecrso IV U {—®,,}
HecoBMecTHo, 3navut, I |= @, moaromy 'y, |= iy @y, Ho nocsieiaee mporusopevnt
npeaoiaozkennio Iy, e p @y 1 clienanHoMy BoINTe 3aMevannio. SHAYMT, H B 3TOM
caydae MHOXKeCTBO dopmyst I'y 1 apaserca JOKaNbHO COBMECTHBIM,

Tem caMbIM JI0KA3aHO, YTO npu 41000M 1 muosxcecmeo popmya L'y sacaiemes
AOKAADHO COGMECTIIHDLM.

[Tonaraem

o0
= | JTa
=1

Hoxaxem, uro ['™ — aoxaavio noanoe muoncecmneo gopmya n
el el L
ITocnenee ouesuaHo, Tax Kax
=iy el

Eean 661 muoxectso dopmysi 1™ He DBLIO JIOKAJBHO COBMEGCTHBIM, TO HAULIOCH
Obl KOHEYHOE HECOBMeCTHOe MHOXecTBO (opmyn T C ',
Tax kax
Rl Al 1 -
Iy €15 C v S8 C Baen B ot
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§ 2. Jlornka Belckasbiamuil

T0 Halaerea Takoe qucao n, uro T C I,. Ho sro HUPOTHBOPEYHNT yIKE VCTAHOBACHHOMN
JIOKABHOW COBMECTHOCTH MHOMKECTRA, dopmya I'),.

3uauut, ' — aoxaavio cosmecmmoe MHOZKECTBO hopmyI.

[Iycre A — npoussonpuas cbopmyna. Torma maiizerca takoe wucio N, 410
A= ¢,

Ecmu Ty, =4 ®,, 10 T = rin Pn, a snaunt, I'* =i A,

Eenn ke T, B fin Puy T 2@, € Ty, nosromy I'nyy = —®,, suauur,
" =pn =0, Te T* STPRLE

Wrax pgoxazawo, aro [ — soxaabno noanoe MHOKeCTBO hopmyn a3bika Ly
Taxoe, yro I' C ™, [

Teopema kommaxrHOCTH. Mnoocecmeo gopmya ' azwxa Lap asasemes coe-
MECMMNBLM MO20a U MoAvKo Mmoeda, Ko2da ono seasemes AOKAALHO COBMECTNHbIM,
M.€. COBMECTNHO A10D0€ €20 KOMEMIHOE NOOMMONCECTNEO.

Adoxasameanvecmeo Eem MuOXKecTBO hopmyn ' asmika g seasercs
COBMECTIHOLM, TO, OEBHIHO, ABJIACTCS COBMCCTHBIM W JIIOGOE ero HOAMUOMKECTBO.
B wactnoctn, aengerca copmectHrivM 1 mo6oe KOHEYHOEe MOAMHOMXKECTBO MHOYKCCTBA
popmya T'. uauur, I' nokaavro coemecmmuo.

Obpartrio, NPEeAmoIOKNM, IT0 MHOKeCTBO [ noxaavHo COBMECTIHO, T.e. JI06oe
Gro KOHEHYHOe TTOAMHOMKCCTBO ABJIACTCH COBMOCTHBIM. Hoxazkem, uro Toraa copvect-
10 m Bee muoxkecrso I'. Mpr jagum aBa gokasarennbersa 9TOIO BayKHOIO (hakra,
4r00Bl B 3TOM LOCTATOYHO NPOCTOI CHTYALHW IPOAEMOHCTPHPOBAThL 0OIIME METOIH,
paboTtatonme B 6oJIee COKHBIX JTOMHYCCKIX neancaenusx, yem Meuncnenue Boicka-
3bIBAHWIT,

IlepBoe pokaszarenscrso.

Ilo reopeme o nokansnom nomomennn CYIMECTBYET JIOKAJABHO IOJTHOE MHO-
xecTBo hopmysr I'* maxoe, uro T’ C I™*,

[okaxem, wro muoxecrso gpopmyn I'* sipnsercs coBMecTHBIM. OTCI0/Ia, KOHEeYHO,
Cpasy OyAeT CeI0BATL COBMECTHOCTD H MHOMKECTBA, hopmyn I

[ocrpoum murepnperanuio @ makyw, aro o(I"™) = 1.

Honaraem mag wpoussonnroi IPONIO3MIMOHANBHOY TIepemennoii A,

m( k| ) | II ecim I fl‘:fin. 147“
TR, ecam T =gy, —A,.

Hanomunm, uro I' — nokamsio nomroe MHOKeCTSO dbopmyi, nosromy s mo-
Ooit hopmynm A
ik |
1 ):.f'iu A win I F:.J"?’-‘?’ _1'/4‘

HO ¢ TO M Apyroe U,“_['I'{(JB})QMEHI[{), B 'lii.(iTHO(‘.TH, AT0 BCPHO 1 s H}'!f:JVI’fSBO.J’IbH()ﬁ
NPONIOSHIHOHATBHOM 1Tepemennoit A, [Tosromy HOTEPNpeTranysd ¢ onpenesiena Kop-
PEKTHO.

OBBMuBIM 06paszom IPOJOIZKAEM OTOODAKEHUE ¥, 3a7aHH0e HA MHOKECTRe S 1
HPONO3HITHOHAJLHBIX l'l’ﬂpf'}1'VI(£HI-IIL_)I}(IT J0 (JT()G[)&-}KQHHH: 3aJaHHOI'O HA MHOMKECTBE F_ﬂ]’;
Beex opmyut sizpika Lyg Jloruku BoicKassiparumii.
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IVIABA 11. JIOTHKA W HCYHC/IEHNE BBICKA3BIBAHUH

Wy knpeit 1o mocTpoeHuio hopmyst J0KazKeM, 910 JUid MPOM3BOJILHON (HOPMYJIbE
A uveer MeCTo 9KBUBAJTCHTHOCTD!

i E:fm A = (,D(A) =

(i) Jlna anementapubix hopmy: A yxazannag 9KBUBANCHTHOCTE UMEET MECTO 110
OTPEJIeJICHIIO HETEPIPeTAIH (.

(i) [peAmosoKnM, T yKasanuas SKBUBAJIEHTHOCTD HMECT MeCTO s hopmMya
A u By gokaskeMm, 4TO TOIJa OHA BLIOJHACTCH 1 I dopmya

(~4),  (ALB),
CAVBY, o (kB

Tax Kak

TO
I* pn A & p(-A) = I
Herpy/ino nokasars, 1ro
F* t.:f."‘.”l (A&B) ‘;:> F* t::f'i'ri .,A H ].-H‘ Ff'iﬂ B.
Kpome Toro, no onpeiieeiun MHTepliperaium o

o(A) =N npB) =N <> oALB) = 1

Suaunt,

- i:f?f'n. ('A&B) S :1"9(“4&6) = U,

[ToxkaxKeM, 4To T JOKATLHO HOJHOrO MHoKecTBa hopmyt [ M pon3BoTbHEIX
Qgopmyn A u B nmeer MecTo 9KBUBAJICHTHOCTD

" Ffm (.AVB) - S t:jm A wmu T }:f,‘.n B
B camom Jene, ecim
" }:f'f.n ~’4 i I t_'tfin B)

70, KOHETHO,

" f=gin (AVB).

Obpario, UPEAIOJIOKHM, YTO
I fin (AVB).
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§ 2. Jlornka Brickasmpsannis

Hokazkem, 1o Torga
| )Z'fm A wm I ':f?ln B.
Hpenonoxcum HPOTUBHOC, T.€. Y10

' Fpn A n Tt Erin B.

Tak kax ['* JJOKANBHO MOJHOEe MHOMKCCTBO (b[]pmyﬂ} TO TOr A
" 'lZf"""' (-WA) n [ ?:'Jr?:ﬂ. ("‘B)s
A BHAYUT,
r ):f?l‘n. (_"./4) A ("18)}

NO3TOMY

I* i ~(AVB.

Tax kax Borme Mbr npeanonoxuwn, o
™ En (AV B),

10 HOMy9IaeM IPOTHBOPEYHE € MPETON0KEHHEM O JOKANLHON COBMECTHOCTH MHO-
wKeersa dbopmya T,
B wrore nonyuaem

* E-_—‘f?:.n_ (AVB) — " }:f‘m A wim [ }:f?'.n, B

@A) = 1 um p(B) = U <= w(AVB) = U,

NO3TOMY

[ Epin (AVB) = o(AVB) = U

JlokasaTenbeTBo IKBUBANCHTHOCTY
I i (A= B) <= pd- By =U

HPOBOAUTCA O TOH JKe CXeMe € HCIOMb30BAHNEM JIOKAIbHOMN MOMHOTL M JOKANBHOM
COBMECTHOCTH MHOXKecTBa (hopmys [,

B HTrore ; OKa3aHO T '[_.ﬂH 1 )UHBBU.]H_)HOﬁ JOPMVYIIR ,-4 HUMeeT MeCcTO AKBUBA~
l 1 [ .

Mg A < p(4) =1

Ecin A -~ npousBosbhas hbopmysa n3 MuoxkecTsa I™*, ro, oweBmano, I'* =y, A,
nostomy ¢(A) = N.
Buauur, (I') = U, nosromy MuoxecTso dbopmyn I' asnserca cosmecrapim, [

Bropoe nokazarenwcrso nenos b3YeT nonATue yasTpaduibrpa Ha OyaeBol al-
rebpe. [Lia unrarens, ne 3mAKOMOro ¢ 9THM MOUATHEM, PEKOMEH/IYeTcs 0bpaTHTbed
K Marepuaay u3 Jlomonnenus.
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[VIABA II. JIOTUKA W UCYUC/IEHUE BHICKA3BIBAHUM

Tax kak andasur a3pika Lyjp gBagercd CYETHBIM MHOMECTBOM, TO CUeTHHIM
apisierca w Muoskecrso Fp Beex opmya azpika Lgp, 103TOoMy CHeTHO M ai0boe
mnozkeeTso opayn I,

CuernpiM GyaeT MHOXKECTBO BCEX KOHEYHBIX HOJMHOMKECTB MHOKECTBA dop-
My I,

Iyers (T)ien — CeMEHCTBO BCEX KOHEYHBIX IIOIMHOXKECTB MHOKECTBA dop-
myat I

Tak kak Kaxka0e MuozkecTso dhopmyi (I))ien 110 TPEIIONOKeHHIO 4BJIAETCA COB-
MECTHBIM, TO HailgeTcd Takas MuTeprperanus o;, uro ¢ (1) = .

BajaiuM CIELYIOMMM 00pPa30M CHeTHOE CeMEHCTBO NOUMHOXKeCTB MEOKecTBA N
HATYPAJLHBIX YUCE

I, = {ilieN @(ls) = A}
TTokazken, 4To mepecedenue ao00ro KOHEUHOT0 YHCTa MHOXKECTE [j, HemycTo.
Mycrw Iy, ..., Ig, — NPOM3BOALIBIC MHOXKCCTBA.

[lonaraem
n
Ly & U I ke
=1

Tak KaKk MHOXKeCTBO 'y sIBJIFETCH KOHEUHDLIM, TO HANHMETCd MHTEPNPeTAIUS @,
takas, uro @,(Ty) = W.
Ho rorya npu mobom ¢ (t=1,...,n) ¢s(T,) = U, noaromy

T
8 & ﬂ}k”
t,l
SHAUWT,

ﬂfm # 2.

=]

[yers D — yaprpadmnisTp, nopoxenubil cemeiicrsom MuoKecTB (1)) ey
OupegeanM MHTEPHPETAIo @, NoJarag s NPON3BOJBHON NPOIOSHLIMOHAIL -
HOM nepemennoit Aj

w(4;) = U < {i | pi(A;) =1} € D.
TokazkeM, w10 JUIst NPoU3BOILHON hopMyibl A HMeeT MeCTO IKBUBAJICHTHOCTD
p(A) = U <= {i|pi(A)=U}e€ D.

JokazareaneTso npoBejeM HHAYKIuell no nocrpoenuo hGopmy.

(i) st ssementapubix hopmydt (IPONO3MIHOHAIBLIBIX HEPEMEHHEIX) YKA3aHTAsL
IKBUBAJICHTHOCTH UMEET MECTO 10 ONPEACTeHNI0 HTepupeTaiun ¢.

(ii) Hpegponoxum, wro jas dbopmyn A n B 91a 3KBUBANCHTHOCTD BBHITOIHACTCA.
[TokarkeMm, 4TO OHA BHITOAHHETCH U Js (hopmyis

(~A), (AV B), (A&B), (A — B).
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§ 2. Jlornxa Beickasbisammnit

Ilpu atom cymecrsenno Gymer nenonb30BaTLCS TOT dbaxt, uyro D - yanrpa-
buabrp, a zpavur, pua mo6nx noamMuozkecTs A u B muoxecrsa HaTYPATBHBIX
Huces N BLIHOJTHATOTCH 3KBUBAJICHTHOCTH

1)Ae D < (N\4) ¢ D,
2)(AUB) € D <= A€ D wm Be D,
3)(ANB) € D« AeDu BeD.

BaMeTum, 9ro nocaenHee BepHo u s moboro dbuanrpa.

Ormerum, uro
p(~A) = U <= ¢(A) = JL

[Mpenonoxnm, uro

o(A) = U = {i| pi(4) =M} € D,

3naunr,
e(A) = JT <= {i] ¢i(A) =1} ¢ D.

Tax xax D — ynsrpadgmnsrp, To
{t]pi(A) =1} ¢ D<= N\{i | p;(A4) = 1} e D.

o
N\ | oul ) = M) = {i | @u(A) =TT} = (i | pi(d) = 11},

OxonvaTeabuo noayuaem

[peanonoxum, uro

p(A)

il
=
s

]
=
m
o

H

pB) = U < {i | ¢i(B) =W} e D.
[Tokarkem, uro Torna

P(AVB) = U < {i | pi(AVB)=U} e D,
p(A&B) = N <= {i| p;(A&B) = U} € D,
P(A—B) = U <= {i | gi(A— B) = U} € D.

Hamomuum, g0
PAVE) = U <= ¢(A) =1 nm o(B) = U
[To npegnosoxenuio
@(A) = U > {i|p(A) =W} €D
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IJIABA 1. JIOTUKA 1 UCYUHUCJIEHUE BOICKA3BIBAHNH

H

o(B) = U <= {i|wi(B) =U} e D.

Tak kaxk D — ynesrpadmabrp, 70

{i | wi(A) =W} e D {i | 9;(B) = U} € D <=
{i | pi(A) = U} Ui | p:i(B) =W} € D.

OkonvaresbHo 101y9aeM
PAVB) = U <= p(A) = U nm p(B) = U &=

{i|pi(A)=U} e Dumn {i | g;(B) = U} € D =
{i | pi(A) =M} U {i | pi(B) = U} € D.

Ocraeres 3aMeTHTb, YTO
{i | @A) =1}U{i| pi(B) =W} = {i | p:(AVB) = U}.
Ho.uy‘le}u[aﬂ NEN0Ka IKBUBAJICHTHOCTEH AaeT IKBHBAJICHTHOCTL
e(AVB) = 1 <= {i|wi(AVB)=U}eD.
:‘)KBHT.‘;F!.FI(?IIT.IIOC'['B
P(A&B) = U <= {i| pi(A&B) =W} € D

MOJMYYACTCA 110 TON 2Ke CXeMe,
Hanomuum, yro

Q(A&B) = U <= ¢(A) = U n ¢(B) = I.
[To npeguonoxenuio
A =N < {i|p:(A)=U}eD

n

p(B) =N < {i|w:i(B) ="} e D.
Ha moboro dbuabrpa D BRIONHACTCH IKBUBAJIEHTHOCT
{i | wi(A) =U}n{i | ¢;(B) = U} € D.
OronuaTe/Luo noyaem
P(A&B) = U <= p(A) = U n p(B) = U «=

{i| o A)=N}eD u {i| p(B)=U} e D
{i ] @A) = U} {i | p:(B) = U} € D.
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§ 2. Jloruka BrickasbiBanuii

Ocraeres savernts, uro
el @A) =M} N (i | pi(B) = U} = {i | pi(ALB) = 1}.
Hosyuennas uenouka sxsusanenrnocrei JAeT 3KBUBAJICHTHOCTH
W(A&B) = U &= (i | vi(A&B) = 11} € D.
OKBUBAICHTHOCTE
P(A—=>B) =1 {i | pi(A +B}=WU}e D

MOXeT ObITh MOJYUeHA AHATOIMIHbIM obpasom. D10 npegocrasisiercs CIeIATh UU-
TATEIO B KACCTBE NPOCTOrO YIPasKHEHHs.

