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INNPEIVMCIIOBUE

Yaebroe nocobue conepxut nexuun no kypey “llpuknannas anredpa (Bruicrpbie anropuTMset)”’, usy-
23eMOMY CTYHOEHTaMu cnenumanbHocTy "MaremaTuka” B 8 cemecTpe. YacTh 3TOr0 Marepuasia m3jiaraercs
TaKKe CTYNEeHTAM CICHHATBHOCTY "KoMmumbioTepHas 6e30acHOCTE” B 3 CEMECTpe B paMKax Kypca ~Aj-
refpanyecKas ajropuTMuxa’. |

Hocobue BxiogaeT B cebs MaTepuasl, CBA3AHHDBI ¢ OCHOBHLIMM IPEOOPA3OBAHUSME, MCIOIB3YEMbBIMM
B IEQpoBoK 0OPabOTKE CUTHAIOB: JIMHEWHBIMH U IMKJIIMYECKMMHU CBEPTKAMHM M AHCKPETHHIM npeolpa3so-
saAneM Pypre. CBA3p MeXIy UMKINYECKOH CBEPTKOM M HUCKPETHHIM mpeolOpasosanynem Pyppe naercs
TeopeMoil 0 ceepTke (§ 8). BricTpoe BeIuMciaeHne cBepTOK npencrasiicHo aaropurMmoM Kyka — Tooma m
aaropuTMoM Bunorpana mis mameix anuH. Kpome Toro, B § 24 paccMorpen meton Arapeasia — Kynu
BEIYHCAEHNS! CBEPTKY, CBONAIINKY OOHOMEDHYIO ITMKJIMYECKYIO CBEPTKY HENPOCTON HJIMHEI B IBYMEPHYIO.
Meronnr GricTporo npeobpasosarua Pypbe npencrasiaesnl aaropprMamn Kyanm — Treioxu, B ToM unchie
g OJIVH, SBIAIOLINXCS CTeneHsMy OBOWKYM M deTBEpPKH, ajaroputMoM I'yna — Tomaca, a Taxxke anaro-
pETMOM Peiinepa, crogsunmM muckpeTHoe npeobpaszosanue Pyppe K DHMKINYECKou cseprke. Ha ocHOBe
amropuTMoB Peiinepa u Bunorpana ans ceeprox nonyuaercs BIId-anropnrm Burorpaga.

B naparpadax 21 — 23 paccmarpuBaroTcs ObICTPHIC alIFOPUTMBI CBEPTKN M AUCKPCTHOIO mpeobpas’o-
BaHKd Pyphe B KOHEUHKIX TOMAX, B YACTHOCTH, uncnosuie npeobpasopanus Oypue u Mepcenna.

B 3akmouenue (§ 25) moxa3nIBAIOTCH TEOPEMBI, OAIOININE HUMXKHIOW OLEHKY CIIOKHOCTH ajrOPUTMOB
BLIYMCICHUS CBEPTKU.




MCTOPHUA BBICTPBIX AJITOPUTMOB M X IIPMIOXKEHNUA

IIudpporaa 06paloTKa CHrHAJIOB celuac nepexmusaeT OypHOoe paszsuTHe. He akTUBHC UCNOIL3YIOT B
pa3nwaHbIX Oo6nacTsax 4desopeueckoll megrensHocTu. (elicMorpadus, panuoONOKauug, CBA3b, PAHOACTPO-
HOMU A, MEAUIUHCKaSA MK TPOHNKA HMCIONL3YIOT NOCIEHHNEe AOCTIKEHNUS B 06nactu nudposoil 00paboTKy
CUTHAJIOB. 'PaspabarsiBaloTca ¥ AKTUBHO MCHOAL3YIOTCS IN(POBEIE NPOLECCOPH] — CIENAATUINPOBAHHAIC
MIGPOBLIE KOMIILIOTEPHI Oid 06paboTKN CUT'HAJIOB.

C TouKHM 3peHust MATEMATUKN Pa3BUTHE GRICTPBIX AITOPUTMOB HEGPOBOM oﬁpaﬁo'mn CHI‘H&.}'[OB TaK-
XKe ABISIeTCA BAXKHBIM IIAroM B NalbHEHINeM Da3BUTHM TAKOW, K IpHUMEpy, €e 00acTH, Kax Teopus
yncen. Bo Bce BpemMesa Gonplline unciaa, B ocobeHHO GONblIne MPOCThHIE UHMC/ia, WHTEPECOBAIIM JIIOOEH
-~ ¥ MATEMaTHKOB, 1 HEMATEMATHUKOB. MAaTeMaTUK! MCKaJIX HOBBIE M HOBBLIE IIPOCTHIE YUCTI&, KOTOPHIE
CTAHOBHJIMCEH OUeHbL GonpimmmMu. Haxoxpenue TaxuX YUCES SBIAIOCEH Bce Gonee TpyaHoil 3anmadueit. [axke
nosBiIeHre SEICTPOAEHCTRYIOMINX BEYUCTNTENBHLIX MAINH OMOTJIO B PEIICHAN STOH 3841 NI OTYa-
cru. JeficTBUTENILHO, HAPAMED, IPOCTEHIINH TECT HPOCTOTHL IPK TOMOIIA TIOCIENOBATEIbHLIX ASICHUI
yucaa ¢ 200 necaruyasMy tudpamn TpebyeT (IpH UCIOIB30BAHVI MAIITHLE, DA00TAIOIIEN CO CKOPOCTHIO
10° onepaumi B cexyrnny) npumepro 10°%° ner soramciesmil MoOxHO, KOHEUHO, TIOCTAPATHCA NOBHICATD
GricTponeiicTue xoMmbioTepa or 10° omepanmit B cexynay, sanpumep, mo 5 - 10° onepammii B cexyHmy,
HO IOpa3a0 pas3syMHEe TakK OPragu3oBaThL BEIYMCICHUI, YTO0LI UMEIOMErocs OpICTPOMERCTBAS KOMINBIOTEPA
OKa3a/10Ck NOCTarodH0. MMeHHO paspaboTKOM TAKUX ajJITOPKMTMOB BBIYHCICHNA M 33HMMaeTCs oOnacTh
MaTEMATHKH, KOTOPYIO HA3BIBAIOT OLICTPRIMHI anropuTMaMy nudposoin 00pabOTK CUTIHAIOB.

HcTopumio GEICTPHEIX AIrOPHTMOR 06pabOTKY CRIHAIOB IPUHATO OTCUNTHIBATE C TOTO MOMEHTA, KOTZA
B 1965 rony Kynu n Triokn ony6GamkoBaim GBICTDHIE ITMOPHTM BEIYHCIEHMA NUCKPETHOTO IPeobpaso-
Barna Pypere (BId-anropuTM). Ha camom neme sra mcTopus Hadajack paHbile, kornma B 1947 romy
JleBuHCOH onybnmxosan CBOM POEeXTHMBHLEIM METON PEIIeHNsS HEKOTOPHIX TEIUIMUEBLIX CUCTEM ypaBHe-
guit. C Tex nop 3TOT AJArOPHTM IIUPOKO MCHOAL3yeTCs npu obpaborke cercMudeckux maHHbX. Honaroe
BpeMsA JIATePaTypa, HOCBALICHHA 3ATOPUTMY JIeBHHCOHA, HE Iepecekasnach ¢ MMTEPaTyPOl 1o ORICTPHIM
anropuTMaM npeobpasosanns ®ypwe. Iepseni BII®-anroparM Gein paspaboran I'yoom (1960 r.) u To-
macom (1963 r.). IlyGmuxamma I'yza — Tomaca npomna mezameuennoil, Amroputm xe Kynu ~ Trooxn
HOSIBYIICS, KaK [OBOPSIT, B HYXXHBIII MOMEHT M DOCIYXKHI KQTANNu3aTOPOM NPUMEHEHUsA MeAoTa nudpo-
BOM 00pafoTKM CUrHAJIOB B HOBOM KOHTekcTe. llemo B ToM, 4TO nocae onyOauxOBaHMA 3TOrO anropuTMa,
Crorxam sameruii, 410 BII®-anropurMesl MOTYT CAYXUTH YAODHBIM CIOCOGOM BBIWMCHEHUS cBepTOK. B
CHJTY MHOMXECTBA BO3MOXHEIX NpuioxeHuit aaropurm Kymu — Toioxu v momyunn mmpoxys U3BECTHOCTS.
[Tozxe Bunorpan (1976, 1978 rr.) ony6nukosadn csoit Gomee sdpdexkTrBHENIE, X0Ts 1 6osnee caoxueil BIIP-
aJITOPUTM, KOTOPLIN NO3BOJIZET Iiy0xKe NOBATh, YTO B NeMCTBUTENBHOCTH O3HaYaeT HPOUECC BHIYHCIICHUS]
OUCKPeTHOrO npeobpaioBanng Pyproe.

Pasnuuupte Bapuanuu bIId-anropurMa Kym ~ TeokE NOARMIACE NO3AHEee B paboTaxX OPYTUX MaTe-
MaTukoB. Cefivac cyiiectsyioT xoponme BII®-agroputMer npakTHIeCKr LIS OIPOH3BOIABLHON IIUHBL OIO-
Ka HaHHLIX, 4 HE TONbKO g GAOKa OMHLI, PABHOW CTEMNeHN ABOMKW, KK B MCXOMHOM aiaropurme Kynnm
- Toioku. Ta xe unes ucnonb3lyercss, K IpUMepPY, IS HOCTPOSHUS MHOTOIYYeBOH IIOCKO-(Ga3supOBaHHON
PARUOIIOKALNONHON AHTEHHEI W M3BECTHA. MO Ha3BaHNEM Mmarpursl batnepa.

Has Manex niwmsa 670Kk0B GHICTPLIE aJIFOPUTMEI CBEPTOK OBLIN BIEDBHIE IIOCTPOEHBI ArapBajoOM K
Kyau (1977 r.) ¢ ucnonsioBaHueM OCTPOYMHEBIX JHOCaf0K, HO 6e3 MCIIONL30BaHEIA O0IIEro YHUBEPCAILHOIO
metona. OO0mwuil xe MeTon nmocTpoeHus OHICTPHIX aJITOPNTMOB CBepTKM ommcasl Burorpaa B 1978 rony,
OKA3aB HPU 3TOM BAXKHbIE TEOPEMEI HECYIIECTBOBAHUS JVUIINX AJTOPMTMOB CBEPTKU NI IONEH Belle-
CTBEHHBIX ¥ KOMIIJIEKCHBIX Yucesi. Arapean u Kymm Takxke ykKaszaau OCHOBAHHBLINA HA KATANCKOU TeOpeMe
00 ocTaTKax MeTon paszbMeHmns 3anadl BHIYMUCICHUS IJIMHHBLIX CBEPTOK HA 331344 BLIMMCIICHUS KOPOTKHUX
CBEPTOK. JTOT MeTOon, OOheNMHsIeMbI ¢ MeTonoM BHHOrpama, NaeT OYEHL XOPOIINE DPe3yNIbTATHI A
BEIYMCIICHUS KOPOTKAX CBEPTOK.

Pa3paborka 3pPeKTUBHLIX ORICTPRIX AJITOPUTMOB CTAJIa, BO3MOXHON Takxke Gmaromaps paboTaM Ta-
KuX MaTeMaTukos, kak llommapn, Hltpaccen, Peiinep u muOrux gpyrux.
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B racTosinee speMs 114 nipopeneHns BEIYNCIICHMH IIMPOKO ACIIONB3YIOTCA CBEPXOOIbIINE UHTErPAlh-
HEIE CXEMBI, HA3EIBaEeMBIe yunamMu. Hum Moxer comepxarsh nopsaaxa 100000 normyeckux snemernTos. UHo-
3 BBIOOp aJIrOPWTIMa IO3BOJAET CYIIECTBEHHO VIIVUIIATE XapaKTepUCTUKY duna. Ycnois3ys GhicTphIi
aJIPOPUTM, MOXKHO DEATIA30BATEL YAYYLICHHUE XapaKTEePUCTUK YHNA, NIA YEro KOHCTPYKTOP YU DOXKEH
IEPEHECTH APXUTEKTYDPY AATOPUTMA B APXUTEKTYpy umna. PaspaboTka ONTHMAJBHBIX KOHCTPVKIIAHA B
NOXY OCOMBUINX MHTErPAJILHEIX CXEM HEBO3MOXHA 63 DOHMMAHWA ORICTPRIX AJITOPMTMOB, NEXKAIIUX B
OCHOBE 3TOM apxuTeKTypel. bonbime undpoBLie HPONECCOPHI YACTO €aMM CO3MAIOT MOTPeOHOCTE B pas-
paboTKe OHICTPBIX 3JITOPUTMOB, IIOCKOJILKY Pa3sMEpPHOCTL PeIIaeMBIX Ha HUX 3ajay pacrer. Byner mm
IPOLECCOPHOE BpeMs alllOpUTMa, IPEAHA3ZHaYEHHOTO MIIsl PeUIeHN s HeKOTOPOK 33,0341, TPOIOPIIOHATIEHO
n® Wi n°, HeCYIECTBERHO HPU MAJOM 7, HO TIpY 7, paBHoM 10°, 5T0 CTAHOBMTCA KPUTHUIHEIM.

bricTprie anropuTMeI, paccMaTPUBaEMble B AHHOM NOCOOUY, CBA3aHALL C L POBOA 00paboTKOM Cur-
HaJIOB, ¥ MX NMPUJIOKEHUA CTONEL XE€ TINPOKH, CKOIb | IPIIIOXKeHnsa caMon udpoBon 00paboTKH CHIHAJIOB.
Mzt ceifyac naxe He MOXeM yragarTs MaciTalwl OynyIuux npunoxennii mudpoBoit 06paboTKH CUTHATIOR,
HO HECJIOXHO IIPeOBUOSTEh NPUIIQKEHNS, B KOTOPEIX 00peM HeOOXONMMMBIX BEIMUCICHNN OyeT Ha HECKOJIbKO
nopsaakos Goisive, wem TOT, 00paboTKy KOTOPOTO MOXET 0obecneunTh COBPEMEHHAS TEXHOJOTUS BLIYUC-
JICHIA.

CrcTeMnl 3BYKOBOU JIOKALEM B HAINE BPEeMsS CTaJIM MNOYTHM MOMHOCTHIO IMMPOBHIMH. JTH CACTEMBI
BLIIOMHSAIOT OECATKY MIJIJIMOHOB MJIM COTHY MMJIJIMOHOB YMHOXKEHMI B CEKYHIY ¥ emIe O0OnbIile CIIOXEHWN.
Onu yxe ceffuac TpeGyroT MOIIHOTO HudPOBOTO 060DPYAOBAHAL.

Panuonokauuonapie CUCTEME TOXE CTAHOBATCH UU(MPOBLEIMKA. B IpmHOUIE OHM O4EHL IIOXOXKM Ha,
CHCTEMbI 3BYKOBOH JIOKallMHl, OTJINYAACh TEM, UTO MCHOMBL3yeMas nonloca 4actor ux paborsi B 1000 n
Gonee pa3 bonbiue, 4yeM v 3BYKOBOM JIOKSIIVIN,

Hudposas obpaborka, ceficMuYueckol HHPOPMAUBU SBJIAETCS INVIABHBIM METONOM PA3BENKH 3eMHBIX
HEAD, B YaCTHOCTU, OOHUM K3 BAXKHERUIINX METONOB NOMCKA 3aiexen HedTu.

KomnpioTepsas TOMOrpadms IMUPOKO MCIIONB3YETCS B MEAUIIMHE., OTO Cnocodb 00BEeMHOTO CHHTE33,
n300paXkenuii BHY TPEHHAX OPIaHOB YEJIOBEKa C HOMOMIBI0 MHOMECTBEHHHIX MPOeKIwil, HOIYYaeMbIX IpH
IPOCBCUNBAHUY DEHTTEHOBCKUMU JIy4daMu. Pa3pabaThIBalOTCA aJITOPATMEL, NO3BOJIAIIIME CYLIECTBEHHO
CHU3NTH HO3bI cOnyyeHus, HO TpeboBanns K nudpoBoi c6paboTke HAMHOTO HPEBOCXOHAT TE, UTO BO3IMOXK-
HO PeaJin30BaTh B HACTOALIEE BpeMH.

Hepaspymarommii KOHTPOIb KaueCTBa MPORYKIUE BOZMOXKEH ¢ HOMOIIbI0 BOCCO3IMAHMA HA KOMIIBIO-
Tepe N300P3XKEHUY BHYTPEHHNX OONACTEeH W3NEINY IO PE3yInTaTaM 3XOIOK AN,

(O6paloTka CHTHAIIOB MOXET OLIThL MCIONL30BAHA MNPH YIYYINCHMN KadeCTBa NaoxXuX GoTorpaduit,
CM33aHHBIX ABYRKEHMEM Kamepbl unm pachokycupoBkoit. Takaa uudpopas o6paboTka TpebyeT OUeHbL
OONBHIONO 00BEMA BEIYMCIICHUINA.

O6paboTka Ha uuPpPOBOM NPOUECCOPE CHYyTHUKOBLIX (oTorpaduii Mo3BOAIEeT COBMECTUTEL HECKOIIBKO
1300paKeHN, MJM BBIACIUTDL OCOOCHHOCTH, WIW CKOMOMBHPOBATHL NONYUEHHYIO Ha Pa3sMyYHBIX IJIAMHAX
BOJIH MHPOPMAIINIO, WIN CO3MATH CMHTETUYECKUN cTepeockonuueckuii obpas. Tak, B METEODOIOrHYeCKIX
NCCICOOBAHUAX MOXKHO CO30aTh IIOOBHXKHOE TpexMeproe micOpaxkeHme OOIavHOro NOKPOBA, OBUKYILE-
rOCA HAN MOBEPXHOCTHIO 36MIIM, MCNONL3YA A STOTO HOCIENOBATEIBPHOCTD CITy THUKOBRIX (oTOrpadui,
CHATHIX C HECKOJBKUX TOYEK. |

- Hudposrie Teredonwl, tudposbie BuAcOKaMEpPH!, UpPOBOe TEJIEBUACHAE TIPOYHO BOIIJIH B COBPEMEH-
‘Hy1© Xn3ub. lloTpebmocTh Hcnonb3oBaHusA OLICTPEIX ANTOPHTMOB WIA HHGPOBOH 0OpabOTKN CUTHAJIOR
OPONOIKAET PACTH.

Kaxpoe u3 OMMCAHHLIX BHIIIE NPUIOXKEHUA CBA32HO C OONBLIUAM KOMMYECTBOM BLIUHCJEHHI, CTPYK-
TYPa KOTOPHIX OOBOJILHO HPO3PadHa U CHIIBHO YIIOPSOOYEHA. JTO ¥ NO3ROJISET CO3HaBaTh 3PPeKTUBHBLIE
BBIYUCIUTEILHBIC AJTOPUTMEL AJid WX PellieHns.

Hna oumeHxn 3pdDEeKTUBHOCTHE ANTOPHTMA OOBIYHO MCHONL3YVIOT YUCIO HEOOXOOMMEIX YMHOXEHVA 1
CJHIOXKEHMI. OTH BLIYMCAUTENLHBIC XaPAKTEPUCTHKY W ABISIOTCA JNd HAC IIIABHBIMKA KPpUTEPUIMH, OITU-
CHIBAIOIIMMM CJIOXHOCTb BEIMUCIUTEILHOIO yeTpoicTBa. Ha 6olee HU3KOM YpOBHE 3Ta CIOXKHOCTDL ONH-
CHIBACTCS INOIUAIBIO YUNMIa Wiy YHUCIOM JIOLMYECKUX 3JIEMEHTOB Ha HEM U BpeMeHeM, HeOOXONMMBIM i1
IpOBEACHUs Bhrapcaenuit. Mu He OyaeM 371eCh THITATHCA OUMEHUBATH X3PaKTEPUCTUKN Ha 3TOM YPOBHE,

TaK KaK 3TO BHIXOOUT 3& PAMKU pa3paboTynKa aJIrOPUTMOB U OTHOCHTCA K TEXHUYECKUM BOIPOCaM KOH-
CTPYKIINK “IUIIA.



§1. JIOHATYUE BBICTPOI'O ANIOPUTMA. HEGPLERT $7.7- 77 =

ITio60it aIITOPUTM MOMKHO DIIHCI:IB&TB 6o gepe3 COOTHOIEeHHe MTE. T I 0l I Lol 1. 7230 e
TaJILHO OOBICHL €r0 BHY TDEHHION CprK'rypy IlprMensas K HEKGTODOT =06 & "l .~ = T-opOBOK
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. CHTHAJIe WK 3aNUCAHHEIX HEKOTOPEIM 006pasoM HAaHHBIX OCHOBHCE BEIMANTS * .+ IeD. 7 © #LLIT T E2 TOM,
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WHTEPHOIANYN, IPOPEXVUBAHNI, KOPDEIANTi, MATPWIYHEIX ONEPAIRE: ¥ T = = '¢ T:waT L " 3ETMEH

. MOTrYT OBITH 3aIMCAHLI MATEMATUYECKON HOPMYIION, W, CIHSNOBATEIEET. BXiC7 .F T2 = =7 £. (7. TUOTBeT-
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[lon Getempuim aazopummor GymeM TOHAMATEH ,ae’ranbﬂoe QLECAEELTS T TR TWZELY ThITEOVPHL,
KOTOpas# HE SBJSETCH OYEBUIOHEIM CIIGCOOOM BBEIUMCIECHMA BHIXOHZA OO I&EERIY X I7
BECTH BhIYNCIICHAA Oosee 3(dpex TUBHO.

Kax nipaBuio, OLICTPBHIA AJIFOPUTM XKEPTBYET KOHUENTYAJILHOH SCHECCTESD EWIIIIIENIE B HOTB3Y

ux s¢ppexTuHocTH. B HameMm cityugae 9Ty 9}PPEeKTHBHOCTh MBI ONEHMBAEN ROITIIT TS0 ESGUKOIHMEIX
onepauuil yMHOXEHUS N CIIOXKEHUS.

Hanpumep, nonycrum Tpebyercs BEMUCINTE 9nciIo N :

it

T IO IEUTIEET IOPO-

N=ad+bd+cd+aec+be+cet+af +bf+cf.
B Taxom Bune Berumcniesue N conepxur 9 yMHO}KeHHﬁ U 8 CIIOMEHITIL. Hetpvamo 3aaeTuts, 94T0
N=(a+b+c){d+e+ f)

npencTasiseTr cobON SKBUBAJIEHTHYIO GOpMY, TPEeOYIOIIYVIO JINUIL OMHOI'D YMHOXEHHS M YeThIPEX CiI0XKe-
HHAY, TIO3TOMY C TOYKHU 3peHus 3PPeKTUBHOCTH BLIUMCIICHMI OHA NPEAOYTHTE IbHEE.
IIpocToit, HO HeTPUBUAILHEIA DpUMEP OLICTPOro ANrOPUTMA, KOTOPLIM HaM NPUTOAUTCI B AATILHEN-

© IeM, — YMHOXEHUE ABYX KOMILNEKCHBIX YHCesi, BCIOJb3YIONIee BCEro TPH (BMECTO HEeTHIPEX) BEILIECTBEH-
HEIX YMHOXeHNA. llpou3Bencuneé KOMIIEKCHBIX YNCEN

(a+ib)(c+id) =e+if
MOXKHO 33MMCATDH YEPes YMHOXKEHNE U CIOXEHNE BEIIECTBEHHBIX UNCel:

ac — bd, 1)
ad + bc.

€

f

Oty GOPMYNnLI CONEPXAT YETHIPE BEHISCTBEHHLIX YMHOXEHUS 7 B2 BEINECTBEHHBLIX CHOXEHWsS. Y MHO-

KeHue — 3To bolee TpyHOoeMKas Onepalus II0 CPaBHEHWIO CO CIICKEHHEM, NosTOMYy Oomee 3h¢ek TUBHRIH
AJITOPHUTM HAETCH PABCHCTBAMHA |
e = (a—b)d+alc~d)

f=(a-b)d+ blc+d). 2)

B rTakoMm Buzme ajJropuT™ COOEPKNAT TPU BEIIECTBEHHEIX YMHOXEHUS M OITh BEIIECTBEHHBIX CIOXKEHWIA.
Ecng npopoauTes cepus YMHOKEHMN KOMIUIEKCHBIX YHCET, B KOTOPOR YHCIIO ¢+ id NOBTOPSETCS, TO YUCTA
¢ —d u ¢+ d MOXHO BLIYHCIUTL ONMH Pa3 M 3aNOMBUTE. [OrAa JJId BHIYMCIIEHHAS OOHOIO OPOW3BENCHMS
KOMIUIEKCHBIX YMCET NOTPeSyeTcs TPH YMHOXKEHUS U TPU ciaokenus. MoxHO ckasaTn, 9uTo gopmyna (2)
3a0aeT OBICTPBIN JATOPUTM YMHOXCHUS KOMIICKCHBIX 4ncell, a gopmydia (1) — mpavoir atropurm. O6a
5TH AJITOPITMA MBI ceiidac 3amumeM B MATPUIHO-BEKTODHOI (hopwme.

T . : T
[lycts BekTop (a b)" npencrasnser coGoil KoMILieKCHOe 4ucio a + ib, (e f)° — xoMunexcHoe 4mcso

¢+ if, a MmaTpuna
c —d
d ¢

_— )
)




— KOMIOJIEKCHoe ynucno ¢ + td. Torna ¢dopmyny (1) MOXHO 3anucaTes B BUAE

(5)=(: ()

ABTOopuTM, 3a1aBaeMbiil hopMynaMu (2), MOXHO 3allUCATL B BUIE

c—d 0 { 1 O
(;):(é ’ D 0 c+d 0] |0 1 (‘;)
0 0 d 1 -1
NI B COKPAIEHHON 3aITUCH

(e fY' =BDA(ab),

rae A — 3 x 2 MmaTpuua npedcaoscenuti, D — nuaronasbeas 3 X 3 MaTpuna BkiodaeT B cebs BCe IpOH3BeE-
nepus ajaroputMa, B — 2 X 3 matpuua nocmcaoxcenutl. Takum 0Opasom, OBICTPLIA aJTOPUTM YMHOXCHHUS
OBYX KOMIWIEKCHBIX YHUCEJ COCTOUT M3 CEPUM CIIOXKEHWI, 331aBaeMbIX MaTpuues A, 3aTeMm — cepuy YMHO-
KEHUM, 3aaBaeMbIX MaTpuneil [, u, HaKOHeN, elle B3 ONHON CEPUHN CIIOXKEHMH, 33J1aBaeMbIX MATPHIEH
B.

Muorue u3 ay4Inmx npouenyp BHIYHCICHNA CBEPTKH ¥ OUCKPETHOro npeobpasoBanus Pypre Moryrt
OLITL IPUBENEHB! K TAKOMY K€ MATPHUHOMY BHLY, B KOTOPOM NEHTPAJILHAS MaTPHIA ABISETCS IMATO-
HANRHOM, & CTOosAIye no 6okaM MaTPUIbLl COUEPKAT TONBKO daemenTsr 0 u +1.

B kagecTse eme OOHOTO IpuMepa pacCMOTPHM OBICTPHIA ANTOPUTM yMHOXeHus marpuu. IlycTs
C = AB, rne A — marpuna, pasmepa [ X n, a B — MaTpuia pasmepa n X m. Torna

1
cij = Y awbe; (i=1,...0Lj=1,..,m)
k=1

Haa maxoxnennms BceX sfeMeHTOB Marpuusl C 1o maHuoil dopmyse norpebyercs nlm yMHOXKeHmA u
(n — 1)Im cnoxernwii.

HocTpouM anropuT™, KOTOPLI! IOYTH B OBA Pa3a YMEHBINAST YMCIO YMHOXKEHWA, TPABAA IPU 3TOM
¥BEJIMIUBACTCA UNC/IO CJIOXKEHUM. B OCHOBE HOBOIO ajropuTMa JICKUAT OYCBUOAHOE TOXICCTBO

(I,lbl -+ azbg — (&1 -+ bz) ((Lg <+ bl) - 109 — blbg. (3)

Cuuraem, 94T0 1 — YeTHO (B IPOTHMBHOM CIy4ae MOXHO HONONHMTL MATPUNyY A HyJeBbmM CTONOUOM, A
maTpuny B — Bynesolt crpokoi). IIpmMenss roxmecTso (3) x mapaM cTonbuUOoB MaTpUUE A ¥ K IapaM
CTPOK MaTpunel B, nomyuaem |

n

P >
ci5 = Y (@izk—1 +bors) (Gigk +bag—1;) — Y Giok—1Gizk — ¥ bag—1jbar; (i=1,...,5 j=1,...,m).
k=1

1, k=l
(4)
Hockonpky BTOpad cyMMa B (4) 3aBUCHT TOJBKO OT %, TO € He HAaJ0 BEIYUCIATD 3aHOBO [ KaXKIOTO
7; TpeThs cymma B (4) 3aBMCHT TOMBLKO OT j, MOYTOMY €€ He HAZNO 33HOBO BHIYNCIIATH I8 KAXIOTO i.
3Ha4NT, IIOJHOE YUCI0 YMHOXERUI A1 BRIYUCICHUA 37eMenTop Marpuikl C no dopmyne (4) paBHO

e

2
|

n n n ] 1
—2—lm | zl | 2m-——éﬂlfm,-ir~~2~n(l—l-fzr7'1,).,

4, TOJIHOE YKCJI0 CIIOKEHUN PABHO

n n n 3 n

(n+ n_ 1) im. -+ 24m + ( 5 - 1)z+ (5 ~ 1) m = Snim +Im + (5-1) @ +m).
2 2 2 2 2

Unciao yMHOXKEHEN yMEHBINIIOCH IOUTH B ABa pasa. (OOHAKO NONYUEHHEM anropuTMm Oonee gyBCTBU-

TeHeH K TMOrPEeIIHOCTIM OKPYIVIEHUA, eciid 00 5TOM CHenuajbHO He n03a00THTHCHA, BBOAS MacIuTaDHHIE

MHEOXKUATENH. BOnpoc 0 TOYHOCTH BBIYNCICHUIT BOZHUKAET HOUTH BCErAa NPY HCHOJL30OBAHUM OLICTPHIX
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aJdropuTMoB. MHOrna npu yMeHBIEHWN YHCIE ONEPAMUNA YMEEBLLIESTTE T T TIW T o Tk Z-ISTTISHUN [0~

—h

CKOJIBKY YMEHBIIZCTCH YKCIIO NCTOYHHUKOB MOMEX BRIMMCHeEESs. B Z7-77% T = 75T I=eT OHTb
CTOML YYBCTBUTEIEH K OQHOMY U3 TAaKNX MCTOUHHUKOB, ITO C YMEERTTIET- .0 7T ° T TITTEX mOorpeur-

HOCTH BBIUUCIICHUN YVBEJIMYNBALTCH.
HauGonee saxxkuon sanauen uudgpoBoil 00paboTKHA CATHAICB S5I57C 5 JT200%I 7 w™ ™ 1 275730 INTHHHON
IOCACNOBATEILHOCTH YUCE, 8 HAaMbomIee BaXKHEIM YCTPORCTBOM — GLSTi57% s~

)

Mudporoit PUALTP — ITO YCTPOHCTRO, KOTOPOE M0 33AaER0N WTiialy T VST E- T =T8T (Za3kBa-
eMO 8200n01) HOPMUpPYET HOBYIO YHCIIOBYIO HOCIENOBATELEOCTD [ZEIWEESM] 3 3. %% . (OCHOBHBIE

JIEMEHTBI, U3 KOTOPBIX CTPOATCH (MILTPHL: pa3pdld Pe2ucmpas €9s5ies. TLMMI™.T “&SI7Zumeadb Ha
craagp, ymruoxcumens. CXeMaTUYHO STH 3NIEMEHTHI MOXHO m3obpa=mare I8 37 HIlE50

o -
1

~
B
-
Q
P
v
&
7
Uiy
s
f'; ~
¥
by
N &

4 3
> -

Pa3psanm perucrpa casura Y MHOXITENL Ha ckaasap (CyMMarop — YMHOXKATETH

Paspsin perucTpa capura CONEPXKUT ONHO YMCIO, KOTOPOE MOCTYHAeT HA €ro BHIXOH. B muckper-
Hble MOMEHTH] BpeMeHn {Ha3bIBaeMbIe 7aKmamu) Pa3Psn PerucTpa CHBUra 3aMeljaeT ComepaKalleecs B
HEM YHCJIO OPYTUM, HOCTYIAKINIIM Ha, €ro BXon, oTOpaceiBas npenbinyiuee comepxuamoe. Peeucmp cdsu-
20 nperncrasiseT coboil HECKOIbKO COSHMVHEHHLIX B IIeNb Pa3pAlOB PerucTpa casura. PerucTp caBura
HA3HEIBACTCA TaKXKe aunuel 3adepacku.

JIna Hambollee BasKHBLIX TUIA PECUCTPOB CABUIE W3IBECTHHI IHOA HA3BAHUEM PUAbMPE € KOHEUHbIM
umnyavcubim omrasukom (KNO-bunsTp) 1 asmopezpeccuonnozo Puiompa.

KNO-dunnTp npencrasiasgeT coboll IMHUIO 33EPXKKUA ¢ OTBOXAMH, B KOTOPHIX BBIXON KaxOIOro pas-
PO YMHOXKAETCA Ha QUMKCHPOBAHHYIO KOHCTAHTY, 8 PE3YILTATH CKIANBIBAIOTCS BMECTE:

.yda,d1,do

+ 0 —— O -

-
~

L |
:

B — >

Kak Mbl yBUONM B ,aaﬂbﬁeﬁmem, BeIxonHas nocihenosarenbuocTh KNO-dunerpa pasna aunetdnod
céepTKe BXONHOW nocnenosarenbuoctu {do,dy, ds, ... } 1 NOCIENOBATEILHOCTH, ONUCHIBAEMON BECOBRIMU
MHOKUTEIAMMA B OTBOIAX DuisTpa {go, 91,42, - - - |

ApToperpeccvOHHBIA GUILTP TaKXKe ABJIACTCS JTUHUEHN 33J€PXKH C OTBORAMHA, HO ¢ COPATHOH CBS3bI0,
COCOIUHSIIOIIEN BBIXOLO ¢ BXOLOM:

e <

N
? () () ey ()

P
A

D

A




§2. JIMHEVHAS U HUKINYECKAS CBEPTKH

JImHeNHAS CBEpPTKA ABAASTCS €B3 JI HE CaMOM OOIell BRIYMCIUTENLHON 3alaueh uudpoBon obpa-
6OTKM CUTHaJOB, ¥ Hac OymeT WHTepecoBaTh ee 3ddeKkTHBHAI peann3anus. Kpome TOro, pacCMOTPHM
Taxxe MeToanl 3¢gp(exTUBHOIO BLIMUCACHUS NUKJINYECKONR CBePTKY, KOTOpas MOXeT ObITh MCIOJIL30BAHA
VIS BHIYUMCIIEHUS O4YEHDL AJIMHHBIX NTNHEHHEBEIX CBEPTOK.

Onpenesnteame 1. [Ina 3apaHHBIX ABYX TOCNEAOBATEILHOCTEN — IIOCAEACBATEILHOCTH NAHHBIX
d={d;|i=0,1,...,N -1}
AAUHBL N ¥ IOCIER0BATEILHOCTY GOIIBTPA
g=1{gi|i=0,1,...,L—1)
onuHe L aunetinot ceepmxoli HA3HLIBAETCA HOBASA MOCICHOBATEILHOCTD
s={s;]¢=0,1,..., N+ L -2}

onauasl N -+ L — 1, spneMenTtsl KOTOPOR ONPEnensioTCs PABEHCTBAMNU

N-1

si= Y Gi-kdk, (i=0,1,.... N+L-2), (1)
k=0

roe ¢i-r =0nmpui—k<Oui—k> L.
llocenoBaTebHOCTE 8 HA3LIBACTCS 8bITOONOH, UAN CUueHaAbHO.

Hpsavoit MeTon BEIYUCIERNS CBEPTKH comepXkuT N L yMHOXCHUI, TAaK KAK BCE KOMIIOHEHTHI MOCITSHO-
B3TEIBHOCTY & YMHOXAIOTCS Ha BCe KOMIIOHEHTHI MOCHEHOBATEILHOCTH d.

Onpenenerne 2. JIn4 3anagEBIX ABYX NOCIENOBATEILHOCTENR
d = {gili:O,l,..,,N—l},

g:{g;—|i:0,1,...;L——1}

X KOppeagyuet Ha3bIBOSTCH HOBAA NOCIEHOBATENLHOCTE I (oymHel N + L — 1), speMeHTsl KOTOPOR OIpe-
HENSHOTCHA PABCHCTBAMU

N-1
ri= Y Girkds, (i=0,1,...,N + L~2), (2)
k=0

roe gi+xr =0npuz+ &k > L.

Koppensnuio MOXHO BEIUNCINTL KaK CBEDPTKY, €CIH HPOCTO HPOYUTATH ONHY W3 OIPENeNsiolnX ee
IIOCTCOBATEIBHOCTEN B OOPATHOM HOPSOKE.

Pacemorpum KMO-dunetp ¢ orBonamMu, B KOTOPBIX HAXOASTCA HIEMEHTHI IOCIEHOBATEIIBHOCTH &, &
H3 BXOO IOCTYIIAIOT 3JIEMEHTEI NOCeNoBaTenbHoCT d ;

dn-1,dn.~2,...,d1.,dg .
= > > 4

~
~N
n

L l l
© 2

!
@

BN L ~24:4448]1 r50+

~-
~-




OueBIOHO, HA BHIX0AC 3TOr0 QPMILTPA MBI DOIVEXY T AIEET-22 v T - 2 L
so = dogo,
s1 = dog1 + d; go,
So == dogs + d1g1 + d2g--
sp—1 = dogr—1 +digr—2—---— 1.
sp =d1gr—1 +dogr—2 - — 225
SN—1 =A4N-rgrL-1 VY An_L[ 185 33— - — 1.1,
SN =dN_pp19p-1 Y826z c— - — Il
SN+E—3 = dN_29L-1 AN _1§z2-
SN+L—2 = dN—19L-1
D10 U €CTh HIAEMEHTHI JUHEAHON CBEPTKH NOCISIOBATSI=EICTEEE 4 * g. BergaciIseMule o hopmMye
(1). 3uaunt, KNO-QuneTp BRIUKCIAET MTUHEHHYIO CBEPTKY OBVX LAEEWX LICISZUBATEILHOCTEN.

JIMHEHY0 CBEPTKY MOXHEO MHTEPIPeTUPOBATL B TEPMAHAX VMEGKEENRS MEorowieros. llycTs nann
MHOTOYJICHE]

N-1 o
d(z) = E d;z’ i g{z) = E g;xt
1=0 =0
crenenert N — 1 u L — 1 cooTBEeTCTBEHHO.
PaccmoTpuM nx npomssezesne o
s(z) = d(z)g(z),
rae
N+L-2
s(z) = E 8;x*
i=0
- MEOrouaseH creneun N + [ — 2.
Tak xak
N+L-2 N-1 L—1 N+L~2
2. osm=( D A ) | D gl )= Y | D dg |
" 0<k<N-1
0<s<L~1
TO
N-—1
84 = E . dkgj: E drGi—k, (izoala"'aN+Z"2);
k+j=i k=0
0<k<N~1 O0<i~k<L—-1
0K L1

3HAMUT, MBI noay4quan popmynst (1). Taxum o6pasom, 5a€MEHTHL JMHERHORE CBEPTKU PABHBL KO(DHUIH-
€HTaM MHOTOYNEHa S(), PABHOIO Npou3BeneHuo MEOrouwTeHoB d(z) u g(z), kospPuueHTH KOTOPBIX ECTh

COOTBETCTBYIOILIKE 3IeMeHTHI nocienosatensuocTed d u g. Ho ymMuEG)EeHE MHOTOUIEHOB KOMMY TATHBHO,
T. €.

s(z) = d(x) g(z) = g(z) d(z).

JTO 3HAUHUT, 4TO POIM HOCIENOBATEIbHOCTEN d B g MOXHO NMOMEHSTb MECTaMH, &, CJeNOBATEIILHO, 3Jie-
MEHTHI JIMHENHON CBEPTKM MOXHO TaKXKe BBIMHCIATE 110 QOpPMYIram

Si:Z gjdi_j, (iZO,l,...,N+L“2),_

roed;—; =0, ecmut—j<0mmmi—j> N,
B nanbHedieM Mbl OyieM HHTEPHPETHPOBATH JIUHEHMHYIO CBEPTKY ABYX NOCIENOBATEILHOCTEH Uepes
VMHOXKCHNE MHOTOUJICHOB.
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Oapenesenme 3.  Ing 3anagseiX AByX 4YMCIOBRIX mocsienoBarensHocrer d = {dp,dy,...,dp-1} H

= 5050 aree gn-—-l} OOHON ¥ TOM K€ IJIMHEI 77 UX U%MUQGCEOTL caepmhou Ha3bIBALTCHA HOBAMA '-II/ICJIOB&.‘FI
T TED ISATENILHOCTD S HAITHEBI 7}, 3JICMECHTBI KOTOPOH OIpeneiIAx 0 TCA PaBeHCTBaMU

P

= Z dkg-i-—k(mod n) s (Z = 0) 1: reey I — 1) (3)
k=0

—iLIf YOPOILIEHNA 3anuCy MHIOCKCOR BBeAeM obo3HaueHu’e
({1 — k)) =1~k {mod n),

—.7I= SopMyna (3) nepemuuieTcs B BUAC

Z J((i—-k))> (i:O,l,...,n-—-l). (4)

k—0

Cr.:z

el

- zaexy 0 < ((B—1)) < n, TO B UuKINYeCKOR CBEPTKE NPH K3KA0M 3HAUEHUN ¢ Kaxkaoe dg yMHOXAETCH

=3 SHZTIMYI0 BENMTHHY §((i-k)), T- € KAXKIAd U3 CyMM (3) comepXuT n claraeMbIx. JTO CYIICCTBEH-

T¢ ITIEYEE OT JIMHEMHOU CBEPTKM, B KOTOPOH dj 49acTO YMHOXAETCA HA WIEH ¢;_k, UHIEKC KOTOPOro
IIET 33 OMANa30H ONPEOeICHUSA NOCACHOBATEIBHOCTHY &, TaK 4TO gij—p = 0.

TmeM CBA3L MEXIY IMUKINYECKOHN U JinHelnol ceeprkavu. Pasmenum cymmy

'lJ.,!

.
§; = Z A g((i—k))

k=0

Ty

T: 3. BHIOGAAS B NEPBYI0 CYMMY WIEHHI, MHAEKCH! KOTOPLIX YAOBIETBOPSAOT yciosuo i — &k > 0 (uam
e < f ', 2 BO BTOPYIO — 4/IEHH], MHAEKCH KOTOPBIX YOOBIETBOPSIOT YCIOBMIO & — k < 0 (wnm &k > 1) :

= Z drgi—k + Z Ak Gi—k-+n-

k=i+1

_L2TOKAM TENEPh B Ieproit cymMme ¢;_p = 0 mpu k > ¢, TOrOa

71—1

Z degi—r = Z drGi—r = 8,

k=0

TONIOKUM BO BTOPOU CYMME gp1.i—% = 0 ipm k < 4, Torpa

n— n—1
Z Ak gn+i-t = Z AiGnti—k = Sntis
k=i41 k=0

3, CIASHOBATENBHO,

—3 n—
§; = Z drgi—r + Z dign+i—k = Si + Snti (i=0,1,...,n~2).

k—0 k=0
OueruagHO, 9TO npH %, pasHoM 1 — 1, pasdusaTs cymmy (4) Ha nBe HE HAMO, NOITOMY
Sn—1 = Sp—1-
Urak, cBA3L MEXIY JIMHEAHONA U IIUKJINYECKON CBEPTKAMHU HAeTCS PAaBEHCTBAMU

8; = 8; + Spnii, 1 =0,1,...,n— 2,

- (5)

Sn—1-.
11
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I"'oBOpsT, 4TO UIEeHB! NOCIENOBATEILHOCTH S, URAEKCHI KOTOPRIX S0z
B YJICHBI, MHOCKCH KOTOPHLIX MEHbINE 71.

Ecan npous3BeseBns gy s—kdy PABHLI HYIIO AN BCEX ¢ B k. TO I3
KAaK UMKJINYECKYIO, TaK KaK B HTOM CJIydae

e 0 — . TBKIAAOBIBRAIOTCH OOpaTHO

HYED CBEPTKY MOXKHO BLIMUCIHATD

HY1obur ofecneunTs TR yCIOBAS, MOXKHO TaXK BHIOpATh MIMHY 7 TEKIAYECKON CBEPTKH, YTOOBI OHA Obl-

na Gonsiue, ywemMm N + L — 1, mOnosHA4 TIOCIENOBATEILHOCTE € & d Eyasyvm a0 mamasl n. Torna s

BBIYMC/ICHNS JINHEMHOV CBEPTKH MOXHO IOJBL30BATHLCSH A-INOPHETAGY BLISHCICHWd IUKINYCCKOW CBEDPTKU.
Cxema KNO-punbTpa, BEMUCISIOMEro NUKINIECKYIO CBEDTKY, €T BHI

dn_l ,-..jdﬂ,dnq—ljuscidﬂ
— ). % _}, s

l

~
a g

Jl/ ~ N
F n—1 7 “
] —M—‘fn i '\/_-An—-—\
f ! 32“-—-2’_ L Sr :Sn.——l: “« r » SO Sn—_l - s 80
} EB } } ‘2 ’ ) b, b }

HHocnenoraTensvocTh d MOBTOPSETCS ABAKALI Ha Bxone ¢uianTpa. Ha Buxome dopMupyercs nocie-
HOBATENBHOCTE U3 370 — 1 KOMNOHEHT, IIEPBLIE N M3 KOTOPLIX PABHH IEPBEIM 70 KOMIIOHEHTAM JIMHEWHON
CBEPTKH, CPEOHUE 7Tt — KOMIIOHEHTAM IUKJINYECKOA C8epTKH, NOCIEOHNE 71 — 1 — IOCIeNHNM KOMIIOHEHTAM
JIRHENHON CBEPTKMU.

HExianueckyo CBepTKYy MOXKHO TAKXE MHTEPIPETVPOBATEL B TEPMUHAX YMHOXKEHUS MHOI'OYJIEHOB.

Iycrs
n—1 | n—1 ’
d(z) = ) diz, g(z) = ) giz*

- MHOTOUJIeHH cTenenn n — 1, a s(x) = d(x)g(z). Mt yxe Buzenu, 4TO UUKINIECKAs CBEPTKS BBITHC-

ACTCA 1O JIMHEWHON "00paTHBIM BIIOXKeHueM KOXDOHIIMEHTOB NPH BRICUIMX CTEHEHSX Z. JDTO MOXKHO
MPEACTABATE B BUOE 3AIIUCU

5(z) = s(z) (mod =™ — 1),

T. €. K03)OUIUeHTH MHOrowieHa §(z) sBAgiOTCS KOMNOHEHTAMUA UMKINYECKON CBEPTKE [IOCTIEN0BATENb-
Hoctern d n g. HeicTeurenvho, Tak xax " = 1 (mod z™ — 1), 10

2n—2 2n—2
s(z) (mod "™ — 1) = Z ;2" (mod z" — 1) = Z 8T + Z s;x° (mod 2" — 1) =
1=0 t==0)
2n—~2 n—2
Z s;xt + Z g;x " = Z sja:f" + Z Sn-j—Jﬂ:J = z:(sj + snﬂ)x 48, 12" .
=0 F=0 =0

(j=i—n)

B cuay dopmyn (5):

n
&
+
w
=
+
s
|

=3, (j=01,...,n—2)

§H_1:

IO TOMY
12 n—1
s{z) (mod " — 1) = Z 50?4+ 5pq2" 1 = Z §;07 = §(z),
i=0 §=0

T. €. KO3(POUUUCHTH MHOTOYNEHA §(2) SABAMIOTCA KOMIIOHEHTAMY IIMKIMYECKOH CREDTKH MOCTENORATENb-
HOCTeW d 1 € AJIUHEL N.
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§3. AnrorutrMm Kyka — TooMA
OTOT aJIrOPUTM BBIMHCICHUSA JAUHEHHON CBEPTKH ObLI paspaboTad KakK METON YyMHOXKEHUS ABYX MHO-
TO4JIEHOB.
3anuieM NMUHENHYO CBEPTKY B BUJE HPOU3BEOCHN JBYX MHOTOUYIICHOB

s{x) = d(x)g(x),

rae deg d(z) = N — 1, deg g(x) = L — 1. Torua deg s(z) = N + L — 2, uo3TOMy MHOTOWIEH s(z)
OAHO3HAYHO Oonpenesigsercs cBouMu 3HaveHusMu B N + L — 1 pasnuuHbRIX TOYKaX.
Hycrs Bo, 81, ..., On+p—2 — MHOXeCTBO M3 N + L — 1 pasnuunpIx BelleCTBeHHLIX uncen. Ecnu

A3BecTHH 3Havenus ${0) aua k = 0,1,...,N + L — 2, 70 MHOrOouseH ${I) MOXHO OTHICKATE, IOL3YSICH
HHTEpHONSIuosaHO dopmynon Jlarpamxka

NA4L-2 N+L-2 i ,6
) = s(f3 S Y 1
s(z) g} s(Bk) 1;[ B = B, (1)
J#k

Upea amroputma Kyxka — Tooma coctouT B TOM, UTOOR CHAYAIS BBIYUCAMUTL 3HaudeHusa S{Ox)

(k = 0,1,...,N + L — 2), a 3areM BOCIONbL30BATLCA uHTepunoasdnueit Jarpanxka. HosTomy anropmnrm
BRINJISOUT CJEAYIOIIUM 00pa3oM:

1. Beryucmurs d(f) n g(B), k=0,1,.... N+ L-2.

2. Beraucnars s(Br) = d(Bs) g(Br), k=0,1,..., N+ L -2.

3. Ilocrpours s(x) no dopmyne (1).

YMuoxenus naiorcs pasenctsamu s(Bx) = d(Bx) 9(Br), k = 0,1,..., N + L — 2. Bcero rakux pa-
seHCTB N + L — 1, 1. e. 3amech Mpt umeeM N + L — 1 YMHOXCHHUH, U €C/IH Pa3yMHO BBIGHPATL TOUKM [,
TO HOJTHOE YHCIIO YMHOXKEHUI OyIeT MCUePIBIBATLCA TONBKO YTHMHA YMHOKEHUIMM.

VmeroTcs 1 gpyrue yMHOXKEHHS, 8 IMEHHO Te, KOTOPBIE BXOAAT B Beruucaesue semmaud d( 8 ) u g(Fx),
11 T€, KOTOPBIE YYACTBYIOT B MHTEPIOIAIuOHHON dopmyire Jlarpamxka, HO MBI UX TOK3 HE yunThiBaeM. Ha
caMoM [efle, He VUMTHIBATH MOXHO TOILKO yMHOXeHue Ha 0 n 1, Ho, Kak npasusio, 3a CUeT HEKOTOPBIX
TPEABAPUTEIBHLIX BLEIMUCICHIN, IPONETAHHEIX Pa3 W HaBCEr'a, YIAETCI CBECTY YKA33aHHBIE KOHCTAHTHI
KOu+l.

B xauecTBe npumepa paccMoTpuM, Kak paboraer anroputm Kyka — Tooma B Ciydae BBEIYUCICHUSA
2 X 2 - ceepTku. K TakOMy BBIUMCIEHHIO CBOOMTCA IPOXOKICHMC aByx umcen (namnsix) gepes KUO-
GunNbTP ¢ OBYyMdA oTBOdaMu. IIpsaMoil alropUTM BEIUMCICHNS CONEPXUT 4 YMHOXEHUS W OTHO CIIOXKEHHUE.

MuE IOCTPOUM B3 aJFOPUTMA C TPEMS YMHOXEHUAMHN, OTIUYAIONINecs APYT OT APYTra YHCIOM CIIOKCHMIA.
Hycre

d(z) =do +diz, g(z)=go+giz m s(z)=d(z)g().

I aazopumm. Tax xak deg s{(x) = 2, To HanO BLIOPATE TPHU PA3NUYHBIX BEHIECTBEHHBIX YHCIA.
BossmeMm g =0, 1 = 1, B = —1. Torua

d(fo) = d(0) = do, g{Bo) = 9(0) = go,
d{f51) = d(1) = dp + dy, g(B1) = g(1) = go + g1,
d(B2) =d(-1)=do—d1, g(B2) =g(-1)=g0— 4.
Brrapcnnm s(f8x) :
${(Bo) = 9(Bo) d(Bo) = godo,
s(81) = g(B1) d(B1) = (9o + g1 )(do + d1),
s(B2) = g(B2) d(B2) = (g0 — g1 )(do — d1).

Ecim KMO-¢puasTp 3amaercs dMKCHPOBaHHLIM MHOrouneHoM ¢(z), TO xocTanthl ¢(fx) He HaOO
KAKIBIH pPa3 BRIYHCASTE 3aHOBO, WX MOXKHO BLIYHCANTL OOMH pPa3 ¥ 3aIOMHMTL, IOITOMY B OOIIYIO

CIHOXKHOCTD &JITOPUTMA DT BBIYUCICHUS MOXHO He BKIIO4UaTh. (IIpm sToM x03d)PuIIMEHTH MHOrOYIEHA
g{x) MOXHO HE 3aNIOMWUHATD. )
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Ho naTepnonsumonnoi dopmyne Jlarpamxa

S(Q.?) = S(BQ)L(}(Z‘) + 5(31}.{.:&;" - = f; :_: e
roe
> - B (z—1 z—1 5
Lo(z) = ! — 41
as g fo~B; (O-LE-L
- z—-f; z{x+l) I -
Ll(m)—g ey kTR TR AL
J#1
T - B; z{z — 1) 1
La(x) = 1 = = = {z? — z).
@ =1l 5= - n—2@
3HauuT, 1
(@) = 8(60) (1 = &%) + 5(B1) 5 (& +7) +5(3) 5 (@ ~ ) =
1
s(Bo) + 5 (8(B81) — s(B2)) z + {—s{8o) + % (s(B1) + s(B2))} 27,
T. €

o = 3(50)}

5 = -;-(s(m — 5(82)),

2= —~s(fo) + 5 (s(81) + 5(82)).

Henenne 5a 2 Mox110 "y6paTh”’, I 4€r0 3aMEHUTD KOHCTAHTHI (k) HOBBIMY, MOIVIOINAIOUIUMYU DTOT
nemuTens. llycre

1

1 :
Go = go, Gy = 5 (90 +91), Go = *2" (90 - 91)¢

TOTIIA IIOJIOXKYM i X )
Lo(z) =1 —2° Li(z) = z*° + z, Lo(z) = 2% - z.

B pesynmbTare nonmyuaeMm

5(2) = s(60) Lofa) + (3 5(60) ) Lu(e) + (5 5(8)) La),

IpuyeM

3()60) — d(ﬁg) GO}
- (B1) = d(B1) G,

5 5(62) = d(82) G,

Brenem Taxke o603HaueHNd

Dy = d(fp) = dp, Dy =d(81) = do + dy, Dy =d(fla) = dy — d;,
So = Dy Go, S1 = Dy Gy, Se = Dy g,

TOT 4,

() =So(1 -2+ S, (2 +2) + Sz (z° —2) = Sy + (5; — S2)z + (—Sg + 51 + S2)z?,
oTKyna xosdpdunnenTsi s; (1 = 0, 1,2) MHOrousesa s(z) BHIPAXAWTCH CIEAYIOLMM 00pa3OM:

8 — SO:
s1 = S1 — 53,

so = —83+ 51 + 5.
14




Mgur noayunnu anroput™M, B KOTOpoM Tpu-ymuHOXeHus D; G; (i = 0,1,2) u naty craoxenuit (oBsa
“SOEREHMA A BeIMHCTeHns Dy u Do u Tpu cnioxeHnws sl BLIYUCIICHUS S, S2).
HomyuyeHHBIH anropuTM 3alMiieM B MaTPUYHO-BEKTOPHOR dopMme:

S0 1 0 0 G(] 1 () d{)
81 = 0 1 -1 Gl 1 i (d)
89 ~1 1 1 G, 1 -1 L

rm s = CGAd, roe A — Marpuna npencnoxernmit, C — mMarpuna pocrcioxesuit, G — IUATOHAILHAS
273TPHIIG, OTBEYAIOHIAS 33 BCE YMHOXKECHNS aJIrOPATMA.

Brruncnenne xouctanT G; (i = 0,1,2) B npuHIUIE TOXE MOXHO 3alHCaTh B MATPUYHO-BEKTODHOM
J0pMe crenyoummM 0odpasoM:

Go 1 0
1 1 do
G] = 53 3 ( ) .
1 1 gi
G 7 "3

MaTpnuso-BeKTOpHAA 3a0KCh AaeT yHoOHyIo HOpMY 3a0HCH AJITOPUTMA, HO BEIYMCICHUS, KOHEYHO,

ZPOBONATCS HE MOCPenCTBOM YMHOXKEHUS MATPHUII, 8 C MOMOIIBIC CIEAYIOIIEH MOCAeNOBATENILHOCTH CIT0-
KEHAN U YMHOXCHMIT!

Dy := dy,

Dy :=dp + dy,
Dy :=dy — dy,
So .- G{) Dg,
S1 = Gy Dy,
S2 1= Gq Do,
Sg :— Sg,

81 1= 81 — 59,

S9:= 51+ 859 — 5.

Ha anropmTm Kyxa — TooMa MOXHO CMOTPeTHh KX Ha MeTON (AaKTOPHM3AIMK MATPHILL. IlpsaMoil
aTOPUTM BBIYUCIICHUS 2 X 2 - CBEPTKHN TOXKE MOXKHO 3aMUCATh B MATPUIHO-BEKTOPDHOM BHIE

S0 go O do
51 [45] go (dl ) ;
S9 0 ¢

il

nnu s = T'd. C nomonyeo anroputma Kyka ~ Tooma Mel npencrasuiy Marpuny 1 B BHOE NPON3BERCHUS
TPEX MATPHIIL | |

1 0 O Gy 1 0
0 1 -1 Gy 1 1
11 1 s [ —1

T €. T::.:OGA.

HomyuerHbI HAMH AJIIOPUTM MOXHO MOAMPUITUPORATEL, OCTABHB TO XK€ YHKCIO YMHOXKEHMMN, HO CO-
KPaTUB KOJIUYECTBO CIIOXKEHUN.

OueBnnHO, 4TO

SNyIL—2 = gr—1dN_1.

Hiist Bprumcnenus 31oro xosddumuenta HeoOXoAMMO ORHO yMHOxeHme. Crenenb MoaudUIUPOBAHHOTO
MHOT'OUJIEH,

5(z) = s(z) — syyr—22VN 2 = g(x)d(z) — snypoz™ L2

pagHa NV + L — 3, Tax uTo mcnoassyiomee uner Kyka — TooMa BeIYMCIEHNE 3TON0 MHOIOYJIEHa Tpebyer
N 4+ L — 2 ymuoxenun. O6iee yucno yMHOXeHn ongth pasuo N + L — 1, B0 cnoxenuit OyneT MeHbIIE,
MOCKONBKY Aa nocrpoenus §(z) Tpebverca Mennbie Touek (.
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I aszopumm. Tax xax B caydae 2 X 2 - CBePTKHA MOIIIr—ooI=s==w=s ECTG%IEH 3() nMeeT

cTenens 1, TO Ham TpebyeTcs BCero nBe Touku. Bmibepem 3p = L. -2 = —L. I3
d(Bo) = d(0) = dy, 9(B) =52 =22
dif) =d(-1)=dy —dy, gih,=5~= =-—g-

Haxonum 3ua4veHus MHOTOWIeHa §(Z) B 3THX TOYKAX:

5(B0) = 9(Bo) d(Fo) — gr1d1Bo” = g(0) d(0) = godo.
5(81) = g(B1) d(B1) ~ grdi i’ = g(—1)d(-1) ~ g=: = gy — g1, {do — d1) — guda,

Tax xax §(r) = g(z) d(z) — g1dyz*.
1o nnTepnosisumonson dopmyite Jlarpanxka

5(z) = 5(Bo)Lo(z) + 5(51) L1 (x).

rne Lo(z) =2+ 1, Li(z) = —x.
B pesyarraTe nojsy4aeM

S(ili') = g1d1$2 -} §(.B) = gldlarz = §(ﬁ{))($ + 1) + §(ﬁ1)(—f£) — ggdgfﬂg + {g(ﬁg) — §(51)}$ + g(ﬁ{)) =
gidiz” + {godo — (do — d1) (g0 — 91) + grd1 }z + godo-

OTO ¥ €CTb MCKOMbIH AJTOPHATM, COOCPXKAIIMHA TPH YMHOXKEHHS ¥ TPU CIIOXKEHMS. Ero marpuunas
dopMa nMeeT BUH,

¥

3o 1 0 0 go 1 0 d
81 1 -1 1 go — g1 1 -1 (do) :
8o 0 0 1 o 0 1 1

Aaropurm Kyka — Tooma sdpdexTuBen mo 4ucily yMHOXKEHHUI, HO eciau 00beM 335adm pacTeT, TO
YHCIIO HeOOXOMMMEIX CIIOXKEHMIN TaKxKe HauuHaeT ObICTPO pacTH. OTO TPOUCXOONT IOTOMY, YTO XOPOUINi
BHIGOD uncen O B Buge O, 1 n —1 yxke coenad, U ¢ yBeTUYERHEM MJIMHBI CBEPTKHU TPEOyeTCA MCHOAL3OBATD
+2, +3 u mpyrue majisie uensie yucaa. Ilpm srom MaTtpuus A u C O6yOyT comepkaTh 3TH UHCIA.
Y MHOXEHUS Ha HUX, KOHEYHO, MOXKHO 3aMEHUTL COOTBETCTBYIOIIMM YWCAOM CJIOXKEHUW, HO 3TO UMeeT
CMBICIT JEeJaTh TOILKO B ClIyuae, KOrjla, BEIOMpaeMbie YUCIA MaJIbl. ANrOpUTM CTAHOBUTCS CIIMIIIKOM
rPOMO3IKUM MIPH BBIYMCICHAY CBEPTOK, OonpuInX yeM 3 X 4 u 4 x 4.

