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� 1. Îñíîâíûå îïðåäåëåíèÿ

Ïóñòü X � íåïóñòîå ïîäìíîæåñòâî ÷èñëîâîé ïðÿìîé R. Åñëè êàæäîìó çíà÷å-
íèþ x èç X ïî íåêîòîðîìó çàêîíó f ñòàâèòñÿ â ñîîòâåòñòâèå îäíî îïðåäåëåííîå
äåéñòâèòåëüíîå çíà÷åíèå y èç R, òî ãîâîðÿò, ÷òî íà ìíîæåñòâå X çàäàíà ôóíêöèÿ
y = f(x) ñî çíà÷åíèÿìè â R. Èñïîëüçóåòñÿ çàïèñü f : X → R.

Ïóñòü f : X → R � ÷èñëîâàÿ ôóíêöèÿ íà ìíîæåñòâå X ⊂ R, g : Y → R
� ÷èñëîâàÿ ôóíêöèÿ íà ìíîæåñòâå Y ⊂ R. Åñëè îáëàñòü çíà÷åíèé f(X) ôóíê-
öèè f íà ìíîæåñòâå X ïðèíàäëåæèò ìíîæåñòâó Y , òî êàæäîìó x èç X ìîæíî
ñîïîñòàâèòü ÷èñëî g(f(x)). Îïðåäåëåííóþ òàêèì îáðàçîì ôóíêöèþ x → g(f(x))
íàçûâàþò ñóïåðïîçèöèåé èëè êîìïîçèöèåé ôóíêöèé f è g.

×èñëî a åñòü ïðåäåëüíàÿ òî÷êà íåïóñòîãî ïîäìíîæåñòâà X ÷èñëîâîé ïðÿìîé
R, åñëè ëþáàÿ δ - îêðåñòíîñòü U(a, δ) := (a − δ, a + δ) òî÷êè a (δ > 0) ñîäåð-
æèò îòëè÷íûé îò a ýëåìåíò x èç X. ×èñëî a íàçûâàþò èçîëèðîâàííîé òî÷êîé
íåïóñòîãî ïîäìíîæåñòâà X ÷èñëîâîé ïðÿìîé R, åñëè ñóùåñòâóåò δ - îêðåñòíîñòü
òî÷êè a (δ > 0), íå ñîäåðæàùàÿ îòëè÷íûx îò a ýëåìåíòîâ ìíîæåñòâà X. Ìíîæå-
ñòâî âñåõ òî÷åê ÷èñëîâîé ïðÿìîé, ïðåäåëüíûõ äëÿ ìíîæåñòâà X, áóäåì îáîçíà-
÷àòü ÷åðåç X ′. Ïðîêîëîòîé δ - îêðåñòíîñòüþ òî÷êè a áóäåì íàçûâàòü ìíîæåñòâî
Ů(a, δ), ïîëó÷åííîå èç δ - îêðåñòíîñòè U(a, δ) òî÷êè a ïóòåì èñêëþ÷åíèÿ åå öåí-

òðà: Ů(a, δ) = U(a, δ) \ {a}.
Îïðåäåëåíèå 1. ×èñëî b íàçûâàþò ïðåäåëîì ôóíêöèè f : X → R â òî÷êå a
èç X ′, åñëè äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {xn} òàêîé, ÷òî xn ∈ X, xn ̸= a,
xn → a, ñîîòâåòñòâóþùàÿ ïîñëåäîâàòåëüíîñòü çíà÷åíèé ôóíêöèè f(xn) → b.

Çàìå÷àíèå. Äëÿ òîãî ÷òîáû äîêàçàòü, ÷òî ôóíêöèÿ f : X → R íå èìååò ïðåäåëà
â òî÷êå a èç X ′, äîñòàòî÷íî óêàçàòü äâå ïîñëåäîâàòåëüíîñòè {xn} è {x′n}, óäî-
âëåòâîðÿþùèå óñëîâèÿì îïðåäåëåíèÿ 1, òàêèå, ÷òî ïðåäåëû ïîñëåäîâàòåëüíîñòåé
{f(xn)} è {f(x′n)} ðàçëè÷íû.

Îïðåäåëåíèå 1 íàçûâàåòñÿ îïðåäåëåíèåì ïðåäåëà ôóíêöèè íà ÿçûêå ïîñëåäî-
âàòåëüíîñòåé è ïðåäëîæåíî Ã. Ãåéíå. Ñóùåñòâóåò ýêâèâàëåíòíîå äàííîìó îïðåäå-
ëåíèå ïðåäåëà ôóíêöèè, ïðåäëîæåííîå Î. Êîøè:

Îïðåäåëåíèå 2. ×èñëî b íàçûâàþò ïðåäåëîì ôóíêöèè f : X → R â òî÷êå a
èç X ′ : lim

x→a
f(x) = b, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ = δ(ε) > 0 òàêîå,

÷òî äëÿ âñåõ x èç X, óäîâëåòâîðÿþùèõ óñëîâèþ 0 < |x − a| < δ, ñïðàâåäëèâî
íåðàâåíñòâî |f(x)− b| < ε.

Ýòî îïðåäåëåíèå ìîæíî çàïèñàòü ïðè ïîìîùè êâàíòîðîâ:

∀ε > 0 ∃δ > 0 : ∀x ∈ X : 0 < |x− a| < δ → |f(x)− b| < ε.

Îïðåäåëåíèå 3. ×èñëî b íàçûâàþò ïðåäåëîì ñëåâà ôóíêöèè f : X → R â òî÷êå
a èç X ′ : lim

x→a−0
f(x) = b, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî

äëÿ âñåõ x ∈ X, óäîâëåòâîðÿþùèõ óñëîâèþ 0 < a− x < δ, âåðíî |f(x)− b| < ε.

Îïðåäåëåíèå 4. ×èñëî b íàçûâàþò ïðåäåëîì ñïðàâà ôóíêöèè f : X → R â òî÷-
êå a èç X ′ : lim

x→a+0
f(x) = b, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî
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äëÿ âñåõ x ∈ X, óäîâëåòâîðÿþùèõ óñëîâèþ 0 < x− a < δ, âåðíî |f(x)− b| < ε.

Ïðåäåëû ñëåâà è ñïðàâà äëÿ êðàòêîñòè îáîçíà÷àþò êàê f(a − 0) è f(a + 0)
ñîîòâåòñòâåííî.

Çàìå÷àíèå. Äëÿ ñóùåñòâîâàíèÿ ïðåäåëà ôóíêöèè f(x) â òî÷êå a íåîáõîäèìî
è äîñòàòî÷íî, ÷òîáû f(a+ 0) = f(a− 0).

Îïðåäåëåíèå 5. ×èñëî b íàçûâàþò ÷àñòè÷íûì ïðåäåëîì ôóíêöèè f : X → R
â òî÷êå a èç X ′, åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {xn}, îáëàäàþùàÿ ñâîé-
ñòâàìè xn ∈ X, xn ̸= a, xn → a, äëÿ êîòîðîé f(xn) → b.

Îïðåäåëåíèå 6. Ôóíêöèþ f : X → R íàçûâàþò ôèíàëüíî îãðàíè÷åííîé
ïðè x → a (a ∈ X ′), åñëè íàéäóòñÿ òàêèå ÷èñëà C è δ, ÷òî |f(x)| < C

∀ x ∈ Ů(a, δ) ∩X.

Åñëè ôóíêöèÿ f : X → R ôèíàëüíî îãðàíè÷åíà ïðè x → a (a ∈ X ′), òî
ñðåäè åå ÷àñòè÷íûõ ïðåäåëîâ â òî÷êå a íàéäóòñÿ íàèìåíüøèé è íàèáîëüøèé. Èõ
íàçûâàþò ñîîòâåòñòâåííî íèæíèì è âåðõíèì ïðåäåëàìè ôóíêöèè f(x) â òî÷êå
a è îáîçíà÷àþò lim

x→a
f(x) è lim

x→a
f(x).

Òàêæå äëÿ ôóíêöèé ìîæíî îïðåäåëèòü áåñêîíå÷íûé ïðåäåë è ïðåäåë â áåñêî-
íå÷íîñòè.

Îïðåäåëåíèå 7. Ôóíêöèÿ f : X → R â òî÷êå a èìååò áåñêîíå÷íûé
ïðåäåë, åñëè äëÿ ëþáîãî E > 0 ñóùåñòâóåò δ = δ(E) > 0 òàêîå, ÷òî

|f(x)| > E, åñëè x ∈ Ů(a, δ) ∩X.

Èñïîëüçóþò ñëåäóþùåå îáîçíà÷åíèå: lim
x→a

f(x) = ∞.

Åñëè óñëîâèå |f(x)| > E çàìåíèòü íà óñëîâèå f(x) > E (èëè f(x) < −E), òî
ïîëó÷èì îïðåäåëåíèå ïðåäåëà, ðàâíîãî +∞ (èëè −∞).

Îáîçíà÷àþò ýòî òàê: lim
x→a

f(x) = +∞ (èëè lim
x→a

f(x) = −∞).

Îïðåäåëåíèå 8. ×èñëî b íàçûâàþò ïðåäåëîì ôóíêöèè f : X → R â áåñêî-
íå÷íîñòè ∞, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ∆ = ∆(ε) > 0 òàêîå, ÷òî
|f(x)− b| < ε, åñëè |x| > ∆.

Èñïîëüçóþò ñëåäóþùåå îáîçíà÷åíèå: lim
x→∞

f(x) = b.

Åñëè óñëîâèå |x| > ∆ çàìåíèòü íà óñëîâèå x > ∆ (èëè x < −∆), òî ïîëó÷èì
îïðåäåëåíèå ïðåäåëà â +∞ (èëè â −∞).

Îáîçíà÷àþò ýòî òàê: lim
x→+∞

f(x) = b (èëè lim
x→−∞

f(x) = b).

Êîìáèíèðóÿ îïðåäåëåíèÿ, ìîæíî ïîëó÷èòü îïðåäåëåíèå áåñêîíå÷íîãî ïðåäåëà
â áåñêîíå÷íîñòè (ïðè÷¼ì áåñêîíå÷íîñòè ìîãóò áûòü êàê ñî çíàêîì, òàê è áåç çíà-
êà).