Hokazem, aro B unTepnperaun @ neTHHHa Modag GopMmyisa B3 MHOKeCTBA
dopmyn I,

B camom neie, nycrs A — npomssonannas bopmysta u3 MHOMKECTBA dopmvya I

Pacemorpum koreanoe muoxecrso T, = {A}.

Hammomnum, wro

Iy ={ilieN g(A)=U }.

Tax xak Iy € D, o {i|ieN, wi(A) =U} e D.

[Tosromy B CUITY NOKa3aHHOU 3KBHBANCHTHOCTH
o(A) = U <= {i| @A) = nyebD

nostyaem, uro ¢(A) = U,
3naunr, muozectro opmyr I spisercs COBMECTHRIM.
IT0 3aBEPIUIACT BTOPOE [0KAZATENbCTEO Teopembr kommaxTHOCTH. OJ

Cnencrene. J[ia awoboi dopmyan. A azwxa Lyp u das mobozo MHOCecmea pop-
mya I amozo saswka umeem mecmo CACAYIOUAHL IKREUBLACHMMHOCTIY -

dopmyna A ssrsemes nozuveckum caedemeuem Muoxcecmea bopmya I' mozda u
MOAYKD M020A, K0200 ONG ABAACICA NO2UNECKUM CALOCTNECM HEROMOPOZO KOMEY -
nozo nodmmoocecmea Ty muoscecmea gopmya I', m.e.

FeA <= T kEumd

Hdoxaszameannvcmaeo Eom dbopmyita A apasiercd Jorngeckum CJIeJICTBH-
CM HEKOTOPOTO KOHEUHOro HoamMuokKecTsa 'y MHOXKecTBa cdbopmya I', 1o, ouesuio,
hopmyaa A apagercs normyeckmm CHEACTBHEM U MHOXKecTBa hopmys I

[Tpesonoxum Teneps, wro dbopmyaa A sBasercs JOrnueckuM caeIcTBIEM MHO-
xeersa dopmyn I

Torma muoxectso dopmya I U{-A} e aprsercs COBMECTHBIM, 3Ha4YuT, 1o Teo-
PEMe KOMIAKTHOCTHM HalJeTcst Takoe KOHEUHOE NOJAMHOKECTBO I'y mmoxkeeTsa
dbopmys I, uto MHOKeCTBO dopmyn I'y U {~A} He apisercs coBMeCTHRIM. SHauuT,
A1 1000t uETepuperanum ¢ u3 Toro, uto ¢(I'y) = U caeayer, uro o(~A) = JI,
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IVIABA 11, JIOTUKA W MCYHUCJIEHUE BbICKA3BIBAHWI

re. uto ¢(A) = W, nosromy dbopmyna A aBagerca a02uveckum CAeICMEUEM KO-
neunoro nogmuoxkecrsa [’y muoxkecrsa dhopmyn 1. O

CaenaeM HEKOTOPLIE TOACHEHH 110 TIOBOJY HCIOML30BAHKSA TCPMANA “ KOMIIaKT-
HOCTE.”

Hanomium HEKOTOPbBIE TOHOJOIMIEeCKHe HOHATHA | Olpede/IeHHs.

Onpeneaenue 2.11. Tonoavzuveckoe npocmpancmeo HA3LGACMCA KOMIIAKT-
HBIM, CCAL A0DOE €20 NOKPLUNUE OTMKDBINBMU MHOMCCCMBAMY COOEPICUM KOHEU-
HOE ?M}(}?L(J?‘:??J‘b!.'!’H.’!Lt.’.

Sro on pejenenne KOMIOaKTIOCTH DPABHOCIWILHO CJCAYIONEeMY OlpeaeIennio,
OCHOBAHHOMY HA MCIOJL30OBAHHN BMECTO OTKPBITLIX MHOXKCCTB 3aMEKHYTLIX MIO-
AEeCTB.

Onpenenenne 2.12. Cemeticmeo R nodmuoncecme muoncecmsn X HA3BAET-
CH IJ,GHTpI'IpOBElHHBIM, ecau H[”Flytf?ﬂ() nepecevenue .;‘L".‘Of;GBO ROHEWHO20 YUCAd MHO-
aHeecme us C-{;'MC'&CTH,H(L ,R

Onpenenenne 2.13. Tononozuveckoe npocmpancmeo Hasvieaemces KOMIIAKT-
HBIM, €CAU M000C UEHMPUPOBANHOC CEMETUCMBO €20 3UMKEHYMDBLL NOOMNONCECING
UMEET, HENYCINOE NEPECEMENHUE.

Oboznaunv uepes U/ MHOXKeCTBO Bcex murTeprnperamuit asnika L.

Hayesuv muoxectso U crpykrypoii Tonojsornyeckoro nmpocrpancrea. Kak ns-
BECTHO, JJI 9TOrO JAOCTATOYHO ONPEIETHTL HOHATHE 3AMKHY TOT0 MHOKecTBa,. Tor-
A2 OTKPBLITHIE NOAMHOKECTBA ONPLACIATOTCS KAK AOMOJIHCHAA 3aMKHYTHIX I10JAMHO-
AKECTB,

Hanomnum, 4ro 118 npousBojabHOR HHTEPIHPeTAId S361Ka, Lijg ¥ HPOU3BOIBHO-
ro muoxkectsa I' popmyst aToro aseika sannck () = W o3nauaer, 410 s 060l
dbopmyant ¢ ns muoxecrsa I' peinoanseres pasencrso o(®) = .

Ounpenenenne 2.14. Hodmnoncecmeo X mmoocecmoa U nazoeem 3aMKHYTBIM,
ecau natideres maxoe nodmmosicecmeo I' muoocecmea gopmya Fup aswxa Lyp,
Ymo

X = {p | o) = W}.

[Tposepum, aro npn TaKOM OUPEAEICHHA TOHATHS 3AMKHYTOI0 MHOKCCTBA Bbi-
LOJHAOTCA AKCHOMBL TOUOJIOTHYECKOT0 HPOCTPAaCTRA:

J,) NYCTOC MHOXKCCTBO M BCC HPOCTPAHCTBO ABIAIOTCS 3AMKHYTBIMH MHOXECTBAa-
MH;

2) nepecevenne ji06Oro ceMeiicTBa 3AMKHYTHIX MHOMXKECTB BaMKHYTO;

3) obbesuHenne JIBYX 3aMKHYTLIX MHOKCCTB 3aMKHYTO.
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§ 2. Jloruxa Brickazwmanuit

Jlerko monsaTs, 9ro BRIMONHAIOTCS paBeucTBa

1.
2 = {¢ | o({{A1&~4,)}) = 1},

U= {¢ | e({(4v-4)}) = n}.
2. Benn (X))ier — npoussonshoe CeMCHCTBO 3aMKHYTHIX MHOMKECTE H

Xi = {¢| oly) = 1y,

TO

1% = {¢ | oJr) = n}.

iel i€l
3. Ilyers X; (4 = 1,2) — gpa npoussoibmbx 3aMKHYTBIX MHOZKCCTBA U
Xi={o | oly) = u}.
Oboznaunm uepes 'y V I'y cuenyomee muoxkecTso chopmyn asmika Ly

{(T’L vV P, ‘ b, € rl,(bz = }

Herpynuo nonars, uro semonnsercs PaBeHCTBO

Aft UXZ = ’{",0 ‘ {p(l-11 YV ]_—‘g) == 1/1}

Hosromy muozkecTso U BmecTe ¢ OTPEACTENHON BBIIIE CUCTEMOH 3aMKHYThIX
HOOMIOAKECTR SBAACTCA TONONOTUYCCKEM IPOCTPAHCTBOM.

IToxazkeMm, wro mokasamuas BRime Teopema kommakrTHOCTH JUist g3eika Lop
YCTAHABIMBACT KOMNAKINHOCMD TOTO TONONOTHYECKOTO IPOCTpaHCTBA.

B camom gene, nyern R = (Xi)ier — npousBosbHOE HCHTPHPOBAHHOE CeMeiicTBO
SAMKHYTBIX HOJIMHOMKECTB IIpOCTpaHcTRa /.

Torna upn mobom § s oaxoasmero muoxkecrsa I'; dopmyn asnika 1, 1B BbI-
NOJIHAETCH PABEHCTBO

Xi={p| o) = n}.
st yeraoBIenus KOMIAKTHOCTH npocTpancTBa U reobxoanmo nokasaTs, 4o
Nx 4o
i€l

T.€, YT0
{o|or) = 1} # o,

tef

Apyruvu cosamu, TPEOYeTcsa yCTaAHOBUTH COBMECTHOCTDL MHOKECTBA hopmyn

Ur?,

€]
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F 1. 318;-’1 II. JIOI'MKA I/I I/IC’H&'C.HBHHF BBICKA3BIBAHIN

[Iycrs I' -~ npousBoiIbHOE KOHETHOE NOJMHOKECTBO 9T0I'0 MHOMKECTBA.
Torna ualiJIeTcs TaKoe KOHeLHOE MOJIMHOKeCTBO [ MHOMECTBA [, aro

gt 1 T

i€y

Tak rax (X;)ie; — HeHTPHPOBAHHOE CEMERCTBO MHOXECTB, TO

X # @

1 1o

N Xi={e] el I =1}

i€ lp =

Ho

[ToaTomy

{ole(Ur) =M #08,

e fy

ur,

iely

T.€. MHOALCTBO (1)0[) MV

COBMECTHO.
[TosToMy cOBMECTHO M MHOKeCTBO chopmyar I,
Tak Kak Mbl YCTAHOBHIM COBMECTHOCTD M000ro KOHewHoro noaMuozkectsa I MHo-
xKeeTra POpMYII
U

ic

10 110 TeopeMe KOMIAKTHOCTH COBMECTHO M CAMO 510 MHOMKECTBO (POpMYy.
U
e f

3HauNT,

{gle(Jr) =u}+#2

1617

(X # 2.

il

MOTOMY

TpajunHoHHO B OnpejeeHie KOMIaKTHOr0 NTPOCTPAHTCTBA BKIIOYACTCA aKCH-
oma oTaenumocT Xaycnopda:

A i 10GRIX ABYX TOTCK TOHOJOI'MYECKOro npociPpanciriea I Ih‘.ﬁﬂ.}f"]"( HCOAePXKAIHe Hx
nmenepeceKalonigecs OTKPAITLIC MHOXKECTEA.

TToxazkem, UTO JJI8 HNPOCTPAHCTBA HHTepIpeTaluil BLUIOJHALTCH AKCHOMA OTJIe-
JIAMOCTH.
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§ 3. Ucancnenwe Brickazpisanuii

ITycrs @1, w9 — nBe Pas/ImHpIe HHTEPIPeTAnnn, Tora HafIeTCst MHeao | rakoe,
4TO

¥ (A?f) # %’32(‘4?:)-

Hpeanonoskum, aro
ei1(di) = U, ¢y(A) = JL.
Pacemorpum 3AMKHYTHIC MHOXKECTBA
fi={ele-4)=U}, B, = {p | o(4) =1}
[lonaraem
U = U\F, U, = U\F;.

Torna Uy, U, - OTKPBITHIE MHOMKECTBA

¢ el), pel, UnU =g,

Tem cambrv yeranopnena KOMIaKTHOCTL upoctpancrea WHTepupeTanuil a3ni-
Ka L.

Bamernm, uro s 060 dbopmynst A Brosisiercs PABEHCTRO

{o]e(A) =1} =U\{p | p(-A4) = n},

HO3TO MY MHOXKECTBO
{o | o(A) =u}

ABIACTCS OJHOBPEMEHHO 3AMKHYTHIM U OTKPBLITHIM.
W3 nocneero, OYCBUAHO, CHEAYeT, 9TO NPOCTPAHCTBO uHTepnperanuit {J e
SABJACTCST CBSIZHBIM.

3. Ucumncaenne BbickaspiBanuii

Andasur Ucyucrenns Berckaseibannit Y coBuagaer ¢ Andasurom
Jloruku Brickasbisanuii Ys.

Honarue bopmynsr Ucuncaenus Brickassipanuii OHPENEISeTCS JOCTOBHO
TaK ke, Kak u nougarue popmysrst Jloruku BrickasbiBanmit, re. s3nk Lyp Uc-
uncnenusi Bercxazsimsanuii COBHAMTACT ¢ ASBIKOM Ly Jlorukm Burckasnisanuit.

Teneps Mbi npucrynmaem OUPCACNCHUIO ABYX BaskHeHmux nouaruii Mcuwme-

Jnenus BoickaseiBanuft — nousiiug BBIBOIA u nouarus BBIBOJIUMON
OOPMVJIBLI.
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INTABA .H JTOFHK% " HC‘IH(“HLHHF BBICKA3bBIB 4HI/H’I

Axcuomer Mcuncinennst BoickazwiBanuii

s mponsponbabix hpopmyia A, B, C Mcuncnenns BeickasbiBanuii dopmyna,
M0H0ro yrazanHoro Huxke suaa aeiserca Jlormueckoit Axenmomoit Mcuucienus
Brickassisanmii,

I,
L. (A— (B— A).
12 (A= (B=0C) = (A—B) = (A=)

s,
L1, ((A&B) — A).
112, ((A&B) - B).
3. (A (B— (A&B))).
L4 ((A—B) = (A —C) = (A— (B&)))).

I11,.
I11.1. (A - (AV B)).
I11.2. (B— (AvV B)).
T11.3: (A=C) = ((B—-C)—= ((AVB)—=0)).
1v.,.
IV.1. ((.4 y (-B)) -
V2. ((—({~A)) —

( = (~A))).

ITpasuna BeiBona Vcuncnenus BroickassiBapuii

B Mcuncnennn BorekassiBauuii ucnomnssyercs i oo Ipasuio Beiso-
na — Hpasuno Ornenenns (Modus Ponens).
Kparko aro npasuso Gysem oboznavars, yepes MP:

A, (A B)

B
Ita 3annck ozuauaer, 4ro 10 npasmiy MP us Gopmya A u (A — B) nonyuaercs
popayna B. Ipu arom dopmyast A u (A — B) nasuBaores moChLIKamu npasnia
MP, a dbopmyna B - ero 3aknoyennem.

Brisos n BeiBOX M3 MEONKeCTBA (hopMmy

Onpeaenenne 3.1. Boisomom B Mcuncinenun BpICKazbIBAHUE 1a3m6a0C1CA
Jf-'HJﬁE},.H. KWOHEYHAR HO(.'J?.C!’)f)()‘(J.?Ti’.-t:fa’b'rt(i(,.".ffl’t.!

TR . 5
diopmya Hewuenenus Buckaszviearud, YIOBAECTNBOPAIOUAA CACIYIOUEMY YCAOGUIO:

daa w0bozo @ (i =1,...,n)
aubo
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§ 3. Ucuucnenne Brickaspisanmii

1) dopmyaa B; asasemca Jozuneckoti Axcuomot Herwucaenus Buexasweanud,
Aub0
2) natidymes wucaa § uk menvuue, vem s, maxue, wmo gopmyaa B; noayvwaemca
us opmyn B; w By no npasuay MP.

Onpenenenune 3.2. Qopmysa B nazmsacmea BeIBOIMMOU B Wcuncnennn
BrickazbiBanuii, ecan cywecmeyern Borson B Mcuncsnennn Boickassisanui

Bl! vy BH\

oxaHYusaowulica gopmyaoti B.

Boipaskenne Fyp A caysur cokparennoit samucesio yreepxKaenns “copmyita
A BeiBouma B Ucumcnenun Boickaspisaumnit’ B JdalNbHEeRIIeM I COKPALILe-
nus unjieke MB 6yaem onyckars, T.e. BMecto Fus A Byaem mucars mpocro  A.

Teopema 3.1. /las awboti dopmyam A popmyaa (A — A) eusoduma ¢ Hevucae-
wuu Buexasveanud.

Adorasamennvcmeo Yrobm gokaszars, ato dopmyna (A — A) BeiBogNMA B
Ucancnennn Brickazwsrsanmii, neobxommo HIOCTPOUTD BBIBOJL, OKAHIUBAIOIIHIICS
9Tol hopmy:oit. B KauecTBe Takoro BRIBOIA LpeTArACTCH CIEAYIONAs TOCTe10BA-
TEABHOCTH hOPMYJT:

(A= (A— A) = A) = (A — (A = A)) - (A = A))) — normveckas
axcuoma 1.2,

2) (A= ((A— A) = A)) — nornueckag axcroma 1.1,

3) ((A— (A= A) = (A— A))) — noayqaercs n3 2) u 1) uo npasuiy MP,

4) (A — (A — A)) — nornueckas axcuoma T.1,

5) (A — A) — nonyuaercst w3 4) u 3) 1o npasmuiy MP., O

Teopema 3.2. /s mobwx dopmyn A u B umeem mecmno IKGUBANCHITHOCTI D!
= (A&B) mozda u moavko mozda, xozda - A u - B.

