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IIpeancaosue

[Tpercraprednniii B mocobun MatTepuall pa3bur ua qeTnipe ranst. [eppsasg riasa 1o-
CBAICHA YCAOBHSAM OOTHMAILHOCTH /I8 KOHETHOMEDHBIX YKCTPEMAILABIX 3a,1a1. Bua-
TAJIC PACCMATPHBAIOTCH 32241 Ha De3yc/IOBHIH 3KCTpeMyM. /lanee BLIBOLUTCH npa-
BUI0 MHOKuTe el Jlarpanxa g 3a0aMu ¢ OrPAHHICHUAMI THIIa PDABCHCTE U Hepa-
peHeTB. CrennuyecKue npod.teMpl BBIIVKIOND alAMM3a, H BBITYKION ONTUMI MY
COCTARAAMT COUCPIKAHUE MRVX Hocjaenyionmux maparpados. Onpeeaéinnos siunanne
yaengercs BoexogsnuuM 1o coeil nocranoske K 111 HYebrprmény sajsauan na Munm-
MAKC, HE0CTATOYHO, O MHEHIIO aBTOPOB, IPeICTABICHHBIM B YUehHOH JTirreparype.

Bropag riasa «JIuneftgas onTaAMUZAIRA» COLCPIKUT TOOPUIO THHEITHOTO 1DOIPaM-
MupoBanust. JOKA3LIBAIOTCH TeOPeMBl 0 PARPEITHMOCTH AUHEHHBIX OHTHMU3AITHOTHBIX
2aJiad W OTEOPEMBI ABOMCTBEHHOCTH, 0COD0E MECTO 3aHUMAT AHAIHZ KpPalnux rouex

Bapepuiaer 1.iasy

MHOPOTDAHHHKOB ¢ BhIACHEHHE HX PO B JIHHETHON OliTHMu3AInN.
B JOCTATOUHON Mepe TPAJMIHUOHHOR LRIOKEHNE METUHE HOCAeI0BATE ILHOTG VAV qITe-
HHS TLIALIA.

B rperseit mase 06CyKAAOTCH YUCACHHDIC METOIBLI ONTHMH3AUWH. 310Ch PaccMar-
DHBAIOTCsE MeTOALT De3YCTOBHOM ONTHMHE3AIME (METOI IPaMeITHOPO CIIVCKA 1 CI'D MO-
JAhUKAIHT), & TAKXKe ROUPOCLI OUTHMUBQIINN IPH Hamuuu orpannuenuil (veros
nrrpad by MyHKHE, VCIOBHOUIO I'PAJIHEHTA, TPOEKIUN TPJIHEHTA ¥ 1. 11 ).

[Mocaeadas (ueisepTas) miapa MOCBAIMNEHA BOTPOCAM HCIOTB30BAHAT CHOITHALILIX
[POrpamMM 175 PeLIeHns ONTHMIBAIMOUNBIX 3a4a4. J1a 00aacTb OYPHO pPasBuBacIes,
MOITOMY FIABY CACAYET PACCMATPUBATE JHULE KaK KPATKOE BBOACHHME B JANHVIO TeVa-
THKY.

Ocnosuble pa3aeasl T0eoOud 00CYAIAINCH C PALOM MATeMATHKOB. ABTOpbI BbIpA-
HKAIOT CBOMM KOJJTEraM HCKPCUHIOD NPH3HATCABHOCTE 3d OKAZAHHYI0 TIOMOL. Byiem
OAAr0Iaptibl 38 YKA3aHHs Ha BOIMOYKHBIC OLIMOKH B TCKCTe, OTBOTCTBOHHOCTE 38 KOTO-
PLIe ABTOPBL HOJTOCTLIO GepyT Ha cebi.

Kumvor B.C., 10KTOD (DUBHKO-MATOMATHUECKITK HAVK,
Briugopa T.T.. kasnnjar hH3UKO-MATEMATHYCCKIIN HAYVK,
Vxaaos A K., gananiar QU3HKO-MaTeMATHICCKUX HAVK.

(@)



I'nasa 1

Henuneiitnass onnruMnsaiiuda

1.1 3agaum Ha 6e3yCJOBHBIN IKCTPEMYM

1, [Ipeasapunrensnsie cBeaenus. Hike R copokynmuocrs sekrop-croa6nonp r =
(. cca) T rae 2y ..., Ty ACHCTBHTOALELIE YACIA, HA3LIBACMBIe KOMTOHEH TAML BOKTOD-
croabia 2, T — oneparTop TPAHCHUHUPOBANT, CONOCTABIAIONINH BEKTOP-CTPOKE (1 .. .07y, )

BEKTOP-CTON0eL

Crangaprusim obpazom B R sponaTca auieiinsie onepauun ¥ CKAISPHOe THOHSBEIe-

aue (x,7) saemenros 2,y u3 R ecmr v = (x ... 2, v = (uy .. yn)’ . AER, 10

i

sy =(r 4y ... 1, + 117L)1, Ax = (A = - e )Y (x.y) = E Tl

i=1

3 epkamaosoM npocrpancrse R pauna (MOAVIL) BEKTOPA I ONPEACHACTES PABCICTBOM

|z| = \/(.z:..v). Cripapeajusb COOTHONICHIA

it

()| < Jallul, 1+ 9] < Ja] + Lol
NEPBOS U3 KOTOPBIX HA3BIBAIOL HCPABEHCTROM KOWM, BTODOE — HEPaBeHCTBOM Tpe-
VIOJBHUKA. JalHble HEPABEHCTBA HMEIOT HPO3PAUHEIT PeOMETPUYeCKIIT CMBICT U 0Ye-
BHIHLE B OVEBAJBHOM CMBICAE Iroro ciosa. Lom a € R, p > 0, 10 MHOMKeCTBA
Bla,p) := {x € R, |x —a| < p}, U(a,p) == {2 € R*, v - a] < p} umenyor 3a-
MKHYTHIM (OTKPSITBIM) HAPOM DAIUYCA 2 ¢ HENTPOM B TOUKe a. Muomectro A © RY
HA3LIBAKOT OTPANMYEHHDIM, CC/IH OHO COACPAMTCS B HOKOTOPOM 1TAPE.

Touky 29 uMeHyWT BHYTpeHHell TO4KoH wMuomecrsa B C R" ecam cnpaseniuno
prmoaenne B(xrg, p) C E upn nekoroponm p > 0. COBORYTUHOCTD BHVTPEHHEX 042K

- Ten

muEOKecTBa F obospavalor cuMponom E. Muomecrso £ C R" nasbisalor 0TKpbIThiM,

eCJIN Ka’k/1asl ero TOMKa apigercd suyrpenieii, . e, £ = . Hanpumep, vinokecrsa

7



8 [VIABA |. HEJIMHEWHAST OII'TUMU3A LIS

Ufa, p), R® orkpwrst, map Bla, p) raxoseiv ne apagerca. Muaoxeciso F© © R” za-
MKBYTO, ecag gonosnenue x gemy CF = R"\ £ orxpeito. Crpasesus ¢ieyionuil
KPATEPHI ZaAMKIYTOCTH: MHOMECTBO F' 3aMKHYTO, €ciu npefen BesKoll cxodsnnefics
NOCTENOBATENLHOCTH 3NeMEHTOR H3 F' MpuBa/ieKuT MHOXKecTBY F.

[leppocTenennyio poib B 32/a49aX ONTHMHBAIRE HIPADT KOMIAKTHLE MHOMKECTBA.
Mnozxeerro I ¢ R" passipalor KOMIAKTHBIM, €CIH U3 BCHKOH NOCICA0BATEILHOCTH
er0 AMEeMEHTOR MOXKHEO W3BJIEUL NOANTOCAESIOBATCABHOCTDL, CXOAAMYIOCH K HEKOTOPOMY
anementy u3 F. Vmeer Mecto creyounit KpaTepRii KOMIAKTHOCTH.

Ipepnoxenue 1. Muovceemao E C R xomnaxmino 6 mosm w moabko 6 mom
eayuae, eeat £ ozpanuneno u 3amMEnymo.

CrcTeMy MHOMKECTE Ha3bIBAIOT HCHTPHPOBAKKOMN, eC/H /00ad o8 MoacueTema, nMeer
HEHYCT0e TePCCeHeHE,

IIpepnoxenue 2. Samrnymoe mnoxceemso £ C R xomnakmuo 6 mos 1 moabko
8 oA Cayuae. Kozda AeHeA UENIMPUPOSAHAA CUCTEMA FAMEHYINVLE NOOMHOMCECITIE
MHOMCOCTTIG E umeemn 'I-ii".T'l.:?jf'7TM.Jr" .'!.l‘.’ll!(f(fif"éf.’?'t'n'l.(:.

[IpuBe/Errpbie BEIIE CBEACHUA XOPOITo w3secTanl (eM., waupumep |1, [4], [9], [14]).
Hama ness 3ak/10vaach He B pagbicHEHHW HIBECTHBIX noHgaTuit, a B duxcann 0do-
FHAHCHUI 1 TePMBHOJIOTHH.

2. [MocranoBka 3agasu. [Ivers [ X — R - geficrsurenbias GyHKEME Ha MBO-
weerse X C R”, 3agaqa o MuaaMuzanun Gveakamn [ aa MaoKectse X 3alBCHIBAETCH
B BHIE

f(z) = min, z€X. (1)

Ipu srom [ waserpaot venesoit pynkuueil, X — 4onyeTuMmiyM MHOKeCTBOM, 11000
yeMedT & u3 X - qonycTumMolt roukoi 3agadu (1).

Daement 7 w3 X umenyior pemenwem 3agaun (1), ecau f(z) = f(Z) ma seex
z X B aTom ciyvgae rosopsil. uro T peaausyey abeosnoribtil munumym hyukmmn
Wi I — rodxa r1obaassoro munnstyma ). Heobxogiumuy yesrosues eyimecTsoBasis
peenud sanaan (1) apasgercs OrpanNYenHoCTh cHu3y QVHKIUA [, T. €, KOHeuYHOCTh
gucaa inf{ [ (), v € X}, uaseisaemoro spavenuem samaun (1). Kax nokassipaer npu-
mep pyuxnun f(r) = € (z € R), orpamuwennocrs canzy byugoun [ @ X — R ne
rapanTupyer paspemmamocts 3agann (1), Bem bviokuua f e orpannaena cunsy (uim
MaozKecTs0 X [nyero), 7O 3BAMENHE 33Ia1MW TIOJArAeTCs PABHEIM —oC (B 400 (00T1-

BETCTBEHHO ).

Duement T uz X HashiBalOT JIOKATLHRIM pemennenr sajgaun (1), ectu nafigéres
takoe § > 0, uro f(x) > f(&) Vo € X NU(Z,8). fcro, 9o xazx1oe peiienne 3alat
(1) spasteres | TOKAILHBIM pelienney; obparnoe nesepno. Hanpumep, 7 = 1 - Touka
JIOKAMBHOTO, HO He MI00ANBHOrO, Mittumyma Qyuxumn f{¢) = 2* — 3z (z € R).

3agauy makeamuzamy dbyvakuun f g muomecrse X o6LIYI0 3AMUCLIBAIOT B BIIC
flz) &> max, v € X. (2)

DieMentT & HasbBaloT pernenrem sagaun (2), ecan f(#) = f(x) Vo € X. Ouennano,
YTO L eCTh PelTerHe 3a1a%u (2) B TOM H TOULKO TOM CIIYYae, 6C/iH & ABJIACTCH PeleHneM
3aaTH

—f(x) > wmin, r € X .



N

1.1. 3AJAYH HA BE3YCJIOBHBI IKCTPEMYM

B arom emuicae sagana (2) csogured K 3ajade (1), lannoe 3amevause nosgoaser Ges
TPYIa HEPEHOCHTH PE3yJasraThl, MOLYHeHAbIe s 3ajaun (1), na 3amaay (2) u naobo-
POt AMATOTHYIO CKABAHHOMY PAHee BBOIATCA MOHSTHS TOUKH JOKATLUOTG MAKCHALY -
Ma ¥ 3HaveHust 3ajadn (2). Jdagee 8 0CHOBHOM pACCMATPABAETCA 38, 1444 MITHUMI3IHH
dyHKIMIL.
3. Teopemni cymecrBopannsa. Muoxecrsa sua
M(e) = {z € X. f(z) <¢}, (c€R)

HASHIBAIOT 1URKEAMY aeberonnimy MuoxecTBam (gyaxunu [ @ X — R. Qvaknug f
HOJSYHEHPePLIBHA CHU3Y Ha Muozxecrse X, eciln Bee 8 HUXKHUE JIeOeroBhl MHOKeC TBA
FAMKHYTDI.

Jlemma 1. Henpepuoistan wa samrnymos smuoncecmee X dynunyua [ noaynenpe
POLEHE CHUSY.

o [leiicrsurensro, nyerb oy € Mo v 2 — a upn ¥ — oc. Toraa cupapeinupo
pruouenue ; € X u f(ry) € ¢. Tax xax muoxecrso X 3amguyro, 1o o € X. B cuay
HeupepsBuncTH (pyukmmun f umeem

fla) = lim f(z;) < «.
k—oo
e. fla) < e, o € M, D10 1 npusognt K TpebyeMoMy pesyLTaTy. B
OyukoEs JEHCTRUTEALHOTO HEPEMCHIOIO
. 1, ecau g #
) 0, ecimz=0

NOJAYHCHPePLIBHEA CHU3Y HA apamoit R, Ho paspeisra B Touke 0. 3uavenne 1ojyueipe-
PHIBHBLIN CHIZY (DYHKIMA 15 Ye0PHN IKCTPEMASIBHBIX 384" BLIACHAET

Teopema 1. (Teopema Beiteprrpacea) Tycme dynkyus [ X — R onpedeastio u
NOAYUETPEPOLGNG CHUSY 1A 3aMKIymom muosicecmse X C K™, TTycmiv npu nexomopon

detiecmaumenvrom ¢ eé nusxcnee aebezoso muoacecmeo Mlc) menyemo u ozpanuiens.
Toedu zadavwa (1) usmeem pewciine.

< B pacevarpupacmon ¢iivaae MOOKECTBO X HENVETO, HO3TOMY 3HAMEHME 38 144
d = inf{f(z),z € X} € [-oc,oc). Pukenpyem MHCAOBYIO HOCAESOBATENRHOCTh (4,
Jutst xoTopoit ¢ > d u ey —+ d npu k - oo, Maokeersa M(cy) neuverst (¢ > d)
¥ saMkryThi (pyHkuug [ npoaysenpepeisua cnusy ). Cretema SaMEHYTHIX MHOMKECTB
M) (k€ N) nestpuposana, HOCKOILKY

| Tﬁ’frf’!f;‘,) = M/( min “k} '/'r/.- @ .
! R T
=1
Corlacho NPeIIOAKEIIIO 2 CYHEeCTEVET 3AeMEeHT T, IpHHAL e KM KAAKAOMY I3 MHO-
axeers M(ey), k € N. B uacrnoetn, T € X, f(T) < ¢ Yh € N. Takum o6pasoar. umeem

d< f(&) € lim ¢ =d.

k—v oy

7. e. f(Z) = d n T - pemrenue a4 (1).»