Hocmorpum ma anropntm Kyka — Tooma "¢ Touky 3peHus KUTANCKOR Teopembi 06 OCTATKAX (CM. B
[4] § 8). BmecTo Toro, urobbl BHbEpaTL MHOXKECTBO pasiauyudsx uucen {J, B, ..., Bviir—2}, BEOepeM
MHOXECTBO MHOrounenos {& — fg, £ — fB1, -+,  — BN+L—2}, TOMIA, OUERAIHO, |

g(Be) = g(z) (mod z — By),
d(Bi) = d(x) (mod z — B), k=0,1,...,. N+ L-2,

u anropuT™M Kyka — Tooma MOXHO 3anmucarhb B BUE:

1.
g(Bx) = glx) (mod = — By), k=01,... N+L-2,
d(8;) = d(x) (mod x - Bi), k=0,1,.... N+ L-2;
2.
3(6k):g(ﬁk)d(ﬁk): k:O: 11:N+L#23
o NI -2 N+L -2 O
s(x) = Z s(Bk)Lr(x), rtme Li(x)= H 3 -—J_ :
k=0 < & k=B
7k

C »Toll TOUKU 3peHns MHTEPHONAuNOoNHYio ¢dopMmyny Jlarpamxa MOKHO pacCMaTPUBATL KaK HEKOTOPYIO
dopmMmy oOpalllenmss KUTAMCKON TeopeMbl 00 OCTaTKax AJId TOrO YaCTHOIO Cilydad, KOrd B KaueCTBe
MHOT'OYIICHOB-MOYIeH BHIOUPAIOTCH TOJLKO MHOTOUIEHB! IEPBO# CTenenu. By Ke 3aMeHuTh MHOTOYlIe-
HEI NEPBOA CTEUEHH MHOrOYIeHaMu 0Ooniee BLICOKKX CTEIEHeH, TO 3TO NO3BOJISET YBEIHYNTH KOHCTDYK-

TUBHBLIE BO3MOXKHOCTH AJIrOpUTMA ¥ HPUBOANAT K HASE CIEAYIOILIEND QJINrOpUTMA, KOTOPHIM HOCHT UMM
Bunorpana.
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§4. ANITOPUTMBI BUHOT'PAIIA BBIUUCIIEHUS KOPOTKHX CBEPTOK

PacemorpuMm caenyiomyio ofmyio sanaqay. llycts TpebyeTca BEUACIUTD

s(z) = g(z) d(z) (mod m(z) ), (1)

roe m{x) — GuKCUpOBaHEL MHOTOWIEH crenenu n Haa noneM F, g(z) u d{r) — Muorouness Han teM xe
HOJIEM, IIPHYEM WX CTEHEHU MEHBUIE 7.

Janava BHEMUCIICHUS JVHEHON CBepTKU

s(z) = g(z) d(x)

MOXKeT OBITH BJAOKEHa B 9Ty 3a1auy, €CiIM B KaudecTBe 7 BuIOpaTh Nejioe uucio, Bosbliee
deg d(z) + deg g(z) = deg s(x), a B xauecTBe Mm(r) — DPOM3BOILHEIA MHOrOYIeH CcTeneHu n. Ilo-
CKOIBLKY cTerneHb m{x) bonpme crenemn npoussenenus d(x)g(z), to d{x)g(z) (mod m(x)) cosnanaer
¢ d(z)g(x) = s(z).

Janaua BRIMUCIEHUS UMKJIHYECKOH CBEPTKM TaKXke Moxer OwITH BIIOXeHa B 3anady (1), ecinm
deg d(z) = deg g(x) = n — 1 u B xauecTse m(z) B3aTs MuOrounen " — 1. [loaygaem

5(x) = g(x) d(x) (mod ™ — 1),

9TO, KAaK MBI BHIEIIM BBINIE, 3KBUBAJICHTHO BBIYMCICHUIO LMKIMYCCKOH CBEPTKU HOCICNOBATEILHOCTEH
xoyddurmenTop MEOrounenos d(z) u g(z).

Haiua uens ~ 3aMenuTs 3ana4y (1) HEKOTODBIM MHOMXKECTBOM 33434 ¢ MEHBIIAM UNCIOM BEIUMCICHU,
Yrobu1 pazbuts 3amady (1) va nogzamaum, pasnoxuM MHOTOWIEH () Ha B3AUMHO NPOCTHIE MHOXKATEIIH
BEaJl HeKOTOpEIM nognoneMm K nons F' (cuuTaeM, 9To kosdduinesTs m (L) OPUHANICKAT STOMY IIOLMO-
53 0)

m(z) = mo(x) mi(x) ... ms_1(x). (2)

O6bruno, ecme F' — nosie BemecrBeHmnX umcel R miwm none kommiexcabix umcen €, TO B KauecTse
DOATMONIEH DPAa3iIOXeHNs BHIOMPAIOTCS COOTBETCTBEHHO MOJE pauuoHansHbix uucen (P u mose rayccoBbix
panuoHaNbHEX umcen QQ[i], xora B npuHnmme MOXHO BHLIOMpPATL ¥ APYrHe NOONONIA. ECAM CBEPTKA BhI-
QUCAIETCS B KoHeyHoM nojte G F'(p™), To B xavecTBe NONNONA pasiioxenust o0ur9HO BuiOUpaeTcs GE(p).
Hammel nenwio aBifeTcs MAHMMM3ALUMA YNCIY YMHOXeHu#A B none F, upu 5ToM MBI Be OyneM IbITAThLCH
MUANMU3NPOBATEL YHUCIIO YMHOXeHRA B noanone K. B SoiapmmuEcTRe CIyyaes YTUME YMHOXKEHUASIMY B TIOA-
TIOJI€ OKA3BIBAIOTCS YMHOMXEHUS HA MaJILIe I1eJIbIe YMCIId, KOTOPHIE BCErAA MOXHO 3aMEHUTDH CJIOKEHNIMI,
o) By uuchaa 0 i 11,

Taxnm obpazom, perras 3anauy uHan noneMm R wnm C, Ml B pmasibmelimieM He OyIeM V4UTHIBATD
VMHOXKEHUS HA PAlMOHAJIBLHEIE YMCIIA, XOT# BCErga OyeM CIeauTh 33 TeM, 4ToOLI 3T0 OLIIM Ha Ca3MOM
IeIIe MAABLE UYEADLE UUCALQ.

3amenuMm 3ama4y (1) Ha § TON3a03Y HAXOXICHUSE MHOTOWIEHOB Si(x) :

sklz) = s(z) (mod my(z) ), k=0,1,...,5s—1.
Ecnm uspecrunt muorousnienst si(x) (k=0,1,...,5 — 1), T0 110 kuTafickoit TeopeMe 00 OCTATKAX IJIs
MHOTOYICHOB §(Z) MOXHO BOCCTAHOBUTH, NOAL3YACH hopmynon § 8 u3 [4]
s—1
(@) = Y, sx(a) Mi(z) Ne(x) (mod m(z)), 3
k=0
m(z)
rae Mi(z) = ale) Mp(x) Np(z) + me(e)ng(z) =1 na k=0,1,...,5 - 1.
k

Tak xaxk
sp(x) = s{x) (mod myi(z)) = d(zx) g(z) (mod mg(zx)) =

(d(z) (mod my(z))) (g(x) (mod mi(z))) (mod my(z)) = di(x) glz) (mod mi(z)),
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rue -
di(z) = d{a) (mod e =

ge(x) = glz) {mod ez .

TO CHAYAJA CHEAyeT HAATH BhIYETH MHOrOWICHoB 4(z) & g(=) oo =0,1,...,8 - 1),
33TEM BBIYMCIUTE Sy (T)
si(z) = di(z) gu(z) (od s z) ] (4)

1, HAKOHEIl, BOCCTAaHOBUTSE ${z) no ¢opmyne (3).
Taxum obpaszom, anropuTM BUHOTPaAa COCTORT H3 CICOVROIETX IIATOB!
1. Baruucaurs phryeTh

d(z) = di{z) (mod m(z) }
gr(z) = g(x) (mod me(z) ), E=0,1,...,5s~1;

2. Hamrtn MHOrO4YneHsl
sp{x) = di(z) gr(x) (mod mi(z) ), k=0,1,...,s-1;

3. Boccranosuts $(z) mo ¢dopumyne (3), mpesapuTensro OTHCKaB MHOrOWIeHbl Mi(x) m Ni(T)
(k=0,1,...,5s —1).

Tak xax kK03(pdOUUNEHTH MHOIOYICHOB Mi(z) mpuHaniexaT nonnomio K, To Ha NepBOM LIare HeT
YMHOXEHUN {OCTAIOTCS TOMLKO COKeHus xosdgdunmeaTos mHOTOwIeHOB d(z) u g(x)), koadhdunmuenTs!
muorounienoB My(x) u Ng(z) (b = 0,1,...,s ~ 1) Takke upuHagiexar nognoio K, mosroMy # Ha
TPETHEM IIare HET YMHOXKEHUH. Y MHOXEHUs BO3RUKAIOT TOIBLKO HA BTOPOM Iare alropurMa IIpHM Bhbi-
qUCIICHUN KOPOTKUX CBEPTOK, 3a81aBaeMbIX NpousBeneHusMu MuHOrouneHoB di(x) gx(x). Tax kax umcio
KO3 GUUMEHTOB ¥ MHOrOYNEHOB di(z) M gr(r) paBHO CTeneHu MHOrOwIeHa M (T), TO MOJIHOE HHCIO
YyMHOXEHWI NPy OPSIMOM ajrOpUTMe IuIs nepemuoxenus di(z) Ha gi(z) pasno {deg mi(z)}?. Torma
OJI8 pEHIeHMA BCEX non3anay norpedbyercs --

s§—1
Y {deg my(x) Y’
k=0

yMHEOXKeHM B mojle F. O3T0 HaeT CymieCTBeHHOE YMEHbBIICHME TMCiia HeOOXOOUMEIX YMHOXKCHYI 171 PeLle-
uud 3aga4m (1). HeficTBrTeasHo,

51 8—1 |
n=degm(z) =) degmi(z) =) i  (nk=deg mi(z)),
k=0 k=0

IIO3TOMY

s—1

2 g--1
n? = an > E .
k=0

k=0

3aMeTHM, UTO TY XK€ CaMyio HACI0 Pa3OueHus Ha, MOA330aUN MOXKHO IPUMEHUTE K PEIIEHWIO N0N3a089
(4), aro nosBonuT erie GONBIE CHUSUTD YACHO HEOOXOMMMEIX YMHOXEHHI B nojye F.

B kauecTse mnmocTpanuy paloTel adropuTMa BuHOrpana pacCMOTPUM OPEMEp BBIUMCIIEHUs CBEPT-
KH 3-TOYEUHOrO BEKTOPa C 2-TOYeUHHIM BekTopoM (3 X 2 - ceeptka). Ilycts

g(z) = go + 1z
d{z) = dy + dyx + daz°.

[Ipamoit anroputM Bhruncienus s{r) = d{(z) g{x) conepxur 6 ymHOXeHUN U aBa ciuoxeHus. HeicTsu-
TENBLHO,

S(IL‘) = godp + (dog1 + d1go)z + (d1gy + dggo)ivz = d3g1m3.
18



Cravana MBI IOCTPOUM AJITOPHTM, KOTOPEIA COHEPXKUT HATH VMHOXEHMN ¥ BOCEMb CIIOXKEHHUI. JTO

=2 OYEHBb XOPOUINH 4JIrOPUTM, HO €ro NoCTpoeHue OVIeT COUHEPXKaTh HETPHBHAJLHYIO MOA3a0a4y, KOTOpas
T2cT0 OyzneT UCHONB30BaTHCS B NaJILHEHIICM.

Crenens MHOrOuwIeHa ${) paBHa 3, HO3TOMY BhIOEpEM MHOrOWIEH m(T) Y€TBEPTOM CTENEeHH, IYCTh
m(z) =z (x — 1) (2% + 1) = mo(z) m1(x) ma(z).

JCHOBHOE IIOJIe - NIOJIe BEINECTBEHHBLIX YMCEN, B KaJyeCTse MOMIIONA PACCMATPHUBAEM IONE PAlNOHAJILHBIX

zcesl. MuoXuTeny m;(z) NONMApHO B3aMMHO HPOCTHI, NX KO3(DPHUIMEHTE] — PAIMOHAJIBHEIE, HAXe eIble,
TECAA.

Ha mepBoM 11are BBEIMUCISIOTCS BEIMETHI

do(z) = d(z) (mod z ) = dp, go(z) = g(x) (mod z ) = go,
di{z) = d(z) (mod z - 1) = dy + d; + da, gi{r) =glx) (mod x — 1) = go + g1,
da(z) = d(z) (mod z° + 1) = (dg — dy) + dy 2. ga(z) = g(z) (mod z° + 1) = gp + g1 2.

Kak # yTBepXnasnoch BRIIE, HA 9TOM INANe MBI He MONYYAIM HM OXHOrO yMmuoxenws. Ha sropom
Trare BBIUMCIIAEM MHOTOMNEHH! Sk (x) = di(z) gr(x) (mod mg(x}), k=0,1,2:

so(2) = do(z) go(x) (mod z ) = dogo,
si{z) =di(z) gi(z) (mod z — 1) = (dg + dy + d2) (g0 + ¢1),
52(z) = da(2) g2(x) (mod 2° + 1) = {(do — d2) + d1z} (g0 + 1) (mod z* +1)
= {(do — da)go — d1g1 } + {{do — d2)g1 + dygo}-
Ina serancnenus so(x) u $1(x) rpebyercs mo ogHOMy yMHOXKeu#io. Hna puiumcnenuns xospuumeH-
708 s2(x) Tpebyercs 4 ymuOxenwsa. ONHAKO >TY NOA3ALAYY MOKHO PEIIMTE OTIEITLHO, HOCTPONB AIg Hee

TRICTPBIV SJArOPUTM C TPEMS YMHBOXKEHUAMN.
Iliig yOpoieHus BHIKIIAJIOK CHAYANA BBEOEM COO3HAUEHMS!

d(():g) = d(] e dz, dgg) = d}, 932) = 90, ( ) = g1,

G £ ; °
do(z) =dy) +d7z,  ga(w) = ¢§V + ¢{Va
sa2(a) = (d g5 — di 91 + (d5 91" + &P 967 )a = s + 517w
re

§D) = gD gD _ gD )
2 2
55 = dé’q)g:(l ' +d) )952}-

Hocnepaune nBe QopMynBl HANIOMEHAKOT CTPYKTYPY HPOM3IBENEHNS IIBYX KOMIJIEKCHEIX 4ucen (Ha
CaMOM JIejie, HePeMHOXKEHNE IBYX JMHEHHLIX MHOTOWICHOB IO MOOYMI 2% + 1 B TOYHOCTHN IKBUBAJICHTHO
YMHOXEHIIO KOMIIIEKCHBIX YMCENT ), HO3TOMY MOXHO, HAIIPUMEP, BOCHONL3OBATLCS aJIropuTMOM 81 :

‘g?) _ (d(Z) _ d§2)) (2) | d(ﬂ) (g {2) _ (2)) -
{2) — (d(fﬂ’) dgz)) (2) + d(") {géz) +912))
MM
2 2 2 . 2
= (g8 (2) _ ( )) d(2) ( )(d(z) _ d( )) -
( = (g5 —91)dh” + g?’ (d5” + ).
Moxnso nonobpatek u npyrue GopMynsl, Tpebywonme TPexX yMHBOXKEHWI, HAIPUMED,

s” = (& + i) go” — di” (5" + 917, -
si” = (dy” +d”) g5 + doz) (91" - 85”)-
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Teneps cpaBauM 30PexkTUBHOCTE dopMmya (D), (6} g% o s coo===—2. lipm 3TOM Oy@eM CUMTATh,
9TO KOHCTAHTHI, CBA3AHHEIE ¢ MHOrouieHoM g{z), SRISTMTOE TorToI==anoT GmTLTDA, KOTOPHE B CEPUH
BHIYMCIICHNH HE MEHAIOTCS. JTH KOHCTAHTHL MOXKEO BEEIZIITS I D53 O 3AN0OMHHTD, T. €. WX BBIMAC-
JeHye He BIMAeT Ha CIOXKHOCTL aaropurMa. Torma s &Toncvrsm D) & (V) MMEeTcd NO TPU CHOXEHHS,
a B dopMmynax (6) - werwipe. 3uaumrT, OymeM BmOHEDPaT: CI=yF =3 C'f_::.:;uf}}‘n Lga} By (7) I8 BBIUMCICHM
KO3 PUIHEHTOB MHOTOWIEHA So(T).

BriGepem, nanpumep, dopmyiast (7), TOraa aareprTy DEIESETs TOGTEIREH HOX3ANAYH JAeTCH DaBeH-
(2) 1 0 -1 40 (2)  {2)
(2) 1 1 0 9 — %

CTBOM
1 (2)
0 " dg,
d(2)
i i
i1 COOEPXUT TPHU YMHOXEHUSA U TPH CIIOXEHHs.
[epexopuM K nocienHeMy umiary amropurMa. Jlias maxoxpesus s{z) wo ¢opuyne (3] cnenyeT HalTh
vuorourenst Mp{z) u Ni(z), k& = 0,1,2. 370 HeTPyAHO CAEIATH, BOCTIOIL30BABIINCH AJITOPUTMOM
Epxnmpa nnu paclIgpeHssIM anropuTMoM EBkimna. Pe3yiasTars! BHYRCIEHEH 3alKIIeM B CICRYIOMIYIO

(2)

CD b e

TaOIINY:
k| mg(x) My (zx) J Ne(z) l ni{z)
- | } —
0 T; 2 — 24 —1 —1 ¥ -z +1
1} z-1 | T’ + L —2z(2® + .+ 2)
2 | 22+ 1 [ ¢~ = {(zx —1) —3(z —2)
HeicTBUTEITLHO,
2’ -z +r—-1l=z(@@*-2+1)-1
WITH
Mo(z) = mo(z) (z® —x + 1) ~ 1,
OTKYIR,
1 = ~My(z) + mglz) (z° — z + 1)
u No(z) = -1, nglz) =a2° —z+1.
Ianee
Prr=(x-D(*+z+2)+2,
78397
Ml(iﬁ) = M (LE) (1132 -+ T 2) -+ 2,
OTKYH& |
1 l . -
1= Mi(z) - 5 (z* + z + 2)my(z).
Haxkosnerr, |
2’ —z = (z° + 1) + (~z ~ 1),
P +1l=(-z~-1)(-z+1)+2
5117
May(z) = ma(z) + r(z),
meo(z) = r(z) (-2 + 1) + 2,
OTKYy &
1 1 . 1 1
L= gmy(e) - 5 (1= 2)r(e) = g ma(e) — 5 (1 - 2) {Mafz) —ma(2)} =

2 (&~ 1) Mo(e) — 5 (z ~ Dy ma(z).
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flo dopMmyne (3) nonyuaem

s(z) = so(x) (—2° + 2° —z + 1) + s1(z) -;—(:33 + x) + s2(x) % (2° —z) (x = 1) (mod m(z))
= (-2’ +z° —z + 1) sp(z) + -;— (z° + ) s1(z) + -;— (x3 — 222 + ) (30 2+ 9( ) z) (mod m(z))
= (—2% + 2% — z + 1) so(z) + (z* + 2) (% 31(95)) + (2° — 22° + ) (—]-3((, })

+ (z? — 22% + 2?) (-1- sg )) (mod m(x) ).

2
Hockonexy
m(z) =z (z-1) (@ +1) =2* —2* + 2% -,
et~ 2% + 2 =3 — 2% + 1 - 222 + 2% = 2% + = (mod m(z)),
SHAUNT,

s{z) = (—z° +2% —~24+1) so(z) + (23 + ) (% sl(m)>+(:z:3~—2m2+:c) (; ())—F( ~7° +1) (1 (2 )). (8)

1
Y6epeM MHOXUTEIN 5+ A8 4ET0 BKIIOTMM MX B KOHCTAHTHL, CBS3AHHEIE ¢ K03 pumeHTaM MHOTO-

=ieHa g(z). Beenem oBosuauenus:

1

1 1 1
Go = go(z) = g0, G = "2*91(33) o (go+q1), Go= "2"9(()2) = 3 90,

1 )
G3=2((2 -—gg))—— (91-90), G4 (g”+9o))“-(91+go)

D{} == d() (:E)

Dlzdl(:s):de+d1+d2, Dgzd§2)+d§2):dg+d1—-d2,
DB::déz}:do—dgj D4—"—=d§2)=d1, St = Gy Dy (k:O,l,...A).

Torns

80(37) = S{),

1

5 s1{x) = S,
1
oy 352) Sg 84
2
1
§ ng) = SQ + 53

1 (8) nepenuckiBaeTCs B BUIE

s(z) =(1—x+ T —~ 273) S0+ (z +.'B3)S1 + (z — 2% + xB)(Sg — S4) + (z - 233) (S92 + S3).
Cobupast kosdPuINEHETH NP ONVMHAKOBBEIX CTEHNEHSX T, OKOHYATENHHO N0NIYUaeM
s(x) = So + (—Sg + S1 + 25, + S3 — Si)x + (So — 253 + 28,) T° + (—So + St — S3 — S4) z°. (9)

B MaTpuyHO-BeKTOPHOM (POpME MOMYUEHHBIR AJITOPUTM 3aNUCLIBAETCA B BAOE

So 1 0 0 O O Go L B §
s -11 2 "1 -1 G P ™
. B G2 1 1 -1 dy (10)
$a -1 1 0 -1 -1 | : n % 1 B 4
4
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HosicanM, xax nossunack dopmyna (10). C momommss xa-pr CIOKEHHAN NOJIyYaeM KOHCTaH-

e Dy (k=0,1,...,4). Cornacso BBENEHHLIM BBIe OOCIEETEETEY
Dy 1 0 G\
D, 11 1} /&
Dy l=11 1 —1J Lﬁ; .
Dg 1 O —}. Tf,_}-_
Dy 0 1 0

Tenepb HYXHO BBITIOIIHATEL VMHOMXKEHUASA aJIFrOPUTMA:
Sk "'———“Dka (k:(),l?.uzék

14 Yero oib3yeMCcs AMarcHallbHONM MAaTPHRIICH:

So Gy Dy
51 G D,
So | = Go Dy 1,
53 G D3
S4 G4 Dy

U, HAKOHel, A nojydenus koabduunentos s; (¢ = 0,1,2,3) Muorounena $(x) BHIIOAHAEM CIOXEHUS,
cooTBeTCTBYIOMINE dhopmyne (3)

84 1 0 0 0 O gf’
st _[-11 2 1 -1 Sl
Sa o 1 0 —2 0 2 Sg
35 -11 0 -1 -1 .

Sy

Honcunraem umcno ciroxenwit, TpebyeMbIX A4 BBLINOJIHEHUS AJITOPUTMa. HUKaKO# CHenuaibHON

TEOPHU IOJIsf MUHUMH3AINN KOIUYECTBA CIIOXKEHNU He pa3spalboTaHO, MO3TOMY 34eCh KaXKAbIM MOXET HKC-
IEPUMEHTIPOBATE ¢ HNOPAIKOM MX BBIITOJTHEHUS.

Ipencnoxenus B HaueM npuMepe JErko BHIIOIHUTE 38 UeThIpe croxenud. HeficTuTensao,

Dyg := dy,

D3 = dy — dba,

Dy = D3 + dq,

Dy :=dy + di + ds,
D4 :=d,.

HocTenoxeans MOXHO PeasinioBaTh ¢ MOMOIILIO BOCHMHY CIOKEHUH, HAIIPUMED, CASAYIOIUM obpa3oM:

so := Sy,

t1 =54 — 5o,

to 1=t + {1,

t3 := 83 + Sy,

§9 == Sg + t9,

81 1= —38y + t3 + 51,

8§g == '-Sg 4= Sl — {3.

Mrax, Haul aATOpUTM COOEPKUT MATh BEIIECTBEHHBIX YMHOXeHul 1 12 BellleCTBeHHBIX cioxenui. Ero,
Kax Obl7I0 OTMEUeHO BbBIIE, MOXHO VIIYYIOUTD.
Boiee ofimas ¢opma anropurMma Bumorpaha coOTBeTCTBYET BHIOODY MHOTOUICHA 117{Z) MEHLHIEH

CTeNeHU. JTO NPHUBOAAT K HEOPABMILHOMY BBIYMCIIEHWIO CBEPTKU, HO OIMMOKY JErk0 HOANDaBUTH C
MTOMOIIIBLIO HECKOIBKKX HOMOMHUTEILHBIX BRIYNCIIEHUIH.
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Corgacuo AJITOPUTMY ALJACHUA A8 MHONQYJICHOB MOXHQO 3alIRCaThL

s(z) = g(z) m(z) + r(z),

rxe r(z) = s(a) (mod m(z)).

Mger pacemorpenu cnyaaidt, korna deg m(z) > deg s{z), B XoTopoM dacTHOe g(r) pasuo Bymo. Ecmn
deg m(x) < deg s{z), To anropurm Bumorpasa mozsonser BerumciuTs s{z) no Monymie m(z). Yaes
giz) m(z) npencrasiiger cob0l MOrPELIEOCTD, KOTOPYIO MOKHO BEINACIUTE AOTOIHATEBHO ¥ HPUOABUTE
% pesyabrary. llpocTeitinum sBnagercs ciayyail, xoraa deg mix) = deg s(z). Torma muorounen ¢{z)
seasercs koHcTauTon. Ecmu m{r) — npuBeneHHsIl MHOPOWICH CTEIEHH 71, TO, OUYeBMAHO, ¢(I) = s,

TIe 8, — crapmmit koshduument MuOrousieHa s(x), OH JIErKO BBIYMC/ISCTCH KAK IIPOU3BENEHME CTapIINX
xoagdmenTos MuorounesoB d(z) n g(z).

OTy MOINGHKANMIO aaropuTMa BuHOrpana Mel cefiuac ¥ IPUMEHUM K HAIIEMY OPUMEPY.
B kauecTBe MHOrOWIeHa m{x) BO3bMEM MHOTOUYNEH TpeThelt crenenu ¢ (¢ — 1) (x + 1), Torna

s(z) = d(z) g(z) = dagim(z) + r(2),
o r{z) = s(z) (mod x(x — 1) (2 +1)).

Hpnvennm anropurM Bunorpama mis saxoxzaerus r(z). Brruerm d{z) m g(x) mo monymnsm
mg(z) =, mi(z) =z — 1, me(z) =z + 1 paBunl

do(x) = dy, go(z) = go,
di(z) = dp + di + da, g1(z) = go + g1,
do(z) = dp — dy + ds, g2(x) = go — 91.

ApOoMe TOro, HaM noTpebyrTCs
d3($) — dz 51 aqs (;’E‘) = {1.

iorns

so(z) = dogo,
s1(z) = (do +di +do) (go + 1),
s2(z) = (do — dy + d2) (g0 — 91),
383(z) = dag;.

HYT100B BOCHONB30BATHCA KUTAMCKON TeopeMol 06 ocrarkax, Halimem MuorouieHsr Mg(x) u Ni(z)
.&£=10,1,2), sanucap pe3yAbTaThLl BLIYACICHUIN B CHCHYIOUIYIO TAOIUILY:

i"_mk(@ Mk(if?)_ N (x) ni ()
0

T r? — 1 ~1 T
1 {z—-1) 22 +2 | (z + 2)

2 E$+1 T? — (z — 2).

hmryale

B | et B0 | ot
] L YT

Taxum obpasom,

r(z) = so{z) (1 — 2°) + s1(x) %— (2 + ) + sa(x) % (z® —z) (mod m(z)).

1
YbepeM MHOXKUTETIU 5 B KOHCTAHTBI, CBS3AHHEIE C ko3bdruueHTaMy MHOTOWIEHS, ¢(Z), BBOUA 0003HAaYe-
HAS i i

Go=go, Gi=5(g+q) G2=5(@p-g) Gi=ga.

O6osnauum rTaxxe 1epes Dy (k= 0,1,2,3) koBCTAHTEL, CBI3aHHBIE ¢ KOXPOUINEHTAME MEOTOUICHS
d{x) :
Dyg=dy, Di=dog+dy+dy, Dy=dy—dy+dy, D3z=d.
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IlycTe
Se =D Gy {(k=0.3.2.3.

Torna,
r(z) =S (1-2°)+ 5 (F +2) -5z -z

"

L

So + (51 — 85 — 83):17 + (=S¢ + 81+ & \ 75;£3 (11)

s(x) = Ssm(z) +7(z) = So (L ~2°) + 81 (2" +2) - Sz —2) + Si (2’ —2) =

&M

B maTpr4HO-BEXTOpPHON GHOPME [IONYYEHHBIA aJrOPETY MOXET OziTs 3AOECAH B BHJE

So 1 0 0 0 Go 1 0 0 )
sty [0 1 ~1 -1 G1 1 1 1 d"
S92 B -1 1 1 0 Gg I -1 1 d'l
83 0 0 0 1 Gs 0 0 1 .

OH conepxuT, KaK HETPYOHO BUACTL, BCErO 4 YMHMKeHNS 1 7 ciaoxenmi. Ilpencioxenuit scerc Tpu:

Dy := dy,

t1 ;= dp + do,
Dy =t + dq,
Dy =1t — dy,
D3 :=d,.

liocTcnoxenuit — 4, xax sumue u3 ¢opmynst (11).

AropuTM € YETHIPEMS YMHOXEHUSIMM MOXHO ITOCTPDOUTH, HE MCHOAbL3YS MOOUPUIMPOBAHHEEIN aIr0-
putM Bunorpana. Jlocrarouno B3aTh B kadecTse m(Z) MHOTOWICH METBEPTOR CTEMEHU, PACKIALBIBAIO-
IIMACA Ha JTUHEeWHble MEOXUTenH Haj noseM @, sanpumep, m(z) = z (x—1) (z+1) (z — 2). OgHako Iucao

CJIOXKEHMI B aNrOpUTMe, HOAYYEHHOM IPK TakoM BeIOGOpe MHOrouwieHa mix), Oyaer ropasno 6omnblle, YeM
B MOCTPOEHHOM HaMU aJrOpuTMe.

B zakmouenne npusenem 63 MOKA3ATEIILCTBA HECKOILKO NOJE3BLIX TEOPEM, KOTOPLIE Ial0T HIDKHUE
OLEHKY 4NCJIa YMHOXEHNH, TpeOyomuxcs A BeIIUCIICHNUS CBEPTKYM U pelleHns 3amaam (1).

Teopema 1.  Kancdorii as2o0pumm sviuucaenud Aunetinot ceepmey

s(z) = d(z) g(x)

ede deg d{z) =N —~1 u deg g(z) =L —1, codepamcum no menvuet mepe N + L — 1 ymnosncenut.

Teopema 2. Ilycms p(z) — nenpusodumvit muozousen cmeneny n. Kawednti aacopumm suiuucienig
NPoU3IBEOCHUT MHO20UACHOS

s{z) = d(z) g(z) (mod p(x))

codeprcum no menvwett mepe 2n — 1 ymuoxcenui.

Teopema 3. [Tycmep muozouaen p(x) cmenenu n pacxiadvisaemcd 6 npoudsedenue k (nonap-

HO B3QUMHO TPOCTNILIT) HENPUGOOUMMT MHO20UAeR06. Kancdbii aazopumsm ebivuceenud NPou3sedenus
MHOZ0UACHOB

s(z) = d(x) g(z) (mod p(z))

codepacum no menpuwed mepe 2n — k ymuosxcenu.
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:i. IIPUMEPHLI IOCTPOEHHUS AJITOPUTMOB KOPOTKHWX JIMHEAHLIX CBEPTOK

=3

L C e

. 22T 255 BePHeMCS K 2 X 2 - CBepTKe M NMOCTPOUM €ILe OfUH 2JArOPUTM €€ BBIYKCIICHUS ¢ HCICIhb-
el T L TAIEPOBAHHOrO asnropurMa Buworpana. Iycrs

d(z) =dy + dyz, g(z) = go + g1,

i 1: - - =d{z)g(x) ecTy MHOrOUNEH BTOPOR cTenenu. B xadectse m(x) sBhIGepeM TaxXke MHOIOUIEH
¥~ & TTTIEEd, paBHbit ¢ (x — 1), Torna

s(z) = digr m(z) + r(z),

dﬂ(:‘:':) = d(]: g[)(ﬂ:) = 9o,
di(z) =do+d1, gi(z) = go+ g1,

-~ oS T ZAXONUM
s0(z) = dogo = So,
si(z) = (do +dy) (9o + g1) = 51,
7 Tooms mHOrOwnteHs Mi(z), Ni(z), (k=0,1)
k| me(z) | Me(x) | Nelz) | ne(x)
0 T r— 1 —1 1
11 z2—-1 T 1 —1
= SRR

r(z) = so{z) (1 — ) +38.(x) x

[ 4

s(z) = so{z) (1 — z) + sy (x) z + s2(z) (z* — ),

NS~ Sz(&) = dlgl = Sg.
3HauNT,

s(z) = So(l — ) + S1z + Sa(x? — x) = Sg + (—=Sp + 51 — So)z + Soz?

ATH B MATPWYHO-BEKTOPHOU (opme

s1 }]=1-1 1 -1 go + M 1 1 (do) :
82 0 0 1 0 0 1 !

B nocrpoennoM anropuTMe Bcero Tpu ymHOXeaus. CroxeHuil TAkKe TPM: OTHO — B M&TDHIE

NPEACIIONKCHUY U OBA — B MaTPHILE IOCTCICKEHWN.
T

Ecan B xauecrse m{z) B3sarh mMuOrounes z (z + 1), TO HOIyYMM TOYHO TAKOM KE AJTOPHTM, Kak
aaroputM {1 B §3. Oba asropurMa EMEIOT ONMHAKOBYIO CJAOXKHOCTE M OTIIMYAIOTCA TOILKO BUAOM CIOXKe-
HUM.

PaccvoTpuM 3 X 3 - CBepTKY M TPH PasHBLIX AJIFOPHTMA, ee BeIuuCieHus. IIyeTs

d(z) = dy + dix + daz®,  ¢(x) = go + Q1T + gox?

s(z) = d(z) g(x) = dogo + (dog: + d190)x + (doga + d1g1 + dago)z® + {d1 g2 + dag1 )z + dagaz®.
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IIpsamMolt afiropuT™ BEIYKCICHERS KOSGMODNINEeHTOB MEOIFOWIEER S{ 7 CUIEpETT § yMAOXKeHUR 1 4 CIOXeHus.
Ero Taxxe MOXHO 3alIMCATh B MATPHUYHO-BEKTOPHOH $opve

S0 go 0 0
81 g1 go O iy
8 | =1 92 g1 Go d:
83 0 g @ a2
84 0 0 g

PaccMmoTpuM Teneps CHEnyIOMe TOXIECTBA

dogl €3 d1g0 = (90 + 9’1) (da + dl) - gﬂde — a1dy,
dogz + dig1 + dage = (go + 92) (do + d2) — godo — g2d> + 1,
digs +dag1 = (g1 + g2) (di + da) — 1d1 — gada.

OTU TOXKAECTBA NO3BOASIOT BHIYACGINTL KO3QODUIMEHTH CBEPTKH ¢ NOMOILBLIc 6 YMHOXECHUA U 10 cnoxe-
HUN.

DTOT aIrOpUTM HENb3s HOCTPOUTH ¢ MOMOIILIO anroputTMa Buaorpaga. Marpnuxas popMa 3a1ucy
ANTOPUTMA HaEeTCA PABEHCTBOM:

S0 1 0 0 0 0 o0\ [9 (1) 2 8
81 -1 =1 0 1 0 0 91 o o 1| [
ssl=}-1 1 -1 01 0 22 dy
1 go + 1 1 0
33 0 1 1 0 0 1 dg
i 0 0 1 0 0 0 90 t 92 19l
gi + g2 0 1 1

OnTrManbHEBIA XKe 110 YUCIAY YMHOXEHNUH aJIrOpuwTM comepxnT 5 ymuoxeHuit n 20 cioxenuin. Ilo-
CTPOEHUEM ero MbI Ceifyac K 3aiMeMCH.

Bocnosib3yeMed MOARGUINPOBAHELIM ajropuTMoM BuuOrpama, B3ss B KadecTBe m(Z) MHOIOWICH
z(z—-D{z+D(x~-2)=2"~-22° - 2° + 2z.

Briuerst d(z) n g(z) no BHIOpaHHEIM MORYJIISM COOTBETCTBEHHO PDABHEL

do{zx) = dy, go{Z) = go,
di(z) = dp + d1 + da, gi{z) = go + g1 + g2,
do{x) = dy — dy + da, g2(z) = go — g1 + g2,

d3(z) = do + 2dy +4d2,  g3(z) = go + 291 + 4g2.

Torna
S0 (33) - dﬁgo :

s1(x) = (dp + d1 +d2) (go + g1 + 82),
s2(x) = (do — d1 +d2) (go — g1 + 92)>
s3{x) = (do + 2dy + 4ds) (go + 291 + 4g2)-

Kpome Toro, nam norpebyerca

sa(z) = dage.
Hanee, nonyyum muorounenst My (z) u Ny(x) (£ =0,1,2,3):
mi(z) | Mp(x) | Nylx) - ng(x)
3 2 1 1 o
0 T x° —2z° —x + 2 5 ~§(m“-23:—1)
1 1

_ 3 _p2_9 — “{r? -9
1 z—-1 T — T % | 5 ( )
21 z+1 3 — 32° + 2z ~5 -—6?(:1:2—-—43:4-6)

1 |

3} -2 s — -16- wfé(:n2+2m—-3) :

26




B e

T T pf—

_*T=pb HONydYaeM $8(2), TIONB3YSCh KUTAMCKON TeopeMoll 00 OCTAaTKaX M 100aBJifs TOCPEUIHOCTH

———

1, : ; 1 f 1 .
;= = sp{2) 5 (z° —22° — 2+ 2) + s () (———2-) (z° — 2% — 22) + s2(x) (-—Hé) (z° ~ 3z° + 2z)+
1
s3(x) (6) (2° — z) + s4(z) (* — 22° — 2% + 22).
o I 1 ,
* TZpaeM MHOXHTENTH - Ul o B KOHCTAHTH, CBA3AHHLIC C MEOIOWICHOM g(x) :
Go=200(@) = 200, Gi=291(@) = £ (9o + 1+ %), Ga= =92(2) = = (g0 — g1 + o)
ﬁ-—QQOLB—-zgo, 1——-29133—-——290 g1 T g2), ;~692--690 g1 1T gz2),
1 1
Gs = “6‘93(33_) =& (90 +2g1 +4g2), G4 = go.

———

1 Qraa, eCanu BBECTU 0O0O3HAUEHNS

Do=dy, Di=do+dy+dy, Dy=dyg—dy+do,

Dy =dy +2d; +4ds, D4 = d,

Sk?—‘Dka, k:O,l,...,4,

TS = S{}(;BS*'-23’}2*.’ﬁ"’rz)+81(“—$3+$2+2£E)+82("-IE3+3$2~2$)+53(3§3—-33)-{—34(23’4-—2$3——3}2+2$) =

- (--Sg + 251 — 259 —~ 55 + 254)33 -+ (—HQS() + S + 355 — 54}.172 -+ (S - 81 —5;+ .55 — 254)333 -+ 545{:4.

Hony4deHHBIN aJropuT™M COHEPXKUT 5 YMHOXEHHH M B MATPUUHO-BEKTODHON GOpMe MOKET OBITH

“=TICAH B BUe
N 2000 0\ /G Uy
5 ~1 2-2-1 2 e S N b
ss | =1 -2 13 0-1 G2 b R ] §E
3 1-1-1 1-2 G {1 2 4] \d
. 0000 I Ge/ A0 01

iy 1= dg + do,
Dy := dp,
D=t +d;,
Do =1, —d;,
to 1= dy + ds
ty 1= di + da,
D3 := Dy + t3, +12,
Dy = dy



Bcero nonyyaeM 7 omepanmit croxkenusa. Ob@dEKTHUBHOE BLIUIOIBSENE LICTCIOKEHUH Tpebyer Oonblien
A300peTaTeNLHOCTH. K npuMepy, 1X MOXHO PEaJIN30BATL Tak:

sg := Sp + So,
Ty := 51 + 51,
Ty = S3 + Sa,
T3 := S4 + Sa,
Ty :=T3 - 5S¢ — 53,
Ts 1= Sy + S,

81 .= T1 = T2 +T4,
S2 = —8p + T2 +T5 — 54,
_"'T4 _Tﬁr

84 ‘&= 84.

w0
a2
{

3neck Bcero 13 caoxemnii. Takmm 06pa3oM, HOCTPOSHHKIA ajJITOPUTM COOEPXUT BCEro 20 onepanay
CIHOXKEHIIs.

Henb3s anpuopy cka3aTh, Kaxoil N3 paCCMOTPEHHBIX TPeX aJATOPUTMOB BLIUKUCIEHNSA 3 X 3 - CBEPTKHU
Ay4ile. JTO 3aBUCUT OT 00macTy nmpuMeHeHus. E:am crpomth OONbHINE aJIrOpPUTMBL U3 MAaJbIX, TO OHH
JacTO CTPOATCS TakuM 00pasoM, 4TO M UMCIO YMHOXKEHNMN, ¥ YUCIO CIOXeHu#n OONBIIOro anropuTMa
B OCHOBHOM 3aBHCHUT OT UHCIIa YMHOXKEHMII B MaJIOM aaropuTMe. B Taxoil cMTyauud YuCiIO CHOXCHHU
MAaJd0ro aJjropuTMa He UrpaeT CYIIECTBEHHON DOJIA.

Hair ajiropuT™M noCTpOEH ANK IIOJIS BEIIECTBEHHSLIX YMCEN, HO €r0 MOXHO UCIOAL30BATH M B IIOJIE
KOMILTEKCHBIX unced. IIpu 37oM § YMHOXKEHRH CTAHOBATCS KOMIIIEKCHBIMU YMHOKEHRAMY, 8 20 CIOXeHUH
— 20-10 KOMILIEKCHbIME clOXeHusMI. ONHAKO MOXHO HOCTPOUTEH CHELUANbHO ajlrOpUTM HAL II0JIEM KOM-
naekcHbIX uucell. Oun raxxke OyneT comepXarTh 5 KOMIUIEKCHBIX YMHOXKEHHH, HO 9HCIO CIOXKeHun Oyner
MEHBbIIIE.

Bocnionb3yeMmcs onsiTh MOEH(PUUIUPOBAHHLIM aATOPHTMOM BHHOIpasa, B34B B Ka4eCTBE MOLYIS MHO-
royner m(z) = z{x — 1) (z + 1) (& — 1) = 2* —iz® — 2% + iz. Torna BHUETH pPABHEI

do(z) = do, go(z) = go,
di{z) =dy + dy + da, 91(x) = go + g1 + g2,
do(x) = dp — dy + da, g2(T) = go — g1 + g2,

d3(z) =do +idy —dz,  g3(x) = go +ig1 — 92,
OTKVIA |
so(z) = dogo-
s1(z) = (do + d1 +da2)(go + g1 + 92),
so(x) = (dp — dy + d2)(g0 — 91 + 92),
s3(x) = (do +idy — d2)(go + g1 — gz).

Kpome Toro, HaMm norpebyercs s4(z) = dags.
Berapcaunm muorownenk Mi(z), Ni(z) (k=0,1,2,3):

k| mi(z) ¢ Mi{x) ‘ Ni(z)
0 T ? —iz? —x+i | ) —1 1
+ 1
; _ . 3 N2 oy W
1 z—1 |22 +(1~—~i)z* —izx | 5% 1
2] z+1 23 — (1+i)z? + iz e
T T 2+%i 4
5 | 3 _. | st
3} z—1 | o=z 5 = 5

(37ech MbI He BEIHMCHIBACM MHOIOWICHB! 7 (Z), TAK KAK OHU HE HYKHEI B HOCACAYIOIINX BbIYUCICHMAX. )
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. £TePb MOXHO BOCCTAHOBUTL $(I) :

1~1
4

. . . 14+
= sp(@) (i) (@ —i? — x4+ i)+ 8 (2)

(2° + (1 —i)x” —iz) + s2(x) ( ) (23 - (1+4)z? +iz)+

i ; ,
33(;1:)-—2— (° — x) + s4(z) (z* —iz® — 2° +ix).

—aTee, ybepeM MHOXUTEIM, COAEPXKALIME OelleHUe Ha, 4 U HA 2, B KOHCT3HTHI, CBA3AHHBIE ¢ MHOTO-
—=zzz g(r). lpu >ToM BO3MOXHE ABa BapuaHTa: Ju00 BHECTM B KOHCTAHTHI gk (T) TOIBLKO MHOXATEIN

M

. 00 BHECTHM B HMX TAaKXe M YMHOXCHIEC HA KOMIUIEKCHBIE YMCIIATENN NOIYUYEHHBIX Apobeln,

.73
-z yoTpuM 002 BapuanTa DelcTBr.
I1VCTDh
1 1 1 1
Go = go(z) = g0, G1 = Zgl(l') =1 (o + g1 +g2), U= 192(3?) =1 (90 — 91 + g2),

1 1 .
Gy = "2“93(93) — 5 (90 + 191 — 92); Gy = a2,

Dy =dp(z) (k=0,1,2,3), Dy=dy

Sy = Dy G (k=0,1,...,4),

=i ey
e Dewss D

ez =So(—ix® —2® +iz + 1) + S (1 + D2 + 2% + (=i + D) + So((i — Da® + 22% + (—i — 1)a)+
Ss(ix® — ix) + Sy(z* —iz® — 22 +iz) =
So + (iSo + (1~ i)Sy + (=1 — 9)Sz — iSs + iS4)z + (=Sp + 251 + 2S5 — Sg)z>+
(—iSo + (1 +4)8y + (=1 +14)Sy + 453 — iSy)z® + Syz*

T IIEI OOTYYaeM QJIMOPHTM, KOTOPBIM MOXET ObITH 3aIMCAH B BUIC

/ &0 1 0 0 0 0 Go 1 0 0

I s i 1—i —1—4 —i i 1 1 1 1 do

L s =1 -1 2 2 0 -1 G 1 -1 1 d1

\33 -t 14i -144i i —¢ G 1 i -1 ds
34 0 0 0 0 1 G4 0 0 1

:__E‘:’ CAOXKCHUA MOXHO DCAIN30BaATE HATHIO OIIEDALUsAMU CIIOXCHNA!

Dy := dp,
ty = dg + da,
Dy =1t +d,
Dy =11 — dy,
D3 :=dy + idy — ds,
Dy = ds.

liocTCenoxkenus peanusyloTcs ¢ nomonibio 10 onepanuil CIOXKEHU:

T]_ L= 53 = 54, 80 = S{}': =

To =51 — 8, 8 :=Ty —iT5,

T3 := 81 + S, 83 = Iy + 115,

Ty =11 — 5, 89 1= T3 + 13 — Sp — S4,
Ty =15 + Ty, s4 1= 94.




Takum 00pasoM, NOCTPOEHHBI AJITOpUTM TpelyeT 5 U E=rEeTN VTEGXKEHHH M 19 KOMILIEKCHBIX ClI0-
YKCHUH,
Temeps 11ycTn
x : ~ 141 = E—3

Go =1g0, G = A (90 + 1 +g2)- Gz2= 4 (0 — 91 + 92);

N 7 - . _
Gy = 5(904-%91 — g2, Ga=g.

KOHCTaHTH Dy onpeneneHs! KaK ¥ BHILIE,

TOT a

s{z) = Sp(—=2® +iz? +z — )+ Si(e® + (1 — )z —iz) + So(—2° + (1 + i)z” — iz)+

Ss(z® — ) + Sa(a? —iz® — 2% + i) =
—1S¢ + (So — 18] — 1859 — S5 + ?Sq).’l' + (LS{) + (1 — :?:)31 + (1 + %)Sg — 54).’132 =i
(-—-S{) + 51 — 859 + 83 — iS4)$3 + 84554;

1 NOJYyYEeHHBIM aJTrOpHUTM MOXHO 3aIUCaTh B BUJIC

S0 —i 0 0 0 O Gy 1 0 ©
51 1 - =i =1 i Gy 1 1 1 do
so |l =1} i 1-i 1+i 0 -1 Gs 1 -1 1 dy
83 -1 1 -1 1 —i Gy 1 i ~1 d
S4 0 0 0 0 1 Gs/ \O 0 1

Yucno yMHEOXKEHNWA ¥ YNCHO NIPENCHOXKEHNI, OUeBHIHO, HE M3MeHWToch. HalineM 4mclio moCTCIoXeHun.
Ux MOXHO peann3oBaTh, HAIPUMeED, CIISHVIOIEH CepHell CIOXeHNN:

Ty := 51 + Sq, 51 1= Ty — i1y,

Ty := 51 — 59, g3 := —T4 + 15,

Tg i S{) =1 ’584, 8o == T1 e %TQ + ?:Tg,
Ty =T3 — 83, 54 = 5S4

S0 &= -?:S[),

onyunnu 8 onepanuit cnoxenns. Takum o6pa3oM, BCErO B 9TOM CJIy4ae alITOPUTM comepxut 13 onepa- |
UMY CIIOXKEeHUS.
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:#. TIOCTPOEHVE AJITOPUTMOB KOPOTKUX UMKIIMUECKUX CBEPTOK

—r

S w TTIDI 32AZATY BRIYHCIICHNS UHKJIMYECKON CBEPTKH
/!
s(z) = g(z)d(z) (mod z" —1), (1)
®EFp I = =Z=g g{z) =n — 1.
.= ¥ TTOCOOOB peINeHus COCTOMT B TOM, YTOOBI HAWTH CHAYAJS JIMHEAHYIO CBEPTKY, T. €.
.o = ['T T I .a 3aTeM BHIIOIHUTL IpHBEeAcHUE 110 Monyio ™ — 1. Hrobel peann3oBaTh TAKOH CIIO-
i, EED. 31T 0&IH .,ion;}'m m{x) A% BEINUCICHUS JMHENHOW CBEDTKM TakK, qrroﬁm €ro creneHb ObLia 1o

LT TET TEITHSHEM Crocob COCTONT B MCHONB30BAHMM KUTAMCKOW TeopeMH 00 OCTaTKaX, NpUudeM B
w3 .. ~7s m{z) UcHonb3yeTcs MHOTOWIEH T — 1, & B KauecTBe B3aUMHO NPOCTHIX MOAYyIed mo(z),
. = - ;_-{z) — ero compoxuremu. Tax Kak CyMMa CTENEHeH BCEX DTUX COMHOXKHMTEICH PaBHA N,
v W= IEM 20 — 1, TO MOXHO OXHAATH yOpoineHus BoruncieEui. C gpyrofi CTOPOHEI, NeIUTeNin
~®mr §.7=% S=CHEpaTh IPOU3IBOILHO U TaK, Kak HaM ynoOmo. Omm momxHB ObITHL memuTensmu ' — 1.

IR 25 CI5000 HONMYyCKaeT BRIOOD NPOM3IBONILHEIX HETHATENICH.

LITTDEM BTOPOM CHoco0 HOCTPOCHUS aJIrOpUTMa IMUKAMYeCKOR CBePTKM Ha NpuMepe 4-TO4eUHO
T TaF LITODVIO OyIeM BBIYMCHSTH HA TIOJEM BEINCCTBEHHBIX YKUCE,

,..-'\r_._._
..

:
Li

s(z) = g(z)d(z) (mod z* - 1),

|

|

.! i

|

M

Ny

)
—~

~
i

I

G0

H

o

d'(l') =dp +dix + dgﬂ?g + d3$3}
g{z) = go + 1z + 92932 F 93T3~

T

~ 2D ToaeM paunonanbamx qucen Q muorounen z? — 1 MOXKHO pasToOXUTH HA B3AMMHO IPOCTHIC

— n..-.q_.-.-—p---—-ﬂ

— 1= (z - 1) (z +1) (2" + 1) = mo(z) m1(z) ma(z).

L Erephb Bocnonbayemcﬂ asropuTMoM Burorpama nns pemenns 3amasu (1). Bwraerst g{z) u d(z) no
e vosmM T~ 1,2+ 1 1 2? + 1 COOTBETCTBEHHEO PaBHEL

do(z) = dp + dy + da + d3, go(x) = go + 91 + g2 + g3,
ﬁf](ﬂ?):dg“d"l '1“d2"“d33 91(17)2.(}0“*.91 +92_’93}
da(z) = (do — do) + (di — da)z = d) +dPz,  ga(2) = (g0 — 92) + (01 — g3)z = g§” + ¢V

Havizem si(z) (K =0,1,2):

so(z) = (do +dy +dy +d3){go + g1 + g2 + g3),
s1{z) = (do ~ di + d2 — d3)(go — g1 + 92 — 93),
s2(z) = (d5 +diP2)(g§? + g{Vz) (mod 2% +1)

= (dP g8 — dP g+ (@P g +dP gl = P + 5P

Mui yx)e NoCTpOMIIM HECKOJIBKO SJITOPUTMOB BEIUUCCHNS NPOUIBENEHAS MHOIOUYJIEHOB II0 MOLYJIIO

2) (2
22 ++ 1, nosTOMY AN HAXOKIeHUA Ko3PPUIMerTOB s{() ), s§ ) MEOTOUIeHA S () BOCHOIL3yeMCS OLHUAM W3
HYX, HATIpUMED, UCTIONB3yeM dopmydst (7) § 4 :

(2)

~ g 1 1
5% 1 1 0 L e 5 1
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IIns BoccTaHOBNeHMs MHOTOWIeHa s(z), mocTpoms Tzl w=uroaos=o3 mi(z), Mi(x), Ni(z),
(k=0,1,2):

3HauuT,
SR }_ 3, 2 , __l 3 24 1Yo iel2h, 425 {_l 2 WA 1Yy
s(z) = so(z) 3 (z°+x*+x+1)+38; (2) 1 (z°—z'+z—-1)+(s5 +s77) \ 72 (z°—1) (mod z°—1) =
1 1 1 1
-4—50(:1:)( +zf+z+ 1)+ Zsl(:z:)(—-:s +z?—z+1)+ —2—33’(1 z%) + -is?) (z — z°).
Brenem o003Ha4YeHUS:
1 1 . 1 . 1
Gg = de(ﬂf) — z(go + g1 + g2 + g3), G = 191 (x) = ‘4“ {go— g1 + 92 — g3),
1 1 1
Gy = 5952) = = (go ~ g2), (9(2) g = 5 (=90 + 91+ 92— g3),
]
G4:§(g‘i2)+g0 ))“*—(904-91“92 93)
Dy = d@(i‘,) = dy + dy + do + d3, Dy = d}(&)) = dg — dy + do — d3,
Dy=d? +d® =do+dy —dy —ds, Dz=dy =dp—dy,
Dy=d? =d, — ds, Sp =Gy Dy (k=0,1,...,4).
Torna B cuny
382) — 32 — 54:

81(12) - S;g + Sg,
oJIyuaeM

8(z) = Sp(z® + 22+ 2+ D+ S1{(—22 + 22 — 2+ 1)+ (S — 8) (1 — £2) + (S2 + S3) (z — 2?) =

(Sg+ 81+ 8y —84)+ (80— 81+ 824+ S3)x + (Sp + 81 — Sz + S4)z* + (S — S — Sa — S3)2°.

B pesynbTare nonyyeHHBIA AJITOPUTM MOXHO 3aIlIMCATL B BHIE

o /1 1 1 0 -1y (C° - C o ) /do
ss ] _f1 -1 1 1 0 ' R R
s2] |1 1 -1 0 1 e L0 -1 o ds
83 1 -1 -1 -1 0 : a.) \o 1 o -1/ \&

OueBnaHO, AIITOPUTM CONEPXUT O BEIUECTBEHHAX YMHOXKEHMH., UHCIo npencioxenmi pasuo 7. Heii-
CTBUTEIILHO, NIPENCIOXEHNS MOXHO PEAJIN30BATh, HAIIPUMED, CIASOYIOIHUM 00pa3oMm:

t 1= dg + da,
ty 1= dy + d3

Dy = t; + t5

Dy =1 — s,
D3 := dy — d3,
Dy :=dy — ds,
Dy = D3 + Dy



. VTIIEESHUA MOXKHO Pealin30BaTh C NOMOILIBIO 8 onepanmil CAOXEHUA:

Ty := S + 54, 50 ;=17 + 15,
15 := 8§y — 84, gy =T, — Ty,
T3 := 55 + .53, 81 =13 + 14,
T =506 ~=545 S3 = ~T3 +Tjy.

- *aT70 J0pa3oM, aJIrOpuTM COOEPXKUT BCEro 15 BereCTREHHEBIX CIHOXKEHUN.

3TOT aJrOpPUTM MOXHO NCHOABL3OBATHL W HJid N0NA KOoMILIeKCHEIX unces C, B s3ToM cayuae Bce orre-
TATF7 CTaHOBATCA KoMILIeKCHRIMU. (OnHako B mamHoM cityuae mis nonast € umeer cMbicit HOCTPOUTh CBOU
LTTITITM, KOTOpHM Oymer Gosiee 3PekTUBHEIM IO YHCIY YMHOXEHWMH. OJTO BO3ZMOXKHO MOTOMY, 4TO
s Tezoamvibtl Han Q mumorowren z? + 1 man nomnonem Q(7) mons € packnanriBaeTcs HA TUHEHHEIE
wzrazremn (x — 1) {z +1). |
S THK,

2 —1=(z-D{(x+1){z—-1)(z+1) =moelz) mi(z) ma(x) ms(z).

==geTHl d{z) u g(x) paBHBI

do(z) = do + dy + da + ds, 90(T) = go + g1 + 92 + g3,
di(z) = dp — dy +dp — da, g1(z) = g0 — g1 + 92 — g3,
do(z) = do +idy —dy —id3  ga2(2) = go + 191 — g2 — 193,
d3(®) =dp —idy —d2 +ids  g3(x) = go — igy — g + tg3,

=27HT, Bee Si(x) = dp(z) ge{x) (k =0,1,2,3) seamorcs koucranrtamu. Ilanee, HAXOOUM MHOIOYJICHEL
W, zva Ng(x) :

My (z) Ni(z)

B+ +r+1| 3
-+ —-1] —;

T +ix? ~ 1 — 1 4

3 xd —ix? —x+i| -2

- .ZTTaBJsgA MOy YeHHEIE MHOTOWIEHH B IpefcTasnenue s{z), no kurailckoil TeopeMe 06 ocTaTKax IOy~

e -4
e

o e

_ 1 , ] |
s(x) :sa(m)z($3+$2+w+l)+sl(:ﬁ) (—-i—) (z* w.:z:2+:z:—-1)+32($)%($3+im2u$mi)
+ s3(x) (—-21-) (2% —iz* —z +1).
2aenem 0DO3HOUCHUS
Go==m(@), 01=xm(), G»=xg@), Gs==gsa)
!0*49027; .91—*491$, z-——492$, 3——493 )

Dy =di(z) (k=0,1,2,3), Sp=GCiDp (k=0,1,2,3).
Torpa.
s(z) = So(2° +2* +x+ 1)+ 8 (-2 +22 —z+ D)+ 5 (2 -2 —iz+ D)+ Sy (—izx® —® +iz+ 1) =

(SO + 91 + 52 + 53) T (SO — 51 — 15 + '583)1? S & {S{; + 51 — S, — Sg)$2 + (S{) ~ 51 +15; — 'ng)iIfg.

Takwum 00pa3zoM, NONYUYECHHBIA AJTOPUTM MOXKHO 3AIIMCATHL B BUAE

80 1 1 1 1 G5 1 1 1 1 do
81 . 1l -1 —z 1 G1 1 -1 1 —~1 dl
S9 - 1 1 —1 =1 Gg 1 1 —1 ~7 dg
S5 I -1 1 —1 Gg 1 - -1 ) d3
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OTOT AJITOPUTM COHEPXUT 4 yMHOXEHUS u 16 cromesri.

B saxmoverne nocTpouM SRICTPEIA AJITODETM BETIECIZENS $-TOYSUHECH UMKIIMUECKON CBEPTKHA B TIONE
BELICCTBEHHBIX YIICE!L.

lIycre
s{z) = g(z) d(z) {mod z° — 1).
rae

d(z) = dp + diz + dpx® + d32° + dyz* + d52°,
9(x) = go + T + gox° + g3z’ + gox” + g5z

Tak kax man nonem Q
2 —1=(z-1)(@E*+z+1)(z+1) (22— z+1) =mpz) mi(z) ma(z) ms(z),

TO 3ana4a pa3duBaeTCs Ha YeThIpe MOA380a9M:

Sk(m) = dk (:E) gk(m) (mOd mk(x)) (k = 0? 1: 2:3)3

roe sk (2) = s(z) {mod my(z) ).
Hpu k = 0,2 MHOTOUNEHE! Sk () ABAAIOTCA KOHCTAHTAMY M BLIUMC/ICHUE X HE NPeHCTABIACT 3aTPY.I-

nennit. llpm & = 1, 3 nosygaem MHOro9/IeHb! HEPBON CTEMEHHU, IS OTLICKAHNS KO03DOILUMEHTOB KOTODBIX
UPHISTCS CTPOUTH OTACIBHEIS NITOPHTMBI.