Horxasamenvemeo. Honycrum, uro + (A&B). B coorsercrsun ¢ onpeeiie-
HUEM TOHSTHSA BRIBOAUMOCTH (POPMY:Ibl CYLIECTBYET KOHEUHAS MOCAEIOBATENLHOCT
hopmya

Bl: Ay B:‘J.!l

ABIAOIAACH BHIBOAOM opmyin (A&B), nosromy, B wacrnocrn, B, = (A&B).
Citenyiomas nocie0BaTebHocTh (OPMYI SBAACTCH BHIBOLOM hopmyant A

1) B,

H

n) B, = (A&B),
n+1) ((A&B) — A) — normueckas axcuoma I1.1,
n+2) A— caenyer us n) u n + 1) no npasury MP.
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IVIABA 11 JIOTHUKA W MCYUCJIEHUE BICKA3BIBAHNUN

3nagur, + A.
Jlns poxkazarennersa B ogocrarouHo B nyHkre 14 1) B3arn, dopmyiy

((A&B) — B).

[Ipemionoxum Teneps, uro - An + B.
[oxaxem, uro rorpa F (A&B).
[lyerh nocae oparebHocTsL (hopmyd

'Bh nihohy B‘n
ABJISIETCH BLIBOAOM q)UpM}Ul]:I ./4,: a [ocaenoBaTe/lbHOCTE d)OpM‘Yﬁ
Cl: WA Cm?

ABJSAETCS BLIBOIOM hopMyJibl 13,
Torua, B wacruocru, By, = A u C,, = B.
[TocTponm Nocaea0BATEILHOCTS (POPMYIL, ABJSTIOMYIOCS BhIBOAOM hopmyin (A&B).

1) By,
n) By,
n+1) C,

n+m) Cp,
n+m+1) (A— (B (A&B))) — nornveckas akcunoma 1.3,
n+m+2) (B (A&B)) — caepyer uz n) u n+m + 1) no npasuiy MP,
n+m+3) (A&B) — crenyer u3 n+m) u n+m -+ 2) no npasuiny MP,

Tem cambiv goxazano, uro F (A&B). ]

]}l)l'ﬂ.‘.f{,ﬂ,ﬂlIthﬂ JOKA3ATeNLCTEBA ITOKASHIBAKYL, Y10 VCTaHOBJACHHAEe BLIBOIUMOCTH
JlazKe JOCTaTOMHo npocThiX pMysa — npoiece BecbMa TpyaoeMmguil. C nenbio 0b6-
Jeruenna u3ydenusa orHomenust A BeeaeM u usyaum Oojsee obuiee NOHATHE, YeM
HMONATHE BI;IBQHEI = INOHATHE Bb]BO,lla N3 MHOXKeCTBa I'miore3.

[Iycrs I' — nponseombaoe muomxectso dhopmyit. Qopmysnl u3 muoxecrsa I' Gygem
Ha3bIBATH TAIOTEe3aMu. CMBICH 10T0 HA3BAHUS TIPOACHUTCH TTO3KE.

Onpepesenne 3.3, Beipogom u3 muoxkecrsa dhopmya I naswsacmen #1064
KONENHAA NOCACIOGAUMEADHOCTIY

Bl:"'rs‘n

dopmya Ucuncinenns Beickassisanuii, ydosaemeopsrowas caedyouemy ycio-
BU:

das mobozo i (1 =1,...,n)
AUDO

0) B; €T,
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§ 3. Hcuncnenue Brickassisanuii

4160
1) dopmyna B, seasemea Hoeuvecroti Axcuomoti Henucnrenus Buiewazweanu,
A160
2) natidymes wueaq J Uk menvuiue, vem i, marue, wmno gopmyaa By noaywaemes
uz opmya B; u By, no npacuay MP.

Onpenenenne 3.4, Dopmyaa B nasweaemes, BBIBOAUMOIT B Ucunciennn Beic-
Ka3blBaHUIT M3 MHOMKECTBA dopmyn T, ecau cywecmeyem Beisoa 8 Ucunc-
nennmu BrickaswiBanuit uz muoxkecrsa dopmya I'

B]:\ LR Bﬂ.\

oRanMusaowulca Bopmynoti B.

Boipaxenue I Fus A cayxur COKPAMICHHON 3alHCBIO YTBEP:K TeHus “bopmy-
Ja A BeiBoguma B Ucuncienun Beickazsisanuii u3 maosxkecrsa dopmya [,
W BrOBL unnexe UB ne OyieM nncars.

EcanI'n A — asa nponssonnusix Muoskecrsa dbopmyi, To samues ' - A o3naua-
eT, YT0 10basa Popmyia us muoxcecmaa A\ evis00uma 6 Hevucnernuy Buickasmweanuii
us muoocecmsa opmya I,

Teopema 3.3. Ecaul'Aul 'y, moTy A,
Eeru T = A, mo natidemes xoneunoe nodmnosiceemeo I muoncecmen I'y maxoe,
wmo I = A.

Hoxasamenvemeo Ecm D ¢ ['y, T0 moGoit BriBOx U3 MEOWKECTEA dopmyn I'
OYeT BLIBOAOM ¥ M3 MHOMKeCTBA dbopmy T,

Ecmu Dy FAuB,,..., B, — BBIBOJ, hopMy.inl A 13 MHOMKeCTEA dbopmyn I'y, 1o
B kKadecrse I' MoxHO B3gars ') N B CT— N ]

Teopema 3.4. EcauT, F A y FUAFA mol UT, - A,

AdAoxkaeszamenvcecmeo B CHITY NPEABLAYINCH TeOPeMbl MOKHO CHMTATH, 9T0
MHOZKCCTBO A KOHEUHOE, 1103TOMY JIOKA3ATeNbeTEO JIETKO MOIYYaercst WHIyKIuei 1o
quCeay popmysn Bo MHOKeCTBRE A, L

3ameuanue. B gaasneitien mo CHAOARHBUICHCS Tpagpuuiy Bymecro samicn [ ury - A
OVIeM HCHOJB30BATH 3AITHCE ',y b A, a Bmecto zammen ', {B} v A - 3amuce

I',BI A.

Teneps Mbl okakem TEOpEMY, KOTOPast 3HAYNTENLHO 00JerYact U3y9enue OTHo-
wenns I = A, Dra reopema nocut cremnambioe Haspanue Teopema Hdenykium.

Teopema Temyxumu. Ecau I, A+ B, mo I |- (A — B).
Obpammno, ecau T - (A= B), moI', A+ B.
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I'VIABA 11, JIOTMKA W WCYNUCJ/IEHUE BBICKA3BIBAHIUN

Joxasameansveme o llpeanonoxkum, uro I' A F B. Ilokaxkem, 4yro
't (A— B).

[Mycrs By, ..., B, — BoiBoj dbopmyast B uz muoxkecrsa I'U {A}.

Wrpyxoueit no ¢ nokaxkem, uro I' - (A — B;).

B coorsercreum ¢ onpeaencnneM nonsrus “BeiBox n3 Mmuoxecrsa popmyir’
BO3MOKHBI CHEJAYIOITME TPU CIyUas:

0) BieI'U{A}.
Eciu B; € I, ro I' + B;.
Kpowme roro,
F (B, = (A— B;)).
Tax xax

B;, {BT > (.A = Br)) k- (‘A i Bﬁ)’

10 110 Teopemam 3.3 u 3.4 nojydaem
I'H (A= B).

Ecan xe B; € { A}, 1o B; = A.

Torpa o Teopeme 3.1

- (A= B)).

1) B, — soruyeckasi akcuoma.
Toraa I' - B;.
Kpowme Toro,
F (B = (A - B))).
Tak kax

B;, (B; = (A— B)) + (A — B),

TO 110 TeopemaM 3.3 n 3.4 noayvacm
' (A =B,

2) Hadtjgyres uncna j n k, menbimme i, tTakue, uro dopmyna B, monyvaercsa u3
cdbopmyr B; u By no upasuny nuisoga MP.
Torua

By = (B; - B;).

[1o Ay KTHBHOMY TIPEINONOKEHNIO HMeeM

L' (A—B),
Tk (A— B,

T'H (A — (B; — B),
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§ 3. Mcuncnenne Brickasmisanmuii

Tak kak

F (A= (B; = B)) = (A= By)) - (4 - B)
H

(A= (B = B)), (A= B)) + (4 By)))

]

TO 110 reopeme 3.4 nmosygaem
L'+ (A4 - B;).

Hpn i = n nonyuaem
I'(A— B).

Jlna jpokazarensersa BTOPOH aCTH TEopemb HPEJIIOJIOMKUM, 970
['H({A— B).

Tax xax

Al A

A, (A - B) F B,
TO 10 Teopeme 3.4 mosyuaem
A+ B.
DTO 3aBEPINALT JOKAIATCIbCTBO TEOPEMBL. []
Crenyomas reopema obobmaer reopemy 3.2.

Teopema 3.5. /las mo0bux dopmys A u B u mobozo muovicecmen dopmya I umeem
MECTNO IKGUBAACHIMHOCTIIL

I'-A w T'+B

moeda u moavko mozda, xozda

I' - (A&B).
Howaszameannveme o Uenonwsys Jornaeckyio akcuomy 1.3, monyuaem
(A= (B — (A&B))),

KpoMme Toro,

A, B, (A~ (B~ (ALB))) F (ALB).

Orxyna 1o reopemve 3.4 HOJYYAEM
A, B, - (A&B).
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TJIABA 1. JIOTHKA U UCYUCJIEHUE BhICKA3BIBAHII

Fenn

i am P
TO HPUMEHUB Teopemy 3.4, nosyaum
I' - (A&B).
s jloKasareaneTBa 0OpaTHOrO YTBEPAKIEHUS! IIPEAION0KAM, YTO
I' - (A&B).
Wenonwsya sornueckue akcuompl 111 u 11.2 n Teopemy Jlenykiun, nomyvaem
(A&B) - A un (A&B) & B,
HOITOMY IIPUMeHuB TeopeMy 3.4, noiayynm

YA 9 DB

Teopema 3.6. Jlas awboii opmyas, A
= (A = (= A))).
Howaszameannvemaeao. Jlormueckas akenoma 1V.1 paer
= (0A) = (2A4)) = (A = (=(-A4)))).
Orkypa o Teopese fdepyknun nosydaem
((0A) = (0A) F (A= (2(=A))).

[To Teopeme 3.1

= ((mA) = (-A)).
lpumenus teopemy 3.4, monyanm
F (A= (=(~A))).
J

Hnst mobuix aeyx dopmyn A n B sanucs A <3 B Oyjer cay»xurh COKpanienubiM

obosnauennem dpopmynn ((A — B)&(B — A)).

Crencreue. Jas moboti dopmyro A u mobozo mmonceemea dopmya T umeenm
1) Ak (=(=A)),
2) (~(~A) - A,
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8 3. Wcuncaenue Bruickasnisammit

3) TH A<= T F (+(-4)),
4) F (A6 ((=A)).

dowaszameanvemao.
1) B enty npeapraymei Teopemol 3.6

= (A= (=(=4))),

noaromy 1o Teopeme deaykuuun nonyuaem A - (=(—A4)).

2) Bocuob3osasnmes J1oruaeckoi akenomodi IV.2, nonyuaem F ((—(-A)) — A),
npumenenue Teopemm Jdepyknun gaer (~(~A)) F A.

3) Oyers T' - A. Tak xak A + (m(=A4)), 10 mo Teopeme 3.4 moayuaem
I (=(-A4)).

Anasornuio gokassiBaetcs o6paTHOe yTBepKIeHILC,

4) Tak xak

= (A= (=(=4))),
= ((=(=A4)) = A),

TO 10 TeopeMe 3.2 nogyyaem, 4To
= (A= (2(2A)&((~(-4)) — A),

T.€.

F (A & (-(nA)).

Teopema 3.7. Jan mobwz dopmyn A u B
A, {=A) =B
AdAoxasameanncme o Jornieckas akenoma 1.1 Jlaer
= ((24) > (B) = (~4),
o Teopeme denykmun nosavuaem
(=A) F ((-B) — (=.4)).
Jornueckas akcuwoma [V.1 ngaer
= (((=B) = (=A4)) = (4 = (=(-8)))),
no Teopeme Henykuun nosnysaem
((=B) = (= A)) F (A = (=(=B))).
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IVIABA 1. JIOTHKA W MCYUC/IEHUE BBICKA3BIBAHUI

ITpumensis Teopemy 3.4, nomaydaem
(= A) F (A= (~(=B))).
[To Teopeme MMeayknun noaydaem
A, (RA) F (+(=B)).
B cuny nynkra 3) npejapLiylIero CiaeAcTBHA HOJAydaeM
A, (-A) - B.
]

Onpenenenne 3.5. Muonceemso gopmyn ' nasmeacmes MPOTUBOPEUMBBIM,
ecan natiderncs maxas opmyaa A, wmo

Dot A 2o,
6 NPOTMUGHOM CAYMLE MHONCECTE0 dopmya ' nasveaemes HEMTPOTHBOPEYUBBIM.
Caencrsue. Feaul' — npomusopenusoe mimootcecmeo dopmya, mo das w060t dop-
My B
4= B,

Hdoxasameaocmeo Be I' — nporuopednsoe MHOKeCTBO HOPMYI, TO
naitjaerca rakaa dpopmynia A, aro

1 B A ¥
ITycte B — nponssoannag dopsmyaa. [To npeasiaymeii reopeme 3.7
A, (-A) F B.

lloaromy no reopeme 3.4
i v 5

Caenpcrue. Jlan aobur gopmya A u B

1) F(A=((nA4)—=B), 2) F ((-A) = ;
3) (A&(~A)) F B, 4) F ((A&(~A)) — B).

dowaszameanncmao. 1) Tak kak
A, (-A) - B,
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§ 3. Ucuncnenne Buickasbisamiii

To, npuMenas asa pasza Teopemy Adenykuun, Oy Yaem
F (A= ((-4) - B)).
2) Amanoruunpiv 06pasom YCTAHABIAUBACTCH, YTO
F((-A4) = (A - B)).

3) Tak xak

(AL(-A)F A, (A&(=~A)) - (~4),

10 13 mpeapiymeit reopemst 3.7 u reopemnr 3.4 oy qaemM
(A&(-A)) + B.
1) pnmenas Teopemy Meayknun, uz UPCABIIYINEro yTBEPKACHUA NOJYHaem
F ((A&(-A)) — B).
O

Teopema 3.8. Muoscecmeo popmya T asvra Lyp aeanemes HENPOMUBOPENUE DM
mozda u moavko mozda, xo2da AsssemCs HENPOMUGOPENUGHIM A1000€ €20 KOHEYHOE
nOOMNONCECNB0.

doxaszameancmaeo Eom HCKOTOpOE moamnoxkectso [y MHoxecTBa dop-
myn I' asbika Ly sigasiercs HPOTHEOPETHBEIM, TO BO3bMEM Taxyio dhopmyay A, uro

['EA u Tk (-4),

HO TODIa

PEA u Tk (=4),

T.e. 1 caMo muoxecTBo hopmyi I srnsgerces IPOTHBOPEYHBLIM.
Ecin nporusopeunshiv spiseres CaMo MHoxKecTBo Gopmya I aznika Ljg, 10
BO3bMEM TaKylo dhopmyny A, yto

A un T (=A)

[lycrs D — BLIBOA U3 MHONKecTBA dbopmy I' bopmyasr A, a D; — BuBog us
muozkecTBa opmyn I' bopmyan (—A).

Ecnn I'y — 3710 MHOMeCTBO Beex dbopmys u3 MuHOKeCTBA I, xogamux B D wnin
B Dy, ro, odesnino,

i A w Tk (=A4)

Ocraercst 3ametnrs, uto Iy — Koneunoe MHOZKeCTBO dhopmy). [
Teopema 3.9. Jlus a6z dopmya A, B u C

(A= B), (B-C) F (4 45 F
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TJIABA 11, JIOTUKA W UCYHUCJ/IEHUE BRICKA3BIBA HU

Hoxaszameanvcme o [Nokaxem, uro
A, (A—-B), (B—-C) F C,

a satem npumennm Teopemy Jeaykiun.
Obosznaunm uepes I' MuoxecTno dopmyn

{A, (A— B), (B—C)}.