Çàìå÷àíèå. Ìîæíî îïðåäåëèòü ε - îêðåñòíîñòè áåñêîíå÷íîñòåé ∞,±∞ ñëåäóþ-
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ùèì îáðàçîì:

U(−∞; ε) = Ů(−∞; ε) :=

(
−∞,−1

ε

)
,

U(+∞; ε) = Ů(+∞; ε) :=

(
1

ε
,+∞

)
,

U(∞; ε) = Ů(∞; ε) := U(−∞; ε) ∪ U(+∞; ε).

Òîãäà ìîæíî äàòü îáùåå îïðåäåëåíèå ïðåäåëà ôóíêöèè, îáúåäèíÿþùåå êîíå÷íûé
è áåñêîíå÷íûé ñëó÷àè.

Îïðåäåëåíèå 9. ×èñëî b (âîçìîæíî, áåñêîíå÷íîå) íàçûâàþò ïðåäåëîì ôóíê-
öèè f : X → R â òî÷êå a (âîçìîæíî, áåñêîíå÷íîé), åñëè äëÿ ëþáîãî ε > 0

ñóùåñòâóåò δ = δ(ε) > 0 òàêîå, ÷òî f(x) ∈ U(b, ε), åñëè x ∈ Ů(a, δ) ∩X.

Îïðåäåëåíèå 10. Ôóíêöèþ f : X → R íàçûâàþò íåïðåðûâíîé â òî÷êå x0 ∈ X,
åñëè äëÿ êàæäîãî ε > 0 íàéäåòñÿ òàêîå δ > 0, ÷òî èç ñîîòíîøåíèé |x−x0| < δ,
x ∈ X ñëåäóåò, ÷òî |f(x)− f(x0)| < ε.

Çàìå÷àíèå. Åñëè x0 � ïðåäåëüíàÿ òî÷êà ìíîæåñòâà X, òî íåïðåðûâíîñòü ôóíê-
öèè f â òî÷êå x0 ðàâíîñèëüíà ðàâåíñòâó lim

x→x0

f(x) = f(x0).

Ïðèìåð 1. Äîêàçàòü, èñïîëüçóÿ îïðåäåëåíèå ïðåäåëà ôóíêöèè, ÷òî

lim
x→1

x2 − 1

x2 − 3x+ 2
= −2.

Ðåøåíèå. Ðàññìîòðèì ôóíêöèþ f(x) = x2−1
x2−3x+2 â íåêîòîðîé îêðåñòíîñòè òî÷êè

x = 1, íàïðèìåð íà èíòåðâàëå (12 ,
3
2).

Âîçüìåì ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî ε è ïðåîáðàçóåì âûðàæåíèå
|f(x) + 2| ïðè óñëîâèè x ̸= 1:∣∣∣∣ x2 − 1

x2 − 3x+ 2
+ 2

∣∣∣∣ = ∣∣∣∣x+ 1

x− 2
+ 2

∣∣∣∣ = ∣∣∣∣3(x− 1)

x− 2

∣∣∣∣ .
Ó÷èòûâàÿ, ÷òî x ∈ (12 ,

3
2), ïîëó÷àåì:∣∣∣∣3(x− 1)

x− 2

∣∣∣∣ = 3
|x− 1|
2− x

< 3
|x− 1|

1
2

= 6|x− 1|.

Èç íåðàâåíñòâà |f(x) + 2| < 6|x− 1| ñëåäóåò, ÷òî åñëè âçÿòü δ = 1
6ε, òî äëÿ âñåõ x

èç èíòåðâàëà (12 ,
3
2), óäîâëåòâîðÿþùèõ íåðàâåíñòâàì 0 < |x− 1| < δ, âûïîëíÿåòñÿ

íåðàâåíñòâî ∣∣∣∣ x2 − 1

x2 − 3x+ 2
+ 2

∣∣∣∣ < 6δ = ε.

Ñîãëàñíî îïðåäåëåíèþ Êîøè, ÷èñëî b = −2 ÿâëÿåòñÿ ïðåäåëîì ôóíêöèè
f(x) = x2−1

x2−3x+2 â òî÷êå a = 1.
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Ïðèìåð 2. Ñôîðìóëèðîâàòü ñ ïîìîùüþ íåðàâåíñòâ ñëåäóþùåå óòâåðæäåíèå:
lim
x→∞

f(x) = b.

Ðåøåíèå.

∀ε > 0 ∃δ > 0 : ∀x ∈ X : |x| > 1

δ
→ |f(x)− b| < ε,

òî åñòü äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî äëÿ âñåõ x ∈ X áîëüøèõ
ïî ìîäóëþ, ÷åì 1/δ, âåðíî |f(x)− b| < ε.

Ïðèìåð 3. Äîêàçàòü, ÷òî ôóíêöèÿ y = cos(πx−1) íå èìååò ïðåäåëà ïðè x → 0,
è íàéòè åå âåðõíèé è íèæíèé ïðåäåëû ïðè x → 0.

Ðåøåíèå. Ðàññìîòðèì äâå ïîñëåäîâàòåëüíîñòè xn = 1
2n+1 è x′n = 1

2n è ñîîòâåò-
ñòâóþùèå èì ïîñëåäîâàòåëüíîñòè {f(xn)} è {f(x′n)} çíà÷åíèé ôóíêöèé. Òàê êàê
âñå ÷ëåíû ïîñëåäîâàòåëüíîñòè f(xn) = cos((2n+1)π) ðàâíû ìèíóñ åäèíèöå, à ïî-
ñëåäîâàòåëüíîñòü f(x′n) = cos(2nπ) ñîñòîèò òîëüêî èç åäèíèö, òî f(xn) → −1
ïðè xn → 0, à f(x′n) → 1 ïðè x′n → 0. Ñëåäîâàòåëüíî, ïðåäåë ôóíêöèè
y = cos(πx−1) â òî÷êå x = 0 íå ñóùåñòâóåò.

Çàìåòèì, ÷òî

−1 ⩽ lim
x→0

cos(πx−1) ⩽ lim
x→0

cos(πx−1) ⩽ 1,

ïîñêîëüêó −1 ⩽ cos(πx−1) ⩽ 1 ëþáîãî çíà÷åíèÿ x ̸= 0. Ìû ïîñòðîèëè ïîñëåäî-
âàòåëüíîñòè {xn} è {x′n}, òàêèå, ÷òî lim

xn→0
cos(πx−1

n ) = −1, lim
x′
n→0

cos(π(x′n)
−1) = 1.

Ñëåäîâàòåëüíî,
lim
x→0

cos(πx−1) = lim
xn→0

cos(πx−1
n ) = −1,

lim
x→0

cos(πx−1) = lim
x′
n→0

cos(π(x′n)
−1) = 1.

� 2. Îñíîâíûå ïðàâèëà âû÷èñëåíèÿ ïðåäåëîâ

Åñëè ñóùåñòâóþò êîíå÷íûå ïðåäåëû lim
x→a

f(x) = A è lim
x→a

g(x) = B, òî âûïîë-
íåíû ñëåäóþùèå óòâåðæäåíèÿ:

lim
x→a

(f(x)± g(x)) = A±B;(i)

lim
x→a

(f(x) · g(x)) = A ·B;(ii)

åñëè B ̸= 0, òî lim
x→a

f(x)

g(x)
=

A

B
;(iii)

åñëè â íåêîòîðîé ïðîêîëîòîé îêðåñòíîñòè òî÷êè x = a èìååì
f(x) ⩽ h(x) ⩽ g(x) è A = B, òî lim

x→a
h(x) = A (ïðèíöèï äâóñòîðîííåãî

îãðàíè÷åíèÿ);

(iv)

åñëè A = 0, f(x) ̸= 0, òî lim
x→a

1

f(x)
= ∞.(v)

7



Äëÿ áåñêîíå÷íî áîëüøèõ ôóíêöèé ïîëåçíû ñëåäóþùèå ñîîòíîøåíèÿ:

åñëè lim
x→a

f(x) = ∞, òî lim
x→a

1

f(x)
= 0;(vi)

åñëè lim
x→a

f(x) = ±∞ è lim
x→a

g(x) = ±∞, òî lim
x→a

(f(x) + g(x)) = ±∞;(vii)

åñëè lim
x→a

f(x) = ∞ è lim
x→a

g(x) = b, òî lim
x→a

(f(x) + g(x)) = ∞;(viii)

åñëè lim
x→a

f(x) = ∞ è lim
x→a

g(x) = b ̸= 0, òî lim
x→a

(f(x) · g(x)) = ∞.(ix)

Òàêæå ìû áóäåì ïîëüçîâàòüñÿ òåì, ÷òî äëÿ ëþáîé îñíîâíîé ýëåìåíòàðíîé
ôóíêöèè f(x) è òî÷êè a èç åå îáëàñòè îïðåäåëåíèÿ ñïðàâåäëèâî ñîîòíîøåíèå

lim
x→a

f(x) = f(a).

Íàïîìíèì, ÷òî îñíîâíûìè ýëåìåíòàðíûìè ôóíêöèÿìè íàçûâàþòñÿ ñëåäóþùèå
ôóíêöèè:

� ñòåïåííàÿ ôóíêöèÿ y = xα, α ∈ R;

� ïîêàçàòåëüíàÿ ôóíêöèÿ y = ax, a > 0, a ̸= 1;

� ëîãàðèôìè÷åñêàÿ ôóíêöèÿ y = loga x, a > 0, a ̸= 1;

� òðèãîíîìåòðè÷åñêèå ôóíêöèè y = sinx, y = cosx, y = tg x, y = ctg x;

� îáðàòíûå òðèãîíîìåòðè÷åñêèå ôóíêöèè y = arcsinx, y = arccosx,
y = arctg x, y = arcctg x.

Äëÿ âû÷èñëåíèÿ ïðåäåëà ñóïåðïîçèöèè ôóíêöèé èñïîëüçóåòñÿ ïðàâèëî:

åñëè x0 ∈ X ′, y0 ∈ Y ′, lim
x→x0

f(x) = y0 è ôóíêöèÿ g(y) íåïðåðûâíà â òî÷êå y0,

òî lim
x→x0

g(f(x)) = g( lim
x→x0

f(x)) = g(y0).