Brruersr muorounenos d(z) u g(z) mo momynam z — 1, 24 +z + 1, z + 1, 2° — ¢ + 1 coorsercraenHo
DABHBI
d@(il’,’) — d() +d1 +d2 +d3 +d4+d5,

dy(z) = (do — dy + d3 — ds) + (d1 —dp + dyg — d5)z = dV + dVx,
dy(z) = do — dy +do — ds + dy — ds,

ds(z) = (dp — dp — ds + ds) + (dy + da — dy — ds)z = d + d¥z,
90(z) = go + 91+ g2+ g3 + g1 + g5,

gi(z) = (go — 92+ 93 — g5) + (g — 92 +94'—9a)$-*9( )+91 X Z,
g2(x) = go — g1 + g2 — 9z + ga — gs,

g3(x) = (go — g2 — gs + gs) + (g1 + 92— g4 — g5)T = gé ) -+ 9(3).
B CAITY CTEAYIOUTNX cpa,BHeHHifr |

z° =~z —1(mod z* +z + 1) =z —-1{modz®> —z+4+1)
=z’ ~z=1(modz® +z+1) =z —z=-1(modz* —x+1)
' =z (modz*+z+1) | ' = —x (mod 22—z + 1)

= =-z-1(modz*+z+1) 2°z=-z2°=-2+1(moda?®-z+1)

Haxonum muorounennt sp(x) (k=0,1,2,3):
so(z) =do{z) go(z) ={do+dy +da +d3+ds+ds){go+ g1+ g2+ g3+ ga + g5),
s1(z) =di{z) gi(x) (mod z2* + x4+ 1) = SG g”:r,
s2(x) = da(x) g2(#) = (do — dy +dp — d3 + d4 —ds) (g0 — g1 + g2 ~ g3 + g1 — g5),
s3(z) = da(z) gslz) (mod z* —z +1) = 3((,3) + 553)3:.

Haitnem muorowtenwt Mi(z) u Ni(zx) :

k my(x) Mg(z) }\ k()
t z -1 o A | <
2

0

122 +z+1 -2+ -1 -2 (24 )
2] =z+1 -zt -2tz -1 —%
3{:1:2-——-:1:4-1 t+ad -z -1 3 (r—2)
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: 6(m5+x4+$3+m2+$

1) + (s + s{Vz) (——é— (2 + x)) (z* — 2° A

= & ].)
‘ 1
6) (:1':5-—3:4+1r3—3:2+$ﬂ1)+(3((}3)+3§3) )

T —6(11:

1

= — so{x

— z* + 2® - & — D(mod 2% - 1)
6

1
Y@+ttt e 4+ 1) 4 =

650)( z° — 2t + 2% — 2% —z + 2)
o

|
z° + 2zt — 2° — ¢° 4 2x) +

é 632(35)('”$5+$4—$3+$2--:1:—1—1)
+:i f;,)(a: —et -2~z +m+2)+é )(ZU —z° - 2% — 2° 4+ 2° 4 22) (mod 2° ~ 1)
:%80(27)(9;54-;544_3;34_3;2_‘_:54_1) %81(31)(“355—*334-{*2333*:82“564-2)
; ;311)(._;1: +22% - 2% — 1 +29:--1)+%32(a:)( ~e? 4t -2 et -+ 1)
é s) (&% —a2t — 227 —z® 4T+ 2) + -6-353

(~2° —2z* — 27 4+ 2% + 22 4+ 1).
[ _ZDEXONVM K PEILCHUIO HON3aKa4H

S}(iﬂ) = d

1(z) gi(z) (mod z° + 2 + 1),
-ze dy(z) = d) )

1 .
d( ):1: gi{z) = g§ S g( 2. g pemieHus 3TOA MON3ALAYA BOCIOAB3YEMCS MOMpUIIN-

~UBAHHBIM AJIrOpWTIMOM Burorpaga, BeIOpaB B KauecTBe MOMYJst MHOToOuwIeH () = % (z
VI BRIYHUCIINM JIMHEHHYIO CBEPTKY

1). Crauana

§(z) = di{z) g1 (z),

. 3@TeM IIpuBeaeM pe3ynbTar no Mopymio 2 + x + 1. (Ilocnenree neiicTane He COMEPKMT yMHOKEHMIA. )
OueBnano,

§(x) = d( ) (“m('z:) + 7(zx),
—xe 7(z) = §(z) (mod m(z)).

Briuersr d; (z) v g1{z) o monynsaM mg(z) = 2 u My(z) = '+ 1 COOTBETCTBERHO PABHEL

dro(z) = df’, 910(z) = g5,
dn(z) =dg) —dV,  gn(@) =gl — oM.

- g1
Torna
s10(z) = dmgél)j
(1) 1) 1 (1
su(e) =(dg —di”) (g —a")
Kpome Toro, mam norpebyercs s12{x) = (1) (1)
A3 rabnnnnt

k M (JZ) y ¥ ,

CAeNYET, 9TO

(z) = s10(2) (z + 1) + s11(2) (=) + s12(x) (z* + 2)
OTKVIA

S1 (3;')

il

i

3(z) (mod 2° +z + 1) = s10(2) (& + 1) + 511 {x) (—x) — 512(x)
{s10(z) — s12(z}} + {310(2) — s11(z)} =
30



Taxum obpasoM,

(1) |
3(()1) B 1 0 —1 9o (1) (1) 1 _(-) dg]_)
- _ 1 -1 (2)
Sgl) 1 -1 0 9o 91 d(l) =

¥ permeHue nog3anadu TpedyeT Tpex Onepaiuil YMHOXECHUS.
Teneps pemuy nonsagaay

s3(z) = d3(z) g3(z) (mod 2° — T +1),

3 3) 3 (3
roe dg(z) = dé ) 4 dg ‘e, g3(x) = g((, ) 4 g )z. Taxxe BOCIOJB3yeMCs MORUMUIMPOBIHHEIM AJINOPUTMOM
BrrOrpana, BHYUCINB CHAYAIIS, JIUHEHYIO CBEPTKY

83{x) = ds(z) g3(z),

a 3aTeM MPUBEAEM DPE3yIbTaT 0 MOAyNo x° — z + 1. Jlas BRIumMcneHus IMHEAHOHN CBepTKH BHIGEpEM
momyste m(x) = z (z — 1) = mg(x) My (z).
Torna peraerws dsz(z) u g3(z) pasus

dan(z) = dgd): gso(z) = 938),

d31($) = (()3) + df’), 931(37) = 9((}3) g 953)3

OTKYIlA
ss0(z) = d g,
sa1(x) = (d) +d°) (g8 + g,

Ham einte noTpebyeTca KOHCTAHTA S32(x) = d(13) g%g).
N3 Tabnuim

cleayerT, 4To

3(z) = s30(x) (1 — 2) + sa1(x) z + s32(x) (2° — ),

JHAYAT,
33(2?) = §(:1:) (mod 332 e + 1) == 330(3) (1 .. 3;) + 831 (.T:):E — 832(2})
= {s30(x) — s32({z)}} + {—s30(z) + s31(x) } =.

B pesynbrarte

(3)

: g 1
(3{(33)) _ ( 1 0 ——1) ¥ o 4 g® 1
3 B

]

il R

dy )
AL 3
( 4 (3)

T. €. pefieHne 3TOM IOA33Jaul Takxe TpebyeT Tpex yMHOXKEHUIR.
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Ocranock co0paTh BCe MONYYEHHBIE pe3yiibTaThl. BeemeM ofo3naueHus:

1

Do=dp{zx) =dop+di +da+ds+ds+ds, Gy= égo(m): —é(gg—l-m + g2+ g3+ 94+ 9gs),
D, :dél) = dg — d2 + d3 ~ ds, Gy = é’gt(}l) = %(96“92'*‘93“95)?

Dy =d§ —d\" = dy — dy + d3 — ds, Ga = é(gél) - g} = *::; (90 — g1 + g3 — 94),
D3:d§l) = dy —dz + ds — ds, Gy = %g?) = ‘61“(01 “524‘94—"95);

Dy =do(z)=dop —di +do —dzg +dg —ds, Gq= '}3‘92(53) = é’(go*gl +92— g3+ 94— 95),
D5id§)3) = dp — dg — d3 -+ ds, Gy = "(1;;‘983) = %(90“92“93 + 9s),

Dg =dy’ +d\") = do +dy — ds — dy, Gg = é(.géB) +g7) = %(go-l-gl ~ 93 — 94),
D"f:dig) =d; +ds —dy —ds, Gr = ég?) —":-é-(m + 92 ~ g4 — G5),

S, =Dy Gy (K=0,1,...,7),
—rza a3 (2) u (3) numeem
8;()1) = 51 — 53,
sgl) = S1 — 53,
s = S5 — Sx,
3&3) = —S5 + S¢.

Tenepb MOXHO BEPHYTBLCA K BLIYKCJACHUIO MHOTOUYIEHA, $(T) :

2} =S @+t + 22+ + D)+ (81— S3) (—2® 2t + 228 - 2 — 2 +2) + (51 — Sy) (—2+
+22% 2 — 2+ 2 - D)+ S (2 4t -2+ -2+ )+ (S5 = Si) (2% —2t - 22F — 2% 42
+2) + (=S5 + S6) (—a® — 22" —2® + & + 20+ 1) = (So + Sy + Sz — 283 + S4 + S5 + Ss — 257)+
+(Sp+ 51 — 285 + 83 — S1— 85 + 286 — Sy) z + (So — 25, + Sa + Sz + 84 — 255 + S + S1) TP+
(So+ 51+ 52 —28;— 84— S5 — 96 +2S7)x° + (Sg + S1 — 252 + S5+ 84 + S5 — 25 + S7) 2"+
+(Sp — 251 + 82+ S3 — S1 + 255 ~ Sg — Sy) z°.

1. IVYeHHBIN JITOPUTM 3amdieM B MaTPHIHO-BEKTOPHOU (hopme:

Go
S0 1 1 1-2 1 1 1-2 G4
S1 1 1-2 1-1-1 2-1 Gg
g2 1 |1-2 11 1-2 11 Gs
s3] 111 1-2-1-1-1 2 G4
84 1 1-2 1 1 1—-2 1 G
85 1-2 1 1-1 2-1-1 (7s
Gy
i 11111
1 0-1 1 0-1 dq
1-1 0 1-1 ¢ dy
0 1-1 0 1-1 dy
-1 1-1 1-1} ds
1 0-1-1 0 1 ds
i1l 0-1-1 O ds
¢ 11 0-1-1
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Mer nonyauny aJiropuTM, CONEPXKAIMI & BEINECTBeHELIX VMEDKEHN
BAThH CIENYIOLIMM 00pa3OM:

1. HpencioxeHus MOXHO peasin3so-

t1 := dg + d3. Dy =1 — i3,

to = di + d4, Dy 1= #; — 19,

t3 1= dsy + ds, Dy =Dy — Do,

ty == dp — ds, Dy :=ts — 15 + tg,
ty 1= dy — dy4, Ds :=t4 — tg,

tg ;= do — ds, Dg :=1t4 + t5,

Dy =11 +ts + 13, D7 .= D¢ — Ds.

UTa NOCIeNoBATEILHOCTE COREPXUT 16 onepamnuit cioxenns. IocTCnoxenys MOXHO PeaIM30BATE 3a 26
oIepanui, HanpuMep, Tax:

T, .= 51 + 53, Tio 1= T4 + So,
Ty =5, — 53, T3 = ~T5 + S,
Ty :=T5+ 85 — 53, T14 := T3 + 54,
Ty :=Ty — 53 — Sq, Tis :=1g — Sy,
v = T3+ Ty, The = Tho — Sa,
Te := S5 + Sy, s0 := 111 + T4,
% =198 = 97, 51 1= T19 + Tis,
Tg 1= T; + Sf; — S7, 8y =113 — Tlﬁ;
Ty := 14 + 5S¢ + Sg, s3 1= T11 — Thg,
Tio :=Ts — Ty, 84 1= 13y — T35,
Tiy :=T5 + Sy, 5 1= T13 + The.

Wrax, IOCTPOEHHHBIA aJITOPUTM COHEPXUT 8 YMHOXKEHUR U 42 CJIoXKeHus.

J[robofl anropuTM cRepTKU npencrasngeT coGol HEXOTOPOEe TOXKACCTBO, ONMPAOMICECs Ha CBOMCTBO
Ollepaufil B ZAHHOM Nose. ANropuTM, ITOCTPOEHHEIN B OHHOM IIOJE, MOXKET ObITh KCHOIL3OBaH B JTI0O0M
PaCcuIupeRuu 3Toro nong. Ho 0B MOXeT 0ka3arbCs HE CTONB XOPOHINM, KaK AJNIrOPHTM, pa3paboTauBbIl
CHeIMATILHO [I71 LAHHOIO MOJIA. '

B wacTHOCTH, 8JIMrOPUTM CBEPTKH BEIIECTBEHHBIX NOCISOOBATENILHOCTEM MOXHO 0€3 M3MEHEHHH MC-
IONB30ORATE NJIsl CBEPTKH MNOCIEOOBATENLHOCTEH KOMINekCHEIX uucen. KEcam M u A cOOTBETCTBEHHO
YYCA0 BEINECTREHHBLIX YMHOXEHUN M CJIOXKEHUN, HeODXONMMBIX NJIsT BEIYNCIECHUS BCIIIECTBEHHOU CBEpPTKH,
# Al BLIYMCICHUA KOMILICKCHOM CBEPTKH MCIONBL30BATE TOT XK€ AWITOPAUTM C OOBIYHBIM KOMIIIEKCHBIM
YMHOXKCHECM U CIOXEHWeM, TO noiayyntcs 40 BellleCTBEHHBIX YMHOXeHUN u 2A + 2M BeilecTBeHHBIX
cnoxenuit. Eciu Bocnonb3oBaTbes ORICTPHIM KOMIUIEKCHEIM yMHOXEHMeM (cM. §1) u paccMaTpuBaTh OL-
HY 13 MOCIICOOBATEIBHOCTEH KaK OTBOOBL QUKCHPOBAHHOIO GUNbTpa, TO norpebyercs 3N BeleCcTBEHHLIX
yMHOXKeHUN U 2A + 33/ BemeCTBEHHbBIX CI0XKEHMNI.

Ecin nimHa KoMINEKCHOM NUKIMYECKOR CBEPTKY PaBHA CTENeHu HBOMKM, TO MOXHO NOCTPOUTD EIIe

w i
Gosnee 3(hpeK TUBHLIA anropuT™. PaccMoTpuM cBepTKY 1o Monyio z2 + 1. Honycrum, Tpebyercs BuIYKC-
JTATH KOMILJIEKCHYIO CBEPTKY

s(z) = g(z) d{z) (mod ¥ +1 )s
roe g(z) = gr(z) +igr(z) u d(z) = dr(z) + id;(z). KoHeUHO, MOXKHO BEMECIUTH MO MOV 2 + 1

YETHIPE BEILECTBEHHBIE CBEDTKM:

gr(z)dr(z), gr(z)di(z), gr(z)dr(z), g1(z)d;i{z),
d 3aTeM BBIMUCIHNTEH
sr(z) = gri{z) dr(2) - gr(x) di (),

sr(z) = gr(z) di(z) + g1(z) dr(z)
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E Do 2T
s(x) = sp(x) + 1 sf(z).

. ZEEX0 MOXHO OOOHTHCH BRIUNCIIEHNEM BCErO ABYX BEUIECTBEHHLIX CBEPTOK. B KOIbLLEe MHOTOYMICHOB
j . -
W W Z7IE0 MHOPOWIeHa T2 + 1, 7 > 1, BeImoaHseTcs

r? = -1 (mod 2% + 1),

=1
T 22 2 = 4/—1. Bocronpayemces 3TuM 37eMEHTOM, YTOOL BEINKECATE KOMIUJIGKCHYIO CBEDPTKY uepes

T CIECTBOHHDBIC.
252793 MHOMOYTICHDBL

u(z) = % {9n(z) — =¥ g1(2)} {dr(z) — ¥ di(z)} (mod &¥ + 1),
o(@) = 5 {gn@) +2* " gr(@)} dn(@) + 7% " di@)} (mod ¥’ +1),

T oICiIeHne KX AOro M3 BAX IPEACTABIISeT COOOH BEIMHCIEHME BEIIECTBCHHON CBEPTKH 110 MONYITIO
— - I.73amMeTnM, 9TO

. D+ u(z) = grla)dplx) + o gr(z)ydy{z) (mod z¥ + 1} = gr(x)dp(x) — gi{x)di(z) = sp(x),

g~

3{z) —v(e) = —2*  gr(@)dr(z) — 2% gr(z)d;(z) = 2% (g1(z)dr(z) + gr(z)d; (2)),

A, e o
SR s v

= uwiry—o(x)) = —22 (gr{x)dr(z) +gr{z)di{(z)) (mod z* +1) = gr(@)dr(z) + gr(z)d; (2) = sr(2).
Bornonb3yeMes 9TOR NpOLenypod A BBIYMCIICHMS KOMILIEKCHON MMKIMYECKON CBePTKU
s(z) = g(x)d(z) (mod 2™ — 1),

-+ - = 2% Tax kax

2&—1

" —1=(z-(z+DE*+1)@% +1)... (a2  +1),

7. a2Zddy MOKHO CBECTH K BRIMUCIICHUKD KOPOTKHUX CBEDTOK BUIOA

S () = gr(@) din () (mod 22~ + 1), m=0,1,...,k— 1.

A JXTINEKCHBIE CBEPTKU 110 MONYIISIM & — 1 n £+ 1 JBisaioTCsa CKaIIpaMil ¥ UX IPOU3BENCHUE BHIUUCIIACTCS
125 TPOM3BEHEHNE KOMIUIEKCHRIX uucen. Mx Bkmanm B OOy CI0XHOCTL O4eHb Madl. KEcmum ocranbHbie
~ MILIGKCHBIC CBEPTKW BLIYUCIIATE UEpe3 IBE BEUIEeCTBEHHBIE CBEPTKU, TO TAKOW CIOCOO BBIUMCICHUS

—

L MTZIEKCHOW CBePTKM noTpebyeT HpuMepHO BABOE OONbie BLIMUCHCHMI, YeM BellleCTBEeHHAas CRBePTKA
—Tir e IJIVHDBIL. k
IJTOT MEeTON CONEPHUYAET ¢ METOOOM DA3JIOKEHWS MHOTOYIICHI, 22 — 1 B none C :

3

;I"'k—1‘“—“j(IL'-—1)(:8-—-1)(..’13*@(3}-!-‘5)(332“i)(mﬁ-}-i)(.’l}'gz—i)($22+i)”.($

2&*2

~i) (22 44,

~EXAAsT U3 TI0A3a0a49 B TaHHOM CHY'ae Kopode, HO apudMeTHKa SBJISeTCS KOMIIEKCHOM.
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§7. TEOGPEMA OB OBMEHE MATPHL

Anropurm Bunorpana MOXHO 3aIMCaTh PaBEHCTBOM
s =C{(Bg)*(Ad)}. (1)
rie © 03HaYaeT NOKOMIIOHEHTHOE YMHOXKeHne BeKTOpOoB Bg n Ad. MuI TakXe 3aIliCHIBIN €0 DABEHCTBOM
s=CGAd, (2)

rae ( — MMaroHasjbHas MaTPHNA, U Ha OUArOHAJIM CTOAT KOMIOOHEHTH! BeKTopa Bg. lIpsaMon xe anroputM
BBRIUUCICHUS CBEPTKW MCXKHO 3aIMCaTh B BUIE

s=Td. (3)
‘Taxum obpazom, anroputM Bmmorpama MOXHO pacCMaTPHBATL KAaK aJITOPUTM PaidIOKEHUS MATPULE
T=CGA,

rae (G - nuarosannbHad Marpuna, a A u C — MaTpunbl, IEMEHTAMY KOTODHIX SBISIOTCS MAJIbIe IIehie
YUCIIA.

B GonbmvuerBe npuiiokenuit MEorowieny g{x) cocreecrByeT ¢uxcuposanubit KUO-omnsTp, noam
GnILTP, KO3QPULMEHTHI KOTOPOT0 MEHAIOTCS HE CINIIKOM YacTo, II03TOMY BRUNCAeHUE BE MPUXONuTCS
BLINIQJIHATL HE CJHIUKOM YaCTO M NpHU noacueTe obieli BHIYUCIIUTENBHOM HArpy3ky UM MOXKHO IIpPEHe-
Opeun. CrenoBaTesIbHO, CIOXHOCTD MaTPHIE! B ocofoi ponu He Urpaert.

Ponu maTpum A u B cHMMETpPHYHBL, TAaK KaK MX MOXHO NOMEHATH MECTAMXA NYTEM HEPEUMEHOBAHUS
nekTopoR d u g. AnroputM Bunorpaga BurumcneHnd CBePTKH HOOYCKAST NOCTpoeHue MaTpuu A u B,
OTIINYISIOIIUXCH TONBKO HEPECTAHOBKON CTPOK, W, CJASHOBATEJIBHO, MMEIIINX OBHY M TY XK€ CJIOXHOCTD,
HO B Gonee obuieM ciryuae 0osiee nenecoobpas3sHo ONHY M3 MaTpUll CTPOUTDL O0siee CIIOXKHOW U UMEHHO €U
NPUITUCHIBATE POJib MaTpulbi 5.

CaMoe YAUBUTEILHOE, YTO B SJIFOPUTME HUKINYECKOHA CBEPTKHA MOXHO MEHSAThL POJIAMH HaKe MaTpH-

el C' 1 A. Oro coenyer u3 TeopeMul 00 ofMese MaTpuil, HOKA3aTEILCTBO KOTOPOH MBI CEMYaC PaCCMOT-
pPUM.

1eio B TOM, YTO NUKJIMUYECKAs CBEPTKa

s(x) = d(z) g(z) {mod z" — 1)

dopmyson (3) moxkeT OEITL 3aIMCAHA B BHAEC MATPHYHOTO IPOU3BEHCHNAS

So 9 Yn-1 Gn-2 -.. G2 O do
81 0 g GGn-1 --- 93 @ dy
8 2 g Jgo N F gs da
.2 = g : J , : : : (s =T14d).
Sn—2 9n—-2 Gn-3 Gn-4 ... Go ZGn-1 dn—2
Sn—1 I9n-1 Gn-2 YGn-3 .- Gi go dp—1

Marpuna 7 3z1ecs umeer ocobriil Bun. Ha ee rmapHON OUArOoHaJIU CTOAT OOUHAKOBLIC HJIEMEHTHI, & TaKXe
Ha 1000l QUArORaN, IIapaJIeIbHON TIIABHON, CTOST ONUHAKORBIC 3JIEMEHTHL. akue MaTpullbl HA3BIBAIOT
MENAUYECHLMU,

Teopema (06 o6mene matpun). Ecau menauyesa mempuya D donycraem daxmopusayuro suda
D=CGA,
O OHG MOJICEM Gblmb TAKHCE 3GNUCALHA 6 eude
D=ATGT (7,
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”

e - 4w 3SICH U3 Mampuyst A obpautenuess nopadxa cmoabyos, a C noayuaemes uz mampuyvt C

R s % IODI0KA CMPOK.

L o asemeo. llyers D — rennwmuesa MaTpuua mDOpsSOKa n

i ao Qg R PO | Oy
b2 @ g ... Gp-2 Onp_)
D=
bp-1 bpn—o bn—3 ... a1 G2
bn bp-1 bpn—a ... b2 /5]

B . - ¥ TTZAS MATPUIA TOrO Xe OoOpsOKa, T. €.

0 0 B
0 0 L
1 ||
0 1 -
1 0 0o
Trm
DTzJDJ'

Te TE¥ TEILHO, YMHOXKEHTE Ha, maTprny J cnesa Medser (obOpainaer) MOpANOK CTPOK:

: 0 0 " e oe O ]. a’l (1‘2 &3 I an_—l ﬁn
0 O 1 0 by a; Qs ... Qn_3 Gn_1
1 9 0 0 bn, bp-1 bn_s bo /5]

bn bn—l bn_g bg ay
bp-1 bp—2 bp—3 ay Qg
: ,
by a1 a2 Un-2 @Gp--1
Gl {12 33 . e s an_—l (Inn_

bn bn——-] bn-~2 R b? Qi 0 | ( 0 1
br-1 bp-2 bu_z ... @ a2 0 0 1 0
bo ay as Op—2 Gp_i 0 1 0 0
a1 as a3 Qp-1 On 1 0O 0 O

ai by bp-2 bp—1 by

a2 a; bn-3 bpn—2 bp-
Q-1 An—2 .+.. ao al bg
A4 (n—1 s & g as a1

!

-

Z pesynbTaTe NojydaeM TPaHCIOHUPOBAaHHYIO MaTpuuny D). 3saunT,

A

D'=JDJ=J(CGAJT={JCYG(AT).
O6osnaumym J C uepes C, a AJ — uepes A, Torna (4) nepemmuercs B B

DT =CG A,
41
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OTKYIa L _ )
D=(DNHYT =(CGA* = ATG" C7.

lIpumennM 3Ty TeopeMy K yMHOXEHUIO MHOTOYIIEROB O MOIYMIO MHOIOYIEHa L™ — «, Tle ¢ -- HeKO-
TOopad KoHCcTaHTa. IlycTh TpebyeTCsa BRIYUCINTD

s(z) = d(z) g(z) (mod 2" — a),

rae deg g(z) <n—1, deg d(z) <n-1.
Ecmm o = 1, TO MBI TONTy4aeM 3a0a4y BHIQUCACHNSA OUKAMYECKOR cBepTky. Tax Kak

s(@)=(ge+qz+g5°+ ... 4+ gn12" N(dg+diz+do® +... + dp-12" 1) (mod 2™ — ) =

godo + (g1do + gody1 )z + (gadp + g1dy + goda)x? + ... + (gn_1dp + gn—2di + ... + godn_1)z" 1 +
gn-2d2 + ...+ g1dn—1)2" + (gn—1d2 + gn2dz + ... + den—l)fl’nH +.o.t
54 g1 dn—127"7% (mod 2" —a ) = (godo+agn_1d1 +agn_2da+. .. +agidy_1)

(gn-—-l dl

(gn—-ldn——2+gn——-2dn-—1)x
+{g1do + gody + agn-1ds + gn_aods + ...+ agodn_1)z + (gody + g1d; + goda + agn_1ds

n—1

Ogn—2ds + ...+ agsdn_1)x’ + ...+ (gn-1do + gn—2d; + ... + godpn—1)a" ",

TO B MATPUUHONA 3anuCK BHIYNCIeHNE KO3DDUIMEeHTOB MHOIOUNEHs, §{T) UMeeT B

50 go Ogn-1 GGn-2 ... Qg2 O do

81 0N 9  Ogp-1 -.. Ogs Qg dy

2.1 | 92 & go ... Qaga Qg3 ds
Sn—2 In-2  Gn-3 gn-4 --- Go gn-1 dp -2
Sn-1 n—1 Gn—2 gn—3 ‘o g1 g¢ dn-—l

wm s = Pd, roe P -~ reununesa Marpuna. [losTomy eciu
P=CGA,
roe (G — muarosansHas Marpuna (0Tkyma G7 = G), TO COrNacHo HOKA3aHHON Teopeme
P=ATGC".

A 9T0 O3HAYAET, YTO MOAKHO IOMEHATL PONAME B AJIOPUTME BLIYKCIICHHS UHKINYECKON CBEPTKN MaTpH-
nel A u €. Taxum o6pasoM, IIPUMEHHTEILHO K 330a4€ BRIUMC/ICHMSA NUKJIWYECKON CBEPTKU TeopeMa o0

obMeHe MaTpHI 03HAYAeT, YTO Haubonee crioxuyo u3 Tpex Marpull A, B, C MoxH0 BHIOpaTh MHOXHUTE-
JeM NpU BekTope g i "BKIoUnTs” ee B maTpuny G.
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§8. IIUCKPETHOE [IPEOBPABOBAHUE PYPLE. TEOPEMA O CBEPTKE

> F QUHAM BaXHHIM BUAOM BLIYMCIECHHUA B UMdpoBoil oOpaboTKe CUTHAJOB SBISETCHA OUCKPETHOE

Hycre v = {v;, + = 0,1,...,n — 1} — BEeKTOp C BeMECTBEHHLIMA WM KOMIIJIEKC-
Sawz * rmoBeHTamu. Juckpemubim npeobpasosanuem Pypse ([IIP) BeKTOpa V HAZLIBAETCA BEKTOP
v=-..:i=0,1,...,n 1} nyuEL n ¢ KOMIVIEKCHRIMM KOMIIOHCHTaMH, 33JaBaeMbiMu GHOpMyIIaMu
n—1
Vi = E wf"’vj, k=0,1,...,n -1, (1)
j=
_2zi
% . =¢ » (1 — MHUMAS eOUHNLA).

r TR CICHEE KOMIIOHEHT BEKTOPa V MOXKHO 3alMCATh B MATPUYHO-BEKTOPHOM BUIE

V=Wyv
V{} 1 1 1 .. 1 Yo
W 1w w? 1 o
VQ s 1 w? w . w2(n—1) Vo . (2)
Vi1 1wl 20D e ) N,

# = paseHcTBRa w" = 1 HeTPYAHO 32aMETHTH, YTO MOJOKUTENLHLIE CTENCHH W B CTPOKe MaTpuikr W,
=TI TOTIBYIOMEH k-I KOMIIOHEHTE BRIXOZHOTO BekTopa (k > 1), paBHBI CTENEHAM W B CTPOKE, COOTBET-
3. El {(n — k)-it KoMnodeaTe, noynmM B o6paTHOM niopsnke. IlefcTBUTENBHO,

wki = r—k)(n-3) 1<j<n~1.

.17 BRIXOOHOMY BEXTODY V MOXHO BBIUMCINTEL KOMIIOHEHTHI BXOAHOTO BexTopa. Takxoe npeobpa-

¥ama=#< OyHEeM Ha3LIBaTE ob6pamubim npecbpazoeanuvem Dypve. CBA3b MEXAY NPAMBLIM U OOpaTHHIM
D+ COSICBAHNAIMYE NAETCS CIEAYIOLER JIeMMOH.

desia.  Ilycmov eexmop V paesen npeobpazosanuro Pypve sexmopa v, moada

1 n—1
- — 1k o
By ~ E w Ve, i=0,1,...,n 1. (3)
k=0
_wazemeavcemeo. IlpeoBpaszyem npasyro wacTek ¢GopMynut (3), HOOCTABIAS BMECTO Vi €€ BhIPAKEHHE
? R ’
1n—1 n-—1 n—1 n-—1 n—1
E Wk, = Z Wik Z Wy = Z Uy Z whlt=i) (4)
k=0 k=0 = [=0 k=0
ZZCCMOTPUM BHYTPEHHIOW cyMMy B (4). Ecan 7 #1, 1o
e n{l~7)
S Wkl = 1 g9 4209 4 g S 12T g
1 — w7
k=0
—z xax w' = 1. Bcnu 5 =1, To
n—1 n—~1
WO = 1 =n.
k=0 k=0
CemoBaTensHO,
n--1
Z w™ Vi = nv;,
k=0

' TrEa HeMemJIeHHo caenyer dopmyna (3).

Mexny nukimueckon ceeprTkoir u npecbpasosanneM Pypre uMeeTCa BAXKHAET CBSI3b, KOTOPAL B3BECT-
%3 KaK meopema 0 Cceepmie.
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Teopema. Bexmop s pasen yuxauuecxot ceepmxe eexmopos f v g

ATy
bl
T

n—1
szzglf((j—l))a j:O,].,...,n"“].
[=0

moada © moavko mozda, kKoada npeobpaszoeanug Pypve S, G u F smuzr sexmopos ydosaemsopgiom
PABEHCTNBAM

SkiFka, k:(),l,...,n-l,

Hoxazameavcmso.  Tlo popmyne (3) KOMNOHEHTHEL BEKTOPA € MOXKHO BHIPA3UTL 4UEPE3 KOMMOHEHTHI
ero upeobpazosanus Pypee G :

i n—1
==Y WGy, 1=01..,n-1
k=0

HoncrasnM 310 BuIpaxeHne B (5):

T

1—1 nn—1 1 n—1 1 1,1 -1
—~kl _ =ik 3Dk ¢
si= Y afi-n = D fig-w) - Y w MGy = ~ Yo w TG D WGy s
{=(} =0 k=0 k=0 ={)

l

j=0,1,...,n — 1. PaccMOTPIM BHYTPEHHIOIO CyMMY:

n—1
Y WPk f G gy =0 i wUTIR P AR fo T o) FwTF Sy o
[ =0

. - R : P . ( _2,3
Wil SR fi-nt1yy =" fo +wf fy 4o wUTIRE w0 £ WUIE e 0TI

n—1
T ki .
+w(n l)kfn—l = E :w fi = Fy.
=9

(MBI BOCTONB30BAIMCH COOTHOWEHMAMEU W" = 1 ¥ fy_y)) = fn—i ¥ E3MEHWIM HOPAIOK CIIAMAEMEIX.)
3uaquT,

1 n—1
5j = — Y WG F,,  j=0,1,...,n-1.
k=0

C Apyro#l CTOPOHEI, B CHIIY JIeMMBEI

1 n—1
Sj:;}—,zw“jkska j:(]?l?“-ﬂ.n“]-:
k=0

[O3TOMY
1 n-—-1 1 n-1
- WGy = — w“’f’“Sk, 7 =0,1 n—1
n ﬂ % 3
k=0 " k=0

Hocnenune pasedcTBa MOXEHO NEPENUCATEH B BHOE

n-1

1 , |
- Y W (GrF, - S) =0, j=01,...,n-1 (6)
n k={)

Ob6osaaunm uepes Ey pasuoctrs G By — S (k=0,1,...,n— 1), Trorna (6) npuruMaeT BUX

1

1 . |

- w Ik E =0, i=0,1,...,n—1.
0

&
|

o
|
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1

T..—=7==> DABEHCTBa MOXKHO 3aIucaTh B MATPpU4IHOM Buze (0TOPOCUB MHOXUTETL —)

) n
"WE = 0.
-
1 ] 1 - 1 Eo
1wt w2 . wo(nml) %)
Ww=11 w? wt L WD m o | By
1 w“(;""l) w‘"z(-”"” . .. . w"(’;"l)z E'.-,,:__l

oyt~ 5B ¥ pme BRIDOXIOCHa, TaK KaK €€ OIIPENeJduTa/IE eCTb

det W = H (W —w™) = H (82‘? - e%ﬁ) # 0.

1<i<j<n~-1i 1<i<j<n—1
_FaEcTednHo, W obparuMa, u 13 W E = 0 nonyvyaem

WIWE) =W lo=0

E=0,

r 2 Gy Fre - S, =0pnak=0,1,...,n— L

X ATHOE YTBEDXKICHME JOKA3LIBASTCA JICrKO, €CJIl NOBTOPUTSH IPOAEeTaHubIe BEIKIAOKN B 00paTHOM



9. IIMCKPETHOE NPEOBPA3OBAHUE DYPLE ¥ HUKIIMNUYECKASI CBEPTKA

OnruM 13 cnoco0OB BHIYMCIEHWS HMKIINYECKON CBEPTKH SBIIAETCS METOH, MCIOAL3YIOIIMH TeopeMmy
0 CBEpPTKe M AuCKpeTHoe npeobpasopanme Dypre. OTOT METON CBONUTCS K BHIIOJIHEHMIO IBCKPETHOLO
npeobpasoBagusg Dyppe BeKTOpoB d U g, HOTOYEYHOMY YMHOXEHUIO IIOIYYEHHBIX KOMIOHEHT BeKTOpoB 1)
1 G 1 oOpaTHOMY npeobpazoBannuio Dypre, T. €. aJTOPATM COCTOHT M3 CISAVIOLINX UIATOB:

1. Bommosirenue JII® san d n g :

n—1
Dy = E w'?kdj, Ek=0,1,...,n—1;
7=0

n—1 W
Gk-:ij"’gj, k=0,1,...,n—1;

j=0

2. lloToueunoe yMHOXKEHUE KOMIIOHEHT Oy YEeHHBIX BEKTOPOB
Sk:DgGm k:{),l,...,n—-lg

J. Boramernienne KOMIIOHEHT HMKJIMYECKON CBEPTKH C IOMOHIBLIO o6paTuoro npeobpasosauust Pypoe

Bropon urar comepxut n ymHOXeHui. Eciu n mMeeT MHOTO OeNuWTeNIeHd, TO ¢ TOMOIIBIO OLICTPHIX
ASITCPUTMOB HpeoOpaszoBaHud Pyphe MOXKHO CYWIECTBEHHO YMEHLIIUTL YHCJIO YMHOXKEHUM HA MepPBOM I
TPETbEM HIaTrax.

Paccmorpensas npolienypa BuYMCIeHnd IAKIMIECKOH CBEPTKHA OTHOCHTCH K KOMIIEKCHOMY CJIyYalo.
BcTecTBEHHO OXMOATE, YTO B CJIYUae BEIIECTBEHHLIX IOCICAOBATEIILHOCTEH 9TOT aJIrODUTM CUIILHEE, YeM
TpebyeTcs, n, CIenOBaTEIbHO, ero 3hPEeKTUBHOCTS MOXKHO TOBHICKTE. lleficTBuTensHo, BeCOIRIIas MO-

aubukanmus anropuTMa NO3BOJIAET BRIUUACIATL ONHOBPEMEHHO J06€ BEIeCTBEHHLIE CBEDTKYU. PaccMOTDUM
3Ty MOORQPHUKAIMIO,

Jiemma. Ecau xomMnonenmbt 6eKMOpa Vv A6AL0MCE SEUWECTNBEHHBIMY YUCAAMY, O KOMNOHEHINDBI

sexmope V, deagiowyezoca duckpemnsis npecbpasosanuem Dypve sexmopa v, obaadaiom caedyowum
CBOUCTNEOM.

‘szvﬂ—ka k:[),l,....{._n——l.

Hoxazamesvemso.  Ilo onpenenenmo JIHO

OTKYAS

IIOCKOJIBKY Vj = Vj.
Tak xak
wn—k)j — (;—ki = kI (wn ="] ):
TO [HONYHaeM
n—1



M B T e EeaCh I0KAa3aTh.

B

iy .
_ == 4 - zd\® - pemecTBeHHbIE YNCIOBEIE HOC/IEAOBATEILHOCTH AIHHEEL 7. QNpenesimM KOMIUIEKC-
BT BN E0 20 DOCIeR0BATENIbHOCTE d ITMHBI 71, KOMITOHEHTHL KOTOPOR 33AI0TCS CHENVIOMIMM 05pasoM:

dj =dV +id®,  j=0,1,...,n-1.

T wL: IETHDETHOE npeobpasosarue Pypre nocnenoBaTensHOCTH d €CTE

—~—1 n—1 n—1 n—1
- .- koo A1) . (2 e (1) k(2 ) . =2
="y :L; wI*d; = Z wik (dg- )—I—zdg- )) = Z wfkdg Y, Z wﬁ'kdg ) :Dg)+zD£). (1)
=03 3=0 j=0 7=0
— 1) . {2)
Dy = Dnmk + 2 Dn;_ka
= (1) (
e  =aif  ==(2)
#n f = d- — BemecTBeHHBIE NOCICHOBATEILHOCTH, 3HAYAT, B CHILY JIEMMEI IMEeM

—=(1) 1
Dn—k =~ D}u )?
+=(2) 2
D, , =DY,

n—

e TE——

D, =DV —i D, (2)

_ETATBAA NeBhie ¥ npasuie yacty dopmya (1) n (2), monyyaem
P . (1\
marr—:z 3 dopmynst (1) coorBeTcTByMOILME YacTH (2), OMydaem

Dy~ Dpi =2i DV,

-
i - -‘ﬂ-.-‘:
n

1 = __
DY = 5{Dk+Dnk},  k=0,1...n—1,

R 3)
Di):é'g{Dk_Dn—*k}: k:O,l,...,n—l,

- AT

=3 IDPMYABL NO3BONSIOT BEIUMNUCINTL UNKINYECKNE CBEPTKHU OBYX IIap BEUICCTBEHHBIX NOCHEOOBATENL-

B TOZ. BEIIOJNHAY ONHO AUCKperHOoe npeolpasoBanune Pyphe M HEXOTOPBIC HONCIHUTENLHLIE CIOXECHH.
= us W JIPAM 3TOT AJITOPUTM.

Trers gl g(z) ~ TAKXKE BEIUECTBEHHLIE YUCIOBLIE NOCHCIOBATEALHOCTY MIAMHLI 1. AHATOIMUHO
~wr xax 3To caeqano mis dY u d?) | onpemennM KOMIIEKCHYIO HOCIENOBATENBHOCTD £, KOMIOHEHTHI

T OWET OOPEneNssiOTCs PABEHCTBAMY

9329:51}+%93 3 jzo,lﬁ...jn-—l,

119 KOMIIOHEHT AuCKpeTHOro npeobpaszopanus Oypre G BEKTOpa g BRNOMHAOTCS COOTHOmIeHnAS (3):

I

1 —
Gggl) §{Gk+Gn-—~k} kr‘ozla'*':n"‘l:

9\ 1 _—
ng”' "")’%{Gk"“Gnmk}g k=0,1,...,n— 1,
i A7




Hanee, BuIYnCHseM NOKOMIIOHEHTHEIE TPOU3BEICHUA

1 — e
50 = p g = ; {D 4+ Dot H{Gr + G },

2 2) (2
s = pl& gt :_—-{Dk-— n—k }H{ Gr — Gn_t },
(k=0,1,...,n— 1) u dopMupyeM NOCIEAOBATEIILHOCTDL .5 MTBHLL 7t ¢ KOMIIOHEHTaMU

Se=8"4:8% k=01,...,n-1

K nociepoBaTeisHOCTH S npuMenuM o0parTHoe npeobpasoBanue Dypre:

1n--1 1n-—1 () (}
8; = — E kg = E wIE LS g =
3 nk:[}w k nk::[] {k. k}

lnl

& —ik (1) —~ik (2)____ (1)+ ()
- w S, +z Zw 8 18

T=0 L sast= by
Takum obpasom,
1
sg- ) = Re{s;},

s = Im{s;}, §=01,...,n—1,

roe st = { s( ) i =0,1,...,n — 1} ecTs muksMueckas csepTxa nociaemosarensaocreit dY) u g a

s(2} = { (2) y J=01,::..8m — 1} NUKIINIECKas CBEPTKE NOCIEBOBATEIIBLHOCTEN d@ » g2,

HO.H}' quHbm aJITOPHTM BBIMHUCICHUA CBEPTKH MOXHO CPABHUTL C aarcpuTMmoM DBuBorpana. Hﬂﬂ
3TOT0 002 anropuTMa 3AIMUIIEM B MaTPHUYHLIX O003HAUCHUIX:

Brruucienne cBepTKi C Brruncnerne ¢BEPTKHA C
nomombio HIId MOMOLILIO ajropuTMa Bunorpana
D=Wd D=Ad
G=Wg, G =PFg,
roe W = (w') rae A u B — Marpuns
MaTPHIA 72 X 72 pasmepa M (n) X n comepxat

l MaJIbIe . Uedabie Yncjia
Sy =GpDy (k=0,1,...n-1) St =G Dy (k=0,1,...,M(n) —1)
8 = WF] S s =( Sa

roe C — matpuna n X M(n)
COLEPAKUT MAJBIE LIENbIe IUCTa

|

Bruixon cseprka (mod 2™ — 1) Buixon cseprka (mod m(z))

O6a anroprTMa 33MUCLIBAIOTCA B BUOE MATPUIHBLIX PABCHCTB COOTBETCTBEHHO

s=W-! {WgeWd)

s = (' {Bge Ad},

rae o 0603HAYAST MOKOMIIOHEHTHOS nponssenerne sexkTopos. OTciona BuOHO, YTO axropuTM Buxorpas:
spistercs oboDIeHneM MeTONa BLIYUCICHS CBEePTOK ¢ NOMOIIBLK npeobpasosanus Dypoe.
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§10. I#CKPETHOE NPEOBPA3OBAHUE ®YPLE ¥ MHOI'OUJIEHE!

Ha nuckpetHOoe npeobpasosanne Pypne MOXKHO MOCMOTPETH C TOUKY 3peHuns MHOrouneHos. IlocTasum
= "COTBETCTBUEC BXOOHOMY BEKTOPY V = {¥g,V1,...,Un—1} MHOTOUIEH

n—1
flz) =) va’.

§=0

Torma ITIP cooTBeTCTBYET BRIUMCHEHMIO 3HA4YeHui MHOrouweHa f(z) B Touxax w®, 0<k<n-1:

n—1
Vi = Jlu®) = Z W™ vj,

j=0

= gbpaTHOE NpeobHpasoBaHne

— EHTEPOIANNY MEOrouneHa f(x) 1o ero sgavenusyM B Toukax w*, 0 < k < n—1. To, uro Toukn {w‘“}z'__:{l,
BPasyioT IUKINUECKYIO MYALTUNIMKATUBHYIO CDPYIIY, ¥ [IO3BOISET HOCTPOUTH OBICTPHIM AJITOPHTM
SRI9UC/ICHNS 3HAYCHMA Kax npsaMoro, Tak u obparmoro HIID.

3uauenue MHOrowIeHa f(z) B Touke £ = w® COBNANAET € OCTATKOM OT Ae/eHHs MHOroweHa f(x) Ha

sorouniel ¢ — wh 0 <k <n-—1, T. e. ¢ Barwerom f(z) (mod  — w®). Ipu 5TOM MHOTOUNEHE T — WP,

£5=0,1,...,n — 1 nonapeo B3aXMHO NPOCTHI B ux npowssencHue papHo " — 1. (MuoxecTBO Yncen wk,
£=0,1,...,n—1 opeacrasaser coboit Habop Bcex kopHeH n-i crenedn w3 1.) IHosTomy B cirywae n = 2™
OXKHO NPUMEHUTD CACOVIOMIUEA monxon ansg Beramcnesus Vp, k=0,1,...,n— 1.

IockombKy w? = —1, 1o

ﬂaﬂee} n Ti n L
2 —1=(x9 -1)(z* —w? ),
2% ~w? = (27 —wi) (2% +w?) = (27 —wi)(zt Hwﬁf-)

W Tax Oajiee OO MONydeBus NUHefHBIX coMHoxuTenet ¢ —w®, k=0,1,...,n — 1.
Haxoxnenue ocTATKOB OT AeJieHus MHOrounesa f(z) Ha x — w” 6ymeM NpOBOAUTEL C UCTIOIL30BAHUEM
TEXHUKY ~Pa3feiafl ¥ BIaCTBYH 1yTeM neneHus f(z) CHauaja Ha MHOTOWIEHH T2 — 1 # 22 —w? :

fii{x) = f(z) (mod z? —1), fi2(z) = f(z) (mod 7 — W2 ),

“ 1.0 in
3aTEM Kd2KObIY M3 ABYX IOJIYYCHHLIX OCTAaTKOB HBa Pa3da NE/IMM Ha MHOINO4YJEHBI BHjad, T4 — W 4 |

for(z) = fu1(z) (mod z% — 15: fo3(z) = fia(z) (mod 1 — w?),

foa(z) = f11(2) (mod 2% —w¥),  faa(@) = fi2(2) (mod % ~ W),
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" n in
HaJ1CC, KX IOBNW U3 YEeThIPEX NTONYYCHHBIX OCTAaTKOB ABd. Dald BCIIMM Ha MHOTOUNICHB Bula &8 —w 8 |

fa1(x) = for(x) (mod 8 —1), faz(x) = for(zx) (mod rs —w? ),
f33(2) = faa(a) (mod 2¥ —w¥),  faula) = fao(a) (mod 2% — %),
fas(x) = faz(z) (mod T8 — WS ) fae() = faz(z) (mod ¥ —we ),

) ),

n 3n n in
far(2) = foa(z) (mod x8 —w's ), fag(x) = faalz) (Mmod 8 — W'
¥ TaK [anee, NOKa Ha, mM-M LIare He AOHAEM A0 BHIYETOB To MomyiaMm ¢ —w®, k=0,1,...,n~1:
fm1{x) = fm_11(x) (mod z — 1), Fma(2) = fm-11(x) (mod  — w? ),
fma(ﬂf) fm—1: z(ﬂ?) (mod L — W): fm4(33) = fm--l:z(fﬂ) (mod z — w2t I

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

fmn-1(2) = fm—12(z) (mod x o gL .. frnn(2) = fm-12(z) (Mmod — W™,

IIpu 3TOM, Kax ByoeT BUAHO M3 CIAEAVIOMWIEN IeMMBI, BEIYUCICHNAE BHIYETa MHEOTOWIEHA cTeneHu k — 1

k k .
Mo MOOYJIK MHOTOWIEHA T2 — ¢ NPOBECTH OYEHbL NPOCTO, BLIIOITHUB 5 YMHOXKEHUN 7 CTONBKC XKE
CTIOXKEHUYN KOXPPUUMEHTOB 3TOIN0 MHOTOMIICHA.

JlemMma. Hycme
k—1
flz) = Z a; T’
=0 -

- Muozouaen uz xoavya Klz|, ¢ € K (K - koavuo). Tozda ocmamok om deaenud f{x) ne 2 —c pasen

k1

Z(aj,—H'Q )

3=0

& Eo
Hoxazameavcemeo. llockonbky 22 = ¢ (mod z2 — ¢}, TO

_ _ b ko k »
=l b g oz 24+ -t arz® + ax k1 +rdayz +ag (modx? —c) =

flz) =ag_1z :

E__ k_
P 2

Qp—1CT2 4 ar9cx?™ 4 - +ak+1cz,—l—a;e ('-I-aa-. 1’55“1+*'-+a1$+&0$

ke . : :
(a%_l +cagq)xz ! —I—(a.%“2+cak_2)m%“2 + -+ {a +ca%+l)m+ (a0+ca% Ji

Uraxk,

r{x) = Z(@j"*‘ca‘j_l_g)ﬂjj.

]
3=0

B pesyanTare ajis BHINMCIEHUs Beex spavenui f(w*), k=0,1,...,n — 1 norpebyercs

(3
2\"‘"&"'2 +22*8*+ "f“zm]':?"a):nma
rae m = logs n, ymuaoxkenmil. Takum 00pa3oM, CIOKHOCTDL NPENNOKEHHOI0 aIropuTMa OBICTPOrO npeod-
pasosanus Pypre pasua O(nlogs n).

Bnaronaps anropurtMmy BII® muckpernoe npeobpazosanue @yppe ABNACTCH yAOOHBIM HHCTPYMEH-
TOM NPU IIPOBENCHUN BBIYMCACHUN ¢ MHOrOwIeHamu., € ero moMomnibio MOMXHO BBIUYHCIISATE HPOU3EBEICHHUE
OBYX MHGIOWIEHOB O clioXxHOocThIO (O(nlogs n ), BRIMODHWB CHavahda npeobpasosanne Pypoe B HOTYHUB
3HAYCHUA 3TUX MHOTOWIEHOB B TOYKAX, 33TEM NEPEMHOXKUTDL MOAYYCHHLIE 3HAYCHUS (71 yMHOWEHUH) B
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IZ.& 303 TOYKE U BOCCTAHOBHUTEL KO3(hIHIIEHTHI MHOTOYIEHA-TIPOU3BEAEHNS C TIOMOILIbI0 OOPATHOTO 11peod-
aamsarng @ypne, KOTOpOoe, OYEBMIHO, MOXET OBITH BHIOJIHEHO II0 TOM XKEe CXeMe, 4 3HAUHUT, UMEET Ty
BE ZTOEXHOCTD.
3Ta XKe MOes JIeKWT B OCHOBe OLICTPOro OuTOBOro ymHOMeHUs Ooabmmx penwix uucen. (CooTset-
TIVESIMM aJropuTM u3BecTed Kax anroputM [Hénxare - lTpaccena. Waes 3Toro ajiropuTMa COCTOUT B
“TESVIOIMIEM: KaXO0e U3 MePEeMHOXACMBIX YICes B HBOMYHOM ero IpencTarieHnn pa3dusaercd Ha b 610K0B
3., TE3PANOB B KaxKaAoM Onoke. Hanee, xaxnawlih 0710k pacCMaTPUBAETCS KaK COOTBETCTRYIOUUN KOG Du-
=T MHOrOWIEHA. YTo0HI onpenennTs KO3GOOUIINEHTHI IPON3BENCHUS STUX MHOTOYNEHOB, BEIYHUCAAIOTCS
Y HAYCHUS H3 HEKOTOPOM IOOXOMSAIIEM MHOMXECTBE TOUEK; HAaWIEHHBIC 3HAUCHUA IIePEMHOXAITICHT K 33~
™37 ERTEPIOIUPYETCS MHOIOUICH-TTpou3BeneHue, 6;10ku KO03pdUIIneHTOB KOTOPOrO NO3BOAKIOT MOy YA TD
I ITHEOS NPEACTABNCHNEe NPOU3BENEHN NBYX MCXOOHLIX uucesl. BnibpaB B kaueCTBe TOYEK, B KOTOPHIX
H T IAIOTCS 3HAUEHNS MHOTOYIEHOB, KOPHM 13 1, MOXHO BOCHOGAL30BATHCA NpeodpaszoBanueM Pypee u
e =3 0R 0 ¢BepTke. Ecnu chenars uucno b ¢ynxmmen OT n M NPUMEHUTb PEKYPCUIo, TO MOXHO YMHO-
ATTS HBA N-PASPAOHEIX XBOMYHEIX yucha 38 O(nlog nloglog n) wmaros. M xora anroprntm [Hlénxare -
— TT3CCeHa B PEAIBHOCTH He oueHb 3PdeKTHBeH, OH BECbMa MOJNE3€H A Leneil TCopuu.
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§11. AnrorutMm Kyiu — TeioKH

(OCHOBHBIX CTPATEruil MOCTPOCHNS OLHICTPLIX AJTOPATMOB mpecOpascaaang Pypee nse. Onua cocTo-
UT B CBeACHNM IUCKPETHOro npeobpasopanus Pyprwe K CBEPTKE, KOTIDPAS 33TE€M BLIUNCIISACTCHS OXHHM K3
OBICTPLIX ANTOPUTMOB BBLIUKMCICHNS cBepTOK. llpyras cTpaTeras COCTOHT B IEPEXONE OT ONHOMEPHOTO

npectpa20Barusg Pypre K OBYMEPHOMY (MM MHOTOMEDHOMY), KOTOPOE BEMUMCIACTCA IIPOINE. XOpOIINe

aaropurMel seruuciaeaus HIIP HCIIOJIB3YIOT abe 3Ty cTparerun. AaropaT™ Kynu — Thoku — 5T0 anro-
PUTM BTODPOTO THIA.

Hpsmoe BLIUMCIERNE KOMIOHEHT BEKTODa V, ABIAIOIIETOCS AUCKpeTHLIM npeobpazosanmeM Dypoe

BEKTOpa, v, Tpebyer n’ ymuoxesuii u n(n — 1) onepanmit ciaoxkeruds. Fciam n -~ COCTaBHOE YHCIIO, TO
MOXKHO IIEpeNTHd OT OAHOMEPHOrO Ipecdpa3oBaunus

n—1 .
V:;—‘—-—"ijkvj, k=0,1,...,n—1 (1)
j=

K OBYMEpDHOMY. Takme anropmTMbl M3BECTHEI HOA OGIIMM HA3BaHUEM dbicmpozo npeobpascsanug Dypve
(BIID-aq20pummst). AropuTM, KOTOPEL MLl PACCMOTDEM 30€Ch, ¥ ABJISETCH OOHUM N3 HUX.

[Ipeanonoxum, uro n = n' n'’. Hepeitnem 8 hopmyne (1) ¥ NBOHHLIM MHIOEKCAM, 3AMEHSA KAXK LI 13
VHOCKCOB k£ M § Ha OBa CIeOyIommM obpasoM:

j=73 +n'j", i'=0,1,...,n -1, 4" =0,1,....n" - 1;
k=n"k+E&", K =0,1,....n -1, k" =0,1,...,n" - 1,

‘Torna (1) npusumaer Bun

] iy
n -1 n —1

. f Ty IEN, 'z
an!kf+kff = E E w(j +n )(ﬁ' b +k )’{}jf+n1jr:.

i'=0 =0
Tak xak w™ =1 (n =n'n"), ro
( +'ﬂ- ”)(n”k’ k”) ﬂ,” 'fkf—i'ﬂr"”k”-{-"k” n” jfka' n" juku ,;Fh,“
s =w"J PRI (W) (W) W
Baenmem obozuauenus: |
i l? . n
W o ?8! W = 7,

TOT Ha,
' —1 n'' —1

”k” k”
Vﬂ”k’-{-k” —_— Z Z ‘BJ k J ‘? ’i}jf_*_nf 142 (2)

=0 4=

OrnpenenumM TENEPh ABYMEPHRIE NEPEMEHHEBIC PABCHCTBAMMU:
.1 ! . 7"
Ut i1 = Ut g 27 (7 =0,1,...,n° =1, 7" =0,1,...,n" — 1),

Vie g = Vg 4i (' =0,1,...,n = 1; " =0,1,...,n" — 1),

Torga (2) npusMMaeT BUL

n' —1 n''—1
[ 4 it RN
Vi ke = E BIE Wk § : ¥R vy g (3)
f.d-(] ‘?Jf:z:(}

E=0,1,....n -1, " =0,1,...,n" — L.
ITa opmyna croxnee, dem dopmyna (1), HO 9MCIO CHROXKEHHM ¥ YMHOKEHUN, BXOOAILMX B Hee,
CYLUIECTBOHHO Menbine yem B dopmyde {1).
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=5 CaMOM Iefte, MPOH3OIIIO CASAYIOMIEe: KOTIa MBI BBEJIM ABYMEpPHbIE HEPEeMEHHLIE, MBI (DaKTUIEeCKy
T S230BAIIN BEKTOPHI BXOAHBIX ¥ BRIXONHEIX HAHHLX B ABYMEDPHBIC MacCuBHL lIpm >TOM KOMIIOHEHTHI
T DA30BAHUSA V YIOPANOYEHBI HE TakK, KaK KOMIOHEHTH! BXOLHOIO CHTHAJS V.

N A :OOHEHTHL BXOOHOIO BEKTOPA V YHOPSAOYEHH! IO CTOIONAM:

Voo Vo1 IO Von'' 1 Yo Un' Uop’ o V(' ~1)n’

Vig Vi e Ul n''—1 Uy U1 Van'41 <o VYmn/'—1)n'21

V20 V21 ‘o Vo n't—1 = U2 Un'+2 Yan'4+2 -+ Un/—_Ln'+2
Un'—10 Un—11 ... Upn'—in’-1 Un—1 V2p/—1 V3p'—~1 - Up'n''—}

_Tatee, MOCKOBKY

4

' 2ir \ I i
o n . ——— i — ——
T =W —-(6 “) = € 3

;‘::l“

n'’ 1

1 gt Jj "
Z hf'? 'Ujfju :‘U,j.*ku (‘? :0,1,...571’ —1, k :0,1,'._

j!’!':g

n” _ 1)

. ™

=~7= 11 -TO4eYHOoe mpeodpazopanue Gypre 5IeMEHTOB j'-it CTPOKH HonydesHOH Tabmuunt. CrenoBaTeabHo,

T VAKION CTPOKOH MAaTDHIIBI, MOJYHEHHOH W3 BEKTOPa Vv, NpoBoguTca n''-rogeusnoe mpeobpasoBaHue
€ z2. B pesynprare mojiyqaeM HOBYIO MAaTPHILY

UG o U 1 UG ntt —1

U190 U11 U1 n'—1

U20 U2 1 « oo U2 nf' ~1 ;
Upt—10 Up'—11 .. Up'—1a’-1

[T w5 . 3 H1
i 3IeMeHT KOTOPOl ClIeAyeT YMHOKHUTD Ha, COOTBETCTBYIOWIMI MuOXKUTens w’ © . Ilanee, mockons-

- _2m\ — 2ix
f=w" =(e = e :

n —1

o F 2t R
E:Bjk{wjk uj’k”} (k"-:—._(),lj.__,n!——l; k”::O,].,...,ﬂ”*l)
3'=0

s 75 nf-ToueuHOe npecOpaszopanue Dyphbe KaXxAoro cToidia MNoIyIeHHol Ha NpesplIyIueM uiare MaTpy-

llm--l'

T

B pesynnrare nonydaem Tabiuiy, COOEPXALyi0 KOMIIOHEHTH BEIXOAHOIO BEKTOPa V, KOTOPHIE yHO-
2 iZO9eHBl IO CTPOKaM:

7 Voo Vo1 ... Vonr—g Vs Vi Va R T
( Vio Vit <o Vi Var Var i Vo 12 o Vaprg
Vao Vaou o Vonrr -1 = Voner Vonr 11 Vot 49 oo Vaprog
4 . 17 7 |
Vﬂf"“l 0 V?’L" =Tl 1 . fn’-—l ﬂ”"—'l ‘/(n’——l)n” V,’(?‘l’-—*l)ﬂ.”-{—l L{n’-—-—l}ﬂ”{-g & 5 I/?I'r?’i.”‘“—l

oM BHYTPEHHEE B BHelIHee npeoOpa3opanus Pyphe BHUIONHATL B COOTBETCTBUM € HPAMBIMU AJITODUT-
CAMEA, TO I n'-Togeuroro npeobpasosanns Oypre Tpebyercs (n')? ymuoxeruit m n'(n' — 1) croxenyi,
=15 n-Toueunoro — (')’ ymuOoxenuit u n”(n” — 1) cnoxenuit. 7''-Toyeunoe npeobpazosanne Pypne
FTEONB3YETCA AJIS KAXIOH CTpoky Taliuusl, T. €. i’ pas, a n'-Ttouetnoe npeobpasopanne Qyphe WCIIONb-
TeTCH AMIA KaXxmoro cronbua, . e. n'' pa3, 3HaUUT, YHCI0 YMHOXEHUN DABHO

nf(nu)z_{_nn(nf)? +n’n”,

& sf g FF
TaK KaK MMeeTcd eme 1 = n'n’ noroueuHsrx YMHOXeHHN Ha MEOxXITemH wl F
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Yucno cnoxenuil paBHO
n!n!r(nu _ 1) + nnnf(nf _ 1)

Takwvm obpasoM, nonydaeM monHoe Yucno (KOMIIeKCHEIX) yMBOKeHNE Me(n) u cnomennit Ag(n)
Me(n) = nr(nn)? +nn(n:)2 +nin! = n’n”(n” + !+ 1) = n(nr 4!+ 1),

Ac(n) =n'n"(n" = D +n'n'(n' ~ D =n2"(n' +n" - =n@m' +n" -2).