Tak kak

'FA n T+ (A= B),

TO
I'er B
A rak Kak, KpoMe Toro,
I' - (B—C),
TG
'€,

Kax YaC OTMCHYANOCH BBINIE, 15 3ABEPITICHUA J10Ka3aTeJLCTBA OCTACTCH BOC-
nob3oBaThes Teopemoit eayxinn. ]

Caencrsue. Jas aobwr diopmya A, B, C w 1106020 mroscecmsa popmya ' : ecau

T'H(A=B) u Tk (B-Q),

1o

'+ (A—=C).
Adoxasameanncme o Jiua nokazaregncrsa JOCTATOYHO BOCIHOIHL30BATHCH
TOJILKO 9TO JIOKa3anioi Teopemoit 3.9 u Treopemoit 3.4, O

Teopema 3.10. Jlra mobwx gopmya A, B u C
(A= (B—=C) F (B— (A=)
doxasameanncmae o Tokaxkem, uto
A B, (A= (B-=(C)) I C,

a 3arem ABa pasa upumenum Teopemy eaykmun.
O6o3navuM 1epe3s A MHOKECTBO dopmy.

{4, B, (A (B—0C))).

Torna
AFA »u AF (A (B-0),
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§ 3. Ucuncrenne Brickasnipanmii

MOTOMY
A+ (B=0).
Tak xak, Kkpome Toro,
A F B,
TO
V4 i ol ]

Nrak, nokasano, qro

A B (A= (B-0C)) + ¢,
nosromy 1o Teopeme [lepykuun
B, (A= (B—C)) F (A— C).
Eme pas npumenas Teopemy Jdenyknun, OJIy vaeM
(A= (B=C) F (B— (A —0)).
]
Cuencrene. /i aobvx gopmya A, B u C u 4106020 mmoscecmea dopmya I': ecan
' (A- (B-(C)),
mo

L+ (B— (A —0)).

Hdorwasamennvecmeo caenyer us apeabayueii reopemnt 3.10 1 reopemer 3.4.
(]

Crencreue. Jas mobwz dopmya A, B, C u 4106020 mroscecmen dopmya T : ecau
'k (A— (B—()),

mo

[ b ((A&B) - C).

Adoxasameasemae o Ecn

T+ (A (B—C))

i

1o no Teopeme eayxmun

P, A B ¢

Tak xak, kpome Toro,
ALBF A u A&B & B,
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IJIABA 1. JIOI'HKA W NCYHUCAGEHUE BHICKA3BIBAHHI

TO MpUMeEHAs TeopemMy 3.4, moaydaem
I, (A&B) + C.
IMTpumenus Teopemy Jlenykuun, 1noqayunm

I+ ((A&B) - C).

Teopema 3.11. Jlasa arwbvx dopmya A u B
1 ((—B) = (~A) - (A - B),
2. (A— B) F ((-B) = (~A)).

Hoxaszsameannvecmaeo.
l. Henonwn3ya aoruueckyio akcuomy 1V. 1, ronyuaem

= (((=B) = (nA4)) = (A = (=(=B)))).
[Tpumennn apa pasza Teopemy Jleaykuuu, noymyaum
((~B) > (~A)), A b (~(=B).
Torpa B cuny crejacTBus Teopembl 3.6 noayvaem
(—-B) = (-A)), A+ B.
Uenonwsya Teopemy Jdeaykuun, noayuaem
((-B) = (~4)) + A - B.
2. Tak xax, 04€BHIHO, UTO |
(A—B), Al B,
TO B CHIY CHEACTBHA TeOpeMbl 3.6, mogydaem
(A — B), A F (~(—B)).
o Teopeme Jdeayknun uonyvaem
(A -+ B) F (A= (=(=B))).
Menoapsya gornyeckyio akcnomy 1.1, nonyvaem
F (A = (=(=B))) = ((=B) = (~4))).
ITo Teopeme Jlemyxunu
(A (~(-B)) F ((B) - (~4).
3uauur, o reopeme 3.4

(A= B) F ((=B) - (=A)).



— .
———— Y
Caencrsue 1. Aas mobuz popmya A u B

§ 3. Ucunucienne Burckaswisanui

LEA(((B) = (-A4)) = (4 B)),
2 E (A= B) = ((=B) - (~4))).
HdAokasamense

m 6 o. llosmyyaerca upumenenmen Teopembr denyxumu, [

Caencreue 2. Jliq ao6mz i

opmya A, B u 4106020 MHoocecmea dopmya T ume
MECTNO IRBUBAACHIMHOCTIY

om

L.TF (A= B) moeda u moavko mozda, kozda I" F ((=B) = (-A)).
2.1, A+ B moeda u moavko moeda, xozdu T, (-B) I (—A).
Teopema 3.12. Az mobuz dopmya A u B
A, (=B) F (~(A4 = B)).
HAoxaszamenvemeo Tak Kax
A, (A= B) - B,
TO 1O BTOPOMY CJICACTBHIO Ipespraymei reopempr 3,11

A, (-B) F (=(A4 - B)).

]

Caencrsue. /Iaa aobur dopmyn A u B

F (A= ((=B) = (+(4 > B)))).

Hdoxkasamenveme 0,

{]

Hocrarouno jsa pasa lipumennts Teopemy Jleaykumm.

Teopema 3.13. Jlus w06 popmya A u B

(A B), (~A) - B) I B.

Hdoxasameavemeo. [To reopeme 3.11 HOJIyYaeM

(5 A4) = B) - ((<B) - (~(=4))).
[To Teopeme Aeaykmum n3 storo CIeNyeT, 4To
(=A4) = B), (-B) F (~(-A)).
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IVIABA 11, JIOTUKA M HCYUCJIEHUE BBICKA3BIBAHWUN

Ipumenasa cnepcrsre Teopemsl 3.6, noayydaem
((-A) = B), (-B) - A.
pumenus reopemy 3.12 n reopemy 3.4, nonyuum
((-A) = B), (-B) + (=(4 — B)).
[Tpumenus sropoe cacjacrsue reopenst 3.11, mosnyumum

(=A) = B), (A — B) - B.

Caencreue 1. Jlas aobwx popmys A u B

F ((A—= B) = (((~A) = B) = B)).

dorasameancme o Jocrarouno asa pasa npumennts Teopemy Jleaykimn.

(]
Crnencrsue 2. Jlas awbol dopmyan A
F (A VvV (-A)).

doxasamenvemeo Ecmu b kauecrse dbopmyast B B3sth Gopyyy
(A V (-A)), o noayuum

(A= (AV (=A)), (0A) = (AV (RA) F (A V (-A)).
3amernm, 4To
FA=(AV (2A4), + ((-A) = (AV (-A4)).
[Toaromy 1o reopeme 3.4 mosyuaem

F (A V (-A)).

Caencreue 3. Eeau I'\BFA u I, (-B)F A, mo ' A.

HAoxasameavcecmeo Eam B+ A u T, (-B) A, 10 o Teopeme
Hepykmumn ' (B — A) u U F ((=B) — A). 1 ocraercst BoCHOAb30BATHCS
TeopeMoil 3.4. O

Teopema Kanbmapa. [Tycmo ece nponosuyuonasvisie nepemensivie, BLOJAULUE 6
dopmyny A, codeporcamea 6 cnucke Ay, ..., A,
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§ 3. ‘Hcuncaenne Brickasbrsanuii

Has npouzeoavrol unmepnpemayun © asvra Ly u das npouseosvnoti dhopamy-
avt A omozo aswka NOAG2EM

A = A, ecan p(A) = 4,
(0 A), ecau p(A) = JI

.

Tozda

A AL A

Hoxasameanwvem 6 0. [Tposesem HHIAYKIMIO 110 YHCAY & JIOTHYecKux CBS30K,
BXOAAIMX B hopmyny A,

Ecmu k =0, 7o A — 310 HEKOTOpas NPONOBUNHOBATILHAA NepeMeHHAS A;.

Ho rorga A’ = 4; H IOKA3LIBAEMOE YTBEDIKACHHE NPpUHUMAET BMJL

A = A
ro, ouesuano, BEPHO.

C,-EI,C..TI?J.{?.\*I HHAVEKTHBHOC np{’p"l,llf},"IU}Ke.I']PIC, HTO JOKa3biBaemMoe YIBepxienmue Bhl-
HOJIHSIETCA st popmya, cogepKaimux Mence em k JOTHYECKHX CBH30K.,
Ilycre Teneps dopmyna A CONEPXKHT k

JIOTHYCCKNX CBA30K, npuyem k > ().
Torma dopmyna A umeer OJIH U3 CHEAYIONINX BHIOB:
L. 8], 2 Bvg,
3. (B&C), 4. (B - C).

Hna cokpamenna o6osnavenuii nomaraem

I' = {4),..., 4.}

L. Tlyers dopmyna A umeer sus (- B).

Eean p(A) = U, 10 A' = A
Torna ¢(B) = JI, nosromy B = (-B8) = A.
Io unaykrusnomy npesomnoxenmo

I' - B,

T.e.

A, TF A.
Eemn p(A) = JI, 1o A" = (-A).
Torna (B) = 1, nosromy B' = B.
o uppykTusnoMy HPeATIOIOKCHHIO

'+ B,

T.C.



IJIABA 11 JIOTMKA 1 UCYHUC/IEHNUE BBICKA3bIBAHNUN

Torna 110 CACACTBUID TeopeMbl 3.6
[+ (=(=B)).
Ho A' = (—~(—B)), 3naunr,
1Y nal,
2. A= (B—0C).

Tlorst Gostblet HaIsJHOCTH TOCTPONM CJCAYIOMYI0 TabJHILy, B KOTOPOH Jjid Co-
kpanienns syecro (—D) mumenm D.

B ' A B l o A Wap. upeinon. | Jokazarh
wlm|u| 8| e |"A| TFEBTrE | [FE(B~C)
J|lna|un| B |C | A DB TR, M- (B—=C)
m|Ja|n{B|C| A =8, T'-C, I'(B—C)
pla|ul Bl €| A| TEBTEG I'F(B=C) |

B cayuaax 2.1 u 2.2 no unaykrushomy npeanoiomkennio I' - C. Tak kak
(= (B—>C)), To Ck(B-=C).

[Tosromy 1o Teopeme 3.4 momyqaeM,
'+ (B—C).
B cayuae 2.3 Bocuonn3oBaBmmch reopeMoit 3.12
B, (=€) + (~(B = C)),
WHLYKTHBHBIM 11PEIO0KEHHEM
kB TE (0

n Teopemoit 3.4 noJysum
I' H (=~(B—C)).

B cayuae 2.4 no uuaykTHBHOMY Hpenonokennio I' = (—B), 410 BmMecte ¢
F ((=B) = ((-C) — (=B)))

Jlaer
[+ ((=C) = (—B)).

Orcroga o caegersumio 2 reopemsl 3.11 noiydaem

I - (B 0).
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§ 3. Hcuncnenue Boickasbisanuit

3. A= (B&C).
Brosb pacemorpum Beromoraren BHYIO Tabaniy
i L .

B & A B ¢ A Wua. npennon. ,;'_'L{)Ka:say]‘b
nu| umwiu| B | ¢ A 'LB, I'tc, '+ (B&C)
J | U | T B C A 'B, I'kc, r - (B&L)
njma|a| B | ¢ | A4 LB, Tk, - (B&C)
A | A | A | B | C| A| I'vBrrc, - (B&C) |

B cayuae 3.1 no uuuyxrusmnomy LUPEATTONOXKEH IO
k8 [k

no reopeme 3.5 moaygaem
[+ (B&C).

B cayuae 3.2 w3 voro, yro
F ((B&C) — B)
no caegcrsnio 1 reopemsr 3.11 noayuaem
= ((2B) = (=(B&C))),
UTO BMECTe ¢ MHAYKTHBHBIM IPEINoJ0Kenuem | - ( -B) jaer
' (=(B&C)).
B cayuasx 3.3 u 3.4 u3 roro, uro
F ((B&C) — C)
1o caeacrTsuio 1 reopemer 3.11 nosygaem
F (=€) = (~(B&C))),
ATO BMECTE C MHAYKTUBHBLIM npenonokenuem I'F (—C) naer
F (—(B&C)).
4. A= (BVvC().

[octponm Benomorarensy yio Tabauiy

| T )
B C A B } ¢’ A Wna. npe o, [ Hokazars
u| unmw| unu| B - C A I'B, I't- €, '+ (BvC)
J 1| B ( C A '8, 'k €, I'-(BvCe)
u | JdJ | n|B|C| A PFB, I't+C, I't(BvC)
T | J1 | 7 B J C | A I'-B, T'+C, Tk (BvVC)

—
own
(e



I'IABA 11, JIOTHKA M UCYHMC/IEHUE BBICKA3BIBAHUH

B cayuaax 4.1 n 4.2 u3
F(C — (BVC())

no Teopeme deayxnnm nonyaaem
CF (B,

Orcioga 1o UHAYKTABHOMY npeanogoxkennio I  C ¢ nenoan3opannemM Teope-
Mbl 3.4 1oy gaeM
' (BvC).

B ciyuae 4.3 u3

- (B (BVC))

H MY KTHBHOT'O NPEAITOJIOMCITH A F l_ B AHAJIOT M HBIM 06{;)3..301\«1 noJgayiaem
I+ (BVO).

Pacemorpum cayuaii 4.4. Bocrosssosasmmen gornueckoii akcuomoi 111.3, nony-
UM

F ((B— A) = ((C - A) - ((BVC) = A))).

llo Teopeme Hegykunu mojydacy
(B—A),(C—A)F (BvC)— A).

Ho reopeme 3.7 (=B), B + A, 410 BMecTe ¢ HHAYKTUBUBIM HDPETIOIOKEHUEM
I' = {(=B) 1o reopeme 3.4 naer

['B F A.

[To Teopeme leaykunu nojyuaem
' (B—=A).
ANaJIOTHIHO TOKA3bIBACTCH, YTO
I' - (C — A).
[osromy 1o reopeme 3.4 noayuaem
['F({(BvC)— A).
OTciona no caeacrsuio 2 reopemn 3.11 nonyaaem
I' F ((=A) = (-(BVC))).
Baas » kauecrse dopmynnt A dopmyay B, noayaum
'+ {(=B) = (~(BVE))),
I, (-B) - (~(BVC))).
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§ 3. Hcuncnenue Brickaspisanmii

o mnayktusroMy npennonoxenmo I - (—B), nosromy B CHILY Teopembl 3.4
' (=(BvC()).
DT0 3aBepIIaeT JOKAZATENLCTRO TCOPEMBI. 1

Teopema 3. IMocra. Haa w060t Gopmyav. A aswra aosuxy svickaswearut Ly
UMeern Mecmo FREUCAACHITIHOCTTID !

EFA < A

Hdoxasameannvcmeo. [peanonozxum, yro -
Hyers Bee nponosunmonansubie HEPEMEeHHEIE, Bxoaume B (opmyny A, coep-
Aarea cpeau Ay, ..., A,.
[To Teopeme Kansmapa pig no6oii WHTEPIPETAIAN (0
I AT } !
Ty wevio g A-n—-l An B A, AI! LR An—-l! (_'An) F A
Orkyza mo caencrsuo 3 Teopembt 3.13 nosayuaem

/ ! )
Loy om 7Aﬂ—-1 t ‘A

ITpogoikas paccyxaenne anamoraaupm 0bpa3om, MBI Yepes 7 maron HOJLY THM

A,
Tem camuiv yeranosaeno, wro
FA = F A
Hrober noxkasars, yro
FA =% k4

AOCTATOMHO IPOBEPUTL, YTO Jid Mo6OH Jornyeckol akenomp A
E A
U, 4T0, ecau
EA E (A-B),

TO
E B.

[Iposesenne ykasanbix PACCyKAeHuit HPeJOCTABISETCS YUTATENIO B KAYCCTRE
NPOCTOro, HO MOJE3HOTO YNPAKHEHHs, U



LJIABA 11, JIOTHKA W HCYUCJ/IEHHE BBICKA3BIBAHHN

4. /lonmonauTebHBIC BOLPOCH! Jlornknu
n Vcaucaenns BpicKasbIiBanmii

Teopema anexsarnocru. Jas awbozo muoscecmea dopmya I u aoboi hopmyan
A umeem mecmo sxeusasernmmocmy:

P Wl sl RIS A

Adoxaszamenscmeo Unjgykiumedt no aaune sursoia Gopmyast A u3 MEOKeCTBA
bopmya I' ybexpaemes B Tom, wro ecain I' H A, 1o T ke L

Jlns okasaTennera 06pATHONO yTBEDIK ACHA PACCMOTPIM CHAYAJA CITYYAil, KO-
rpa I koneunoe muoxkecrso. ITyers oo cocrour n3 dopmyan

- U

B]s‘--':Bn }__ A:

Torna

= (B = (B 5 (. (B, = A).. ).

Orkyna no reopeme 3. IMocra nonyyaem
F(Br— (By— (...(B, = A 1),
Hpumenas n pas Teopemy Henykumnn, HOJTyvaem

Bl Bt A

X

re. I' - A.