(x)

Äëÿ âû÷èñëåíèÿ ïðåäåëà ñòåïåííî-ïîêàçàòåëüíîé ôóíêöèè u(x)v(x) (ïðåäïî-
ëàãàåòñÿ, ÷òî u(x) > 0) èñïîëüçóåòñÿ ñëåäóþùåå ïðàâèëî:

lim
x→a

u(x)v(x) = lim
x→a

ev(x) lnu(x) = e
lim
x→a

(v(x) lnu(x))
.(xi)

Â ÷àñòíîñòè, åñëè lim
x→a

u(x) = A, lim
x→a

v(x) = B (A è B êîíå÷íû), òî

lim
x→a

u(x)v(x) = AB çà èñêëþ÷åíèåì ñëó÷àÿ A = 0, B = 0.

Çàìåòèì, ÷òî äëÿ ïîëó÷åíèÿ äàííîãî ïðàâèëà èñïîëüçóåòñÿ íåïðåðûâíîñòü
ôóíêöèè et è ïðàâèëî íàõîæäåíèÿ ïðåäåëà ñóïåðïîçèöèè ôóíêöèé.

Ïðèìåð 4. Íàéòè çíà÷åíèÿ ïðåäåëîâ:

8



lim
x→0

x2 − 1

x2 − 3x+ 2
,1) lim

x→1

x2 − 1

x2 − 3x+ 2
,2)

lim
x→2

x2 − 1

x2 − 3x+ 2
,3) lim

x→∞

x2 − 1

x2 − 3x+ 2
.4)

Ðåøåíèå. 1) Ïðèìåíÿÿ òåîðåìû î ïðåäåëå ðàçíîñòè, ñóììû è ïðîèçâåäåíèÿ,
íàõîäèì ïðåäåë çíàìåíàòåëÿ:

lim
x→0

(x2 − 3x+ 2) = (lim
x→0

x) · (lim
x→0

x)− lim
x→0

3 · lim
x→0

x+ lim
x→0

2 = 2.

Ïðåäåë çíàìåíàòåëÿ êîíå÷åí è íå ðàâåí íóëþ, ïîýòîìó ïî ïðàâèëó íàõîæäåíèÿ
ïðåäåëà ÷àñòíîãî ïîëó÷àåì

lim
x→0

x2 − 1

x2 − 3x+ 2
=

lim
x→0

(x2 − 1)

lim
x→0

(x2 − 3x+ 2)
=

−1

2
= −1

2
.

2) Òàê êàê ÷èñëèòåëü x2 − 1 è çíàìåíàòåëü x2 − 3x + 2 äðîáè èìåþò ïðåäåë

â òî÷êå x = 1, ðàâíûé íóëþ (òî åñòü èìååò ìåñòî íåîïðåäåëåííîñòü
0

0
), òî ïðàâèëî

íàõîæäåíèÿ ïðåäåëà ÷àñòíîãî íåïðèìåíèìî.
Ðàçëîæèì äðîáü x2−1

x2−3x+2 íà ìíîæèòåëè:

x2 − 1

x2 − 3x+ 2
=

(x− 1)(x+ 1)

(x− 1)(x− 2)
.

Ïðè ëþáîì x ̸= 1 âûðàæåíèå x− 1 îòëè÷íî îò íóëÿ è âûïîëíÿåòñÿ ðàâåíñòâî

(x− 1)(x+ 1)

(x− 1)(x− 2)
=

x+ 1

x− 2
.

Òàê êàê lim
x→1

(x− 2) ̸= 0, òî ïî ïðàâèëó íàõîæäåíèÿ ïðåäåëà ÷àñòíîãî èìååì:

lim
x→1

x2 − 1

x2 − 3x+ 2
= lim

x→1

x+ 1

x− 2
=

2

−1
= −2.

3) Òàê êàê lim
x→2

(x2 − 3x+ 2) = 0, à lim
x→2

(x2 − 1) ̸= 0, òî ìîæíî âîñïîëüçîâàòüñÿ

ïðàâèëàìè (v) è (ix):

lim
x→2

x2 − 1

x2 − 3x+ 2
= lim

x→2
(x2 − 1) · lim

x→2

1

x2 − 3x+ 2
= ∞.

4) ×èñëèòåëü è çíàìåíàòåëü äðîáè ïðè x → ∞ ÿâëÿþòñÿ áåñêîíå÷íî áîëüøè-
ìè ôóíêöèÿìè, ïîýòîìó ïðàâèëî íàõîæäåíèÿ ïðåäåëà ÷àñòíîãî íåïîñðåäñòâåííî
íåïðèìåíèìî. Ïðåîáðàçóåì äðîáü: ðàçäåëèì ÷èñëèòåëü è çíàìåíàòåëü äðîáè íà x2

(ñòàðøóþ ñòåïåíü) è ïðèìåíèì ïðàâèëî íàõîæäåíèÿ ïðåäåëà ÷àñòíîãî è ïðàâèëî
(vi):
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lim
x→∞

x2 − 1

x2 − 3x+ 2
= lim

x→∞

1− 1
x2

1− 3
x +

2
x2

=
lim
x→∞

(
1− 1

x2

)
lim
x→∞

(
1− 3

x +
2
x2

) = 1.

Ïðèìåð 5. Íàéòè lim
x→0

x sin(x−3).

Ðåøåíèå. Ïîñêîëüêó äëÿ ôóíêöèè sin(x−3) âûïîëíÿþòñÿ ñîîòíîøåíèÿ
−1 ⩽ sin(x−3) ⩽ 1, ïîëó÷àåì, ÷òî −x ⩽ x sin(x−3) ⩽ x. Òàê êàê
lim
x→0

(−x) = lim
x→0

x = 0, òî è lim
x→0

x sin(x−3) = 0.

Ïðèìåð 6. Íàéòè lim
x→0

ex

ln(x+ x3)
.

Ðåøåíèå. Âîñïîëüçóåìñÿ óòâåðæäåíèåì î ïðåäåëå ïðîèçâåäåíèÿ è ïðàâèëîì (vi):

lim
x→0

ex

ln(x+ x3)
= lim

x→0
ex · lim

x→0

1

ln(x+ x3)
= 1 · 0 = 0.

Ïðèìåð 7. Íàéòè 1) lim
x→10

x− 10
√
x−

√
10
; 2) lim

x→1

4
√
x+ 15− 2

x− 1
.

Ðåøåíèå. 1) Äëÿ ¾ðàñêðûòèÿ¿ íåîïðåäåëåííîñòè âèäà
0

0
, ïðåîáðàçóåì äàííóþ

ôóíêöèþ, ðàçëîæèâ åå ÷èñëèòåëü íà ìíîæèòåëè:

x− 10
√
x−

√
10

=
(
√
x−

√
10)(

√
x+

√
10)

√
x−

√
10

=
√
x+

√
10.

Òàê êàê ôóíêöèÿ
√
x ÿâëÿåòñÿ îäíîé èç îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé è îíà

îïðåäåëåíà â òî÷êå 10, òî
lim
x→10

√
x =

√
10.

Èç ïðèâåäåííûõ âûøå âûêëàäîê ñëåäóåò, ÷òî

lim
x→10

x− 10
√
x−

√
10

= lim
x→10

(
√
x+

√
10) = 2

√
10.

2) Ââåä¼ì íîâóþ ïåðåìåííóþ y = 4
√
x+ 15. Òîãäà y → 2 ïðè x → 1

è x = y4 − 15. Îòñþäà ñëåäóåò, ÷òî

lim
x→1

4
√
x+ 15− 2

x− 1
= lim

y→2

y − 2

y4 − 16
= lim

y→2

1

y3 + 2y2 + 4y + 8
=

1

32
.

Çàìåòèì, ÷òî âòîðîå ðàâåíñòâî ïîëó÷åíî ñ ïîìîùüþ ôîðìóëû ðàçíîñòè n-õ ñòå-
ïåíåé

an − bn = (a− b)(an−1 + an−2b+ an−3b2 + . . .+ abn−2 + bn−1),

ïðèìåíåííîé ê âûðàæåíèþ y4 − 16.
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Ïðèìåð 8. Íàéòè à) lim
x→+∞

ln(2e2x + 3)

ln(3ex + 4)
, á) lim

x→−∞

ln(2e2x + 3x2)

ln(3ex + x4)
.

Ðåøåíèå. à) Äëÿ òîãî ÷òîáû ¾ðàñêðûòü¿ íåîïðåäåëåííîñòü ∞
∞ , ïðåîáðàçóåì ÷èñ-

ëèòåëü è çíàìåíàòåëü, âûäåëèâ ¾ãëàâíîå¿ ñëàãàåìîå:

ln(2e2x + 3)

ln(3ex + 4)
=

ln

(
e2x
(
2 +

3

e2x

))
ln

(
ex
(
3 +

4

ex

)) =
ln(e2x) + ln

(
2 +

3

e2x

)
ln(ex) + ln

(
3 +

4

ex

) =

=
2x+ ln

(
2 +

3

e2x

)
x+ ln

(
3 +

4

ex

) =
2 +

ln
(
2 +

3

e2x

)
x

1 +
ln
(
3 +

4

ex

)
x

.

Ïîñêîëüêó ôóíêöèÿ y = ln(t) ÿâëÿåòñÿ íåïðåðûâíîé, òî

lim
x→+∞

ln
(
2 +

3

e2x

)
x

= lim
x→+∞

ln
(
2 +

3

e2x

)
lim

x→+∞

1

x
=

= ln
(
2 + lim

x→+∞

3

e2x

)
lim

x→+∞

1

x
= ln 2 · 0 = 0

è àíàëîãè÷íî

lim
x→+∞

ln
(
3 +

4

ex

)
x

= 0,

òî

lim
x→+∞

ln(2e2x + 3)

ln(3ex + 4)
=

lim
x→+∞

(
2 +

ln
(
2 +

3

e2x

)
x

)

lim
x→+∞

(
1 +

ln
(
3 +

4

ex

)
x

) =
2

1
= 2.
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á) Êàê è â ïðåäûäóùåé çàäà÷å, âûäåëèì â ÷èñëèòåëå è çíàìåíàòåëå äðîáè
¾ãëàâíîå¿ ñëàãàåìîå:

ln(2e2x + 3x2)

ln(3ex + x4)
=

ln

(
x2
(
3 +

2e2x

x2

))
ln

(
x4
(
1 +

3ex

x4

)) =
ln(x2) + ln

(
3 +

2e2x

x2

)
ln(x4) + ln

(
1 +

3ex

x4

) =

=
2 ln |x|+ ln

(
3 +

2e2x

x2

)
4 ln |x|+ ln

(
1 +

3ex

x4

) =

2 +
ln
(
3 +

2e2x

x2

)
ln |x|

4 +
ln
(
1 +

3ex

x4

)
ln |x|

.