Cpeny yMHOXeHUI MMEIOTCA ¥ TPUBHAJIbHEIE YMHOMKEHNA Ha 1. DTO ODpOUCXOONT KAXIARIL pa3, KOTHA B

+f 3 24 .
mHOXuTeNe w’ ¥ B nokasarene cremennm j' mim k" obpamatorcs B 0. ANTOpPHTM MOXKHO M3MEHUTh T3K,
YTO0BI BHIOPDOCUTE 3TH YMHOXEHUA, TOTHA IUCIO KOMIJIEKCHEIX YMHOXKEHUH CTAHET PaBHBEIM

J.MC(H) - nr(nn)z +nu(n}')2 + (nf _ 1)(nf! _ 1) — (nr n nH) g (nfn!! P 1) -

- +aY+E@n" +D)=E0"+n"Yn -1+ (n+1).

Bremnee 1 BHy TpeHHee npeobpasoBanns Oypee B CBOK OUEPENE MOTYT ObITh BEIYHCIIEHBI € TIOMOIIHIO
OBRICTPBEIX anropuTmos, #He obasarensHo ¢ nomowubio BHd-anropurva Kymu — Teiokn., Ecaz n' wm
n' OnATE ABIAETCA COCTABHHIM YUCIOM, TO COOTBETCTBYWINEE Npeofpa3OBaHWE MOXKHO BEMHCIATL C
novouield bll®-anropurma Kymu — Treioxku. Ha sToM nyTu npeofpaszoBaume HJMHLL 72 = i1 N9 ... Mg

MOXKET OBITE IPENCTaBIEHO B TakoOil HOpMe, B KOTOPOH nOTpedyercs BuINOABUTEL N (g + No + -+ + Ny)
KOMIIJIEKCHBIX YMHOXCHUH.




012. AmroprutM Kyiu — ThIOKU IO OCHOBAHHUIO IIBA

Bo MBOrux EpUNOXeHUSX HIMHA Hpeodpa3oBanus paBHa cTeneHy npoiiku. s mocrpoenns BIId-
TTIPUTMA INMUHEL 1 = 2™ umcio n npeacrasigercs B sume 2-2™ ! yau 2™ 1.2, B sTtom cnyuae rosopst
. zmopnTMe Kynn — Teioku no ocHOBaHUIO ABA.

Ecm n' =2, n/ = 2™~ ro BlId-anroputM naswBaercs aazopummos Kyau - Trioxu no 0cno6a-
wxv3 080 ¢ npopescusanuem no epemeny. Bemu n' = 2™l n' = 2, TO OH HA3LIBAETCS GA20PUMMOM
2 — Thi0Ku NO 0CHOBANYIO 080 C NPOPEHCUBARUCM NO UACTNOME.

Busenem dopmyner blI®-anropurma Kymu - Treioku ¢ npopexupBanmeM 1no spemenu. Tak Kak
7
~ =2, o' =2 = —, To popmyna (2) §10 nprruMaeT BUA

J'f_ H'._..._

> 2:‘
|
H ’? 11
Vi 4 = E _S_ f? i Wik UVj'4n'§"
=0 j"'=
~m J=w? = —1, v = w* WrTak, pacnucuBasg BHENIHIOI CYMMY, NOIY4aeM
____1 !_‘-.._]_ ?’21__1
e k’ 2-” i Fy It TR : FF g tE
') z_gg_%_ E E ( 1 3 J k w"? k Q)J +2_}” — E wzJ k UZ"}” +( 1) w E wzj k ?)23”‘{‘“1
§1=0 §/"= 3"'=0 =
" (1)
¢« =%,1 k' =0,1,...,— — 1.
2
ilpum k' = 0 nonyuaem
2] N
_ H k' k' ITER1 y Ti .
Vk-‘f = E w Ug 411 ~}- w E wzj - U245/ 413 (k - O, 1, T 5 = 1),, (2)
= §1=0
e =1-
u ' n i’ 1 Tl
kaf+ﬂ — E uJ gt = w E uJ Ug i1 (k — 0, ]., ey T T 1) (3}

;

et O NBAHNE IIO BPpEMEHN paaﬁnﬁae'r MHOXKEeCTBO KOMIIOHCHT BXOOHOI'O BEKTOPAd Ha ABJ HOIMHOXXECTBA:
W= "22CTBO KOMIIOHEHT C YETHBIMN MHIEKCAMHU ¥ MEHOXeECTBO KOMIIOHEHT ¢ HEYSTHLIMU WHICKCAMU. Mmuo-

(£
EATTEBO KOMIIOHEHT BBIXOOHOI'O BEKTOPRA p&36HB&€TCﬂ Ha MHOXKEeCTBO IICPBDLIX **2- KOMIIOHEHT N MHOXECTBO
T
TN T THIIX 5 KOMIIOHCHT.

KQueCTBe IpuMepa paccMoTpuM 8-touyeunoe npeobpasopanue Pypre. Torma dopmyns (2) u (3)
ICW=ITMAIOT BUJ

Vi = Z w” Uzj + " Z W U23+1 (k =0, 1,2,3),

3 3
Vk—|—4 - Z ijk Vg5 — w" z ijk V2i+1 (k = {J, I, 2:3).

=0 =0

Tiow —2709HO BRIYNCITUTD

3 3
E : 21k § : 23k —
Vkl = Wht U9 | sz = W J V2441 (k — 0,1,233),

§=0

mrw MHOKHATH Kaknoe Vio ma wk

il

¥ CJIOXKUTH UM BRIYECTE NOJYYCHHBIE CYMMBI COrIacHO PopMyniaM

Vk:Vkl +kak2 (kzoalazag)a

k (5)
Viga = Vi1 —w™ Vi (k=10,1,2,3)
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Hns seraucnenus Vi y (Vi o) Bocmombsyemcs crora dopmynamu (2) u (3). Beenem o603nauvenus

'ﬁj = V2j (.7 :0$13213)5 7= [F
Torna

3
Vir =) @*5;  (k=0,1,2,3)

eCThb 4-TOYEYHOE MpPeobpPa3oBaBue @ypbe. Ilo dopmyaam (2) u (3) mmeem

~25k ~ ~23k
Vir = Z T g5+ szjk’vzg‘ﬂ (k=0,1),

1=0 Jj= 5 _

1 1 €
- ~24k ~ ~ ~Dike ~ :
Vk+21 — E o Voj — wk W L V2441 (k - 0: 1)
j:::{} j-::
H TaK KaK
1
Vkll == f:Jka f)zj = ‘U (:]‘Zk f’z (k = 0, 1)j

3=0

_ ~25k ~ ~2k =~ _
Vkm-—-E W 'U2J~I—1-"U1+W U3 (k‘*oal);

TO np# k = 0 nonyuaem

\
&

U4,
Vg,

Sy

I
&

npu k=1 -
V Y + th Y — ; 4 — —_
111 =Y+ W V2 =V +W Yg =V — Vg,
D
Vilo =01 + @ ’U3—--’Uz+w Vg = Uy — Vg.
Honcrasnas monydeHHbIe BHIpaXeHus B dopmymnl (6), noayuaem
Vo1 =Voiu1 + Vo2 = (vg + vq) + (g + vg),
— ~ — Z _ s s :
Vii=Vi11 +wViie = (‘UU “94) + w (’U:z - Uﬁ) = (’Ua -“1?4) —*Z("vz — Uﬁ):
Voar=VWo11 — Vo112 = (vo + v4) — (v2 + vs),
s ) g
Vai=Vi11—w0Viig = ('Uo g ’04) = @ (vz = 'Uﬁ) = (’Ua —’134) +?»("02 — ’ﬁs);
TaK KaK w? = —i.
Hockoneky mns eeraucnenus Vio (kK = 0,1,2,3) npuMeHHM TOT Xe€ METON C 3aMEHOM KOMIIOHEES
BXOIHOI'O BEKTOPA Ha KOMIIOHECHTHI ¢ HCUCTHLIME HOMEDAMH, TO, 3aMeHss U2; HA V241, HOITYIaeM

Voo = (v1 +ws) + (v3 + v7),

Vie = (v —vs) —i{vg — 17),

Voo = (13 + vs) — (vs + vr),

Vao = (v1 —vs) + 1 (v3 — uy).

Teneps o dopmynam (5) umeem

Vo= Vo1 + Vo2 = {{vo +v4g) + (v2 +v6) } + {(v1 + v5) + (v3 +v7)},
Vi=Viit+wViao={(vo—vy) —i(vy —vg)} +w{(v1 —vs) ~i(v3 —vr)},
Vo = Va1 +w? Vag = {(vo + vs) — (w2 + 1)} — 4 {{vy +v5) — (v3 + v7)},
Vi =Va1+w'Vaa = {(vo—vyg) +i(ve ~ve)} —iw{(vy —v5) +1i(vs —vy)},
Vi =Vo1— Voo = {{vo+va) + (v2a +ve)} — {{v1 +vs) + (v3 + v7)},
Ve = Vi1 —wVig ={(vg —vg) — 1 (3 —vg)} —w{{vy —ws) — 1 (vy — v7}},
Vo = Va1 —w’ Vag = {{vo +v4) — (va +v6)} + i {(v1 +vs) — (w3 4+ v7)},

Ve =Vi1 —w'Vag = {{vg —va) +i(v2 —ve)} +iw{(vy —ws) +1i (v —v7)}.
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ot ittt e T o o R PO - o S oG, (e - o T 7
o - it s

ﬁ - H . JHHHH : . ]

Vo 1 000 1 0 0 O 1
Vi o100 O 1 0 0 1
Vi 10001 0 0 0o 1 1
Vs 0100 0 -1 0 O .5
Ve 6 010 0 0 -1 0 ‘
7 c 0 01 0 0O 0 -1 B 3
1 0 1 6 1 ¢ 1 O Vg
1 0 -« 0 -1 0 = O vy
1 0 -1 0 1 0 -1 O Vo
1 0 ¢« 0 -1 0 - O Va
01 0 1 0 1 0 1 v
01 0 —~ 0 -1 0 i vs
o1 0 -1t 0 1 0 -1 Vg
0 1 O 1 0 -1 0 -1 \ U

3roT ~
‘ aJACOPUTM con?pmnr IBA HETPUBMAJIBLHEIX KOMIIJIEKCHBIX YMHOXKeHUS ¥ 24 KOMIIEKCHBIX CIIO-
sxeana (16 npeacnoxenuit 1 8 NOCTCIOXKEHMIT). J
Teneps =
pb moinyunM dopmyanl BII®-aaropuryma Kymn - Teokn ¢ npopexusanuem 1o vacrore. llpn

n
i i
¥ = — ’ S y
I =gy I = 2 dopmyna (2) §10 npunuMaeT Bun
51 1 |
r TN, LB RL dy if
th’ki’_{_kﬁ — E E {6'? k ’}fj k (,,L,?'? k vj’—!—n’j"‘.':
§1=0 j'=
. B
-—= 3 =w?, v =w? = —1. PacnuceiBas BHy TPEHHIOIO CyMMY, DOJIY 4aeM

£ n _
2 i 2 1

iy ! P ) i TN . H .
Vap' +a9 = Z B k w-’lk” (’Ujf n (ﬂl)k Ujf+:g.) — z 2k wjfku ('vj; n (_1)Ic v ), (7)

jJ: j":

ﬂ n
e =0,1,...,5 — ; K" =0,1.
Doz k" = 0 ¢opmyna (7) npuHEMaeT BUN

21
2
. .y Tt
Vap = »_ w7 (vp +0jg (k' =0,1,...,5 = 1), (8)
e
—a k' =1-
£—1
g ! ) it
V2k’+l - wz-" k w’ (’Ujr — Ujf.;.z%) (]{?’P = 0,1, A -§ —_ 1). (9)
j'=0

Oro BEKTOpPA Ha AB4 noAMHOXEeCTB4, COOEPXKAIHE COOT-

n
He — KOMIIOHEHT. KOMIOHEHTHI BEIXOLHOTO BeKTOpa, pa3du-

BEeKCaMW M MOAMHOXeCTBO KOMTIOHEHT C HCUYEeTHLIMHU

JroT ATFOPUTM pPa3dUBaET KOMIIOHEHTBHL BXOIH
n

>>TCTREHHO TIEPBHIE — KOMIIOHEHT M HOCJCNH

-nroTCS HA TOIMHOXKECTBO KOMIIOHEHT € UCTHBIMU IR

FEOCKCAMI.
BepueMca K 8-TOU4eqHOMY [peobpasOBatmio dyppe ¥ TOCMOTPHM, KK BEITJIINT IrOpuiM ¢ mIpope-
(8) u (9) nomnydaeM

~<pEBAHMEM 10 YACTOTE B 3TOM Ciydae. TaK XakK n' =4, n' =2, To u3 dopMy

3
Voo =3 Wt (v +uaeg)  (k=0,1,29) (10)

j=0

Y



3
V2k+1 — Z w?jk wj (’Uj === ’U4.|_j*) (k = O, 1, 2, 3) (11)

j=0
Hna seraucnenns Vop Bocnons3yemcs cHoBa dopmynamu (8) u (9). Beeuem ofos3uaxenus:
W=w, Bi=vituvgs (=0123), Vi=Vu (k=0,1,23)

Torna (10) sanuueTcs B BUAe
3

=) a*5; (k=0,1,2,3),
j=0
T. €. B Bune 4-touednoro npeodpazopanus Oypoe. MmMeem

1
Var = ) @%* () +8245)  (k=0,1),

3=0
” 1
Vaksa = ) 0%%@7 (85 - 5a15) (K =0,1)
j=0

U1

ng — (50 + ‘52) +- (Dzk (51 + ’53) = 1(‘2,’0 ~+ ’04) -4 (’02 -+ ‘Uﬁ)} ~+ w4k{(’b‘1 -+ '05) -+ (?)3 -+ "07)},

X ] TR (12)
V2k+1 o (’Ug — ’52) -+ w% W ('U1 — ’{,73) e {(’U{) + "U4) -— (Ug -+ ’03)} + w"‘k” {(’U] -+ ’U5) - (’{33 +- ’U7)}
(k=0,1). |
IoncTapiisas B nonyuenusie hopmynsl (12) spauenns k, nonydaem
npn k=0 —
Vo = Vo = {{(wo + v4) + (vg + vg)} + {(v1 + vs) + (v3 + v7)},
V2 = ffl = {(“t‘}g “I- ?}4) e (’Uz -+ ’Uﬁ)} +w2 {(?}1 -+ ’05) = (‘U3 +’U7)},
(13)
mpn k=1 —

Vi = f’; = {{vg +v4) + (vg + ’Us)} +w4{(’01 + v5) + (v3 + ‘UT)};
Vo=Vs = {(vo +v4) — (v2 + ve)} + w® {(v1 +vs) = (v3 +v7)}-

Teneps nonyuum dopmMynsl and koMaoHeHT Vary1. Tak kax dopmyas: (11) ornmuaroTces oT GopMy
(10) TeMm, 9TO BMECTO CYMMEI COOTBETCTBYIOIMX KOMIOHEHT BXONHOTO BEKTOPA CTOMT PA3HOCTH ITHX

KOMIIOHEHT, 3 TaKXe IPUCY TCTBYET HOMOJAHUTEIbHBIN MHOXUTENDL &Y, TO aHAJOTUYHEIE BBEIKJIAOKM MOXHO
ONYCTHTE U 33aIHCATE PE3YALTAT Cpa3y |

1= {(vg — vg) +w? (V2 — )} + {w (v1 — vs) +w (v5 — v7)},
Vs = {(vg — v3) — w? (v3 — v6)} + w? {w (v — v5) ~ w® (v3 — vy)},
Vs = {{vo — vq) + w* (vg — vg)} + w*{w (v1 — v5) + & (v3 — v7)},
Vi = {{vo — v4) — w? (2 — vg)} + Wb {w (vy — vs) — w? (v3 — v7)}.

Yunresad, uTo w® = 1, oTKyzaa

(14)

2 - 4

w® = —i, w?=-1 w®

3

=i, W =—iw, W= 4

—w, w' = 1w,

3anuiieM NMOJIyUYeHHB aaroput™ u3 dopmyn (13) u (14) B MmaTrpuysOoM BHTIE

Vo 1 1 1 1 0 0 ( 0O 1

V1 0 O 0 0 1 1 1 1 1

V5 1l —2 -1 ¢+ 0 Q0 0 0 1

Vst 10O O 0 0 1 -2 ~1 1 1

Wl 11 -1 1 -1 0 ¢ Q { 1

Vs 0 O U o 1 -1 1 -1 w

Ve 1 2 -1 - 0 0 0 0 —1

Ve 0 0 0 0 1 1 -1 -1 w®




1 6 00 1 0 O 0O vy
¢t 100 0 1 00 0 Uy
o 61 0 0 ¢ 1 O Uy
c o0 61 0 0 0 1 U3
1000 -1 0 0 O V4
o100 O ~1 0 O Uy
0 0 1 ¢ 0 0 ~1 0 Vs

o 0 01 0 0 0 -1 V7

HonygerHb# aArOpUTM COOEPXUT ABS HETPUBMAIBbHBLIX KOMIIIEKCHBIX VMHOMXKEHUS ¥ 24 KOMIIIeKC-
HBIX CroxeHni (8 npencroxennit u 16 nocrenoxkenwit). Taxum o6paizoM, XapakTEPHCTHKA IBYX PACCMOT-
PEHHBIX QJTODUTMOB BLIYHC/ICHNSA 8-TOUEUHOIO Npeodpa3oBanusd Pypee COBIANIOT.

OTH [ABa anrop@iMa OTIHYAIOTCH CTPYKTYPOH M IMOCIEOOBATENLHOCTHI) BLIVUCIICHNWH, HO WMEIOT

OLHO ¥ TO Xe 4ucyc onepanuit. JIonpobHO paccMOTpUM TOMBKO XaPaKTEPUCTUKU aJITOPUTMa. € IPOPEXHU-

| n
BAHHUEM 110 BPEMEHH. OTOT AJATOPHTM CBOOUT n-TOodedHOe npeobpaiopanne Oypre K IBYM — -TOUETHBIM

y,

I HEKOTOPHIM AOIOIHHTEILHEIM YMHOXKEHEHASAM ¥ CIOXeHWSM. YacTh @3 YMHOXKEHUI IIPEICTABIAIOT CO-
b0t ymuOKeHns Ha t1 mam va +¢. Ounm TpuBMANLHEL U He TPe6YIOT HeMCTBUTEILHOTO BEIYMCICHUN. B
alropuTMe UX MOXHO 00pabDaTHIBATL OTIEJILHO.

. AsropnT™ paboTaeT DEKYPCHBHO, pasbuBag Ha KaXIOM LIATe N-TOYeYHOe NpeobpPasoBAHME HA ABA

3 -TOYEYHBIX, KOTOPLIE B CBOIO ouepens pa3bMBalOTCs TOYHO TakuM ke obpazom. M3 dopmyn (2). (3)

BUAHO, 9TO 4ucio Me(n) koMnnekcHux yMHOXeHul n-toyeunoro BIID ynosneTBopseT pexyppeHTHOMY
VPABHEHUIO

(1’ 1t .
M{:(ﬂ) = 2.17\/[(: (5) - "2", (15)
a ancino Ac(n) KOMIIEKCHEIX CJIOXKEHNN — YPABHEHHIO
(4
Ac(n) = 2Ac (5) + 1. (16)

Ecau n = 2™, 10 pelueHHs 9TUX YPABHEHNH (YTO HeTPYJAHO HPOBEPUTSH) JAIOTCS PABEHCTBAMME
72
Mg(n) = 5 logs 1, Ac(n) = nlogan.

Eciiv peanum3oBaTh KOMILIEKCHOE YMHOXEHHE C IIOMOIIBI0 YETHIPEX BEIUECTBEHHBLIX YMHOXEHWHN H
ABYX BELIECTBEHHBLIX CAOXeHui, To xapaxtepuctuky bll® najporcs paBenCrBaMu

Mr{(n) = 2nlogs n, Ar(n) = 2nlogamn + 2 (g—) logan = 3nloga n.

Fcnu peain3oBaTh KOMOIEKCHOE YMHOXEHHE C INOMOLUBIO TPEX BEUIECTBEHHBIX YMHOXEHENE ¥ Tpex

BEHICCTBEHHBIX CJACKEHNN, TO XaPaKTePpUCTHKHA UMEIOT BUI
3n 3n n
Mp(n) = 5 logs 1, Ap(n) = 5 logom + 2nlogzn = 5 logo n.

Fenp sHOPOCHTE BCE TPUBUAJIBHBIE YMHOXEHUH, & T

H3, :
n _ 2w % —iw ]."—?;
e = te n — e 4 =

AKOKE BOCIOIBIOBATHCA CHEUMAIIBHBIM YMHOKEHUIEM

TG YRCIO YMHOKEHUN eflle yMEHBIINTCA.

1 —1 ) ]
VMHOXEHNE HA 7 TpefyeT BCEro ABYX BEIeCTBEHHBIX YMHOXCHUN K ABYX BENIECTBEHHLIX CJIO

xeuanil. JIencTBUTENBHO,

Eca yuecThb BCE 5TO, TO XapaKTePUCTUKH BII® mveroT Bun

(7logzn — 10) + &.

bo| S

Mg(n) = % (3logan — 10) + 8, Ag(n) =

99



813. Anrorut™Mm Kynu — ThbIOKY 110 OCHOBAHUIO YETLIPE

Paccvorpum bII®-anroputm Kymu — Teioku no ocHOBaHMIO HeTHPE ¢ IPOPEXNBAHNEM HO BPEMCHH.

j ., ) n s
Y passenns 3T0i GOPMEI AJIMOPUTMAE MOKHO HOAYYUThL HPOCTON HonCcTaHoBkok ' = 4un/ = 1 (n = 4™}
B ofitiee ypasuenne (2) §10:
2 a4
. k? k” H&H 7 ] T n
Vi i = E g W § AT e (K =0,1,2,8; k =0,1,...,7 1),
jf:.; }i’f:—__
roe B =wd, v=uwt
1% . 2im - iz :
Tak xak w =€ v ,To f=e7 4 =€~ 2 = —i, nosromy GOpMYNLI DPHHUMAIOT BUT
3 3= -
% <f i s2F 3y i7
V%kf+kff -— E '(*—"?,)j w*’ 'k E {..043 5 ‘UJ 443" (kr — 0, 1, 2, 3.. k” - 0, 1, . ey Z = 1)
jl': jh\‘_
Packpoem BHeHIO cymMmmy 1o j’
Z -1 =l
. 4 kaf kf H’ 4 H’kH
V'g:'-k"'{—k” = E (i J ‘U43u -+ (“—2) E W J 1}43 41
H.._G H.__
| z_1
A2k gk 42 43"k 3K 3k 4'2 45"k
+ (1) w W T vgggg + (—9) W w " vy
3”“ jn___o
n
Hua ' =0, k" :-:0:,.1.;...,—4- — 1 nonyuaem
i 31 % —1 21
1; 43h’kl’f k” 43-?! k” 2;3” 431?# k”’ Bkl’i’ 4‘?-”;‘:}‘?
g = E W Ugjrt + W E W Vaj+1 + W E W Va4 + W E W V44" +3;
H"_...U jh‘.;:O 33.\“_.._. ji!:{)
mas k' =1, k" =0,1,...,- -1 —
1 s p et B 4
21 gl
|H' {f kr? 4 ffkff F! 4 «ff fi’
ﬂ-.;_;.;ff = E f.d Va4 + ("Z)w E W Vg4t 41 — E W Vazr 42
H’.._. H’..._ ”‘-_._
noq
. 3kff - 4jf?kﬂ'
+ W E W Vaj' +35
170
n
k=2, k' =01, ,Z-—-l -
%:— ettt %-‘- H‘I“l %_1
. 44"k 'Y, 45 k! H SINRLi Y el g df
V-g-+k” = 2 W Uggrr — X ¥ E wh Va0 41 + w2k E wh 'k Uqy' 42 — W E w V4543,
jh': j!}zi} j?ﬁxc' Jff.,_.
K =3, k"=01,...,— —1
s k' = 3, =0, 71 —
2y 2_j B
TERL, J’ IR 17 Sty It
Van g E Wik Va4 + fw” E Wik Vajig1 — W™ E i V447 42
4
= =0 711 =0
n_1
. i vt g 1}
+ (“‘Z) wgk E w43 i Vg5 +3-
‘?‘H':D
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Homyuennsie GopmMynnsl MOXHO 3aTIMCATHL B BUAEC

z_3
4 43k |
Vi 1 1 1 1 Lijzo W vy
B x—a o 45k
o e _ |
Ve | T{1 o1 1 ]| ke g,
k4 32 1 ¢ -1 —i n g
7 w3k Ef__jg BRELE Y
n
ot k=0,1,..., — — 1.
. n
Hns xaxnporo ua 1 PacCMaTPHUB3IEMBIX 3HAYCHUN MHIEKCA A TaKOe MATPUIHOE VPABHEHWE OOpene-
JI%€T “YeThIpe KOMIOHEHTHI npeodpasoBanus. 3TOT METON IO3BOJISET n-TOYeqHOoe mpeobpasonanue Py-
n
DBE€ 3aMEHMTH YeTEIPBMS 7 ~TOUeTHBIMY npeobpasopanusaMmy Pypbe R HEKOTOPBIMU JOIOIHNTEILHBIMH

BprauciaennsMu. W3 coormomrennit (1) cnepyer, 4ro Ond KAXAoro k MMeeTCs TONBKO TPH DA3NUUHBIX
KOMIITICKCHBIX YMHOXEHUA U 8 KOMILVICKCHBIX CJIOXKEHUH, Tak Kak mMaTpuuy u3 (1) MOXHO Dai’loxuTh B
IPOU3BEAEHUE

1 1 1 1 1 0 1 0 1 ¢ 1 0
1 — -1 ¢« | {0 1 0 -4 1 6 -1 0 (2)
1 -1 1 -1} {1 0 -1 0 c 1 0 1 |°
1 ¢+ =1 - 0 1 0 1 01 0 -1
Takum 06pa3oM, PEKYPPEHTHOE YPABHEHME [JIf YHCHA VMHOXEHUN NMeeT BRA
7 3n
Mc(ﬂ,) = 4MC (—4') + —4"—'

Ero pemrenue naercsa popmynon
3

M¢(n) = 7 nlogsn.
Tak xax Ha caMOM BHYTDEHHEM IUare yMHOXeHui soobuie Het {4-Toueunoe mpeodpa3OBaHIe Pypoe HE
CONEPXUT yMHOXKEHMN), TO obHIee YMCIIO KOMIZIEKCHBEIX YMHOXEHHUHE NP DEKYPPEHTHOM IPUMEHCHUN
anropuT™Ma paBHO |
3 3 3 3

Mg(n) = anomn—— ridte —4-7?,(8094?1— 1) = gn(loggn~2).

PexyppenTHoe ypaseeHue OJig YHC/IA KOMILIEKCHBIX CIIOKEHHI aTrOpRTMA

Ac(n) =4 A¢ (—2) + 2n

UMEET PEeLICHHE
Ac(n) = 2nlogsn = n logs n.

Ecan as BeIMKCIIEHNA KOMIUIEKCHEIX YMHOXEHNH HCIOIL30BATE AJITOPUTM C TheMs BEIeCTBEHHEIMH
YMHOXKEHHAMA U TPEMA BEUICCTBCHHLIMU CIIOKEHUSAMM, TO XapPaKTEPUCTUKHN AJITOPUTMA HAal0TCs pDaBeH-
CTBaAMH

9 9 23 9
Mp(n) = 3" (logan — 2), Ap(n) = 3" (logan — 2) + 2nlogam = 5 nlogan — i
IIpnvep 1.  Hauwmem ¢ 4-toueurnoro npeobpasoparus Pypwe. Takx xak w = e~ % = —i, To obmas

dbopMyI1a IPUEEMAET BUI

3
Vk — Z (“i)jk V4 (k = 01 1:2! 3)3
J=0

T, 6 Va 1 1 1 1 Vo
iy _ 1 - -1 ¢ ], (3)
vl {1 -1 1 -1 V2
Vs 1 ¢ -1 = V3

COOEPKHUT HETPUBNAILHBIX yMHOXKEHNA. KOMITICKCHBIX CHOKEHNM,

ITOPUTM, OUEBUMIOHO, HE
DTOT a’arop ’ 4 hopmyLy (2)), morpebyercsa BCEro 8.

COCJIACHO NMPOOETAHHOMY BbILLE PA3JIOKECHHIIO M&Tpﬂéjfl (cM.



HOpumep 2. Hocrpomm anroputm 16-Toueunoro npeotpasosamua ®ypwe. Tak xak n = 4°, 10

n' =4, n" = 4. Kpome toro, w* = —i, w® = -1, w!* = i. Torna dopmyast (1) nmeoT Bun
=0 (=) v
Vi 1 1 1 1 ) =0 \"% N 4]
— —— Y “ e — Vs
Vk+4 — : , ' Z wgk zj’o:“ﬁ ( %.) ik wr (k — 0} 1:21 3) (4)
Yk+8 1 -1 1 —1 9, Zj:[) (—?,) U4J+2
Veri/ ALt S\t 3 (<07 v
Brenem 0003HaveHuns
3
Vie=Y  (—i)"" vajs 1=0,1,2,3; k=0,1,2,3).
§=0
Torna,
Vi 1 1 1 1 Vio
Viea | {1 —i =1 3 w* Vi1 _ 5
Vk+3 - 1 -1 1 -1 wz"" Vi o (k =0, 112’3) ( )
Vit12 1 ¢ -1 = w3k V. 5

Kaxmoe Vi; (1 =0,1,2,3; k=0,1,2,3) ecTb KOMIOHEHTa COOTBETCTBYIOIIErO 4-TOUEYHOIO NPeold-
pasosanns Pypre, a numenno sexrop (Vor, Vi, Vo, Va) ects 4-Toueunoe npeobpazopanne Pypbe BEKTOPA,
v; = (vg, Ugra, Viss, Vigi2), T- €

V{j; 1 1 1 1 (&)
Vi 1 —1 -1 V44

_ = 2).
Vgl 1 -1 1 —1 Vi+8 (l 0’ 1’2} )
Vgg 1 3 -1 —2 Vi+12

Taxum obpaszom, seruncnensne Vi, (1 =0,1,2,3; k£ = 0,1,2,3) He comepxuT onepauyii yMBOXECHN,
onepaiiuy CIOXEHUS 3/1eCh Tpebyercsa 8 - 4 = 32.

Hanee, nig BEIMMCICHUS KOMIOOHCHT Vi no dopmynaMm (5) norpebyercs 9 HETPUBHAIBHBIX yMHOXE-

auii (o 3 ymuoxenns ans k = 1,2,3) n 84 = 32 cinoxenust. Taxum obpasoM, anroput™ TpedyeT BCETO
0 KOMIIJIEKCHBIX YMHOXEHNNA ¥ 64 KOMIJIEKCHBIX CJI0XEHMS.

B MaTpuuHOM BHIE NOIYYEHHEIH AJITOPUTM MOXHO 3a0MCaTh TaK!

V=BWAv,

e



1
W
w?
=:‘_}3
1 2
w?
wﬁl
wﬁ
|
{.03 _
wﬁ
49
0
1
0
0
0
1
0
0
0
1
0
0
0
1
0
0

10001 0 0 0 1 0 06 6 1 0 0 0
6t 00 0 1 0 0 0 1 0 0 0 1 06 O
0010 0 0 1 0 0 0 1 06 0 0 1 0
6000150 0 0 1 0 0 0 1 0 0 0 1
1000 - 6 0 0 -1 0 © 0 i O 0 0
6100 0 - 0 0 0 -1 0 0 0 ¢ 0 O
6010 0 0 - 0 0 0 -1 0 0 0 i O
410001 0 0 0 - 0 0 0 -1 0 0 0 i
1000-1 6 0 0 1 0 0 0 -1 0 0 0
0100 0 -1 0 0 0 1 0 0 0 -1 0 O
6 010 0 0 -1 0 0 0 1 0 0 0 -1 0
0001 0 0 0 -1 0 0 0 1 0 0 0 -1
1000 ¢ 0 0 0 -1 0 0 0 —i 0 0 0
0100 0 ¢« 0 0 0 -1 0 0 0 —i 0 O
0010 0 0 ¢ 0 0 0 -1 0 0 0 —i 0
600601 0 0 0 ¢ 0 0 0 -1 0 0 0 —i

Honyt%m dopmynn anropuTMa Kyimm — Thioku 0 OCHOBAHUIO YeTHIPE ¢ NPOPEXKMBAHUEM 110 YaCTOTE,
T.e.n' = —, n' =4 (n=n'n"=4™). Torna s obwei popmyae (2) §10 4 = w*, v = w7 u noayyaem

4?
=
4 -J‘kf -ka' H’ M n {
de’-{—k” = E U ] w-? Z (Lu“f"‘)j Ujf.;.%jn (kf 30,1,....,1-"1; k’ "‘—-—"0,1,2,3). (5)
= F11=0
Y UuTHIBAA, Y4TO
n _ 2w % __im
Lpp e z= (p n ) = 2 = —1,
PACIMIIEM BHYTPEHHIOW CyMMy B (6)
%*1 " 1. 1 k”r ?k”’ 5 3&!!
Vagr o = E W E IR Jys + (—1)" vppn (1) vjigp T+ (~1) vj,+.§_f_} ==
Jj'=0
..-_1 | . k' e (7\)
E w4jk u)jk {U_’] +( Z) ?)j+n +( 1) Uj._i_ﬂ- +1 UJJv%Tl}
31=0

(k" :0,1,...,% ~1 k' =0,1,23).
| 63



Ona k' = 0 nonvuaem

2.y
4
n
45k _ 1y
Vair = :>: W™’ {vj+vj+%+vj+%+vj+:%_} (k‘-—-—-O,l,...,4 1};
§=0
pua k' =1 —
%1
: n
: 4ik ’ . ' . N . — R ¥
V4k+1 = E Wt ol {vj-zv3+% vH_ﬁ_—i-wH%_} (k-—o,l,...?.{l 1),
=0
gna k"' =2 —
21
n
45k , 2j _ o
Vagys = E w*J wJ{vj—vj+%+vj+%#vj+%ﬁ} (k--0,1,...,4 1);
=0
mg k' =3 —
n 1
- n
— 4jk , 3 L N _ o
Vagss = E W W {vy +ivges —vppr —ive) (B=0,1,.., 1 1).
1=0
Bregem obo3sHaduenns
= ! ) v 1) v, by ) (1=0,1,2,3; j=0,1,...,— —1)
Vjit = w (1’13'_*(—'%) Uj+%+(*)b3+%+(’£) vj-i—%’l =U, Ly49;, 7= U AR I :
TOC O JoNy4YeHHbIe QOPMYNLI IIEPENNILIYTCI B BAIE
n_]
45k
Vir = E W,
=
n_j
Z 45k
V4k+1 = W Vi1,
=0 n
! (k=0,1,...,—=—=1)
i 4
_ 45k
Vigpo = E w™* vjg,
=
_Ll._..
_ E: 45k
VZUE-H?' — w*/ U;3,
o
n
T. €. OsATh N-Toue4yHOoe npeobpasopanue Pyphe CBOAUTCA K YETHIPEM 1 -TOYCYHEIM ¥ HEKOTOPHM OO

HUTENLHBIM YMHOXEHUAM U ChoxenusM. PekyppenTHbIe YPaBHEHUS A4 ONPEOc/IeHNS YUCIa VMHOKEeHNH

¥ CTIOXKEHMK 3TOrO aJrOPUTMa TaKUe XKe, KaK LM aJIrOPUTMA ¢ HPOPEXUBAHMEM II0 BPEMEHH, a 3HAYUT,
¥ CJIOXKHOCTB Ta XK€, 4TO ¥ ¥ AJAFOPATMA C HPOPEKUBAHMEM 1O BPEMEHM.
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814. AnropurM I'viA — TOMACA BLICTPOI'O ITPEOBPA30BAHUSA ®YPLE

OTOT alrOpPUTM TaKXKe NEepeBONUT OnHOMEpHoe npeobpasoBanue Dypre B asymepnoe. Ipu sToM
PA3NIOXKCHNE IJINHE npeobpasopanus n B npomssenerune n'n'' pomxHo GBITH TakuM, yTO ' u n'' BlauM-
HO HPOCTHIE uKcaa. (JCHOBOR xe 0TOOpaXkeHus JIMHEeNHON NOCISNOBATEILHOCTH B ABYMEDHYIO Tab/HIly
CIIYyXKHUT KUTaWCKas TeopeMa 06 oCTaTKax.

BxonHele HEAEKCHI 33A310TCH BRIYETAMHU [0 IPABUIY

= 41

7' =3j (mod n'), 7" = 7 (mod n" ).
CoraacHo KRTaIACKOM Teopeme 06 OCTATKAX CYIIECTBYIOT Takue nekle ynciaa N n N, 4To BeIIOmHAeTCS
j — j!.fvnnﬁ +jH "fnf (mOd ?,,&)j
rae N'n' + N'"n" = 1.
Bxonsbie unnekcrr onpegensaores unaye. [yers
k' =N"k (modn'), k' = N'k (mod n''),
TOT 4
k=n"K +2'k" (mod n).

HeicTBuTEIILHO,
k=n"(N"kE+n'Q) +n (Nk+n"Q:) (mod n'n") =

kE(N"n" + N'n'y + (Q1 + Q2) n'n" (mod n'n" ) = k(N"n" + N'n') (mod n) = k.

Bo BHOBE BBeAeHHBIX 0003HAMEHUIX MHACKCOB HOPMYIa
n—1
szzwk'uj (k=0,1,...,n—1)
i

npeobpa’yeTcs K BAIY

n'—1 n'' -1
Z w(j’f\r”n”—i—j”N!?I’){n”k"+ﬂfk”

LR j—
j ==

V.

nrfk1+nfkff (‘rnod ,n_) = E )’Uj*N”n”—}ﬁj”N’n’ (mad n) (1)
j'=0

Tak xak nopsaok srneMenTa w papes n = n'n’, 1O

. y ! 3 ) 2, > 2 . < Ay ,
w(ju\'r”ﬂ”“rj”Nfﬂ )('ﬂ”k!-[r-n:k”) _ wN '(ﬂ”) j;kr wN"('nf) ‘}rrkn w{ "N”k”+3”N’k’)n’n” _
rt PENE 1 g} ! IN2 it g i
wN (n)jkwN(n)}k '
Brenem obosuaaenuda
N”(ﬂ-”)z ,N’(n')z 7 . |
IB — W 7 T =W 1 Vk' k' — "n”k’—kn’k” { mod n ) Ui 500 = Uy Ntpt 3" Nin! {(mod n):
Torma (1) nprMer BUK
n —1 n' -1
_ NN NTENL, . i
‘/kfkff = E E aj k ,73 k vj,j’f (k! :0! 13-t-=71"_‘- 1; k” :05 1314-"1?'2' - 1)- (2)
j?:O j.-ff:O
AL
[Tockoneky w = e~ = , TO
, N”’( u)ﬁ o N”ﬂ” T
g (o) ()T e,



Tak xax N'n" =1 (mod n'). 3uauur, § ecTh KOpeHsL cTeneHun 1’ w3 eOUHNILL. AH3IOTHYHO,

k.

I
N'(n'}? _ . 2Zin N'(n') — 2im N'n/ _ Zinx
Y =W = e nia! —le =»nf = £ n'

Tax kak N'n’ = 1 (mod n' ). 3uauur, v ecth KOpens crenern n” n3 enununie. Ilepenumem $opMysIED
(2) B BUIE

n' —1 n'’ —1
T it ! NIERT ! '
vk"k” == E B']k E ’Y‘? m 'Ujfjn (k,:(j}l,...}n!'—l; k:”:{]a]-!"'?n’ ........1)* (3)
3'=0 gll= :

3aecs BHyTpeHHee npeobpasoBanne ecTh n''-rouewnoe npeobpasopanne Oypne BEKTOPa (Vjrg, Ujrts -« -,
Ujr pri—1), @ BHEIIHee — n'-ToueqHoe npeobpasosanue Pypbe BeKTOpa, HOIYUEHHOLO B PE3yNbTATE BHYT-
PEHHEro npeobpa3oBaHn.

YUncno YMHOKEHMN 1 YUCTIO CIIOKEHM pasHo npamepso n(n' + n'').

Ecnu n’ uan n” asasercs cocTaBHBIM YUCIOM, TO MGXHO B CBOX OUEpenb BHEIDHEE WM BHYTDEHHee
npeobpasopasne pas3buTh eine pas, npumensd ajroputM bll®. Ecan nomuaa npeobpalsoBasus n pasnara-
eTCsl B IPOU3BEIEHNC ITOMAPHO B3AMMHO IPOCTHIX MHOXYUTEICH

8
v
=1

To onucangas dopma bIIP-anropurMa TpebyeT IpuMEPHO

L
g) E T
=1

YMHOXKECHUN U CTOJIBKO XK€ CIOXKESHMI.
HMpumep. TlocMmorTpuM, xak BLITJISAST BXOOHAA W BRIXOnHas Tabnmusi npu n = 1J.

B stom ciiyaae n = 3-5, nyete n' = 3, n' =5, rorma N' = -3, N" =2 (=3n'+2n" = 1).
Bxonwoi BexTop otcbpaxkaercs B Tabnuiy

Uy Vg Uiz U3 Ug Ypg Upi1 Yg2 Vg3 Vg4
UVig U3 Uy M3 V4 = { V10 Vi1 Uiz U133 UVid
Us Ui VU Vg Vig Uapg U1 V22 7T23 U24

Han xaxnoit crpoko#t 3TOR Tabiiunsl NPOU3BOOUTC S-ToUedHoe npeobpasoBanne Dypoe
4
F1 3 )7
o k ol
Tj! kit = Z "}/‘? ’Uj.* j” (J i 01 112)!
' j”:ﬂ :

B pe3yiIbTaTe NOJyYaeTCsa HOBas ABYMEpHas Tabinuna

oo Toi1r Tg2 7oz Toa
re Tiy 7Tiz Ti3 Ti4 }
Tog T21 T29 T23 To4

HAH KOXKHLIM CTONOLOM KOTOPOH MPOM3BOAUTCS 3-TOU4euHOe npecOpasosakue Oypre
2
o B Y J
Viewr = 3 B ¥ rje (K'=0,1,2,3,4).

3'=0
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HoayuenHsle pe3yibTaThl 3alUCLIBAIOTCA B Tabauiy

Voo Vor Vo2 Vo3 Vpu Voo Voo Vo VWV @Vio

Vio Vit Via Vis Viu 1l =1l Vi, Vg Vi Vi Ws
Voo Voi Voo Vo3 Voyu Vie Vis Vi Vi W

(k" =2k (mod 3), k"= -3k (mod5), k=35k"4+3k" (mod 15)).

Jlanee, U3 nonyueHROR TabnuIE BeIOHPAIOTCS KOMIOHEHTH! BeixogHoro sekTopa (Vo, Vi,..., Vis).

Moxwuo cTpouTs anropurmss, conepxkainue BIId-anropnrm Kymu ~ Twokn u BII®-anropurM I'yna
- Tomaca onuospemenno. Hampumep, mcnonsizyvs BI®-anroputv Uyna - Tomaca, Moxuo 63-1oueunoe
npeobpasoBanue Pypre pazbute Ha 7-ToOUeyHOe ¥ 9-TOYedHOE, & 3aTeM, ucnons3vs blId-anropurm Kynn
— T'pioky, 9-Toueunoe pasbuTh HA NBa 3-TOYEYHHIX. Buiumcaenus npu 5ToM npeobpasywTcs B GopMy,
aHAJIOTHIHYI TpexMmepHoMy (3 X 3 x T)-npeobpasosannio Dypre.

1000-roueunoe npeobpasoBanne Dyphe MOXKHO Pa3buBaTh Ha npeobpasoBaHns MEHbIICH OJIMHBL Pas-
HeIMHK criocobamu, rcnois3yqa blId-anropurvmer I'yaa — Tomaca 1 Ky — Teioku, Kaxnawin crnocod Syner
cozepXarTh 2-TOYeUHBIH MOLYIbL TPHU Pa3a M 5-TOUeYHbIN MOAYIL TPU Pasa:

1000 1000
125/ TN\ 8 0 KT, N 100
s A1\ 2 2 [ KT 4 > /fo1. \'s 10 /K- T\ 10
5/ K- T\ 5 2 /K- T\ 2 2 -1 \5  2\r-1\ 5
1000 1000
2 [K.-T. 500 - 20 K-T. 50
2 /K-T. 250 4 /1T . 5 2 [/ T-T. \ 25
> /o-T 125 2 K- T. % s KT \ 5
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1000 1000

'y K-T. 250 5 /K-T. \200
& FE-T. B 50 / K-T\ 5 9% /' T-T. \ 8
2 F.—-T. \ 25 K-TN\ 5 2] K-T
5/ K-T. \5 o /K-T. \ 2
1900
25 KT 40
5/ K-T. \U5 4 K.-T 10

Bce 3T cocobwl cyniecTBeHHO pas3ianydbl, Tak Kak blId-anropuTMel 17 ManbLIX MOAYIEN MCIIOIb-
AYIOTCH B PA3HOM INOC/IEHOBATENEHOCTH. MCIO YMHOXEHHMN M CHOKEHHH, YYBCTBATEILHOCTD QJINOPUTMA
K NOTPEITHOCTSM BLIMUCIICHMIT U JIETKOCTH DEATM3AINA AJCOPHUTMOB TAKXKE Pa3IIHIHLL
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§15. AnrorutMm PEANEPA B CNYYAE, KOI'IA JIIUHA [TIPEOBPAZOBAHUS PABHA IPOCTOMY UKCITY

OnarM 13 3ddex TUBHLIX CrIOCOBOB BRIUMCICHUS AUCKPETHONO mpeobpazosatug Dypee IBa4e1Cd CBe-
[E€HNe K BHIMUCICHMIO cBepTku. AsmroputMm Pefinepa nossoasger csectu HIID x nmxmuueckoit cseprke,
eCi TOMIBKO IUINHA Npeolbpa3oBanusd ABJILETCA NPOCTHM 9HUCHOM. Ero MOXHO MCHONB30BATL NPKH BEIYUC-
JIeHU X B JII0OOM 110J1€e.

lis1a nepenHAeKCAMA KOMIIOHEHT BXOTHOTO BEKTOPA BOCHOJIB3yeMCs CTPYKTypoil nons GF(p) 2 Z,.

* : o r
( Z;, = GF(p)" upm upocrom p aBigeTcs TUKIMYECKOM rpynnoi mopanxa p — 1.) Hycts 7 — npumu-
TUBHBIN 37IEMEHT HTOIO NONA, T. €. IEMEHT nopsigka p — 1. Torna kaxnoe He MPEBOCXONAINEE P IEJIOE
NOMOKUTENHHOE UNCIIO MOXKHO ONHOZHAMHO 33IMCATH B BUOE CTEIICHH YJIEMEHTA 7. 14K KaK MHIEKCH j U

k B dopmynax npeobpazosanus Pypbe OPUHUMAIOT ¥ HYJIEBBIE 3HAYCHENA, TO 3TH KOMIIOHEHTH BXOMHOIO
¥ BBRIXOOHOIO BEKTOPOB YHODHO 33NKHCHBATE OTHAEILHO!

p-—1 (1)
Vk:UO"]'ijkUj (k=1,2,...,p—1).

IIycTe r(j) 0603HaYaeT €ANHCTBEHHOE Li1d KAXHOr0 7 0T 1 0 p — 1 uenoe uucHo Taxoe, WTo B 1oie
GF(p) BoImoNHACTCA PABEHCTBO

WT(‘?) — J..
Dyuxnug r(j) eCTh BIAMMHO OAHO3HAMHOE OTOOpaxenuwe MHEOXecTBa {1,2,...,p — 1} Ba cebg, T. e. oHa
3aaCT NePecTaHoBKy Ha MuHOmecTBe {1,2,...,p— 1} Teneps V, (k =1,2,...,p — 1) MOoxHO 3amucaTs
B BHJIC
p—1 :
r(5)+r(k)
V,frr{k) = Uy + E _ QJ?T Vprd) - (2)
j=1

BseneMm obosnauenns:
| = r(k), m=p-—1-r(j).

Brifepem m B xauecTRe UEICKCA CYMMUPOBAHHS, B Pe3yALTATE (2) NEpenumeTcs B BLIE

Vi = v + z wﬂ':’hm Vpp—i—m (3)

taK Kax P! = 1.
O6o3raunm V: gepea V) u v p-1-= — wepes v! , Toraa (3) npuaumaer pun

p—1
) ai™
V} = g + E W Uy - (4)
m=1
A= (p=1) o
3ameTuM, 4TO mpu ™ = p — 1 monyyaeM B cymme (4) unen w Vpo = w' vy, npu m = {

! t i
noayuaeMm w” vy = W U -1 = WT V1, T. €. TOT XK€ WIEeH, HOITOMY Hpeleibl CyMMHpOBaHUsA B (phopmyie

{4) MOXHO U3MEHUTE
p—2

i—-m
Vi = v + Z 9% | (5)

m =0

ar ; . 4 ! :
Mpl COYYMIM VDABHCHWE AJIS BEIUMCICHMA IUKIMYECKOW CBEPTKHU MOCIENOBATENHHOCTEN {v, .} m

{w“m }. Takum o6pa3oM, mepecTapss MHIEKCH BXONHBIX A BHIXOAHBIX JAHHBIX, MEI 3AMUCATINA TPeobpaso-
| _ , r |
sarue Oypoe B pune cpeprka. OQHAKO L1 TOTO BUAA, B KOTOPOM BHITIMCARL dbopMmyast (5}, HeoOxOnUMOE
., .
QHCIIO ONEPAHit A7A BEIYUCICHNEA CBEPTKY OIATh NMEET MOPAAOK P, HO9TOMY Hasiee ClelyeT TPpUMEHNTD
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OBICTDBINM adaropuTM Berumcienus cBepTku. Hanee (B § 18) mbl ckxomOuuupyem aaropurMm Peinepa and
MpOCTOR OJIMHEL ¢ ajroputMoM Buaorpana mns ceeprin u nonyuuM Maiwei BII®-amropurM Bunorpana.

B xawecrtBe npumepa cBepeHust npeotpasopanunsg Pypre NPOCTOM OIHMHBI XK CBEPTKE PACCMOTPUM
ciIy4dan p = 5.
IlycTs TpebByercs BorauciuTh 5-Todevnoe npeobpasopanue Pypse:

4
Vk'——“Zu}ijj (kZO,l,...,4),
0

PAT

rge w=—e 5
Cuauana sannnrem ¢opmynsi (1):

4

Vb:zvja

j=0
4
Vi =vo+ 3 wife;  (k=1234).
j=1

Ha camom nene, ynoGHO BHIAETHTS KOMIOHEHTY V) B KaXKOOM U3 OCTaIBHEIX KoMNoHeHT V), (k= 1,2, 3, 4},
nepeniucans NoCHeLHIOw QopMyny B BUIE

4
Vi=Vo+» (W*—1v;  (k=1,234).
=1
IHasee MOXHO 3aHMMATLECH TOILKO YICHAMMN

4
V;{c -——Vb :Z(wjk = 1)?)_?‘.

j=1
IIprMuTuBaLIM 30eMerToM nons GF(5) asnserca 2. deldcTRBUTENBHO,
=1, 2'=2, 22=4, 22°=3 (mod3) (2*=1(mod5)).
Kpome Toro, Ham eule noTpebyoTCsa OTPUIATEIbHEIE CTENeHN HPUMMATABHOIO 3JIEMEHTA:
279=1, 271'=3 272=4 279=2 (mod5).

3HaunT,
Vi-Vo=3 (W ~Dvi=Y (W ~Dus  (1=0,1,2,3). (6)

Tax xak
Ug = Up—0 = V1, U =Ug-1 = V3, Up=Up-2 =1Uyg, Us = Up-3 = Vg,
Lf’:VZUIVIj V]-!:Vzl :V2= V;:.‘/’z2:v‘¢, VéﬂVQ{j:Vg!

10 {6) MOXHO pacnuCcaTh CISOYIOMUM 06Pa3OM:

Vi-Vo=Vi-Vo=3 (@ =1)up; = (w—Dvr+ @ — Dvg + (w = Ds + (@ — 1) g,

Vi-Vo=Va-Vo= (0 ~1vh; =W~ 1o+ w—Dus+ (® — Dy + (& ~ 1) e,
J=

3
23 : :
/ ! E ar i n
Vo—-WV=V,-V= E :(wg - 1vy—; = (W4 —1)v + (7" — Dy —{w—10w & fii-'-f-‘g - 1) vy,
j=0

3
4 23 -3 - 7 n-'f::'. g il <
T/%"VU:V3“{[Dz§:(W ~Dvhs = -+ —TPrs— o -1 o —"w -1

oy -

§=0

=3



Onpenemum guavmp Peddepa, 3anasas ero muorowitenoM g{z) Han nomem C
gz) = (W’ - D)z® + (W =2 + (W - Dz + {w-1).

Hycts
>
d(z) =vox’ + v 2° + V32 + 5.

Torna popmynwm (7) npeacrasasor co6oit kK03hOUIEEHTH MHOIOYICHA
s(z) = g(z) d(z) (mod z* — 1),

T. €. 4-TOUEUHYIO IMKIUIECKYIO CBEPTKY nocnenopatensuocreit g = {w—1, w? ~ 1, wt~1, w® -1} n
d = {v1, vs, vg, va}. Ilpu 3rom

s{g) = (Vs = Voyz® + (Vi = Vo) 22 + (Va — Vo) z + (Vi — Vi),

B mMaTpuuno# 3anucd nonydYeHHY0 HUKIMYECKYIO CBEPTKY MOMKHO 3aIMCATDH CHSHYIOUMM 00pasoM:

Vi =V, fw-1 w3—-1 wi—-1 w21 v
VamVo | fw?=1 w-1 wf—1 wi-=1) | u
Va-Vo] tw-1 w?-1 w-1 w-1 Va
Vs —Vp wdh -1 w—-1 w?l-1 w-~1 Vs

Taxnm obpasom, anroputm Peitnepa csomur 5-togesnoe npeoSpaszopanue Dypre K 4-TOUSUHON 1MK-
JIMYECKON CBEPTKE 1 HEKOTOPBIM HOTOIHMTENLELIM CIOXEHKAM.

HoyunTensno mepenucarts 3TOT AJITOPUTM B MATPUYHON hopMe, MCXONS N3 IIPIMOTO BEIYHCICHUS 110
dopMyiam |

4
Vkﬂzw‘jk’l}j (k:(),l,...,«:i).
=0

IIpsMou asropuTM:

V() 1 1 1 1 1 Yo
Vi 1 w w? W Wt ”
Vo l=11 w?® w w w Vs
Va 1 w? w wt W? V3
V4 1 w‘* UJS wz W/ V4

BrinenseM xOMOOHEHTY
Vo =vo +v1 +v2 +u3 + vy

¥ BREIAUTACM €€ M3 OCTAJIBHBIX KOMIIOHCHT:

i = Vs w—1 w—-1 wi-1 wt~1 V1
VoVo} Jw-1 wt-1 w-1 -1 Vg
Va~Vol |w-1 w—-1 w-1 w?-1 U3
Vi -— Vi =1 wB=1 w?=1 w~1/ \u,

Tenepr nepecraniseM B BLIXOAHOM BEKTOPE, 3 3HAUUT, ¥ B MaTpuue 3-10 u 4-10 CTPOKM:

Vi — Vg w—1 w—-1 wi-1 w*-1 U1
Vo — Vi w?~1 w~1 w-1 w' -1 V2
1/21-—‘1/0_: Wwr-1 wi—-1 w?-1 w-1 U3
Vs — Vg wWwi-1 w-1 w'-1 w?-1 U4

- - ! 16naMu
HaxoHell, MepecTaBIseM KOMAOHEHTH BXOTHOTO BEKTOPA BMECTE ¢ COOTBETCTBYIOMIMMU CTOIDH
MATPHUIEL U IPUXOOEM K 4-TOYEYHOU UMKIIHIECKOU CBEPTKE:

V]_""'VQ w— 1 w3 -1 wi -1 WZ""'I Uy
Vo — Vo _ wi—1 w-=1 W —1 wg'_l U3
Vi-Vo | |wt-1 Wil wol wi-1 )] o
Va — Vo W3—-1 wi—-1 w’—-1 w-—1 Y2
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§16. ANrorPuTM PEAIEPA B CIIYYAE, KOI'IA NJIMHA
NMPEOBPA3OBAHHUSI PABHA CTEIEHMY IIPOCTOIO HEYETHOI'O UKCIIA

Nnero anropnrma Peiinepa MOXHO mepedecTu Ha Ciayyail, KOrma MJxHa 7 npeobpasopanus Pypne
PaBHA CTENEHU NPOCTOrO HEYETHOro umcia. PacemoTpuMm koabuo Zipm. I1oCKONBKY MyIbTUNNIMKATHBHAS

Ipynna, Z;m 3TOrO KOJIBbLA uMeeT Hopsanok p™ {p — 1) u gBageTCd MUKMMYECKol, T0 B Zym CYIIECTBYET
3TMEMEHT 7 nopsanxa p” 1 (p—1), 5o neT snemenTa nopsanka p™ — 1. TlosTomy He BCe HEHYIEBHIE HNIEMEHTH]

KOMBIA, Zpm MOTYT ObITh NPEACTABICHE! KK CTENEHU BIEMERTR 7.

Wpu pHunCRenn
p -1
rkzz wjk'Uj (k:O’]_,,I}m“l)

j=0

ik} ynasmM BCe BHI3HIBAIOIIME TPYIHOCTA CTPOKM A cTOR6LBI TAK, YTOOR

m—1(p—1) GulTa TpUMEHNMa UOesa Pennepa. T. e. cienyeT YOSIATE TE
HOTC BEKTOPOB, VHIEKCH

3 (pm X pm) -MaTPpHHBL W = (w

K OCTABIIIENCH MATPHUIE IOPAOKE P
CTPOKM 1 CTOJOHBI, KOTOPBIE COOTBETCTBYIOT KOMIIOHEHTAM BXOIHOIO W BBIXOXH

KOTOPHIX HE SBIAIOTCA DIIEMEHTAMU Ipynmsl Zj.. BHOpOMmEeHHbIE CTPOKHA 1 cronbunl 00pabdaTHBAIOTCS
otmensHo. QO6paboTKy 3TUX CTPOK W CTOJONOB MOXHO OpPrasu30BaThH KaK BBIMHUCICHUE erie MEeHbHINMX
MUKJIUICCKIX CBEPTOK.

Paccmorpum, nanpumep, 9-rogeunoe npeobpaszopanue Oypre. I'pymna Z;. IBHgeTCS MUKINICCKOR M
¥MeeT MOpsnok 6, 3HAYNT, MOXKHO HalTu 3jeMeHT nopsanka 6. B Z3, He nonanu Clenyiolme HIeMeHThl
xkonela &g : 0, 3, 6. 3uaunT, us ucxonuoi Marpuusl W SyneM BHIOPACHIBATL CTPOKM, COOTBETCTBYIOLINE
KOMIOHEHTAM BBIXOOHOTO BekTopa Vo, V3, Vs, # cT0a0ubi, COOTBETCTBYIONME KOMIOHEHTAM BXOIHOTO
BCKTOP4 Vg, V3, Vg

'%:vg--m—}—vg—f—vg—l—v;;-l—% + Vs + vy + Vg,

_ 4, .3 6 3
Vs =uvy 4+ w Vi +wW vy +v3 +w v4+w605 + Vg +w31;7 +w6rug,

Vo = vo +w' v +w’ vy + 03 + w® vy + wB s + vg +w® vy + w? vg, 1)
Ve=Vi +V2  (k=1,2,4,57,8),

rne
‘ 3

1 ke 2 :
Vk — Z w-? 'Uj? Ifk. — Z wjk'l)j.

Kpome toro, eciin ¥y Taxixe pa3buTe Ha OBE 4aCTH

Vo = (11 + w2 4+ v4 + vs 4 v7 + vg) + (vp + v4 +vg) = Vi + V2
¥ PacCMaTpPUBATEL BMECTO Kax 0l KOMIOHeHTH! Vi, pasuocts Vi, — Vp, 1. e.
- 1
e—Vo=(Ve =Vo)+ (VP -Vd)  (k=1,2,4,5,7,8),

TO B MATPUYHOM BUIE BBIYUCICHUS MOTYT GLITH 3AIIMCAHLI TAK:

Vi -V w—-1 w?—-1 wt—=1 who1 Wwi—-1 wd—1 v
Vi = Vo w =1 wi=1 wf—1 w-1 =1 wi—1 v;
Vi —Vy _ w =1 wd—1 Ww'—-1 w21 w—-1 w®—1 V4
1%1_V01 WB"‘]- w—-1 w*-1 w?——]_ w8—1 wt -1 Vs (2)
LFT:}*-VOI UJT‘“"']. w5—1 w— 1 C&Ja“l {4}4--—1 {_;_,12-—]_ Vr
Vsl"“'%l w8 — 1 w’ —1 w® —1 g =1 w? — 1 w— 1 Vg

(w? = 1).