Fean I' — Beckonevnoe MHOMKECTBO dbopmyrn I' |= A, 10 BoCONB3YEMCH Clie -
cronem Teopemsl KoMmakTHocTu, B COOTBEOTCIBUN ¢ KOTOPBIM HAILIETCH KOHCUHOE
noamozkecrso Iy muoxecrsa I' takoe, uro 'y |= A. Torna B CUJIY YK€ JI0Ka3aH-
1ol gacTn Teopems! 'y A, a anaunt, u ' H A, D10 3aBepuiaeT a0KasaTeInLeTRO
TEOPEMbI. ]

Mer Janm eme jsisa 20Ka3aTeibersa Teopemel AnexkparnocTu, yrobnl B pac-
CMATPHBACMON TPOCTOI CHTYAUNH HPOACMOHCTPUPOBATS ITPUMEHENNE JBYX BAYKHBIX
PHEMOB, HCHOJIL3YEMBIX TIPH H3YYeHHU CYUIECTBEHHO D0/1ee CIOKHBIX AZLIKOB, YeM
a3bik Lyp Meancnenns Buickasoisauuit.

Haunewm ¢ 6oaee rpajanunonnoro moaxosa.
Onpenenenne 4.1. Muoxceemso dopmya T savxe Lyp ucuucicnus emexasvea-
MUl HOSOEAEINCA TIOMHBIM, €CAU OHO HENPOMUBOPENUGO U Ona Mobotll dopmyan. A

Aasvika Lyp

A aule (T BiimAl,
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§ 4. Jlonomnurenvhsie Bonpocst Jloruxn Hcuncnenna Boickassipanuit

lIpeasapuresnino qokaxem BCIOMOTATENbHYIO TEOPEMY.

Teopema 4.1. Ecau dasn mmoscecmsa thopmyn I u dopmyn A w B evnoanenm
YCAOBUA
I(-A)FB u T, (=A)F (-B)

?

mo

3R R 3
Hdoxasameannvemeo Eciu
I,(-A)FB u T, (-A) + (-B),
TO MO caejcTBuio 1 reopembt 3.7 ans m1060it hopmyinr C mmeenm
[, (-A) F (=0).
Toraa mo mynkry 2 cnencreus 2 reopemst 3.11 OJIyYaeM
I'C - A.
Boas B kavecrse dbopmyasr € miobyio takyio dopmyny, uro
'+ ¢,

Hanmpumep, B kauecTpe Takoi hopmyiast C MOKHO B3ATH J1H06YIO JOTHIECKYIO AKCH-
OMY, HOJYHHM 110 Teopeme 3.4

I' - A.
O]

Teopema o nonommenum. Jlas 06020 HENPOMUBOPEYUG020 MHONCECTNEA (POp-
mya I aswra Lygg Hewueaenus Buekasweanu CYUWECTNBYEM MAKOE NOAHOE MHO-
aceemeo popmya T aswxa Lyg, wno

BT

doxaszameanvcme o Bume yxe OTMEYAJIOCh, ITO TaK KaK aadaBuT A3bIKa
Ly Ucuncnennst BeickaswiBanmil cHeTen, T0 CHOTHBIM SBISCTCST 1 MHOKECTEO Fug
Beex chopmyit Mcuncnenns BoickasniBanuii.

Hycrs Fyp = (P, )nen.

Onpesenny mocieosare bHOCTD ( I'n )Jnen MuOKeCTB dhopmy.r.

ITonaraem I'y =

Ecan muoxectso I, yike onpesesneno, To noxaraem

I = 11”’ U {(I)Tl}:' eCan 1—"” b (D_ﬂ
ntl ]_—‘RU{'ﬁan}, ecn Fn 17[ (T)n
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IVIABA 1. JIOI'MKA WU HCYUCJ/IEHUE BBICKA3BIBAHUH

Vupyxumelf mo n jiokaxeM, 910 kaxuoe ns Muoxkeers copmyn [, apisercs
HEIPOTUBOPEUUBBIM.

Tak xax 'y = I', 70 00 ycjuoBHIO TEOPEMbI MIOKECTBO dbopmyn I'y asraerca
NENpPOTHBOPEYHBLIM.

Ipeinonoxnm, 410 yiKe JoKa3ana HENPOTHBOPEIABOCTL MHOMKecTBA hopmy. I,

ean maoxectso dbopmys ',y asasierca npornpopedussiM, 1o 1, 1 # Iy, 304~
L, FTT.‘F] =['p U {(_‘(T)n)}-

U3 nporupopesnsoctu Muoxecrsa gopmyn I,y crenyer, wro g 1o6oi dbop-
MyJs B

F?‘H-T - B " I-\\,,_..}.]_ e (_'1[‘;),

.8,
Uy {(<@) F B 1 Ty, (=0,) - (=8B),

HO Tora 1o reopeme 4.1
| DR g

Ho nocneanee npoTnBopeuntT onpeeenio Miuoxkecrsa hopmy | BT
Tem cameiv nokasano, wro npu J060M N MHOKECTBO dbopmyn T', apnaerca
HENPOTHBOPEYUBBIM.

ITonaraem
(s &)
A i’
™ = UJ
=l

Hokaxem, aro I — noanoe muoxectro dopmys i

Hocaeanee ouenuano, rak kax
B PR el

Eemm 661 muozkecrso dopmys I Gwuio NPOTUBOPEUMBLIM, TO Mg HEKOTOPOH
hopmyant B Mur umenn 6o

B w IYF (+8B)
Ho roraa natiercs koneynoe Muoxecrso chopmya 7' C I'* rakoe, uro
S owm T'HB

Tak kak
]-‘l C r? (.: e (__- -F'I'J (; r":?. F1 g 1amy

TO Haliuerca rakoe wucao n, uro T' C [,
Ho rorna
Lot B n Iy bk (0B
HTO HPOTHBOPETNT yCTAHOBJICHHON BBIIE HEIPOTHBOPETHBOCTH KAXK 10T0 MHOKECTBA
dopmya T,,.
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§ 4. Jononuurensisie Bonpoch Jloruku u Hcuncrrenns: Brickaspisanmuis

Hoxaxkem, uro I - nossoe MHOXKECTBO hopmyar.
llyers A — upoussonsnas dopmyna. Toraa HARIETCS TAKOC YHCNO 1, 4TO

A= @,
Eemn
Ly &,
TO
"+ @,
a 3HAYNT,
I A
Ecm xe
wai- |71 (I)'Ilﬂ
TO

("’(I)n) € ]—‘n—l—l:
OITOMY
J~_‘-1'1'.+f + (_1(]-.)71)-
3HAYMT,
T (—D,),
T.€.
l'\*. I_- (_|A)_
Nrak, nokasano, uro I'* — noamoe (nenpoTHBOpeunBoe) MHOICCTBO (BOPMYIL
Aa3pika Lyg Takoe, 4ro
rcr.
(]
Teopema uwenporusopeansoctu. i 4106020 Muoscecnea dhopmya I asvra Lyp
Ucuncnenus BoickasbiBanuit useem mecmo sxeucaienmmoemy:

mhostcecmeo popmya I seasemes nenpomuecopenusvim mozda u moavko moezda, Koz
da oMo cosmecTnIo.

Hdoxaszameanvcme o Haunem ¢ gokazarennersa Gomee MPOCTOi “acTi
TEOPEMBI: KazK/10€ COBMECTHOE MHOKECTBO (DOPMYJ ABAACTCH HEHPOTHBOPEUHBLIM.
Hpeanonoxum nporusnoe, T.e. aro CYHIECTBYET COBMECTHOE MHOMXKECTBO hop-
mya I, apgsionieecs mpoTHBOPEUBLIM.
Torna puas vexoropoit hopmyist B

TB u Tk (-B)

Mujykupedi no jumane BeiBoga 13 MuozkecTsa bopmys YCTAHABJIHBACM, 4TO 15l
mboro MuaozkecTsa bopmy.r I' u moboit Gopmynst A us

r'-A
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IVIABA II.  JIOTUKA U HCHUCJIEHHE BbICKA3BIBA HIT

enenyer

Tk A

Tak Kax 1o 1 IPEJINONOKETTNIO [' — coOBMECTHOE MHOKECTBO (l)t}pM VI, TO 1A ﬁ(ﬂ,OTC}I
TaKasg puTeplnperanuda o, 1Iro

(') = W

Ho rorna

oB) =N un ¢((-B)) = U,
910 HEBO3MOZKHO.

Teneps jokazkeMm Goace CAOKHYIO MACTh TEOPEMBL: KaHCIOE HENPOMUGOPEUBGOE
muooicecmeo dopmyn I AGAACINCH COBMECTVHIIM.
[To TeopeMe o MOIOJHEHIH CYTICCTBYET TOJTHOe (HEHPOTHROPETHBOC) MHOKECTBO
dopmyn I' Takoe, 4TO
e I

oxazkem, uro MHOMKecTBO hopMyn I'* gpasercs copmecTHbIM. OTCIO/IA, KOHEYHO,
cpady Oyjer cneioBaTh COBMECTHOCTD U MHOMKECTEA dbopmya T
I](')(‘.'T"}'JOHI\;T HI'[TG])I![)QT&LLLHIO 2 TaKy O, 4T0

(") = R,
onaraem Aasa TpOU3BOJILHONR HPOTOZMIMOBATLHON TlepeMentoil A,

U, ecnu I”F A,
W(AN) - {U]'L ecoim I - (_'An)‘

Hamomuum, uro I~ nosoe (HempoTHBOPETHEOE) MHOZKECTBO (POPMYL, M0ITOMY
ot moboit popmyast A

™ A o DY),

HO HE TO W Apyroe OJHOBpeMenno, B 1acTHocti, 9To BCPHO W JUTHA l[pUH‘.?B().Jlbl{Oﬁ
NPOTO3UIMOHAIBHOI HepeMernoil A, ToaToMy UHTEpIpeTanus ¢ OlpejieIeHa Kop-
PEKTHO.

O0b4biM 06PA3OM TIPOIOJKACM 0TOOPAZKEHHE (0, 3aJAHHOE Ha MHOMECTBE X
HPOTO3UINUOHAJIBHBIX HEePEMEHHDIX, pile] OTOGDE].}KBHHH’ 3aJ1aHHOI'O Ha MHOXKeCTBEC FI'{B
Beex dopmyi sspika Lyg Meuncaenna Brickaspipanmii.

Maayknuelt mo nocrpoenuio hopMyn JoKaxKeM, 9T0 Jid IPOH3BOIBHOI dhopmy-
Jbl ./4 IMeeT MeCTO H9KBHBAJCHTHOCTE!

"k A == el =H,

(i) s snementapupix popmyn A ykasaHHas SKBUBAJCHTHOCTD UMEET MECTO TI0
Onpeaesgenui) HHTepHpeTauHil .
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§ 4. Jonosunrenpupie Bonpocsl Jloruku n Ucuncienus Brickasnisannit

(i) I1 PCATONOAKNM, UTO yKazaHHAS SKBUBAICHTHOCT] HMEET MecTo s hopmya
A n B n nokaxewm, aro TOrAa OHA BhUTONHACTCS 1 Anst hopmys

(~A4),  (A&B),
(AVB), (A- B).

Tax xak
™+ (—1,4) = I" ¥ A4,
HFA w(A) = J1
"
PA) =TT = p((-4) = 1
TO

i

' F () = ()

Tax xak no reopeme 3.5

.

I+ (A&B) < MFAul"+B

PA) =N moB) =0 < pALB) = u,
TO

[* b (A&B) = p(AB) = W

[Tokazkem, uro mua nomroro HEIPOTHBOPEMMBOTO MHOXKecTBa hopmyn [™* u 1po-
U3BOJIBLHBIX hopmya A u B umeer mecto IKBUBAJIEHTHOCT

" (AVB) A wmI*r-B

B camom nese, ecomn
'+ A um T B,

TO, UCIIOJI b3yAd

AF (Av B)
WM
BF(Av B),
MOJIYHaeM, 9To
'+ (AvB).
Obparno, MPEANONOKEM, YTO
I+ (AvVB).

[Mokazkem, uto rorma
"'FAwe P*-8
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IJIABA 11, JIOTHKA M HCYUCJIEHUE BHICKA3BIBAHUN

ITpeanonosxuM npoTHBHOE, T.e. UT0
M d g B H B
Tak kax I'* - moJHOE MHOKECTBO (HOPMYIT, TO TOTAA
I (=) u T F(=8)
Bocnoapsosapnmen gorugeckoit axcuomoit 1.3, mosyynm
F (A= A) = (B— A = ((AV B) = A))).
ITpumensia jaea pasa Teopemy Jlesyxumu, nojydum
(A A), (B> A F ((Av B) = A).
[Tpumenus Teopemy 3.1 1 reopemy 3.4, noayuum
(B — A). F((AV B)— A).

Tax kak 1o reopeme 3.7

(—B), B - A,

o npumenns Teopemy Heaykimmm, nonyyaum
(=B) F (B — A).

Tax xax

I+ (-B),

TO Mo Teopeme 3.4 nogyuaem

™ (B— A,

re pMecTe ¢

(B—=A) F ((AVv B) = A)

1o reopeme 3.4 paer

"+ ((Av B) = A).

Tlo cnencrsuio 2 Teopemst 3.12 noayuaem
™+ ((-A4) = (-(AV B))).
[lo Teopeme Hepyxumm nosygacm
I, (-A) F (-(AV B)).

Takg kax

Ik (=A),
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§ 4. [lonoaunrenpupie BOnpockl Jlorukn w Vewncenus Boickasbianni
P S OO0 e i

10 110 reopeme 3.4 nonyvaem
™= (—F(A vV B))
A Tak Kak BbIIe Mbi NPeITOA0KUIN, YTO
I+ (Av B),
10 [0j1yaeM OPOTHBODEUME ¢ IPeIonokKennen o HCHPOTUBOPEYUBOCTH MHOMKCCTR
dbopmyn '™,

B nrore nosnyuaem

"F(AVB) <= T+ Awm I+ B

e(A) = U um p(B) = U« p((AVB) = 1,

OITOMY

"F(AVB) = p(AVB) = 1.

Ocraercs noxkazarn KBUBAJICHTHOCTD
"F(A=3B) < (A —+ B)) = H.

B cuiy nognors u HENPOTUBOPEYMBOCTH MHOMKECTRA opmyn ['* 9ra skeupa-
JNEHTHOCTL DABHOCHIBHA SKBUBAICHTHOCTH

I"F(=(A-B)) = (4 B) =

Hpemnonoxnm, aro

" F (=(A4A - B)).

Hoxazkewm, wro rorma

"= {(=B) n '+ 4
Wenonbsys nornieckyio akciomy 1.1, nonyyaem

= (B — (A— B)).
[pumenns T eopemy Jeaykuuu, nosyumw
B+ (A— B).
Ilo nynkry 2 caencrsus 2 Teopems! 3.11 noayaaem
(+(A - B)) I (~B),

9T0 BMECTe ¢

I' F (~(4 = B))

165



TJIABA 1. JIOTUKA 1M NCYNCJIEHUE BRICKA3BIBAHIN

o reopeme 3.4 jaer

™ & (-8).

[lo reopeme 3.7

(-A), A - B,
Ipumenup Teopemy feaykupm, mosryaam
(-A) + (A — B).
Toraa o nynkry 2 caejersug 2 reopemnl 3.11 nonyuaem
(+(4 > B)) - (~(~4)),

1T0O BMeCcTe C
I' + (=(A - B))

no TeopemMe 3.4 xaer

[ b (~(~A)).
Toraa no cuejersnio reopembl 3.6 nosyuaem
% aede

Wrak, ecnu

I* F (~(A = B)),
TO
Iw |_ .A
H

' (~8),
I'To HHAYKTHBHOMY HPeIoONOKCHAI TOTHA 1noJgayvacm
eld) =8 w8 =l

SuauuT,

o((A - B)) = L.

TeM cambIM mOKa3aHo, 4ro

F {(~(A—=+8) = ¢(d-—DB8)=.J.
Hrobwr nokazarn, HWro

p((A—-B)=J] = I }. (-{A — B)),

HMPeJgnoToOMKuM, ITO



§ 4. JlononunreapHpie BOnpocet Joruku n Ueuncnenms Brickasbipannit

Ho torga
o(A) = U u o(B) = JI.

Oreroga no HEAYKTHBHOMY TIPEIOJ0KEHHIO N0y aaem

I+ A

[+ (=B).
Mo reopeme 3.12

A, (-8) F (=(4 - B)),
ITO BMECTE ¢ IBYMA NpeiblAyiuvn hakTaMu 1o Teopeme 3.4 gaer
"+ (=(A4 - B)).
Tem cambiv nokazano, wro

P(A=B) =1 = Tk (~(4 - B))

B wrore gokazano, uro s IPOU3BOILHOM hopMyant A umeer MecTo IKBUBA-
JEHTHOCTD!
FA <= pA) =u

Fean A — uponssomsuas dbopmyna u3 MHEOKeCTEY [*, 10, ouermmno,

I = A,
10ITOMY
w(A) = I
3nauur,
p(I") = U,
NoTOMy MHOXKECTBO hopmyn I'™ apisercst coBMeCTHBIM. i

Teopema ageksarnocru. s moboti popmyan A szvxa I JIB U 0Ad A106020 mio-
ocecmea opmya I' smozo azvxa umeemn MECMO CACOYIOWAA IKEUBANCHINHOCTTID,

bopmyaa A seasemes nosusveckum caedemeuem muoscecmesa dopmya T mozda u
moavko mozda, kozda dopmyaa A emeoduma us IMoz0 muoncecmsa gopmya 1.