10 FVIABA 1. HEJHHEVHAST OITTHMI3ALIS

Caencrsne 1. lycmy dynryua [+ X — R onpedeaena n nenpepwena Ha sa-
mrmymom anoscecmee X C R™. Ecau npu nexomopost zq ua X muoowceerneo {x €
X, f(z) € f(xg)} vepanuneno, mo cyujecmeyem pewenue aadavi, (1).

Cneacteue 2. [Tyemw gynxuus f @ X > R onpedeaena u nenpepuone wa a0-
mrrnymom smuoviceernee X C R™. Eeau npu nexomoposm zg uz X muoowecmeo {r €
X, f(z) = flxo)} oepanuveno, mo cymeemeayem pewenue sadawu (2).

4. TIlpoekpusa TOYKH Ha MHO»KecTBO. [lycrs X — HenyCroe MOIAMHOKEUTRO 11PO-
crpancerea B”, a € R". Copokynuocts umeen {|o — af, & € X} orpanwvena crusy,
moaToMy kKouenro gucao inf{|r — al, € X}, nasuisaemoe paccToaHuemM OT 3MeMeHTa
a 10 maokecrsa X u obozgauacyoe cumsosom dist(a, X). Ouennino, 1o ecan a € X,
ro dist{e, X)) = 0. Jug HEKOTOPLIX MHOAKECTB MOmeT OnTh, 4ro dist(a, X') = 0. #o
a ¢ X, manpumep, X = (0,1} C R, a = 1. Duement b u3 X ua3siBaeTcst upoexiuei
1ok a Ha Muokectso X C R, ecomt |a — b| = dist(a, X).

Teopema 2. Feau X - aamrnymoe nodunoncecmeo R™, mo dan xascdozo ancmen-
mae a wr R™ cywecemeyem ezo npoesuus wa X .

< Oyuxmua f(x) = |r — a| weupepsisua na R”. JlefictBurensno, B crury nepaseil-
ctsa Tpeyroapunka umeem |f(z') — f(z")] < ||#' —a| — |[¢" - al] € |2’ - 2|, w10 W
paeqér genpepusHocTh ynkupw . Bee Hukaue JeberoBbl MHOKECTBA PACCMATPHBA-
eMolt hyaruun orpaunyednt. Hosromy Teopema 2 BeiTexaer 43 TeopeMur 1.»

Eapue rsensocti DPOEKUMM MOKeT i (e Obirh. JelicTeuTennno, npoeknueil ToIKH ¢
na cepy Sla, p) = {z € R", |x —a| = p > 0} spnsercs moboit saement a1oit edepsl.

Beexés nexkoropuie onpegeseans. Orpeskom [u. ©| B upocrpancerse R" masnisaercs
vuokeerso [u,v] = {w € R* w = (1 — Nu+ A, 0 £ A < 1}, Muokecreo X € R™
UMCHYIOT BRUIYKIBIM, €CHE Ltst nobnx rovuek i, ¢ u3 X coeuHgomul X 0Tpesok
[u, v] coneprrnrea 3 X, Hanpumep, ssinykast waps B(a, p), Ula, p) 1 noavapeerpan-
creo {z € R" : (p,2) € h}, nopomkgaemoe penyiessim sexropom p. 3 oupesetenus
ACHCG, WI0 nepecedenne JobOoM COBOKYIHOCTH BHUTYKALIX MHOMECTB €CTh BHINVKIGE
MHOZKECTRO.

Teopema 3. Ecau X - eunyraoe nodmuosiceemeo R”, mo dan awoboze ¢ us K"
cytecmayem ue oaee wem 0one npoexuiLa ne muosicecmeo X .

<« [lyers by, by —mpoexuuu Tovrr a wa X. Torga ja — 0| = |a — by| = dist(a, X).
Jlerko mpoBepseTca H reoMeTpUUeCKE OUEBHIHO TOXIECTRO NApaUIesorpaMMa [2a —
by = by|? 4 |by — by|? = d|a — by |2, Ecan by # by, 10

bl + b

2
u_‘—T_

< la - by| = dist{a, X).

Tax Kax MHOKeCTEO X BBIULYKAO, TO ’11—“’- € X. [locnesnee HepaBercTBO NPOTHBOPEYHT
oapejgenernio dist{a, X).» -

W3 recpenm 2, 3 caenyer

Teopema 4. Feau X — sunykave u aamenymoe nodmrosicecmeo R, mo dast molozo
aaemenma o us R" cywecmeyem u eduncmeenna e2o npoexiyudg na muoscermeo X.

Bamaga 1. Onucemy enocofi Hazeocdenus NPpoeKuul Ha 3aMERYITOLE WA U NOAY-
NPOCIAPAHCINGD,

5. Nuddepennupyemsre dyaKiun MEOrHX nepemernsix. [yers - orkphi-
TOE noJMHOMKecTBO npocTpanctsa R, f: U — R - wuciopas dynxuug, a € U, Oyuk-



1.1. 3AHAYH HA BE3YC/TOBHBIIT 3KCTPEMYM 11

wg [ nassisaeTcsd andhepenunpyesoi B rotke a. ecom eé mpupamenue fla+h)— f{a),
coorBeTcTRYIONee npupamenuio I = (hy ... h,)' aprysmenTa r, G00VCKAPT NPOICTAR-
JIeH e

Fla -+ Y — Fflg) = ]{f

Fla+h)— fla) = Py 4 (R,

i=1

rep; € R (i =1,...,n), ri(h) =o(|h]}, T e

ry ()
him —— = (
h—0 h!

Bextop-cronben p = (p ... 0n)" Haspisator rpajnenrom pyaxuny [ B TOUKe @ 0 000~
sragalor cumeonom V[ (a). Kounonerrul p; sekrop-croiona p = V f(a) - 310 qacrubie
NPOU3BOANDIE (PyHKIuK f B TO4Ke d. 00031aUAeMBIe CHMBOJIAMHY (?{i(u) (i=1,....n).
Ong MOryT DLITH OUPEJIEEHB H HENOCPEICTEOHHO (KaK HPON3BOIHBIE 10 KOOD/IHHAT-
HbIM Hamnpasienmam). Mvenno, nvers b - wenyaesoit sektop uz R w(t) = f(a + th)
- cyenne yuakuun [ oga upamyio © = a +th (£ € R). Torna dvukunsg ¢ andppepen-

mupyema B Touxe 0; npoussoarad ¢ (0) nazvisaeres uponspouuoi pvekinmu [ B rouke
a 1o nanpa/enuio i u oboaxataetes cumpogom ['(a, h). Haseeruo, ato

fla,h) = (Vf(a),h). &

Qo

B wacrnocry, ecom e; = (0...1...0)" — 4 - piil koopuisaTLIl Op1, TO

b i = B
f'(a,e;) = = (a)
iy

P
{7 Xy s

y — 1 )

T jmcdbdepentupyesoctyt hyHKIHK f B TOUKe @ J0CTATORIO, TToDbLI YacTHbe
IPOUIBUIHLIE r: fz = 1, ..,n) CYIECTBOBAIM B HOKOTOPOH okpecrrocti a i Goinu

p B wm e 5 o = i
Henpepbintn B rorke 4. Bekrop-crpoxy (;2-(a)) cbosuavawr camsonom f'(a) u uasui-

BAIOT IpoMIBOANGIt pyikitan [ B rouke . Paperctso (3) 9KBUBATRHTHO COOTHOUICH IO
Jla.h) = f'la)h. (3

hoal,

y R paspisawr asaxan auddepeHmupyeMoil B ToMKe «, eCin

Oyuknao f o U
BCE €8 YACTHBIC NPOW3BOAHBIC UOPBOTG (OPIAKA ONDEACACHLl B OKPECTHOCTH TOTKH
o u jaddepennnpyembs B aroil tTouke. g asaskipsr aupddeperunpyeMoil B TOMKe @
: (a) 8 3roil

hyvirkugn f CVIMECIBYIOT BCC 1ACTIHLIC TPOHIBOLHBIC WTOPOTO HOPHIKA 5'-5 -

TOUKe; MaTPHUL
' YA A
21/ [8) A .
f”(u:i — ( ()] (’L,J =T o0

Qu; 0z )

~—

cummerputina. CnpaBeijiuBo paseHcTbo

fla+h) = fla) = f{a)h +

~—~

[Mayie )+ ralh) (1)
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rasueaemoe dhopmyitoit Teiopa ¢ octarkom 8 popme [leano, OTMeTHM COOTHOIICHITE

f? . P
aflatth)| = (f"(a)h.h) Z

hih;
. Ox;07; Tz,

,-\
)

@ynxops [ aaxapl auddepenunpyemd B TOUKe @, €CJHH BCe TPOU3BOLANLIE BTOPOrG
NOPHAKA CYRIECTBYIOT BOJNIH TOUKH (@ W HENPEPHhIBABL B TOR TOUKe.

3&,113‘313 2. Joxasams nenpepwmsniyio duddepenvupyemocmy na R" gynwuuu f(1) =
dist? ( L A), 2de A - zaminymoe sunyraoe nodmuosicecmeo npocmpancmea R

6. Heobxoaumble ycnmosng JokajbHoro muaumyma. Touky a u3 U nasopés
IKCTPeMANB0 (KputHueckoil Toukoil) dyukmnu [, ecnn f auddepennnpyema n 1oit
rouke 1 V f(a) = 0. D10 9KBUBAICHTHO 7 CKAJSPHLIM PABEHCTBAM

af

071() 0 (i =150v,1)

(mm omEomy mextopromy pasenctsy f'(a) = 0).

Teopema 5 (Teopema Depma). Eeau T — aokaasnoe pewenne zadavu (1) u dhipn-
wus [ duddepenyupyema 6 amed mouxe, Mo T — IKCMPEMEIL gﬁ':m‘r.:um: 1

« Ougcupyem queao & > U taw, wro B(Z,8) C U u f(z) > f(ZT) ana neex z uz
mapa B(z,d). Ecom h € R® u [th| < 4, o T+ th € B(Z,§), nosromy f(Z+th) = f(T).
CureoBare/ILHO,

) £ F(T +th) — f(Z) = t(Vf(Z), h) + ri(th).

Cumras ¢ > 0, nonesmm noenejinee mepasesctso Ha © ou yerpemum £ x (. B wro-
re nosayyuMm Hepasencrro (V/f(Z.h) = 0Vh € R". Tloaaras h = —V[f(7), nveem
—|IVADP 20z e V(@) = 0>

Haa hopuynnposky yeaosil MUHIMYMA BTOPOIO MOPAIKA HaM H0TPedyOTes HeKo-
TOPLIE CRECHNS O KBapaTuuubix gopsmax. [lvers A = (a;;) - cammerpiasas Marpuna

pasMepuB 1 X 1,
T

O(h) = 3 ayhih; = (Ah,h) -
i,3=l
COOTBETCTRYIOmAS Kpagparnunad dpopma. Ecau @(h) = 0 Yh € R™, to ksagparnynas
chopma ¢ nazuiBacTes HEOTPHTATEABHOMN; B 9TOM chydae mumyT A > 0. Ksagparminan
chopma (Ah, h) HeorpHULATENIbHA B TOM B TOABKO B TOM CAYHAe, CCAR Bee LiaBubie
MHHOPHE MaTpuubl A weorpanareipast. (Dnapueivm munopamy marpanst A = (a,;)
HASBIBAIOTCS BCE BOZMONKHBIC OHPeASANTEIu

a’t;t| “'i;i: s r"i.] f:;
”‘wh gy (i,
Diyig.qy = det | e B
Ty Ciggy - - 4

melefi<la< i “CygEmn =L, n)



oY
. .

1.1. 3AJTAYH HA BE3YC/JOBHBI SKCTPEMYM

Kpagparwanaz dopma (Ah, 1) 1a3018aTCH HOJA0KUTEILHO ONPEACTBHHOIN, 6CT1 OUA
obpamaercs B 1my/ib ToA6K0 npn A = 0; uenonssyerea sanuce A > 0. Xoponio wise-
cren Kpurepull CuilbBecTpa: NOJOMHTCIbEAL CUPEILIPHHEOCTL KBaApATHUHON hopatul
(Ah, I) axBuBasCHTEA (ONOKHICABHOCTH BCEX VIJIOBLIX MHBODPOB MaTpui 4. T. e
onpeaeauTencii

ayy @12 ... Gy \

oy €3z ... Oy
an  dp ... ay

B 3TOM CAyuae pbiuognsaercst nepaserncrso (Ah, h) = J|h|? ¢ nexoropoit nojomxuTe1n-
HOI nocroaunol 4.
ChopmyanpyenM HeobXOAUMBIC YCAOBUY JOKATLHOIO MUHIEMYMA BTOPOIO HODAJIKA.
Teopema 6. Fecau T — aoraavice petueisue 3adavn (1) w dynwipes [ deamcdvn diud-
depenuupyesa 6 mouxe I, mo veadpamurinei Gopma

i a0
1)"

P '
(f"@)h, h) = Z = (37\::}&5/{,
.',_'i'.] SRR

neompuramenva; xpamkas sanuce f(Z) = 0.
< B cuny meopemur 5 T — axkerpemans hyasupuu [ Ecaun b € R 1o nipu aoctatouto

Maabx § 3emMent T+ th npusagaesur maoxectey B(T,4). Cornacao (1) nveem

0< J(&+1th) = f() = S (E)h. h) + ralth)

P

Pazaeaus ofe 9acTH TOCACTHCIO HAPABCHCTRA Ha t° > (1 1 UePeXOMsT K Npete]y npu
t — 0, noayuaesm gepasencrso (f*(F)h,h) 2 0 Vh £ R".»

Caencrsue. [ycmo a — oxcmpemans yrmipun fou weadpamuainas Gopaa ([ (a)h. h)
npunumacm wa R® snauenus pasiws anoxos. Tozda sxempemany . we a0A8EMCA HU
fl’l')'t’,?\}(}'i.f AORLAOHO20 MUHUMYML, HU ?’H.f.""n'.'-*i,'f)'ﬂ’}. JAORLALHO20 ..Lit"’.'.?;‘fi'l{..-H.;J‘;’.’\!r'L,

Bagaua 3. [Tycmv Ay, Ao, ..., Ay — COBCMBENHME INAUENUA CUMMETIPRIOTT ML
PUlLE A PA3mMEpos TX N, PAcnofsodceniue 8 nopadre soapacmanui. Eeau Ay < —1, mo
dymra

\ 1412
flz) = (A, z) + €
umecm He menee b nap x, —u; (1= 1.2, .., k) pussusnos HEHyacaus IRcTnpemaiet.