Hockoasxyv 2 g 7 "
3 BAACTCS O0pa3youie rpynmet Z3g » TO PACCMOTPHM €€ B Ka4EeCTBE 3JIEMCHTA T °

0 __ —
2"=1, 20=2, 22=4, =8, 2=7 P¥=5 (mod 9),
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27%=1, 271 =5, 272=7, 27%=8, 27%=4, 27%°=2 (mod9).

IlepecTaBnsiem KxOMIOHEHTH BRIXOOHOTO BEKTOPa (8 3HAMUT, ¥ CTPOKM MATPMUH B dopmyie (2)) B
COOTBETCTBHUM € HOJOXKUTEILHBIMU CTENEHAMM IBOUKY, 3 KOMIIOHEHTHI BHIXOZHOTO BEKTOpa (a 3HAYNT,

1 CTOJIONBI MaTpuubl B dopMmyine (2)) — B COOTBETCTBHM C OTPHLIATEILHLIMU CTEIEHIMH IBOMKM. B
pe3yabTaTe IOIydaeM

Vit -V w-1 w -1 w -1 -1 wt-1 w?-1 vy
Vi -V w~1 w-1 wi—-1 wi—1 w¥-1 wi-1 Us
Vi-Vo | _|w*-1 w?=-1 w-1 -1 w’-1 wi-1 vy
Vi — Vi wt—1 wt—-1 w?-1 w-1 -1 w -1 vg |’
Vi — Vi wi—1 wl—-1 wi-1 w?-1 w-1 -1 V4
Ve — Vg w?—1 w'—-1 w1 -1 w?2-1 w-1 Vs

T. €. 0-TOYEUHYIO LMKJINYECKYI0 CBEPTKY WM IIPOM3BEACHHE ABYX MEOrowiesoB d(x) u g(z) mo Momyio
MHOrousiena ® — 1, roe

d(z) =vex® +vgz? +vsz® +vr2® +v52 + 01,
g9(z) = (w5—1):c5+(w7-—-1)3:4+(ws—-1):1:3-{-({04—-1)m2+(w2—-1)3:+(w———1),
s(z) = d(z) g(z) (mod z° — 1) =
(Vs =Vo)o® + (V7 = Vi) a' + (Vg = Vi) b + (V] = Vi) & + (V) = V) e + (V] - V).

Paccmorpum ocrasmmmecs Broprie yactu kommoreHT Vi, — Vo (k =1,2,4,5,7,8). Tak kak

Vi - V72 wd -1 wt-1

Vi - V2 Wl -1 w? -1

V2-v2 | |wd—1 =1 (v
‘/52_‘/02 "'" wfi____l w3_1 (,Uﬁ)?
V2~ V2 w3 -1 wb—1

VE - V2 whb -1 Wwi-1

TO
VBV =VE-VE=V}-W,
"/22._.[/62 =v752__v02 =V82_%23

W BbIMUCTIATE HYXKHQO TOJNBKO OBE KOMIIOHCH THI

1/12 = Voz — w3 -1 wﬁ -1 V3 (3)
sz-Véz wﬁ—-l w?’——l Vs '
Kax BHUIHO 13 (3), BEIYUCIICHUE 3THUX KOMIIOHEHT CBOOMTCS K BBIYMCJICHUIO 2-TOYEYHOR IUEKJIMYECKOMH
CBEPTKH, T. €.

i(z) = (V7 = Vo) e+ (f - Vg) = d(z) §(z) (mod 2° — 1),

roe d(z) = vgx + vs, §(z) = (w® — D+ (W —1).
Eeau BRIGHCIAT, BMecTo Vi, Vi pazmoctn Vi — Vo, Ve — Vo, To u3 ¢opmyn (1) cnenyer, 9To

Va—Vo  [w’—1 wb -1 v1+'v4+fu7) (4)
Vﬁ'—VO - wﬁ—l w3~—1 Vo + Vs + Vs ’
T. €. HONIYYaeM elle OOHY 2-TOIeUHYIO IIKJIMIECKYIO CBEPTKY:

§(x) = (Vo — Vo) x + (Vs — Vo) = d(a) §(z) (mod z* — 1),

e i
d(z) = (vy + vs + vg) T + (v1 +va+ v7),

§(z) = (@* - Dz + (@ - 1).

ro npeobpasosatns Pypnpe CBENOCh K BHIHC/ICHUIO 6-TOUEIHOU

M. Berumcenenvie 9-roueyHoO
e OJTHNTEHHLIM CJ10-

UKJTAYECKON CBEPTKM, ABYM 2-TOUEYHBEIM IMKIAIECKUM CBEPTKAM 1 HEKOTOPBIM HOI

KEHUAM.
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§17. AIITOPUTM PEANEPA B CIYUAE, KOT'JA IIWHA ITPEOBPA3BOBAHMS PABHA CTENEHU OBOWKN

Cnyuaii, korna niuna npecOpasosannd Pypre paBna crenenu npoliku, Gosee cnoxen u Tpebyer eme
OMHOTO YPOBHSA BHEIYMCHEHUM. JTO O0BACHICTCS TEM, UTO MYIbTHINIMKATUBHAA I'PYNNA KOAbIA Ziom IPH
m > 3 He ABNAETCA MUKAMIeckoi. B rpymmy Z3. NONANsIOT BCE HEYETHRIE SJIEMEHTH! (MHOCKCH BXOMHBIX
¥ BRIXOAHBIX KoMnoneHT). llpu m > 3 rpynma Z3.. uw3omopdHa nexapTOBY HPOU3BEOCHUIO HUKIIMYECKOHR
I'PYONEl TOPSAKa 2 ¥ IUK/IWYECKOH IPyNNsl nopsnka 2™~ 2, 3ror n3oMopdusM MCHOML3YETCs A TOrO,
YTOOH ONPeNeThH TaKylo IIePeCTaHOBKY CTPOK 1 cTonbuos Marpuust W = (w/*) (j = 2s+1, k = 2[4+ 1;

$,0=0,1,...,2™"1 — 1), xoTOpas NPUBOKUT €e X KJICTOIHOMY BHUAY
” Wi W,
W = : 1

roe Wi m Wy — kBaupaTHbie MaTPHUUBI NOPSAKa 2™ 2, Kaxmas M3 KOTOPEIX 3a/laeT CTPYKTYDPY HUKIIV-
yeckoil ceepTku. Marpuna ke W ecTh xpagpaTsas MATDPHIA nopagxa 27! nonmydenmas uz 2™ x 2™-
marpans W = (w’*) (4,k=0,1,...,2™ ~ 1) nocne BLOpacHBaHns U3 Hee CTPOK U CTOIOHNOB, COOTBET-
CTRYIOHIIX KOMIOHEHTAM BHIXOHMHOTO ¥ BXONHOTO BEKTOPOB C YETHBHIMYA HHIEKCAMHU.

B kauecTse 06pasyiomeil DUKIXIeCKOl Pyl Hopsaaka 2™ % BospMeM 7 = 3 (MOXHO B34Tb U T = 5
cMm. §16 |3]), a B xauecTBe o6pasyiomeil UUKIMIECKON I'PYIIL NOpAnka 2 — sneMeHT o = 2™ — 1. Ha

CaMOM Jefie MyNbTHIIMKATHBHAL Irpynna Zj. MOPOXKIALTCS 3EMEHTAME T ¥ 0, T. €. KaXIbi 3NeMeHT
3TOM IPYIIE MOXKET ORITh OMHO3HAYHO NPENCTARICH B BUAE

a =’
rmel=0,1uwr=0,1,...,2™ % - 1. Buauur, ecm j =o'l 7™ u k=o"27", 10
; 1 pr1gt2 272 b1 Hig orydra
wjk =’ Ml _ o T

A NOQXOAsIIIeN NIEPECTAHOBKOM CTPOK M CTONOUOB MaTpula W npuBOOUTCA K BHAY

(o) (o)
W = (wﬂ-ﬂ"l"l-f‘z ) (wﬂr1+r2 ) )

roe 1 M T3 COOTBETCTBEHHO MHHEKCHI CTPOK M CTOJIGHOB B KaXXHOH u3 noamarpui. Kaxmas mz deTsipex
MOAMATPHII 334aeT OUKINYECKYIO CBEPTKY AIUEL! 272

ITocne BINOSIHEHUSs 1IEPECTAHOBKY PACCMATPHBACMOE BLIYMCICH-I€ IIPUBONUTCE K BUAY MAMPUuHOL

2-TOYE€YHON NUKIITUYCCKOR CBEPTKH
? 1Y _ (W1 Ws Vi
Vy,) \W, W, ve )’

OIWH U3 CIIOCOOOB BBRITMCICHUS KOTOPO# AaeTcs GopMyJIon

: 1 # ,ﬂ,
(x;):(g _EE) 2(WIO+W2) %(Wlo_wz) . (g -fE) (:;) (2)

Taxum oOpasoMm, 3a0a4a CBOEMTCS K BBIYUC/ICHMIO ABYX KOMIUIGKCHEIX UUKIMYECKNX CBEPTOK MJIUMHEI
A

Bribpomenasie xe U3 NCXOMHOH MATDPUUBL CTPOKA ¥ CTONONE! 06pafaTHIBAIOTCS OTAENBHO, TIPHYEM
9TU BEMYUACICHUSA TAKKE CBOAATCH K BHIUMCICHMIO IMKITMYECKIX CBEPTOK €Ile MeHbIUeH O IAHEAI.
B xauectse npumepa paccMoTpuM 16-Togeynoe npeobpasosarne Pypre. IlycTs

15
szzwjkvj (k:Ua]-a”'a]-s): (3)
e
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217

16 X

roe w '’ =1(T. e. w=¢"76 ),

Pazobpem cpasy cymmy B (3) Ha aBe wacTu, B IEPBOi OCTABEM TOMBKO CIAraeMble, COOTBETCTBYIOLINE
HEYETHLIM MHAEKCAaM BXOOHOIO BEKTODPA, a BO BTOPOI — ¢JlaraeMele, COOTBETCTRYIOINE YETHHIM MHIACKCAM
BXOLHOI'O BEKTOPA, 0003HaumB 3TH YacTu coorsercTrenno Vi m V2. T. e.

Z w(z;-i—l)k Vajr1 + Z w27

3=0

*vg; =V + V) (k=0,1,...,15). (4)

CHauama 32iiMeMCs BLIYUCIICHUEM KOMIIOHECHT V]l B CIy4ae, Korna k — HEUeTHO, T. €. PACCMOTDUM
Yy

MaTpuny W, o0palyeMyio B pe3yabLTaTe Bm6pafLIBaHHﬂ 13 W Bcex ee CTPOK m CTONOLOB, COOTBETCTBY-
JOLIIAX YETHLIM MHOEKCAM BXOOHOIO ¥ BBEIXOZHOI'O BEKTODOR:

3 5 7 9

1% w oo ow o w W oW Gt Wt W V1
Vi wow? WP W w w  w o owh? v3
74! i Wl w? S Wl T o ld Ve
17430 R R B SR L R C T € R v )
Vi T w? W' oW Wy P WP W Vo (4)
V4 ol Wl W W W Wb P G
Vi P T Ty N s £ S B Vi
Vi ol ogl8 Al o8 T & 8 s

Urobrl HaliTH HYXKHYIO II€pPEeCTaHOBKY, BBIIMIIEM WHOEKCH B Bume uucesn 15°57 mna |
r=190,1,2,3. Crenenn yucaa 5 mo moaymo 16 nmeroT BuA:

5'=1, 5' =5, 5*=9, 5° =13 (mod 16),
5 %=1, 5'=13, 5?=9, 5°=5 (mod 16)

= 0,1

1, BHAYUT,

15-5° =15, 15-5' =11, 15-52=7, 15-52 =3 (mod 16),
15-57° =15 15-5"'=3, 15.-572=7, 15-57° =11 (mod 16).

BrImonsuM nepecTaHOBKY BXONHBIX WHIEKCOB, 3anuChIBas mx B mopsanke 15'577 (mod 16 ), u mepe-

CTAHOBKY BEIXONHLIX MHIEKCOB, 3amuchiBag ux B mopanke 15'57 (mod 16). Torma ¢opmyna (4) mpumer

BAR

i3

3 11

Wow w? WP Wi W Wt ow o
72 S5 w Wil S 15 3 T V15
7 O W w wi? BTl w15 3 .
Vi wi? W W w w? wl Wt wld Vs

: 0

Vi 6 o8 e il 5 I8 0 g B
i Wil 15 B T S w Wi W va
V71 w? wll C"}15 w3 wg w5 (J w13 V7
v S TP B - QN1 B e B "

Ecnn npeobpasopanane Pypbe BRUUCILETCS B TIOJNE KOMITIEKCHBIX YKCe, TO IIOINYy4YeHHEBIe OJIOKM MaT-

punsl W CBA3aHEL COOTHOLICHHEM KOMILIEKCHON compspkensoctu. leftcTBurensRo, Tak kak w'® = 1,

TO

15 —1 3 -13 7T, 9 11

W EW T, W W =W, W=
NO3TOMY MATPHYHOE ypaBHenue (5) nmepenmmeTcs B BUe
Vi w o w® W W PR e T U1
VA " W e gl B I ST E R =
7 G B i mall w=? w5 Wl 18 Yo
Vi 139 5 i T kI T s
Vi T R T T b B B 1
721 R R £ i o Wit W s
v wd @ @t g™ w? WP w o w' v7
Vi gl = g wit W WP W V11



HO

Ty — — 2w . 2m
w™l =1, w‘“‘13:w3, w ¥ =w?, wP=wd w=cos (—-—i—é +18n 76

KpoMe TOro, BepxXHHME YETLIpe CTPOKHM MATPUIL! KOMIIJIEKCHO CONPSXKEHBI ¢ YETBHIPBLMS HUMNXHIMU
CTPOKaMU, DOITOMY €CJIM KOMIIOHEHTH BXOOHOIO BEKTOPA V BEIIECTBEHHBI, TO BHIIOJIHATE HAOO TOJBKO
BLIYNCNIEHNA, CBA3AHHBIE C IEPBLIMHY YETHIPDbMS CTPOKAMH. JHAUNUT, HAJbHEHNINNE BBIYUCACHUS MOXKHO

OPralu30BATL B BHE NapLl IMKITUYECKAX CBEPTOK
.
V113-'173 =+ Vgl z° + V51$+ Vll = (UJ13373 +0J9372 + Wz +QJ)(’U5$3 + V" + V137X +’Ul)+

(W BB +w 22 +w bz +w ™) (v z® +vre® Fv3z +vis) (mod 2 — 1),

g nonsgs € MOXHO KCDOMB30BATL U AILTEPHATHUBHLI crocod, ocHoBamHbIA Ha dopmyne (2). Ilo-

1 1
CMOTPMM, YTO B »TOM Cllyuae NPeacTaBlIfioT u3 ce6s MaTpuuHbie OJIOKH 5 (Wi + Wa) n 5 (W, - Way).

Tak xak
-;— (W +w™) = -;- {(cos k@ + ¢ sin k@) + (cos kb — i sinkB)} = cos kb,
1 1 2
¥ (W* —w™*) = 5 {(cos kb +isinkB) — (cos kb —isinkl)} =isinkf (0= —-fé— :
TO
cosf cosl138 cos98 cos 5
1 | cosd8  cosf cosl136 cos98
2 (Ws + Wa) = cos90 cosb8 cos@ cos136 (6)
cos 136 cos99 cos58  cos®
53

sinf  sinl138 sin98  sin bl
stn 50 stnf  sinl36 sin99 (7)
stn98  sindf  sinf  sinl36 |

sinl136 sin989 sindf  siné

Mui nosnyuniu nse 4-TOUEUHBLIE IUK/IMIECKHE CBEPTKM, OHA U3 KOTOPBIX YMCTO BEILECTBEHHAS, 4 npyras
— YUCTO MEUMAas.

B cnyuse BemecTRERHOrO BXOKHOTO BEKTOPa HEOOXONMMO BEINMCIATE TONLKO OBE BEIIECTBCHHEIE
CBEPTKHU:

1 :
§(W1*-W2):3

81(2) = (cos 130 x> + cos 99 x* + cos 50z + cos ) di(z) (med z* — 1), (8)
s2(x) = (5in13602° + 5in 99z + sin 50z + sinf ) da(z) (mod z* — 1), (9)

roe
dy (:I?) = (’05 -+ ?)11) z° -+ (Ug -+ ’2)7) 182 -+ (‘013 + ’03) T+ (‘01 -+ ‘2)15),

da(z) = (s — v11) 3 + (vg — v7) z° + (vizg —v3) z + (vy — v15).

[Ipn Beruucaenun cseprox (8) u (9) MOXHO BOCHONBL3IOBATLCA AJITOPATMOM BUBOrpanma, HCIONb3YIO-
(IIHM KHTAHACKYIO TeopeMy 00 OCTaTKaX W pasiiokenue

2t - 1= (22 -1) (22 +1).
3aMeTuM, 9TO BEIMHCICHUA, CBA3AHHLIE C MOOyJIeM T2 — 1, a3mman. HelcTrareTsHo.

cos 130 2° 4+ cos 90 2® + cos 50z + cos® (mod 2° — 1) = (cps 138 — cz=235 = — ‘crs 99 — cos @) =

200890 cosd40x + 2cosd8cos4f = 2c0sdhicps GBI r —cr= s

"':} - : - — - z ™ "
-~ S =i ¥, co ——— p— - —p ——

sin 130 z° + sin 99z + sin 58z + sin g ( mod

03



238in 90 cos 40 x + 2 3in 56 cos 46 = 2 cos 40(sin 98 x + sin 56) = 0,

-
TakK KakK 468 = — —,

. <
Taxum o6pazom, yMHOXKeHHs, CBA3aHHEIE ¢ MOnylleM z2 — 1, He HyXHbl. BBIYeTH ke [0 MOLYITIO

©° + 1 1OoTPe6YIOT Tpex yMHOMeHHUIE N Kaxnoi m3 cBepTok (8) i (9), crnenoBaTenb o, I BEIMHCICHNS
3TUX CBEPTOK HOTPebyeTcsa Bcero 6 yMHOXeHNN, HpUYEM BCE YTH YMHOXEHUS SBJISIOTCA BEILECTBEHHBIMIY,
€CJIM BEKTOD V MMEET BEelIeCTBeHHbIC KOMIOHEHTHI.

Ilepeifinem Tenepn K BHIYMCICHNIO KOMIIOREHT V,! B CiIy4ae HEYETHOro k, T. €. pacCMOTPUM MATPHILY,

COCTaBJICHHYIO H3 BhIGpOIIIeHHBIX BBIITIC CT().I'Iﬁll()l?njF COOTBETCTBYIOINUX YETHEIM KOMIIOHEHTaM BXOIOHOTO

BEKTODA
4

Ve 1 o* w* w « @t e* gt Vo
]/%2 1 8 wlz wz (8 wl-ﬁi w4 Ll Vo
V52 1 wlﬁ wél w14 w8 2 wu wﬁ Va
V72 B 1 (.UM w12 wlO B i.u’ﬁ | w4 w2 18 Ve (10)
ng — 1 w2-= w4 wﬁ (;JB wlO w12 w14 Vg '
V121 1 wﬁ w12 & wB w” w“‘ wm V10
Vl% 1 10 w-i wit 8 w2 wl? wﬁ, V12
V125 i w” w” wlO ws wﬁ w4 (4.?2 | V14

3aMeTHM, YTO IOCIENHUWE YETHIPE CTPOKM MATPUILI COBNANAIOT C TIEPBHIMM YETHIPLMS CTPOKAMU,
3HAYUT, HAOO BHINOJIHATEL BEIYHMCICHUS, CBA3AHHBIE TOJILKO C NEPBBIMU YeTHIpbMS CTpokKamu., Tak Kak

w® = —1, w?=—i w!? =i, 10 3Tu NepBEIe YETHIPE CTPOKH MONKHO 3IHCATE B BHEE
Vo
U2
2% 1 w? - Wb -1 —w? o = U4
Vil 1 o i W -1 -t - ~w Vg
Vel |1 —w? - —w® -1 w? i WP Vs
V72 1 ~——wﬁ 2 -*Ldz —1] wﬁ —1 wz Mo
Vi2
V14

Croabubl, COOTBETCTBYIONINE KOMIIOHCHTAM Vg, V4, Us U Vi, HE COOEPXKAT YMHOKEHMIA, TO3TOMY MOXHO
BRIHECTH KOHCTAHTLI, CBA33HHLIC C HUMU, HAIIpUMeED, BBOM

Ty=vo—vg, To=wv4—vi9, T3=1y—ils, Ty=T;+1il5,

TOT 13, _
2 r2
V3 =Ty + V3 ;
2 o2
Vi =13+ V7,
)
Vi =Ty +V;
n o
VP w? Wb - —w Vo
‘/;32 wﬁ w? _wﬁ _,_wz Vg 11
Vi —W* =W W (W) V10
12 ¥ g W wf V14

141

O4eBUIHO, YTO CIEAyeT BBHIIOJHATL BLIUMCIICHHA, CBA3AHHBIC TONBKO € MEPBRIMHI IBYMA CTPUKAM
MaTpHIHOro ypasnenns (1 1), IOCKONILKY MOCIEqHAE [BE CTPOKM OTIUYAIOTCS OT NEPBLIX ABYX TOJILKO
apakoM. Kpome TOro, TIoCTenHue AB3 CTONOLA OTAWYAIOTCS OT MEPBHIX ABYX TOXKE TOJIIBKO 3HAKOM,

HOYTOMY BBIMUCICHUA CBOOATCA K BIOY

V2 w? W®\ (v2—vi0
P~ e " 3
72 w8 w? Ve — 114

77



T. €. K 2-TO4YeYHOR UMKIMIeCcKol CBEepTKe. BBIUMCIeHNe TakKoil CBEPTKHW, KAK MbI 3HaeMm, TpebyeT OBYX
onepanmii YMHOXeHUs. ECIIM MCIonb30BaTh pasioxkenne MaTpUunl mo dopMmyie (2), TO 3TH yMHOXEHUS
CTAHOBATCA BEIECTBEHHBIMU. [lelCTBUTEIBHO,

rne

1
) =0 )7 ) ()
1 "‘1 0 -(w2——w6) ]. ""].
2
%(w2+w6):%w4(w2+w"’2):—icoSZH:_icos%,
L (W —w®) = ——lw‘l (W? —w™?) =i (isin20) = —sin i
2 2 4

BEINIOMTHEHNS BCEro 8 onepauunit yMHOXEHMs.

V2 — V19
Vg — V14

Takum 0Opa3oM, BHIYMCIACHME KOMIIOHEHT BHIXOOHOTO BEKTODPa C HEYETHHRIMA WHAEKCAMHE Tpelbyer

[lepexonum K BBIYMCIIEHWIO KOMIIOHEHT BHIXOAHOTO BEKTODPA C YeTHHIMU uHAekcamu. (CHadasia BbI-

YUCITUM BKIa] CTOAOLOB, COOTBETCTBYIOIIMX KOMIIOHEHTAM BXOOHOTO BEKTODA ¢ HEUETHHIMU MHICKCAMH,
T. e. BEUucIuM xommoneHTH Vi (kK =0,1,..

B cany coorHomenni

W

1

. & &
>

-1

wlﬁ
12

WM

10

W

Y

1 1
Wb W10
12 4
w? i
-1 -1
w4 2
w2

10 6

NN QT

,T)

1
14

(4)12

— ~W

1 1
w? W
WA 2
Wb W
~1 -1
L1014
12
ol 10

w = —q,

10

12

W

=1

(12)

HETPYAHO 3aMETUTD, ITO NOCTIENHYE YeThIPE CTPOKK B MaTpune (12) oTAMYaoTCA OT COOTBETCTBYIOIIMX
IEPBBIX YETHIPEX CTPOK TOJNLKO 3HAKOM, MO3TOMY BBIYMCIATE HYXHO TOJIBKO MEPBLIE YETHIPE KOMIOHEH-

Thl. Kpome TOro, B nepBoé # TpeThbell CTPOKAX CTOAT JMIIL 1 1 -
ymuOxenni. Ocrasmuecs aBe koMnoHeHTH V' m Vi nomywarorcs m3 clemyomero COOTHOLEHNS

w14
wlﬂ

(v + vg) — (U5 + v13)
(vs + v11) — (v7 + v15)

(

M €CJIN BCHOMHUTD, uTO wif = —w?

%5
Vi

Vo
VG 1

)

2

6

(W W w
Wl ow? w
C wlt = —wb 10
(W Wb
Wb w?

10
14

V1 + Vg
V3 + Vi1
Vs + 713

V7 + Vs

).

2, [IO3TOMY 3TH CTPOKU HE COOEPXKAT

T. €. IOAyYaeM 2-TOYEeYHYI0 UUKIWYECKYIO CBepTKY. Fe BLIUMCIIeHWe, KaK MbI BUOSIN BhONe, Tpebyer
OBYX YMHOXEHUM HE BEUICCTBEHHLIC MHOXWUTE/IN.

HUN.

78

Taxnmm ofpasom, 16-Toueunoe npeobpaszopanme Pypre Tpebyer =oerp

-l
s

Beruncnenwe xe V.2 (k=0,1,...,7) He CONEPXUT OmEpaIHil YMHOXEHES, TAK KAK

1% 1 ¢t 1 1 1 1 1 1 Yo

Vy 1 - -1 i 1 —i -1 i v

V42 1 -1 1 -1 1 -1 1 -1 V4

Vel |t & -1 —i 1 i -1 —i|/]| v

vl 1 1 1 11 1 1 1 o

Vio 1 —i -1 i 1 =i -1 4 ||ew

V122 1 -1 1 -1 1 -1 1 —1 Tro

47 1 i -1 —i 1 i -1 —i/ \ew)




818. ANrordaTy: BEEOIPALA Ailst BHICTPOI'O IPEOBPABOBAHUS DYPLE
B CIIYYAE, KOTEA FAREA NPEOBPA3OBAHMSA ECTh [IPOCTOE YUCHO

AAropuTM™, KOTOPHIA MH CEE9Yac PACCMOTPHM, NPENHAIHAYEH IUiA 3(P(EKTUBHOIO BHITHCICHDS TS~
obpasopanus Pypre Mamol mamrri. B ero ocEOBe nexaT ABe umewm: anropuTM Peiizepa, CBOLSIES T
TOYe4YHOe nipecOpasopanme @ypee K {p — 1)-TOYCUHON BMKINYECKOM CBEPTKE NPY IIPOCTOM P, B aJITOPET:M
Bunorpana nyis BeIMMCIICHUS OEKIMIECKON CBEPTKY.

Wrax, nepeuit mar - 3avena npeobpasopamus ®ypre cseprkoit. Ecnm p — meGonbiuoe mpocroe
YUACTO, TO ACOONL3YeTCst aJiropATM Peiepa. p noike0 ObITL He CIMINKOM GOILUINM, TaK KaK AJITOPUTM
BRITHCHIBALTCA BPYyuHY. llepexonm x cepTke OCYHIECTBASETCSH NEPECTAHOBKOM MHAICKCOB, 3TOT HIar HE
CONepXKUT yMHOXKeHuA. Hamee BLIONHACTCSA CBEPTKA, BHIYAC/AEMas ¢ IOMOWILIO anropurMma Busorpana.
Anroputm Bunorpana, xak Mml BHAE/IA BRI, CBOOUT BBIYUCTEHVE CBEPTKM K CEPME CIIOXKEHWH, 3a
KOTOPOU CREAYeT Cepils YMHOXEHNHN ¥, HAKOHEll, OISTh HeKOTOPOe MHOXECTBO CIOXKEHWIA,

PaccMoTpuM mpuMeHeHMe #3/I0XKEHHOW Waeu K BEIUMCNEHMIO 5-TOdYedHoro npeobpasosanus Dypoe,
T. €. o-Toveunni blI®-anropurm Bunorpana. Wtak, TpebyeTCs BHUUCIATL KOMIOHEHTH

4
Vk:ijkvj (k=0,1,...,4),
J=0

2w

riew=—=e 5
B §15 MBI yxe Buzmenu, 94T0 B pe3ynnTaTe DPUMEHEHHS aJqropaTMa Peiinepa B 3TOM CiIyuae MEHI
cBeneM IpeoOpasosarue Pypre ¥ 4-TOYCUHON NMKIWIECKOR CBEPTKE

s(z) = g(z) d(z) (mod z* - 1),
rrne ¢uneTp Peiizepa
9g@) =W - D2+ (W - D22+ (W - Dz + (w—-1)
nMeeT pukcuposBaHuble k03GduimenTr. Bxon un Bmxon ¢GuasTpa ONMUCHIBAXOTCS MHOTOWICHAMHA

dz) =vy2® + v’ +v32+ 1

8(33) == (Vg - Vg) zs + (1/:1 — Vo) r? + (VQ - Vg) T+ (Vj_ — V;j)

o-roueunsid BlIM-anropurm Bumorpaza monywaercs, ecnu upoumspepenue d{x) g(xr) BHYMUCILTH C
MOMOIUGIO aJITOpuMa BuHOrpana miid MAJLIX CBEPTOK. BocHombiyeMmMcs pacCMOTDEHHBIM paHee M Comep-
KAIUUM & YMHOXKEHUN aITOPATMOM 4-TOUEUHOM IMKANMYECKON CBEPTKHM, NOCTPOEeHHBIM B §6. Ero MoxEo
IPUCIIOCOONTE 71 BRIYMCICHUA npeobpaszoanuisa Pypoe, BBenss B MATPHLY CBEPTKH ONEPalluio nepecTa-
HOBKH COOTBECTBYIOWINX CTPoK ¥ cnoabuos. Tak kak xosddunuentsl Muorowtena g(x) $puKkcHpoOBaH:,
TO BHIYUCIICHNUS, CBA3BAHHBIE C KOMIIOHEHTAMH BEKTOPA. €, MOXHO BLITOIHKWTDL 3apaHee OONH pa3, I03TOMY
B O0IHe# CIIOXKHOCTY AJMOPUTMA BLIYUCIICHME KOHCTAHT, CBA3AHHBIX ¢ xooddunuenTamMu g(x), MOXHO HE
YYATHIBATh. HBCIA B ajiropurTMme 4-TO4eYHOR HUKINYECKONM CBEPTKH IIPOM3BECTH BCE 5THU HM3MCHEHUS u
BHECTH B HEIO YIIEHEI Up U Vp, TO nmonyumres d-rodeunnnt blld-anropuTMm Bunorpana.

o ¢opmynam, noayuennsiM B §6, ¢ yyeToM nepecTaHoBky ajqropurTMa Peilnepa umeem

1 1 1 1
Vi~ Vo 11 1 0 -1 (& o L1 1 1) /™
Va-Ve)l (1 -1 1 1 o0 e 11 -1 ~1{| %],
ViVl 11 1 -1 0 1 3 G 1 0 =1 0 V4
Vg——V(} i -1 -1 -1 0 G5 0 1 0 ~1 U2
(1}
raoe
8 G, 11 1 1 i
Gz 1 ""1 1 ""1 2
w* — 1
G |=712 0 -2 o |5y} 2
G4 ""'2 2 2 _'2 w3___1
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HepecTaBuM MecTaMu ABe NOCIEOHNE KOMITOHEHTHI BbIXOI_[:HdI‘Q BEKTOPa, 9TO0 BjIeYeT 33 CODOI mepe-
CTAaHOBKY NOCJIEOHUX OBYX CTPOK B MaTPHMIE NMOCTCHoXeHu. BO BXOIHOM BEKTOpE IepecTaBuM MeCTaMu
KOMIIOHEHTHI TaK, YTOOB MX HyMepalls IIJia, B eCTECTBEHHOM IOPAOKe, 3TO BjedeT 38 coDOM COOTBECT-
BYIOILIYIO MEPECTaHOBKY CTONOIOB B MaTpuie npenciaoxesui. B pesynprare noiyynm

Vi~ T N A R WO

Vo — V, 1 -1 1 1 0 2 o v
2T V0 * G 1 -1 1 -1 Z
_ 3

Va— Vo 1 1 -1 0 1 ! e.)] \o -1 1 o V4

Teneps BBOOMM B aJITOPUTM WIEHHI Vg 1 vy 1 3ameHseM Bce pasnocTy V; — Vo (1 =1,2,3,4) Ba V; :

11
Vo 10 0 0 0 O G“‘G (1] } } i 1 Vo
1
i 11 1 1 0 -1 0 001 -1 -1 1 V1
Vg = 1 1 -1 1 1 0 ZG 0 1 -1 1 -1 (%)) ) (3)
Va 11 -1 -1 -1 0 g 01 0 o0 -1\
Vi 11 1 -1 0 1 4G5 00 -1 1 0 vy

roe Gog =1, Vo =vg +v1 4+ v2 +v3 + v4.
910 n ecthb S5-roueunniit bIIP-anroputm Bunorpasa.
Tenepr 06paTuM BHEMAHNE HA KOHCTAHTHI, CBA3AHELIE C MHOIOWIEHOM ¢(Z) M BBLIYUCISEMBIE TIO

dopmyne (2):
4G :(w-—1)+(w2-——1)+(w4~1)+(w3—1)=w+w2+w3+w4#4z

1=

(l+w+w* +uP+uw?)-5= 7 o= —9 (Tak kax w® = 1),
— W
5
orkyna (1 = —=;
4
4G =w—-1D - =D+ w -1~ (W - =w-uw?+u—w’ =
2 4 3
(w+w4)-(w2+w3):(w+w‘"1)——(m2+w"2):2003%~2605§z4sin%3m-§,
N
orkyna Go = sin — sin —;
D 5
_ 4 4 1 5 —2n .. 2w
4G3 = 2w - 1) - 2(w* — 1) = 2w~ w*) = 2(w —w™) = 4isin 5 = —4isin —,
2
oTkyna Gz = —1 §in -gr-;

4G4 = 2w -1+ 2w* - D +2w* - 1) = 2(w® = 1) = 2(~w + W+ wt — ¥y =

2 ;
2(—w+w ™) 4+ 2w? —w™?) = —4i sin ( 2:) F 41 sin (_ig—) = 4 (sin%i — 8in %—T-)

4i -2 sin (-%) 0083—; — -Sismg-oos 5353

.. T 37
orkyna G4 = —218in — cos —;

5 5

4G5 = 2w — 1) +2(w? - 1) = 2w? - 1) = 2(w® = 1) = 2{{w - *) + (= —°)} =
80



{l

2{w —w™) + (W —w™2)} = 2{2¢sin (—-—-f-) + 21 sin ( 47r)} = —44% (sin o + 8in E)

5 5 5 5
—44 -2 sin —?gz cosg- = —8i 8in %?I COS 352’
DTKY A G5 = ~21 8in %E COS g-
Taxum obpazom, .
| 3'" 4
G 81N il Sin =
Gs o D
., 2m
(;3 = -"28“1“5“
Gy . LT 37
G =21 811 — COS —
D o
—21 81n §-—7—T— COS z
5 5

XoTs B cpenueit MaTpuue anroputma (3) crogar 6 xoucranr G, o nockoaeky Gg = 1, T0 HeTpuUBH-
ATbHBIX YMHOXEHMII B aJropurMe OCTAJIOCHh MO-TIPEXHEMY 5, M[PUYEeM OCTAJLHBIE KOHCTAHTHI
G; (¢ =1,2,...,5) ABIAI0TCS YUCTO BEINECTBEHHLIMY WM UHCTO MHUMBIMA. TO CYIIECTBEHHO, TaK
KaK O3Ha4aeT, 4TO B CJyYae BEIECTBEHHOIO BXONHOI'O BEKTOPA KAXIOMY VMHOXEHWIO OTBEYAET OMHO
BEILIECTBEHHOE YMHOMXEHNE, & B CJIy4ae KOMINIEKCHOIO BXOLHOT'O BEKTOPS KAKAOMY YMHOXEHHIO OTBEYA-

I0T [AB3 BENICCTBEHHBLIX YMHOXEHWs. OJTO He CIYYaiiHO, & sBijsgercs obuiein curyarmeir. Ilockonbky p
HEYETHOE 4MCi0, TO

Pl —1= (2% -1) (27 +1). (4)

Korpa anropwrm Bunorpana pasbusaeTr 33434y BRIYHCICHNS TIPOM3BENEHHS IOBYX MHOTOWIEHOB MO MO-
RyJi0 MHOrOWwiena P! — 1 Ha mom3anadn, CCOTBETCTBYIOUIME ZEIUTENSIM MHOrodaeHa zP~ 1 — 1, To atn

AEJIMTeIN AeMAT ONUH U3 MHOXUTEIeH, cTosiux B npasoil vyactu (4). B sToM ciayvae ofimas curyanus
MOXKET OBITH OMUCaHA CHACHYIOHIeH TeOpeMOi.

Teopema. [lycme
p—2
glz) =Y (W™ —1)zk
k=0

) p=1
— muozouaen Petidepa. Hag xancdozo nevemuozo p xorddunuenmut muozouqena g(x) (mod ™z — 1)

Ly
ABATIOMCA 8CULECTNEEHHBIMY YUCAAMY, G KO03PPuyuenmbt muozouaena g{z) (mod 7 + 1) geagwmes
UUCTNO MHUMBLMY.

> p—1 p-1
Hoxa3zameabcmeo.  Tak xak 7 — DIPUMUTUBHEIA IEMEHT 10Jg Ly, T. €. 7 =1, 072z = -1.

Torna

i
Eg=~1

p—2 _
g(x)(modw%iﬁl):Z(w“kﬂl)xk(modm%’ml)ﬁ Z {(w”k—-l)—k(w”k"*&fl—-ﬂl)}xk
k=0 k=0

-1 —1
B~ -1 E5=-1

| 271}
—_ ,-*;rk -H'rrfﬂ” k: 2 6‘1’3 _“2 ZUk ( __________)’
— 2 (W™ +w 2)x ; {2cos (6 7") } .
o
= k p—1 E_E_lﬂl ke 1 ( k4 Bt 1)} S!Tk
— o e — 5 —
g{z) (mod AR +1):Z(w'” ~1Dzf (modz™ +1)= Z {{w ) — (w
k=0 ={}
25t 252
= Z (w"’k-—w‘_”k}mk: 2@'.51'71,(9%"“}3:’“.
kzb k=0
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§19. ANropPuT™ BHHOI'PAIA II¥ BHICTPOI'O NPEOBPA3OBAHMS DYPHE B
CIYYAE, KOI'A [IJIMHA NMPEOBPA30OBAHIUS ECTh CTENEHbL ITPOCTOI'O UYHCIIA

Unes 3peck Ta Xe, YTO ¥ B CIy9ae, KOUOa MiwHA mpeoOpasoBanus Pypee paBHa HPOCTOMY HHC-
Ny: NPUMEHHTH CHAYajia ajropuTM Peiinepa, cBefs YacTh BEIYMCIEHMN K COOTBETCTBYIOLIEH UMKIIAYIC-
CKOIl CBepTKe, a OJIs BHIYMCIEHUS CBEPTKM BOCIOIL30BATHCH ajropuTMoM Bumorpama. llpm sTom niis
BBLLOCICHUS UNKINYECKOH CBEPTKM M3 MHOXECTBA BCEX MHOCKCOB YHAJISIOTCA UENbIe YNCHIA, KPATHBHIE D,
T. €. BHUIENAEM HAKIMYECKY1o rpynny Zim konbna Zpm. IlepecTaHoBka MHAEKCOB U3 Zjm NPUBOIAT X

p™1(p—1)-ToOueunoit MUKIAYECKON CBEPTKE, KOTOpas U BHUACALETCA OEICTPHIM ajlropaTMOoM BuHOrpasaa.
3areM HONYYEHHBIE PE3yALTATH CieAyeT MONNPABHTL WIEHAMM, YYHTHIBAIOLIMMY BHIODOIICHHEIE pm1
CTPOK M cTOonGIOB. OTH NONPABOYHLIE WIEHH MOXHO BRIMUCIXTE AJIMOPUTMAMHK €€ MEHbINNX CBEPTOK,
IIOCKONbKY OHN NPEICTAaBUMEL B BAAE aJiropuTMOB npeobpasopanna Pypre Majioi NIINHEI.

BepreMcs X OpuMepy, paccMOTpeHHOMY B § 16. Ml Bunesn, uro 9-roueunoe npeobpasosanne Pypne
MOXHO CBECTHM K BHIYMCICHHMIO ONHOH 6-TOYeIHON HMKIWYECKOH CBEPTKM M OBYM 2-TOo4YedHbIM. lcan B
UCXOOHOM MATPUYHOM yPABHEHUU

Vo 1 1 1 1 1 1 1 1 1 Vo
Vi 1 w W W owt W oWt W WB o
Va 1 w? Wt Wb W ow W W W Vo
Vs 1 w? W 1 W Wt 1 W Wt V3
Vail=11 w* & o W W Wt w W Va4
Vs 1 ® w Wb w? W oWt W W s
Vﬁ 1 wﬁ w3 1 wﬁ w3 1 wﬁ w3 Usg
Vo 1 W' WP W ow WP oWt Wt Ww? vy
Vs 1 o W' oWt W owt Wi W ow Vg

IepecTaBUTh CTPOKY 1 CTONOHH ¢ HOMepamu (0, 3, 6 Tax, 4TOOBI OHK OK333JIMCh B MATPULE NEPBLIMU, 4
OCTaJIbHBIE CTPOKY OBITM PACHONONKEHH B HMOPAOKE CTENeHeR MBOMKHY 110 MOOYIio 9, T. e,

20=1, 21 =2 22=4, 22=8 2°=7 92 =35
a cToabIEl — B HOpsaAKe crenexer 271 mo momysmo 9, T. e.
| 27%=1, 27'=5, 2 2=7 273=8 274=4 275=12

TO BRITUCJIEHNE NPeodpasyeTcs K Bumy

Vs 1 1 1 w? W w3 wh w? W V3
Ve 1 1 1 wb Wi wb Wl w® WS Vg
Vi 1 w? W w W’ w' Wl wl w? o
Vo l=11 wb B w? W W’ W’ wd  wt Vs (1)
Vi 1 w? W wt oW woowd W' Wl V7
Vs 1 Wb W3 w® Wt w?  w w® W’ Vg
Va7 1 wd WS w’ W w?  w? W e Uy
Vs \1 b W w® W’ w® Wi w? W U2

Huxsmueckne cBepTKH, PACIONOXEHHRIE B CTPOKAX, COOTBECTBYIONIMX KOMIOHEHTAM Vs m Vg, conep-
XKaT NOBTOPAOIINECS BBIYMCICHUS, HODTOMY UX MOXHO IEDENNCcaTh B BUIE

3 6
(Vg (W w vi+or+vg | (vo+vs+ve (2)
|Z; w® Wl V5 + vg + Vo vo+vy v/
Torma ocTasiIascsa YacTh BEINUCICHUH OPUHUMAET BUA
Vi w o w® Wl Wl Wt Ww? Uy un
Vo w? w W W Wt Wt Vs Wo
Vil lw Ww? w W W W8 v |, | w
Vs W owt W ow WP W Vg we |’ (8)
Vs w' W Wt Ww? ow W V4 wy
Vs W Wt W owt W w V9 W
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rae

()= (5 %) (). o

CBepTkn B (2) u (4) OTIMYAI0TCS TOMBKO KOMIIONEHTAMI BXOLHOro BeKTOpa. PaccMmorpumM, mampu-
MEp, CBEPTKY, 3amaBaemyio dopmyinoit (4). Mycts

d(z) = v3 +vg z, 9{z) = W’ + W8 =, s(z) = d(z) g(x) (mod z° — 1).
Tak xak
332 — 1= (3: ae 1) (.’1? -+ 1) = mg(:?:) ml(m),

TO

do(z) = v3 + vs = Dy, go(z)= w’ + ", so(x) = do(x) go(z) = (vs + vg) (W + w°),

dy(z) = v3 —vg = Dy, g1(z)= w’ — o, $1(x) = di(z) g1(z) = (v3 — vg) (W — W°).

B cuny
: (z +1) 1($ 1) =1
2 2 ’

[I0JIy YaeM

5(2) = 5 s0(e) (z +1) + (—;) 51(2) (z = 1) = So ( + 1) + 51 (1 — ),

rumue S = DiG-,; (’& e 0,1),
Gg --1 1 1 w3
Gl - 2 1 -1 wﬁ '

Taxum o6pasomM, aJIrOPUTM CONEPKUT OBA yMHOXeHHs uuncen D; Ha xorcrarTh G;. ITockonbky

1 1 6 27 1
1 1 2 V3
G1=-2-(w3———w6):§(w3-—w“3):isin39:—-isin;- “2/_
5 2m
Bewly w = 1u 8 = —5 1O 0ba YMHOXEHUS SBIAIOTCS YMHOXEHWSIMH H2 YHCTO BEUIECTBEBHOE H

YUCTO MHHMOE YUCJIO, T. €. B CJAy4Yae BEIEeCTBEHHLIX KOMINOHEHT BXONHOIO BEKTOPA MBI HOJIYIHM IOBa
BELIIECTBEHHBIX YMHOXCHHS,

Ilepeiinem Teneps x 6-Toueunonn nuknuueckoi ceeprxe (3). B § 6 My paceMoTpenu GRICTPLIA ANTO-
putMm Bunorpana, BEIYHCASIOUUEA 3Ty CBEPTKY ¥ comepxKaimil 8 yMHOXKEHNA 1 42 CoxeHus.

Ecnn

g(@) =wH+wz+wzt +u82® + 0 2 + WP 2P,
d(z) =vi +vsx +vr 2’ +vgz® +vgat + vy 2°,

s(z) = d(z) g(z) (mod 28 — 1Y =Vi + Vaz + Vy2? + Ve a® + Vo 2* + V5 25,

TO

Go
Vi 1 1 1 -2 1 1 1 =2 Gy
Va 1 1 -2 1 -1 -1 2 -1 Go
w1 |1 -2 1 1 1 -2 1 1 G
1~ l1 1 1 -2 -1 -1 -1 2 Ga
Vs 1 1 -2 1 1 1 =2 1 G
Vs 1 -2 1 1 -1 2 -1 -1 G
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IIe

1 1 1 1 1 1
1 0 -1 i 0 —1 ™
| .f“l 0 1 —1 0 U5
0 1 —1 0 1 —1 Uy
1 =1 1 -1 )| —1 Ug
1 O -1 =1 0 1 V4
1 1 0 -1 -1 0 (20))
o0 1 1 0 -1 -1
Go 1 1 1 1 1 1
G] 1 0 —1 1 0 —1 uJ
Gg 1 -1 0 1 —1 0 w2
Gzl _1f0 1 -1 0 1 -1]}{w
Gy 6]1 -1 1 -1 1 -1 w®
G5 1 0 -1 -1 0 1 w7
G(; 1 1 0 -1 -1 0 Ld5
Gy N0 1 1 g -1 -1
Borauennm korcranta G; (1 =10,1,...,7) :
1y 2 4 8 7 5 1 8 4 0
GO:E(w+w +w +w Fw +w’) = 6{(w+w)+(w +w) + (W +w®))
1 . :
= 2 {wH+w™) + (W +w™?) + (W +w N} = %(26039—!-200329—!- 2 cos 40)
1
-y {c039—|— (cos 20 + cos46)} = —;—{m39+2608960339} = %0939(1 + 2 cos 30)
1 1
:§cos€(1+2¢osg—31r-):§cosﬁ~0::0,
1 1, 1 _
G = g(w—w4+w8 ~w’) = g{(w+w8) — (w* +w®)} = E{(m+w“1) - (W +w™))
1 1 2 . 50 . 30
———6(20089——260849) g(cosﬁhcoséiﬁ)ﬁgsm—z—sm_z—
1 1, 1
ngg(w-—w2+w3—-—w7):E{(w+w8)-—-(a}“+w7)}:-ﬁ—{(w+w 1)_(w2+w~2)}
%(rosﬁ-——cos%) —23- n%?-sing,
1 1 1
Gg:-é(wQ——w4+w?*—w5):E{(w2+w7)—(w4+w5)}:E{(w2+w ) = (W +w™ )}
1
-3-((’0329-—-00349) —gfsm?ﬂsinﬁ?
(74 = E(w W g —w® ok w® = w )‘""—'{(w—-u)) (w2~w7)+(w4f—w5)}
1 |
-é-{(wv-—w_'l)m(wz—w_2)+(w4——w“4)}:-6-(23’33’72,!9—-2i3in29+2isin4€)
% {sin 6 — (sin 20 — sin 49)} = - {sin 6 + 2 sin 6 cos 3} = 5 sin 8 (1 + 2cos 36)
%3%?@9(1-{—2005-———)—*53”;9 0 =0,
| 1 1 _ _
Gs = 5 (W —w' =0 +0%) = L {(w-0") ~ (@' ~ )} = £ {(w-w™) - @' —w )
) 2t . 36 5%
- (sm@ — §gin46) = — 3 8in - cos -,
1 1 1 2 2
ng—(w+w2-w8———w7):-{(w~w8)+(w2—w7)}:—6-{(w—-w"1)—::?-{u:'—-—w “)}
2t . 36 7
§ (sin 8+ sin 20) = S 08 2,
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1 1
G«;,- = 6 (w2 +w4 _ w?’ _ w&) - E {(wz _ w?’) + (&)4 _ w5)} - _é{(MZ . w-—2) + (w&' . w-«—!i)}

= % (sin 20 + sin 40) = %E 8in 36 cos b.
TaknM 06pa3oM, MBI BEOUM, YTO BCE KOHCTAHTHI SBJAIOTCH JmOO BEHIECTBEHHBIMM, JU0O YMCTO MHH-
MBIMH, INpUYEM OBe N3 HUX 00paifaloTCa B HYIb, T. €. YMHOXCHHUMI, CBA3aHHBIE C MOnynsaMm#a £ — 1 m
T + 1 HE HYXHBI, IO3TOMY IUIA BLIMHMCIIEHUA 6-TOYEUHOM IUKINYECKOH CBEPTKM HaM HOTpebyercs BCEro
0 YMHOXeHMN, OPUYEM eC/IM KOMIOHEHTHI BXONHOIO BEKTOpa BElecTBEHHLIE YUCIa, TO Tpebyerca 6 Be-
MIECTBEHHBIX YMHOXEHUM, €CJIN XK€ BXOOHOH BEKTOpP MMEET KOMIIIEKCHBIE KOMIIOHEHTHBI, TO NoTpedyercd
12 BemecTBenHBIX YMHOXeHn. B pesyanTare nomyvaeM, 9To Ajid BhIYUCAEeHHS 9-TouewHOro mpeobpaso-

BaHua Pypre Tpebyercs Bcero 10 yMHOXEHUI HA BEIIECTBEHHBIE KOHCTAHTHL. OTAa CUTYAlMS SBIACTCA
O0LIeH ¥ ONUCHIBAETCS CHERYIOIIEeH TEOPEMO.

Teopema. IIycmv m > 1 yesoe, p — npocmoe nevemnoe wucao. Hycmo b= p™ p—1) v g(zx) -
mrozounen Petidepa

b—1 )
glz) =) w" zF,
k=0

ede W — KopeHnb U3 eJUHUYbL CTRENENE P U T — Yyeaoe UUCA0 NOPATKAG b OMHOCUMEAbDHO YMHONCERUL N0
modyarw p. Tozada:

(1) xosdPunuenmor mrnozouaena g(z) (mod £3 — 1) F6ag10MCT BEWECTNBENHBIMY YUCACMU;
(2) xoafPuyuenmor muoeonsena 9(z) (mod 3 + 1) F64TOMCT YWUCTNO MHUMBIMY YUCAAMY;
(3) woaPuyuenmer mnozouaena g(x) ( mod Tr — 1) pasubt nya0.

b
Iloxasameascmeo.  Tlopsmox uwucia 7 paseH b, u Tak kak b - getno, ro 7° = 1, w2 = —1. Torna

b
.|

9(@) (mod 2% ~1) = 3 gat,
k=0

h+g

rme gr = w" 4wt 2 =w™ 4w = {cos (07%) +i sin (07%)} + { cos (6n*F) —i sin (§7%)} = 2 cos (O7*),

3,
b
b1

g(z) (mod 2% + 1) = Gz,
k=0

. k Rt 3 k k .
roe gy = w" —w' 2 =w" —w " = 2isin (")

Taxum obpazoM, yreepxnaenud (1) n (2) cnpasennusnt. s nokazaTenscrsa (3) paccMoTpUM MHO-

'O4J1€H
o
= 1

b—1
§(z) = g(z) (mod 2 —1)= Y w™ &* (modzv —1)= Y g a*.
k=0 k=0

Koapdunmenr Gy pasen cymme Tex kosdpoduumenToB MHOrouiaeHa g(xr), MHIEKC k& KOTOPHIX KPATEH

gpcty —. Takux xo3dPuimenTos uMeeTcs p MITYK, T. €.
p

it

p—1
o ¥ o
go = E P

0

B ofmeMm caydae kod3pdbunneHT Jr HAETCA PABEHCTBOM

p—1

re 28
> 1 P — — —
Gr = E A : T—-*Ogla”': 1.
] 0 p
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b

Tpebyerecsa nokasaTh, 4TO §, paBeH "wymio mig scex 17 = 0,1, ... ,5 — 1. llepenmmiem g, B BUAE
p—1 ib
gr = E :(wﬂ )"
j=0

r

Tax xak w™ onaTeh ABNAETCS KOPHEM CTENeHM p'™ M3 eOUHMIELL, TO YTBEPXKICHHE NOCTATOIHO NOKa-
3aTh TOABKO aAng r = 0, T. e. mus ~

jb

p—1 ; p—1
Jo = z w' " = E w!™

J=0

3

)

b b
3aMeTHM, YTO 77 €CTh 3JIEMEHT NopAnKa p, T. e. (w? )P = x° = 1, 3na4uT,

b 2b p—1)b 70 ?1'%’2
. 0 = " W' —w w—Ww
go=w" +w" +w"" +-- 40" 7 -

2 ::0,

3
] —w™?

b
1 —w™?

YTO ¥ TPebOBAIOCh NOKA3ATh.

Wrak, eciim pnmua npeobpasosannus Pypre pasHa p™, T. €. CTENEHU NPOCTOrO YMCIA, TO MaTPULA
npeofpa3oBaHus pasmepa p™ X p™ pasbusaercs Ha p T l{(p — 1)-TOYEUHYIO DUKINYECKYIO CBEPTKY U
p™ 141 (p—1)-TOUEUHBIX IMKINYECKUX CBEPTOK. BCe 3TH CBepTKY BHUHCISIOTCA ¢ HOMOUIBIO AJITOPUTMA

Brnrorpana And UMKIMYECKMX CBEPTOK, COHEPMKAIIEIO TOIBKO YUCTO BEIIECTBEHHBIC U YHCTO MHUMBIE
YMHOXECHUS.

86



§20. ANTOPUTM BHMHOTPANA BBLICTPOI'O NPEOBPA3OBAHUSA PYPLE B
CIIYYAE, KOI'IA' IIVIMHA TIPEOBPA30OBAHUSI ECTh CTEIIEHD IBOVIKH

O6benmauM asroputmel Pelinepa n Burorpana niis BeIuucaenus AUCKpeTHOrO npeobpasopanns Py-
Pbe B City4ae, KOrma njaunHa npeobpaszoranus n = 2™. Mu yxke supenmu B § 17, uro anroputm Pelinepa
IEPEeCTAHOBKY KOMIIOHEHT BXOLHOIO U BHIXOJHOI'O BEKTOPOB MOXHO IIPUMEHUTEH TOJIBKO K TEM KOMIIOHEH-
TaM, MHIOEKCHI KOTOPBIX ABJISIOTCS HEYETHBLIMU YHCIAMHU. JTO HOIMHOXECTBO KOMIIOHEHT HEPEyIopsio-
UABACTCA TAaKUM 00pa30M, UTO B Pe3ylbTaTe HOIYJYAIOTCS YeTHIpe IUKIIMUECKue CBepTKH AJMHEL 2™ 2,
Mur Takxke BUNEIH, YTO HTH YETHIPE CBEPTKU MOXKHO CBECTHM K IOBYM 2™ 2-TOUeqHBIM IUKIMIECKAM
CBEPTKaM, €Cim n00aBUTh HEKOTOPLIE HONOIHUTE/ILHBIE TPEACTIOXECHU ¥ MIOCTCIIOXEHMTS.

CTpoku u cTonbusl ¢ YeTHHIMM MHACKCAMM MOXHO HPEICTaBUThL B BUIE npeobpasoBanms Pypne
sl 2™ meckonmbkuMu cnocobaMm. OTa ¥acTh BEIYACHEHMN NpPENCTaBiseT coboi 2™ l-toyeunoe
npeobpaszosanne Pypoe. Pasbuenue B HEKOTOPOM CMBICTE aHAJOTUYIHO OOHOMY mary aiaropurma Kymm -
Treoxu no ocHoBarui ABa. McnonniyeMm, Hanpumep, ajrOpUTM € OPOPEXKUBAHAEM IO YaCTOTe.

Ilas 3amassOoro 2™-roueunoro npeodpasosanng Pypoe

Y wike;, k=0,1,...,2m -1 (1)

KOMIIOHEHTHI C YeTHBLIMY 3HAYEHUSAMU VMHIOEKCA k MOKHO 3alUCaATh B BHIE

P R |

Ver = 3 (v +vpam-)w®, k=0,1,...,2"7 - 1. 2)
3=0

D10 1 ecth 2™ -ToUeunoe npeobpaszosanue Pypbe BEKTOPA, KOMIOHEHTH! KOTOPOTO TOMYJaIOTCS
cioxenmeM j-i m (2™~ ! + §)-it koMnosenT ucxomuoro BekTopa v (j = 0,1,...,2m"1 —1).
KOMIIOHEHTEI C HEUETHBLIMY 3HAUEHUSAMU WHICKCS K MOXKHO 3aIUCATH B BUIE

2m—1_1 2m-—-1__1
VZk—I—l = Z wzj(%“) (%3] =t Z w(2j+1)(2k+1) Vo241, k = D, 1, o 5 4y 2”"”“1 — 1. (3)

PaccmorpuMm nepByio cymmy B popmyne (3):

2rn.~—-1 2m-—1 2m—-1

Z wzj.(gk_;_l p Z w4k3+23 Vg = Z wéihj w2j 'U,‘ZJ (4)

| . 4 m—2
TE}K KaK W — KOpEHb CTEllCHHN 2™ u3 eIMHNIIbI, TO W~ €CTh KOPEHb cTerieHn 2 13 eguHubLI, 1O03TOMY

: m—2 : m 4:]3 ¢
w4k(3+2 ) — wc’lkj-}-? ko kI
Juaunt, cyMMa (4) MoxeT ORIThH 3AIIMCAHA B BUIE
2m=2-1 2m 21
m —3 4:k J o _f)‘. .
E Wt (W vg; +w 20+ )Ug(j_i_zm 2)) = 5 w3 (W vg; — W™ Va(jpam-2));
=0 =0
2™ - omik=0,1,...,2m %~ 1.
TaK Kax w* = —1. OTa cyMMa BBEIIUCISETCS TONBLKO I N PRy
B pesyapTate dopmyna (3) nepenncuBaeTCS B BIIC
zmiﬁl sz_l_l (2+1)(2k+1) (5)
Vogi1 = W (W v2j — w™ 'Uzj+2m-1) + = 2j+1
3=0 j=0
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k=0,1,...,2" 1 — 1, npuyeM nepBas CyMMa BHUHCILETCH IJI HepBEIX 2™ 2 3pavennit ungexca k, Tak
KaK IOTOM 5THU 3HAYEHWUS MOBTOPSIOTCH. ECiam BXOMHAS NOCIEIOBATEILHOCTH ABISETCS BEUISCTBEHHOW,
TO 3Ta YACTEL BRIUHMCICHMHA cocTouT m3 2(2™72 — 3) = 2™~ ! — 6 pemeCTBEHHBIX yMHOXEHHN 1 2™ %-
TO4YEYHOrO npeobpasopanusa Pypse. Bropas cymma B (5) MoxkeT OBITH BEIYMCIIEHA € IIOMOIUBIO 0000IICHNS
ajiroputMa Peitnepa nis ciyuasg n = 2™, 5TO BEIYMCIIEHYNE CBOANTCS, KaK MBI YK€ 3HaeM, K BLIUMCICHUIO
IBYX UMKIMYECKUX CBEPTOK IJIMHEL 2™ 2.

BepueMmcs x npmmepy, paccmorpenHoMmy B § 17. Hawmem ¢ Beiumcienms xoMnosHedT 16-Todeunoro
npeobpa3oBarus ®Pypoe ¢ yeTHbiMU nHAekcamu. CornacHo (2) ¥X BBIUMCACHNE CBOOMTCA K 8-TOYEYHOMY
npeobpazoBaruio Pypbe, KOTOPOE ONUCHIBALTCS CHCSMYIOUIVM YPaBHEHUCM

Vg 1 1 1 1 1 1 1 1 Vg T+ Vg
Y, W2 owt Wb WB Wit Wiz e o 4 \
Va 1 w! W oWw?r 1wt W Wl? vy + V19
Ve | 11 o® w? ? W oM Wt Wl va +v11 |
Vg B 1 —1 1 —1 1 —1 1 —1 v + Vo o
Vio 1 wi® Wt W W W Wt We Us + U13
Via 1 w2 Wb Wt 1 W B Wt Ve + V14
Vis 1 w? w'? W@ W Wb Wt WA V7 + Vs
1 1 1 1 1 1 1 1 Vg + Ug
1 w? - Wb -1 —w? i —wh vy + Ug
1 —% -1 ) 1 —1 -1 /) Vg + V10
1 wﬁ ) w2 —1 —wﬁ —1 -—w2 U3 1+ V1 6
1 = | 1 —1 1 —1 1 —1 V4 + V12 ( )
i —w2 —1 -——wﬁ -1 wz 2 wﬁ Vs + U133
1 ) -1 — 1 (] -1 -1 Vg + V14
1 —wb i —w? -1 Wb - WP V7 + U1
semty wi® =1, ¥ =—-1, w=—i w?=4i.