Adoxasameavcecmeo B Xole noxasareinscrsa Teopemur H CITPOTHBOPEIUBOCTH

ObLIO TTOKa3ano, Yo ecau chopmysia A BHIBOANMA U3 MHOKECTHA dopmya T, 10

cbopmyna A ssaserca sormucckum CHENCTBHEM 9TOr0 MuOXKecTBa hopmya I,
Hoxazxkem, uro Bepuo u obparmoe:

ecau gopmyna A seanemen rozuneckum caedemauem muoscecmen gopmya ', mo

dopmyara A emsoduma us smozo mHosceemea dopmya 1.

[lyers bopmyna A ssasercs normueckm craencrTeueM muoxkecrsa dopmya T,
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I"MBA Il TIOFIH\A " uc LH/TCMLHI/H BbICKA! 3bIBAHHﬁ

Torga muoxkecrso dhopmyn I'U {(—A)} ne asigercs cobmectanm. TTostomy 1o
Teopeme Henporusopeuupocern a1o Miuozkectso (hopMy:s fBIHETCH IPOTHBOPEYH-
BBIM, 3HAUMT, /Uil HekoTopoit dopmynnr B umveem

(~A) B u T,(-4)F(-B).

Ho 'rorya no reopeme 4.1

'+ A

5. Aarebopa JIungenbayma aaga Vcuuciaenus
BrickazbiBannii

Ha mnoxecrse Fyp seex dopmya Heuncnenus BuickaspiBanuil onpeseanM or-
HOWMCHAC = noJiarasl

A=B <= F (A4+— B).

]/1(‘.1'1().]”.»3}’}1 BBLIINE HORA3aHIBIC TEOPEMDLI (KI')OME TeOpeM HelpPOTHUBOPCUYMBOCTH

H El-,.-'J,OKB?l"I‘II(')(’.T‘I-i), HETDVJHO 110KA34ThH, 9YTO OTHOWICHHE = SBJAYETCHd OTHOEHNeM
IKBHBAJICHTHOCTH 1 (haKTOPMHBOXKECTBO MuOkecTsa Fyp Beex dopmya Meuncnenns
Bi:-]’(':l(&:ihlHF]HI-Iﬂ O 9TOMY OTHOINCHWAIO IKBHBAJCHTHOCTH HIpeppantacTesd n ﬁy,]!(‘.ﬁ}"
anredpy, ecan MoJIOKUTL

[Au[B] = {«4 v Bj,
AN [B] = [A%B],
[A] = Hw‘l)],
0= [(~(Ar vV (>AD))],
1= (A V (~4)).

Jna mponseomenoro Muoxkectsa dopmya I’ nonaraem

X

= {[4] | A€T}.

Teopema anexsarnocru. Ecan | - nenpomuscopenusoe muoscecmeo dopmyn u
A € Ty o - Bu BT
]
mo AN ... .N[A,] # 0.

Howaszameanvcmaeo. Ilyers [A;] € [Pl sis [Anl € [T']. TIpeanooxuM, 4ro

(AN N [Ay] = 0. Torna [Ai& ... &A,] = 0= (- ~(Ay V (=A1)))], nosromy
= ((-’41& cor Ay} (_'(Al v (__‘Al))))'
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§ 5. Aavebpa JInegenbayma jaas Vcuncnenus Boickasbisanuii

3HaunT,
M ((Ai&... &AL) = (=(A1 V (=A)))).
Torna no caencremio 2 Teopembr 3.11

PE((ALY (24) = (A& &A,))).

A no Teopeme Teaykunn

I, (ALY (—A)) F (A .. &A).

[To enencreuio 2 reopemst 3.13 ' f (A1 V (1A))), moaromy 1o 1eopeme 3.4 mo-
Jayqaem

[F (=(Ak ... &A).

Tax xak npu mobom i (i =1,.. ., n): A €T, 10T+ A, JHAYMT,
[F(A&.. . &A,).

Ho sro 1 POTHBOPEYHT TIPCIIONOMKCHHIO O HEIPOTHEO DEYHBOCTH MHOXKecTsa .
p I

]
Hdoxaxkem cosmecmmocmy aobozo HEnRpomusopenueozo muooiceemea gopmya 1.

lyers D — yasrpadminrp, conepsxamuii MEHOKECTBO (r].
Monaraem p(A;) = W mozda v moavko mozda, wxozda [4;] € D.
[To roit 2xe cxeme, wro u BuiuIe, TOKA3LIBAEM CHPaBEIMBOCTE 3KBUBAJCHTHOCTH

@(A) = W mozda u moavro moeda, xozda [A] € D,

rie A — nponssoabnas dopmyia. Iposesenne COOTBETCTBYIONUX PACCY 2K AeHUi
HPEAOCTABIACTCH IMTATE/IIO B KAYCCTBE HECI0KHOT0 MOJE3HOT0 YITPAKHEHUSL.

lyers A € I, Torma [A] € [I] € D. 3nauut, ¢(A) = 1, nosromy ¢(I') = H.
CuaeiopaTesinio, MEOKeCTEO hopmyi I” coBMECTHO,
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[JIABA IIL.
JTOTIOJTHEHUE

1. Bynessr anre6pni

Omnpenenenne 1.1. BymeBoii anreGpotii HaIuGAemea nenycmoe mroscecmeo B,
HASVGUEMOE OCHOBHDLM MHONCECTNBOM BYaegol anzebpul, emecme ¢ deyma emdenen-
HOLMUL 6 HEM DIAEMENTIAML, 00053HANAEMBMU 06D1HO wepes 0 u 1, u ¢ onpedeaermvim
M NEM TIPEMA ANZEOPAUNECKUMY ONEPAYUAMY, 00Na 13 Komopuix — odnomecmnan 1
mpaduyuonno obosnavaemes nepes ~, a dee dpyeue — deymecmioe u MPACUYLOHHO
oboznanaromen uepes N u U, das KOMOPUEL BUNOANAIOMCA CACHYIOUUE ARCUOMbBL:

I. AKCnmoMBI acconmaTUBHOCTH -
dns mOOWET saemenmos a, b u ¢ us mhosceemea B ewnoanaomes pacencmaa

aNbne) = (anbyne, aU (bUc) = (aUb)Uc.

2. AKCHOMBI KOMMYTATHBHOCTH
dis A00T FAEMERINOE G 1 b ua Muoxceemea 3 GUNOAHAIOMCA paeencmea

aNb=>0bNa, aUb=buUa.

4. Akcmomsl JucTpubyTuBHOCTH
028 MOBWT nemenmos a, b 1 ¢ us mruoNcecmea B ewmnoanaromen pasencmean
an(bUc) = (anb)U(anc), auU (bNe) = (aUb) N (aUe).

4. Akcnomsbr s HEHTPAJIBHBIX 2JIEMEHTOB
dad 1106020 saemenma a ua muoscecmen B BUNCAHAWIMCA PABEHENEa

aNl =a, U0 = q.

5. AKCHMOMBI nonoasens -
f).-’]‘..?ﬂ .:s.mﬁaau AAEMENTIA (1 U3 MHoMcecmen B GUNOAHMMICA pasercemaan

afa =10 alla = 1.
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I'VIABA 111, JOITOJIHEHNAE

Obbruno camy Gyaey anrebpy obosnadaior uepes B, T.e. 14K ke KAK U €€ 0CHOB-
HOE MHOXKECTBO, HO WHOIJQ, XKejdasg NOJYCPKHYTh, 4ro Oyviesa anrebpa — 310 ne
TOJIBKO MHOZKECTBO, HO U BBIIGICHADBIE B HEM JBa 3JIeMCHTA 1 ONPCICICHULIC HA IeM
TPH adrebpanieckmue OMepaluin, UCIoAb3yIoT caejiyioee o003HaTenme

(B[{0,1}, {7}, {n, U})).

A Ju1s cOKpalenns yKa3aHubii Habop, COCTOMIMIT U3 MHOKECTRA, S/1CMEHTOB U
onepamnit, obo3navalor, Hanpumep, yepes B,
Hrobb ynpocrutn obo3nadennst, Mol 00bIYHO Gyem 0603HAUATE OyaeBy aiarebpy

{B1{0,1}, {7} {n, u}))

uepes B3, T.e. Tak ke, Kak M €€ OCHOBHOE MHOKCCTBO. DT0 HEe UPUBEIET K HEA0PA3Y-
MEHUSM.

[Ipusesiem pazkibie TpuMepbl GYJACBLIX anredp.

Badukcupyem npoussossnoe Muoxectro . Yepes P(U) obosnaunm MHOKECTBO
Beex noiamuoykects muoxkecrsa U, Muoxecrso P(U) wacto nasbipaercs MHOMXKeCT-
BOM-CTEIIeHbIO MuoXKecTsa [,

Yepes 0 obosuaunmM LycToe HOAMHOKECTBO & MHOMKECTBA P(U), a wepes 1 —
camo muoxkectso U.

Onepanyn =, N u U ONPEeACTHM eCTECTBEHULIM 00pA30M, TOJArAS JUIs PON3-
BOMBHBIX nojMuOkecTs A 1 B muoxeersa P(U)

4 = U\A?

AN B - nepeceuenne Muoxkects A n B,
AU B — obbeaunenue muokecrs A u B.

Jlerko nposepgercs BENIOAHUMOCTD AKCHOM OyieBolt anrebpo.
Hocrpoennas Oysnena anrebpa maswipaercs aa2e6poti nOOMHONCECTNE MHOKECT-
na {J’f.

Hpyrue ananormunpie npumepnr Gysessix ajareGp HoNyIAIOTCS, €GN B KATeCTRE
OCHOBHOTO MHOKecTEA B GyileBoit aarebpnr sasun ne e Muoxectso P(U), a s
LAKOE ero NOAMHOMKECTBO B, /sl KOTOPOTO BBLUIOAHSIOTCA YCJAOBHS 3aMKHYTOCTH
OTHOCATEIBLIO He0OX0AUMbIX ONepalui, T.c.

1.oebB, UebhB,

2. ecom A, BeB,to Ae BANBeBuAUBe¢ B,

Haupuvep, » kasecrse B MOXKIO B3ATH cucremy, COCTOANLY IO JIMIOL M3 ABYX 01
muoxKeers & u U muoxkectsa U. B sTom cayuae s ITOJ1Y UM BAYKHYIO d6YINCMEHN-
nyr Oyacay anzebpy.

Horazxem, uro B moboit Gyaepoi AIredpe BRIIOJNAIOTCA CJHEAYIOUME BayKHBIE
pPaBEHCTBA:
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§ 1. Bynesnr anreGpur

PaBeHCTBa UAEMIOTEHTHOCTH:
AU JH0D0TO ATeMEeHTA @ U3 MHOMKECTRA, B srinomsiores pPaBeHCTBA

cJa =a, alNa = g

11 paseHCcTBAa IOTJVIONMICHU S :
JULst 1o06Ix AMCMEHTOB o U b u3 MITOZKecTRa [3 BHIITOJIHATOTCH PABEHCTEA,

aN(aUb) =a, allanb) = a.
,JT_{OI(ﬂBEL‘.L‘!L-"IbCTBﬂ. PABCHCTE MAEMIIOTCHTHOCTY:
aUa = (eUa)N1 = (aUa)N(aUd) = aU(ana) = aU0 = g,

afNa = (aNa)ul = (aNa)U(ana) = aN(aUa) =anl = q.

Jokazarenversa pagencrn MOTIOUEHUA:

aN(aUd) = (aUu(bNb)N(aub) = (@Ub)N(aUb)N(aUb) =
(@Ub)N(aUb) = aU(BNb) = aUD = q,

aU(and) = (an(BUb)U@nb) = (@nb)Uland)U(and) =
(anb)U(and) = aN(hUd) =anl = a

Nenonwsys pasencrsa HOTJIOWEHNMS, TOKAKEM, YT0 JJTH POUIBOIBHBIX TeMeH-
TOB @ 1 b Oynesoil anreGpor umeer mecto IKBUBAJIECHTHOCTb:

aNb=0 < qUb=}

Eciu anbd = a, 1o nonydaem aUb = (aNb)uUb = b, Obparno, ecan atJ b = b,
TO HonydaeM aNb = an(aUb) = a.
B npoussoasnoit 6ynesoit anrebpe B MOKHO OMPENEUTL OTHOMICHIE < YACTHY-

HOTO MOp#A/Ka, MONOXKMB JJIA TPOU3BOABHBIX SJCMEHTOB @ U b 3T0ii anredpur
a<lb <= a=ank.
Tak onpeneaennoe otnomenne neficrenrensio ABJIACTCH OTHOHMIEHHEM YACTHYHO-
ro nopsaka, r.e. obJagacT csolicTBaMI PeDIEKCHBHOCTH, TPAHIUTUBHOCTH ¥ AHTH-

CUMMCETPHIHOCTH, npuueM 0 ABASCTCHS HAMMEHBITHM IEMCHTOM 9TOi aaredpsi,
a1l — ee HAUBOIBIIAM 2/ICMEHTOM.

1) Pedaexcusnocrs: Tak kax @ = a N a, 10 a < q.
2) Tpamnrusnocrs: eciu a <bnb<e,roa=anNbub=bn €, TOITOMY
aNc=(aNb)Ne=anN(bNe)=anb=aq,

JHAMHT, a < c.
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IVIABA 11, JIOIIOJIHEHUE
3) AnTHCAMMETPRYHOCTDL: et o < bu b < a, T0 @ =aNbu b= anb, nosromy
a =D

4] B CHIIY aKCHOM I Hetﬁ’l’pailblihl,‘( ANEMEHTOB! JUJTH A0dOro ANeMenTa 0 u3
MHOKECTBA 3 BhIIOJIHSIOTCS papencTea

a:Ml = ) = E
snaunt, ¢ < 1 n 0 < a.

[Toaromy, econ asement e obuajiaer cBORCTBOM:
dast 06020 2ACMENMAG G U3 MHO%Ccecmea B ewnoanaomes pasencmea

afle = a,

Toig= 1.
CummeTprtibiM 0BpasoM, ecau ajJeMenT ¢ 0bagaer CBORCTBOM:
das 00020 snemenma @ u3 muodcecmsa B swnoanaomes pasencmaen

ale = q,

ro e = (.

KI)OMG TOrG, I .1110601“0 AJACMEHT (1 M3 MHOASECTBA B BBITIOJIH S IOTCH paBCcHCTBA
aUl =1, an0 = 0.

[okaxkem, 9To ecim g 2JeMeHTOB ¢ 1 b 13 MHOKecTBA B BRINOTHAIOTCS pa-
BEHCTBA
alfb =0 aUb=1l,

10 b = @. D10 Caeiyer u3 CAeAyINX PABEHCTE H HEPABEHCTH
a=0Ua= (anbUa = (aVa)Nn(Ua) = INn(bUa) = bua,
3nauut, b < @,
a=1Nna=(aUb)Na = (ana)u(dna) =0uU(bna) = bNa,

sgaunT, a < b, noyromy b = a.
Kpome Toro, BRMOSMSIOTCT paBeHeTBA

a=a, aUb=anb anb=auUb.

DTO CHeAYeT U3 CACAYIONUX PABCHCTH:

(aUb)N(@nd) = (an(anb)udn(and) =0,

(aub)u(@nd) = ((aub)ua)N((aUb)ud) = 1.
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§ 1. ByueBot anre6pu

[Toxazkem, 9To MMEIOT MeCTO IKBHBACHTHOCTH
a<b < anb=0

i
a<b <= bua=1.
Ecin a S_b, T gMb=q, HOITOMY @ Nb = (anb)Nb = 0. Iyers anb = 0, roraa
a=af(bUb)=(anb)U(anbd) = (aNb), re. a<b
Octaerca 3aMeTHTh, 4TO

aNb=0 <= budG=1.

Oupenenenne 1.2. @unbrpom na byacaol anzebpe B nasveaemes moboe wenyc-
moe mrosicecmeo D anemenmos amoti anzebpu, dasn x0mopozo emnoimers caedio-
wiue HYCAOBUAS

1) ecavaec Dube D, moanbe D;
2) ecaua € Dua<b, mobe D;

3) ecnua€ D, moad D.