Ïîñêîëüêó

lim
x→−∞

2e2x

x2
= 0, lim

x→−∞

3ex

x4
= 0, lim

x→−∞

1

ln |x|
= 0,

à ôóíêöèÿ y = ln(t) ÿâëÿåòñÿ íåïðåðûâíîé, òî

lim
x→−∞

(
2 +

ln
(
3 +

2e2x

x2

)
ln |x|

)
= 2, lim

x→−∞

(
1 +

ln
(
4 +

3ex

x4

)
ln |x|

)
= 4.

Îòñþäà ñëåäóåò, ÷òî

lim
x→−∞

ln(2e2x + 3x2)

ln(3ex + x4)
=

1

2
.

Ïðèìåð 9. Íàéòè lim
x→ 1

2

arctg(ln(e · cos(πx))).

Ðåøåíèå. Íàïèøåì öåïî÷êó ñîîòíîøåíèé:

y1 =
π

x
, y2 = e · cos y1, y3 = ln y2, y4 = arctg y3.

Ïðèìåíÿÿ ïîñëåäîâàòåëüíî òåîðåìó î ïðåäåëå ñóïåðïîçèöèè ôóíêöèé, ïîëó÷àåì

lim
x→ 1

2

y1(x) = 2π; lim
x→ 1

2

y2(x) = lim
y1→2π

e · cos y1 = e;

lim
x→ 1

2

y3(x) = lim
y2→e

ln y2 = 1; lim
x→ 1

2

y4(x) = lim
y3→1

arctg y3 =
π
4 .

Ïðèìåð 10. Íàéòè çíà÷åíèÿ ïðåäåëîâ:

1) lim
x→1

(
sin

πx

4

)2x3+1

; 2) lim
x→1

(
x+ 2

x+ 3

)ctg2 πx

; 3) lim
x→π

2+
(sin2 2x)tg x.

Ðåøåíèå. 1) Ïðåîáðàçóåì âûðàæåíèå ïîä çíàêîì ïðåäåëà, ñîãëàñíî ïðàâèëó (xi):(
sin

πx

4

)2x3+1

= exp

(
(2x3 + 1) ln

(
sin

πx

4

))
.
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Òàê êàê

lim
x→1

(2x3 + 1) = 3, lim
x→1

ln
(
sin

πx

4

)
= ln

(
lim
x→1

sin
πx

4

)
= ln

( 1√
2

)
,

òî

lim
x→1

(
sin

πx

4

)2x3+1

= exp

(
lim
x→1

(
(2x3 + 1) ln

(
sin

πx

4

)))
=

= exp

(
3 · ln

( 1√
2

))
=

1

2
√
2
.

2) Èç ñîîòíîøåíèé

lim
x→1

ln
x+ 2

x+ 3
= ln

3

4
< 0, lim

x→1
ctg2 πx = +∞

ïîëó÷àåì, ÷òî

lim
x→1

(
ctg2 πx ln

x+ 2

x+ 3

)
= −∞.

Ñëåäîâàòåëüíî,

lim
x→1

(
x+ 2

x+ 3

)ctg2 πx

= exp

(
lim
x→1

(
ctg2 πx ln

x+ 2

x+ 3

))
= 0.

3) Òàê êàê

lim
x→π

2+
ln
(
sin2 2x

)
= −∞, lim

x→π
2+

tg x = −∞,

òî

lim
x→π

2+
(sin2 2x)tg x = exp

(
lim

x→π
2+

(
tg x ln

(
sin2 2x

)))
= +∞.

� 3. Çàìå÷àòåëüíûå ïðåäåëû

Âû÷èñëåíèå ïðåäåëîâ âî ìíîãèõ ñëó÷àÿõ ñòàíîâèòñÿ ïðîùå, åñëè èñïîëüçîâàòü
ñëåäóþùèå ôîðìóëû:
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lim
x→0

sinx

x
= 1,

lim
x→0

(
1 + x

) 1
x = e,

lim
x→∞

(
1 +

1

x

)x

= e,

lim
x→0

(1 + x)α − 1

x
= α, α ∈ R,

lim
x→0

ax − 1

x
= ln a, a > 0,

lim
x→0

loga(1 + x)

x
=

1

ln a
, a > 0, a ̸= 1.

(3.1)

Ïðèìåð 11. Íàéòè 1) lim
x→0

1− cos(ax)

x2
; 2) lim

x→0

arcsinx

x
.

Ðåøåíèå. 1) Ïðåäñòàâèì åäèíèöó êàê cos 0 è âîñïîëüçóåìñÿ ôîðìóëîé ðàçíîñòè
êîñèíóñîâ:

1− cos(ax) = cos 0− cos(ax) = 2 sin2
ax

2
.

Ââåäÿ íîâóþ ïåðåìåííóþ y = ax
2 è ïîëüçóÿñü 3.1, ïîëó÷àåì, ÷òî

lim
x→0

1− cos(ax)

x2
= lim

x→0

2 sin2 ax
2

x2
= 2

(
lim
x→0

sin ax
2

x

)2

=

= 2

(
lim
y→0

a sin y

2y

)2

=
a2

2
.

2) Ñäåëàåì çàìåíó ïåðåìåííîé y = arcsin x, òîãäà y → 0 ïðè x → 0
è x = sin(arcsinx) = sin y â îêðåñòíîñòè òî÷êè x = 0. Îòñþäà ñëåäóåò, ÷òî

lim
x→0

arcsinx

x
= lim

y→0

y

sin y
= 1.

Ïðèìåð 12. Íàéòè lim
x→0

(
1− tg2 x

) 1

sin2 2x .

Ðåøåíèå. Âîñïîëüçóåìñÿ ïðàâèëîì (xi):

lim
x→0

(
1− tg2 x

) 1

sin2 2x = exp

(
lim
x→0

ln
(
1− tg2 x

)
sin2 2x

)
.

Íàéäåì çíà÷åíèå ïîëó÷èâøåãîñÿ ïðåäåëà. Çàìåòèì, ÷òî ïðàâèëî âû÷èñëåíèÿ ïðå-
äåëà ÷àñòíîãî íåïîñðåäñòâåííî íåïðèìåíèìî, ïîñêîëüêó èìååì íåîïðåäåëåííîñòü
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0
0 . Ïðåîáðàçóåì äàííîå âûðàæåíèå:

ln
(
1− tg2 x

)
sin2 2x

=
ln
(
1− tg2 x

)
· (− tg2 x)

sin2 2x · (− tg2 x)
=

ln
(
1 + (− tg2 x)

)
(− tg2 x)

×

× − tg2 x

4 sin2 x cos2 x
=

ln
(
1 + (− tg2 x)

)
(− tg2 x)

· −1

4 cos4 x
.

Âû÷èñëèì ïðåäåë lim
x→0

ln
(
1 + (− tg2 x)

)
(− tg2 x)

. Âûïîëíèì çàìåíó y = − tg2 x. Òîãäà

y → 0 ïðè x → 0. Ïîëüçóÿñü çàìå÷àòåëüíûìè ïðåäåëàìè (3.1), ïîëó÷àåì, ÷òî

lim
x→0

ln
(
1 + (− tg2 x)

)
(− tg2 x)

= lim
y→0

ln
(
1 + y

)
y

= 1.

Îòñþäà ñëåäóåò, ÷òî

lim
x→0

(
1− tg2 x

) 1

sin2 2x = exp

(
lim
x→0

( ln (1− tg2 x
)

− tg2 x
· −1

4 cos4 x

))
=

= exp

(
lim
x→0

ln
(
1− tg2 x

)
− tg2 x

· lim
x→0

−1

4 cos4 x

)
= exp

(
1 · −1

4

)
=

1
4
√
e
.
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� 4. Àñèìïòîòè÷åñêîå ñðàâíåíèå ôóíêöèé

Ïóñòü ôóíêöèÿ g(x) íå îáðàùàåòñÿ â íóëü â íåêîòîðîé ïðîêîëîòîé îêðåñòíîñòè
òî÷êè a èç R. Òîãäà:

åñëè lim
x→a

f(x)

g(x)
= 1, òî ãîâîðÿò, ÷òî ôóíêöèÿ f(x) ýêâèâàëåíòíà ôóíêöèè

g(x) ïðè x → a, è ïèøóò f(x) ∼ g(x) ïðè x → a;

1)

åñëè ñóùåñòâóþò ÷èñëà C > 0 è δ > 0 òàêèå, ÷òî â ïðîêîëîòîé δ-îêðåñòíîñòè

òî÷êè a ñïðàâåäëèâî íåðàâåíñòâî

∣∣∣∣f(x)g(x)

∣∣∣∣ ⩽ C, òî ãîâîðÿò, ÷òî f(x) åñòü O

áîëüøîå îò g(x) ïðè x → a, è ïèøóò f(x) = O(g(x)) ïðè x → a;

2)

åñëè lim
x→a

f(x)

g(x)
= 0, òî ãîâîðÿò, ÷òî f(x) åñòü o ìàëîå îò g(x) ïðè x → a,

è ïèøóò f(x) = o(g(x)) ïðè x → a;

3)

Çàìå÷àíèå. Îïðåäåëåíèÿ ìîæíî ñôîðìóëèðîâàòü â äðóãîì âèäå. Ïóñòü
f(x) = h(x)g(x).

Åñëè h(x) → 1 ïðè x → a, òî f(x) ∼ g(x).1')

Åñëè h(x) îãðàíè÷åíà â íåêîòîðîé îêðåñòíîñòè òî÷êè a, òî f(x) = O(g(x)).2')

Åñëè h(x) → 0 ïðè x → a, òî f(x) = o(g(x)).3')

Çàïèñü f(x) = O(1) ïðè x → a îçíà÷àåò, ÷òî ôóíêöèÿ f(x) îãðàíè÷åíà â íåêî-
òîðîé îêðåñòíîñòè òî÷êè a, à çàïèñü f(x) = o(1) ïðè x → a îçíà÷àåò, ÷òî ôóíêöèÿ
f(x) ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé ïðè x → a.