HEpECT‘aBHM KOMIIOHEHTBHI BbIXOOHOI'C 1 BXOIHOTO BEKTOPOB, & TaK¥Xe COOTBETCTBYIONINEC CTPOKH M

croaboet MaTpuukl W = (w?*) Tak, uTo6B CTPOKM M CTONOUEL, COOTBETCTBYIOLINE YETHHIM 3HANUECHUAM
k, CTOSIU EePBBLIMM:

Vo 1 1 1 1 1 1 1 1 vo + Vs
V& 1 -1 1 -1 —1 ) —7 () V2 + V10
Vg 1 1 1 1 —1 -1 -1 —1 V4 +— U129
V12 . 1 -1 1 —1 ) —1 /) ~—1 Vg + V14
Vo 11 - -1 ) L wb —w® =P 1 + g ' (7)
Ve 1 4 -1 —-i W w? —wh =2 V3 + V11
Vio 1 —i -1 & —w? —wb W W Vs -+ U13
Vi 1 3 —1 —i —wb —w? W w2 U7 + Uis

llepBLIe ueTHIpE CTPOKH HE CONEPXKAT YMHOXKEHWUH, M COOTBETCTBYIOIIME KOMIIOHEHTHI BBIXOIHOTO
BEKTOPa MOTYT OBITh BEIMUCHEHHI ¢ noMoiubio 12 cioxeHni. llepebie weTtwipe cronbiia B mocienHmx

YeThIpeX CTPOKaX TAKXKe He CONEPXKAT YMHOXEHMIH, I03TOMY HOCIICHHNE YeTHIPE BLIXOAHBIC KOMIOHEHTHE
B (7) pasbuBaeM Ha ABE YaCTU:

-‘/2+4l — V21+4£ ~+ V22+4£ (l - 0, 1, 2,3),

rae Vo 4, CONEPXKUT BKJIAJK NEPBEIX YETHIPEX CTONOLOB, 8 Vi, 4 — BKIam mocaenHux dethipex. Hpuuem

1 /1 1 __ 171
Vz ""VIO! Vﬁ "“Vlr.i.;

2 __ 2 2 _ 2
V2 = Y10 VB — “Vhi?

IOTOMY BEIYMCIISITH CIEAYET TOILKO ABE KOMIOHeHTHL. Ilis Borumcienus Vy u Vi Tpebyercs ueThipe
cnoxenvs. Borancnenue Vi u Vi MOXHO BHIIOMHATEL B BUOE 2-TOYEYHOM MUKIIMYECKOA CBEPTKH

V22 . w2 w6 (’01 + 'Ug) e (’U5 -+ ’013)
1752 T\ Wb Wl (vs + v11) — (V7 +v15) /'’
&8



KOTOpasa BLIUUCHgeTCHd 0o opMmyne

1
v\ (1 1) 3 +w) 0 (1 1 ) ((vlﬂg)-(vawlg) ) _
(Vﬁz) - (1 ‘-*].) 0 (wg __ wﬁ) 1 -1 (’U3 -+ '011) = (‘U’z +U15)

1 1 —1 cos 20 0 1 1 (vy + vg) — (vs + 1113)

1 -1 0 —sin 20 1 -1 (v3 + v11) — (V7 + v15)
n TpebGyer 6 ciaoxeBuil u 2 YMHOXEHUH Ha BemiecTBeHHble umciaa. C yueToM TpeOyeMbiX CIHOXKECHMM
KOMIIOHEHT BXOOHOI'O BEKTOPA BCEro 3TA YACTh BBIUMCIEHHN TpebyeT 34 CloXeHud.

Iepeitpem Teneps K BRIYUCACHUIO KOMIIOHEHT BLIXOMHOI'O BEKTOPA ¢ HEueTHHME uuaekcamu. HauneMm
¢ nepeoit cyMmmel B popmyite (5). Ilycrs

Al 2
Vokt+1 = Vopyr + Vogia,

riae
2 Z dki ¢, 29 24 _ Z dkj 27 4
3=0 F=0

Kax MBI yxe 3aMeTuIM, BHIYUCIATEL 3Ty CyMMY HJIO TOIbKO mias k = (,1,2,3. Beruncium cHa4ana
KOMIOHEHTH W (vy; — wyi4s) (7 =0,1,2,3), ansg gero norpebyeTcs 2 HETPUBNAILHEIX ¥MHOKEHMS:

Vg = Vo ~ Us,
- 9
Uy = w* (vg — V19),

. . 8
Ug = —1 (Vg — V12), (8)

56 = wﬁ (?}5 — ?)14).

Ocranock BEIYMCIUTE 4-ToueuHoe nnpeodpasoBanpe Pypre

T. €.
Vi 11 1 1 ¥ 11 1 1 Do
Vil |1 w* wd w!® v} (1 —i -1 g U2
750 I O S L R o] 11 -1 1 -1] &
V2 1 wl? w8 oA Ug 1 ¢+ -1 =2 Vg

llocriennee BeruNCIIEHVE He COREPXUT YMHOXKEHUH, TpeGys TOMLKO & crokenmit. C YYETOM CIACKEHUH
KOMIIOHEHT BXOZHOTO BeKTopa B opMynax (8) Ha sTy 4acTe BHIUnCHeHME TpebyeTcs Beero 12 cromeHmit.

OcTanocey peramcnuTs xomnomeHTH Vi, (k= 0,1,...,7), nas gero npaMensercs anroputm Peii-
Oepa NepeCcTAHOBKM COOTBETCTBYIONIMX KOMIIOHEHT BXOMHOTO M BEIXOZHOTO BEKTOPOB, CBOOSIIMIA 3TO BhI-
qUCHCHNE K MUKINIECKUM cBeprkaM. B § 17 Mmer Bunerm, 4To 3a cueT NoDABIIeHUA HEKOTOPBIX CIIOXKECHUN
MOXKHO CBECTH TO BBIUMCIEHNE K Hape 4-TO4eyHLIX HUKIMYECKUX CBEPTOK C BEIUECTBEHHOW M YKCTO
MHUMON MaTPUIIAMM, IIPA 3TOM YaCTh BHIUNCJIEHHUH, CBA3AHHBIX C MOAYJIEM 2 — 1, BRIMOJHATL HE HAIO,
[O3TOMY BBEIUMCIIEHNE 9TUX ABYX CBEPTOK TpeOyeT Bcero 0 yMHOXEHWY Ha BCLICCTBEHHLIE KOHCTAHTHL.

onpobHO PacCMOTPHAM BBIYUCIEHEE TONBLKO OOHOM U3 BTHX CBEDTOK, MOCKONBLKY BTOPAsA BRITUC/IACTCS
AHATTOTMYHO ¢ 3aMEHOM BXOMHEIX KOMIIOHEHT 1 KO3 {UIMEeHTOB MHOFOWIEHa, g(x) ¢ cos k6 na sin ko.

U3 dopmyn (2), (6) u (7) §17 cnenyeT, uTo

{I% “ E4 E4 ﬁ/'l 9 E4 .7 ) (‘?1) (9)
V2] \Es —E4 O W) \Es —E4)\V2)’

&9
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s1(x) = di(z) g1 (z) (mod z* - 1), (11)

so(x) = Vis +Viiz+ Voz? + Va8

eCTh 4-TOYeuHas HUKINIECKAd CBepTKa MHOTOUYJICHOB

da(z) = (v — v15) + (V13 —v3) T + (vg — v7) 2% + (V5 — v11) 25

g2{z) = i{sin @ + sin 50 = + sin 90 z* + sin 130 2},

so(x) = do(x) go(z) (mod z* — 1). (12)

Permwm sapaay (11). Met yxe sugenu B § 16, uTo ecitn BOCHOIBL30BATHCS airopuTMoM Bmmorpana m
pasnoxuTs z* — 1 B npoussencuue

($2 — 1) (3:2 + 1)3

10 gi(z) (mod 2% —1) =0 (u go(x) (mod 2% — 1) =0), T. . COOTBETCTBYIOMIYIO MOA3ALANY MOKHO HE
pemaTte. HosroMy Tpebyercs nuines BRIYHCINTS

di(z) g1 (z) (mod z2 +1).

Ilockomuky

di(z) (mod z* + 1) = {(v; +v15) — (v +v7)} + {(v5 + v13) — (v5 + vtz =dyo+di x

g1{z) (mod £° + 1) = (cos 6 — cos 96) + (cos 50 — cos 1360) z = g + ¢1 2,

TO BeIOEpEM B KaUeCTBe NepBoHAYaIbHOTO Monyis m(z) = z (x — 1) (z + 1) n HalimeM nuHeRHYIO CBEPTKY
MHOTOWIEHOB dj () n g, (z).
Nmeem

dy(z) = di(z) (mod z) = dy, go(z) = g1(z) (mod z) = g,
di(z) =di(z) (modz -1)=do+di, gi(z) = g1(z) (mod z — 1) = gy + g1,
d3(z) = di(z) (mod z+1)=dp - di, g5(x) = gi(z) (mod z +1) = go — g1,

so(z) = dg(z) go(x) = dogo,
s1{z) = di{x) g: (2) = (do + d1) (go + g1),
sx(z) = d5(x) g5 (z) = (do — dy) (go ~ g1)-

Ucnone3ys cnenyiowyo Tabauny MHOrowneHoB my(z), My(z) u Ni(z) (k=0,1,2)

k| mg(z) | M {(z) -Nk(ﬂ?J)_

0 z —11
1 Tz —1 5
2l z+4+1 | 22—z . ,
2
TIOJIYy 4aeM . ,
& () g1(2) = sb(z) (1 — 2%) + 5 5L(2) (2% + ) + 5 83(2) (2 ~ )



Beegem 0603u349eHUs
Dy = dy, Go = 2go, S =D Gy (k=0,1,2),
1
Dy =dy + dy, G1:§(90 +g1),

1
Dy =dyp—dy, Ga= : (g0 — g1)-
Torna

1
s1(z) = -2_50(1“:82)_'_81@2"'55)"‘32(1'2"33) (modx2+1)-350+51 (z-1)+S(-1—-2) =

(So = Sl = Sz) -+ (Sl = Sz) xZ.

Nrak, nonyuaem

Go 1 0
L do .
)"(0 i —1) G1 o (dl)’ _ o

(9 ~1
roe
Go 2 0 -
G _ 1 . (gﬂ)
1 o > ) .
a:) \l -3)\®

Mur nomyunnu aJIropuTM, CONEPXKAImMN 3 yMHOXKEHMA W 5 cloxeHwit. BreramcaumM xomctantel G
(e =10.1.2)%

Go = 2go = 2(cos 6 — cos 90) = 4 sin 50 sin 40 = —4sin50, |
; . : __
G; = 5 {{co8 8 — cos 98) + {cos 50 — cos 136)} = sin 50 sin 40 + sin 96 sin 40
= —(sin 58 + sin 98) = —2 sin 76 cos 26,

1
Gg = 3 {(cos @ — cos 98} — (cos 58 — cos 136)} = —(sin 50 — sin 98) = 2 sin 20 cos 76,

16 2
Ilpu pemenuu samaun (12) ucmomb3yem ToT ke amropurm (13), 3ameHss KOMIOHEHTEI BXOIHOTO
BeKTOpa dp ¥ dj coorBeTcTBeHHO Ha {(v1 — v15) — (Vg —v7)} m {{viz —v3) — (Vs — v11}}, @ go m g1 — HA
i (sin 8 — sin 96) u i (sin 50 — sin 130). B sTom cnyuyae kouctantsr Gy (k = 0,1,2) paBHb:

B cuity sin4f = sin ( 4'2’”) = 8iN (—f—) = -1,

Go = 2i (sin 6 — 511 98) = —44 cos 58 sin 48 = 41 cos 56,
1
Gi = 3 i{(sin 8 — sin 90) + (sin 58 — sin 136)} = i (cos 5@ + cos 98) = 2i sin 76 cos 28,

Go = —;— i{(sin @ — sin 90) — (sin 56 — sin 1360)} = i (cos 58 — cos 90) = 24 sin 76 cos 26.

W3 dopmya (9) cuenyer, 9ro Bhiumciesme xomnoxesT Vo, (k = 0,1,...,7) norpeGyer scero
16 + 2 -5 = 26 ciuoxenut u 6 YMHOXEHNI Ha BEIECTBEHHLIE WM YNCTO MHUMBIE umncsa. lorna ans
BBIYNCIICHNS KOMIIOHEHT C HeuYeTHRIMM uHaekcamu Vorpi1 (kK =0,1,...,7) norpebyercsa Bcero 26 + 8 + 12

cnoxeHnit u 6 ymuoxenuii. A Bcero 16-Toueunoe npeobpazoBanme ®Oypbe MOXET OBITH BLIYHUCIEHO C
nomorbio 10 ymuoxerui u 80 cmoxenuii. |

PaccMmoTpuMm emre onmun npuMmep — 8-roueusoe npeodpasopanue Pypoe. Coriacuo M3IOKEHHOMY
BBIIIIE, BEIYMCIACHUE 3TOr0 npeodpa3’oBadms IOIXKHO CBOOUTHCA K:

1) Beruucnenuio 4-roveynoro npeobpaszosanus Pypobe (4718 KOMIOHEHT BRIXOIHOIO BEKTOPA € YETHEL-
MU MHIOEKCAMMU);
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2) BBIMHCICHHIO 2-TOYEYHOro npeobpasoBamms Pyphe, KOTOPOMY NPEAIIECTBYIOT 3§ KOMILIEKCHBIX
YMHOXEHUS (/71 ePBOit YacTy, BXOAAIIEH B KOMIIOHEHTHI BLIXONHOIO BEKTOPA C HEYETHRIMY UHIEKCAMH);

3) BEIYACIIEHMIO ABYX 2-TOYEUHEIX HUKJIMIECKUX CBEPTOK, KOTOPOE MOIDKHO CONepXaTh He 6omee OByx
YMHOXKEHUU Ha BEIICCTBEHHBS HIM YMCTO MHUMEIE YMCiia (il BTOPOM YaCcTH, BXOOSIEH B KOMIOHEHTH
BLIXOJHOI'O BEKTOPA C HEYETHHIMYU MHICKCAMIU).

IIpsmoit anropuTM Beraucienns 8-rogeydoro npecbpasosanns Oypbe nmeeT BUL

Vo 1 1 i 1 1 1 1 1 (%
Vi 1 w w? W wt W Wb W vy
Vs 1 w? wt Wb 1 W oWt W Vs
V]l |1 o W w W W oW WP V3
Val 11 wt 1 wt 1 wt 1 ot vg |
Vs 1 w® w? W' owt w Wb WP Vs
Vﬁ 1 wﬁ (.d4 w2 1 wﬁ (4.?4 {JJ2 Usg
Ve 1 w' Wb W ow?r W W ow Uy

217

rnew=—"¢ § ,
4-ToyeyHOEe npeoﬁpasoaaﬁne bephe OIS BEIYUCHEHNS. KOMIIOHECHT C YeTHRIMUY HEICKCAMA:

Vo 1 1 1 1 Vo + V4 1 1 1 1 Vo + U4
Vol |1 w? w* By lom+uvs ) [1 -1 -1 4 v + Vs
Va4 o 1w 1 Wt Vo + Vg - 1 -1 1 = V2 1T Ug
Vs P w¥ W w? V3 + vy 1 i -1 —q v3 + V7

HE COHEPXHUT YMHOXKEHIR M MOXKET ObITHh BHIIOJIHEHO C IOMOIULIO 8 CIIOXKCHUI.
Briuncnesue KOMIIOHEHT BLIXONHOIO BEKTOPa ¢ HEYCTHEIMHK MHIECKCAMU pa30obbeM HA ABE YACTH:

V2k+1 — V21k+1 + V22k+1 (k — 01 1, 2, 3),

1

V21k+1 — Z Wik W (v2j — Vajt4) (k=0,1),
j=0
Tax kak Vi =V, Vi =V},
3 "
V22k+1 = Z 29 HL)2RHL) V2j+1 (k=0,1,2,3).

§=0

Iz kommoresT Voi ., (k= 0,1) mveem

()=G 56 ) Gm)-G 26 D E=)

T. €. 3TH BBIYHACIEHUS TPeOyoT TOJIBKO 4 onepailuu CIOXEHNI. Y MHOXKEHNS 30eCh TPUBUAJIBLHEL
= 0,1,2,3) npumennM anropaT™m Pennepa. Tax Kak

1
0

0
—3

1
1

1
—1

1 O
0 w?

1
1

1
~1

Vo — V4
Va2 — Vs

Vo — V4
Uy — Vg

v
1/:'3 1

C—
—————

——
—tre

Ins perumcnenns Vi, (k

50=1 5'=5 5.7=7 5 .7=3(mod8),
50=1 5 1=5 5°.7=7 5 -7=3 (mod 8),
T TRV Ve w W W Wi\ /wn 1 0 1 O
V12 W ow W W vs{ [0 1 0 1
V52 W W ow WP w111 0 -1 0
V;z WP ow W w U3 01 0 -1



1. . .
§(w+w7) *2'( > +w?) o0 0 -
11l 3 1 -~ | 1 0 1 ¢ ¥y
S@P+w?) swre) 0 0 01 0 1) [w)_
1 1 1 0 -1 0O vr |
0 Lo oy L s 3 7
v 12(“" o 21(“’ “IM\o 1 0 -1/ \w
0 0 5 (W® ~ w?) 5 (w—w’)
1 0 1 § cost cos b 0 0 V1 + vy
0 1 O 1 cos b8 cos b 0 0 Us + U3
1 0 -1 0O | 0 0 18inf isinb8 || vy—vr |’
0 1 0 -1 0 0 i18inbl  isinf Vs — U3

T. €. IBe TUKJINYECKNAE CBEPTKN M HEKOTOPEIE HOIONHUTEIbHEIE CIIOXCHUS.
Ji19 BRINMICIEHU A KaX D0 U3 ABYX 2-TOYEYHBIX MUKIMUCCKIX CBEPTOK NOTPeOyeTcs ONHO YMHOXKCHNE,

TaX KAK YMHOXEHUS, CBS3aHHBIE ¢ MORYIeM T — 1, BuInonaaTh, He Tpebyercs. lelcTBATENBLHO, HANO
BLIYMCIUTD

s1(z) = di(z) g1 (z) (mod z* ~ 1)
s2(x) = da(z) g2(z) (mod 2° — 1),
rAe

di(z) =(v1 +v7)+ (vs +v3)z, ¢:1(z) = cosh + cosdlz,

do(z) = (11 — v7) + (v5 — v3)7, go{x) =isin@ +isind0z.

HpumennM anropurm Bunorpana, npu 3ToM paccMOTPHM Pa3iIoXKeHue
gl ~1=(z-1)(z+1)

B 3@METHEM, ITO
gi{z) (mod z — 1) = cos 8 + cos 58 = 2 cos 38 cos 28 = 0,

g2(z) (mod x — 1) =i (sin 8 + sins 50) = 2i sin 30 cos 20 = 0,

4 T e
OOCRCIEKY 26 = _E —= -'é- n COS$ '-"") —
Tax xax

g1{z) (mod z + 1) = cosf — cos 56 = 2 sin 30 sin 20 = -2 sin 30 = G4,

di(z) (modz+1) = (v; +v7) — (v5 + v3) = Dy,

TO

si{z) = G1 D; (-——%) (x+1)=sn360D,(1+ z)

¥ 111 BRIYHCIEeHHA $1(Z) TpefyeTcsa OMHO YMHOXCHIE Ha BeIICCTBEHHOE YNCIO U 3 CNOXKeHus. AHaJIOrny-
HO, TaK Kak

ga2(z) (mod £+ 1) = i(sinf — sinb8) = —i2 sin 20 cos 30 = 2i cos 30 = G,

dy(z) (mod z+1) = (vy —v7) — (vs — v3) = Ds,

TO

1
SQ(SII) —_ Gz Dg (-2*

1 OIIATh TPeOyeTCs ONHO YMHOXEHUE U 3 ClIokenus. 1'0rga ¢ y9eToM TIOCTCIIOKEHNH, TpebyIoumxes o
OKOHuaTensHOro Haxoxaenns Vi, (k= 0,1,2,3), nonyqaem scero 10 cnoxeruil u 2 yMHEOXEHUA, 1 A1
BEIMMCTCHNA Vorq (K = 0,1,2,3) ~ 10+ 4 + 4 = 18 onepauuii cioxerus ® 2 yMHOXKEHNA., JHAUNT,
I3 BEIYUCTICHIA BCEX BRIXONHBLIX KOMIIOHEHT 8-TouedHOro npeodpazosanus Pypne norpebyercs Bcero 2
HETPUBUANBHBIX YMHOXEHNA (HA BEHICCTBEHHOE M YHMCTO MHAMOE Yucia) ¥ 26 onepaumi ClIOXeHu:l.

Mgur Bmmestu, ¥TO0 B 000OMX TOPHMEpPAX MPH BLEIYKCICHUM HUKINYECKUX CBEPTOK, IIOAYUYAIOLINXCSH B

pesyabpTaTe NpUMEHEeHNd ajiropuTMa Peupepa, Bce YMHOXEHUS ABNMOTCH AuGO BEIECTBEHHBLIMM, 100

W : n
9HCTO MHUMBIMY, IIPUYEM YaCTh YMHOXKCHMI IPDH BBIYHCICHUIMN HNUIKJIUYECKHUX CBEPTOK OJHMHBI — BBIIOI-

4
n
HATH HE HYXKHO, TakK K3K MHOTOYNEH ¢(Z) mO Moaymio 8 — 1 OkaskiBaeTCs paBHBIM HyIw. Ha camom

nesne, 910 olmias CUTyallusi, KOTOPas ONUCHIBACTCS CIENYIOUIEH TeopeMOoi.
94
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Teopema. Ilycmb m > 2 yeaoe wucao u g(z,y) — obobwennvili dsymepunil muozousen Peidepa

21‘?’12
Z Z 37 (=1 .7
=0 (=0

2de w — kopenv cmenentu 2™ u3 edunuyst. Tozda:
(1). Koagpuyuenmur smuozouaena g(z,y) (mod y — 1) g64g10mecd 6euecmsennbing wucaamu;
(2). Koagduyuenmor smuozouaena g(z,y) (mod y + 1) F64710MCT YUCTO MHUMBIMY YUCAOMU;

(3). Koadduyuenmut muozouaena g{z,y) (mod z27  —~ 1) pasnbr nyao.

Loxazameavcmeo.  IelCTBUTENDEO,

2m—2_1 ‘ 2m-—-2__1 o~ ~2 _ qm— —2 .
9(z,y) (mody—1) = Z w® 4 Z W~ Z (w3J+w"“33)m3 Z 2 cos (37 6) x/
j"—:O ==
2m-2 1 2m-—2___1 m-—-2 | Qm—= -2
9(z.y) (mody+1) = Z W i - Z W Z (o.:3J —w )l = Z 21 sin (37 8) 2’
3 ={ =

Paccmorpum

e 3 j42m—3 :
g(z,3) (mod z2° —1) = Z Z{w?’ S I Y

71=0 =0
2m=3.1 oo S gm=d_ gm =38 _
~3 m—-3
g3 +2™~ : __giprmey
E (w3 + w' Jx? + E (w3 . Valy = E gJ$J+ E gja;-"
7=0 7==0 J=0
~ ~ gh |, gk+2mT? m-3
B obuwem cnydae xo3pPuiumenT g naercs --pa;BeH(:'rBowg gr = w° +w , k=0,1,...,2 —1,a
“ i ok . k42™Mm™ = ;
KO3hPULMERT @ — PABCHCTBOM (r = W™ > + w™ > . k=0,1,...,2m3 — 1. Tax kak
~ 3+ 3° gk g2™ " ~ —3%k\ -39 _gky—32m 77
g = W )* + (W) o =W )T W)

ko ok . -
uw, w ¥ onaTe ABAAOTCA KODHAME CTemeHW 2™ U3 COMHWMLH, TO AOCTATOYHO AOKA3aTh, 9TO {p B &7

paBubI Hymo. OgeBUAHO, IMEEM

30 32m_2
90 = W +w = o a1 —3 __ gm=—3 O
1 —ws 1 — w3
™2
Bcuay 3° T =1 (mod 2™).
Anranornugo,
0 pm 2 L _
~ ___30' ___327“—*3 w_-3 T UJ_'3 /) 1 - w . _ O
Jo — W + W == 1 — w_,32m’“3 - 1 — w__ng—a I
2‘”’1—'3

3uaunT, sce kodhduuueHTH MHEOroweHa g(z,y) (mod z — 1) paBHHL BYIIO.
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§21. CBEPTKA B KOHEYHOM IIONE

CBepTKa B TIOJE BEINECTBEHHALIX YMCESI B HEKOTOPHIX CIydasx MOXeT ObITb 3aMEHCHA CBEPTKOU B
nonxomsaeM 1ojie Nanya. B peailpbHbIX 3a034aX BEHMICCTBEHHBIE YHCTA 33NNCHIBAIOTCA B BUAC KOHCHHOTO
YUCIIa OECATUYELIX MM JBOWYHHIX 3HAKOB, B IUPpoBOil 0OpabOTKE CUTHAJIOB ODBIYHO HCIOIB3YIOT 3a-
nUCEL ¢ GUKCHPOBAHHON 3ansToi. [lpu BeIUMCIECHUSX MOXHO NPENNONAraTh, YTO ITA 3aNATAA H&XOHHTCiI
COPABa, T. €. BCE YUCHA ABISIOTCA NENBIME {3TO SKBHABAJICHTHO YMHOXEHWIO BCEX TaHHBIX HA HEKOTOPBIY
MaciuTabHBIA MHOXNTENB). Taxum 00pa3zoM, JIMHEHHYIO CBEPTKY B IIOJI€ BEILECTBEHHLIX YNCENT MOXHO
3aMEHUTH CBEDTKOWU B KOMbIEe NeIbX yucesn. BHemrHud Buj ypaBHEHMNS, ONXCHIBATOLIETO CBEPTKY, HE Me-
HSETCs, HO ONEPALMH IPUOBPETAIOT CMBICT CTAHAAPTHON LETONUCICHHOM apUPMETUKH. 3atTeM ypaBHEHHUE
B KOIbIIe HeJIBIX YHMCeT MOMKHO MOTPY3UTh B Homxonsuuee mone [amya, sanpumep, B node GF(p) = Zy,
eCJIM IIPOCTOE YHUCHO P ACCTATOYHO BeIUKO. BCim Bce BXOOSAIINE B CBEPTKY HEJbIe YMUC/A TOIOKUTE/IbHDL,
TO P HODKHO OBHITEH CTOML BONIBILUM, YTOOB BLIXOAHBIE KO3DQUUUEHTH! CBEPTKA HE NPEBOCXOIWIN P — 1.
© Torga puINIOIHSETCS CPABHEHUE

s(z) = g(z) d(z) (mod p),

¥ YCJIOBHE BBIYMCICHUN [0 MOOYIIO p N3jumiHe. Ecnm BLIXOAHBIC KO3QPUUUEHTH MOTYT NPHHIMATH
¥ OTDULATENLHLIC 3HA4HEHMs, TO P HaAO BHIOMpaTh TakuM 00pa3oM, 4TODLI §; MOMaad B OMANA30H

-1 -1
A 5 < 8; < BT Torna orpuaTeIbHbIC HEbIC YUCIa MOTYT ORITH NMPEACTaBIeHb! ITOI0KHU TEABbHbI-
p+1
MM DEABIMA IMCTaMU B HHTEPBAJIE OT ~— nop— 1.

Ceeptka B niosie I'asmya mMoxeT OBITEL BhrUncCIieHa Jji00bIM M3 NPUIOOHBIX B JAHHOM IHOJE METOHOB.
MOXHO CTPOUTH MNPAMBIE METOObLI BBIUYHC/ICHHS CBEPTKHA B KOHEYHOM IIOJie, IIONBL3YSCh TeMH XK€ DBICcT-
pPLIMU anropuTMaMul, KOTOphe paboTailoT B HOJ€ BEHICCTBEHHBIX 4YUCE I, MOXHO MOOUDHIIUPOBATHL YKE
IIOCTPOCHHBIE AJITOPUTMbI CBEDTKH 14 OIS BEHIECTBEHHBIX YUCEI TaK, 4TOOR X MOXKHO OBIIO MCIONL-
30BaTH B KOHEIHOM OJIE.

Tax xax numksIMYeckas csepTka B noje [anya npuBOAMT K TOMY KC CAMOMY OTBETY, UTO M IHKJIH-
YECKad CBePTKa B KOJBLE IEJILIX YHCES, TO MOXHO HCIOAL30BaTh npeobpasoBanue Pypbe HAHHOIO [0
'asya B COOTBETCTBYIOUIMI AITOPUTM.

s npeobpasopasus ajirOpuTMa CBEPTKH, NOCTPOSHHOrO A IO BELICCTBEHHLIX UHCEN, B AII0-

puTM cBepTkM B none anya GF(g) XapakTepHCTHKH p HAYHEM C aJIPOPUTMA CBEDPTKH, 3allHCAHHOTO B
BHIE

s=C|{(Ag) e (Bd)],

roe A, B u ' - MaTpuNl ¢ PAUNORANLHLIMM SIIEMEHTAMH, 4 3HAK ® O3HAYAET NOKOMIORCHTHOE repe-
MHOKEHMEe BeKTOpoB Ag u Bd. YMuOXUM 06e 9acTy DABEHCTBA HA HaUMEHbIIee Heioe uHeiao L TaKOe,
MTODBI MUKBIIUPOBATE BCE 3HAMEHATENM BO BCEX KOMIOHEHTAX; TOINA PABEHCTBO MEPENHINOTCS B BILE
Ls =C'[(A'g) e (B'd)],
rae L — menoe uucno u A', B!, ' - 3 - "M
y S NENICINCIIEHHBIE MATPHIEL. JTO PABEHCTBO MOXKHO PAaCCMATPUBATE

KakK QJITOPUTM BBIMMCIICHUS UETOYUCICHHOM CBEDTKHU; CIIENOBATEALHO, €ré MOXHO DaCCMAaTPUBATBL Kak
YPaBHEHNE 10 MOAYIII0 P :

Ls = C'[(A'g) » (B'd)] (mod p)

Kcmn L £ 0 (mod p), To, ymHOXuB 06e wacTu pasenctra Ha L~ (mod p), OJIyY&eM AITODUTM

cBepTkH B GF(p) u, clienoBarensio, B moboM pacmupesan nois GF (p).

Ecnu L = 0 (mod p), To anroput™m CBepTKM O TOASA BEINECTBEHHBIX GHCENl HE [IEPEHOCHUTCS B
rosnte I'asnya, u HagO CTPOUTE TAKOH AJIFOPUTM IPAMO B CAMOM TOJE Panya. OTa 3anaga BosHunKaeT maxke
TOr 42, XKorna L ne paBHO HyIO IO MOOYIIO P, Tak KK MOXKET OKa3aThCH, YTO AJTODUTM, [IOCTPOCHHLI

CHEUNANbHO 14 AAHHOTC oA 'anya, aydmie anropuTMa, NEPEHECEHHOTO W3 APYTOro nois. s nocTpo-

CHYA TAKOTO aIrOpUTMa MOXKHO DONL30BATHCH BCEMHU, PACCMOTDEHHBIMY BhIIIe MeTomamu (cm. § 3 — 6)
P! 3TOM, KOHEUYHO, TpedyeTcs, uTo0sl Pa3jIoXKeHIe

}

m{x) = mo(z) mi(x) ... my_; (x)

OBLIIO PA3TIOKEHMEM B TOM IOJI€, B KOTODOM BBIYNCJIACTCS CBEPTKA.
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OO3TOMY BCE aJIro-

(p). Hnsg mona manoi
XAPAKTEPUCTHKH IIEPEHECTH aJIOPUTM, Pa3pabOTaHHbLI 1T OIS BEIIICCTBEHHALIX YHMCEN, B KOHEYHOE I10-
1€ He Bcerna ynaercs. Baxuyio pons Bo MHOrMY IPWIOKEHUAX urpaior nong INamya xapakrepucruxu 2.
3afiMeMCs TAKVMHU TIOISMM. |

HauweM ¢ mocrpoenus ajIropuTMa 3-

TOYCYHON UMKINYIECKONM CBEPTKHU IS NOJei XapaKTePUCTHKA
ABa. B mome BerectTeennnix wmcen stoT

AJINOPUTM 3aNKCRIBACTCA YPaBHEHIIEeM

89 1 1 0 -1 Go 11 1 dg
. , G | 11 0 -1
81 = I -1 -1 2 d]_ ,
$2 1 0 1 -1 G2 i1 - do
Gs \1 1 =2

1 1
Gg = 5(90 + g1 + 92), Gp = g0 — 92, Go =g1 —gs, G3 = *3‘(90 + ¢1 “291)'

AJITOPHUTM MOXeT OLITEH HePEHECEH B [O-

O71€ XapaKTEePUCTUKY ABA 3aUCHBIETCS
B BRIIe
S0 110 1\ [Tty AL W]
sl=101110 o+ g2 IS J
So 1 0 1 1 91+ 92 gl & T
go + 01 1 1 O

C apyroii CTOPOHBL, JIFOPUTM 2-TO9E€YHOH CBEDTKH COOEPIXKUT BNIEeMEHTEI C YeTHLIMY 3HaAMEHATEISIMU

() =G ) ) (G 2) ()

1, CJIEAOBATENIbHO, HE MOXeT OhITL NepeHeceH B noje xap

AKTEPUCTUKY OBA, TaK Kax 2 = § (mod 2 ). JIya-
1KUY AJIFOpUTM 2-

TOYCYHOH HAKIUIECKON CBEPTKU B ITOMNIX XapaxTepUCTAKK NBa 33/1aeTCH DABSECTRIM

( 80) ( 1 1 0) go + g1 1 0 do
81 1 0 1 o 1 1 dl
Heitcreurennho,

8((13) = (d{) + d] .’U) (gg + 91:13) (mad :l:'2 — 1) = (dog{) =i dlgl) -1 (dag}, -+ d1gg) z,
B TaK Kak
{go + 91)do + o1 (dy +dl) = godo + g1d; + 2dpg1 = godo + digr (mod 2),
(90 + g1) do + go (do + di) = 2g0do + g1do + godi = g1do + gody (mod 2},

— a— - d . ra o
D 8p = dg go -+ dl g1 1 931 d()gl -+ 190 9 HOSKOHIS HPEQHH& . eoﬁxomiMOﬁTﬂ Tpex yMHO}Kﬁ‘EHHH 348
BaMeTuM, 4TO aJArOPUTM COHEPXKUT o YN . AraeTCs B MPOM3BENEHNE IBYX B3AUMHO
LH0MAETCA B TOM, YTO Haj nomeM G F(2) MEOTOWIeH £~ tm poas 2 1=z*+1=(z+ 1)2, TIO3TOMY
N 8 - TEIbHO, Z° — 1 = =
~DOCTHRIX MHOXXHUTENICH, TaK KaK -1=1(mod 2) u, crenosa eH ,B’I‘OpOfI crenenu 2 + 1.
N YOECTPYKIMIO &JIrOPUTMa B KAYeCTBe MOMYJIA BXOOUT MHOTORIIC R
= "‘ JI *
MHOXEHU B KOHEUYHOM IO 310
cuTyanus, Korpa HucCIO y K MHOTUX IJIMH.
BTN Tazeazﬂbm )(Tmm I;aHHOHaJIbeIX) YuCell, BCTPEYaLT st NI IIHKJIH"-IGCKiIX CI;GEEZS IPANTCH DABHEIMIL.
eg:onn’l‘ IOTOMY, YTO HECKOIBKO MPOCTHIX neauTeNe MHOrOUJIeHa ¥ . AKTePUCTUKY TPeOyoT
cm yroi CTOPOHI::I} HEKOTOpHIE IMKIIMYECKHE CBEPTKM B MOJIIX KOHEHHOM Xapa
C @p = ‘
\/SHBIIEe YMHO)KEHHHA, 96M CBEPTKM TeX Xe IJIHUH B HOJAC R (Tigmmm MHOFOWIeHa 77 — 1 MMeeT Bum
N OKeHWEe HA HeIPUBOAVMBL
Hanpumep, Han nonem Q pasn

:l:7-—-1=(xal)(:ﬂﬁ-}-ms—ka‘:d—I—373-|-3’?2+~Tf+1)=
; 97



a Han nosteM (GF'(2) 370 pa3noxeHre MOXKHO HPOAOIKUTD:

2l ~1=(-DE*+z*+1) & +z+1).

CrnenoBaTeNbHO, ONTUMANBHEIN O YUC/Y YMHOXEHNHA alropuTM 7-TOYEYHON HMKIIMYECKON CBEPTKHM HAE
noneM Q momxen comepxkare 12 yMuHOXeHMA, 8 ONTHMANBLHEIR aJIOPMTM TOW K€ CBEPTKM Hajl IMOIeM
[Nanya xapakTepucTukm OBa HOMKEH cofepxaTrs 11 yMHOXeHuir. A BOT B II07Ie XapaxTepucTukm 127 ToT

K€ MHOTOUWIEH PACKJIAOBIBAETCS Ha JIMHENHBIC MHOXWUTEIU

g ~1=(z-DE-2)(x—-4)(z—8)(z—16) (z —32) (z — 64) =

(z-D(x-2)(z -2 (z -2 (z - 2% (z - 2°) (= ~ 2°).

3TO HETPYOHO VBRHOETH, €Cly 3aMeTHTh, uyTo 127 = 27 — 1, orkyna 27 — 1 = 0 (mod 127), a 3gaumT.
u (28)7 = 1 (mod 127), T. e. 2F Taxxe sBnsercs kopuem ypasmenus ' — 1 = 0. 3maunT, B mome
XAPAXTEPUCTIKY 127 ONTHMAJILHLINA IO YNCTY YMHOXKEHUN QJIrOpUTM (-TOYEYHOM HUMKIINYECKOH CBEeDTKH

JOJXEH CONEPKaTh BCErO 7 YMHOXEHUIA.
B none XxapaKTepUCTUKH ABA MOXHO TIOCTPOMTE AJFOPUTM BBEIYKUCICHWR (-TOYETHON HMKIAMICCKON

CBEPTKH, UCIONL3YA MeTOAL! § 3 — 6, KOTOpLIE comepXuT 13 yMHOXeHU.

Ilycts
d(z) = dp + dix + daz? + dsz® + dyz* + dsx° + de1°,

g(:ﬁ) =go+he+ 92332 - 93273 -+ 94.’1'14 -+ 95:'65 -+ 95:1;6.

B mone xapakTepucTyKM B3 MMeeM CIeAYIONIee PasjiOKeHHe MHOMOWIEHA T' — 1 B IpPOM3BEHCHUE
ICTIADHO B3aHMHO OPOCTHIX HENPMBOOUMEIX MHOFOW/ICHOB

' —1=(z+1) (@ +2+1) (P +2%+1).
Haitnem Boraersr d(z) u g(z) mo mopynam z + 1, 28 + z + 1, 2% + 22 + 1. Honyuaem

do(z) =dp +dy +dy +ds +ds +ds + ds,

di(z) = (do + d3 + ds + dg) + (dy + d3 + dy + d5)z + (da + ds + ds + dg)a® = dSV) + dVz + dV 22,

do(x) = (do +ds +dy +ds) + (d + dy +ds + de)z + (dy +d3 + ds + de)z? = d2 +dPz + dP 22,

go(z) = go+ g1 + g2 + g3 + 94 + g5 + gs,

gi{z) = (90+93+95+96)+(91+03 94-'95)$+(g2+94+95+96)$ “‘"9() Z -+ gs ;

g2(z) = (g0 + 93 + g4 +g5) + (g1 + g4 + g5 + gg)x + (go + g3 + ga +96):1: = g[(, ) g(z)m+g§ ’wz

(1) (1) 2

B CHJIY CIEOYOUINX CPaBHECHII:

e =x+1(modz°+2+1), ' =2+ 1 (mod 2° + 22 + 1),

zt = g2 +:z:(mod:r3+a:+1), z? = z? +a:+1(m0d$ +.fr:'-ﬁ-1),
=2 +z+1(modas® +z+1), 2°=z+1 (modz®+ 22 +1),
z° = 22 + 1 (mod 23 +z+1), xﬁ—zx‘?—l-z(modzB—é—zz-@?—l}-

Haree,

s0() = do(z) go(x),
siZ) =di(z) gi(x) (mod 2 + 24+ 1) =8 —s z—<” =~ (1)

[ A
f

se(w) =da(x) ga(z) (Mmod 2° + 22 — 1 =~ —2- > " — (2)
g8



B nanvmeimem momzanaum (1) u (2) npumercs pemats oTmensHO. A IOKa BOCIOJIB3YEMCH KU TANCKOM
TeOpeMoM 00 OCTATKAX AJI BOCCTAHOBIEHUs MHorouneHa s(z) = d(z) g(z) (mod 7 — 1), cauras xosd-

QPUIUEHTE] MHOIOWIEHOB $1(Z) 1 s2(x) mBecTHbIMU. IIia Haxoxnenus () UCHOIb3yeM TabIuILy

P+t 23+ 22+ 1
'+t +z+1
t + 2% + 2% + 1

OTKY I3,

5(z) = so(z) (z°+2° +2' +2> +2’+a+1)+51 (2) (z*+a2+241)+52(z) (22+1) (2 +23 +22+1) (mod 27 1)

= sp(@) (°+2°+2' + 2%+ 2 +a+1) 45y (2422 + x4+ 1)+ (@ +23 +22 )+ (28 + 2t +2° + 22)+
55 (2% +2° + 2% + 1) + 57 (27 + 25 + 20 + ) + 58 (2® + 27 + 25+ 2%) (mod &7 — 1) =
so(z) (2°+2° +2t 423+ +:‘E—I—1)+s( )($4+IE2+$+1)+81 (2°+2° +2° +3) + sg‘) (z° + 2 + 27 +2?) +

s+ + 2+ )+ @B+t e+ )+ (B + 22+ + 1),

Ilepeitnem x pemenuio mogsagau. Haunem ¢ monsanaunm (1):

s1(z) = di(x) g1 (z) = (dfgl) + dgl) z + diV z2) (gd" + dMz+ g( ) £2) (mod z° +x + 1).

Haitnem caavasa JIPIHQHH'_YIO CBEPTKY MHOTOuNeHoB di(x) u ¢;(x), & 3aTeM NOIYYCHHLIA PEe3YILTAT

NPUBEAEM 1O MORYIO £° +2+1. JIna BLINUCTeHNS JTUHEIHHON CBEpTKA BOCIIONB3yeMCE MOOM(PUINPOBAHHEIM
anropuTMom Burorpana. BreiGepem muorounen

m(iﬂ) =—-"93($’+ 1) (z° + 2 + 1),
deg m(z) = deg di(x) + deg ¢g1(x) = deg dyi(z) g1 (z) n BErMCIEM

ri(z) = di(x) g1(z) (mod m(z)),

TOT A
31(:1:):1'1(:1:)—}—(1!%)92 m(x) = r (m)+d2 gg)(m +z) (modz®> +z+1).

Boraerwr di(z) u g1 (z) no monynam z, z + 1, 2° + z + 1 cooTBeTCTBEHHO DABHEL

dio(z) = dj”,
dll(fﬂ) o (1) +d(1) d(l),

12
dio(z) = (d(l) +d 1)) + (d(l) -l—d(l)):l;‘ — (12) dﬁ ) 5 z,

910(37) - 931) y

(1 1
gu(z) = g5 + 95 +95°, -
1 _ (12) 12
gi12(z) = (g5 (L +§(1)) + (9’ +9£ ))33 = + g1

(1)

1:
Haiinem mOHapHBIE IIPOU3BENCHNS COOTBETCTBYIOMMX BBIIETOB 1O MOLYJISM €, & + 1, r° 4+ x +

1
s10(z) = dio{x) gro(z) = dé ) g{(} ),
(1))

1)y 7 .(1) (1)
s11(z) = dir{z) gu1(z) = (@ +d +d) (g5 + 917 + 9

2 12
512(z) = daz (@) gr2(z) (mod 2* +z+1) = 587 + 517 . (3)
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IIpu 53ToM MBI OPUXOANMM K HOBOM TIOA33134€ BBIUNCJICHIS NPON3BEOSHN ABYX MHOTOUJICHOB di2(x) 1

12 12 |
gi12(z) no momymio z° + x + 1. Cumras noka s((:, ) 1 s§ ) W3BECTHEIMY, IPONOJKAM PELICHUE TION3a0aMH

(1). Y3 Tabnuisl

M (z) Ni(z)

clenyeT, YTo
r(z) = s10(x) (2 + 1) + s11(z) (2% + 22 + 2) + (80P + sV 2) (22 + 2) (mod &* +2) =

sio(z) (@° + D +su(x) (z® +2° +2) + 3512) (z° + ) + 35“’ (z° + z°),

OTKYIa,

$1(z) = 810(x) (2% + 1) + 811(2) (23 + 22 + 2) + 88D (2 + 2) + s (23 + 22) + dV glV (2 +

+z) (mod 2 + 2+ 1) = s10(x) z + s11(2) @ + D) + 8P @ +2) + "D (@ + 2 + 1) + &V giV) 22,

106l 3aKOHYMTE BEIYHCTIEHRE §;(x), Tpebyerca pemnuTsh nonsagaqy (3):

s12(x) = (d((,w) + dim) x) (9(12) + g :l:) (mod z° +z +1).

llpamenmv TOT ke METOHN, YTO W NP PELICHUM HON3AMa4H (1). BribepeM MHOrO4/JIEH BTODOR CTENEHH
m(z) = z(z + 1) u Boconb3yeMmcs MOMUPMIMPOBAHHEEIM aaropaTMoM Bunorpaza:

dioo(z) = dé”’, g120{z) = g{(}l?)’

d121($) :d812)+d§12); 9121(3: g{(}12)+g§12)1

$120() = di20(%) g120(2) = dg()m) gém},

$121(7) = i1 (2) g1 (2) = (dy ™ + ™) (g5 + g{'?).
Kpome Toro, Ham HyXHa, KOHCTaHTa dgw) ggw}, W3 Tabnumer

kt mp(z) | Mip(z) } Ng(x)

caenyerT
812(.’1:) = 3120(93‘) (.17 -+ 1) + 8191 (.’L’).‘B + dglz) g:(l12) (372 + LE) (mad z? + T 1) -
5120(2) (2 + 1) + s131(2) 2 + ' gI'? = (s120(2) + d' ') + (5120(2) + 5121 (2)) & = 8§D + 5D 5,

T. €. 3((]12) = s190{x) + d&”’ 9512), sgw} = 8120{x) + s121{x).

WUTak, nonyuero pemenne nomsanauu (1). Mur MoxkeM 3amicaTs BRMACIEHIE KO3GOULHCHTOB MHO-
FOWICHA S; () B MATPUIHOM BUOE

56 010 1 0)| sul) 01010\{0o10000 5130(2)
sWl=l1 01 10]] 2 J={10110}]001 010 e | =
51 01 1 1 1 (”> 001 11 1/100 110 0Jf az
dgl) oD 00000 1 ko
2 2 d2 92
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D
23, (1), (1) (1) | 4(1) | (1)
011100 95 TG + 95 - dy +‘i112)+d2
100110 L (12) (12) (12?0 (12) =
0 1 01 1 1 9  +9 12 dy (Eil
g1 A d1(1
gé dz)
e 1 0010 1 1 jﬂ
Go 1 11001 0 :
0 1 11 0 ©
100 110 G 1 01110 0 j‘“’*‘
010 1 1 1 Gy 1 10 01 0 1 d3’
& 0 1 110 01 d‘*
G 0 01 01 1 1 2
de
rmac
G 1 00101 1y [%
G 111001 0})]%
Gs 101 1100][%
Gi| |1 10010 1][|%
Gs 011100 1)[%
G 0 01 01 1 1 0
ge

Ocrasnoce pemnts nomzanaqy (2), T. e. naitn

s2(x) = da(z) go(z) = (d((f) + d?’ T + dgz) z?) (g({f) + g?) T + géz) z%) (mod z + 22 + 1).

Pemenue sToft nmonsamauu asanormyno pemenmio momsamady (1). BoapMeM TOT ke MHOrOWNeH
m{z) =z (z + 1) (® + z + 1) u naitnem

7‘2(;17) = dg(il’:) gg($) (mod m(a:) ),

TOrOa,
$2(z) = ro(x) + déz) géz) m(z) (mod z° +z% +1).

Brruetsl da (z) u g2(x) cooTBeTCTBEHHO PABHBL

dgg(a:) = d[(}:Z),
doy (7) = d((,2) + d§2) + déz),
doa(z) = (dg” +d5) + (d® +d) 2 = dFD + &P g,

g20 (il',') — gi()2) y

921(z) = 957 + ¢® + ¢,

2 22
ga2(2) = (057 + o) + (¢! + oiy 2 = g§ + 9" &,
OTK}[,H&
820() = doo (@) gao(z) = d’ g87,
| y 2 2)
5o (2) = doy () g (2) = (@) +dP +d7) (657 + 91 + 957,
292
$22(2) = dya(2) g2a(@) (mod 2* +z+1) =857 57 x. (4)
3HauuT,

ro(2) = 820(z) (3 + 1) + 821 (z) (@° + 2° + z) + (8572 + s 1) (@® + 7) (mod z* + 1) =
| 101



s90(2) (23 + 1) + 8521 () (2° + 2° + 2) + s (2% + 1) + s (2% + 2%),

1, CIENOBATENLHO,
so(x) = s90(x) (2° + 1) + 501 (z) (2° + 2° + z) + 3{(322) (z° + ) + 8522) (2% +2°) + d?) gég) (z*+

+2) (mod 3° + 22 4+ 1) = 800(z) 22 + 821(2) (x + 1) + 852 (2% + z) + 57 + &5 g5V (2 + 1),

22 22 )
nsa sraxoxpenns x03QdUIMEHTOB sg ) sg ) peracM Iomsagady (4) aHAJIOTHYHO TOMY, KaK Deraim
nomanady (3). Omsrh BeGepem m(z) = z (z + 1) ¥ BLIYMCANM BRIYETH MHOTOUWIEHOB d22(T) U g22() :

( ) — 22) . 9220(2’?) = 9(()22),
— (22) (22) _ {22) (22)
d221($) =dy " +dy", gao1{x) = -9 ~THh
Hanee,
8220(&‘5‘) = dzzn(ilé') g220 (33) = (22) 9((322)1
5921 (%) = da21(z) gz (z) = (d m )+ d7) (g7 + gP),
OTKYyOa

$22(x) = s220(x) (x + 1) + 8991 () T + dm) (22) (z° + z) (mod z° + z + =

s220(x) (z + 1) + 8901 (z) z + d(22) (22) = (s220{x) + d('m) ‘22)) + (s220(x) + s921(x)) z = 8(322) + 3%22) T

)

(22) _ 22) (22 22
T. €. 8y ~ = 8220(:1:) & d§ )g§ ), Sg ) = 3220(1') + 8221 ().
Taxum obpasom, pemenne nomgzamauy (2) B MATPUYHOM BHIE:

Sg: 0 101 1 3212(;3) 0 1 01 1Nlo 1 00 0 o 8.23(2))
S?J:ol100 2 1=1to1100lloo 10 1 0 Zz”g):
52 10101 (32?212) 1 0101/{00 110 0 d(g;?)l &
d3 95 00000 e
95" o
2
%" + 917 + g 42 4 g 4 g2
01 110 1 - o,
IR ’ (22) (22) 2'}d 22 ==
1 01011 9  +a di*? 4 g\%?)
9?2) d§22)
g
g5 )
Gr 1 0 011 1 0 30
01110 1 G 11101 00]f"
0110 1 0 Gy 1 0100 1 1ff%
Gig 1 1. 01 0 0 1 9
1 01 0 1 1 .
G1; 0 1 11 0 1 0© d‘*
Gio g 0 1 1 1 g 1 b
dg
rae
G 1 0 01 1 1 0y [9
G 1 11010 0 91
Go | _[1 01001 1[}®
G1o 1 10100 1/|]%
G 011101 0]]9%
G 0 01110 1/\9%
gs

102



Ob6bequuss BCE U3IOXKEHHBIE BBIE NONAJTOPUTMEL, MOJIYUYAEM OKOHUATEILHBLIA AJITOPUTM BBIYNCIIE-
HUY (-TOYEYHON IUKJIMYECKON CBEPTKH B IIONE XAPaKTEPUCTUKN OBA:

S0 1 100111 0 11001 11
$1 i 11001 1 3?1) 1 1100 1 1
59 111100 1 81 1111001
ss =11 011 100]] s ]=112011100
S4 1101010 s 1101010
85 1 01010 1 Re) 1 01010 1
s6 1001110/ 1 001110
9 __
1 Go Dy
0011100 G Ih
0100110 G2 D
0010111 =
011101 Gio Dio
011010 G Dy
101011 Gl D1y
1 01110010110 0y /Go Do
1111010110001 G Dy
1101101101011 G2 D
1110001011101 ~ BG Ad,
1 001011011010 Ges Dy
1100110110110 G Di 1
1 010111000111 Gzl \Dis
rae
111 11 11
1 0010 11
1 110010
Dy 1 011100 do
D, 110010 1{]d
Dy 01 1100 1]{d
Ad=| : |=]0 01 0 1 1 1]|ds
Do 1 0 0 1 1 1 0O d4
Dis 1 11010 01}1ds
Pis 1 01 0 0 1 1 dg
1 1010 01
0111010
0011101
MOJIYYai0TCA IPAMECHCHUCM MaTPUIIbI A K BeKTOpY g = (90; gi,. .- 796)T'

Koucraatu G; (1=0,1,...,12)
B xauecTBe ellle OOHOIO IIPH
none GF(37) & Zzy, canTas, 9T0 KO3QPUIACHTEL vuorounena s(x)

s(z) = d(z) g(z) (mod z® — 1),

Mepa PaccMOTPUM BBIYUCIEHNE 6-TOUeYHOH LMKINUIECKOA CBEPTKH B
He IpeBocxonaT 36

i d(:B) = dg + d1$+d2$2+d3$3+d4$4+d5$5,
5
“91$+92$2+93$3+94584+95$ :

wHo i nons Zgy, MCTIOAB3YH ..,
o 26 — 1 mmeeT 6 pasIUIHBIX KOPHEH,

CTEeliCHU.

x)=4go-
" aaropuT™ Bu-

CTBE
M Herocpern N

HOrO4Je
X MHOrO4JiecHOB IIepBOH

) (mod 37 ).

Cgauania DOCTPOUM GLICTpBIIL A7ITOPHTM H
quesieans cBepTOK. 1IOCKOMBKY B Ziz7 M

HOTPAIa BHI
gue B3aUMHO NPDOCTHL

MOXKHO p%nomn'rb B ApOU3BEicC

mﬁ——1=:(:E—1)(3;~10)(:1:+11)(:1:+1)(m+10)(a:-—11
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Brruers: d(z) u g(z) mo monyasm z ~ 1, x — 10,z + 11,z + 1, £ + 10 w £ — 11 cOOTBEeTCTBEHHO PABHHL:

do(z) = do + dy + do + d3 + ds + ds, go(z) = go + g1 + 92 + 93 + ga + g,
di(z) = dg + 10d; — 11dy + da + 10dy ~ 11ds, ¢1(z) = go + 10g1 — 11g2 + g3 + 1094 — 11¢s,
do(x) = dp — 11d; + 10ds + d3 — 11dy + 10d5, g2(z) = go — 11g1 + 10g2 + g3 — 1194 + 10gs,
ds(z) =do —dy +ds —ds +dy — ds, g3(z) =go— g1+ 92 — 93 + 94 — 95,
da(z) = dy — 10d; — 11dy — d3 + 10dy + 11ds, ga(z) = go — 10g1 — 11gy — g3 + 10g4 + 11gs,
ds(z) = do + 11dy + 10dy — d3 — 11dy — 10ds, gs(x) = go + 1191 + 10g2 — g3 — 1194 — 1095

B ety 109 = —11, 10-11= -1, 11 =10 (mod 37).
Taxum 0O6pa3oM, BCe MHOT'OYJIEHEI

se(z) = dr(z) gi(z)  (F=0,1,....5)

ABJIAOTCA KOHCTaHTAMA.

Iinsg BoccTamoBieRns MHOTOWNICHA S$(T) MCHOMb3yeM KHUTAMCKYIO TeopeMy 06 ocTaTkax. Bocmomsiy-
emcs Tabrunent MHOTO9neHoB my(x), Mg(x), Ni(z) :

‘ Nk(x)

0 4zt 3+ 4+ 1 6=1 = -6 (mod 37)

1 z® + 10z* — 1123 + 22 + 10z — 11 81 = 14 (mod 37)
2 2~ 112 + 1023 + 22 — 11z +10 | (—=14)" " = -8 (mod 37)
3 2’ -zt 42— -1 (~6)"" =6 (mod 37)
4

2% — 102* — 112% — 22 + 10z + 11 | (—8)"" = —14 (mod 37)
z° + 11z* + 102% — 22 — 11z — 10 14! = 8 (mod 37) .

G

Tana

siz) =(—6)solz) (z° +* + 2® + 2® + o + 1) + 1451 (z) (2 + 102* - 112° + 2% + 10z — 11)+

(—8) s2(z) (z° — 11z* + 102° + 2° — 1124+ 10) 4 6 s3(z) (2® —2* + 2® — 22 + 2 — 1)+
(—14) s4(z) (z° — 10z* — 112° — 2% + 102 + 11) + 8 s5(z) (z° + 112% + 10z ~ 22 — 11z — 10).

Y6epem muoxuremn Ni(z) (k= 0,1,...,5) B KOHCTAHTEI, CBA3aHHEE C KOIDOUIMEHTAME MHOIOWICHA
g{z), T. e. BBemeM oOO3HAYEHUS

D?;:di(x} (?:20}1,...,5),
GO — —ﬁg{](.fl?), G1 (.’E‘) = 1491(3;'), G2 = '—892(3}), G3 — 693(3’!), G4 = "1494(.’5), G5 = 895(33),
S@ZDiG‘i (‘320,1,...,5).
B HOBBEIX 0003HAYEHNIX BBIPAXKEHHE NI S{(T) HepPenucHIBASTCS B BUNE
s(z) =So(@° +2' +2° +2° + 2+ 1) + S (2® + 102 — 1123 + 22 + 10z — 11)+

Se(z® —11z* + 1003 +2° — 11z +10) + S3 (2® —z* +2° — 2?2 + 2 — 1)+

Sy (2 — 10z* — 112° — 2% + 10z + 11) + S5 (2° + 112 + 102° — 2% — 11z ~ 10) =
(So — 1151 + 1083 — S5 + 1154 — 1085) + (So + 10S5; — 115, + S3 + 105, ~ 11.55) =+
(So +S1 + Sz — S35 — Sy — S5) 2 + (Sp — 1181 + 1085 + S3 — 115, + 10S5) 2%+
(So + 1081 — 115, — S3 — 1054 + 1185) z* + (Sg + S1 + 52 + S3 + Sy + S5) 2°.

B MaTpudHO-BeXTOPHOM GOpME HOINYUCHHEBI aJITOPUTM MOXKHO 3aIIMCATh CICAVIOIMM TOXIECTBOM:

e T e
s = (S0, 1, 52,93,84,85)" =
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1 —11 10 —1 11 —~10\ /G, 1 1 1 1 1 1 do
1 10 -11 1 10 -11 G 1 10 -11 1 10 -11}{d,
1 1 1 -1 -1 =1 & 1 -11 10 1 —11 10 |]|d,
1 —-11 10 1 —=11 10 Gs 1 -1 1 -1 1 —1]|]da
110 -11 -1 —10 11 G 1 -10 =11 -1 10 11 }!ld,
1 1 1 1 1 1 Gs/ \1 11 10 -1 —-11 —10/ \ds

(5

(2

Wrak, nanunii anroputm conepxuT 6 onepanuit yMHOKEHHS.

MoxHO noCTpoNTE aNrOpUTM BEIYMCIEHUS 5TOM Xe CBEePTKU, UCHO;IL3ysa npeobpa3oBamue Pypre &
TeopeMy O csepTke. llns TOro 9rolfhl CyLIECTBOBANIO COOTBETCTBYIOMIEE npeobpazosanne Pypue B ooae
Ziz7, HEOGXOMUMO, YTOOL 6 METHUA0 YHUCIIO p—1=37-1= 36. Tak xak B HamieM Cily9ae 3TO BHIHOTHACTCH,
TO B Z37 cymecTByer 6-ToueuHOe npeobpasoBaHue Pypre. Ham ny:xen smemenT rpymme Zi, HOpaIka
6. JnemenT 2, Xak HeTPYIHO [IPOBEPUTH, ABIIACTCs OOPA3yIoIIel MUKIMYECKOH rpynnsl Z3,, ero nopsanok
paBeH 36, mosToMy mopsAnok sementa 2% = 27 = —10 (mod 37) pasen 6.

6-Toueunoe npeobpazopanne Dypre sexTopa d = (do, d;, . . . , ds ) 3a10eTCA PABEHCTBOM

3]

Dy =) (-100*d; (k=0,1,...,5),

3=0

171 BEKTOPa & = (go, g1, - . ., §5) HMEIOT MECTO aHAJOIMYHEE COOTHOIICHHS. B MaTPpHYHON 3alMCH COOT-
BETCTBEHHO UMEeM

Do 1 1 1 1 1 1 do

D, 1 -10 -11 -1 10 1 dy

Do |1 -1t 10 1 -11 10 || d 6)
D:y| 11 -1 1 -1 1 -11||ds]"

Dy 1 10 -11 1 10 -111}|d,

D 1 11 10 -1 -11 -10/ \d;

3aMeTnM, 4TO MaTpuua B GHopMye (6) oTnmuaeTCs OT MaTPULBLI MPENCIIOKEHUMN dopmyasr (5) TONBKO
NEePECTAHOBKOM BTOPGH U HSATOA CTPOK.