Jlerko nongars, 4To YCIOBHE 3) PABHOCHJILHO J10bomy n3 CHEAYIOMMXY JABYX YCIO-
BHIl:

a) 0¢ D,
b) D 0miMYHO 0T MHOMKECTBA BCEX MEMEHTOB GYIECBOIT anredpol.

Tak kak s moboro sgementa a GyaeBol asreBpbl BLINOIHEHO HEPABEHCTBO
a < 1, nwboit buietp D comepxnr 1.

lIpnsenem BakHbIe TPAMEPH (DUIBTPOR B NPOU3BOIHHOM Bynesoit anrebpe B.
[Iycre @ — upousBonbusiit, oranunnit or 0, saeMeHT 9Tk aaredbpho.
Hepes D(a) obosznauum cieayionee MHOKECTBO

{z | z€B,a<Lz}

Jerko uposepurh BeinoanuMocTs yenosuit 1) — 3). Ouaprp D(a) nazeisaerca
purvmpom, noposcdenmvim snemenmon a. PUALTPHI BHIA D{a) naspiBalorcs 2406-
HoM hrILTPAMU.

Pacemorpennas konerpykuus obobwaerca cneayiommm obpazom. [Tyers muo-
KeeTBo A 21eMeHTOB (yneBoil anreGphl YIOBACTHOPAET VCIOBUIO:

Aad Ji000ro i > 0 ¥ Jo0LIX IAESMEHTOB ay, ..., a, W3 A anement a; N ...Na,
OTIHYEH OT 3jeMenra ().

OBosznaumnm vepes D(A) caeayiomiee MHOXKECTBO

{z | © € B u naitayrcs rakoe n

W TAKMe IEeMEeNTsl @y, ..., 4, B A, ur0 a;N...Na, <}

‘
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I'VIABA 11I. JOHOJIHEHWE

Uyraresio npeocTaBgercs MPOCTas MPOBEPKa BLINOJHUMOCTH YCAOBWH 1) ~3).
Ouavrp D(A) naspisaercs Guavmpom, noposcoctibim MHOHCECTNEOM A.

Bazxupiit npumep dhuasTpa na 6ynesoii anredpe P(U) H0IMHOXKECTB MPOU3BOJIb-
noro Geckonednoro Muomkecrsa U gaeT ciacayomad KOHCTPYKI7,

Ob6oznaunm wepes Priy, com(U) MHOKECTBO BCEX TNOJMHOXKECTH HeCKONETHOIO
MuozkecTsa U, nmeonmux  sonednvie donoanenus. Jlerko uposepgercs, HTO
Prin—com(U) aBasercs Gpuabrpom.

Onpenenenne 1.3. Quavmp, ne codepircawuilica wu ¢ KaKOM OMAUMHOM OM HE20
Puavmpe, HA3BEAEMCA MAKCUMATIBHBIM.

Teopema 1.1. Jhoboii duavmp codepoicumes 6 HEKOMOPOM  MAKCUMANDHOM
duavmpe.

Joxasameavcme o Jud I0Ka3aTebCIBa BOCTIONL3YEMCH YIKE N3BECT-
HOi naMm M3 reopuu MHOXKECTB Jlemmot Llopna, aBadiomenca yTBepKIAeHHEM, K-
puBasgenTHbIM Axcuome Bubopa. Hanomuum dhopmymupoeky Jlemmnt Lopna: ecau
6 ACUNHO YNOPADOUCHHOM MHONCECTEE Oad KaNCA020 AUNETNO Ynopadouerozo
NOOMIONCECTNGA CYULCINBYEM BEPTHAA 2PARD, MO 6 IMOM MHOICCCINBE CYULECTIBY-
e MAKCUMAADHOLT IAECMEHTIT,

Myers D — dunprp na Gynesolt anrebpe B. Obosznaunm yepez M mnoosicecmeo
scer duavmpos na byaeeoti anzebpe B, codeporcauyux duavmp D. Muoxecrso M
HACTHUHO yHopsagoueno ornomennem C. Iokaxkewm, aro M yIoBIETBOPAET YCI0BUIO
Hemmnt Hopna.

[Myern K~ amHeltHo yrnopagouernoe nogamuoxecrso 8 M. Honaraem

Jerko nposepgeres, uro F' — duawrp, gpasiommiics pacimipenueM dbuastpa 1),
re. I € M.

Quesnipo, K- BepxHsas rpanb Js oaMuoKkecTsa, .

o Jlemme Llopua muoxecTBo M uMeer MakcuManbibiil snement D, Ou u Gyjer
MAKCHMAJIBIBIM (DIIIHTPOM, cojiepzKaimM (minrp L. ]

Onpeaenenune 1.4. Quavmp D wa 6yaeccoli aszebpe Hasveaemcs yabrpaguisr-
poM, ecai das ar0b020 daeMeEHING (1 2T aA2e0pbL WAt OH CaM, WAL €20 Jonoanenue
a codeprcumes 6 1.

Onpegenenue 1.5. Quavmp D na byscsoli anzedbpe nasmaaemes IPOCTBIM, CCAU
dan MoOwux saemenmos a u b amoti anzebpu uz aUb € D caedyem, wmo uau a € D,
uat b e D,

Teopema 1.2. Quavmp D ne byaceoli anreebpe AGAACIMCA MAKCUMAALHULM TO200

U MoALK mo2da, Ko20a 0H AGAACTNCA NPOCTIbM, G NOCAEIHEE BUNOAHEHO MOozda U
moavke mozda, xozda druavmp D asasemes yavmpadusbmpon.
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§ 2. Tlomstue o HECTAHIAPTHOM, WJIH HeapxXumen0BoM, aHaIuse

HAoxasameavemeo Hoxascem, wmo xasicdwi MarcumMasonuitl duavmp D
AGAACTNCA NPOCTMM.

[Mycrs D — makcumaibHoii buabrp. Ecan on we sasiasercs IPOCTBIM, TO HA-
AYTCH TAKKE 3NEMEHTHI o W b B Oyuenoii anarebpe, qro

aUbeD, a¢D, b¢D.

Torma a # 0w b +# 0.
Pacemorpum muoxkecrso D, = D U {a}. Hoxaxem, yro nu6o Tt boro Ko-

HEHHOTIO YHCIA IEMEHTOB @y, ..., @, MHOMKECTBA Dy arn...Na, # 0, 6o s
MobOTo KOHEMHOTO wiea JIEMEHTOB a3, ..., a, MHOXKecTBa D), apN...Nay #0.
Tak kak aas 106000 KOHEYHOTO YUCAA  3JIeMEeHTOR Cls vovy G HM3 D

cif...Ney € D, To nocraTtouno HOKa3aTh, 4T0 Mubo st moboro siaementa
w3 D cNa+#0, mbo nas moboro dIeMeHTa ¢ u3 D ¢ b # (.

Ecm 910 ne rak, 10 BARAYTCA TAKHEC 9JIEMEHTH ¢ u d B D, arocna =0u
dNb=0. Torna ¢ = ¢ N @, 3HAYHT, ¢ < @, YTO BMecTe ¢ ¢ & ) naer a € D,

...L\r—:a.uorw-r__rjpm obpasom nosywaem, uro b € D.

Ho rorpa (aUb) =anb e ), uro B7Mecte c a Ub € D UPOTHBOPEUHT TYHKTY 3)
w3 oupenesenus hpunsrpa,

Buaunt, 6o aast 1060ro KoeuHoro HUCJIA 9NeMEHTOB aq, ..., @, MHOXecTBa
Dy ayn...Nna, # 0, 6o ans 1060ro Koneunoro HUCIA JJIEMENTOB @y, ...,
MHOXKecTBa Dy a; M...Na, # 0.

Houyerim, uro aia moboro koneroro UHCITA DEMEHTOR ay, ..., @, MHOKECTBA
Dy ainN...Na, #0.

Pacemorpum bunsrp D(D,), nOpOX TeHHbBIH MHOMKECTBOM D,. Tornaa € D(D,).
Ho D C D(D,), a D — makcumainmprii buanTp, 3nauNT, D(D,) = D, a nostomy
a € D. Y7o nporusopednt npeanonmkenmo q ¢ D. 3uaunr, buiprp D — npocroit.

Howascem, wmo waswcowi npocmott urvmp asaaemes yavmpaguivmpom.

[lycrs D — npocroi buABLTD, & @ — NPOM3BONBIRI HeMmenT OyneBoit anreper.
Tak kak aUa=1€¢ D, 1o CHIy pocToThl bunbrpa D aubo a € D, 6o @ ¢ D,
r.e. bunstp D apnsercs VABTPaUIBTPOM.

Hoxaocem, wmo wacomi YALIMPAPUADIND ACARCINCH MAKCUMAADLHOM dranm-
POM.

[Iycts D — yabrpaduantp, a Dy — comepxaumnit ero bunntp. Ecin D, # D,
10 mycrb a € Dy, a ¢ D, Tak kak D — yasrpabuastp u @ ¢ D, 10 G € D, a
AT, @ € Dy, 1o 310 BMecre ¢ a € D, MPOTHBOPEYMT NYHKTY 3) U3 onpegencHny
busbrpa. Tem cambiv TCOPEMa I0Ka3aHa. L

2. Tlongrue o HECTaHTAPTHOM, WJIM HeapXUMeI0BOM,
aHaJam3e

Cosnannpie Bomee Tpexcor JnieT Tomy nasaj Mcaaxom Heloronom u lordpuigom
Buabreitmom don JletGaunem aucbdeperumanbuoe u HHTErPAJIbHOE UCYHCICHHS B
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I'VJIABA 1II.  AOIOJIHEHUE

TEUEHNHEC MTOYTH ABYX BEKOB ONHPAJIMCH HA MHTVHTHBHBIC TIPEJICTABICHNA O Geckomen-
HO MAABLE U OECKOMEUNO DONLUIUE BEAUNUHAL.

I.B. Jleitbrun pacemarpusan 6eCKOTEUHO MAJILIC BEAHYNHB KAK ITOCTOSHHDIE Be-
JRIHIBL 0coBOro poaa, chopMyIupoBan OCHOBHBIC NPABMIA UCUUCACHHS YTUX BETU-
THH, CMOTPEJ Ha HUX Kak Ha “akTyaapubic’, a ne “noTeHinuadbible, cTanossimecs .
On pacemMaTpuBas GECKOHEYHO MAJDLIe BEAMYHHEL Kak “nojesnyio puknuio”, He Kax
veracpusueckuit gakr, OLIT 3aHAT UIYUCHUEM MPABWI, KOTOPHIM OHM MOAYHHS-
wred. VB, Jleibnun cdhopMyauposala MpUHLED, HaspBaeMblil Teneps “HpUHINIOM
nepenoca I.B. Jlefibunmna”, B coorRercTBIn ¢ KOTOPHIM “HaeajbHble THeaa’ 107 KHbI
00J1aIaTL TEMI 2Ke CBOMCTBAMM, YTO U “KOHEUHble qHCHa’.

Beepenne 8 maremaruky B konue XVII Bexa (paGora I.B. JTeii6nuna Osima ony6-
muxoBana B 1684 rosy) HeckoneuHO ManbIX 1 HECKOHEYHO GONBIINX BEJIUTHI ABHAOCH
OTHUM W3 HCTOYHUKOB GIMOP020 KPUSUCE 0CHOBAHULT MAMEMEMURL, BHI3BAI0 MHOTO-
YHCJACHABIC CHOPLI B JIMCKYCCHU 110 BOITPOCY 3aKOHHOCTH B 000CHOBAHHOCTH MCHOb-
sopanug s1ux nmouatuit. Iocnenosaremn Y. Hulorona un I.B. Jleitbunua sechma cno-
Honno obpamaIuch ¢ PACIILIBIATBIME HOHITHIAMYE DECKOHEYHO MAJIBIX 1 GeCcKoHe-
HO DOJLIUKMX BEAWYNH, CKIAABIBAIR OECKOHCUHLIE CYMMbI CIAPAEMBIX 110 1IPABHJIAM,
BEPHBIM JUIs KOHEYHBIX CYMM, HAIPUMED, CBOOOAHO MOAB30BAIMCH KOMMYTATHBHO-
CTHIO ¥ ACCOUMATUBHOCTBIO And Oeckoednsix pagon. C Apyro#t ¢TOpoHbl, OCHOBHBIC
nouATHs JuhPepeninanbHOro 1 MHTCIPATHION0 HCIUCIeHHEl KA3AINCh BeChMAa Ty-
MAHHBIMI MATEMATHKAM, BOCHHTAINBIM Ha anTudHoll crporocru. B kauecrse mpn-
Mepa PACCMOTPAM BhIMUCIeHME NPON3BOAHON (yukmun y = 22 B Touke z. Jdajum
& beckoneno maaoe IIipnparnenne dz, T.e. nepeiieM oT TOMKM T K TOUKe Z + di,
BRLUMCIUM oTHOWenue dy/de Geckonenno maaozo npupamenns dy dynxign Y K
OECKONCUHO MAAOMY TPAPAINEHUIO dT aprymMenTa x, noayuM dy Jdr = 2z + dz. Tak
Kak dx OecKOHeYHO Majio, T0, 0TOPOCHB ero, HOMYTHM dy/dz = 2z, Kpuruxu 370-
O PACCY?KACHUA MO CKa3aTh, 910 orOpachiBanme ciraraemMoro dr -~ 910 HpocTo
UPHPABHUBAHUE €TI0 HYJIO, HO TOra v dy paBHO Hymo w orHomenwne dy/dx repser
CMBICI, OTKYJIA 2Ke TOLJAa BOZHIKACT TpousBoaHas? OIHaKko YCIIeXH HOROTO HCYUCIe-
HUsL B PEINCHUM CTApbIX, KA3aBUIMXCH HENPUCTYTIHBIME, MaTEeMaTHYeCKuX 11pobiem
3ACTABIATN 0TOPACKIBATL COMHEUNS. XapakTepHo B 9TOM OTHOMICHHM BLICKAZDIBA-
une zKana /1"Anambepa (1717-1783 rr.) “Wanre Buepen, n Bepa K BaM npuier”.
Anddepennmanbroe n uETErpANLEOS HCUMCICHIE TTO3BOTIIH PemuTh pasnoobpas-
HBIE KAK YHCTO MATeMATH'ICCKHE, TaK W HPHKIagabie 3a1aqn. B kadecTre npuvepos
NEPBOrO TUIMA MOXKHO YKA3aTh Ha 3aJa4H, CBA3AHHLIC ¢ HAXOK ICHUEM SKCTPEMAIL-
HbIX 3Hauenuil pyukimil, spraucienrem wiomwaueil n o6bLeMon, a B Kauectse HpuMe-
POB BTOPOTO THIA — PACUCT TPACKTOPHU aPTHILIEPUECKOrO CHAPAA, TPEACKAZAHNIE
JBHZKCHHS IUIaHeT 1 KomMer. OUHAKO OCHOBA TODJIAIIHETO MATEMATHICCKOrO AHAH-
3 HOHHTHE OECKOMEUNO MAAOT GEAUMUNL KABAIOCH CTOAIMM HA IPAHY ObITHS |
HEOBITHH, UeM-TO Bpojie HyJid, HO He nyas. B xouue XVIII sexa nossuimcs MepBLIe
HPU3HAKKE HEOJArononyuns — HEKOPPEKTHOE MCHOMB30BAHNE DECKOHeUTO MAJLIX §
Heckone o DOMBIMNX BETMIUH CTAN0 HPABOJUTD K IPOTHROPEHHAM,

B komne XVIII sexa I'Anambep mis paspenienns NPOTHBOPEUMIT TIPE I PUHSLIL
HONBITKY 0D0CHOBAHU MCTUCIENNS BECKOHCTHO MAJIBIX HA OCHOBE TOHSTHS pejiesia.
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§ 2. Tomsrie 0 HECTAHJAPTHOM, WJIH HEAPXUMEI0BOM, aHAIU3e

B xonne XIX pexa nos simsuuem asropurera K. Bettepmrpacca (1815-1897)
MeTOL & — 07 CTAT OCHOBHBIM UHCTPYMEHTOM “B3SITHS IPeeon” B MATEMATHICCKOM
anaauze. Xors B. Boabmano (1781 1848) wa usirhiiecar ger pPanbUIe UPeIToAK N
ANAJIOITYIH B MeTOo/ I, HO CMY He 6bl.,'l{') B TO Bpems Yaeleno JoCTaTOYHO BHUMAHHS.