Ïðèìåð 13. Äîêàæèòå, ÷òî
à) tg x ∼ sinx ïðè x → 0,
á) 2x2 + x cosx = O(x2) ïðè x → ∞,
â) x2 = o(2x − 1) ïðè x → 0.

Ðåøåíèå. à) Äàííîå óòâåðæäåíèå âåðíî, ïîñêîëüêó

lim
x→0

tg x

sinx
= lim

x→0

1

cosx
= 1.

á) Ðàññìîòðèì âûðàæåíèå
2x2 + x cosx

x2
. Ïðè |x| > 100 âåðíà ñëåäóþùàÿ öå-

ïî÷êà ñîîòíîøåíèé:∣∣∣∣2x2 + x cosx

x2

∣∣∣∣ = ∣∣∣2 + cosx

x

∣∣∣ ⩽ 2 +
∣∣∣cosx

x

∣∣∣ ⩽ 2 +
1

|x|
⩽ 2 +

1

100
.

Ñëåäîâàòåëüíî, åñëè âçÿòü δ = 1
100 , òî ïîëó÷èì, ÷òî â ïðîêîëîòîé δ-îêðåñòíîñòè

òî÷êè ∞ ìîäóëü ÷àñòíîãî ôóíêöèé f(x) = 2x2 + x cosx è g(x) = x2 îãðàíè÷åí
êîíñòàíòîé C = 2 1

100 .
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â) Äîêàæåì, ÷òî ïðåäåë ÷àñòíîãî ôóíêöèé x2 è 2x − 1 ðàâåí íóëþ. Ïîëüçóÿñü
ôîðìóëàìè (3.1) è ïðàâèëîì âû÷èñëåíèÿ ïðåäåëà ïðîèçâåäåíèÿ, ïîëó÷èì

lim
x→0

x2

2x − 1
= lim

x→0

x

2x − 1
· lim
x→0

x =
1

ln 2
· 0 = 0.

� 5. Âû÷èñëåíèå ïðåäåëîâ ïðè ïîìîùè

çàìåíû íà ýêâèâàëåíòíûå

Ìîæíî óïðîñòèòü âû÷èñëåíèå ïðåäåëîâ, çàìåíèâ ôóíêöèþ íà ýêâèâàëåíòíóþ
ïî ñëåäóþùåìó ïðàâèëó.

f(x) ∼ g(x) ïðè x → a ⇔ f(x) = g(x) + o(g(x)) ïðè x → a.

Íàïðèìåð, ïðè x → 0 âåðíû ñëåäóþùèå ñîîòíîøåíèÿ:

sinx = x+ o(x);1) tg x = x+ o(x);2)

1− cosx = x2

2 + o(x2);3) ex − 1 = x+ o(x);4)

ln(1 + x) = x+ o(x).5) (1 + x)p − 1 = px+ o(x).6)

Ïðèìåð 14. Âû÷èñëèòü ïðåäåëû:

à) lim
x→0

sin 5x2

cos 2x− 1
, á) lim

x→+∞
(
√
x2 + x− x), â) lim

x→0

sin 5x− 1 + cos 2x√
1− 4x− 1 + ln(1 + 3x)

.

Ðåøåíèå. à) Ïðåîáðàçóåì ÷èñëèòåëü. Ïóñòü t = 5x2, ïðè ýòîì t → 0. Òîãäà
sin t = t+ o(t) èëè sin 5x2 = 5x2 + o(x2).

Àíàëîãè÷íî cos 2x− 1 = 4x2

2 + o(x2). Ïîëó÷àåì:

lim
x→0

sin 5x2

cos 2x− 1
= lim

x→0

5x2 + o(x2)

−2x2 + o(x2)
= lim

x→0

5 + o(x2)
x2

−2 + o(x2)
x2

= −5

2
.

Â ïîñëåäíåì ðàâåíñòâå ìû âîñïîëüçîâàëèñü òåì, ÷òî o(x2)
x2 → 0 ïî îïðåäåëåíèþ

î-ìàëîãî.

á) Ñäåëàåì çàìåíó t = 1
x , ïðè ýòîì t → +0.

lim
x→+∞

(√
x2 + x− x

)
= lim

t→+0

(√
1

t2
+

1

t
− 1

t

)
= lim

t→+0

1

t

(√
1 + t− 1

)
= . . .

Ïîñêîëüêó
√
1 + t− 1 = (1 + t)1/2 − 1 = 1

2t+ o(t),

. . . = lim
t→+0

1

t

(
1

2
t+ o(t)

)
= lim

t→+0

(
1

2
+

o(t)

t

)
=

1

2
.
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â) Çàïèøåì èçâåñòíûå ýêâèâàëåíòíîñòè ïðè x → 0:

sin 5x ∼ 5x; −1 + cos 2x ∼ −2x2;
√
1− 4x− 1 ∼ −1

2
· 4x; ln(1 + 3x) ∼ 3x.

Ñäåëàåì â âûðàæåíèè ñîîòâåòñòâóþùèå çàìåíû.

lim
x→0

sin 5x− 1 + cos 2x√
1− 4x− 1 + ln(1 + 3x)

= lim
x→0

5x+ o(x)− 2x2 + o(x2)

−2x+ o(x) + 3x+ o(x)
=

= lim
x→0

5− 2x+ o(x)
x + o(x2)

x2 · x
1 + o(x)

x

= 5.

Çàìå÷àíèå. Çàìåíà ôóíêöèè íà ýêâèâàëåíòíóþ ïðèâîäèò ê �îãðóáëåíèþ� èñõîä-
íîãî âûðàæåíèÿ. Ïîñëå íåóäà÷íîé çàìåíû ìîæåò îêàçàòüñÿ, ÷òî ïîëó÷èâøèéñÿ
ïðåäåë íåëüçÿ âû÷èñëèòü, êàê ïîêàçûâàåò ñëåäóþùèé ïðèìåð.

Ïðèìåð 15. Âû÷èñëèòü ïðåäåë lim
x→0

sinx− x

tg x− x
.

Ðåøåíèå. Ñäåëàåì çàìåíó sinx = x+ o(x), tg x = x+ o(x). Ïîëó÷àåì:

lim
x→0

sinx− x

tg x− x
= lim

x→0

o(x)

o(x)
=???

Ïîñëåäíåå îòíîøåíèå ìîæåò äàâàòü â ïðåäåëå ëþáîå ÷èñëî (à ìîæåò âîîáùå
íå èìåòü ïðåäåëà). Èç ýòîãî íå ñëåäóåò, ÷òî èñõîäíîãî ïðåäåëà íå ñóùåñòâóåò.
Ïðè÷èíà â òîì, ÷òî ìû ñëèøêîì �çàãðóáèëè� âûðàæåíèå çàìåíàìè.

Åñëè âîñïîëüçîâàòüñÿ ñîîòíîøåíèÿìè:

sinx = x− x3

6
+ o(x3), tg x = x+

x3

3
+ o(x3)

(îíè ñëåäóþò èç ôîðìóëû Òåéëîðà, î êîòîðîé âû óçíàåòå â äàëüíåéøåì), òî ìîæíî
âû÷èñëèòü çíà÷åíèå ïðåäåëà:

lim
x→0

sinx− x

tg x− x
= lim

x→0

−x3

6 + o(x3)
x3

3 + o(x3)
= lim

x→0

−1
6 +

o(x3)
x3

1
3 +

o(x3)
x3

= −1

2
.

� 6. Êëàññèôèêàöèÿ òî÷åê ðàçðûâà

Îïðåäåëåíèå 11. Òî÷êó x0 èç X íàçûâàþò òî÷êîé ðàçðûâà ôóíêöèè f , åñëè x0
íå ÿâëÿåòñÿ òî÷êîé íåïðåðûâíîñòè f .

Çàìå÷àíèå. Î÷åâèäíî, x0 ∈ X ′, ïîñêîëüêó â èçîëèðîâàííûõ òî÷êàõ ìíîæåñòâà
X ëþáàÿ ôóíêöèÿ f : X → R íåïðåðûâíà.
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Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë lim
x→x0

f(x), îòëè÷íûé îò f(x0), òî x0 íàçû-

âàþò òî÷êîé óñòðàíèìîãî ðàçðûâà.

Ïðèìåð 16. Òî÷êà x = 0 ÿâëÿåòñÿ óñòðàíèìîé òî÷êîé ðàçðûâà äëÿ ôóíêöèè

f(x) =

{
x, åñëè x ̸= 0,

10, åñëè x = 0.

×èñëî x0 íàçûâàþò òî÷êîé ðàçðûâà ïåðâîãî ðîäà ôóíêöèè f , åñëè ñóùåñòâóþò
êîíå÷íûå îäíîñòîðîííèå ïðåäåëû f â ýòîé òî÷êå è f(x0 − 0) ̸= f(x0 + 0). Ïðè
ýòîì ïîäðàçóìåâàåòñÿ, ÷òî x0 � ïðåäåëüíàÿ òî÷êà äëÿ ìíîæåñòâ {x ∈ X |x < x0}
è {x ∈ X |x > x0}.
Ïðèìåð 17. Äîêàçàòü, ÷òî òî÷êà x = π ÿâëÿåòñÿ òî÷êîé ðàçðûâà ïåðâîãî ðîäà
äëÿ ôóíêöèè

f(x) =

{
cosx, åñëè x < π,

sinx, åñëè x ⩾ π.

Ðåøåíèå. Ëåãêî âèäåòü, ÷òî

f(π + 0) = lim
x→π+0

f(x) = lim
x→π+0

sinx = 0,

f(π − 0) = lim
x→π−0

f(x) = lim
x→π−0

cosx = −1.

Ñëåäîâàòåëüíî, ïîñêîëüêó îáà ïðåäåëà êîíå÷íû è îíè ðàçëè÷íû, òî x = π � òî÷êà
ðàçðûâà ïåðâîãî ðîäà.

Áóäåì íàçûâàòü x0 òî÷êîé ðàçðûâà âòîðîãî ðîäà ôóíêöèè f , åñëè õîòÿ áû
îäèí èç ïðåäåëîâ f(x0 − 0), f(x0 + 0) áåñêîíå÷åí èëè íå ñóùåñòâóåò.