Towaxcume amom pesyavmam npu k = L. Pewenne 3odavu 8 00uesm cayuoe moscam
COCTRUGUITIY COUEPUCGINEALHIIO KYProsyo paliony.

7. HocrarogHple yCaA0BUS JOKAIBHOIO muaumyma . [pusetéy gocratounsie
YOIOBNA JTOKATBHONO MUHAMYMA BTOPOLO TIOPAIKA.

Teopema 7. ycmo dynruyun f 1 X — R deavcduw duddepenvyupyema 6 wpumu-
weexotl mouke a € X u xeadpamusgan popma ([ (@), L) noaovscumeavio onpedeacria
(f"(a) > 0). Toeda moura G €CNY AOKAALNOE PEALEHUE sadavu (1),
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<« lockonsky a € X, 10 Bla. p) © X upn uekoropom p > 0. Ecim i € R™, |h] < 4,
10 a+ h € Bla, p), nosromy unmeer emeicnn passocrs f(a+ h) — f(o). B3 dopmyam (4)
BEITEKACT PABEHCTBO

Fla+h) = f(@) = =(/"(@)h, h) +ra(h).

bl ] =

e ry(h) = o(|k]|?). Tlo yenormo f"(a) > 0, caeaoparensso, (f"(a)h,h) = 3|k}* npn
wekotopom 4 > 0 u mobom A us R®. Tak kax ra(h) = o(|h}?), 10 maiigéres raxoe
§ >0, aro upn |h| € § < p senoansercs vepasencrso |ro(h)| € Blh7/4: B vacTuoctn,
ra(h) = —|h2/4.

Obbenunuaa noJyueHHBIE ONPHKR, HMEEM

o g o o (g 3 ) 2 ! g 2
fla+h) — f(a) = 5(.}‘ (@)h, h) +ra(h) 2 Elhl - Z[h{ = 4|hx| ;
1. e fla+h) — fla) > B|h)*/4 apu |h] < §. Teneps oueBnano, T10 @ — JOKAALHOL
pemenne 3agaqun (1).»

Sameuanne 1. Pesyavmams, aneaozurvnvie meopemaem 57, enpacedaucu 1 daa
sadavu (2),

Bameuanne 2. Beau movwa abconiomnoze munumyma diynsyune [ eyuecmeayenn u

o

npunadacocum X, a sxcmpesans dyrnuun [ eouncmseenna, mo oHa i AGAAETCA THEY-
%01 2a0buavH020 munumyma fyarunn fone smuovceemee X . ANGAO2UMHOE 20MEUIHULE
CNPAELOAUGO U OAR TROMER MaRcuMyMa Pyrsuuy [ .

1.2 lipasmao muOXKNUTedel Jlarpanxa

1. PopMyAHPOBKA U MPEABAPUTEIIbHOE 00Ccy K aeHWe. [laiee n3yualores JKe-
TPEMATLHDLLC 320390 MTPH JONOJHUTEILHEX ONPARHTERUSX THITA PABCHCTE | BCPABCHCTE.
CymeeTsennyio posh 34eCh Urpaer agajdor TeopeMil Depya — MPaBHAO MHOMKUTEIRH
Jlarpanzza. TpaguiHorHbie AOKASATENBCTBA STOr0 OPABIIA OOBYHO HCUOAR3VIOT J0-
CTATOUHO CJOKHBIE BAPHAHTH TEOPEM O HesIBHBIX (DVHKUHAX # TeOPeM 0 pa3aedsomei
rurepnacckocTd. Huke npuBOATCH 3IeMRHTAPHOE (B CMBICIE HCTOMH3YEMBIX CPEICTE)
JIOKA3ATENLCTEO HpaBuia MHOMHTeRe]l Jarpanka, omIpanuieecs TOAbKO Ha TEOPeMY
Befiepiorpacca 0 KOMOAKTHBIX MHOKecTRaX. (JCHOBY JOKA3ATEALCTBA COCTABASTET TPe-
noxennasn B Monorpadun [14] sonudukanus meroga mrpadanix dhynsimi.

B arom nyHKTe NPHBOAMTCH HOCTAHOBKA HCCALLYEMO aKCTPEMAILHON 381841, hop-
MYMHPVETCH OCHOBHON pesyiprar — gpapmio Maoxrrese Jlarpamska. Jdokazaresiserso
HPABUIIA COCTABIMET CONCPHKAHNE CALOYIOUIEr0 MYHKTA.

Hyers na oteperrom muoxectse {7 ppocrpancrsa R™ onpegenensl 18a KOHETHEIX
cemeticrra chymkuuit f; U > R (G e l)n [; U - R (2 € Ly) (I,[y - goueqnue
HEelePeceKaloNMers MHOXKECTBA; MOAND cunrars, wro [, [y — nogmugxecrea N), [yers
MHOZKECTBO

X={reU|f(z) <0 (Gel), filz)=0 (i€}

HEenycTo. Pacem ATTHIBASTCH 3aiarla

Jo(x) — min, o
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m

.

filz) 0 (i€l filz) =0 (i€ 1), z €U, (2)
3necy fy 1 U = R - aeficrsurensitag hyakmus na muokecrse [V, Daesient & us
X mwu BAIOT JOKAJBHBIM penreren zanauu (1), (2), ecam najiieres rakoe § > (), qro
jU\ 2 Jold) Vo e XN B(:.4).
Bunn,m B pacemorperne Gy KNI
i £28
0.t <.

GOyuxira g(F) audbdepenunpyesa u

t, t>=0,
0, t<0.

A\
s ]

g'(t) =

-

[Tpoussouan ¢'(t) venpepuisaa #a seelt ocu. [onozum
-~
¢ } I Y glfi(x)].
‘ J—![ l":’

Ovikmeg ¢ onpenenena Ha Mmuyokectse UV, [Kak HeTPYIHO BUJIET, pa[sm:(".‘l'u(.- ®(z) =0

IKBUBAICHTIHO BKIIOUEHNIO = € X. ,.'_Lef»‘i(:'rtmw-'u-1:0 ecot v € X, ro fi(x) = i}( e
In). gl fil. -T' = 0(¢ € T). moaromy @(r) = 0. Bepun u Of)[mlllm I—‘("m hvarimun [
(i € Iy = IUIy) wenpeprigio qudpepennnpyemst, 1o chynkiuua ¢ rakxke genpepninio
;LI-I(.IJLL)HPLLILH_II)I\I«G;\»IEL.

Teopema 1. [Tycme & - aokaaviee pewenue sedavw (1), (2) u dynwuun fi{(i €

{0} U 1) ne NPEPbILHY dudifeperiyupyeso. 6 oxpecmnocmy mowsu 1. Tozda naiidymen
MARUE MWUCAT Nj, HE BCR PAGHBE HYAK, TINO

r)]l“\r' 4'2'/\,,, .f = i} [3\

Nfild) =0 e, (4)

N 0A 20 (iel). (5)
Upesma A HA3KIEBATOT MHOMXHICAAMI JIATPAIDKA, A caMy Teopexy 1 - NPaBIION MHO-
wuveseit JJarpanaa. fleno, wro smecre ¢ nabopom A; coorromennsan (3)-(5) yaosie-
TBOpSIET HAbop (A (t > 0) - madbop muoxcrreseii Jlarpan:xa onpejensercs HeOIHO3HAY-
uo. Hanfosee BaknbiM HEOBXOAHMEIM YCAORHEM OITHMAIEHOCTH SIDJAETCA PABEHCTHO
(3). HassiBacmoe vesroBuem cratnorapioctin. Coornomense (4) HazbBaOT VeI0BHEM
JonoanureasHol nexecrrocru, Lean fi(7) < 0 anst gekoroporo wriekea i ws £, 1o
orparndenne fi{z) < 0 Ha3pIBAIOT MATKHM B TOVKE T, B 9T0M cayvae w3 (4) cieayer
pasencrso A, = 0.
2. JokazarejibCTBO npapiiia MHEOkKHTENel Jlarpanaka.
4 Kaxqiomy narypaansoMy auciy N HOCTAaRMM B COOTBETCTRHe (DYHKIWI
N , . |z — Z|*
OV (1) = folz) + NO(x) | —

J

b
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W 3KCTPEMAILEVIO 3aja4Vv
& () — min, x € B(z, R). (6)

Uneao B > 0 cuwraem macroasko mainss, wro B(Z, R) C U, folx) = fo(z) Vz €
B(&, R), dyuxnmn fo, f; (¢ € 1) nenpepsisro jmddepennupyemst sa mape B(#, ).
Cymectsopanne pemenns £ 3agawn (6) cueayer nz reopemst Befiepurpacea. Cripa-

seauBo wepasencrso @ (V) < ®N (1) nan, Gosee noapoduo,

|

2

< fo(f). (7)

- I

2

Fala™) + NO(N) +

B wacruoern. w3 (7) soirekacr onenka N®(z2V) € fo(2) — fo(z"). Hocaenoparensuocts
2N € B(2, R). Bean & — npeaediniias Touxa 9ol nociegosarensioctu, To B(T) = 0.

M3 (7) coenyer HepaBencrso

| P
@+ ZZ ¢ f(a)

C apyroit cropouw, € B(z,R), cregoparensuo fo(r) = fo(#), noaromy & = 7.
Besigas upeiebnag TOUKA HOCICI0BATETLHOCTH T° coBirajaer ¢ 2. 310 03HAYAeT, 1T0
N — & Ipu Gonwuux N ssuement z° eerh puyTpennss Touka mapa B(E, R).

Tax kag zV — Bayrpennss Touxa wapa B(%, R) w z™ vunuvmsupyer dynxuuo ©Y
na aToM mape, 10 ¢V — kpuraveckas rouka dyaxmin &V (VY (V) =0, 1 e.
fo@™) + N Z fiaMFi(zV) + N Z g (fulz™) fl(2™) + (a2 — )" =0

=y iel

Pazgemam 910 paBeHCTBO HA HOJAGKHTCILHOS YHCIO K% TAK, 4T00bI NOAYIHIOCH CO-
OTHOmeRKNe

N1 N K grioby 4 (& = 2T ™
A F N 4 Z\ Fa") + =0, (8)
B KOLOPOM
A E+Y (A2 =1, YN (9)
el
Taxum obpaszom,
N N N PNy g N N s y
AU = }QT ’\-i Ff,‘{.’i' ) (i € Iy), Aj = ﬁ(} (j,(b )) (1 € 1), (10}
EY =1+ N M)+ N W (HEE)P] 21

iGly =y
Kamas w3 nocaeposarensiocredt AN (N = 1,2,...) orpanutdena, moarosMy, He yMeHsb-
m1as O0UHOCTH, MOKHO CUHTACE, 410 AN — Ay, Vi € {0}U];. [lepexoas B (9) x npeaeny,
HOAYHACM PDABCHCTBO
ol 2
Ag + E A =L

el
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13 970ro papewcTra CASMYET, TTO 0w Dbl OJHO U3 Jnce. 5\1- OTHHYHO OT HVJIA.
Hosywenitotii mabop ;\L spadercd uckombm. eficrsurensuo, yerpemass s (8) N
K OC, HOJIy4aeM YCIOBHE CTaHONADHOCTH (3) (MCOOMB3YIOTCA COOTHOUIEHAS &'° —% 7,
AV A{).
Bean f,(2) = 0,10, 04eniisio, A; /

£) = 0 # ycjoBre JOMOMHHTC ILHON HOKECTKOCTH
puimosneno. Fean fi(2) < 0, to fi(z") <0

'\
VY < 0 VN >> 1, caenoBaresinio,
, N -
N Y e MY
A = g (f(2) =6,
K’
nosromy A; = 0, T e. (4) cipasesmso 1 B 3roM cayuae. B emny (10) AY >0, AN =0
(i€ 1), moaromy Ao =0, A, = 0Vie lw
BapuaeTsl Te0peMbt 1 COXPAHHIOTCS, €C/IH OLHO U3 MHOKecTs [y, I 1vero.
Teopema 2. [Tycmv T — A0KAADHOE PEUWEHUE 30001

fo(z) —» min,

file) 0 (iel), xel,

w dynruuu f; nenpepueno dudpepernvupyensot 8 oxpecrnnocinu moski I To2da nail-
dymea maxue wucaa A, = 0, we sce pagnne O, wmo swnoanenw yeaosus (1), (4) ¢

I| = !

Teopema 3. [Tyemy & - AoxaavHoe peuienue 300a4n

fole) = min,

filz) =0 (€lh), zel

u ynruu f;
dyrca marne wiea .\,,, 2= 0, ne are paguwe 0 odnospemeniio, Wino aunoaneio Jeioau
(8) el = Iy

Te OpeMbl 1-3 BhipazkaloT IPapiio MHoMKHTe/ el /larpasKa. Bo scex TeopeMax g 2
0. Benu /\0 > 0, 10 pazge s ua Ay, HOTyUaeM CHOBA HADOP Muoxumrencit Jlarpaixa,

Henpe /mlraufl ()’Ur;lf,()(".” HNH,‘)*,L Mbi B8 ORPECTRHOCTING oYKUY A 'f}J,.'»./M MaTi-

15 KOTOPOro Mo=1.

3. Ycnosus peryiapHOCTH B 334a4aX € OJAHOTHIHBIMH OrPAHHYEHUAMMU.
Jlarpamsk cHuTAT, 9T0 BCELMA MOKHO B3g1h Ag = 1. QUHAKO 310 ZAKOHHO, JHILL 0C/H
3\0 > 0. JLiofoe npeano oKenue, rapauTHPYIONEe HEPABCHCTBO Ay > (), Ha3bIBAIOT
VCAOBHEM peryiasipaocTi. B akeTpeMaisoil sasaie

folz) = 2o — min,  fi(z;. 2o

/

pemsense & = (0,0)%, yesionue peryngapuocts e BpnoaHeHo. JeHcTBIRTeI6HO.
ol faN \ o — N
fo(2) = (0,1). fi(&) =(0,0)

u paserctno Agfi(2) + A fi(1) = 0 Bosmoxuo sniun npn Ag = 0.
Teopema 4. Ecau cucmemae sexmopos f{(1) (1 € Ly) aunedino nesasucuma, mo 6
NPEONONOINCEHUAT TNEOPEMUL 8 BVNONHENO YCAOBUE PELYAAPHOCTIU.

2 P0g0hH
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< Cornacuo teopeme 3 nallaires neuyiesoit nabop A; (i € {0} U Iy) Takoit, wro

Nofold) + Y AfilE) = 0.

10y

Ecnu )\u = 0, To cucrema sekropon (&) (i € Iy) muneino sasucuma. 1porusopeune.»

[IpupeEm yeaosue peryasgpHOCTH i 3a4a%i ¢ OrPAHHYCHUAME THIA HEPABCHCTH
(I, = @). CyumecrBenuyio polb 34ech Hrpaer Muoxkecrso muaexcos [(Z) = {i €
I, fi(#) = 0}, cOOTBeTCTBYIOMNX KOCTKUM OTDAHNICHIAM.