KomnorenTer G; npeofpasosanmns @ypre BekTOpa € HOMYIAIOTCA TAKKE € TIOMOIILIO MaTpuILL Gop-
MyJibl (6). 3aTeM MPOM3BOMWIM YMHOXEHUS

Sy =DrGr  (k=0,1,...,5).

OueBnaHO, BCero uMeeTca 6 yMHOKECHUIA. _
Uns sumonnenns o6paTHOro npeotpasopanns Oyphe HY KHbLI 3IEMEHTH W L = (—-10) "mnr~i= 6 -

13 Z37. Tax kax
(-10)"' =11, 67'=—6 (mod 37),

TO 0bpaTHoe npeobpaszoBanue Pypoe 331a6TCSI PABCHCTBOM

S0 1 1 1 1 1 1 S{)
1 1 11 10 -1 -11 -10 Si
8o 1 10 -11 1 10 —11 So
sa | =617 1 1 -1 1 -1 S-
S4 1 —-11 10 1 -—11. 10 S4
S5 1 -10 -11 -1 10 11 Sy

OrMeTnM, 9TO €CJIU BXOMHLIC KOMIIOHEHTHI 60ONbIINE, TO HEKOTOPHIE BEIXOMHBIC KOMIIOHEHTHI CBEPTKH
oxaxyTcs Gonbine 36. B atoMm ciydae suiuuciesue B nosne Zzy TPUBEAET K NEPENOIHCHUIO BHIXOAHEIX KOM-
[IOHEHT U HACT HENPABMIBHEI pesyibTar. Toraa HyXHO HCIONB30BATH OONBIIEE MOJE; B IPAKTUIECKHUX

OPUIIOKEHIIX TIOIE3HL] 014, CONEpPXKaIlMe 10 MeHbIUEH Mepe 219 5j1eMeHTOB. u Ny
Eciy BXOOHbLIE KOMIOHEHTHL O4eHb OOnbInue A1 TOmns, BHIOPAHHOrO JJIS BBIYMC/IEHHH, TO M?:»K

BOCHONL30BATLCS KUTAMCKOM TeopeMoil 06 ocTaTkax U paboTaTh ¢ BHIYeTaMH LEJBIX qugﬁniﬂga&;ﬁ;iﬂ

TeopeMa B DTOM CIIydae MCIOMb3YeTCs A7s Pa3OUerns CaMuX Yucesl, He 3aTParnsas MHeKe ,

KOTODHIE CIEAYIOT B CBOEM €CTECTBEHHOM IOPSAIKE. OT BLIYNCTICHUAA

s(z) = d(z) g(z)
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MBI IHEPEXONNM K HECKOJBKUM CBEPTKaM

sV (z) = d(z) g (z) (mod my),

l=1,2,...,r; Toe my,mo,..., M, — MONAPHO B3AMMHO IPOCTHIC HEALIE YHCIIA,
N-1 I—1
! _ 1} i { — (1) .2
d()(ﬂl)—zdg}ﬁ:; Q()(fﬂ)“zgi z*,
=0 =0

df) = d; (mod my ), gf) = g; (mod my ).

Ilo xuraiickoit Teopeme 00 ocraTkax KOdPPUIMEHTHI 8; MHOrOWIeHa $(Z) BOCCTAHABIMBAIOTCS 1O BLIUE-

TaM SEZ) (modmy) (1 =1,2,...,r). Taxnm o6pa3som, BEUMCIIEHNE CBEPTKH, COIEpKalleil Oonpiine Henle
9UCa, CBOBUTCH K BHIYHC/CHHUIO T CBEPTOK, COIEPXKAIIUX MaJibie [eJble YNCIa, U NOCHEAYIOIIEeMY pelile-
HAIO CUCTeM cpapHeHun. lns sbraucneHus cepTok (7) MOXKHO MONBL30BATHCS OLICTPHIMY ANTOPUTMAMU
BRIYUCICHMS CBEPTOK B KONbIE Z WM CTPOUTH HOBHIE AN COOTBETCTBYIONIETO KOIbLA Z.,,, HOAL3YICH

YK€ M3BECTHLIMU aJI'CPUTMAMH.
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IFE0=PA30BAHNY OYPLE B nongax GF(2™ + 1)
{CPEOBPA30BAHUSA PEPMA)

llpocrelinmi »up amopaes swmerenns npeobpasosanus Dyphe UMEIOT B MOMIX ['antya Buna
GF(2™ + 1), rie p = 27 + I ecTo OPOCTOE TUCTO.

Yucno 2™ + 1 re saasercs mpocTeM, eciil M He PABHO CTENEHN Yucia 2. D1o HETPYIHO TIPOBEPUTD.
LencrBurensro, oycrs m = pg, rae p, ¢ — HEYETHBIE UNCHA, TOTHS,

2™ £ 1=2P0 41 = (2P 4+ 1) (2PL0~1) — 2p(a=2) L 9p(e=3) _  ~_9p 4 1)

— COCTABHOE YACHO;
IyCTh M = 2p, e p — HeYETHOE YHCII0, TOrIa

M4 1=2% 1= (22 -2 +1)(2P+2%F +1)

— COCTaBHOE YUCNO;
wycte m = 2Fp, roe p — wewetnoe YUCII0, TOTAA,

2™ 41 =227 4 1= (22" +1) (22" (-1 _ 92 (p-2) | 92" (e-3) _ | _ 92" | q)

— COCTABHOE 4UICJIO.

Ho u B cniyuae, xorma m = 2" unciao 2™+1 = 22" +1 ne peerna sasercs apoctiM. Hpun = 1,2, 3.4
MBI TIONY<UM THCIIS,

5, 17, 257, 65537,

KOTOpEIE ABJIAIOTCS npocThiMu. Ho nipu n = 5 nonyyaem uncmno

22 + 1= (25" + 1 = (65537)% + 1 = 4294967 297,
KOTOPOE HE ABJISETCS IIPOCTHIM, TaK Kak

4294967 297 = 641 x 6 700417.

UYucna puna 2°° + 1 nsBecTHs non naspanmeM wuces Pepua. IIpocTrie wucna euna 22 + 1 HasnmaioT
npocmovimy wucaamy Pepma. Ecmm g — npocroe yucno Pepma, o B none GF(q) aacao g — 1 # moboii ero
HeUTeIb PaBHEI HEKOTOPOU cTenenu asoiku. IIpecbpasosarne Pypre

n—1
Ve =) w*v, k=0,1,...,n-1,

3=0

onpepeneHo B nojie GF (2™ + 1), ecnu n penut 2™ n 8 GF(2™ + 1) cyiuecTByeT 3I€MEHT W HOPAOKA
n. Taxoe npecbpasoranue Pypbe HA3BIBAIOT wuca08bvim npeobpazoeanuem Pepmae. Hampumep, B mone
GF(2'¢ + 1) onpenenennsl npeobpasopamua Pypwe amum 216 215 214 22" 2 Hcnome3ys anropurm
Kymu — Teioku 1o ocHoBaHMIO nBa, npecbpasonanme Pypre B nome GF(2™ + 1) MOXHO OpeaCTaBUTH B
BUE NOCHENOBATEIILHOCTH NpeoBpas’soBanuii 0 OCHOBAHMIO NBa. 1IpeofpasoBanus OUHLI 32 ¥ MEHbIIE B
none GF(21% + 1) nenatorcs ma camom meme Hamuoro npoue. Heno B TOM, YTO HOPAOOK 57E€MEHTA 2 B

3TOM moJie papeH 32. llencTBuTensHo,

216 + 1 =0 (mod 2'% + 1),

OTKY I,
’ 26 = 1. 282 =1 (mod2'®+1).

TTosTomy 32-Toueunoe npeobpasoBanue Pypbe 3aUCHBAETCA B BULC

31
Vk:zzjkvjj k:O’I,...,B]_,

=0
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I YMHOXEHUE B JAHHON apudpmMeTHKe CBOOUTCA NPOCTO K IUKIMYECKOMY COBHIY, TaK Kax NPEHCTaBIsgET
cobol1 YMHOXKEHHE Ha CTeleHb nBoiku. Takoe npeobpa3oBaHue He CONEPXKUT YMHOXKEHUU Y BRIUUCISICTCS
COBCEM IPOCTO, HO IJif UPAKTUYECKUX HNPRUIIOKEHNN NIUHA 32 CIMIIKOM MAasa. |

B ofiurem cstyuae npocroro uncna ®Pepma 2™ + 1 nopanok snemenTa 2 B none GEF(2™ + 1) paser 2m,
TAK YTO 2 MOXeT OBITH UCHONLIOBAHA B KAYeCTBEe W — KOPHA M3 eOUBUILI cTenenu 2m. Hng nocTpoenus
npeobpazosarns Pypue mimHbL 4m MOXHO BOCTIONB30BAThCH W = v/2 (mod 2™ + 1), roe

V2=2% (2% - 1).

lleficTBUTENBHO,
2=(v2) =@ (2% -1)" =2F (@ -2%H 4 1) =2m2F _2F+TH 2% =

*2% . 2m+1 + 2121 = 7 (W%Od 2m + 1 )1

Tax xax 2™ = ~1 (mod 2™ + 1).
ki
3HaunT, Kaxkaad CTENeHb >IeMeHTa /2 nveer Bum 2° + 2°. nostomy ymmoxenme Ha (v/2) = Moxer
OBITh PEAJIM30BAHO KaK Iapa HUKJINYECKUX CABHIOB U CHOXKEHWe (MIIM BEIUUTAHUE).

Hanpuwmep, npeobpasosanue Pypne nianue 64 8 mome GF(2'% + 1) zanucesaercs B pume

63

Vk _— Z (212 . 24)‘?k v, k= G, ]., L ,63 : (1)

§=0

Ecmm nns 3Toro Beruucienus Bocnolib3oBaThes BII®-anropurvom Kymm — ThOKE 10 OCHOBaHHIO
IBa, TO BCE YMHOXEHHS HA KOHCTAHTHI OyNyT YMHOXKEHMIMH Ha umciaa puna 2¢ + 2° u, cnenmosaTensHO,
MOryT OBITH PeajiM30BaHbl KAK IIapa IUMKIMYECKNX COBHUIOB U cloxeHue. B ofieMm ciyuae npeobpasoba-
sue Pypre B none GF (2™ + 1) nnuswl 6onsiueit yeM 2/, BCErla CONEPXKUT HOTPUBNAJILHEIC VMHOXEHUS,
Uncno 5Tux yYMHOXEHUE MOXHO yMeHbpINTE cBeneaneM BII®-anropurma Kynu — Teioku B dopMy MHOrO-
MEPHOIO NpecOpa3oBaHust, B KaXIOM K3 U3MEPEHNH KOTOPOro MCIIONB3yeTca He Oomee, 4eM 2m-TodedHoe
nnpeobpasoBaHue.

Hanpuwmep, paccmorpum 64-roueunoe npeobpasosanue Oypoe B none GF(2° + 1) :

63

Vi=) w®v;,  k=0,1,...,63,
j=0

IAE W — BJIEMEHT NMOPIaKa 64, KOTOPLIT MOXKHO [I0JIaraTh PABHEIM 7%, Ile T — IPMMUTUBHLIN SJIEMEHT OIS
GF(2°+1), 1. e. w%%% = 1 (mod 257). B xauecTBe NIPUMUTUBHOIO 37€MEHTA T MOXHO B3s#Th, HAIPUMED,
snemeHT 3. Omuaxo 3ToT BLIOOpP HE SABASETCS VOAMHEIM, TakK Kak 37 = 81. Ml xoTuM BLIOpaTh W TakK,

wTO0BI BHIIOIHANOCH PABEHCTBO PaBeHcTBO w® = 2, 3maumT, 7 Hanmo BHOPATL Tak, 9Tobn 7°2 = 2. Tax
KaK 1eMeHT 2 umeeT nopsamok 16 B mome GF(28 + 1), To snemenT |

V2 =22(2* -~ 1) = 2% - 2% = 60 (mod 257)
ABAAETCS HIEMEHTOM mopsnxa 32, a v/60 (mod 257 ) — snemenTom mopanxa 64. B cumy

V60 = 46 (mod 257)

(46° = 2116 = 60 (mod 257) ) monygaem w = 46. C [pyroit CTOPOHHL,
46 = 37 (mod 257),

3HAUNT, B KAUECTBE TPUMUTHBHOIO 3JeMEHT2 ayqine BHOpaTh 7 = 3'° = 41 (mod 257). Torna BIID-
anroput™ Kynu — Teroku npusonnt npeobpasopanre (1) K Buay

74 7
-1yt IENL T L -~ o
v‘gkr+ku o E 2‘?!‘5 {&J‘?k E 2‘? ke Uj’—!—Sj”}: kﬁ:@,l ,,,,, e %?:@!11.,_57‘

=0 31 =0
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Breursnee u BEyTpennee npeobpasosanus Pypoe ABIIAIOTCA 8-TOUEUHBIMHE, KaXK/0€ U3 HAX B CBOIO GISpels
MOXXHO pa3duTe Ha Asa no aroputMmy Kymu — TeiokdM 10 OCHOB3HMIO IIBA M BEIYMHCIHETE € TINVTITED
TONBKO MUAKIMIECKIX COBUIOB ¥ CJIOXKEHUIN. Y MHOKEHNA Ha w? * IPEeICTABAMIOT COQ0E ESTRESIA=T=05
VMHOXKEHNS, HO TAKIX YMHOXEHUU ymeeTcq Bcero 64, u BCe oMM 4BILIOTCH HenogacIiss=enz, Kponrs —oo .
upu j' win k" paBHOM HYIIO, 9TH YMHOKEHNS TPUBHAILHEL, IO3TOMY OCTaercs ToExs 48 e rrrem=r
Y MHOXEHUH.

Apudmernkoi nong GF(2%41) spnsoTcs OGEYHEIE HENIOUUCIIEHIRE CIDRERTE I TMETEssrs © T =

AYIOILIUM [IPUBEACHNEeM Pe3synnLTara uo Monysmo 2° 4 1. llocMoTprM, wTo npencrartssr ¢obes yor=n=s=r=s

Ha CTENEeHb OBOUKM C TOUKH 3PEHUS TAKOW ApUPMETHKN .19 UHCe:T, OPEHCTABIESELIX B IRIZTEEIT COTTe-
Me cumciaenns. Tak kak 2° = —1 (mod 28 + 1), To uncno N = 2% moxno zamesnts 33 —1. moaTony

pacemorpum aucnio N < 28, Myers

T 0
N:ZT% Gi:{l
fa .

Haitnem qucmo N - 2%, 1 < 7 (umage, 20 = 2137 (—1)" (mod 282+ 1), rne 0 <1 -8 < 7) :

7 T4
N-Q‘(mod28+1)222*“a£(m0d23+1): Z 2t a; + Z 282084, (mod 28 +1) =
i=0 0<iHILT i+ I>T
7 7 11
Z 2it+ g, — Z 9iti-84. — Z 2 a;_; — Z 2 agyii.
0<i+HI<T i=8—1 =0 j=0

Taxum obpasom, nonyuaem

N-2 (mod 22 +1) =
O 5o s 1 SR g1 Ag—1(2),

T. €. CHAYAJIa NPOUCXOAMT COBHUr ABOMYHLIX OnToB umcia N Bneso zHa | mosmumi, 3aTeM OHTLI nepenost-
Henus (nopsinka Gojbiue 8) NepeBOasSTCS B MIALIINE Pa3spaabl ¥ BEIUATAIOTCA. OTO U €CTh MUKIIAIeCKHil
CABUr. AHANOrMYHO BBIIONHIETCA ONepauus npuBenesns no monymo 2° + 1 upn BeIONHeRnn onepaimit
CIOXKCHMS 11 YMHOXKEHNA, €CIU Pe3yiibTaT NpPEeBrIIlaeT HaHHBI MOOYJib.
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§23. IIPEOBPA30OBAHUS OYPBLE B 0OAAX GF(2™ — 1)
(DIPEOBPA3OBAHKS MEPCEHHA)

Honsvu Tanya, B KOTOPEIX YMHOXEHRE BHIVISART Haub0JIee eCTECTBEHHKIM 00pa3ioM, ABIISIOTCS IO
Buga GF(2™ — 1), Urobut GF(2™ — 1) Obuio momem, TpebyeTcs, YToObL 2 — 1 OBIIO HIPOCTHIM YUCIIOM,
Ecmu m — wucno cocTaBHOe, IyCTh 1Mt = S, TO

QM 1 =20 1 = (2% — 1) (250D 95D L 120 4 1),

T. €. 2™ — 1 gpngeTca Tak¥ke COCTABHLIM YMCIOM. 3SHAYWUT, 77 AOJIKHO GbITH NpocTHIM uuciaoM. Ho Hze
1718 BCAKOTO mpocToro m umeno 2™ — 1 asnserca npocTeiM. IIpocteie uucna suna 2™ — 1 Ha3bBaWOTCA
npocmbimy vuctamy Mepcenna B yects Mapena Mepcenna, KOTOPEIM NepPBLIM CHEI&J IPEHIIONOKECHUE O
TOM, IPYU Kakux 3HauyeHusx m < 257 umcno Buaa 2™ — 1 Symer npocthiM. Haumenbive suguesus m
paBHeI 2, 3, 5, 7, 13, 17, 19 u 31; cooTBeTCTBYIOIIME UM NIPOCTHIE Ynciaa MepceHna paBHb!

3, 7, 31, 127, 8191, 131071, 524287 n 2147483647.

B nactogmiee BpeMsa u3BecTHO 39 npocTeix umces1 MepceHHa, KOTOpBIE MOXHO HAUTH B CIICHHAJILHLIX
tabanuax (cm. [2)). |

Apudmeruxa nonst GF(2™ — 1) xopomio cornacyercs ¢ IpeacTaBIeHNeM HelblX YACEN B BUAe ABOMY-
HBIX 77-OHTOBBIX YUCEN, Tak Kax B 9ToM moje 2™ = 1. CnenoBarensuo, apudbmeruxon noms GF(2™ — 1)
ABNAeTCs O0bIUHAS HEIOMNCIICHEAS apudMeTKa, B KOTOPON OMTHI MEPENOTHEHN A NEPEHOCATCS B COOTBET-
CTBYIOIINE HULINE Da3pAmL. |

B none 'anya GF'(q) npeobpasosanue Pypne CymecTByeT O BCEX IUIMH 7t, KOTOPLIE NEHAT YUCIIo
g—1. Caenoparenpno, B none GF (2™ —1) npecbpasosanue @ypue CymwiecTByeT A BCEX AJIKH b, KOTOPLIE
AexaT wmciao 2™ — 2. Jru npeobpas’oBaHus HA3HBAIOT 4UCACEbIAl npeobpazosarudmy Mepcenna.

Tax xax wmcae 2™ — 2 He paBHO CTENEHE ABOMKH, TO YUCIIOBLIe Ipeobpazopanus MepcesHa Benb3s

EErrCiaaTs ¢ EoMore:o blld-amropmrMa Kymm — Troioxm no ocmoBammio npa. DTuM OHE CYILECTBEH-

=7 UIETEEI0TCE OT WHCIOBEIX npeobpaszosanmu Pepma. Lina BEMUCTHEHMS YUCIOBOrC npeolpasoBaHmns

o

- FLTEEER MOEEC BOCHOIL30BATHECE mobuiv blld-anropurMmom no cMmemanHoMy OCHOBAHUIO.

—
b, £, e

Terprrep, 8 mode GF(2'° — 1) cymectByer npeobpazosarne Dypre mmuael n, ecnn i genut 218 — 2.
B raz=ms ¢IyIae BROCD BO3MOKEOR JIIWMHE! 1 naeTcs pasnoxednem 2% —~2=2-5.7-9.13. B kauecTse
KODES 3 CAEERIL! CTeneHn 26 MOXHO PacCMaTpUBaThL eMeHT —2, Tak Kak u3 213 = 1 (mod 2'% - 1)
caemyer (—2)%° = 1 (mod 213 — 1), 1. e. nopsmok snemenTa —2 paseH 26, MOYTOMY CYHICCTBYET
26~vouewnoe npeobpasosanue Oypre B moae GF(2}3 — 1), xoropoe 3anucrIBaeTCS B BUle

25
Vi :Z(“Q)jk?)j, k=0,1,...,2b.
=0

B stom npeofpasoBanmn Pypbe BCE YMHOKEHHS HCYEPHLIBAIOTCS YMHMKCHAIMY Ha CTEIeHb OBOWKH, W,
CIIeOOBATEIILHO, BEIYUACICHNS MOXHO DEAIN30BaTh ONHUMU UMKINYECKUMY CABUTAMIA.

s nocTpoenns npeobpasosannil Ha APYTUX AJVMHAX IPUXONUTCH HONYCTATH HAJIUYUE YMHOXKCHUM.
AnropuTM Ha GOJBLION IUIMHE CTPOUTCHA OOBLIYHO M3 aJIMOPHTMOB MAILX HiuH. CymecTByioT crenu-
aJbHBIE METOORL NIEPEXona OT npeoOpasopanua OONbIION AAUHBI K HECKOJIBKUM IIPEOODA30BaHNIAM MaJION
NINHEBL. AJITOPUTMAL XK€ MAJIBIX AJINH CTPOATCH TaK Ke, KaK IIa J000ro KOHEYHOro NOJA.

B xauecrBe mpmmepa paccMOTpuM o-toueuHBId m 6-toueunwt BII®-aaropurmer B none Tanya
GF(31) = GF(2° - 1). [dna nocTpoerns ajropuTMa 5-TouevHOro npeobpazosanus Pypohe HAM BYXeH
ICMEHT IIOPAAKA 9, B KAUECTBE TAXOrO 3IEMEHTA MOXHO B3STH 2. IleAcTBUTEeNnsHO,

2'=2 22=4, 2°=8, 2=16, 2°=1 (mod 31).

3HaguT, 5-ToYyeuHoe npectpasosaniic Pypbe MOXKHO 3AIUCATE B BHAIE

4
Vi =Y 2%y, k=0,1,...,4,
or-
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OTKyHa cjienyetT, 9T0 LI ST Ie=0s FTOI0 OpecOpa30BaHMs YMHOMXKEHNA He HYXXHBI, JOCTATOYHO CABN-
I'OB 1 CJIOXKCHUH.

Hns nocrpoesns 6-1ousgm0oro mpeobpasoBarus Pypee HyxeH eMmeHT nopanka 6. IIpuMuTHBRHEIM
wieMeHToM nong GF(31) ssasercs 3, T. e. nopsanok snementa 3 paseH 30, Toraa mnopsAOOK 3JIEMEHTA
3° = 26 (mod 31) paser 6. BoamoxnO, 5TO He JIyqmnii BHIGOP 3IEMEHTa DOPANKA 6, B KAUECTBEe TAKOTO
3JIEMEHTA MOXKHO, K IpEMeDY, BRIOpPaTh 6, TaK KaK

6! =6, 6°=5, 63=30, 62=25, 6°=26, 6°=1 (mod31).

Bossmem w = 6, Torna 6-roueynoe npeobpazoBanne ®yphe 3alMCHIBACTCS B BULE

5
Vk“—“ZG‘jk’i}j, k=0,1.’....,5.
j=0
Bocnonnsyemcs anropurmon Kyiu ~ Teioku, nepexons x apymepHoMmy npeotpasosanuio (n'n' = 2-3):

2

1
k! Tk kT r ) T
Vagrarr = Y (—1)7F {6 3" 57y 00}, K =01 K =0,1,2
j'=0 §"=0

Bnecs B = w® =63 = —1 (mod 31), v =w? =6% =5 (mod 31). Pacouceisas BHenHIOW cymMMy (mmo j'),
NOAYYaeM

2 2
V3k"+k” — Z 5jk-’-‘ fv23 + (__1)&"’ ﬁk’ Z sjk” "Uzj_}_l} k;’ s 0? 1; kn’:’ e 0-, 1?2,

=0 1=0
orkyna npu k' =0
2 2
Vi = Z 5jk V25 + 6k Z 53k V2441, k=0,1,2,

apu k' =1 -
2 2
| - & —
etz =D 5% vy =65 Y 5wy, k=0,1,2
=0 j=0

TakuM 006pa3oM, BLIUNCICHNE CBOAWTCS K BBIUIONHEHUIO ABYX 3-TOUCUHBIX HPEOODa3cBAET: Dy P
OBYM AONOIHUTEILHLIM YMHOXEHHUSAM U 6 JONOIHUTENLHEIM CTIOKEHUAM:

%

VQ 1 1 1 I/Gl
Vl 1 i 1 V1 1
Vz 1 1 1 V21
vl T ] 1 Voo |
V4 1 —1 6 V12
Vs 1 ~1 5 Voo

roge 5

2 . X
Vin = Z 5jk V25 (k = 0, 1, 2) 12 Via = Zﬂ 53k V2j+1 (k =0, 132)
7=0 3=

IRITTIOTCE KOMUIOREHTaME 3-TouevHbIx npeobpasoaBuil Pypbe COOTBETCTBEHHO BEKTOPOB Vi = (vg, V2, U4)

I&Vg:(’vl,'uhfi);—;). r .
3-roueunoe npeobpazonanne Pypbe BekTOPA V1 B MATPUUHOM BHAE 3ANMACLIBACTCL § DaBHEHUCM

Vf}l 1 1 1 (23 1 1 1 vy
Vi1 —11 5 5% v | = | 1 3 —0 V9



1 MOXET OBITh BHEINHCIIEHO CIeAYOnmMM 00pa3oM:

Vo1 = vo + vz + 04,
Vii—Var) (4 -7\ (w) _[1 1 (—3) 21 0 )(1 1)(@):
Vor~-Vor ) \-7 4 ve /) \1 -1 0 (121t j\1 -1 V4
1 -1 0 -10 1 -1 Vg )’

tak kak 27 = 16 (mod 31), —3-16 = 14 (mod 31), 11-16 = —10 (mod 31). 3naunTt, Tpebyercs nBe
OIEepAIIUN YMHOKEHUS. AHAIOTMYHO BEIUMCIAIOTCA KOMIOHEHTHL Vo (k = 0,1, 2). Taxum obpasom, Beero
aniropuT™ Tpebyer 6 HeTPUBHAJIBHEIX YMHOXeHHi B none GF(31), cnoxenuit Bcero norpebyercs 22 (ans
KaXIoro 3-roueuynoro npecOpasopanusg Pypre o 8 crnoxenmit 1 0 DONONHUTE/ILHHIX AJIE BHIYMCICHWUNA

Vi). llpu xenmanum mMbl MOXeM yMHOXeHNS Ha — 10 n 14 3aMeHNTH KaxXA0€ Napod CHABUIOB M CIOXEHNEM,
VCXOAS M3 TOTO, YTO

14=2*-2,  -10=-(28+2),

TOT' A YNCJIO HeTPUBHAJILHBIX YMHOXEHUN YMEHBIIMATCA 10 2.

B xayecTse BTOpOrO npuMmepa pacemorpuM noae GEF (217 — 1), snemesThI KOTOPOTO 3aNKUCanbl Kak 17-
OuTOBLIE NBOWYHBIE YKCHA. JIMHEHHAA CBEPTKA NOCHEHOBATENILHOCTEH 16-0MTOBBIX HEILIX YHCE] MOXKET

ORITHL BEIMUCIICHA KaX cBeprka B mosie GF(2'7 — 1), Ilns BLMUCIEHUS CBEPTKA MOXHO BOCHOIIB30BATHCA
BII®-anropurmamu B mone GF (27 — 1) n Teopemoit o ceeprke.

Hmmuanr npeoGpasosanns Pypre B none GF(2'7 — 1) ucuepnwiBarorcs menurensmu umncina 217 — 2
¥ TOMHOCTBIO ONPENeHoTCS pasnoxenmeMm 217 —2 = 2.3 -5- 17 257. MokHO BufpaTh, HAalIpUMED,
n = 910, 7 crpoute 510-Toueunoe BIID-npeobpaszosanme U3 2-TO49EUHOO, 3-TOUEYHOrO, H-TOIETHOrO U
17-toueanoro blld-anropurmos. Moayau mis 2-ToyedHoro, 3-TOYEYHOro W 5-TOMEUHOrO HpeoOpasoBa-
HE® OY€Hb OPOCTH M paroTcs ManpiMum BII®-anropurmammu Bumorpagma. XoTs 53Ty Malble aJropuTMbl
paccvaTpuBaloTcsa Ham nostem GF(2'7 — 1), 3anmchiBaoTcs OHM TOYHO TAK K€, KAK W B CIYYAE IO
KOMILTEKCHBIX IMCe:l.

17-Troueunoe npeobpaloBaHue TOXe npencrasiser coboil MPOCTOH MOAYIL, HO CTPOUTCS OH APYTUM
caocoBom. O:emernt 2 nonst GF(2'7 — 1) mmeer nopsmox 17, Tak xax 2'7 = 1 (mod 27 — 1). Cnenosa-
TeNLHO, 17-Togeunoe npecbpasosanve Pypne B 3TOM NOJE 33030TCS PABEHCTBAMMA

16
Vk:Z2jkvj, k:():la'“:]-ﬁ?
j=0

M MOXET ObITH BHIYMCICHO € MOMOIIBLIO OJHMX NUKJIMYECKUAX CABUIOB A CIOXKEHHIL.
Ecnu TpebyeTcs BRIYHCIMTL CBEPTKY, MJIMHA KOTOPO Gombime 510, TO HAIO MCHOIB30BATEH TAKKE
MHOXNUTENb 207. 257-Toueunoe upeobpaszopanne Pyppe ¢ OOMOHIBIO AIIFOPATMA Peiinepa CBOOMTCS K

256-TOYEYHON NUMKIINYECKOH CBEPTKe, KOTOpas 3aTeM BRIUHCIfeTCs ¢ nomombio BII®-amropntma Kymu -
ThIOKM IO OCHOBAHUIO ABA W AJICOPUTMA, CBEPTKH.
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§24. AJATroPUTM ATAPBAJIA — KYIHU BBIYUCIEHUSI CBEPTKH

AnropurMm Arapsana ~ Kynu npencrasaser coboil Meron npeobpasosanus n'n''-roueunoi onsoMep-
HOM UUKJIMYECKOW CBEPTKH B ABYMEPHYI HUKIMUIecKyo (n' X n')-cBepTKy npu yCaoBLu, YTO YHUCIA N’ U
n'' B3anMHO mpocTel. Ero mcnons3yoT miig Toro, 9To0sl CKOMOMHUPOBATDL ajIropuT™M BuHOrpana BEITMC-
eHud 1'-TOYEYHON UUKIIMYECKOR cBepTku, comepxammit M (n') ymuoxeumi, ¢ anropurymoMm Busorpana
BRIMUCIEHUS N/ -TOUEUHON MUKANYIECKON CBEPTKH, comepXkamumM M (n') yMHOXEHUH, 1 TOCTPOUTE AJII0-
puT™M Brraucienus n'n’-Togeunoh nmknwyeckoit ceeprku, copepxaumit M(n') M (n'') ymHOXKeHU1.

B ocuose anropurMa Arapsana — Ky nexur xuraiickas teopeMa 06 OCTaTKaxX OIS LEIbIX Yuces.
On wHe obecnieunBaeT TAKOro ke GONBINONO YMEHLINEHMS YKMCIIa YMHOXKEHNil, Kak ajropuT™M Bmuorpana
BBIYMCIECHUA CBEPTKY, HO €0 NPEenMYILeCTBO B TOM, 4TO OH HE UMeeT TEHICHIUN K Upe3MEPHOMY DOCTY
YHCIIA CIIOXEHWH ¢ yBeJIUYeHUEM INUHL npeoOpa3oBaHus, KaK TO TPOUCXOAXT B aiIropuTMe BmHorpana.
Kpome Toro, 3T7oT anropurTM Jgyuule CTPYKTYpupoBad. ECiam 1 — ODAXMHA CBEPTKH — ABIACTCA OOALIIAM
YUCIIOM, TO ajroputM Arappasia — Kymm moxeT ObITH Pa3bUT Ha COCTABHBLIC YaCTH ([OAIPOTPaMMEI).
Iina nocTpoenus: XOpommx aJropuTMOB CBEPTKH WCHONBL3YVIOT ajropuT™m Arapsana ~ Kynm pazOmenus
OJIVHHOM CBEPTKM HA KOPOTKHE UMKJINYCCKNE CBEPTKM, KOTOPLIE 3aTeM BLIUKUCILAIOT, MOIL3YACh aJITOPUT-
mom Bunorpana BuraucrieHusi KODOTKMX HUKIINHECKUX CBEPTOK.

AnroputMm Arapsana — Kynu ocHoRaH Ha Tpex unesx. CHauaa OTHOMEPHAA OMKINIECKASd CBEPTKA C
IIOMONIBI0 KuTakcKoR Teopemul 06 ocrarkax (K.T.0.) nns menwx gucesn npeobpasyeTcs B MHOTOMEDHYIO
IYKIMYIECKYI0 CBEPTKY; 3aTeM BIOJIb KAXKIOM KOODOWHATHI MCIOSIL3YETCs alrOpuTM BuHOrpana BuIYHC-
JEHUA KOPOTKON CBEePTKH; M, HAKOHEI, UCIOIL3YeTCA TEOPEMa O KPOHEKCPOBCKOM IPON3BEICHUAN MAaTDHI]
I3t TOro, 94TobsI cOBpaTh BMECTE BCE MOJIYYEHHBIC Ha, OPENBIAYHIEM nIare 1pecOpasoRaHMs.

CHavana najguM onpenecHne KPOHEKEPOBCKOTO NIPOU3BEICHHMS.

Onpepnenenne. Iycre A = (a;;) u B = (b;;) - MaTpus: cooTBeTCTBEHHO pasMepoB h X k um X L.
Torna xponexeposcxum mpouszsedenuem marpun A u B, obosnsuaembiM A X B, HaszwiBaeTcst MaTpuLa
C, comepxamas hm cTpok m kl cTonbuos, y KOTOPOiX HA IEpPeceYeHnr CTPOKU ¢ HoMepoM (1 — 1)m + j n
cronbua ¢ Homepom (t — 1)l + s cTouT 3neMenT

Cij, ts = Qst bjs.

K porexeposckoe npoussenenne A x B npencrasuser coboit (h x k)-tabmaiy, coctosmuyio u3 (m x 1)-
ONOKOB, (%, k)-i 13 KOTOPBIX paBeH q;; B.

CrpapseniuBo CIeAyIONIee YTBEPXKIEHNE.

Teopema.  Ecau 8ce mampuunsic npoussedenus onpeoeensl, Mo KPOHEKePpOsCKoe npoudsedenue
ydosaemsopiem PaseHcmsy

(A x B) (C x D) = (AC) x (BD).

PaccMOTpHUM fepexon OT OBHOMEDHON IMKIMIECKON CBEPTKU K IBYMEDHOM.

Hycred={d; |1 =0,1,...,n—1}ug={gi|t=0,1,...,n—1} - OBe NOCIEOOBATEILHOCTH AIHHLI
n=n'n",roe HOO(n',n")=1,as={s;|t=0,1,...,n — 1} - ux nukInJeckas CBepTKa, T. €.
n—1
8i = z Ak 9((i—k)) (t=0,1,...,n—-1), (1)
k=0

roe ((i — k) =i —k (mod n).
3aMenuM uHIEKCH { u k napamu mrgexcos (i',1"") u (&', k") no mpasumy

'i!

k!

i (modn'), i" =1 (mod n"),

k (mod n'), k" =k (mod n").

lil
il

i

B cuiy kuTalickoif TeopeMbl 00 OCTATKAX MHIAEKCH ¢ M K MOXKHO BOCCTAHOBHUTE 110 HapaM HHICKCOD
(¢/,¢") n (K', k") no popmymnam:
; « 1] 1
i =N"n"i' + N'n'i" (mod n), i/ =0,1,...,n =1; i =0,1,...,n"-—1,

1 (2)
E=N"n"k'+ N'n'k" (mod n), B =0,1,...,n ' —1; K'"=0,1,...,n" — 1,
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roe neasle yncya N' u N onpenensioTcs paBeHCTBOM
N'n'+ N'n" = 1.
CeepTky (1) MOXHO 3aI¥CATH B BHAJE

n' —1 n'’'—1

SN”n”?:"-i-Nr’ﬂ"i” —_— E E g(( N”n”(i’—-k')-l—N'ﬂ' (’I:”'-k”) )) dN”n”k’+N"n’k” s
k!=—=0 k''=0

(Ouesunno, s (2) cnenyer, wro i — k= N'n" (3 — k') + N'n'(i" — k"').)
OnpenenuM IBYMEpHBIE IEPEMEHHEIE, 334aBas UX PABCHCTBAMH

dﬁ:",k” == dNHnHkI_,_anlkH, .gk’,k” — dN”n”k’—{-N’n’k”a Skf,kn = dN”n”k’-i—N'n’k”a

('=0,1,...,n" = 1; K" =0,1,...,0" ~ 1).

Beenenue nBymMepHBIX NepeMeHHBIX O3HAYAET, YTO OMHOMEPHEIE BEKTOPH d, g, M S 33MEHEHBI IBY-
MepHBIMM Tabnuuamu d, 9 M 5. B xaxnoli Taxoil Tabiauie KOMIOHEHTH BEKTODA 3AIIUCHIBAIOTCS HA “pac-
LIMPEHHYIO OHArOHanb MaTpPHIEl pasMmepa n' X n''| 1. e.

d{J,O d().,l <o d@,ﬂ”-—i& d{l,n”—:-l

dio dig ... dipr_o d1 n—1
(dﬁa dl: ”-dn’n”——l)_}d: s : y
dn’——l,ﬂ dn"-—l}l <o dn’-—l,n”-—z dn’——lgn‘”—-l -
Jo,0 90,1 - 9o,n'’ -2 go,n" ~1
gi1.0 g1.1 .o g1,n'"-2 91,n" -1
(90. 91, - G 1) 2 9= : - : : . :
In'-1,0 Gn'—1,1 -+ Gu'—1n"-2 Gn'—-1n"—1
30,0 80,1 .o 30,n’ -2 S0,n'" 1
51,0 S1,1 . 31,0/ -2 31,0 -1
(80, 81, -+ Smrm—1) = 8 =
Spn’~1,0 Sn'—-1,1 -.. Sp'—1,n"’-~2 Sp!~1,n"—1
Cronbuwmt Tabnuun d, g u s GyneM 0003Ha4YaTh COOTBETCTBEHHO di®) g(’“) u s() (k=0,1,...,n" -1).

Yepes d, &, § 0603HaYMM BEKTOPHI, MOMYYAIONMAECH, €CIH CTONOIEL COOTBETCTBYONIENn TAaOIUNbl BbIIH-
CaTh B CTEK ¥ 00OPa30BaATL OAHOMEPHBIN MACCUB.
B BOBRIX 0603HAMEHHIX CBEPTKA 34IECLIBACTCH B BUAE

n'—1 n'' -1

S = D D G-k k) Dk (3)

k'=0 k=0

rae
(' = k")) = N"n" (i’ — k') + N'n'(i" — k") (mod n'),

((i” _ kﬁ)) i Nﬁnﬁ(i! _ k!) + an!(z-lf _ kﬁ) (mOd nﬂ)-

Ouepnnno, popmynsnt (3) 3aMa0T ABYMEPHYIO HMKIMYECKYIO CBEPTKY. 3aMETHM, 9TO IIOKA MbI HE
MOIYIHIIN HUKAKOI0 YMEHBLIUEHMUA CIIOXKHOCTH BhHYucaeHwWi. IlonHoe 4mMcio yMHOXEHME HO-OpexHeMYy
paBHO (n'n")? = n?. [leficTBuTensHO, MOXHO mepenucats (3) B Buge

n—1 {n-1 )
S = | D (k) (k) D g (i'=0,1,...,n" - 1; 7 ='0,1,....,n" - 1), (4)
K=0 | k'"=0




rAe BHY TPEHHSA CyMMA IPEeACTaBaAseT cobor ' -ToueuHyo URKINYECKYIO CBEPTKY, KOTOPas NOKHA OHTH
BErauCiena s Beex i u k', IIpsamoe BEMHCICHNE N/ ~TOYETHOM IMKIIMIECKOl cBepTKH TpebyeT n''> yMuoO-
XKeHuU. JTYy CBePTKY NPUAETCS BLIMMCIATHL AJIF KaXIAOTO i, MPHHUMAIOWIEro 7' 3HAYEHUH, ¥ KaXZOro
k', npurumaromero n' 3Havenuii, T. e. n'° pas. TakuMm o6pazom, OpAMOE BeIYUCIEHUE TpeGyeT n’ n!"
YMHOXCHUHA.

HonaTh AByMEDHYIO CBEPTKY Jerde, €CiId BHIIMCATL €€ B BHUAE CBEPTKH MHorowireHon. Kaxperni us

BEeKTOPOB d, g 1 s oTo0pasuiica B AByMepHyio Tabnuny. Kaxayo Taxyo TaGiuny MOXHO 3aIMcaTh Kax
BEKTOD MHOTOYJICHOB

n' —1 n'' —1 n''—1 y ]
d: (y) — Z dk",k” yk y Gk (y) - Z gkt k'’ yk 5 Sk’(y) - Z Sk! k" yk (ki‘r =0,1,... ,TI-’ - 1)
k! —0) k' —0 k=0

WM KaK MHOIO4YJieH OT OBYX IICPEMCHHBIX

n —1 n' —1 n'—1 n'—1

Kk KK

dlz,y) = Y Y deary® a*, g@y) =D D, gprry® 2,
B'=0 k=0 k'=0 k''=0

n'—1 n'~1

s(z,y) = Z Z Sk’ k" yk” z*

=0 k=0

Torna ¢opmyny (4) MOXHO 3anucaTs B BAAE CBEPTKY MHOTOYJICHOB

n' —1
sv(W) = Y gue-wy®de(y), i =0,1,...,n" 1. (6)
k=0

Paccmorpenspte HaMi B § 3 — 6 aropuTMBl BEIYUCICHHS CBEPTOK CTPOWIMCH HaM MHONSMU, HO HA
CaMOM [eJle OHM BBLINOJIHUMEL ¥ B HEKOTOPBIX KOMIBIAX, B YaCTHOCTH, B KOJIBIIE MHOTOYIICHOB HAJ MONEM.
CrienoBaTeNbHO, CBEPTKa MHOIOYJICHOB MOXET ObITh BHIYMCIEHA ONHUM U3 5TUX OHICTPBHIX aJTOPUTMOB.
Cnoxenue B 9THX aNrOPUTMaX CTAHOBUTCA CIOXKEHMEM MHOTOWICHOB, 4 YMHOXKEHNE — YMHOKCHUOM MHO-
roynenos. Ilocaennme ymuoxenns, B CBOIO odepenb, SBISIOTCA CBEPTKAMU U MOPYT OLITH BEIYUCICHE
C IOMOLIBIO OLICTPBEIX AATOPUTMOB CBepTKU. Takwm 0Opa3om, mosydaercs crocod BBIYUCIICHUS HBYMED-

HOM CBEPTKH, COCTOSUIAR BO BKNIOUECHUN OOHOro OLICTPOrO ajJIrOPHMTMa ONHOMEDHOR CBEPTKH B APVIGH
OBICTDBINA ATIMOPHATM OHHOMEPHOM CBEPTKIL.

Pacnumiem B (4) BHYTPEHHIOD CyMMY:

n' ~1 n' —1 n'—1
S = ) (k) () W 0+ D Ik (1) Tt D Gk (@ —nrr41)) D1 (T)
ki =1 k=0 =)

(i =0,1,...,n' = 1; " =0,1,...,n" - 1).
[Monaras i =0,1,...,n" — 1, nonyuaem

L

¥ ! !
7

-1 ~1 ~1 ;
Sir :0 e Z 9((:7’—-13’)),0 dkl’{) + Z g((i’——-k’)),((n”—l)) dk’=1 -+~ Z g((i"—k”)),((ﬂ.”——2)) dk! ’2 + ...
k' =0 k'=0 k'=0

n'—1

T Z G((i —k)),1 Gk ' =1,
k' =0

F
d n'—1

~1 —1
ity = Z ('~ k)1 di 0 Z 9((i'~k')),0 Br’ 1 Z (5 —k ) ((n"=1)) Bk 2
k' =0 k! =0 k' =0

{

~1
+ E G —k)),2 Ok -1
k' =0
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n' ~1

8it,3 = Z 9((# ~k")),2 O 0 T Z g((s—k')),1 Qi1 + Z g((#—£)),0 Gk 2 + -

k! =0 k! =0 k' =0

+ Z G((i'—k')),3 D' 07 —1;

n' -1 n —1 w1

8¢ n't - Z g((z’ —k'}),n''—1 dk' 0 -+ Z g( (i —k’)),n’" =2 dkﬁ 1 + Z g((z —k" )0 —3 dk! 9 + .
k! =0 k=0 k'=0

4

1
+ ) 9@ —ky)0 D -1
k' =0

i/ =0,1,...,n" —1).
Honoxum 1" = 0, Torna U3 nepsoro seipaxesus B dopmynax (8) uMmeem

n' — n' —1 4
50,0 = z (k0 0+ D Gk 1Bt D Gk G,
k' =0 k' =0 k' =0
n'—1 n —1 n —1
$1,0 = E : 9((1~k)),0 drr 0 + E : I((1~k"))n—1drr 1 + .. § : 91 —k'),1 Dk 1,
'=0 k' =0 k! =0
n' — - n —1 (9)
§2.0 = E g({?-—k’}) {}dk’ o -+ E g((2 —k')),n —1 dkf 1 4+ ...+ E g((2--k’)),1 dk’,n”-1:
k=0 k=0 k! =0
n'—1 n' ~1 n —1
Sn/—1,0 = z 9w —1—k)),0 Bk 0 E G —1—k)) =1 Ry E 9((n~1—k)),1 B -1
k' =0 k! =0 k' =0
BreneMm obozHaveHUs
50 = (50, 5O 5O 47
y 81 7y e S )
Z(n/'=1) _ (1) A1) 1) '
Sy — (SD y 817y ey 'Sn’—-l) y
=(1) ~(n'"—1) ~(n"-1) (=1}t
Snﬁ___ ( 0 ’ 31 « v oe g 6?1;__1 .
3necs S 59 _ pfroueunas mUKIWYeckas cpepTka nocaenoparensrocT d% = (doo,dio,. .., dn—1.0),
oﬁpaaymmen nepBuil cTonbenr Tabiunbl d, 1 NOCIEOOBATEIBLHOCTU g(") = (900,91,05--s9n'~1,0), 00
F
pasyouien nepBei CToaben Tabauunt g; §§ D ' roueunas IUKJANYECKAs CBEPTKa IOCIEN0OBaTENb-
poctr dV) = (do,s,d1,1s---,dn-11), OOpasyiomeit BTopoit cronben Tabmunal d, ¥ HOCIEIOBATENHLHO-
"
et €7 7Y = (gomr—1,91.m7 1,1 Gni—1.m7—1), OOpasytoment n'-it (nocnensuit) cToNGEn TAGIANEL g;
=(n" -2} (2) _
S5 7' -TOYeUHas UMKIMYEeCKas CBepTKa nocienorarensnocTy d\*/ = (dpo,d12,...,dy—12), 0Opa-
3yIoeR TpeTuit cTonben Tabmmus d, ¥ IOCIeN0oBaTeNbHOCTY g™ ~2) = (Go,n"—2, 917" —2 5+« oy Gni~1 0" —2),
. " 1
obpasyloiueit (n'' — 1)-i cronben Tabmuust g, 1 T. 0. Haxonemn, gw) ~— n'-ToYeUHAsS UMKIWYECKas CBEPT-

I
xa nocnenosarensroctr A~V = (dy iy ,dy iy, .. ,dn:_l,nn_I), obpasywmeir n''-i1 (mocrenunii)
cronbern Tabnunsl d, u nocnenosaTenbHocT gtl) = (901911590 —1,1), OOpa3yomelt BTOPOH CcTOIOEN
Tabaunsl g. B HOBRIX 0ob03HaveHusIX HGOPMYINIBI (7) MOXKHO 3aIMCATh B BUIE

s® =50 4 gD gD g

2 Spr—
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Honoxuwm 1" = 1, Torna us popmyn (8) nomywaem

n' —1 n'—1 n' —1
0,1 = Z 9(~#")),1 dr 0 + z 9(-k')0%k 1+ ...+ z 9((~#)),2 Okt snri—1,
k'=0 k! =0 k=0
n —1 n' —1 n -1
$10= ) ga-kpidro+ Y Gakyodia + ...+ Y ga—r),2 Gk -1,
£'=0 k! =0 k=0
n' —1 n'~1 n —1 (10)
22= 0, 6@-#nadiot Y ge-ppodia ot D ge-rpadiar,
k! =0 k'=0 E—0
n'—1 n'—1 ' —1
Sn'-1,1 = Z gi(n'—1—~k)),1 Qi 0 + Z I(n'~1-&No e + ...+ Z §im—i-& D08~ —-
k=0 k'=0 R

Hcnonksys ananorwdnere BBeneHHEIM nocie dopMmya (9) obosmaucHans, meees

sV =5 450 150V 5 +58

[Iponomxas aHATOTUYHEIE PACCYXIEHUS, NOIYIAM

() | - s ~(n' — ~
sm:s((])+s§l 1)...+s§0)+s§$1 U-I—...—I—sf,fji)l

(1=0,1,...,n" ~1).
bynem cuuTaTh, 9TO ANTOpPUTM BHYNMCIEHMA N'-TOYECYRON IMKITENECKO CBepTKH h nocrenosaTenns-
HocTel f 1 e nostyyer u uMmeeT Buf

h=C'F'Ae, (11)

!
rpe A" — mMaTpuna pasmepa M(n') x ', F' - nmarosanvmas maTpuna nopsmka M(n'), C' — marpnna
pasmepa n' X M(n'). Ha nuaronana marpunst F' crosT xommonenTs BekTopa B'f (pasmepsr MmaTpun A’
u B' opuHakoBbI).

Torna

s =C'GoA'd® 4+ C'Grr 1 AdD 4+ C' G2 4dD + ... +C' Gy A' A,
s =C'GrA'd® +C'Go A'dD + C' Gy A/AD 4.+ C' Gy A ™Y,

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

HAJIN

s{0) Go Gpio1. Gpreg ... Gy A'd©®
st1) | G, Gy Gpr1 ... Go AV
8§ = s =" % Ga Gy Go ... G A'd?) : (12)
S(n”_”l) Gn”——l Gnu___z G.nu__3 . . GU Afd(n”n-l)

rie 3HaK * O3HaudaeT, 4ro Marpuiyy C' cienyer NPUMEHUTE K KayXKAOMY BEKTODY

n'' ~1
Sy = Z G((g‘.__k)) A d®) (2=0,1;::; n' —1). (13)
=(}
3mece G; (I = 0,1,...,n" — 1) ecTh OnaroHaTbHAS MATPUNA HOpsaka M (n'), Ha rIABHOU ANAIOHAIIN

U ' (!
KOTOPOH CTOST KOMIIOHEHTH BekTOpa B gll),
Pasenctro (13) o3naqaer, uro S = (Sp, Si, -- -, " .
e w f 1 W [ ‘ e}
yecKyIo CBepTKy nocrenosarensnocTu A'd, cocrosmuei U3 BEKTOPHBIX 6mokos A'd\* ) (3" =0,...,n 1)
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wvasl - M(n')  xaxnwi, wuw nocaemoBarensHocTE B'g, cocTodield ©3 MaTPUYHBIX  ONOKOB
Gy (" =0,1,...,n" —1). (Kaxayo marpuny G+ MOXHO CIATATh BEKTODOM, BBEIINCAB B CTONOEN
3JIEMEHTEL €e TJIABHOM NUarOHAJM, B pPe3yabTaTe MOIyYuM BekTop IwmHK M (n').)

ITycte anropur™ Beraucienns n''-ToueqHol TUKIINYECKOR CBEPTKY NOCnenopaTenprocTen I u e nmeeT
124781 |

h=C"F"A"e, (14)

roe A" — matpuna pasmepa M (n'') xn", F" - nnaromansnas marpuua nopsaxa M(n"), C" — marpuna
pasmepa n'' x M(n'"). Ha anarounanu M&TpHIJ;bI F" cTosT ¥xOoMNoHEeHTHI BekTOpa B’ ’ f (pasmepsl MaTpu
A" u B” onunakoeni).

Torma u3 (13) u (14) moayyaem o
S=C"GA"(4'd), (15)

rie G — OWAroHANbLHAS MATpmua, cocrosumas m3 M (n'') GOKOB, KaXIbil M3 KOTOPBIX HMEET NJIMHY

M(n'), T. e. ua nuaronamu G crost “komnoHenTh” BekTOpa B'(B'E), n xaxnad rakad "KOMIIOHEHTA
eCTh BEKTOPHLIN OIOK mimuer M (n’ ).

Paccmorpum cradana comuoxutens A (A'd) uz dopmynst (15). Ilockoabky xommonenTamn A'd

sBisioTes Bektopusie 6ok A'd® . A'dW ... A'd(® D) 1o
n''—1 y .
i 3'}::0 i A d(J)
a}:g ailin”"l | A:d(ig ot o
—an A= T AdD | B @A )
Glho e gy ) ATV
Z alt A dts)
n'' -1 o
Z ajl; A' W) ' = Ad, (m=M@"M),
" * k=0,1,...,n'" ~1 |
roe A — MaTpmua, CoCcTosIas u3 OJIOKOB a), A’ (k LMY, 5 =0/1,.. .,'n""IF — 1), 3maunt, A

eCTE KPOHEKepOBCKOe npomsseneane A" x A’ ;
PaccvoTpum Bextop B'(B'Eg), KOMIOHEHTHI KOTOPOTO CTOST HA, AMATOHAMN MaTpuibl (7 :

"~ B )
! /
% 1; 83 gY
1 I " 7 . J= |
10 11 T 1n''-1 B g{O) n''—1
1 " 1" 1 (1 -
Y ;e 20 91 L 2 nit 1 Bg( ) Z ’2"] B’g(:)’)
B"(Bg) = . . _ : : = =0 =
" 1 ! fp{n' —1)
m 0 m 1l * & b n'' —1 Bg n'' 1
: 1 / '
2 bmj B g(J)
i | j’.:(}
n''—1
7 t (i D= . 7
§: stBg(J) "'*‘Bg““Ga (m-—-M(n )):r
J=d k=0,1,...,n"" -1
T. e. Marpuua B cocrout us 61okos by, ; B (k=12,...,M(n"); 3=0,1,...,n" —1), sgaunr, B ecTs

KpOoHeKeposckoe npounssepenne B x B'.
Teneps ¢popmyny (15) MOXKHO mepenucaTh B BULE

S=C"GAd=C"{GeD},

roe e O3HAUAeT MOKOMHOHCHTHOE yMmHOxkeHue, pexTop {G ¢ D} umeer mmuny M(n"), a xaxnas ero
"KOMIOHEeHTa” eCTh BeKTOpHBINA 650Kk nauusl M (n'). HyC’I‘h |

Ge D
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e &8 = (S(}, Sl, . 5 SM(ﬂ.”)-—I)'
Marpnny C" npumenseMm x “kommorerTam” BexkTOpa S, T. €.

Z clg

1" ; ! = J=0
‘1o a1 - Y41 So t-1
c! dzf I S Z 1" S
~ 20 1 e Copg 1 Co
— g : J _ 1
S=(C"S= _ _ _ , . = 1 j=0 (t=M(n")),
’ -
n't g C;..:_H 1 . w C’n” t—1 St_l
Z Crtt
1”(?1”)—-1 N ~r
THe ZO c;S; (k=1,2,...,n") ecrs BexTopHEIi 610k nymust M (n'), . e. 8 = C" S ecTs BekTOp
J:

INTAHBL 7'/, Kaxnas ”"KOMIIOHEHTA” KOTOPOIo €CTh BEKTOPHEIM 610K niuHel M (n').

Yrobb1 HaliTy BeKTOp § MO dopmysie (12), TpebyeTca X KaxIaol "KOMIIOHEHTE  IIOJIyIEHHOIO BEKTOpa
S npumenntTs MaTpuny C', T. e.

M(n'"}~1
!
;—-:0 c¢,; C S,
’ =
1 1 ch: C' S ~
s=C'x{ . |= . - & % = C'§,
Snr — C' Spr
-1 n M(n'")—1
Z nff O’ S
j=0
rae C' — MaTpmua, cocrommas us 6moxos ¢, C' (k=1,2,...,n" j=0,1,..., M(n") — 1), 3HaxmT, OHa
ABAETCA KpouexkepoBckuM npousseneunem C' x (V.

HUrax,
16)

&

5= (C" x C")G (A" x A4,

FeEEe Y

roe G —~ KeanpaTHada MaTpuns nmopanka M (n' )M (n''), Ha nuaroHamm KOTOpOHE CTOAT KOMIOOEEHTH BEXTUDRE
G = (B" x B")g.

Wcnons3y s nocsenoBaTeIbHEIC ONepauyl Hal IBYMEPHLIMY TabIMIaMHA, TOMyICHARLS COCIasET BEE-
YNCIIMTENbHLIA SJITOPUTM MOXKHO IMPEACTaBUTEL B BUAE €IUHOro ajropnTMa. CHagada yrisoasm Eam s
cronben Tabmaus d Ha MaTpuny A', a xaxknwii cronben Tabnunel ¢ Ha Marpany B'. B pesyimTaTe ooy
quM IBE HOBbIE TaOmminl pasmepa M(n') x n''. 3arem yMHOXKUM KaXAyI0 CTPOKY HEePBO# HOBCH Tabim=T
na marpuny A, u xaxnymo cTpoky BTOpoi HOBOHM Tabnuukr Ha marpuay B (1. e. A" yvmoxaercs Ha
BREKTOPH], CTOSAILNME B CTPOKAX NEpBOi HOBOM Tabmuuwl, B” — na mexTophl, cTOMIME B CTPOKAX BTOPOH
HOBOW Tabmuukl). D10 KacT HaM aBe Tabmunsr pasmepa M(n') x M(n'). llepemHOXNM MOKOMIIOHEHTHO
a1r Tabauuel. [lonyuennyo rakum obpazom M (n'') x M (n')-tabnuuy mpeobpadyeM K HYXKHOW BBIXOTHOH
tabmane s pasMepa n' X n', yMHOXNB CHaYana Kaxae ee cronbeu na marpuny C', a 3aTeM kaxnyio
CTPOKY mOsiyueHHon Tabnumust pasmeps n'' x M(n') — va marpuny C'.

Ecnu Bxomumie npyMepHbie TabMNUE d U ¢ 3anMCaHbl KaXKAas B CTE€K 0O CTONOUAM M NPEACTABIIEHEI,
TakuM 0O0pa3oM, B BHZIE OOHOMEDHBIX MAaCCHUBOB, BRIXOAHAS ABYyMEpHas TalOnuua TaKkKe IIPENCTABIIEHA B
BUIE CTEKa CTONOUOB, TO AJITOPUTM MOXeT OhITh 3a1naH dopmymon (16).

CrenyeT NOMHHATE, YTO KOMIIOHEHTEH! BRIXONHOIO BEKTODa S M BXORHOTO BEKTOpa d BBHINUCAHLI HE
B CBOEM €CTeCTBeHHOM nopsnke. CHauasaa OHM BBUINCHIBAJINCH B OBYMEPHYIO MAaTPUILY BIONIL IJIABHOH
AMArcHAJIH, & 33TEeM H3 5TOM MaTpPHHLI B BuAe cTeka cTonbucoB. Yrolbl BEepHYTH KOMIOHEHTHI Ha HUX
eCTEeCTBEHHOE MECTO, HAJ0 MepecTaBUTh CTonbOuL Marpuusl A u cTpokH MaTpuusl (.

XapaxrepucTuku n-todeusnoro (n = n'n”) aaropwrMa Arapsana — Kymm, T. €. IOmHOE IHCIO
ymuOX)esuit M (n) u cnoxenuin A(n), 3anaoTcs GopMyaamn

M(n) = M(n') M(n"),
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A(n) = n" A(n') + M(n)A(n").

3 hopMyT BUOHO, YTO YHCIO YMHOXKEHUN B MAJIHIX aJIFOPHTMAaX MIPAET CYLIECTBEHHO OOmee BAXHYIO

DOIIb, YeM YHCIIO CIIOKEHUH.

CaMa, e BEYUCINTE/bHAS IPOUENyPa MOXeT OBITh IPENCTaBIICHS CICMYIOMIeN CXEMON:

BBon BekTOpa MBOIOYJICHOB

Crnoxenue mEorouwnesos D(x) = A"d(x)

Beon sexTopa d

K03 OUIREHTOB MHOIOUJIEHA,
d(z) = Di(z)

Cnoxenne D = A'd

Brizop nmonnporpaMMEel
IJIsE KAXKIOTO K

—

Y MHOXEHUE MHOIOYJICHOB
Si{z) = Gr(x) Di(z) (mod z™ — 1)
tk=0,1,...,M(n") -1

Ciioxeswe MHOIOYJICHOR

s{x) = C"S(x)

Brixon

Bosspar

'}’MeHne
f SJZGng
1 [=0,1,..., M(

n') —11

Crnoxenue s = ('S

HogacuuM Hamu paccyxnenns ua IpuMepe 6-TOYeuHON MMKANIeckol ceepTku. Ilyete n' = 2, n! =
Bextopn (do, dy, ..., ds) u (g0, g1, ..., g5) oTOBpaxaoTcs B 2 X 3-TabIHITEL

do da d
do, dy, ... ) =d T2
(0 1 )d5)'—>(d3 d] d5

BBIXOZHON BeKTOp (Sq, S, .