Ïðèìåð 18. Äîêàçàòü, ÷òî ôóíêöèÿ

f(x) =

{
e

1
x , åñëè x ̸= 0,

0, åñëè x = 0.

â òî÷êå x = 0 òåðïèò ðàçðûâ âòîðîãî ðîäà.

Ðåøåíèå. Çàìåòèì, ÷òî

lim
x→+0

1

x
= +∞, lim

x→−0

1

x
= −∞.

Âîñïîëüçóåìñÿ ïðàâèëîì âû÷èñëåíèÿ ïðåäåëà ñóïåðïîçèöèè ôóíêöèé:

f(+0) = lim
x→+0

e
1
x = e

lim
x→+0

1
x = +∞,

f(−0) = lim
x→−0

e
1
x = e

lim
x→−0

1
x = 0.

Òàê êàê f(+0) = +∞, òî äëÿ äàííîé ôóíêöèè x = 0 � òî÷êà ðàçðûâà âòîðîãî
ðîäà.
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I. Ñôîðìóëèðóéòå íà ÿçûêå ε -, δ - îêðåñòíîñòåé (ñ ïîìîùüþ íåðàâåíñòâ) ñëåäóþ-
ùåå óòâåðæäåíèå è ïðèâåäèòå ñîîòâåòñòâóþùèé ïðèìåð.

lim
x→−∞

f(x) = b.1.1. lim
x→+∞

f(x) = b.1.2.

lim
x→a

f(x) = ∞.1.3. lim
x→a

f(x) = +∞.1.4.

lim
x→a

f(x) = −∞.1.5. lim
x→a−0

f(x) = ∞.1.6.

lim
x→a−0

f(x) = +∞.1.7. lim
x→a−0

f(x) = −∞.1.8.

lim
x→a+0

f(x) = ∞.1.9. lim
x→a+0

f(x) = +∞.1.10.

lim
x→a+0

f(x) = −∞.1.11. lim
x→∞

f(x) = ∞.1.12.

lim
x→∞

f(x) = +∞.1.13. lim
x→∞

f(x) = −∞.1.14.

lim
x→−∞

f(x) = ∞.1.15. lim
x→−∞

f(x) = +∞.1.16.

lim
x→−∞

f(x) = −∞.1.17. lim
x→+∞

f(x) = ∞.1.18.

lim
x→+∞

f(x) = +∞.1.19. lim
x→+∞

f(x) = −∞.1.20.

lim
x→−∞

f(x) = b− 0.1.21. lim
x→−∞

f(x) = b+ 0.1.22.

lim
x→∞

f(x) = b+ 0.1.23. lim
x→∞

f(x) = b− 0.1.24.

lim
x→+∞

f(x) = b+ 0.1.25. lim
x→+∞

f(x) = b− 0.1.26.
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II. Ïîëüçóÿñü îïðåäåëåíèåì ïðåäåëà, äîêàæèòå ðàâåíñòâî.

lim
x→3

x2 = 9.2.1. lim
x→1

1 + x

1− x
= ∞.2.2.

lim
x→−∞

2x = 0.2.3. lim
x→+∞

3x = +∞.2.4.

lim
x→+∞

1√
x
= 0.2.5. lim

x→2+0

2 + x

2− x
= +∞.2.6.

lim
x→3−0

1 + x

3− x
= −∞.2.7. lim

x→8

3
√
x = 2.2.8.

lim
x→1

lnx = 0.2.9. lim
x→0

log2 x = −∞.2.10.

lim
x→+∞

log5 x = +∞.2.11. lim
x→−2

x2 = 4.2.12.

lim
x→−1

3
√
x = −1.2.13. lim

x→1

1√
x
= 1.2.14.

lim
x→−∞

√
x2 − 1

x
= −1.2.15. lim

x→+∞

√
x2 − 1

x
= 1.2.16.

lim
x→0

√
x2 + 1 = 1 + 0.2.17. lim

x→−1
(x2 − x− 3) = −1.2.18.

lim
x→2

x(x+ 5) = 14.2.19. lim
x→3

(3− x)2 = 9 + 0.2.20.

lim
x→+∞

1

4x
= 0.2.21. lim

x→1

1

1 + x2
=

1

2
.2.22.

lim
x→1

x

2 + x
=

1

3
.2.23. lim

x→∞

x

x+ 1
= 1.2.24.

lim
x→∞

x

2x− 1
=

1

2
.2.25. lim

x→0

√
x+ 1 = 1.2.26.
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III. Äîêàæèòå, ÷òî ïðåäåëà íå ñóùåñòâóåò.

lim
x→+∞

12x cosx.3.1. lim
x→+∞

15x sinx.3.2.

lim
x→+∞

ecosx.3.3. lim
x→+∞

πsinx.3.4.

lim
x→0

√
sin2

1

x
.3.5. lim

x→0

√
cos2

1

x
.3.6.

lim
x→0

sign
(
sin

π

2x

)
.3.7. lim

x→0
sign

(
cos

π

3x

)
.3.8.

lim
x→0

(
arcctg

5

x

)
.3.9. lim

x→0

(
arctg

3

x

)
.3.10.

lim
x→0

√
x2 + x8

x+ x5
.3.11. lim

x→0

√
x2 + x3

x+ x2
.3.12.

lim
x→0

√
x6 + x7

x3 + x5
.3.13. lim

x→+∞

x2 cosx+ x

(x− 1)2
.3.14.

lim
x→+∞

x sinx+ 2

x+ 2
.3.15. lim

x→0

sin |x|
x

.3.16.

lim
x→0

(1 + x)
sign x

x .3.17. lim
x→0

(1 + |x|) 1
x .3.18.

lim
x→0

(1 + |x|)
√
2 − 1

x
.3.19. lim

x→0

5x − 1√
x2

.3.20.

lim
x→0

log7(1 + |x|)− 1

x
.3.21. lim

x→0
(125)

1
2x .3.22.

lim
x→0

(374)
1

sin x .3.23. lim
x→π

2

(21, 4)
1

cos x .3.24.

lim
x→0

(832)
1

tg x .3.25. lim
x→−π

2

(59)
1

ctg x .3.26.
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IV. Íàéäèòå çíà÷åíèå ïðåäåëà.

lim
x→1

6− 5x− 2x2 + x3

12− 11x− 2x2 + x3
.4.1. lim

x→−2

6 + 11x+ 6x2 + x3

8− 6x− 3x2 + x3
.4.2.

lim
x→−3

3 + 10x+ 9x2 + 2x3

6− x− 4x2 − x3
.4.3. lim

x→−2

6 + 17x+ 11x2 + 2x3

2x− 3x2 − 2x3
.4.4.

lim
x→5

15 + 32x+ 3x2 − 2x3

5x− 11x2 + 2x3
.4.5. lim

x→4

12 + 17x+ 3x2 − 2x3

4x− 13x2 + 3x3
.4.6.

lim
x→2

14 + 9x− 6x2 − x3

2− 9x+ 10x2 − 3x3
.4.7. lim

x→3

30 + 11x− 4x2 − x3

24− 26x+ 9x2 − x3
.4.8.

lim
x→1

10− 3x− 6x2 − x3

12− 19x+ 8x2 − x3
.4.9. lim

x→−1

10 + 17x+ 8x2 + x3

12 + 5x− 6x2 + x3
.4.10.

lim
x→−4

24 + 26x+ 9x2 + x3

48− 16x− 3x2 + x3
.4.11. lim

x→−5

15− 22x− 15x2 − 2x3

30− 19x+ x3
.4.12.

lim
x→− 1

2

3 + 4x− 5x2 − 2x3

6 + 13x+ x2 − 2x3
.4.13. lim

x→ 1
2

6− 13x+ x2 + 2x3

12− 25x+ x2 + 2x3
.4.14.

lim
x→1

6− 7x+ x3

12− 10x− 4x2 + 2x3
.4.15. lim

x→−2

12 + 4x− 3x2 − x3

24 + 22x− x2 − 3x3
.4.16.

lim
x→3

45− 9x− 5x2 + x3

12 + 8x− 13x2 + 3x3
.4.17. lim

x→4

60− 7x− 6x2 + x3

16 + 12x− 16x2 + 3x3
.4.18.

lim
x→−4

16 + 4x− 4x2 − x3

12− 17x− 13x2 − 2x3
.4.19. lim

x→−5

35x+ 12x2 + x3

15− 22x− 15x2 − 2x3
.4.20.

lim
x→− 3

2

6 + x− 5x2 − 2x3

6 + 7x− x2 − 2x3
.4.21. lim

x→ 3
2

18− 9x− 5x2 + 2x3

6− x− 5x2 + 2x3
.4.22.

lim
x→−3

30 + 19x− x3

6 + 5x− 2x2 − x3
.4.23. lim

x→2

40− 18x− 3x2 + x3

14 + 5x− 8x2 + x3
.4.24.

lim
x→5

20− 19x− 2x2 + x3

35 + 23x− 11x2 + x3
.4.25. lim

x→6

12− 8x− 5x2 + x3

18 + 9x− 8x2 + x3
.4.26.
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V. Âû÷èñëèòå çíà÷åíèå ïðåäåëà.

lim
x→2

3
√
25 + x− 3

√
29− x

x−
√
2x

.5.1. lim
x→1

3
√
7 + x− 3

√
9− x

x−
√
x

.5.2.

lim
x→3

3
√
5 + x− 3

√
11− x

x− 1−
√
x+ 1

.5.3. lim
x→2

3
√
6 + x− 3

√
10− x

x+ 1−
√
x+ 7

.5.4.

lim
x→3

3
√
61 + x− 3

√
58 + 2x

x−
√
x+ 6

.5.5. lim
x→2

3
√
25 + x− 3

√
29− x

4
√
x+ 14−

√
2x

.5.6.

lim
x→5

4−
√
21− x

4
√
x+ 14− 2

.5.7. lim
x→7

6−
√
22 + 2x

4
√
10x+ 11− 3

.5.8.

lim
x→4

4−
√
2x+ 8

4
√
85− x− 3

.5.9. lim
x→−2

3−
√
11 + x

4
√
18 + x− 2

.5.10.