Teopema 5. Ecau natidémes sexmop v uz R™ maxod, wmo fi(2)w < 0Vi € 1(L).
mo & npednoavsiceruaz meopemst 2 Ng > 0.

<« B cuy reopeMel 2 CYLIECTBYeT HeRyieBoi HabOp HeOTPHIATEIBHBIX HACe.] N (e
{0} UT) raxcit, uto

/\:nfﬁ (@) + Z \: fild

iel

Eemn Ay = 0, 1o nociejiee paBeCTBO BIEHET COOTHOINIEHMH

Z /\‘éf;{li”jl'f.‘ = Z ,";.ﬁf% (_f.')‘u =)

el e 11E)

D10 npoTHBopeunT HepasencreaM fi(Z)jv < O Vi € I(z).»

s adpdpupaesix Gyt f; (1 € [) venoBue peryiasgpHOCTA BCerifa BHINDIHEHO.
Dror hakT He CAegyeT U3 TeopeMLi H 1 OyIeT J0KA3aH 103Hee.

4. YciaoBusA peryjisippoOCT# B 3aa4ax €O CMeNIanHbiMH OrpPaHUYEHIsiMH.
Pacemorpusm zanaay (1),(2), 8 kotopoii I # @, [y # @. Bysem c4utarh BHIONAHEHHBIMH
yenosus Teopennt 1. Cornacuo 3Tol Teopeme CymecTayeT nexynesol Habop MHOA T
Jeit Jlarpamka A i€ = {0} U U Iy rakoif, 9410 MMEIT MECTO (Ummnnormﬂ (3)-(5). Kax
H B HPEANIEcTBYIONEM MyHKTe, nojaaraem [(T) = { = [, fi(z) = 0).

Teopema 6. [Tycmy cucmesa sexmopos fl{z) (1 € I(,LJ(. "J‘, AUHETIHO HESABUCUM.
Tozda 8BNOAHEND YCAOBUE PESYAAPHOCITIU.

< Ecam i- oe orpammuenue markoe, to A = 0. Tostomy ua coornomennis (3), (4)

BhITEKACT DABCHCTRO
0 e ; ol ~
Ao fol) + E Aifi (%) =
el (£)

[Ipeanosomenne /\Aﬂ = 0 Buewér 3a cobolt smuelny© resaBuCHMOCTE cucreMul f{7) (i €
Ig UI(Z)), a 370 npOTUBOPEYUT VCJIOBUAM TEOPEMEL B

B nureparype npeinosomxenns reopemsl 6 nmenyior veaosrem A (eam. [14]). Menee
OTPAHUMHTENLHO yeToBye peryusproctn B: cucmema eexmopoe fI{2) (i € Iy) auneiino
neaaeucuma u waddémea sexwmop v us R* mawet, wmo

fi(L}{ = " = Jri_i), fs( )I’< 0 ( [(I))

Teopema 7. llpu samene ycaosur A wa yeaosue B ymeepocderue meopesmol 6
CLIRAETNCA CNPAGeOAUsbLM
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et
Nel

«llpesnonomnm, uro Ay = 0. Toraa

Y AfiE) =0

i IgUl (i)

>, AfilE= ) Afiaw =0

iclpUl(2) i)

Orciopa nosyvaem

B coueranuu ¢ yeaonuem fl(i)n < 0 (i € I()) ato Baeuér pasencrsa A, = 0 Yi = [
Ho rorja cucrema Bexrop-crpok fi{(x) (i € Iy) auneiino zapucama. [Tpotusopeune
5. 3agaga sa Mmunumakc (Heodxoammsbie ycaosust). [lycrs [ — dyukmus, onpe-
nenéunas na mioxecrne X C R”. [é najrpadukom (3nurpadom) HasmbaoT noiMHo-
weetso R? x R = R™!, ofoznavaemoe cuuBOIGM €pi f B ONpPe/IesIseMoe PaBeHCTBOM

epif = {( ; cER"xR,ze X, 22 flz)

Jlemma 1. 3edoua
f(x) = min, zeX (11)

IREUBEAEHNMNIG 3000Y%L

‘ (,z? o L
2 — i, ©opl ] (12)
\ 2 ' '

A

8 CACOYIOUEM CMBLCAE: ecaw T — pewenie sadavu (11), mo 6exmop ¢ KOMIMOHCIMaMi
&, F(E) ecmo pewenue 3adavu (12), sepro u obparmnoe: nepsas KOMROKEHITIL DEUICHUA
zadayw (12) ecmv pewenue sadavwi (11,

4 [loKazaTensorso OpeIoCTamisaeTed HPOBECTH CaMOCTOSTeAbLHO, TROMOTPHYECK
(haxT COREPITeHHO OUOBICH. B

ITyers na muoxecrse X C R™ 3anano cemeitcrso dyvakupit f; X -2 R{ie [}, T -
KOHEIHOE MHOKECTBO HRACKCOB. DynKias

fle) = max f;(x)

el

TaKXKe otipejeaena na muoxectne X, Bagada Munamusamy PyExuny [ 5a MaOKecTRe
A ZAIMHCHIBARTCH B BiL10

max f;(2) = min, € X (13)
=¥

W HA3LIBACTCH 3ajadelt na mususare, Ona someT HBITL CBEJCHA K Ja/1a%10 HA VCI0RLLI

swerpesys. Conocrasum aaaade (13) sanauy
Z == Min, (1:

filz) —2 <0, z€ X, 1€ 1. (15)

i

Jdemma 2. o) Ecau & - pewenue sadavw (15), mo ( f(2) - pewienue 3edan
(&
N
(14),(15); 6) ecau ( 5 |~ pewenue sudavy (14),(15), mo & - pewenue zadavu (13)
\ :



20 I'VIABA 1. HEJIMHEWHAST OIITHMHA3ALIHST

<V3 onpe/enenns (DYHKIUKY [ BEITEKACT PABeHCTBO

epi f = ﬂ(-‘.pi £i .

iCd

Teitepb A0KA3HIBACMOE YIBEPKICHHE CACAYET i3 JeMMBL 1.»

Teopema 8. [Iycmv X — omxpuwmoe nodmrogicecmso npocmpancmea R", & - pe-
wenue sedavu (13) w dyneyun f, © X — R (i € I) nenpepusno duddepenupyemm
8 nexomopoti oxpecmuocmu modxy &, Hyemn J(i) = {i € I, fi(#) = f(&)}. Tozda
clyecnsyiom maxue neompuyamenvtue wueaa iy (7 € J(&), wmo ewnoanenv coom-

Z i fi(&) = 0, Z i = T, (16)

JETE) jEJ(E)

HOUWLEH LA

« Onpegenum Ha muoxectse X x R dyuwin go(z,2) = 2, gi(z,2) = fiz) -z (i €
I). Banaua (14),(15) mMoxker Ou(Ib 3aUMCANA B BIA/IR

go(z, z) — min, (14')
f}/.{-r- ::) 5; ﬂ-, ie [, “_r)f‘)

-
Oyakmua g; (7, z) menpepsisno guddepenimpyeMbl B OKPeCTHOCTH TOUKH ( 3 ) =

f(z). TTpu arom
ah(#,2) = (0,1), 4i(®,) = (fi(8),-1) (i € 1)
FEean v = \ 1 ) - gextrop w3 R™ x R, 10 ¢i(z,2)v = =1 < O0Vi € L Tlosromy

B PACCMATPHBAEMON CUTYAlLNU BHIMOJHEHO YCIoBHe peryaspnocrn (em. Teopemy ).
Cle/loBatedsno, CyMeCcTBYIoT HeOTPHIATe bHEBE ucia X; (1 € 1), ya0BACTEOPAILINe
COOTHOMICHHAM

go(d.8) + ) Nigl(#,2) =0, (17)
iel
,«‘I,_g,'\'r‘, 2)=0 (i € I). (18)

-4
£

M3 yeaopua (18) phivexaer, 4ro N =0, ecn i ¢ 1. Pasencrso (17) BAewdT coOTHO-
nrenns (16} ¢ pu; = /\A_j. Jocrarouno cnpoegruposars (17) va R® u R corsercrento.
[poexrupopanue na R® paeudr nepsoe u3z coornoutenuit (16), npoekruposanue na R
IPUBOJMT KO BTOpOMY U3 pasencrs (16).»

6. 3ameuanna u npuMepsl. i[pasuno muoxureneil Jlarpamxa npejacrapider
HEOOXOQUMOE YCJI0BHe MHHUMYMA iTepBOro mopsaixa. OHO MOXKeT ObITh AONOIHEHO He00-
XOAMMBIMIL ¥ JOCTATOYHBIME YCIOBHAMH MAHMMYMa M MaKCHMyMa BTOPOrO NOPsiKa
(em., manpmmep. [4], [14], [5]). B paje uHrepecibix 4acrublX CAVYACE PEIISHHE IKCTDE-
MATBHOH 331248 MOXKHO HAHTH, OTUPAACD JIHIIL HA TEOPEMY CYIECTEOBAHUA U IPABUILO
MHOZKHTeRelt Jlarpanzka,

Iipumep 1. Hatlmu maxcumym Pyrnkyun f(T1, To, ..., Ln) = T129 ... Ly NPU YCAO-
BUAL
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Ty Zo 4+ Ty = 5= 0 Iy =2 O,.ﬁ{'; > 0, ooy = 0.

< [lepevuciieHibie VEAOBUS BBLICIHIOT 3aMKHYTOE OrpatiliIeHHOEe MHOMECTBO B
npocrpancrse R7. [Tockosbky QyHkins [ HeNpepeiBHA, T0 3aja4a HMECT DPemieune
o= (0. .. 2p)" . Oueswuno, uto & > 0Vi. Clegosarenbho, # ABISCTCA PEMICHUCM
32,1211

fﬁ(.’r[ sy ,.Tn) = —=ITy. . &y — [I.li[l,
filzy, ®a,...,Cn) =B+ T2+ +2;,-8=0 (2,>0,:1=12,....,n)
B cuy npasmia vuokuresei Jarparka cymecTryor yueaa Ag. Ay, ne pasusie 0 oi-

HOBDEMENIO U TAKHE, YTO & eCrh IKCTpeMasib Gyuakunn F = Agfy -+ A fi. Takum ob-

PAZOM, f)ii =0(=1,....,n),c =zl ..2p + Mz; = 0. Orcioga BEITEKACT, HTO
Ao # 0, A # 0, 5 = 5/n Vi, Heromptit Magenyyy iy HKUAT A0CTHIASTCH B 0 IHHCTBOR-
T

e S
noit Touxe T = Sn~t(11...1).»
BbITeKAIONIee 13 NPOBCAEHHBIX DACCYZKACHUI LepaBeHc o

— o R TR RS
YTiTa. .. In &€ — B
T

HMEET MHOTOYHCICHHBIC MIPUAOKEHHs B ONTAMH3AMN. B Kadgecrse miunocrpaiyn pac-
CMOTPDHM:

Mpumep 2. Yepes mouwy M, pacnoaopwernyio erymmpw mpérepaiiozo yzae (Q,
NPOBLLMYL TAOCKOLIY, OMCERGIOUI0 OM 1LE20 MempPaddp 1HEUMENLULC20 NOEEMI,

<« [Tpuven spepmuny () B KAMECTBE HAUAIA KOOPJHHAT, & KOOPAUHATIILIC 00U i
MPABHM BIOAB JUHMA HepeceneHns I0CKoCTel, obpasyiomux 1péxrpannaii vion. B
COOTBETCTBYIOMISH KOCOYTOMILHON CHOTEM? KOOPAHAAT YIoU () GITHCRBARTCH COOTHOIIE-
st 2 = 0,y > 0.2 2 0, rouka M uMeeT TOT0AKHTEIbBHbIE KOOPIAHATLT Xy, Yn. Zo.

Feau moeckoets

poxoauT depes roaky M. ro
.J’I{] ; i’ﬂ) :‘;(.I -

a ) -

O0BEM TeTpas/ipa, OrCAKACMOTD HT0I NIOCKOCTLI), BhIYMCIAETC N0 (hoparyre
V = kabe, rae k — megoropas NOJoKATEIEHAA nocrosinan. CaeoraTeanno,

o'y
k 1 L woyezo | L &g w20, ) |
T T o o — i+ 5 +-"! S 5o
v abe  xgezy abc ToYodo \ @ b c S Yn

e, V = 2Tkrgyozg. MUHBMANBHOE 3HATEHEE OTCEKAPMOrD o0bEMa JOCTHTALTCS, ecin
a = 3xg, b = 3yu, ¢ = 3z, Uurareino npeanaraeres CamMoCcTONTETHLAO JATh MeOMETPHYe-
CKYIO HHTEPUPCTAIMI) HOJNVIEHHOTO Pe3vibrata. p

Ipumep 3 . Cpedu mempoaadpos ¢ 3adannuiaiti ocHOGOHUEM U JAUNHGTT GHCOTIM

HATImU UMeOUUT HAUMERLULYY DOR0GYI0 NOGERTHOCING.
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< [lycos ocropanse nupaMuin — rpeyrosbink ABC, nmva seicorst pasra h, O -
OCHOBAHKC BHICOTH! MUPAMUIE, & — paccrosaue or O 1o npamoit BC, s3aToe co 3HAKOM
mwnoc, eciun O JesnT 1o Ty we ¢ropory or B, wto i rpeyronpank ABC, 1 ¢0 3HaKOM
viuaye 8 obipatEoM eayvae. AHAJTOTHYHO (KakK OPACHTHPOBAHHKIC PACCTOARMA 10 HPA-
stk AC w AB)oupeseann y n z. Torga mnomans S rpeyroasunka ABC seaucageres
116 hopmy.ie

S =

(ax + by +ez),

B3 =

rae @, b, ¢ — st cropor BC, C'A. AB cooreercrsenno. Ilnomaas 6oxosoll nosepx-
HOCTH TOTDASIPA

Sp = =(avz? + B2 + b/ + h? + /22 + hE),

2|

Pacemarpugaemad reOMeTPHYECKAN 300292 CBOMUTCH K CAeLYIOIIel 3a1a4e HA yCI0B-
HELL AKCTDEMYM

folz,y,2) = oVa? + h? 4 Y\ 2 L A4 /22§ B2 — min,
filz,9,2) = ar +by + cz — 25 = (.