(

Torna

do(y) = dp + day + d2y21 90(¥) = ga gay

)} (901 911”-:95)—? (90 94 92)3

93 g1 s

.., 85) Taxxe oToOpaxkaercs B TabIILy

84 89
S1 85/

92?/2; 30(3/) = 8o + sS4y + SQyza

di(y) =ds +diy + dsy®, g1(y) =95+ iy + g5v°, s1(y) = 53 + 819 + s55°.

rae

so¥) = D 9-k) @) di (y) = do(y) 9o(¥) + di(y) g1 () (mod y* — 1 s

k=0

s1) = Y gra-wy) (@) di (y) =

k! —0Q

do(y) 91(y) + d1(y) go(y) (mod y3 —1).
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3HayuT,

s(z,y) = so(y) +s1(y) T = (do(y) + 1 (y) ) (9o (y) + g1 (¥) ) = d(z,y) g(z,y) (mod z* —1).  (17)

Pemaem 3amauy (17). Hockoasky 22 — 1 = (z ~ 1) (2 + 1) = mg(z) m1(z), TO, mpuMeHsas anropaT™
Bunorpana, nonyuaem

d(z,y) (mod z — 1) =dp(x,y) =do(y) +di (), 9(z,y) (mod z—1) = go(z,y) = go(y) + 5:(¥).
d(z,y) (mod z +1) =dy(z,y) = do(y) — di(y), 9(z,y) (mod z +1) = gi(z,y) = go(y) — a1 {w).
OTKYAa,

so(2,y) = do(z,y) go(z,y) (mod y* — 1) = (do
(do

(y) + di(y)) (go(y) + 91 (y)) (mod y° — 1),
s1(z,y) = di(z,y) g1 (z,y) (mod y°> — 1) = Y

(y) — di(9)) (9o(w) — 91 ()) (mod y° —1).
W3 Ttabnuusr

10 KHTANCKOM TeopeMe o0 0CTaTKax noiiydaeMm

5(2,9) = 5 50(2,8) (@ +1) + 3 51(2,9) (1~ 2) = 7 {s0(z,) + (2, 9)} + 7 {s0(2,3) ~ 91 (2,9)} 2

OTKYHa .
soly) = 5 {s0(z,y) + s1{z, )},

s1{y) = %{30(33:?!) ~ s1(z,9)}.

B Mmarprunoit dopMe 3TOT aJTOPUTM 3AIUCHIBAETCS B BHIE

(00) =0 ) Y ) (1 4) (68) ~oeaew

NI Lo
SO(y)):(l 1 )(530 mvi‘»’)) (18
(Sl(y) 1 -1/ \:sa(zy))’ (18)
OueBunnno, A(n') =4, M(n') = 2.
Teneps cnenyer MOCTPOUTH ANTOPUTM PEIIEHUS 3a084N
Sg'(.’lt,y) = dz(:ﬂ:y) gi(ma y) (m(}d y3 o 1) (?' = 0, 1)1

T. €. 3JITOPUTM J-TOUYEYHON NUKJINIECKOA CBEPTKH.

OGo3HauuM ko3 duumenTsl MEOrowtenos di(z,y), 9i(z,y) u s;(y) COOTBETCTBEHHO df), QE:) Sf)
(k=0,1,2; i=0,1), 7. e.

di(z,y) = di +d y + dY y2,
gi(z,y) = gff) + 9y +gi" 42,
si(y) = st + sy + 5V 42,

Bocmonb3yeMcs U3BECTHBIM aJITOPWTMOM BHIUKCIEHUS 3-TOUEYHON LHUKIMIECKOU CREPTKY

(2) .
So 1 1 0 —1 (i) 1 0 — 1 UE' 1 y—5(%)
Sgi) = (1 -1 -1 2 ) 3 D 0 1 -1 d%; = C"G;A"d
KO 1 0 1 -1 2 1 1 -2/ \4

(%)
G (19)
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rae

Gy’ 11 1\ /6
ng} B }_ 1 0 -1 {()11) (‘E = 0, 1,)
o | T30 1 1|9
G 1 1 -2/ \$%
3necy A(n'") =11, M(n") = 4.
O6nennuum nosaydennsie anropurmei. A3 (19) cnenyer, aro
Gy
O 1
3% 10 1 0 0 0 -1 0 Gy 0
S¢ 01 0 1 0 0 0 -1 Gy
s 1 110 -1 0 -1 0 2 0 i
i jor 0 -1 0 -1 0 2 G\
(0 10 0 0 1 0 -1 0 oo
() 0601 0 0 0 1 0 -1 20
85 G
Gy
11100 0y g
00 0 1 1 1 s
1 0 -1 00 0 dy
00 0 1 0 —1]]d¥
0 1 -1 0 0 O db |’
000 0 01 =1}
1 1 -2 06 0 0 4
00 0 1 1 -2 2
a 3 (18) mmeem
(0)
30 1 1 0 0 0 O 3?1) it 11 1 0 0 -1 -1
83 1 -1 0 0 0 O S 1 -1 1 -1 0 0 =1 1
ss ] 10 0 1 1 0 o2 11 1 -1 -1 -1 -1 2 2
ssy |0 O 1 -1 0 0 s 1)1 -1 -1 1 -1 1 2 =2
52 0 6 0 0 1 1 L0 1 1 0 0 1 1 -1 -1
85 00 0 0 1 -1/ 1 1 -1 0 0 1 -1 -1 1
2
(0)
Go G(l) 11 1 00 0
e 00 0 11 1}/1 100 0 0\ /do
Gy 10-100 01[{0 0 1 1 0 0} ds
gV 00 0 10-1]l0 0 0 0 1 1 |]ds
G\ 01 ~-100 0{[1~-100 0 0]|]d
G 60 0 01 ~-1{{0 0 1~-10 01{d
o0 11 -200 0J)J\0 0 0 0 1 -1/ \ds
) 00 0 11 -2
&
ai
1 1 1 1 0 0 -1 -1 Gy
1 -1 1 -1 0 0 —1 1 Gy
11 a1 -1 -1 -1 2 2 G
1 -1 -1 1 -1 1 2 -2 GO
1 1 0 o 1 1 -1 -1 G
1 -1 0 0 1 -1 -1 1 > o)
GB

-
DN
)
»
(oo W
o




1 1 1 1 1 1

1 -1 1 -1 1 -1 do

1 1 0 O -1 -1 d3

1 -1 0 O -1 1 d4

0 0O 1 1 -1 -1 dy | bl
0 O i -1 -1 1 ds

1 1 1 1 -2 =2 ds

1 -1 1 -1 -2 2

Ouesunno, MaTpuna nocrenoxenmit pasua C” x €', a marpuna npencaoxeruit — A” x A'. Qeraroes

HAUTH KOHCTAHTHI GS) (1 = 0,1; k= 0,1,2,3). Paccyxnmas Tax e, KaKk # BbLIIE, U3 (18) = 718
Oy YUM

G(O)
2 11 1 00 ¢ (0)
Go (00 0o 11 1}/[%
Gy 10 100 o0 []a”
GV _1fo 0 0o 10 -1]}g®|
Gl 301 ~1. 00 0 f|gM]"
Ggl) 0 0 0 0 1 -1 ggl)
©) 11 -2 00 0 gV
3 00 0 1 1 -2 2
G3
11 1 00 0
00 0 1 1 1 i 1 0 0 0 ¢ g0
1 0 -1 0 0 0 0 0 1 1 0 O g3
1 1100 0 10 -1}}0 0 0 0 1 1 g |
3 2101 -1 0 0 o© 1 =10 0 0 0 g |~
0 0 0 01 —-1{{o 0 1 -1 0 O g
1 1 -2 00 0 0 0 0 0 1 -1/ \gs
0 0 0 1 1 =2
1 1 1 1 1 1
1 -1 1 -1 1 -1 go
1 1 0 0 -1 -1 ags
1 1 -1 0 0 —1 1 94
?3 0 O 1 1 -1 =1 g1 ¢ (20)
0 0 1 -1 -1 1 g2
1 1 1 1 -2 -2 gs
1 -1 1 -1 -2 92

T. €. MaTpHUIa OJIS HAXOXICHUS GE:) €CTB KPOHeKepoBCKoe mpomssenenue marpun B’ u B, roe B —
MaTpUla AJ1f KOHCTAaHT M3 anroputma (19), a B’ -~ marpuna ans xoucrant m3 anropurMma (18). Ecau
samucarh (20) B MATPUYHOM BUIE, TO

G = (B" x B)E.
Taxmm 06pazoM, MOCTPOSHHABI AATOPUTM 33aIMCAH B BAME
S — (CH X CI) (BH % B!) (A." X A!)a"j

rae BeKTOpE! d U § TPENCTABISIOT BEKTOP-CTONIOLEL, Oy YEHHKIE TIPH BEIMACHLIBAHAN B CTEK KOMIOHEHT
Tabmuy d 1 s 0o cTonbnaM. AHAJIOTHYHO, € — BEKTOP, NMOJIyYaeMbIi IIPH BHITHCHIBAHUN B CT€K KOMIIOHEHT
Tabmnsr g o cronbuaMm.

Ecin Teneps NEPECTaBUTh BHIXOOHLIE KOMIIOHEHTHI M COOTBETCTBYIomuMe cTpoku Marpunsl C'' x C,
a TakyKe BXONHEIe KOMIOHEHTH ¥ COOTBeTCTBylonme cronbusl Marpunbl A X A') 1o nonyyum OkoHYa-

123



TEJILHBIN aJIlOPUTM

GiY
(1)
86 ¥ 1.1 1 0 O -1 -1 o (0)
1 1 -1 -1 1 -1 1 2 =2 SER
82 1 1 0 0 1 1 -1 -1 Gy
ss 1 7 l1 -1 1 -1 0 0 -1 1 Gy
$4 . 3 =1 =1 -1 -1 2 2 GV
S 1 -1 0 0 1 -1 -1 1 GO
Gy
1 1 1 1 1 1
1 -1 1 -1 1 -1 do
1 Q —1 1 0 -1 d1
1 0 -1 -1 0 1 o
0 1 -1 0 1 —-1{/|ds]|”’
0 -1 -1 0 1 1 dy
1 1 -2 1 1 -2) \ds
1 -1 -2 -1 1 2
G(l) |
{(]0) 1 *“"1 1 -1 1 -1 4o
Gy 1 0 -1 1 0 —-1{{e¢
Gl 111 0 -1 -1 0 1 |{ag
GP17 610 1 -1 0 1 -1]{gs
GV 0 -1 -1 0 1 1 g4
-© 1 1 -2 1 1 -2 gs
) 1 =1 =2 =1 1 2
G3

3ameTM, YTO HNONYYEHHBIH AITOPHTM OTIMYALTCS OT MOCTPOSHHOrO B § 6 CTPYKTYPOH CIIOKEHUN.
Uncno ymHOXEHMI Takxke PaBHO 8, a BOT NOCIENOBATEILHOCTE CIAOKEHAN OTANYHA OT TOU, 4TO ObINA, B
anropuT™e § 6. Beero aror anropurm norpebyer 34 onepamuu croxenns. JeflCTBUTEILHO, NPEIC/IOKEHA
norpebyercs Bcero 16:

t1 = dy + dsg, tr = d4 + dj, t3 = ds + ds,
t4 = dp — ds, ts = dg — dy, te = do — dj,
D =t +tr+t;, DO =4 1t DY =ty —t3,
DY =D + DY, DV =t+ts+ts, DN =ty -t
DY) =t — 1o, D) = p 4 pgh,
[TocTcnoxennss MOXHO peantn30BaTh 32 18 onepaumii:
1y = 8y — S, Ty = 84 — 56, I3 =T + 15
Ty = 53 — 57, T5 = 55 — &5, Te =Ty + T5,
s = Sy + T, $$9 = 5, - T3, s = So + T,
35)1) = 51 + 14, Sgl) = 51 — T, 351) =53 +T5.
Sg = s((,o) + sf)l), S3 = sg)) - sgl), 84 = 3%@} - S%n?
§1 = sgo) - sgl), 83 = Sg}) i sé”:_. 85 = -.-_‘3;-’2@ -~ si”

124



825. CHIOXHOCTL AINTOPUTMOB CBEPTKY

3nece MbI OyZeM HCCAeAOBATH XAPAKTEPHUCTMKW ONTHMAJILHOTO MO YACIY YMHOXKEHU aJTOPUTMA
cBepTKU. [liist 9TOro cHavana yTOYHUM HOHSTHE yMHOXeHud. OmnpenesmM yMHBOXKEHHE TakuM o6pasom,
9TOOBI 0K NPOU3BEOCHUEM d - g IOHUMAJIOCH IIPOM3BEICHNE IPOU3BONILHBIX BEIIECTREHHLIX YMCETT, HO TYIa
He BXommno Ovl, HANpUMeED, IIPOMU3BEnEHNe 2g, KOTOPOe MOXKHO MHTEPHPETUPOBATE KaK § -+ ¢ U T. IL.

PaccmarpuBacMble unen ge 3asucar or nong. Iycrs F — none, KOTOPOMY IPMHAIEKAT IIEMEHTHE
nocnenoparensrocTeit d = (dp,dy,...,dp_ 1) m g€ = (93,q1,...,0,-1), 370 Oone OyneM HA3BIBATHL T0-
aem sviuucaenuty. Ilycre E — mommone mons F, HasbIBaeMOE nogem KOHCIMAHM WA OCHOGHBIM NOAEM.
OneMeHTH oM F OyneM Ha3bBATh CKGALDGMU.

KomnorenTr BekTopoB d u g 6y/eM HA3LIBATD HEONPEdeACHHbIMU NEPEMENHBIMY MK TIDOCTO nepe-
MEHHBIMY. JTH Tt + 7 BeIIMYUH HE3aBUCUMBI, UX He CBS3LIBAIOT BUKAKME COOTHOIIEHUS.

Ounpenenenme 1. Brruucnenue d- g GyzneM Ha3BIBATDL YMHONCEHUEM TOIBLKO TOIHA, KOTHA 003 COMHO-
KUTEJS ABNAIOTCSA NPOU3BOJILHBIMY dJIeMeHTaMu 110418 F, 1 He O6ynem cIuTaTh YMHOXKEHUEM, ECHU TOIBLKO
OOVH U3 HUX ABNACTCS NMPOM3BOJIBHEIM 3JIEMEHTOM IMONA F, a Apyroi NpuHAMJIEXKUT MO0 KOHCTAaHT k.

C TOuKm 3peHms onpenenenus 1 anroputmuel BuHOrpasa BHIMUCTEHUs KOPOTKAX CBEPTOK SBIIAIOTCA
ONTHMaILEEIMN. Hu onuH anropuTM BHIUMCIIEHES KODOTKOH CBEPTKU HE COOEDKUT YMHOXCHUU MEHBIIE,
geM aaroput™M Buuorpana. Ilnsg npoBepkm 5TOro yTBEpXKOCHHS MBI JOKAXKEM, YTO:

1. Huxaxoli anropuT™ BeIMMCICHMS JIMHEHHON CBEPTKM IOBYX nocnenoBaTenbHocTell moama N u L ne
MOXEeT COHepXaThk MeHbue, ueM N + L — 1 ymuOXeHUIA.

2. Eciy 9ucno nonapHo B3aMMHO NPOCTHIX HEIPUBOOMMAIX AeIuTeel MHOrowicHa ™ — 1 paBHO K,
TO HHKAKOW AJITOPDHTM BBIYMCIIEHUS 7-TOYEYHOHN HUKJIMUECKOH CBEPTKM HE MOXET COIEpPXKaTh MEHBIIE,
4eM 21 — K YMHOXKEHWIA.

3. Ecimm 4ncno nonapHo B3aMMHO NPOCTHIX HENPUBOMMMEBIX HEJSUTeNel MHOrounesHa p(r) pasuo k
u deg p(z) = n, TO HUKAKOM ANTOPUTM BLIYUCIEHNS NPOW3BENeHUs MHOTouIeHOR d(2) g(T) mo Momymo
MHOTOWIEHA, P(T) HE MOXET CONEPXaTh YMHOXKEHMI MeHblue, yeM 2n — k.
- OueBHMOHO, 9TO BIOPOE YTBEP:KIEHVE SBIAETCS YACTHHIM CIy4aeM TPeThero. Ha caMoM [eje, MEL
OOKAXKEM TPEThE YTBEDXKICHUE, U3 KOTOPOro clienyeT BTOpoe. Mil BRIOENIMAM YTBEpPXKIEHNE 2, TaK Kax
OHO JAeT OLEHKY HIDKHEH DaHWIEL YMCia YMHOKEHHA 1718 N-TOYeTHON MUKIIMIECKON CBEPTKH, YTO IJIf
HaC BaXHO.

Brenem dopMmanbpHOe onpeneieHne BEIYUCIUTEILHOTO AJrOPRTMA.

- Onpepenenne 2.  Boiuucaumeabrbism GAZ0PUMMOM HAZ0BEM MPABUIIO BEIYHACICHAS HOCIENOBATETH
HOCTU 3JIEMEHTOB fi, fa,..., f; w3 mons F' Takux, 94TO KaXKIBIA 3NeMEeHT f; NOCIeNOBATENBLEOCTH DaBeH
ONHOY M3 CICHAYIOMIX BEJIMYUNH:

a) 00 KOMIOOHEHTE BeKTOpa d, 160 KOMIOOHEHTE BEKTOpa £, 6o cyMMe, pasnocrﬂ VT OPOA3BEe-
HEHNIO ABYX TAKWX KOMIIOHCHT;
0) cymMme, PasHOCTH WU NPOM3IBEACHWIO KOMIOHEHTH BexTOopa d wim BexTOpa g ¥ »ieMeHTa fi
[TOCTIENOBATEILHOCTH, TIe k < 7;
B) CyMMe, Pa3sHOCTH WM HDPON3BEHCHUIO LBYX 3JIEMEHTOB fi U f; MOCNEHOBATENLHOCTHA TAKHUX, 9TO
k<jiul<j;
r) sgemenTy nons .

byneM roBopuTh, YTO QA20pUMM BbIYUCAZEN, BHEIXOODHOM BEKTOP S, €CAM KOMIOHEHTHI BEKTODA S
COOEPXATCI B IIOCHEHOBATENLHOCTH f1, f2, ..., fi. ANropuTM, BRIYUCIISIOIIMI BEKTOD S, NPEACTABIIET CO-
6011 GUKCUPOBAHHYIO HPOLEAYDPY MPABUIBHOTO BRIYUCIECHNS KOMIIOHEHT BEKTOPA S A1 MOOBIX BO3MOXKHBIX
JHAYCHMY BXOOAIMX B d 1 g nNepeMEeHHEIX.

Hanxoe onpeneneHne ajropuTMa MOXKHO ITPORIITIOCTPUPOBATE IPUMEPOM KOMIIIEKCHOTO YMHOXEHUS.
[IpsMOit aIrOPUTM YMHOXKEHHUS KOMIIEKCHBIX YUCENl B MATPHYHO-BEKTOPHOM POpMe uMeeT BUIL

e\ (¢ —d a
f/ \d ¢ b/
Torna paBeHCTBA,

fi=ca, fo=db, fa=fi—fo, fa=da, fs=cb fo=fa+]s
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RAIOT ONMCAHIE AJrOpUTMa B CMBICHE Onpenenernus 2.
BrICTDRIA AJIMOPHTM KOMILJIEKCHOIO YMHOXEHIA

c—d 0 0 1 0
(e):z(é ? i) 0 c+d 0] {0 1 (z)
f 0 0 d 1 —1
MOXHO 3aI1CaTh B BRAE CACOVIOIIEN NOCHENOBATEILHOCTY BEIYMCICHUN:

fi=a-b, f2=6—da fa=e+d, fo=fea, fs=fib, fo=dfi, fr=fa+fe, fs=Fs+ Je.

PaccMoTpnM HabOp BCEX MHOKECTB IIPABHJI BLIYMCICHUA KOMIIEKCHOTO YMHOXEHU. OHTHM&HBHH}}J
13 3TOr0 HaOOpa aJIrOPUTMOB ABIAETCS TOT M3 HUX, KOTOPBIM COOEPKNT HAUMEHbIICE YNC/IO YMHOXCHIN.

Tenepr dopmManuiyeM onpeneneHre 3agadyl BeIYUCIeHun. bynmeMm paccMaTpuBaTh TONBKO 331a4l,
KOTOPBIE MOXKHO 34IIMCATE B BEKTOPHO-MATPUYHON dopme

s = Hd, (1)

roe d — BXONHON BEXTOD NOHHKIX MJIMHBI N, & S — BRIXOOHON BEKTOp AMuMHBI k. DiemeHTHl MaTpunsl H
APeACTABIAIOT COBOM JIMHeNHRIe KOMOUHANNY 1 HEOTIPEAeTeHHEIX TIePEMEHHBIX §g, §1, - - -, §r—1 (KOMIIOHEHT
BEKTOPA g). B THIMYHBIX CIyd4asX r MEHbIIe YHCHa 3JIeMEHTOB MaTpuusl H, T. €. Kaxnas 1nepeMeHHad
MOXET IPHACYTCTBOBATEL B BLIPAXKEHUU HECKOJILKAX >ileMeHTOB MaTpuusl H. Taxas CTpyKTypa MaTpUIH
H u pupn 3anmaum (1) BxmouaooT B cebs BCe paCCMOTPEHHBIE HAMU BBIIIE 3391 BBIYNCIIEHNS CBEPTKM.

O:remenThl Matpuusl H = (h;;) npeacraBiasior coboil IuHelHbe KOMOMHAIINY HEONPENeACHHBIX Me-

PEMEHHBIX §p, 1, - - -, Or—1 C KO3bduuuexnTamu u3 nmong cxanapos K, 1. €.
r—1
hij = Z Qijk Gk aijr € E. (2)
k=0

IIse numelnbie GopMbl Buaa (2) MOXHO CKIAOBIBATBL, M0OYIO JHHEHHYIO HOPMY MOXKHO YMHOXUTL Ha
ckangp u3 noiA E. Herpynro BuneTs, 4TO OTHOCHTENBLHO TUX ONEPALIMI MHOMXECTBO TAKUX JHMHEHHBIX
¢opm Han moneMm E obpasyer nuHeHHOe (BEKTODHOE) IPOCTPAHCTBO, obo3nadaemoe Flgo, 91,...,9r—1]-
Srauut, H ABIseTCS MATPULIECH HAll MHOXECTBOM JUHEHHbIX dopM. 15 Takimx MATPHUL HE BLINOIHAIOTCH
MHOrHME W3BECTHHIE CBOMCTEBA MaTpun Hax noneM. B uacTHOCTH, paur mo cronbuaMm Matpunsl H Ban
JIMHEUHBIM IIPOCTPAHCTBOM He 0043aTENILHO PaBeH PaHry ee mo cTpokaM. Hampumep, ons Marpuns:

490 —g0 9o
H:_ 291 — {1 0

201 — 290 Go @

€e paHr mo CcToa0LUaM paBeH 2, a paur mo crpokaM paeed 3. Ho mmenno pasru marpnusl H no cTpoxam
¥ 0 CTONOIAaM HAOT HHXKHIO OUEHKY IS WHCI3 YMHOXEHWH B 3amade s = H d, kak MBI YBUAHM M3
HVDKECTIENYIOUINX yTBEPXKACHUN.

Onpepenenme 3.  Panzom no cmpoxam marpunsl H Ha3EIBaeTCS MAaKCHMaJIbHOE UNCIIO €€ JIMHEHHO

HE3aBUCHMMBIX CTPOK. Paucom no cmoabyam MaTpuikl H Ha3LIBAETCH MAKCUMAILHOE YHUCJIO €e JIVMHENHO
HE3aBUCHUMBIX CTOJOIOB. "

Teopema 1.  [ag npou3soavnozo aseopumma evruucaenud s = H d wucao ymuoscenus ne menpue
peHa2a no cmpoxam mampuybt H.

Lloxazamensvcmeo. Bes orpasmuenus obmmHocTu O6yaeM CUMTaTb, YTO JIMHEHHO HE3aBHCHMBIMU
SBJIAIOTCA NepBEIe & CTPOK marpuusl H. Hanee Gynem paccMaTpHBATD TOIBKO 3TU crpoku. Q6o3naunM

Jepes M MaTpuily, COCTABIEHHYIO M3 JUHEHHO HE3ABUCHMAIX CTDOK MaTpunbl H. PaccmorpnM nuie
HACTUYHOE BBITHMCIIEHUE KOMIIOHEHT BEIXOHHOI'O BEKTOPA

80 hoo ... hon-1 do
81 hio ... hin_1 d;
Sk—1 Ag—10 .. hg_1n-y dn-1
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HJ'H(I

s = Md. . (3)
IIpennonoxunm, uTo B anropurMe fi, fa, ..., fny umeercs | yMHOXEHNI, 381aBAEMBIX COOTBETCTBCH-
HO /. "wyIeHaMU 3TOW mOCTENOBATEAbHOCTH fiy, fiys- .., fi;- Torna nepsuie k KOMIOHEHT BEKTODA § JO/IAKHEI

OBITEH JIMHENHBIMY KOMOMHAITMAMA 3THX JCHOB-IIPOM3BEACHUY, JINHENHLIX YJIEBOB 1 3JIEMEHTOR OCHOBHOT'O
ong, T. €. |

50 ary ... O1f Ji® bo
§1 a1 ... 04azi fz’z b1
N (e _ CE
Sk-1 ag1 ... Okl fi. D1
UK | |
s = Ae+b. (1)

OJieMeHTH MaTpunsel A NPUHAXKIEKAT OCHOBHOMY nomo F, T. €. ABAIOTCS CKaJIAPAMH, 3 KOM-
TIOHEHTBI BEKTOPa b ABIMIOTCA JIUHEHHBIMA KOMOVHAIMAME HEONPENEJICHHBIX IEePEMEHHBIX W 3J1eMEHTOB
 OCHOBHOTO TIOJI. .&
[Tpenmomoxum, yro & > [. Torna B matpune A crpok Oonbuie, yem CTOJOLOB, CHEOOBATE/bHO,

CTPOKI MATPHUB! A INHEWHO 3aBUCHMEL, T. €. CYLIeCTBYET TaKOi HeHYJEBOR BEKTOD € KOHCTAHT W3 NOIsd
E, gato

cfA=0T.
ITpupasuusas npaswie yacta popmyn (3) u (4), nonyaem
Md=Ae+b,
OTKYya
cl{(Md)=cf(Ae+Db). (5)
Tax xax ¢!’ A = 07, o u3 (5) nomyvaem
cT(Md)=cTb. - (6)

B pasencrse (6) mpaBsas 4acTh HE CONEPKUT TPOU3BESEHUA HEONPENETIEHHBIX NEPEMEHHBIX, TaK KaK C
CONCPXUT TOALKO 37IeMeHTHI noitst £, a B b He BXonsT npousBeneHrs HEONPENIEICHHBIX IEPEMEHHBIX, Clie-
NOBATEJILHO, U JIepasd YacTb paBeHCTBa (6) He comepXMT NMpOM3BEACHWI HEONPENENCHHBIX IEPEMEHHBIX.
OHAKO KOMIOHEHTAMK BeKTOpa d SBIAIOTCS HEOMpPENEICHHbIC NepeMeHHbIE, 3HauuT, ¢! M He comep-

XWUT HEOnpenesaeHHuX mepeMenuerx. Ho ¢ M ecTh BEKTOp, KOMIOHEHTH KOTOPOrO PABHBI JIMHEHHENS
KOMOMHAIUASM HEONPEeNeJeHHLIX NEPEMEHHBIX, CJIeN0OBATENBHO, OH PaBeH HYIIO, T. €.

cI' M=0.

3 nocnensero paBeHCTBA CIEHYET, 4TO CTPOKU MaTpuusl M nuueiino 3asucmmul. lloaywennoce mpota-

BOpeYre O3HauaeT, 9To [ > k, T. €. UYUCIO YMHOXEHWH aJTOPUTMa HE MEHbIIe, 94eéM DPaHI Mo CTPOKaM
MaTpuiel H.

HokazanHas TeopeMa NO3BOIAET NONYYUTH HIDKHIOK TPAHUIY YWCHIa YMHOXEHUU B JINOPHTMAaxX
BLIYMC/IEHUAS JIMHEMHO CBEPTKH.

Teopema 2. Kaowcdwitl anzopumm sbiuucaenud aunetdnoll ceepmyu

s(z) = d(z) g(z),

ede deg d(z) = N — 1, deg g(x) = L ~ 1, codepacum no menvuweti mepe N + L — 1 ymuoscenur.

Jloxazameavcmeo. Brruuciienne TUHENHON CBEPTKM B MATPHYHOM BHIE MOXHO 3alNCATH KakK
s = Hd, rne

o 0 O ... 0 0
g1 9 O ... O 0
g 9 9 -.- O U

H=yy . . . . . :
0 0 0 ... gr-1 gr-2
0 0 0 ... 0 g



sprasercs (N + L — 1) x N - marpuneit. B ¢Tpoxax 3TOH MaTpHOB CTOST 3JIEMEHTHI BEXTOPHOTO MpOo-
ctpancTsa Elgo,g1,...,90~1]. CTPOKH 3TOM MATPUULI, OUEBUIHO, THHEHHO HE3aBUCUMB, CIISNOBATEIIBHO,
B CHJIy TeOpeMB! 1 94#cno yYMHOXEHHI B i000M anropuTMe BBIUKUCICHUS NUHEHHOU CBEPTKU He MEHbINE,
yeM YHCII0 CTPOK MaTpuis: H, T. e. He Merbine, yem N + L — 1.

Teopema 3.  [lag npou3deoavnozo eazopumma eviuucsenud s = H d wucao ymnoxcenutdt ne menbuie
panza no cmoabyam mompuust H.

loxazameabcmeo. llpoBenem npokazaTenbcTBO 0O MHAYKINW. MHOYKUMA npoBOAUTCS 1O BEJIH-
uMHEe paHra Marpuusl H o crombuam. Ecnm 5T0oT paHr paBeH egumHmDE, TO, OYEBUIOHO, XOTS ObI OOHO
yMHOXeHue OyHeT conepXaThea B ModoM aaropuTMme Belunciennd s = H d.

Hpennonoxum, 9To Teopema BepHa, ecim panr 1o croabuam marpuusl H pasen | — 1, 7. e. moboi
AJTOPUTM BBHIVYKUCIEHNUA 8 = H d B 3TOM ciIyuae ComepXuT He MeHbHie, 4eM [ — 1 yMHOXKeEHUE,

llycTs 3aman anropurm Briyuciienus s = H d, npudeM panr no cronbuam matpunst H pasen [. Bes
OrpaHUYeHrs ODIIHOCTH MOXHO CYUTATh, 4TO JWHEHHO He3aBMCMMEI nepsule | cronbuos marpuust H (B
IPOTUBHOM CJIy4Jae MOXHO NEPeCcTaBUTh JIMHEHNHO HEe3aBUCHMMbIE CTOMOIEI Ha IepBele [ MeCcT, OmHOBpE-
MEHHO IIPOM3BOLSA IEPECTAHOBKY COOTBETCTBYIOIAX KOMIIOHEHT BxomHOro Bextopa d). Tax xak mepshbie
| cronbrnop H muneiHo HezasucuMbl, TO l-it cTonben HE MOXKCT OBITL HYNEBBIM, T. €. OH COOEPKHUT IO
KpanHen Mepe OIMH HEHYJEeBOH 2JIEMEHT, CISAOBATEIIBHO, IIepeMeHHas d; CONePAMATCSA B HEKOTOPOM 4jieHe-
HPOU3BEOCHNN. JTO 03HAYAET, YTO B AIMOPUTME BHIUMCHCHAS UMEETCA YMHOXKEHNE, B KOTOPOM y4aCTBYeT
B KQUECTBE COMHOXKNTENS JIUHEHHAaS GopMa

n—1 n—1
Zaidi:aldt‘l‘z o di, (7)

3:=(} =0
171

tieog #0, a; € E (1=0,1,...,n-1).
HocTpoum moByIO mCkycceTBenuywo 3anaay s’ = H'd’, roe panr mo cronbuam marpuust H' pasen

[ — 1, Taxy1o, 9TO ee MOKHO PElNThH HANNM AJTOPMTMOM, YAAISA M3 HETO ONHO YMHOXeHHe. Il 5Toro
3aMEHAM B UCXOOHON 3a/34€e HepeMeHuyio d; ua

n—1 n—1
o Q; )
- E —-«E i = - E ﬁtdi (}32:*—3-, T,:011’...}l"“].,l‘l"].,...,n“_’].).
1=0) = i—=0 .
i1 i1

Torma ToT uneH-npOU3BEAEHNE NCXOMHOIO 3ATOPUTMA, KOTOPHIA CONEPKaJ YMHOXKEHIE Ha JINHCHHYIO
dopmy (7), Gymer nmpencraBnaTe coboil yMHOXKEHHe Ha 0 M, CIIOBATENILHO, MOXET ObITH VIAJICH W3
AJIrOPAUTMa. AJITODHTM Teleph peruaeT HEKOTOPYIO HOBYIO 33034y

s = H' d'.
BruacuuM, xak suiraanwnT Marpuna H'
" n-—-1 n—1
hoo ho 1 hon—1 do 2 hojdj—hot 2. Bjd;
- % . n—. E e
3=0 §=0
hio hi1 - hin-1 @ F#L J#l
n—1 n—1
4 2. hajdi—hyy )0 Bid;
I " _
hicio hr-11 ... h—1p-1 _ Zn——l 4. d = ;;? f;;? =
th h!l « - hin—1 i=0 "t
171
: : I : : n—1 ' n—1
Pt Rl cse  Pp_ i 3 >- hk-1jdj — hi-11 Y Bjd;
-1 3=0 j=0
J#l JH#



n—1

> (hoj — ho1 B5) d;

3=0
JF#
n—1
> (hij—h1iBy)d;
=0 —
JFl
n—1
E (hk—lj — hkwll sz) d}
j=0
it

hoo — hotBo e hop—1 ~ hotBi—1 hore1 — o841 . hon—-1 — hotBn-1 do

hi—io —hi—11Bo -+ hicii—r —hic1iBicr i ~hcuBier o0 hicinen — he1iBag | di
hivio —hr1iBo oo Bugri—1 — RisaiBi-r hisvier — PiiBii -0 Pugin-1 — hipnBnos [ di

ht—10—hr—1180 ... hk—11—1 — ht—1181-1 he—1141 — hk—118141 -+ he—1n-1 — hk—118n-1/ \dn-1

Urax, BexkTop d' npencrasnser coboil BeKTOp MIKHEL 1 — 1, popMUpyemelii 13 BeKkTOpa d yAaIeHneM
ero [-1i KOMIIOEeHTHL, & MaTpuna H' nonywaerca n3z matpunsl H 3aMenoir kaxnoro cronbdua h; sa cronden
h; -6, (7=0,1,...,1-1,1+1,...,n — 1) u BuibpaceBanueM [-ro cTONONA.

Paur no crombnam marpunsl H', ouesmpno, pasen [ — 1. Ilo npenmnonoxenuio uHAYKNWA JroOon
ajiropuTM pemenus 3anaun 8' = H'd' comepxut He memee, wem | — 1 yMHOXEHNE, 3HAUNT, UCXOOHAS
3afnada s = H d pasnsiM anmropuTMoM peniaeTcs o MeHbUies Mepe ¢ [ YMHOXCHMAMM,

PaccmoTpuMm 3apauy BRIYMCITIEHUA

s(z) = d(z) g(z) (mod p(z)),  g(z),d(z) € Flz], (8)

roe p(z) = 2"+ pp_12" "1 +. . .+ p1T+po — YHETAPHEIH HenpUBOIMMELT MHOrowieH B konsue Elz, (E C F).
3anuiieM BHYACACHNE B MaTpuyHOl dopme

s = Hd,

raoe H — MaTpuia, 31eMEETaMu KOTODOIl SIBIISIOTCS IuHelHbe GOPMEL KO3(h(PHUHEHTOB MHOTOW IR ¢(Z ).
Hac narepecyer sun marpunst H. |

OGosuaaum yepes Cp, COnpoeoxrciaowyio Mampuyy Muoeousena p(T), ONPEHeNsemMyo 1. X 1t MaTPEIER
BUI4, |

00 ... 0 —po
1 0 ... 0 —1
o-pie 3
0 O I —pn
3aMmeTum, 94TO
\1 —~ & 0 0 0 — Do
] — & 0 0 — I
det (Cp — QZE) o 0 1 —& 0 ~ P2 { — (——-1)”’+2 p(g:) &
AT B N
0 0 T | —Pn—-1 —Z

Y reepxknaercsa, 4To MaTrpuiia H mia sanaan (8) mmeeT Bun

H=(g C,g C‘;g C’;}_l'g). ~
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Hposepum, uto dpopmyna (10) BepHa mis moboro Harypanbaoro n. IokasaTe nCTBO NpOBEOEM HH-
nyxumeir no n. llycre H = (h;;) (3,5 =0,1,...,n - 1). Paccmorpum s(x) :

s(z) = g(z) d(z) = g(z)do + zg(z)di + 2® g(z)do + ... + 2" g(&) dg + ... + 2" " g(z) dp—1 =

(go+grz+...+gn-12" Ndo+(goz+g12°+. . A gn_12™)di+...+{goz" + g1z +. 4 gn_12"T* ) dip+
(90" + 12" + . 4 g1y + ..+ (goz™ T H gra™ + gg_:z:”“ 4ot Gz N dp1.

B i-m cronbue marpuus H crodT, oueBumHO, KosddumuenTn MuorouneHa ' ' g{x) (mod p(x)).
B gacTrocTH, mpu ¢ = 1 nonydaem cronfen, cocTofmmit m3 K03hdUnueHToB MHOrounena g{(x), T. e.
BekTOp-cTON0en g. llocmoTpuM, Kakoil Bua uMeeT BTopoi cronbern marpunsr H. Hycts ¢ = 2, Torma

n—1 7-~2
zg(z) (mod p(z)) =z Z gz’ (mod p(z)) = Z gzt + g1 2" (mod p(x)) =
-2 n—1 — 1
Z gi $l+1 + gn-1 (‘* Z Pr fUl) = Z gi—1 zt — Jn—1 Z Dy zt =
=0 1=0 J==1 I—0

n—1 n—1L
~Pogn—1 T Z (G1-1—gnap) @' = Z hiy @
=1 {=0

n—1
B clily 2" = — 1;0 p ' (mod p(x)).

3HauuT, BTOpO# cTonber; marpuusl H umeer pup

ho1 ~Pogn—1 0 0 O 0 0 —pg 90
hiy go — P19n—1 1 0 0 0 0 -m g1
ho i g1 — P29n-1 0 1 0 0 0  —po g2
. = . = . ; : . = ng'
fn-21 In—3 — Pn—-29n—1 0 0 0 1 0 —pp2 |} gn-
hn-—l H On—-2 — Dn—-1Gn-1 O 0 0O 0 1 —Pn—-1 Jn-1
llpu 2 = 3 nonyuaem
| n—1
z* g(z) (mod p(z)) = x {x g(z) (mod p(z))} (mod p(z)) == {Z h“:z:’!} (mod p(x)) =
1=0
n—1 n—2 Tv—2 n—1
Z hii2ttt (mod p(z)) = Z hirttt 4+ hp_q112™ (mod p(x)) = Z hiizt Tt = hpoid Z pit =
{=0 =0 [=0 $=0

n—1

n—1 n—1
-hn_11p04'25:}M_11$l—-hn_11 jz:‘pﬁﬁZZH—hmddlpU"'EEZ(h¢wll“"hn—llﬁn)$ﬂ

1=1 =1 l==1

T. €. TpeTni cronden marpuusl H uMmeeT BuI

0 0 0 0 O —
hy2 hot1r — prhn-11 01 0 00 —p hi
haa | = hi1 — pahn—11 =1, . ” ha1 | =
| 000 ... 10 —pnos .
hnm12 hn—Ql pn_lhnull 0 00 ... 0 1 — D1 hn”ll

Co(Crg) = C;f .
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Ipennonoxum, uro k-ii cronben Marpunsl H mMeer BuR Cif‘ﬂ g. Hasinem (k + 1)-B1 cTonben sroi

mMaTpuibl. B k-m cronbne H croar koadduumnentrl muorowte=Ea z~ ! g(z) (mod p(z)), a B (kK + 1)-M
cTonbue — xoahdunuerTsl Maorouneda ¥ g(x) (mod p{z) ). Homycermd, 910

£ g(z) (mod p(z)) = Z hig—17.
Pacemorpum muorounen z* g(z) (mod p(z) ). Vimeenm

o* g(z) (mod p(e) ) = z {z*~1 g(x) (mod p(z))} (mod p(e)) =z {3 hix-12' b (mod p(x)) =
=0

n-—1

n—1 | nQ-]i | -

' l { : [
E oy o1 — An—1k—1 E px = —hp_1x—1pP0 + E :(hl——l k—1 — Pyt -1 P1)33 ;
I=—1 {=0 =1

T. €. (k -+ 1)-#1 cronben marpunm H ecrTs

0O 0 0O 0 0 -
"'pOh'?l-'-"—l k—1 - Po hg E—1
| 1 0 0 0 0  —-p
hok—1 — Prhn—1k-1 hik—1
lk—-1 — DP2llpn—1k—1 =1. . . . - 2k-1 — Cp((;'p g) — Cp .
' 0 0 0O .1 0 —p,_
Fn—2k—1 — Pn-1hn-1k—1 00 0 . 0 1 mg:_j Pp—1 k—1
Taxum oOpasoMm, nHaykuua 3asepuena n dopmyna (10) noxasana.
Teopema 4.  Ilycme s = Hd npedcmasagem cobotd mampuunyio 3enuct sbinucaenud xo3dduyu-

EHINOB MHOZOUAEHA | |
' s(z) = d(z) g(z) (mod p(z)),  d(z),g(z) € Flz],

2de p(xr) — nenpusodumbil ywumapuviii muozo0usen cmeneny n wad noaem E C F,.a mampuya H cocmas-
AeHa U3 xoagduyuenmos muozouaene g(x). Toeda sece ssemenwmur 4106014 cmpoxy mampuyvt H, max

HCE KOK U 6CE AeMENMBL 410600 HemPUBUAsbHOY Aunetnot wombunayuy cmpox mampuybs H, aunetino
HE3ABUCUMDL. o

Hoxazameavcmso.  Kax cmenyer m3 ¢popmyanet (10), i-it cronberr marpuner H pasen C‘;“l g, Iae
Cp ~ CONPOBOXNAIOILAL MAaTPULA MHOTOWIEHA P(Z) = 2™ + Pp1Z™ ' + --- + P12 + pp, T. €. UEpPE3 CBOM
BEKTOD-CTONONBI MAaTpuUa H 3anUCHIBACTCS B BHIE

H=(g C,g Cig ... Cp7'g).
Nyers w — npoussonbpHAs HeHyIeBAs BEKTOP-CTPOKA BIEMEHTOB mois F, Toraa
EwH =(wg wCpg wlyg ... wC) " g)

€CTh BEKTOP-CTPOKA, ABJSIONAACA HCTPUBHAILHON NWHEHHON kxoMOunHanuen crpok marpunwt H. Tpedy-
eTCA [IOK338Th, YTO AJIEMEHTHL 3TO# CTPOKM (T. €. JNuHeHHBIe GOpMBI XO3PPUIMEHTOB MHOTOUIEH ¢(T))
TUHEVHO HEe3aBUCUMBL KaK SJIEMEHTHL uHEeNHOro mpocrtpancrsa Flgg, g1,...,¢r-1]. Ilpennonoxum mpo-

TUBHOE, HAAy TCA TAKUE KOHCTAHTHEI Gg, G1, ..., Gn-1 U3 OIS F, cpemu KOTOPBIX XOTs OBl OIHA OTITNYHA
OT HYId, 4TO -



HocnenHee paBeHCTBO HEPEMMIIIEM B BIIE

n—-1 n—1
0= z a;(w C;; g)=|w Z a; C:, . (11)
1==(} ==

PaBerncTBo (11) HOMXHO BEITONHATHCH A TI060r0 BEKTOPA £, TO3TOMY

n—1
¥ ZaLC’; = (. (12)

1=0
IIycTsn
n—1i n—1 _
a{zx) = }: a; z*, Torma a(Cp)= Z a; C,
t=0 =0

€CTh MATPHUIa pa3Mepa n X n, u (12) npunumaet Bun
wa(Cp) = 0. (13)

[Hockoneky w ~ HeHyneBas BekTOpP-CTpOKa, TO papeHcTBO (13) osHawaer, yro Marpuna a(C)p) sBnsAeTCS
BLIDOXKIEHHOR (€€ CTPOKU JIMHEWHO 3aBUCHAMEI).
A3 dopmysner (9) crenyer, 910

det (Cp, — AE) = (=)™ p()),

T. €. MHOTOYNeH p(T) JBIJETCA XAPAKTEPUCTUUECKUM MHOTrOYneHoM marpnunl C,, ClIEXOBATENLHO, II0
Teopeme 'amunbrona — Kajir OH aBHyMpyeT 3Ty MaTpuily, T. €.

rae O - gHyneBas n X n - MaTpUNA.

[Nockonsky a(C),) ~ BeIpOXIeHHas MATPULA, TO €€ AP0 CONEPKHUT OTIIMYHLIE OT HYJS BEKTOPEL
nycts V# 0, v € Kera(C,), . e. a(C,)v =0.

Paccmorpum Muorounensr a(z) u p(z). o ycnosmio reopemrl p(«) — HONPUBOMMMEIR MHOTOWIEH U3
xonella Klz], a(r) no nocTpoenmnio MHOTOWIEH M3 TOTO Xe KOJLIA CTENCEW, MCHBIISH n. 3HAYMT, MHO-
rousteds a(z) u p(r) B3aMMHEO UPOCTLI, TOIMA IO CISACTBMAIC U3 ajropuTMa EBknnaa (cM. paciivpeHHbI
anroputM Epknnna nns maorounesoB § 4 [4]) cymecrsyior Takue Muorodsniensl u(x), v(z) € Elz], uto

u(z) a(z) + viz) p(z) = 1.
Ilepexons x MHOTOUYIEHaM OT MATPHL, HEPEIMUIEM NOCIEIHEE DABEHCTBO B BUE
u(Cp) a(Cyp) + v(Cp) p(Cp) = E
U IIpUMEHUM K 00€UM YacTaAM NOJIYUEHHOrC PaBeHCTBA BEKTOP V, TOLNA MMEEM
{u(C)) a(C,) +v(Cp) p(Cp)}v=Ev =v.

Ho p(C),) = O, nostomy nonygaem
u(Cp)a(Cp) v =,

4TO TMPOTHBOpEYNT BHIOODY VvV, Tak Kak a((C,) v = 0. 3HauwT, He CYLIECTBYET HEHYJIEBOIO MHOI'OYJICHA
a(z), deg a{z) < n — 1, Takoro, 4TO HpHU HOUCTAHOBKE B HEro Marpuusl C); NOTYyYaeM BLIPOKOACHHYIO
matpuuy. CnenoBarelsbHO, BCe KOIQDMIMEHTHL G; DOMKHEL OBITL HYNEBLIMH, T. €. U3

n~1
Z i) —
a; ((.d Cp g) =0
10
cnenyer, uto a; = 0 (¢ = 0,1,,...,n — 1), n nuneuue dopMul wg, wCpg, ..., wC} ™" g nuueiino

HE3aBUCHMBI.

132



Teopema 5.  Iycms p(x) € Elz] gsagemea nenpusodumvin muczowienos cmeneny n. Kaxucdwvrld
AAZOPUTNM BLIRUCACHUT TPou3sedenud muozovuaenos d(x), g(x) € Flx]

s(z) = d(z) g(z) (mod p(z))

codepacum no menbuet mepe 2n — 1 ymuosncenui.

loxazameavcmeo, [Ipennonoxum, 4TO anropuTM comepXuT t yMmMAOXKeHu#. Torna Ha BLIXOHE
AJITOPUTMA NOAYYHUM JUHEHHbIe KOMOMHAINN 3TRX ¢ YNeHOB-NPOU3BEOEHM, T. €.

s—=AS, (14)

rae A apagercs nxi - maTpuuen Han nonem F, a S — BexTop NIMHBL ¢, KOMIIOHEHTaMU KOTOPOT'O ABJISAIOTCH
JIEHBI-IIPOU3BEOEHN 1.

ANropuT™M ROMAKEH peinaTh 3ahady A Jo0oM napel MHOrOWwieHoB d(z) u ¢g(x). DTH MHOrO4IeHH
BCErIa MOXKHO BHIOpaTh Tak, 4TOOE! TOMBKO ONMH KO3GGUUMEHT MHOrowIeHa ${x) ObLI HEHYJIEeBHIM, a
OCTaJIbHBIe Oblnu Onl HysleBriMu. (CIenoBaTeNnbLHO, CTPOKH MaTpHUbl A HOMKHBL OBITH NTUHENHO HE3aBUCH-
MbIME (HHAYe, eciiu k- CTPOKA €CTh JMHCHHAS KOMOMHANNS OCTAIBHEIX, TO HEBO3MOXHO ION06paTh d(T)
1 g(x) Tak, 94TOOBI k-1 KOMIIOHEHTA BEKTOPA S Oblfia OBl HEHYJIEBOU, a OCTAJIbHHE — HyJiepbiMu). Tax xak
A - MaTpHOa HANM MONEM, 1 CTPOK KOTOPOHU JMHENHO HE3aBHCUMLI, TO Y 3TOH MaTPUIE AOIIXHO OBITH N
JIAHEAHO HE3aBMCHMMBIX CTOMOHOB. be3 orpanmucHms obinHocTH OydeM CUMTaTh, WTO NEPBHIC N CTONOHOB
MaTpuIs A JIMHENHO HE3ABUCHMLI, TaK 4TO MaTpuna A Moxer ObITh paszbuTa Ha OJIOKH BUIA

A:(ArlAH),

roe A’ - HeBBIpOXIEHHAA N X n-MaTpuna, a A’ — marpmna pasmepa n X (t — n). Torma (14) MOxHO
3aMUCaTh B BUOE

s= (A |A")S. (15)

Hycrs C = (A') 7. YMuOXuM 066 wacTn (15) cnepa na C :
Cs=(FE|P)S,
rme P=C A". Tak xax s = Hd, o Cs = C Hd, orkyna
(E|P)S=CHA.

Mmrorounen p(z) senpisonnM B koisue Elz], smauur, no Teopeme 4 Bce 3nmeMeHTHI 11060 CTPOKA MATPH-
uet H TMHENHO He3aBHCHMEL, PABHO KAK M BCE 3JIeMEHTHI M0G0 HeTPUBHAILHON JIMHCHHOW KOMOUHAIMN
crpox marpunst H. CnenosaresbHo, Bee iemMerTsl nepBoit ¢Tpokn Marpuitsl C H juMHEHHO He3aBUCHMEI

(3HaMuUT, Cpeny HIX He MOXEeT GBITh HU OOHOIC HYJEBOIO), IOYTOMY IJIS BLIYMCIICHNS NePBOi KOMIOHEHTH
BexTopa C's = U H d Tpebyerca no MeHblielr Mepe . yMHOXKEHHI.

C Opyro# CTOpOHEI, NEPBasi CTPOKA BHIUMUCICHUS
Cs=(FE|P)S

couepxuT camoe Gombimee 1 + (¢ — n) ymMHOXEHMI, Tak Kak Marpuua P comepxuT t — n cToaducs.
CrienoBaTeNbHO,

1+ (t - n) > n,
OTKyZHa mojiydaeM { 2> 2n — 1, 910 1 TpeboBajoCh JOKA3ATh.

M3 5T0l TeopeMbl, B YACTHOCTH, CICOYET, UTO IS BHIMOIHEHNS KOMIUIEKCHOTO YMBOXCHHS HEOBXO0-
IMMO HE MEHBIIE TPEX BCIICCTBEHHBLIX YMHEOKeHHH. [leficTBHTENEHO, Ha, KOMIUIEKCHOE YMHOKEHNE MOXHO
CMOTPETH KaK Ha YMHOXKEHUe N0 MOnymo MHorouwreHa z2 + 1. Oto menpusomumeni san R (u nan Q)
MHOTOUYJICH BTOPON CTCICHM.

PaccMoTpmm ciyvail, korna MHOrOWIEH p(Z) pacKIaALIBAETCA B MPOU3BENEHUE k MODAPHO B3aMMHO
IPOCTHIX HENPUBOOMMBLIX MHOTOYIEHOB HAl KOabuoM Elz]

p(z) = pi(z) p2(z) ... pr(x).
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B sToMm cnyyae xuTaiickag Teopema 06 ocTarkax no3spoiseT pasbuTh 3adaduy Ha k noasanad
si(z) = d(z) g{z) (mod p;(x)), e 100 o s e

Kaxnas Takas nopsanaua 1o reopeme 5 tpebyer He mMeHee, ueM 2n; — 1 ymuOXCHM, rae n; = deg p;(z).
HononunTenpHpIX yMHOXEHWA NpU Pa3OMeHNN HA NOA33[a4M HE BOSHMKAET, MOITOMY AJIS HOIHON 334a-

Y1 BBIYMCJICHUS IIPOM3BENCHMA MHOTOYIEHOB IO MOLYJ/II0 MHOrOwieHa p(x) morpebyercs yMHOXEHMH He

MEHbHIE, YeM
k

k
E(Zni—1)=22 ni—k=2n—k,

1=—1 =1

k
roe n = ) n; =deg p(x).
=1

Crenyioiias TeopeMa, YTBEPKAACT, 4TO HU OOUH ANTOPUTM pEICHMS 3TON 3a029M HE MOXET ObITh
JYYIle TAKOrO MCIIOJIL30BAHUS KUTAUCKOU TeopeMbl 00 OCTaTKaX.

Teopema 6. Hycemy munozousen p(z) cmenenu n packaadvisaemed ¢ npouszeedenue k nonapuo
83QUMHO NPOCTNBIT HENPUGOOUMBIT MHO20UAeH06 U3 Koavya Elz]. Kaxcduii aszopumm ebiuucaenud

s(z) = d(z)g(x) (mod p(z))

codepacum ne menee, wem 2n — k ymuosxcenuil.

Loxazameavcmso. Ilyctes coorBeTCTBYIOLLIAS KUTAMCKOHR TeopeMe 00 ocTaTKax i-f1 NOA3aHa4Y3
(1=1,2,...,k) 2amaeTcs BoIYUCICHUEM |
§; = H; d;,
roe d; — BekTop Ko3dpdummenToB MHOrowieHa d(x) (mod p;(z)). Hanee BLIXOTHOR BEKTOP S MCXOIHOM
330249 COOMPAeTCA U3 KOMIOHEHT BBIXONHKIX BEKTODPOB NMON3a3/1ad, T. €. KOMIOHEHTH! BEKTODA S PABHBI

JIMHEHHBIM KOMOMHANMAM KOMHOHEHT BekTopos §; (i = 1,2,...,k):
50 S1
31 So
— B :
Sn—1 Sk

rae B — maTpuna Hang nmoxeM F. DTOT 3Tal HE CONEPXKUT YMHOXKEHNIH, BRIUNCICHNA BeKTOPOB d; TakXke He
copepxar ymHOXeHun. [losromy mocTarouso paccMoTpeTh BHIUMCIEHNE BHIXOAHLIX BEKTOPOB MOL3aA3Y

gl

s=Hd, (16)
rne H - 6royHO-mHMaroHajapHas MaTpUNa, T. €.
3, H O ... O d,
S O H, ... 0O d,
3y 0O O ... H d,

Teneps NOBTOPUM HOKA3ATENHCTBO TeopeMul 3. [Ipennonoxum, 4To anropuTM perenus 3anaqu (16)
conepxkuT t ymuoxeuuit. Torma

s=AS,

TIEe S — BEKTOD MAMHKL {, COOEpXalliil BCEe UWICHBI-IIPOM3BencHud, U A — marTpuia pasMepa 1 X [ Han
roneM F. Tak kak A comepXuT n JUHEHHO HEIABACHUMBIX CTPOK, TO OHA AONMKHA COLEPXKATL U 71 JIMHENHO
HE3aBUCUMbLIX CTOJI0LOB, B KaUeCTBE KOTOPBIX MOXHO BHIOpATE nepsbele 17 cTobLoB. Toraa

§=(A4'14")8, (17)
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rme A’ — BeBHIDOXIOEHHAA 1 X - MaTprana, A" — M&Tpﬂun na,mepa n X {t—n). Oycres C = (A') 7, Torna
(17) MOXHO nIepenucaTs B BUOE

Cs=(E|CA")S = (E|P)S.

CrnenoBaTenbHO, IS BRIYNCIEHNS HepBoil KOMIOBEHTH! BekTopa C'S Tpebyerca camoe doabuoe 1+ (¢ —n)
ymuoxxeruir. Kpome toro, u3 (16) cnenyer, 4o

Cs=CHA.

PaccMoTpuM Teneps HEKOTOPYIO JIMHEHHYI0 KOMORHANUIO cTPOK MaTpulsl H. Jliobas HeTprBAAIbHAL
NIMHEIHAsS KOMOMHAIMSA CTPOK KaXAol M3 MaTpur H; CONEDKAT NMIb JNMHEHHO He3aBUCHMbIE CTOJOIEL.
llosTomy mobas smmeliHO HezaBuCuUMAs KOMOMHAUMS CTPOK MaTpuibl H CONEpXUT MO MEHBLIEH Mepe
n — (k — 1) JUHEAHO HE33BUCUMBIX cmnﬁn:on T. €. paHr no ctoabuaM MaTpPHLbL CH HE MEHBbINE, YeM
n-—-{k—1).

IIefICTBIUTENBHO, HYCTh B PA3IOXKEHUN p(:z:) HA MHOXKHUTEIN BMeeM

degpi(z) =n—(k—-1), degpz)=...=deg px(z) =1,

T. ©. Hy ecTe xBanpatHas matpuua nopsoka n — (k — 1), Trorna B neppoit crpoke CH nonygaem He
MeHBIIE, YeM n — (k — 1) JuneiiHo He3aBUCHMBIX 3JIEMEHTOB.

Torma seramcienne nepsoit komnonenTh Bektopa C H d TpebyeT He Menblue, yem n — (k — 1) ymzo-
xeuuil. Mrak, nomydensr Bepxuss 1 + (f — n) u mvkagg n — (kK — 1) rpaEnibl YUICHa YMHOXEHUH,
HEOOXODUMBIX OJisf BEIYMUCIIEHNS HEPBOIl KOMIOHEHTEHL BeKTopa ('S, 3HaUuT,

14 (t—n) >n—(k-1), v-

orkyna t > 2n — k.
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OI'JNIABJIEHUE

[1penuciosue
HcTopug OuICTpLIX alfOPUTMOB U BX IIPHIOKCHNASA

§ 1. Iomgrue 6wicTporo anropurma. Hudpossie dunsTpa

§ 2. JInmedinas ¥ UMKIIHYECKAs CBEPTKM

§ 3. AaropurMm Kyka — Tooma

8 4.  AnropmrTMbl Bunorpama BLIYMCIIEHHS KOPOTKHUX CBEPTOX

§ 5. Ilpumepnl mocTpoeHUS AJITOPUTMOB KOPOTKHX JIMHEHHBIX CBEPTOK

§ 6. IlocTpoenue anTopuTMOB KOPOTKUX HUKJINYECKUX CBEPTOK

¢ 7. 'Teopema 06 obmeHe MaTpHIl

& 8.  Iuckpernoe npeobpasopanne ®ypne. Teopema 0 ceepTke

¢ 9.  Huckpernoe npeobpasosaune Pypre 1 NUKINYECKAS CBEPTKA

§ 10. HuckperHoe npeobpasoBanue Pypbe 1 MHOIOUICHLE

8 11. Anropurm Kynu - Trerokn |

8 12. Anaropnt™ Kynan — Thioku IO OCHOBAHMIO HBA

§ 13. Ausropurv Kymu — Teioku 1o 0CHOBaHHUIO YeThIpe

8 14. AnropurMm ['yma — Tomaca Geicrporo npeobpasosauus Pypune

§ 15. Anroputm Pefinepa B cayuae, xorma AjsHa, npeoOpasoBaHus PaBHA IPOCTO-
MY YHCIIY

§ 16. Anroputm Pejinepa B cityuae, korna ajiaHa npeodbpa30oBaHNy PABHA CTENEHH
IIPOCTONO HEYETHOTO IMCIIA,

§ 17. AsmroputMm Peitnepa B citydae, Koraa AJIMHA NPEOOPa30OBaHUI PABHA CTEICHN
OBOUKY

¢ 18. AnropurMm Busorpapa pns OnicTporo npeofpasosanus Ovpoe B ciiyyae, Ko-
rAa AJIMHY Tpeodpa3OBaHns €CTh NPOCTOE YHUCTIO

$ 19. Anropmrm Bumorpana asns 6picTporo npeodpasosanus Oypre B ClIy4ae, Ko-
A3 OJIMHA NpeobpazoBaHus €CTh CTeNeHb IIPOCTOrO YHCia,

3 20. Anroputm BuHorpama mna OsicTporo mpeotpasoBanus Oypoe B ciiydae, Ko-
raa OJWHA Opeobpa3oBaHnd €CTh CTENeHb NBOHKH

§ 21. CpepTka B KOHEYHOM NOJIE

8 22. IIpeoOpasopanus ®ypee B nongx GF(2™ 4 1) (npeoGpasosauus Pepma)

§ 23. Ipeobpasosannsg Pypre B nonsx GF(2™ — 1) (upeobpasoBauns Mepcensa)

§ 24. Anroputm Arapsagna — Kynu BEYUCIEEUsS CBEPTKH

§ 25. CoXHOCTH aJIrOPUTMOB CBEPTKH
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