lim
x→3

5−
√
7x+ 4

4
√
13 + x− 2

.5.11. lim
x→6

4−
√
3x− 2

4
√
2x+ 4− 2

.5.12.

lim
x→4

√
x+ 5− 3

√
5x+ 7

7−
√
4x+ 33

.5.13. lim
x→5

√
x− 1− 3

√
x+ 3

4−
√
3x+ 1

.5.14.

lim
x→3

√
5x− 6− 3

√
30− x

1−
√
x− 2

.5.15. lim
x→−3

√
7 + x− 3

√
14 + 2x√

12 + x− 3
.5.16.

lim
x→0

√
9 + x− 3

√
27− x

3−
√
9 + 3x+ x2

.5.17. lim
x→2

√
2x+ 5− 3

√
21 + 3x

7−
√
7x2 + 21

.5.18.

lim
x→2

√
20− 2x−

√
3x+ 10

3
√
25 + x− 3

√
29− x

.5.19. lim
x→1

4
√
x−

√
x

3
√
7 + x− 3

√
10− 2x

.5.20.

lim
x→3

√
2x− 2−

√
x+ 1

3
√
5 + x− 3

√
14− 2x

.5.21. lim
x→2

√
3x+ 3−

√
x+ 7

3
√
4 + 2x− 3

√
10− x

.5.22.

lim
x→3

√
12− x−

√
x+ 6

3
√
34 + 10x− 3

√
55 + 3x

.5.23. lim
x→2

√
x+ 2−

√
2x

3
√
23 + 2x− 3

√
29− x

.5.24.

lim
x→4

√
x− 4

√
3x+ 4

6−
√
10x− 4

.5.25. lim
x→5

√
x− 1− 4

√
3x+ 1

5−
√
4x+ 5

.5.26.
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VI. Âû÷èñëèòå ïðåäåëû, ïîëüçóÿñü ¾çàìå÷àòåëüíûìè¿ ïðåäåëàìè.

lim
x→0

sin(5x2)

7x2 + x
.6.1. lim

x→0

1− cos 4x

x2 + x3
.6.2.

lim
x→0

sin 2x

sin 3x
.6.3. lim

x→0

tg 3x

19x
.6.4.

lim
x→π

2

ctg x

x− π
2

6.5. lim
x→0

cos 2x− 1

cos 3x− 1
6.6.

lim
x→0

arctg(x2)

5x2 + x4
.6.7. lim

x→0
x ctg 3x.6.8.

lim
x→0

sin 5x− sin 3x

sinx
.6.9. lim

x→π
4

tg 2x tg
(π
4
− x
)
.6.10.

lim
x→1

(1− x) tg
πx

2
.6.11. lim

x→0

7x3 − 2x2

sin(3x2)
.6.12.

lim
x→0

1− cos 4x

sin2 3x
.6.13. lim

x→0

x2 − x3

arcsin(x2)
.6.14.

lim
x→0

arcsin(2x2 + x)

arctg(x2 + x)
.6.15. lim

x→0

ln(1 + 3x)

1− cos 5x
.6.16.

lim
x→0

x

ln(1− x)
.6.17. lim

x→0

ln(1− x)

ln(1 + x)
.6.18.

lim
x→0

sin2 x

ln(1− x) + ln(1 + x)
.6.19. lim

x→0

sin(x2) sin 2x

x(1− cosx)
.6.20.

lim
x→π

4

1− sin 2x(
x− π

4

)2 .6.21. lim
x→0

log10(1− x2)

2x2
.6.22.

lim
x→0

2x+ x2

1− cosx
.6.23. lim

x→0

tg2 x

log2(1 + 2x) + log2(1− 2x)
.6.24.

lim
x→0

tg x+ 2 sinx

tg x− 2 sinx
.6.25. lim

x→ 1
2

ln 2x

6x− 3
.6.26.
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VII. Âû÷èñëèòå ïðåäåëû, èñïîëüçóÿ ïðàâèëî ñóïåðïîçèöèè ïðåäåëîâ.

lim
x→e

cos(arcsin(lnx)).7.1. lim
x→0

sin(arccos(lnx)).7.2.

lim
x→0

sin(arcctg(sh x)).7.3. lim
x→0

sin(arctg(chx)).7.4.

lim
x→0

esin
2 x − 1

sin2 x
.7.5. lim

x→0
arctg

(
ln

sinx

x

)
.7.6.

lim
x→π

4

ln(1 + tg x)

tg x
.7.7. lim

x→π
4

ln(1 + 2 sin2 x)

2 sin2 x
.7.8.

lim
x→1

cos(arctg(ln x)).7.9. lim
x→3

sin

(
arccos

(
1√
x+ 1

))
.7.10.

lim
x→0

arctg

(
1

sin2 x

)
.7.11. lim

x→0
arctg

(
1

cos2 x

)
.7.12.

lim
x→0

arctg(ln(x2)).7.13. lim
x→−1

arcctg(ln(x2)).7.14.

lim
x→+∞

arcsin

√
1 + e−x − 1

e−x
.7.15. lim

x→+∞
arctg

√√√√ 3

√
1 + sin 1

x − 1

sin 1
x

.7.16.

lim
x→1

cos
(
2 arcsin

x

2

)
.7.17. lim

x→1
sin

(
1

2
arccos

x

2

)
.7.18.

lim
x→1+0

2ctg(1−x2).7.19. lim
x→−1+0

arctg
(
ln(1 + x3)

)
.7.20.

lim
x→5

arcsin
1√
x− 1

.7.21. lim
x→5

arctg
1√
x− 2

.7.22.

lim
x→π

4

arcsin
√
1− sin4 x.7.23. lim

x→π
6

arcsin
tg 2x

2
.7.24.

lim
x→π

2−0

√
tg2 x+ 1

tg x
.7.25. lim

x→π
2+0

√
tg2 x+ 1

tg x
.7.26.
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VIII. Âû÷èñëèòå ïðåäåëû, âûäåëÿÿ ¾ãëàâíîå¿ ñëàãàåìîå.

lim
x→+∞

ln
(
e2x + 2ex + 100

)
ln
(
e3x − e2x + e1000

) .8.1. lim
x→+∞

ln
(
e7x + cosx+ 500

)
ln
(
ex − 2 arctg x+ e20

) .8.2.

lim
x→+∞

ln
(
2x + 5x + 10

)
ln
(
3x + ex − 50

) .8.3. lim
x→+∞

ln
(
10x − 15 sinx+ 2

)
ln
(
7x + 4x − 200

) .8.4.

lim
x→+∞

ln
(
15x + arcctg x+ 10

)
ln
(
ex + 5

) .8.5. lim
x→+∞

ln
(

2
√
x+ 4

√
x+ 8

√
x
)

ln
(

3
√
x+ 2 5

√
x+ 7

√
x
) .8.6.

lim
x→+∞

ln
(

3
√
x+ 3 4

√
x+ 2 6

√
x
)

ln
(

2
√
x− 5

√
x+ 8

√
x
) .8.7. lim

x→+∞

ln
(
x+

√
x2 + 5

)
ln
(
2x−

√
x2 − 1

) .8.8.

lim
x→+∞

ln
(
x2 +

√
x3 + 5

)
ln
(
x−

√
x2 − 2

) .8.9. lim
x→+∞

ln
√
x+

√
x+

√
x

ln
(
x+ x2

) .8.10.

lim
x→+∞

ln
√
x+

√
x−

√
x

ln
(
x

3
4 +

√
x
) .8.11. lim

x→+∞

ln

√
x
√

2x
√
3x

ln
(
2x2 − 10x

) .8.12.

lim
x→+∞

ln
(√

x+ 3 3
√
x
)

ln

(√
2x
√

4x
√
8x

) .8.13. lim
x→+∞

ln
(
x3 +

√
x6 + 5

)
ln
(
x2 +

√
x4 + 1

) .8.14.

lim
x→+∞

ln
(
x+

√
x3 + x2 + 1

)
ln
(
x2 +

√
x2 − 2x+ 1

) .8.15. lim
x→+∞

ln
(
x10 + 7x6 + 9 cosx

)
ln
(
x3 + 2x+ 1

) .8.16.

lim
x→+∞

ln
(
2x8 + x5 + 10x4

)
ln
(
x19 + 3x2 sinx+ x

) .8.17. lim
x→+∞

ln
(
x3 − 2x+ 3arctg x

)
ln
(
x7 + x2 − 5

) .8.18.

lim
x→+∞

ln
(
5 5
√
x+ 7 7

√
x+ 8 8

√
x
)

ln
(
3 3
√
x+ 6 6

√
x+ 9 9

√
x
) .8.19. lim

x→+∞

ln
(
5 5
√
x+ 4 7

√
x 8
√
x
)

ln
(
3 3
√
x+ 2 6

√
x 9
√
x
) .8.20.

lim
x→−∞

ln
(
x2 + x arctg x+ 2x

)
ln
(
x4 + 3x3 + ex

) .8.21. lim
x→−∞

ln
(
x4 + xex

)
ln
(
x4 − 2x2 cosx

) .8.22.

lim
x→−∞

ln
(
x2 + 2x cosx+ 1

)
ln
(
x6 + 2x

) .8.23. lim
x→−∞

ln
(
x2 +

√
1− x3

)
ln
(
x8 + ex

) .8.24.

lim
x→−∞

ln
(
x2 +

√
1− x

)
ln
(
x10 +

√
x8 − 5

) .8.25. lim
x→−∞

ln
(
x2 + 7x cosx

)
ln
(
x2 + 1000x

) .8.26.