Dynxuus [y HeupepsiBHA, NPE JIGH0M JeHCTENTeNLIOM | HIDKHEE JIeDeroBG MHOKECTBO
{fo <1} 3ot bynxuun orpanugenc. [osromy cymecrsopague pewenns (ry z)" svo#
Jaa40 BRITEKaeT u3 Teopemnl Befiepmrpacea. B panmnom cayuae fi(z,y,z) = (abe) #
0, 910 ofiecneynpaet peryagpiaocts orpanuyenus caza fi(e, y, z) = 0. B ¢cuny npapmia
muozcaTeieit Jlarpanxa rouka (29 2)! apasercs sxerpemaisie bynkumn F = fo+ A fi.
Orcoga n1erxo spBogaTes pasencrsa 2 = y = z. Takum obpazom, O evrts HeHTp
OKPYHKHOCTH, BOUCAHHONU 8 Tpeyroabuns ABC. p

Hapsiay ¢ merogom Muoxaredeid Jlarpanka f 2a7aqax Ha yeaoBHSHT HKCTPEMYM
HUPOKO HPHMEHAIOTCH METO HCKIOMEHNS, MeTOH 1Tpachusix (PYHKIHHE, METOL 1po-
eKIMN TPANUEHTA | APYrHe Yucaeittbie Metoust (em., sanpumep, [4], (9], [14]. [12], [17]
¥ UPHBEZGHHYIO B WaX JauTeparypy). Hekotopsie Meroip GPHOINKECHHOIO PeIHeHis
IKCTPEMAILHBIX 34a% 00CYKAAIOTCH HAKE.

1.3 DBemykibie (pyHKINA U BBIMYKJbIE MHOXKECTBA

1. Onpeaenenue m npocteifinue cBolicTBa B8LIMyKIbIX (pyrxomit. [lycrs
X - seinyrsroe noamuoKecTso npoctpatcrsa RY. @yuxmaio f 0 X — R wassisaor
RRITYKJIOH, econ s mobpix v € X, v € X, A € (0, 1) umeer Mecto nepasencrso

ST = Xu+Av] < (1= X)fu) + Af(v). (1)

Coorromenue (1) nazsisaior nepapescrsom Mencena. Ero reomerpuuecxuii eMbicst cie-
Ayommii: parpadhur hyukuun [ ecrs BBIIYKIOe TOAMHOKECTRO poctpancTea R x K.
Eean nipst v # v nepasesnctso (1) 4BAsercs CTpOruM, 10 QYHRKIHIO [ HAZLIBAIOT CTPOTO
BBILYKJIOM Ha Muoxectse X .
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Jhiobaa adpunnas pyuxmust f(2) = a1z + agry + ... aue, + b sunykaa, v weé
(1) npespamaercst B PARCRCTBO, LGITOMY OHQ HE SIBISCTCS CTPOTO BHUIVKIOH. Dyuking
|| erporo semyxia va R™. [leficrsureansno, uvers u # v, A € (0, 1). Totua

o 5]

|(1 = Au+ Avl? = (1= AP ul* + 200 = M), ) + A2t

’

A

< (1 =\

+ AL = A)(uf® + [0) + X3el* = (1= A)ul® + A)?

B CHJTY HOPABEHCTBA Z(u, v) < |ul® + |v|*

OTMETHM HEKOTODBIE CBOHCTBA KJIACCA BRULYKJABIX <Dy K.

1. Heompuyamenrtmnon anmelnnes KoMOUNGUUA KONEUN020 YUCAL GONYKAUE By
YUl ecmnp CHOGA GOLNYRACHA DyrKILA.

2. Tornas ceprria 2pait moboz0 CeMETICINGs GanyKAvT GYUKUUTL comb 6unykia
dymruia.

3. Feau w: R = R - eospacinaouas ewnyrkaos Gynkyua, g : X - R — annyraas
ywruus, mo cynepnosuyua o g X = R - sunyxaon dynruua,

4. Feau [ - ewnyxaad PYrKyua. mo {HudCHuE ae0e206b MHONCECTIRG OYHRILL
BUNY KDL

< 1. Hepasencrsa OfHOUMENHOTO CMBICIA MOKHO CKAATBIBATE H YMIOKATL H
HeOTPHIATENBHBIC YHCIa.

2. lycry dynxmun f; : X = R, (i € I) suimyoi,

flz) = sup fi(x)

icF

TOYAAA BEPXEAS Ipanb cemedcrra yvaknuli f; (1 € T, vuokeerso [ yvomer Gner,
-.".lf.‘,cxr.mi"mm.\-1_). O 1eBHHO COOTHOIICHTE

epi f = m epi f;.
wef

Teweps A0CTATONHO YVHECTH, TL0 nepecetetiue JIoN0i COBOKYIHOCTH BBIIYKJIBIX MIO-
HECTB 1L BLITYKJIOP MHOMKECTBO.
3. Uenomwaywres pmuykiocrs yuxiuuali o, f 1 Bospactanue hyukimm o

(1t = Xu+ Av]) € @l(1 - N fu) + A0 € (1= N[ (w)] + Al f ()],

s

4. Tlyers f(u) € C, fv) € C. Toraa f(1 = Xu+ M) < (1= M) fu) + Af(r) < C.
CuejtoBaTe/ibao, Bee HuzuHe Jgeberopsl MuexecTsa Gyuknnn [ BLIYK/ILL, b
Orsmerim 603 Jokasare heTBa (Ieayone hakThi: seimykiad viikuus [ X = R

HelpepeiEHa na MHOzKecTre X 1 nowtn ey mudxdbepentupyena,

2. Kpurepnu BHINYKJAOCTH AucppepeHuupyemMbix (DyHKIHR. YCTANORIM MHO-
FOMEPHBIE AHAIOTH XOPOIIO M3BECTHHIX s QYKL OHOT0 NepeMeHHOr0 MPH3HAKOR
pumykaocta. Hyern U7 - orxpiiroe seinvkioe noamiozxecrso R, f: U — R - aud-
chepernupyemag dynrnust, f'(z) - npoussoasas Gyurunn f B roUKe 2.

Teopema 1. Caedyroujiie Yerosus IREUGAALTHITIHGL

i) dyrnyua f: U — R sonyraia;

2) dan 4060t napve U, v u3 U UMECTR MECINO HEPAGENCINGO
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JS) = flu) 2 ['(u)(v—u); (2)

3 )enpasedanso coornmotenue

(f' (v) - fw),v—u) 20 Yu,v € U. (3)

< 1) — 2). B cuany nepapencrsa Uencens
flu+ Mo — u)] = flu) < A[f(v) = f(u)] (0O < A <1).

Cregoparelihio,

flu+ Alv ;“)J —fl I < flv) = flu).

IIpu A = +0 noayvaem Hepasencrno (2).
2) — 1). U3 (2) caenyer paBeHCIBo

f(z) = sup{f(u) + f{w)(z —u)}.

Iy
el

-';

L,

=

Dyuknus [ BRIOYKAA KaK TOUHAS BEPXHAA IpaHb HEKOTOPOTO CEMEHCTBA BHITYK/ILIX
(1 paake apdunpex) Gyrkum.

2) — 3) Mengag » sepaBenctee (2) /eMENTH %, % MOCTAMH, TPUXOIAHM K HEPABEH-
CTBY

flu) = f(v) Z F'(){u—wv).

Craaaupag ero ¢ (2), nonyyaem (3).

3) = 2). B enny dopmyiisl KOLCUHBIX UPUPAITeHil crpageiinso paBenctso f(v) —
flu) = f{w)(v — u), B xoropo#t w = u+ 6(v — u), 0 < 8 < 1. Teneps 2) sblrekaet 3
COOTHOMCH I

f'lu)(w —u) = f'(u)(v—u).

T

Flw) (v —u) = é_[’(?f"){'uﬁ —u) =

Urak, yenosie 2) sKBUBATEHTHO KAXKIOMY U3 yetosui 1), 3).»

Feomerpugeckuit empics yeaosns 2) gocrarouno scen. [Tpu n = 1 ono o3uagaer,

UTO IpadHMK BHITYKICH (DYHKLHA JeAKUT BRUIE KacaTeapHolt & memy. JLas JIBaskib
Jgubdepenmupvenoit byrknus [ U — R cnpageanus caeyrmmi Kpurepinii BLiyK-
JOCTH,

Teopema 2. Bunyxaocms deasicdu, duddiepernuupyemoti dynsyui f oxeusarenmiia
neompuyamesvroci emopod npoussodnot (f"(z) =2 0), m. e. neompuyameaviocnu
waadpamuanoti popmw (f7(x)h, h).

< CxemMa JoKas3aTeInserBa. Buiyknoets Gynkiuug [ 9K BHBATCHTHA BhIIYKIOCTH ef
CYAKEHNA Ha KazKAYI0 UpAMYIO « + th, 1. e. Beuiyksoctu pynxknun p(t) = fla + ih)
omnoro mepemennoro t. Teneps yrsepmaeuue caejpyer s pasencrsa 2" (1) = (["(a +
th)h, ) w Kpurepust BImyKI0CTH DYHKIUU OIHOTO HEPEMENTOTO. b
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o

Ecm f7(z) > 0 Vo € U, vo dyuxkuuga [ crporo suirykiaa. JLad upoBepky veaopns
FMx) > 0 moxio nenoab3oearh Kputepei Cunssecrpa. Teopemsr 1, 2 vioGuo komou-
HUPOBATH ¢ OTMEYEHHBIMH B NEPBOM [yHKTe cpoficTBaMu 1-4 BHMYKABIX (PVHKLULIL.

Bagaua 1. Hecaedosamy 1e Gunykiocmy U Cmpozy unyKAecm dynriio

Pl My 1 i) = Z Le ™ (p > 0).

f=]

Bagaaa 2. [Tycins Q@ - nenyemoe sunyrace nodmnoxcecmso R™. Joxasams gui-
nyxaocms Gynxyuy f(x) = dist(z, Q) (v € R™).

3. Beinykiiags m KoHu4ecKada obomgouka muoxkecrsa. Beivkioit kovOuna-
IUeH TOUCK (G, Uy, ..., Un HAZBIBACTICH TOUKA 4, TPEJAcTaBUMag B BWIE a = Aja; +
Agity o Apli,, THE A 2 00 A + Ao+ -+ A, = 1L Beinykuioi 000J109K0H MBOKeCTRA
A C R" BassiBaercs MHOKECTRBO, COCTOAIISE M3 BHIDVKILIX goMOunauui rovuek us A.
Ono obosnastaerced caMBogOM €0 . MHoKkecTB0 €0 A BBIMYKIO 1 conepxRuT A; MOKHO
HOKARATH, YTO O A HanMenbluee u3 BbIYKILIX MHOXKCCTB, COAPPIKANUX MHOKECTRO
A.

Kounueckoit koMbuHannei To4ex ay, .. ., 4, 13 R" nasemalor rouky a, npeacrasm-
MYIO B BUZE & = Aty -+ 4 A, tae Ay 2 0. Kownreckoit obonoukoit Muomectsa A
HAZRIBACTCH MHOZKECTBO, 0003HAMACMO® CHMBOJIOM €O A B COCTUSIIIGE H3 BCEX KOHME-
CKIX KoMOunanuil Tovex n3 4.

3anaga 3. [Tycme omobpascerue P conocmasasem o ws R® saemenm $(r) =

1

HH B ¥ F
( ) (¥ 55 L:‘zi" X [f'P ;ZrJri'(l.‘_ﬁ.f,'if.‘,o IREBUGQACTTIHOCTIID e",.-”f.fir)"_f_,l)f,'m]?a‘,:r.‘ SRAMERWU, o = CO ,-i t

(i)[in‘.'_] & con fTJ(;l_"_I.
Jlemma 1 (Jlemma Kapareogopu). Jwotl saemenm a u3 con A donyeracm
NPeICmasAeHue

A

a = S it
A
ed

6 komapom a; € A, p; > O Vi € J u cuemenma sexmopos a; (i € J) aunelino nesasucu-
M.

<4 [Mockonbky a € con A, 10 4 eTh KOHUYECKAS KOMOUHALMS UIeMeHToR a; 13 A,

s |
g 2 AiGyes

i

T, €.

re A, > DV € 7. Bean cucrema BeKTOpoR ¢; (1 € 1) annellyo #ezapucuMa, TO Bee
JoKa3ano. B porHBHOM caydae naiayTes qucaa f; (1 € 1), OIHO 13 KOTOPBIX THOSOHHI-

}: boas = 0.

regbHo, Takue, "ITo

(O 4eBuIHO PARCHCT RO

0. = Z{/I\, = ,/\ﬁ;)f,i.; .

H=
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Ecor A = min{ A/t } (4 > 0), 10 Bee mexa A; — M; HEOTPHIATENbHLE H XOTH 06l 0410
u3 unx pasuo 0. 10 Ja8T BOZMOMKHOCTS HPEICTABUTD @ B BUde KOHUIECKOH KOMOHHA-
uan cucremb atementos a; (i € Iy), rae I; — coberpennoe nogmuowectso /. Tax xak
] — KOHeHWHOe MHOMECTBO, TO MOCHe KOHEYHOrO YHCHa WArOB NPHIEM K TpebyeMoMy
pesyibrary.p

Caencrene 1. JhoGoh saemenm ua con A eems Konuveckas sombumarjiui me doace
UEM TL IAEMENTNOE Ud A.

Crencrsue 2. /hobas mouka u3 co A ecmo swnyxiaa sombunauua ne boree nem
-+ 1 movex us A.

« B npocrpancrse R” Begrasd JuHefino HOZaRMCHMAS CHCTeMa COaepKET e botee 1
IEMCHTOR, 2'TO 3aMeuanne paeder 3a coboli cneacrsue 1. JJOKA3aTE/IBCTRBO CALACTBHS
2 onupaeTca Ha pesyanTat, chOpMyanpoBasnkil B 3aaa4e 3. B

Jdemma 2. Konuneckaed o60AGNKG KOHENHOZ0 GUCAL IALMENTIOR €CML JUMENIMOE
nodmroscecmeo R".

< Ilyers A = {ay,...,0,m}, X = con A Eciu cucrema BEKTOPOB @, JHHSNTHO Hesa-
BHCHMA, TO OHPEIE/IAEMOe PABCHUTBOM

l:i'l"‘w)ﬁ}')a HOHHE TOORKATENBEHONO OPTanTa

R™ = {A=(A... M) €R™, A 20,i=1,...,m}

Ha K ecth romeomepdusm. OTCKYIA JNEIKO BBIBOAHTCH 3AMKIYTOCTh MHOMXKoCTBA £ B
PACCMATPUBAEMOM CJIVHAL.

PaceMmoTpuM Teneps cjayqail 1pou3BoisH0N KOHEYHOR CHCTEMDb) 3JT8MEHTOB (2. . . . 1 .
Corsacno gemume 1 MuoreeTso R = conf{ay, ..., f,} MOKHO NPEICTABUTE B BUAE 00h-
EAMACHIS KOHEUHOTO FUCia MEOKeCTE K L, KAXKJI0€ Wt KOTOPBIX CCTh KOHHIECKAs 0Do-
NOIKA THEEIIHO meaBucnMoll caerenms! {a, b B enny yaxxe fgokasannoro muoxecrsa N
3 aMKHYTHL. [TockombKy 00BeIuHeRne KOHETHOIO THCTA 3AMKHYTHIX MHOKECTB 3aMKHY-
TO, TO MHOXKECTBO K 3aMKHVTO.B

Sanaga 4. Joxaiams KOMIAKTIIHOCIY SWUIYKAGT 000A0UKYL KOMNAKIMNOZ0 MUOIICE-
emsa. Hpuseemu npusmep 3aMERYMOE0 MHONCELTREL NA TLAOCKOCTY, GBNYRAGA 000/
Ka KOTMOPOZO HE 3AMENYINA.