K xonny XIX pexa nomatus axmyaivro Geckoneuno GoibIIol 1 GeCKOHETHO
MaJION BesTHYIHH OB 3aMenenbl uieell npejena u moHATHIMu nomeryuaAbHo Hec-
KOHEUHO DOMBINOH M HECKOHETHO MAJIOR BeJUYHH. Pasuocroponnaa negrensrocts
Orocrena Koum (1789-1857 Ir.), cucreMaTHIeckn HCHOAb30BABIICTO IpeJiesibl, Ko-
TOPHIC OH ONpefesan Ha OCHOBe DECKOHEMHO MaJIbiX BeJMYHH, 00eCHeunsa onpe-
ACTCHHYIO CBA3DL MEXKJY NO3ULKEH aBTOPA NMepPBOTO PYKOBOJACTEA MO HCUUCIEHHIO
beckoneuno Mananrx JIonuralis, TPAKTOBABIIErO GECKOHEUHO MAITbe BEJTUYMHBI KK
“meradbusnaeckuit” daxt, u ‘e — 0 -nozummei K. Beiteprurpacca. Muorue rogur noce
K. Beiltepurrpacea 6e3paziesinio rociogcTBoBan & —0"-MeTO1, CAOKIIOCH HPeACTAB-
JEHHE O TCBOZMOAKHOCTH HENPOTUBOPCYHBON TPAKTOBKHU GECKOHEYHO MAJIBIX BEIU-
unn. Oxnuako B cepeune XX pexa nojxoxn I'B. Jeitbunua 6n1 “peabnsnTuposan’

B paborax AGpaxama Pobnncona o nonsrue Geckoneuno Maroil Besn sl 6o
NOABEJEH JOCTATOYHO MPOYHbIA DYNAAMEHT COBPEMEHHON MATEMATHYCCKOM JIOTHKH.
[Tpn aTom A. PoGuucony yaanock coxpanurs UHTYUTHBHYIO TPHBJIEKATONBHOCTL Oec-
KOHETHO Manpx sestand. [lo muenuio pana MaremaTukos, obocnosanus A. Po6us-
COHOM JIefiGHUNEBCKOTO TOHATHA GECKOHEYHO MAJION BeIMYHEDLL SBISICTCS OJHAM M3
BeJIMMARIINX Pe3yibTaTos MaTeMaTnki XX Beka. S3bIK 0 MeToip! HEeCTAHIAPTHOTO
AHAJIM33, HO3BOAIOT CAIAT JOKA3ATENLCTBA P/l TCOPEM KOPOYe M 1po3padiee.
Kpome toro, s3Ik HectanapTHOro anaimsa — yi106iHoe CPEJICTBO JIIsA NOCTPOEHUA
MaTeMaTHIeCKUX Mode/elt HHZHICCKNX dBIeHMH.

Pacemorpum s 13 BAPHARTOB PACLIMPEHHST N0 TeHCTRUTENbHBIX Trcen R J10
nonst R* runepreficTBUTeNbHBIX YHCRN, CONEPIKAITEro GeCKOHEUHO MANBIE H GECKO-
HEHO DOJIBIINE BeJTHIHIBL I YAOBJLTBOPSIOLIET0 YTOUYHEHHOMY BAPUAHTY TIPUHIAIIA
nepenoca Jleitbpuna.

Iycry I — neenaenvdi yavmpadusvmp na muoxkecrse N HATYPAABHBIX YHCEJL.

O6osnaunm vepes RY muokecrso Beex HOCJIeA0BATENLHOCTEH MelCTBHTeILHBIX
yuces. Daementol w3 RY Gymem obosnavars uepes Iy (fo)nen nam wepes (f(n)) ey

Ha muokecrse RN seex mocmenoparensuocreit qelcTBUTOILHBIX 9HCOT BBEJIEM
OTHOLIEHWE =p:

aa f ¢ RY u g € RN nosaraem

f=rg < {n|fln)=ygn)}eF

OueBuano, orHomenne =p obuaiaet cBOHCTRAMI PeICKCHBHOCTH 1 CHMMeT-
PHYHOCTH.
Hast yerauopnenns TpansuTHBIOCTH UPEATONOKUM, uT0 [ =p ¢ 1 g =p h.
Toraa
{n|fn)=9gm)}eF&{n|gn)=hn)}eF

[Toaromy
{n|fm)=gn)}n{n]|gn) =hn)}er
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IVIABA 111, JIONOJIHEHWE

Ho
{n | J(n)=gn)}n{n | g(n)=h(n)} < {n | f(n)=hn)},

{n | f(n) = h(n)} € F,

re. { =p h.

OGosuaunm yepea R* dakropmuoxkecrso muoxeersa RY peex mocnegopareiin-
Hocredt MefCTBHTENLHBIX MHCE! 110 OTHOUEHNIO SKBUBAJIEHTHOCTH =p.

s TpoM3BOILHOTO JEfCTEUTENLHOIO YNCIa @ vepe3 [, 0003HAMUM HOCTOAHITYIO
HOCIICIOBATENBHOCTE, BCE WIEHB! KOTOPOH pasubl a. Y100t He yeaoKHaTL 0603HA e-
MU COOTBETCTBYIOIIMI KACC SKBUBANEHTHOCTH [ fo]=, Gviaem obosmauarh 1epes o.

Yepes —|f] obosuayum wiace [— f].

Ha muoxkecrse R* ecrecTBentbiM 06pasoM OUPEAETSIOTCH ONCPAIUSA CIOKEHH
+ W ONepanusa yMUOKEHUS -

f1+lg)=1f+gl, [f]-lg]=1fg).
B kauecTse ylupaXXHEHHS YUTATEMIO IPEAOCTABILETCS TPOBEPUTDH, 1TO CHCTEMA
((Rxs\o! 1=+\'>>
ABJAACTCA TOJEM, T.C. BBIIOJHCHBI AKCHOMBI 110,14
& Ll a+8=0+a.
1.2, (a+B)+y=a+(B+7).
1.3. o+0=aq.
14. a4+ (-a)=0.
Een [f]#0,m0 {n | f(n)=0}¢ F.

Tax kax F' — yasrpaduasrp, 1o {n | f(n) # 0} € F.
g mponsBoNbLHOE HOCAEI0BATEIFHOCTH ACHCTBUTCILHBIX MHCET [ moJaraem

Flw) = { ]/f(n,) ecim f(n) # 0,

i B IIPOTUBHOM CJy4ae.

Has nponssoabnoro [ f] # 0 obosuaaum yepes [f] ! knace [ f]. Uuraremo npegoc-
TABJIACTCA TIPOBEPKa, 4T0o onpejeienue kaacca [f]) ne sasucur or seibopa B Hem
npejacrasurens f,

H. 24 a-f=p0:q.
2.2. (- B)-v=a-(8-7).
2.3 1l =q
2.4. @ (e =1,

L. 3.1 (@a+ ) y=a- v+ 8.

BI!f‘-J'_L(‘.M Ha nojge R* OTHOLTCHWE << 110JIaras

fl<lg) <= {n]| fn)<g(n)}ekF
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§ 2. Tlousitne o HECTAHAAPTHOM, MJIn HeapxuMe10BOM, aHAIH3e

Huraremo npegocrapisgercs TIPOBEPNThH, YTO OUPEENCHIe OTHOMENNA < He 3a-

BHCUT 0T BWOOpa npeacrasurene f n g B kiaceax [f] u [g]. TIpuvem BBIOTHAIOTCSA
CIIEAYIONIHE CBOHCTBA

IV. 4.1. a £ a,

4.2. Ecma<fug< v, TO @ < 4.
4£:3. Ana mobbix o u 3: wm o < g, wm o = 3, wnn 8 < o

44, Ecn o < 3,10 a0+ < § + 4.
4.5. Ecmma<fun0<y 10a- T< G-9.

Berosaumocets yenosuit [TV O3HAYACT, 1TO CHCTEMA
((R*,U, 1! +,, < >>

ACAACTCH YNOPAOOUEHHILM NOACM. DIEMEHTH ITOTO OIS Ha3BIBAOTCS 2unepdeti-
CINEUMEADHOLMU YUCAAML, '

Orobpaxenne a [f.] sBserca UBOMOPHHUM  6A0MCEHUEM ynopadowenozo
noAs JeUCTNEUMENDHUT “ucen

(RO, 1,4, -, <))

[ :ij?'ﬂf?p-r‘ifd(“ﬁff?i?#{Jﬁ' noase eﬂrnf‘-pf)t‘?'ﬁcnlﬁu?ne.ﬂbﬂbﬁx HUCE
<< R*! 0\ -i-'.! '+$ Y = ))'

Hasmwane yxasannoro saosenns nossonser nam, kax 1o yacto JJIAeTCH B MaTe-
HMATHKE, OTOKIECTRUTE JEHCTBHTENbHOE HCIO G ¢ FHNEPACHCTRUTENBHLIM THCIOM
[fu), B wacTHOCTH, MBI OTOMXK HCCTBASIOM HATYPATLHOE YUCIIO N ¢ TUTIePICHCTBUTE  b-
HBIM YHCAOM [ f,].

Hast upoussoseroro watypansnoro wmena n u MPOUZBONBHOTO JEHCTBI TeLHOTO
(runepeiicreuteannoro) uncia o vepes na Oyztem oGosnavars cymmy n ciraraempix,
KaxKJI0e M3 KOTOPLIX PABHO (.

Ana peficrBure b b uncen Bumonnsercs AKCHOMA Apxumena: dasa aobozo
noAovcUMEbIO20 delicmeumensrozo wucaa & u 06020 deticmeumens oz wucag i
Halidemes makoe Hamypaavioe wucao n, wmo no > i §

losromy ropopsr, YIOPSIZIOICHHOE 10Jie AeHCTBHTeNbHBIX YHCe]
((R0,1,+,-, <))

ABNACTCH apLuMedocuim.
Hoxaszkem, uro ynopsaouenuoe nose HNepAeHCTBUTENBUBIX TUCeN

((R",0,1,+,:, <))

HE HBJIACTCH APXHAMEI0BbIM.
Hoxaxewm, uro mnst moGoro koneunoro mogMuomecrna K muoxkecrsa N wary-
pagibHbix unces K ¢ F
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I'VIABA 1II. JOITOJIHEHWE

Jonyerum nporusroe, nyers K = {a,...,a,} — KOHCUHOC HOJAMHOKECTBO MHO-
xecrsa N garypansusix gancest n K € F. 3uaqnr,

{a1} U...U{a,} € F.

Tak kax F — npocroit dpuastp, 1o Hailaerea taxoe i, uro {a;} € F. Herpymno
noustth, 1ro Tovaa F = D({a;}), 1.e. buaprp ' apagercs raasHpiM. A 970 1poTH-
BopeanT BLIOOpyY dhuanrpa I

Tak kag £ — yaprpadunsrp, 10 11000e MHOKECTBO HATYDPAAbHBIX YHCE, UME-
O1[ee KOHCHNOC JTONOIICHAE, TpHHaieKuT I,

[lyers « = 1 = [f1], te npu mobom m fi(m) = 1, 8 = [g], vae npu awbom m
glm) = m. fdcuo, uro a > 0.

Bamernv, wro na = [f,]. Eean n npoussoibHoOe HATYPATLHOE YUCT0, TO MHO-
AKCCTBO

{m | falm) =n<m=g(m)}

HMEET KOHEeYHOe AONoJHenne, 3gaqant, aexur B [, CregoBaresbHo, npu JHoboM n
BBITONITACTCH HePABCHCTBO Ny < Jf)). A ATO O3HAYMACT, YTO AKCHOMA ADXHMEJIH, HEe
BBITOJHCHG T VOOPRIA0TCHHOTO MO [‘I’II'Iflpﬂ{‘.fiCTRHTe.llI)I']BTX THCEeT.

["uepaeficTBuTEABHOC IACHO 7 €CTECTBEHHO HA3BATL OECKONEUHO BOALULUM.
HNoaaraem ¢ = 71 = [g], vae upn gobom m g(m) = 1/m. Tyers L/n = [fi/.).
Ir()l'il,iL e>0n A5 .HlDﬁOT‘O HaTyPaJbHOIO 9HCia 1 BRITTOMHAETCH HEePABEHCTBO

0<e <1/

].1Ml.H"In.),"I,(.‘ﬁC’I.‘BI‘]TC.HT‘;IIO(‘. UHNCTO & CeTeCTBCITHO HasBalb ﬁt'i(_‘.?ﬂl')?'t.ﬁ"{fﬁ-(} MAABM TTOMO-
AUTENBHBIM T‘H1It‘.}')}.[.(‘.ir'f('.'.[‘BH'T‘(.‘.JII)H]:IM YHACTIOM.,

Tax kax npu JoOOM HATYPAJLHOM 71 BBINOAHAETCH HEPABEHCTBO 1 < | /€, 10
MHOACCTDBO HATYPANBILIX YHCE]T B R* OrpaHUYeHO CBCPXY, B TO BpeMs, KakK B R ono
pe ObLIO Orpana'cid cnepxy.

JoGy1o m-mecrayio dynxuuio f(zy, ..., T,), onpejseiennyio va R™ u npuauma-
fontyio siauenns B R, Moo npeobpasonars B m-mectayo Gyskugio f*(z1,. .., Ty,
onpeaesennyio na (R*)™ n uparumalonyio snavenus s R*. Jlust ororo nojsaraem

jﬂ ([[U{U (”') )'n.{';f'\'}

s (@™ m)nenl) = [(F90 (), .y 8™ (1)) nen):

Hpu srom moboe panencreo A(f1, ..., fi) = B(fi,..., fx), cipaseaansoe ana 06bi-
HBIX SHCAOBBIX yukmnit fi , ..., fi, upeobpasyerca B pasencrso A(f), ..., fi) =
B(ff,..., [{), casusaloniee runepdyukuun f7, ..., Ir

Jhobolt m-mectibiit npegukar p(xy, ..., Ty ), oupedenennnii ga K™, M0OXKHO 1pe-
00pas’oBaTL B M-MecTHBI npeukaT p*(ry, .. . , L ), OUPEJACTEHNBIT 1A (R*)™:

P'g" Dnenl, s [0 (0)nen)) =1 <=
{n|pgM(n), ..., ¢™(n) = U} € F.

[pepkar p* naswsaercs zuneppacluupenuem npeguxaTa p*.

182



§ 2. Tlomsarue o HECTAHTAPTHOM, WIIH HEAPXUMEJOBOM, aHAIH3e

s mponssonbroit opmy.isr @, nocrpoennod uz MEMEHTAPHBIX hopMmysr Biia
P& ) = 0@, 0 Zn)s te f(21,...,2,) u 9(Z1, ..., 2) — UPOMIBOMBLHBIE
onpeaesentivic na R n-mectusie dynxnmm, u puma p(zy1,...,2m), rae o T,
T ONpeAeNeHuBIt na R m-mectunit npeaukar, ¢ HOMOIIBIO NPONO3HUMOHAIBILIX
CBA3OK =, A BV 1 kBauTopoB ¥V 1 3 oboznauum uepes ¢* dopmyiy, MOy YEHHY KO 43
tbopmyun O 3amenoi SMEMEHTAPHBIX 1H0popMyn By f (x1,y..., Tin ) 20 M 0 i)
Ha 1,00 oyt ) = g*(x1,...,1,), a BUTA 21 (TR, N0, QN P, Ty,

[Ipnamnn nepenoca I'.B. Jleitbuuna. Ecau ace ceobodnme nepemennvie dop-

myavt O exodam e enucox FTly coey Ty @O, oy — NPOU3COALHBIE DelicTNOU-

meavhme wucaa, mo dopmyaa I — o] uemunna wa R moeda u MOABKO
o ;G Ry ‘ a *

mozda, xozda na R* ucrmunna dopmyaa B b encitic [ Ao Gin)

Hokazarennerso aroit TCOPEMBL TPEOYeT BBReTeHUA pALa NONATHH MaTeMaTHyec-
KO# JIOTMKM, YTO Oyaer cuenano B Caeayiomel yacrm nocobuy.
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NOCHAEC/IOBUE

B 1utanax apropa Harucamue B CIeAYIOMEeM PONY POAOLKeHUS Mocobud, B KOTO-
POM OYIYT PACCMOTPEHBL JOUMKA U UCUUCTCHHE TPEAUKATOR, BKJIIOUAS 3HAMEHNTLIC
reopeMbl K. Tejiens o mosgoTe w o Henomiore, NpUBeAeHbl HEKOTOPHIE CBEACHUS O
HECTAH(AaPTHOM, MJIM HEAPXUMEMOBOM, AHATUIE.

Bapepumrh 10co0ue MUe XOTeJoch Obl TEMM K€ CJIOBaMU, KOTOPbIMH AJeKceit
Mpanopnu Koerpukuin sasepinn ¢Boio npekpacHyio Kuury “Bseiienue B ajnrebpy.
Yacrs 1. Ocrosbr anrebponr’™

“Fue MHo20€ UMEN CRA3ATNYL 6aM,
HO BYL TNENEPD HE MOMICENE GMeEcTnUMD ™.

Eranresme or Noanua, 16:12
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