IX. Íàéäèòå ïðåäåë âûðàæåíèÿ âèäà u(x)v(x).

lim
x→∞

(
x+ 3

3x+ 5

)x4+cosx

.9.1. lim
x→∞

(
x2 + 3x+ 2

x2 + 1

)3x

.9.2.
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lim
x→∞

(
x+ 20

x+ 11

)5x+sinx

.9.3. lim
x→∞

(
x2 + 3

x2 + 5

)x2−10x+2

.9.4.

lim
x→∞

(
x2 + 5x+ 1

4x2 + 1

)7x2+5

.9.5. lim
x→∞

(
3x2 + 5x+ 7

x2 − x+ 10

) x3

2−3x

.9.6.

lim
x→∞

(
x2 + 2x+ 5

8x2 − x+ 7

) 2x3

x−1

.9.7. lim
x→+∞

(
x2 − 9x+ 17

x2 − x

) 1+
√
x

1−x

.9.8.

lim
x→∞

(
x2 + 17

x2 + 10

) 5x3

2−3x

.9.9. lim
x→0

x
√
1− 3 tg x.9.10.

lim
x→0

x
√
1 + 5 sinx.9.11. lim

x→0

x3
√
1− 2x.9.12.

lim
x→0

x3
√
1− 7x.9.13. lim

x→0

(
1 + 2 sinx)

1
x .9.14.

lim
x→0

(
1 + 7 tg x)

3
x .9.15. lim

x→0

(
1 + sin x)

1
tg x .9.16.

lim
x→0

(
1− 2 tg x)

1
sin x .9.17. lim

x→0

(
1 + tg2 x)

1
ln cos x .9.18.

lim
x→0

(
1 + sin2 x)

1
ln cos 2x .9.19. lim

x→0

(
3x + sinx)ctg x.9.20.

lim
x→0

(
5x − tg x)ctg x.9.21. lim

x→0

(
7x + 2 sinx)cosecx.9.22.

lim
x→0

(
9x + x2)cosecx.9.23. lim

x→0

(
2x − x3)

1
tg x .9.24.

lim
x→0

(
10x + xex)

1
x .9.25. lim

x→0

(
15x − xex)

1
x .9.26.
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X. Äîêàæèòå ñëåäóþùèå àñèìïòîòè÷åñêèå ñðàâíåíèÿ.

arctg x

x+ x3
= O

(
1

x3

)
ïðè x → +∞.10.1.

arcsin x−1
x+2

1 + x2
= O

(
1

x2

)
ïðè x → +∞.10.2.

arcctg x
√
x2 + x+ 1 = O (x) ïðè x → +∞.10.3.

x

(
arccos

(
x+ 1

x+ 20

)
+ cosx

)
= O (x) ïðè x → +∞.10.4.

x2 sin
√
x = O

(
x

5
2

)
ïðè x → +0.10.5.

√
x3 cos

(
1

x

)
= O

(
x

3
2

)
ïðè x → +0.10.6.

2x cosx− x2 arcctg

(
1

x

)
= O (x) ïðè x → 0.10.7.

2x arctg

(
1

x

)
+ x3 = O (x) ïðè x → 0.10.8. √

x+ 2
√

x+ 3
√
x ∼

√
x ïðè x → +∞.10.9.

x2 arctg x+ x sinx ∼ πx2

2
ïðè x → +∞.10.10.

3

√
x+

√
x−

√
x ∼ 3

√
x ïðè x → +∞.10.11.

4

√
x2 +

√
x+

√
x3 ∼

√
x ïðè x → +∞.10.12.

x3 arcctg x+
x

1 + x2
∼ πx3 ïðè x → +∞.10.13.√

3x+
√

2x+
√
x ∼ 8

√
x ïðè x → +0.10.14.

sin 2x ∼ 2 arctg x ïðè x → 0.10.15.

1− cosx ∼ chx− 1 ïðè x → 0.10.16.

(1 + x)10 − 1 ∼ e10x − 1 ïðè x → 0.10.17.

arcsinx ∼ shx ïðè x → 0.10.18.

tg x ∼ arctg x ïðè x → 0.10.19.
√
x sin

√
x ∼ arcsinx ïðè x → +0.10.20.

√
x2 − 1− |x| = o (1) ïðè x → ∞.10.21.

x3 + 4x+ 10

x2 + 6x+ 7
= o

(
(1 + x)

√
3 − 1

)
ïðè x → +∞.10.22.
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(
√
1 + 2x− 1) ctg2 x = o

(
1

x2

)
ïðè x → 0.10.23.

x+ 2x2 + x3

x3 + x4 + x6
= o

(
1

x3

)
ïðè x → 0.10.24.

x+ 2x2 + x3

x2 + x4 + x6
= o

(
1

x
√
x

)
ïðè x → +0.10.25.

(3x − 1) arctg 2x = o (
√
x) ïðè x → +0.10.26.
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XI. Âû÷èñëèòå çíà÷åíèå ïðåäåëà, èñïîëüçóÿ çàìåíó ôóíêöèé íà ýêâèâàëåíòíûå.

lim
x→0

1− cos 6x

1− cos 4x
.11.1. lim

x→0

x sin 2x

ln(cos 5x)
.11.2.

lim
x→4

e4−x − 1√
2x− 7− 1

.11.3. lim
x→1

ln(1 + x− 3x2 + 2x3)

ln(1 + 3x− 4x2 + x3)
.11.4.

lim
x→0

(cos 4x)ctg
2 x.11.5. lim

x→0

ln
(
1 + 3x3

)
(e2x2 − 1) sin 3x

.11.6.

lim
x→0

1

x

(√
2 + x

2− 7x
− 1

)
.11.7. lim

x→0

1

x

(
3

√
3 + 5x

3− 4x
− 1

)
.11.8.

lim
x→0

ln(1 + sin 2x)

sin 3x
.11.9. lim

x→0

1− cos 2x

e2x2 − 1
.11.10.

lim
x→0

√
1 + x+ x2 − 1

3x
.11.11. lim

x→0

√
9 + x− 3

3 arctg x
.11.12.

lim
x→0

sin2 3x√
1− 3x2 − 1

.11.13. lim
x→0

3
√
cosx− 1

sin2 x
.11.14.

lim
x→0

ln(cosx)

sin2 2x
.11.15. lim

x→0

x sin 2x√
cos 5x− 1

.11.16.

lim
x→0

ex
2+1 − e

ln(cos 2x)
.11.17. lim

x→0

ln2(1 + sin 2x)√
1− 6x2 − 1

.11.18.

lim
x→1

5
√
x− 1

ex−1 − 1
.11.19. lim

x→3

ln(3x− 8)√
x− 2− 1

.11.20.

lim
x→1

x3 − 1

lnx
.11.21. lim

x→2

√
x2 − x− 1− 1

ln(x− 1)
.11.22.

lim
x→∞

(
3x− 4

3x+ 2

)x+1
3

.11.23. lim
x→∞

(
x+ 3

x− 2

)2x+1

.11.24.

lim
x→0

( cosx

cos 2x

) 1
x2

.11.25. lim
x→0

(cos 4x)ctg
2 x.11.26.
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XII. Íàéäèòå çíà÷åíèå ïðåäåëà.

lim
x→+∞

sinx√
x
.12.1. lim

x→+∞

arctg
√
x√

x
.12.2.

lim
x→+∞

x+ 2 sinx

3x− 3
√
x
.12.3. lim

x→+∞

ex + x2

3ex + 2x
.12.4.

lim
x→+∞

2x + ln2 x

2x+1 + x100
.12.5. lim

x→+∞

(1, 001)x

x1000
.12.6.

lim
x→+∞

5x+1 + x2

5x−1 + 3x+2 + x4
.12.7. lim

x→−∞

7x + x4

5x − 3x4
.12.8.

lim
x→−∞

ex + |x|
ex−1 + 2x

.12.9. lim
x→+∞

x2 + 2sinx

4x2 + 2x
.12.10.

lim
x→+∞

x2 + arctg x2

2x2 +
√
x

.12.11. lim
x→+∞

12x100 − x2x

5x + x2 arctg x
.12.12.

lim
x→+∞

5x + 2x

5x + 3x
.12.13. lim

x→+∞

x+ lnx√
x+ 2 lnx

.12.14.

lim
x→−∞

x arctg x+ |x|
3
√
x ln(x2)− 2x cos 1

x

.12.15. lim
x→+∞

ex
2

xe2
.12.16.

lim
x→0

√
x+

√
x+

√
x

ln |x|
.12.17. lim

x→+∞

lnx
n
√
x
, n ∈ N.12.18.

lim
x→+∞

sin2 x+
√
x

2(lnx+
√
2x)

.12.19. lim
x→−∞

arctg 2x

1 + arctg x2
.12.20.

lim
x→+∞

(
2x

5x2 + 1

)x lnx

.12.21. lim
x→+0

(
1 +

2

arctg x

) 1
x

.12.22.

lim
x→−0

(
1 +

2

arctg x

) 1
x

.12.23. lim
x→−∞

2x − x2

ex + sinx− 3x2
.12.24.

lim
x→+∞

ex+1 + 2x4

ex−1 + 2x+2 − x4
.12.25. lim

x→−∞

ex+1 + 2x4

ex−1 + 2x+2 − x4
.12.26.
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XIII. Óêàæèòå òî÷êè ðàçðûâà ôóíêöèè è îïðåäåëèòå èõ òèï.

f(x) =
x− 1

x2 − 3x+ 2
.13.1. f(x) =

2x− 6

2x2 − 5x+ 3
.13.2.

f(x) =
(x+ 4)2

3x2 + 10x− 8
.13.3. f(x) =

x− 3

2x2 − 7x+ 3
.13.4.

f(x) =
8x2 + 2x− 1

8x2 − 2x− 3
.13.5. f(x) =

3x2 + 5x− 2

6x2 − 17x+ 5
.13.6.

f(x) =
2x2 − 11x+ 12

x2 − 6x+ 8
.13.7. f(x) =

x2 + 10x+ 25

2x2 + 7x− 15
.13.8.

f(x) =
x+ 1

x3 + 1
.13.9. f(x) = arctg

1

x
.13.10.

f(x) = ex+
1
x .13.11. f(x) = sign

x2 + x− 2

x2 − 6x+ 5
.13.12.

f(x) =
ex − 1

2x
.13.13. f(x) =

sin(2x2)

1− cos 4x
.13.14.

f(x) =
[x]

x
.13.15. f(x) =

{x}
x

, ãäå {x} = x− [x].13.16.

f(x) =
1

lnx
.13.17. f(x) = x sin

(
π[x]

2

)
.13.18.

f(x) = sign(arcsin(cos x)).13.19. f(x) = sign(arccos(sin x)).13.20.

f(x) = sign

(
cos

1

x

)
.13.21. f(x) = sign

(
sin

1

x

)
.13.22.

f(x) = (−1)[x
2].13.23. f(x) = x

[
1

x

]
.13.24.

f(x) = sin
1

x
.13.25. f(x) =

sin 1
x

x
.13.26.
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