4. Konyc onopueix dyuakimmonanos. Juneitaniv QyHKUHOHATOM HA HPOCTPAH-
cree R" naswisaerca dynxung { : R — R, obuagaiomas coficrsamn

Hx+y)=1z)+1(y), (I x)=Az) Ve,yeR', AeR.

Jhobaa anuelivas pyukmua #a R" ponyekaer upegcrasnenne [(x) = pr = pra.l +
v Py, B KOTOPOM Z; - KOMINOHEHTH! BEKTOP-CTOAOUA £, 4 Py — KOMIOHEHTE BEKTOD-
CTPOKH p. DTO NO3BOJILET B JAMbHEHIHCM #AeHTH(GOUIEPOBATE HPOCTPAHCTBO JIMHEHHbIX
dbyuknuonasos na R" ¢ auueiinniv npocrpancreom R, Bextop-cTpok p = (pr.-.pu).
usoMopchariv npoctpanctsy R". B R, cramgapraniv ofpasom BBOAMTCH CTPYKITVpa
eBKJII0BA TPOCTPAHCTBA.
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Iycers @ - Beitiykioe muoxkecrso B RY, 2z € Q. Jluneitnviit dyukunonan | nazo-
BEM OHOPHBIM K MHOKCCTBY () B rouke z, ecau /(2) = I(v)Ve € Q. Copokviinocrs
ONOPHBIX PYHKUHOUALOB 0DO3HAUHM cHMBOIOM No(z) ¥ HA30BEM KOHYCOM OROPHLIX

hyHKIHOUAIOB K MuOKecTRY @ B Touke z. Quernino, uta 0 € Ng(2). Ecin z € Q, 1o
.'\-"'Q(z) = 0. /lelfcrBHTEABHO, NPOU3BOANAN B TOYKE JIOKAULHOIO MAKCUMyMa pasHa ().

Jost rpanianoil Togxu 2 xkonye Np(z) Momer Gbitn JOCTATOTHO CIGHKHO VCTPOCH-
HBIM MHOXKECTBOM, OTMETUM HEKOTOPHIE CROHCTBA KOHYCA ONMOPHBIX (DYHKUHOHA IOB:

1°. Ecauly, ly € No(z), moly + 1y € No(2).

2°. Eeau l € Nolz), A 2 0, mo M € Np(z)

3°. Onoprenidl ®01YC €CMb JAMKHYTNOC MHONCCCTNEO.

Crocobbl Hax0oXKICHHY KOHYCA ONOPHLIX (DYHKIMOHAIOBR [[PUBOIATCH B CACLYIOWEM
naparpade. 31ech ke o0cyAHM POIb ITOO HOHSTHA B OUTUMHU3ANMOHHEBIX 2, [a4aX.

5. YcoBusg MUHNMYMA Ha BRINYKJIOM MHOKecTse. [Iyers f — yucioBas dynk-
LU, ONIPEAesIEHHRs Ha OTKPLITOM W BBIYKJIOM MHOxecTBe {7 C R™; (cayuait (7 = R™ we
HCKJTIOYALTCH ; IIPH KEJNAHHT MOXKHO OFPAHUIATLCH TOJBKO ITUM YACTHLIM CIyUaen),
IMycrs Q — BeimyxJioe nojmuoxkecTo [/ Paccyarpiusaeres 3a,1a49a

flx) = min, z€ Q. (4)

{7:‘1;11‘1_:1;1@)'“11)'11\1 uf)p.‘t“_',O).-I BBOOATCA NOHATHA DEeUICHHA @ JOKAADBHOIG PEeIeHus 3a0a 1
(4).

Teopema 3. Hycmv & ~ aoxaavnoe pewenue sadewy (3) w dynwyua [ oudde-
i S - AT Ay f" ) sy — AT SN RPY Y p = % Teo o
peryupyesa 6 smoti mouxe. Theda — f'(x) € Ng(Z) uau 6 swsucanerwmiod (u wawe

ucnonvzyemoti) dopse
0€ f'{&) + No(=). - (5)

« Duxcupyem wement £ €3 ( ¥ BEeJEM BeroMorarespay o pyvukumio (1) = [|I
Hax — )] (0 < ¢ < 1). Tockonsky MHOXKecTBO () BBIIYKAO, TO = + f(r — 7)) € j
caeposatenbiEo, Gyuxims @(t) onpetenesa wa orpeske |0,1]. Hockonsky I - fokaasioe

errenne sajgaqn (4), 1o (1) = ¢(0) npr Maasx nosomHTeasubix {. Takum oOpazom
) : wit) i / A -
0< lim ———* = f'(&){z — ).
f—a4
310 sxpusancnTHO prmovtermo —['(E) € No(i).»

s puinviimstix hyuRINE HeodXoMMOe YEJIOBHE MHITHMYMa ABIACTCH H JTOCTATO -
nbist. CrpaBse;iso (“l(‘-’l\.-'IUlii}‘(‘ BAKHOE JACIOJMHeRNE K TeopemMe 3.

Teopema 4. [Tycms [ - ewnyraas na smuooceemee f u dudipeperyupyeman ¢

movre T < dynryua. E(',/z;;u. enpasedauco coommuouicuue (5), mo 7 - peuienue sadavu

(4).

« 13 Bhiuykaoctu fl'v’{li‘;lj‘l-ii'i f Q- R caeaver (em. n. 2) nepaseucrso [(x) —
(&) > f(2)(z - 2)Vz € Q. Taxk kak —['(2) € Ng(2), 10 cnpaserInBo NCPaBenaCTEo
fi &)z - %) 2 ’)\/L € @, noaromy f(z) — f(z) 2 0vx € Q.»

Bcenyyae T € Q yesosue {5) croanres k venosuo f(2) = 0. Pacunsdbpopka yenosus
(5) ang rpanuuuoil TOUKH 4 He CTOJIE IPOCTa. 34ech mp:‘;w“ 4 nropManus 0 Komyce
onopuprx gyuxuucaaions No().
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6. XapakTepucTUKa IPOEKINH Ha BhIIYKJAOE 3aMKHYTOe MHOXKeCcTBO. [lyvers
() ~ BHIYKIOC 1 3aMKiyToe noaMuoxectso npoctpancrsa R™. Torna ana andoit tou-
kit o w3 RY evinecrsyer u eutcTsenia Oovskaiinas K neit rouxa b w3z (), HA3wIpacMas
npoexumeit TouKki @ na Mamkecerso ¢ (em. 1.1), Touxa b ects perienne sKeTpemMainHobl
337347

flz) =|x - al> = min, =€ Q. (6)

@yuxuna [ sunykaa o gnddepennppyema na seén npocrpancrse R, Hosromy
sajiade (6) npivennya reopema 4. CONAcHo KOTopoH ToUKa b w3 @ apiisiercst peennen
sagaqu (6) B TOM #H TOIRKO B TOM CJIyvae. eciu

f(bY(z—b) 2 0Vz € Q. (7)
Tax xak f'(bjv = 2(b — a.v), 10 (7) IKBUBANCHTHO HEPABEHCTBY
(b—a,z—0b)20Vz € Q. (8)

Teomerpuueckuil CMpics nepaBeHeTBa (8) ouenmjien : BeKTophl O —a, r — b obpasyior
ovtpuiit yros. CyMMUpYs OPOBEJEHHLIE PACCYIRASHUN, TOIYIALM CACAYIOUHIT PE3yiib-
TaT.

Teopema 5. [as mozo wmobs snemenm b us (Q Gwa npoexyuedi mowky o Mo MHO-
oceemey @, Heobrodumo 1 ocnamoite, wmoful uMesn mecmo coommmuetie (8).

Ocranosumes e Ha OAHCH reomeTpHuYecKoill HHTepUperTauan HepaBeHcTsa (&),
Beeném quneiinptit yuknmonan [(v) = (b — a,v) (v € R*. Coornomenne (5) sKBH-
panestHo Hepasenersy [{(z) < I(b) Yz € Q, ne. 1 € Ng(b). Ecmma ¢ Q, 10 b # a, 1 -
HEHYIeBOH (DYHKUROHAN, HUPU 3TOM

I{a) = (a = b,a) > (a —ba) = l(z) x € Q.

B 4actrocTH, Clpapeaiasa

Teopema 6. [Hycmu movwsa a He NPUHACAEHCUIN GUNYKAOMY U 3AMKEIYTNOMY 100
mnoacecmey ) npocmpariemea R". Tozda nailidémen maroti sunedinmi dynxyuonan l,
wmo ((a) > max{l(z). z € Q}.

Ecau B ycaosuax teopembt 6 I(a) > ¢ > max{{(z), » € @}, 10 muoxKecTBO (@ W
TOYKA @ JIesKaT [0 pasHule cTopoust or ruuepniaockoctd {(z) = ¢ B cea3u ¢ arum
reopemy 0 HHorda uMenyloT reopemoll o pasaeagionieit runepmaockoeTn. Vs neé prite-
Kaer, anpEMep, 1o BCAKOE 3aMKHYTOe BEIYRJI0C MuoxecTBO B R" ecTh nepecetenue
COALIKAIIUX €10 HONYIIPOCTPAHCTS.

1.4 BreimykJjas OOTAMUA3ANIA

1. VYenosue Creiirepa. [Tyers U — 0Tk peIToe BIMYKIOE TOAMHOMKECTBO [POCTPa-
ecrpa R*, fi : U = R* (¢ € [) - xonednas cucreMa Buinykasx dyrkupid. Muokeerso
Q:={zxelU/f(r) <0, i€ I} Bunyio Kak NepecedeHue CHCTEMBl BHITTYKIABIX MIIO-
xecrn (2 € U, fi(x) < 0} (i € I). Cucremy mepasencrs fi(2) € 0 naszosém CHABHO
COBMCCTHOM, eciin CymecTByeT aaement T w3 U, wig koroporo [;(Z) < 0 Vi € I; B srom
CJIydae roBOpsIT, ITo BulIodHeHo veaosue Chaeilrepa.
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Brracnum cTpykTypy Konyca onopuuix cpynsnnonanon No(2) jins z wi MHomeersa

Q. Benm fi(z) < OVi € I, 10 z € @, nosromy Ng(z) = {0}. [yers I(2) := {i €
I, [:(2) = 0} # @. Umeer mecto

Teopema 1. [lycmo f; : U = R (i € I) - ewnyxave ynnuuu, yoosaemsopaouue
yenosur Cactimepa. yemo z € Q, 1(2) # © u dynwyuu f; nenpepueno dudbepen
wupyemsr 6 oxpecmuocmu mount 2. Toeda Ng(2) cosnadaem ¢ wonuveckol oborouroi
muooicecmea { f1(2), i € I{z)}.

< llycre [ € Ny(z). Toraa z ectn pelenne sxerpeManbHOM 3aaum

—
St

[(x) = min, fi{z) <0, 1€l (

B rouxe z ppimonneno veioBue peryisipocta B (eam. pazsen 1.2, n. 4). Jeitcrsu-
reibo, ayers ¢ € I(z). Torga fi(z) = 0, fi(Z) < 0, noavomy f/(2)(Z — 2) < fi(7) —
f(z) < 0. Takua 00pa3oM, VCJIOBHE PELyJISPHOCTH BBITOJHEHO, YTO MOIBOAACT B [1pa-
puste muoxurescii Jlarpaska (cm. 1.2) 83216 Ag = 1. Coriacno sToMy npasuiy cyvie-
CTRYIOT qucHa N; (1 € 1), YAOBIETBOPSIONIHC COOTHOIEHMSIM

—14+ ) Aifiz) =0, (2)

Nfi2) =0, A =0, (e ). (3)

Coornowenns (2},(3) ozuagator, yro modoit dyvnxunouan u3 Ng(z) aonvexaer npei-
craslieHue

1€ A; — HEOTPHUATEMBILIE THCIA. DTO BJIEYET 33 oGOl TpebyeMbiil pe3yarTar.»
Taree byner veranosieno, 9ro Ut addunnnx Gyuxuuit f, yeaosune Cieitrepa
ARJISICTCS JIMIHIM.

2. HInddepennnamsanie BapuaaTsht Teopembl Kyna-Takkepa. [Tpumennm
IPEAHIECTBYIONME PE3YIFTATH K 3aave MunuMmusanny byuxuun fo - U — R #a MHO-
weerne @ ¢

fole) = min, (4)
file) 0 (ie T,z el) (5)
Dra 324348 PEJCTABIHET HacTubifl caviaall paccMOTPeHHON B 1.2 aKCTPeMaIbHO 3a-

Aaqu. s ned (npu HeKOTOPLIX HPEUI0TOKEHHEX) CIIPABEITHBO He0GXOAUMOe VeIoBHe
JOKATBHOTO MUHUMYMA -~ TPpasusio MHoxurencl Jlarpamxka. Coenndyuka paceMaTpusa
MO0 Ccilyyad no3pondeT A0noJmuTh IPeIInecTRyIOnNeG Pe3viLTATBL [TO JIBVM HallPas-
nepusyM. Bo-mepssix, cranossres Goiee 0BO3PHMbLIME YCIA0BHS PErvidapioc orpany-
YeHHE CBHGH, BO-BTOPHIX, YAAETCH ChHOPMYTHPOBATD AOCLATOMHBIE YCJADBHYA abeomoT-
HOTO MHHMMYMa, coBnajgaioume 1o (hopme ¢ HeobXoAHMBIME YOJAOBUAME JTOKATLHOIO
MITHIEMY Ma.

Teopema 2. Hycmo f; : U - R {1 € I} - evnywane Pynsyvn, ydoeremaops-
wuiue yeaoswoe Cactimepe. Hycmyv & - Aosaivnoe pewenue zadavi (4), (5), dyin-
yuu fi (i € I) nenpepvieno duddeperyupyesu 6 oxpecrunocmu mowku &, dyurius fo
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Quiipepenuupyesa ¢ moune T. Toeda cyulecmaitonm maxue HEOMPUyameibible NIcAl
A (1 € 1), wmo eunoaaomes Yeaoaua IKCMpemeieHoCm
of £~ Rl
fold) + ) Afi(E)=0 (6)
1174

Y YCAoEUEe JonoaHAu el HeHCECTIROCTINL

Xifd@) =00 € I). (7)

<« Cornacuo teopeme 3 pasnesa 1.3 — fi(2) € Ng(#). Teneps nokazuisaemoe yreep-
AIEHHE CIIeAYET W3 JAHHOIO B HPEAECTRYIONeM TyHKTe onucanns kouyca No{i).»

Teopema 3. Hycmv fo. fi - U — R — sunyravie gyrsyuu, dudpepenyupyemmie 6
mouxe @ € Q). Iyemw cywecmeyiom makue neompuyamensise wueas N (1 € 1)), wmo
umerom mecmno coommouenus (6),(7). Toeda & — pewenue zadawu (4),(5).

4 Dynxips

g(x) = folz) + Z Aifilx)
1=

BREITIYK/I& KAK HeOTpHIATe bHAs Hnelinad koMOuHanus BeiyKasx (hpyHkumit. Yegopne
(6) ozmagaer, 1o 7 - akerpemant (byHKuEK . Tak Kak ¢ Beliykitag (yHKUms, 10
7 peasmusyet abcomoruniit MuHuMYM hyaximn ¢ Ha muokecrse V. CreposarelibHo,
g9(z) = g()Vx e U, 1 e

Jolz) + Z/\hxfx(J') 2 fo(&) + Z Nfild) = fo(@)Vz e U, (8)
it

tel

Ecan z € Q, 1o fi(x) < 0Vi € I, nosromy (8) saeuaér nepasencrso fo(r) = fy(z) Ve €
Q.»

Xopono #apecTHR BapuanThl Teopembt Kyna- Takgepa, mpaMesuavbie i K negudgpe-
pennupyesmoiv dbyuxknuam (cM., sanpumep, [4], |9], [11], [12], {14], [L5] - [18] ¥ upuse-
JEHRYTO TaMm Jarreparypy). Kak BHAHO U3 MOKA3ATEILCTRA TEOPEMET 3, €6 yIBep/KIecHHe
crupasemeo 0e3 yenopug ChAefiTepa, a ecin oCTYINPOBATEL HEPABEHCTRO (8), TO MOK-
o otoltuck u 6es gudcpepennnpyemortu pyvakmuit fo, f.

3. Teopema @®apxkama. [Ivers {; (i € [) — goneunas cucrema JauHedabx GyHK-
nuonaios Ha npoctpakcrse R™ @)y = {z € R, Li(z) < 0} — muokecrso penienuit
OIHODPOAHOH CHETRMBL JJHHCITHBIX HepABLHCTS

li(z) €0 (i€l (9)

Hockonbky 0 € (), t0 Qy — nenyeroe muokeerso, Eeaun | — munefinnil dhyukuguona
na R™ n {(2) < 0Vz € Qg, To imuelHoe 0ZHOPOTHOE HEPABEHCTEO

(z) <0 (10)

Ha3BIBAIOT HEPABCHCTBOM-CJICACTRUCM CHCTeMBl HepaseHneTs (9).

Teopema 4 . Hepasenemeo (10) ecmo caedemeue cucmemv, Hepaseneme (9) & mom
U TMOALEO 6 TWOM CAYYae, Kozda Punkyuonanr | ecmy HeompPuuameivnas Auneinei
KombunauuA cucmemvl gynryuonaace i (1 € 1), m. e. L € con{l;}ic;.



1.4. BBITYKJIAST OOTHUMH3ALIIS 31

4 B onmy cropony yrsepsiiienue Teopembl oueBiino. Jleiicrsurennio, ecaun [ €
con{l, }ier, To (10) caeayer u3 (9). Herpusnansho obpathoe yreepraacnne: eciau (10)
HEPABEHCTRO — CJIEACTBHC CHCreMbl Hepasencrs (9), 7o dyHKHHOHAT [ eCThL HeO TPIHIA-

TesbHas auseitas kombuBays cucreMl Gyukunosator [; (¢ € I).

He vmenbuiag o6m;Ho(-'rM MOXKHO cuutath, 4o [(z) = (ay,x) (i € 1), a {z) =
(a,z), tie a;,a € R™. [dis A0KA3ATCILETBA TEOPEMBL JOCTATOYHO FCTAHOBUTH, UTO
IEMEHT G IPHHAMIEZKUT KOHIGecKofl obonotike K cucremsl a; (1 € I). Tlpeanosiomkum
nporussoe, T. ¢. o ¢ K. Panee moxaseigaioch {em. pasnesn 1.3, gemma 2), ato K
€CTH BBIIVK/JIOC 3aMKHyTOe noamookecTBo R™. FHeau a € K, 10 coniacio teopeme
OT/ICJIMMOCTH CYITeCTBYEeT rexrop p uz R, niug koroporo

(p,a) > m:?x(p)g:); (11)
TEN

MO2KHO B34Th, Hanpumep, p = a—b, rae b~ npoexuus ¢ na konyc K. [Ipapast yacrp (11)
pam{.\ 0. H CaMOM JeJe, et OBl 1 HPKOTOPOIo 1) U3 A UMeIn MeCTo HepaseHeTno
(p,x1) > 0, 1o (p,tx,) — o0 upu t —> oo, CaesosareynsHo,

(p,a) > max(p.z) =0 > (p,e;) (i € I).

re K
B qacrnoctu, p € ), onnaxo I(p) = (p,a) > 0. [lporusopeunc. p

[TepBonasalibHOE JOKABATEILCTBO TEOPEMBL, JAHHOE BOHTePCKUM MaTesa tHkom Dap-
KANIeM, HE OHUPAJ0oCh HA TeOpPeMY OTAeTuMocT o Oulao snero anrebpastdeckns. [To-
JOOHB HO/IX0/L HMEET CBOM NPeuMYIIecTsa. HaupuMep, oH [o3BosaeT pacnpocTpadiTs
TCOPUIO JIMHEMHBIX HEPABEHCTB HA HPOMIBOJABHBIC YUOPAJOICHHRE 0.

4. Konyc onopssix dyHxkmuoHasoB K nomawsapy. [lyern (1 € ) - cacre-
Ma JuHelHpix dyurnuoHaoB ua npocrparctse R™, h, (i € 1) - aeficisuresvibic
upeny, [ < oo, 1. e. I - koneunoe mHONKecTBO MHAekcoB, Muoxecrso ¢ = {& €

,i;:(..‘) < hy, 1€ I} pasesarT nohauziapoM s ppocipanctse R Ono ssiaserca
LEePeCEHCHAEM KOHETHOTO “HHCTa mu=1wr)0(--1psu—u:'rn P, oupene/sieMbx COTHOMSHHAMH
!’ = {J e R", [;(z) < k), cauraen. uto [; # 0. ConociaBunm TOUKe 2 U3 () MHOAKECTRO

= {i e [, l;(2) = hi} = COBOKYIHOCTE HHAEKCOB &, COOTBETCTBYIONINX AKECTKUM
«>1']a.'-z.m-rl-xm,mszvp»x‘

Teopema 5. Kotuye Ng(z) onopnwe gynnyuonanos k& nosuddpy Q & moure z cog-

nadaem ¢ xonuneckol oboaourot, muoxceemsa l; (i € 1(2)), m. e

;\'-(_)(F,l\j = (}01){[;},‘-_-_”:‘). l]_l)

< [lvers 2 € @, € \Q(m. Qurcapyem IeMEHT ¥, YAOBJICTBOPSIOIAN HEDABCI-
crBam [;(v) < 0Vi € [(2). TIpu MAJBIX DONOACHTEIBIBIX { WIEMPHT 2+ (U np;m-l-'f=[r‘.'z;<s-1-1'
). Heitersuressno, ecnu ¢ € 1(2), 10 [;(v) < 0w nosromy L(z+tv) < Li(z) € by VE > 0.
Besn e 1 & I{z), 1o [;(2) < h; n repasenctso (z-+{1) < hi BEIIOAHALTCT FIPH MANBIX
t. Tax xax [ € Ng(z), 1o I(2) 2 l(z) Vo € Q; B wactrocTy, [(2 + tv) < [(z) npu mMambix
t > 0. Orciona caeayer, ro (1) < 0 ams Beex 1, yAOBJACTBOPSIONIEX HEPABENCTBAM
L(v) <0(i € 1(2)). B cuny reopemsr Paprama | € con{l,}
primoteine Ng(z) C con{li}icsy-

. TeM caMplM JUKASAHO
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Veranosum nporusonotoxioe skmouenue. lyers | € con{li}icis, 1. e

I= > M, (N20Viel(2),

iel(z)

Toraa aig oboro T 13 () ClPaBeINBbl COOTHOUICHNH

(z) =Y Ab(@) < Y b= D Mbi(2) =1(2),
)

iel(z) icl(z) iel{z

1.e. L€ Ng(z). »

Teopema 5 anagoradua reopeme 1 1 (popMalbHO HOLYHACTCA U3 HeE, eC/IH NOT0KITD
filz) = li(x) — b (1 € I). Oanako B npeanojoxenssx reopempt D yenosue Caefirepa
e (PUTypHpPYET.

Pagerctso () = h sxBupasenTHO Hepasenctam ((z) € h. =l(z) < —h. D10 Aa-
6T BOIMOKIOCTH PACHPOCTPAHATE Teopemy d Ha ciayvall, Korja moausap s3ajaérced me
TONLKO HEPABCHCTBAMU, HO W paseHcTBaMd. Mmenwno, nycrh menycroe muomecrso ()
ONPEALTEHO COOTHOUIEHUAME

Q:={z eR", lix) < b; (i €1), Lilx) = h; (i € Ip), (13)

B KOTopom [, Iy — KoHeuHble HEenepeceKaionnecs MOIMHOKECTBA HATYPAILHBIX YNCe,
[; — muueiinpie dyaknponans na R, i, € R, (1 € TU Iy).

Teopema 6. lTycmv z € @, Ng(z) - wonye onopno GUIRGUONGA0E K Noauddpy
@ & moune z. Toeda Ng(z) cocmoum us aunetia dynsuuonanos 1, donyexaouus
npedemasaeHUE

el

ede X 20, Mi(li(z) —h)=0Viel.

« Teopema 6 cuenyer U3 TeopeMbr H. B

Yenopag na gucaa A; aHAJOTHYHDLI HPEATOJOKEHHAM 0 MHOKHTeNAX Jlarpanka
(em. 1.2).

5. DKCTpeMalbHbIe 3aa9H C JIMHeHHBIMA OTPaHuYeHnaMu. B atom myuk-
Te paccMarpubaercd 3amada Mussmpsanuu dyuxmup fy @ U — R #a onpeaeasemonm
coornomenusmy (13) mommaape @ C U. Bé 3amucs crangapraa

folz) — min, (14)

i(z) < hy (Gel), lla)=h (i€l), (zel). (15)
Bagaua (14).(15) ects vacTnmii ciyuait 3a1a9m, pAaccMOTPeHHOH B pasieie 1.2, Bos-
makatomedt npn fi(x) = L(x) — by Tlosromy k 3amade (14),(15) npumesnymo 1pasuio
suoxcareneil Jarpamka., Opuaxo cnenudurka gunelinuix orpannyenndt (cp. ¢ 1. 2 Ha-
CTOSANEIO PA3AEIA) HOZBOAACT VCHANTH OPABHIO MHOMKHTeNSH B JIBYX HANDABICHUAX,
Bo-neperrx, B 3agaqe (14),(15) Moo vnoxureas Jlarpanxa Ao B3ATH paBHbIiM 1. BO-
BTOPBIX, eciil PYHKIHA fi BBULYKIA, TO NPABHIO MAOKETEIEH Jlarpaika oKazbiBaeres
He TOIBKO HeGOXOAMMBIM, HO # JOCTATOYHBIM YCJIOBHEM ONTUMAJBLHOCTH.
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CopMynupyen u JOKAKEM COOTBOTTTEY IONHE PO3VILTATH.
Teopema 7. [Iycine & - avsarvnoe pewenue sadawu (14),(15) u ynruus fo dud-

depernuupyemo 6 2moit mouke. Toeda naddymes maxue wucaa N, ¢ € T U Iy, wmo
CNPUELINUGY COOTIHOULEHUA

fol@)+ D Ali=0, (16)

i=ll1g

ANz 0, Ni(z)-h)=0 (iel). (17)
<« Tax xax I - joxanphoe pewenne 3ajaun (14),(15), o —f§(&) € Ny(E). Teneps
TpebyeMBiil PE3VILTAT BLITEKACT U3 TeOpeMbl 6.b

Teopema 8. [lycmv fo: U —+ R - ewnyraoa pynxuua, & € Q. dynwuus fo dug-
Pepernyupyema 8 mouxe T w sunoanens coommowenua (16),(17). Tozdu i - pewerue
sadawu (14),(15).

<« Coornomenust (16),(17) oswanator, 1ro 0 € fi(Z) + No(2). Hockonsry fy
BHIIYKTan QyHKIM, 1O 0TCI0Aa cieaver (oM. teopenmy 3.4), uro £ - pentenne 3ajiauu
(14),(15).»

Teopema 8 npumeunva B coyaae jguueinod pyuximn fo. D101 dacromit cayaali
zagaun (14),(15) mazmeactea 2agaMeit orneitnoll onruMvusamin (AUREHNOTO TPOTPAM-
MUPOBaiKG). 3a1ay MAHHMUBAIMA KBAAPATHYHON BOPMBbI TPH JUHETIHLIX OrpaHue-
HHUHX

fo(z) = (Cz,2)/2 — (d,2) - min, r€Q (18)

HMEHYIOT 3a,1a49¢il KBAJIPATHIHOIO NPOrpaMMHpOBatius, 3aecn C -~ CUMMETpHYHAH MAT-
puiia pasmepos n X n, d € R". Oyuxkunsa [y 0 R" = R Beykaa B 10M B TOJALKO B TOM
cayuae, korua C = 0. Beni 910 npefiiosoykenne BenofqHeRo, 7o K 3agade (18) npume-
ouma reopema 8.

6. Makcumvuszanua spiny ka0 ysrummt. PaccvMorpuM 3a1a4y MAKCHMIETHN

flr) = max, xz € X, (19)

A

rie X - BRIIVKJIOE HOAMHGKeCTBO Opoctpanctsa R f — suinykias hyHRous na Muo-
xecerse X. Sasaqa (19), pasymeercs sKBuBaJIelITHA 3a)(a4e MIHUMU3AIHA QyHKUMH — f
Ha X, Ho pynxuusg — [ apisiercst BuIIyKI0H nunms B cayyae e abdunnocrn. Hosromy
zasa9a (19) nyx/1aeTed B OTICABHOM PACCMOTDEHM,
Kax o1Medanoch Belie, BHITIVEIOCTL MEOAKECTBA A JKBHBANCHTHA PABEHCTEY CO A =
A, a punykaocts dyuxupn f @ X — R papuocwibna rinykiaocrd eé paiarpaduxa,
\

2 )

epi f = <l [ } re X, z> f(:c\} B npocrpancTse R x R.

/
Jlemma 1. (OGobménnoe pepasencrso Mencena). [fyemy f 1 X — R - su-
nyraaa gyrnruyus, =, € X, A 2 0 =1,...,m) u A + -+ Ay = 1. Toeda umeem
MECTNO NEDGGENEMBO

" VI ;
.f(\')‘l;’—"i o ATy < )‘17‘ (1“'-?1_/' F=n w2 o Amf (,)
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&y

fx)

<« V3 pxutonenna ) € epl f u BeIyKAOCIH epl f caeayer, uTo

/

\

[ Ay 4t AT, ) ) Eepi f.

l\ /\l.f(l"f) g Amf(}’ﬁn.
B euay onpeaenennda vaarpadika noesieHee BKIK0IeHNe 3KBHBAICHTHO 0600EHHOMY
nepaseHcTey Wencena.»

Bepuéyvest ¥ 3anade (19). Mumwecrso A C () Hazosém ocToBOM MHOZKeCTBA X, €C1H
co A = X. OQcTop MHOXKECTBA ONPEACIAETCSE HeOAHO3HaMHo. $lecHo, Hanpumep, 4To B
KauecTse ocrora N MOKHO Biath BCE Muomecrso X. Jnda janpHeRIIere mKegaatebio
B KadecTBE 0CTORA OGPATH M0 BOIMOKHOCTH MUNMMAAbHOE MHOZKecTBO. CBocoGpasublil
NPHHEITAT MAKCHMYMA BEIPAIKaeT

Teopema 9. Tounaa eeprnan zpany eunyraot dynsyun f: X — R na muosce-
emse X cosnadaem ¢ movnoti seprnett 2pawoio [ Ha ocmose A mmnoncecmsa X :

sup f
"

=sup f.
A

< [Tockoanky A C X, 1o
sup f <sup f.
1 X
Yeranopum nporapononoxuoe nepasencerso. [Iyers # € X, Toraa waliayres raxue

Aiz0.x € A i=1,...,m, 410 CHPABBIUIHERl PABCHLTES

T It
r= }__ i E A =1
=1 =1

Tax kak [ - suinykaag hyHKIHA, TO

flz) £ Z Aif(z;) € Z Aisup f =sup f.
i=1 i=1 v 4

Beuay npouspoabHOCTH £ 13 X noJayvaeM

sup f(z) <sup f.»
2EX 1

Ecann rountas pepxnas rpadp dyHknan [ rHa muoxecrsax A, X jgocruraercs, 10 B
reopeme § MOMKHO 3aMCHHTH SUp HA maX. ViMerro Tak o6CTORT Ae0, ec/id MHOAKECTBE
A, X xomnaktast. a dyvugnna [ wenpepsisaa ga muoxecrse X.

BosaukaeT Bonpoc: Kakue ToUKH BHIYKJIOTO MHOKECTBA BXOAAT B OO0 10 0CTOB,
a xaxne ger? CylmectreHHy1o posth 346Ch HAUUIAT Hrpatt Kpaiinune Tousy. Hanoamy
HeOGXOAMMBIC OIIPETCACHHS.

Suaement x w3 X HA3LIBAIOT TPOMCKYTOUHON TOYKOH BBUTYKJIOTO MHOMKeCTBa X,
el T eCTh CepeauHa OTPL3KA NOJOKUTEABHON JMHHBL, KOHIBI KOTOPOTO UPHHAIL-
Jaekar MHoxectny (. fcHo, Hanpumep, ecim X - OTKDPBITOE BBIIYK/IOE MHOMXKECTBO,
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TO BCR €r0 TOUKH SBMAIOTCH TPOMEAKYTOIHBIMUE. DBBBAIOT W 3aAMEHYTLIE BLITVILIE
MUOAKOCTRA, BCE TOUKHA KOTOPBIX HPOMERYTOTHEL [ IpiMepoM MOKeT CAVKATL 10,100
Be{r=1{F,.-. £,)7, 0 < £ £ 1}, Toury @ BBUIYKIOrO MHOXKECTBa N nMenvior
Kpaitneli, eeo oHa ne sIBJIAeTCs IPOMEXKYTOTHOH T0UK0i 9T0r0 MHoxecTra, Hanpumep.
BEPUINHBL JIOCKOTO TPEYIoabiiika - ero Kpalinue ToHKi.

Jlemma 2. Feaw aaemenm w peastayemn a0Comommsti MUHUMYM CIPozo eunykaod
Ha sunyriom sutopceemee X dynwuuu f, mo w — xpaiinad mowka muosxcecmea X

< [Ipenosoxnv nporasHoe, T.€. w — IPOMEUCY1I0THAd ToYKa MEOXKecTBa, X . Torna

1
2

w=(u+v), e u#v,ue X,ve XN [lockoanky Oyukiupa f ¢Tporo sbiyviia, 1o

w - () 4+ flo)
f{- )/.j_‘ Al -f\’
o [5) - 9 E
Z 4
M3 910100 HEPABLLCTBA, BRITEKACT, 1T0 X0Ts1 Obl om0 u3 uncea [(u), f(v) 6oapuie flw).
ONIHAKO B yCAOBUAX JEMMBL W pea3yer abconorabtit munnmy™ dbvakusy [. [Tporu-
BGpenae.
N " | '} . R . ; N -
CTporo Buinykaaa pynkuus f(r) = JAOCTHIACT CBOCPO MAKCHMYMA Ha JI060M
Crpe nyKaagd pynkumst f(r T|* AOCTHIACT CBOCIO MAKCHMVYMA Ha JTI00C

roary. bosiee Toro, MuoxkecTBO oxt X KPARIX TOUEK JOCTATOYHO ODITUPHO I Xapak-
tepusyer MHOKecTso X B caenyomen embiese: ¢o ext X = X, Hokazareaberso atoro
IPUHOIMITHAILHO BAXKHOIO B ONTHMASANMOHHBLIX 331a9aX YTBePAJCHUST MOKHO Halru,
nanpusmep, B |1}, [4], [6], 19] - [12], [14] - [18}.

MioyecTBo KpallHEX TOUPK BBIIYKJIOTO MHOXKecTBa X BXOAUT B 11000 1o octoB,
B CJIyUae KOMUAKTHOCTH X OHO OpejICrapiseT MUHMMagbHbLIR ocToB. B mexoTopeix
caygasx Muozkecrso ext X jonyveraer npoetoe omgearnue. Hanpuvep. ecin O - okTasap

B R®, onpejiensemplii paBeHcTBOM
. - o . .
O::{y;:‘:(‘,t"l.,.;}'"”\}‘.> |.1£'s_.\_ i}

1o ext ¢ = {£e; i = 1,...,n} — COBOKVINIOCTL €IHHUYHLX BEKTOPOB, HAIPABICHHDBIX
BACITE KOOpAUnavarX ocelf, g xvba

= {ir = (F1 - - 6a)% 2] £ 1}

COOTBETCTBYIONIEE MHOKeCTBO Kpaiiux Touek ext [ comepykur 2" anemeuros supa

I:;ﬂ‘] . "(""rl)”. e gy = il, go—= ... w7
Sagaua 1. Joxasamn skawoneriue ext co A C A
Samaua 2. Hycmw

Borpo¢ 06 aarebpandeckoM ONUCARMN MHOKECTBA, KPAUAKUX TOMeK HOIH3Ipos 00~
cyxaaercd gatee (oM. nil. 2).
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1.5 Teopembl 06 o4ucTKe

1. ITepBasa Teopema 06 oumcrke. Pacemarpupaercs 3atava BeIYKAOH oNTHMu-
3ANMH

fo(x) — min, (1)

filx) €0, (iel, zell). (2)

3aecn U - otkpuroe Bpluykiaoe moamuokectso R, f; : U — R (f € I) - smnyk-
awie dbywgumu, Tpejgnogaraercs, 4ro pemeaue T 3aga4u (1),(2) cymecrryer, dynkuuy
fi (i € I) nenpepsiero auddepenunpyensl B okpectraocTd Toukn I, dyvaknus fy mind-
depennupyema B Tovke I. _

Teopema 1. [Tycme eunoaneno yeaosue Caetimepa. Tozda cywecmeyem maroe
nodmmoncecmao I, mnosicecmaa I, wmo 1) & peasusyem abcoarommbill MuruMyM @iymx-
uuu fu npu yeaveuas

filg) €0, (iel,zel). (2.):

2)fi(&) =0 (i € 1.); 3) npouseodnue fI(F) (1 € L) ofipasyrom aunetino neaaeuc-
MYI0 Cucmems).

<« [Tpumenum reopemy 2 paszaena 1.4, cornacno KoTopoil CYUECTRYIOT TAKKE HEOT-
pruaTebabe Yieta A; (1 € J), 970 ClpABAATHED PABSHCTEA

fol) + > Aifil®) =0, (3)
=3
MifilZ) =0 (i€ l). (4)

W3 (4) cnemyer, uro ecan fi(#) < 0, o A\, = 0. 3amenas B ciayaae HeobXOARMOCTH
MHOZKeCTRO 1 Hosee Y3KHM MEGKCCTBOM, MOYKHO ¢auTaTh, uto ' (3),(4) A > 0, fi(F) =
0. Corstacro Jemme Kapareonops cymectsyer Takoe muoxectso {, C I, yro

2)p; > 0; (i € 1.)3) sexropw f/(x) (2 € 1,) obpasyior JmueliHO He3aBHCHAYK CHETEMY.
MuoxecrBo [ aBigerca HCKOMEIM. JeRCTBATENLED, ClIDABEIIHELl COOTHOMPHH

FiE) Z Lafild) =0, @)
=

wi > 0w f(2) =0, (i € L) (44)

3 (3),(44) n reopemst 3 pazgena 1.4 sprrekaer, 910 I ecrs pemenne 3atagn (1),(24).
Hpyrue yrRep K IeHNs TEOPEMbB! OUCBHIHLL. P

Teopema 1 o3uauwaer, uro pemenne 3amaqu (1),(2) apaserca peuenuem auaory-
ot el sanaqm (1),(24), HO ¢ MEHLILRM “HCJIOM Orpanuvenuit; npu stom |I| < n, T. e
TUCAO HOBBIX OPAHUMEHHil HE MPEBOCXOJHT 7. D10 3AMEYAHME OTHACTH MPOACHILCT
CMBICIT TEPMUHA «OUKCTRA» (OTOPACHIBAHEE HEKOTOPBIX OrpaHngennit). Veiosue rial-
KOCTH {l)}’IlKU,I'Iﬂ f-, Ha CAMOM [IeJTe H3JTHIIHE ; €10 [MOABJCHRE CBHZAHO JIHUIL € MeTOJ0M
JOKA3ATeNbCTBA, & HE C CYIIEeCTBOM BOTPOCH.
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2. Bropaa teopema 06 odncTKe. PaccMaTpuBacTed 3a0a4a HA MUIMMAKC

(5]

f(z) = max filr) = min. x € X. (5]
Lo
3iech X — OTKPLITOC BLINYKIT0E noaMuoxecTBo R T - KOHEUHOE HOAMHOKECTBO MHO-
seetpa narypansasix yncen (I C N). [Law zagaun (5) 8 pazgene 1.2 n. 5 presenst no-
HATHS PEINeHUs | JIOKATBHOTO pemtenis; cPOpMyANPOBanbl HCODXOAWMDIE YEI0BHH J10-
KAJILHOLO MUHIMYMa (Teopema 8 pasyeia 1.2). B cayuae soimykasix bynkii f, (i € 1)
COOTBOTCTRYIONIHE YCTOBUS OKAZLIBAIOTCS JOCTATOYHBIMA, Bosiee T04HO, mveer Mecto
Jemma 1. Jlycmo dynwyuu f, 0 X — R sunywav, duddepernyupyeso. 6 nexo-
mopoti mouke v € X u J(2) = {1 € I, f;(Z) = F(&)}. Hycmv ciuecmsyrom maxue
neompuyamenvine wucaa iy (§ € J{(1), wmo

Z /’,f,l(l) = . Z gy = 1. (6)

JEJ(2) Jed(E)

Tozda T ecmo pewenue 3adaqu (5).
<« [leproe w3 pasencrs (6) ozmauaer, uro & MunuMusupyer (pyHgmo

Jjed (i
wa Mioxkecrse X . Teneps umeem mocIenoBaTeNbIo (MOSCHEHM: HHMKE)

Il = L piflr) = L wifim) 2 L w; fi(2) = f(%)

/ W £

Jed(#) ieJ{#) Jed{E)

Kommeurapuii K neny COOTHOIEHMA: RHATANS HCHOILIVETTH HTOPOL W3 COOTHOLIE-
nuit (6), nanee onenxa f(z) = f(x). 3areM To, 4T0 JICMEHT & MIIIMUZUDYET (DY HKIULIO
(7), u, naxoneu, upumensiored pasencrsa f;(€) = (&) ¥y € J(&). »

Teopema 2. ITycmn dynwuun f; 0 X = R, (1 € I) swnykan, pewene i zadas [5)
cyweemeayem u gynxuuir f; nenpepuisno duddepernuuptems: 6 ORPLCIIHOCTRUL TROMKN L.

Tozda nofidémen smumosceemeo I, C J(2) = {v € 1, fil#) = f{I)}. codeporcansee ne
Goaee wem n+ 1 2aemenmos 4 makoe, wmo I Seiacimes PEUEHUeM 3a0asil
max f

1=

(o) -+ min, (¢ X); (54)

4 B cuay teopembt 8 pasgesa 1.2 naitayrea taxde uneaa p; 2 0, § € J(x), 910

0, 1)= 3" j,(fi(£),1).
i ()

Cormacro gemue Kapareogopn cyimecrsyior mumxectso I C J(z) mancra iy 2 0 (i €
I.) Takue, 110

(0, 1) =Y wlfi@),1), (8
ity



38 I'VIABA 1. HEJUHEHHAS OITTHUMM3ALIHS

muozkectso I coneprkut me Bodee wem n 4+ 1 anement. Papencrso (8) ozmagaer, wro 7
ecTh pemenne 3agaqn (Hy ). »

3. Yebprmmépcknuii pagnmyc xomuakra. I[lyers A - koMmak: B npoctpagcrse
R”?, € R™. Bamknyrtsiit map B(x,r) = x+rB pagnyca r ¢ LLPHTp(")M B TOYKE I COJAep-
Aut MHokecTso A, ecimu v 2 @ — a| Ya € A. Tonoxnwm g(z) = e A}
OUCBI O, ¢(2) eCTh HAKMEHBIIHIT 3 DA HyCOB WAPOB ¢ UEHTPOM B TOYIKE I (.OILE‘.[)A\cP
mux muoxkecTso A, Oyukona ¢(x) onpenenena u HONPEPHIBHA HA BCEM HPOCTPAHCTBE
R*. W3 onesixu g{z) > |t — a| (¢ € A) BHTEKAET OUPANUTEHHOCTL BCEX €6 HUZKHUX Je-
Berosurx MuoxkecTs. Tloaromy dynxmua g(z) nocruraer ma R” cBoero MUHEMAILEHOTO
SHAYEHUS B HeKOTOpol Toure L. Yucao ¢() coBnaaer ¢ HAMMENBUIMM H3 PAIHYCOB
mapos, cofepxaux MaoxKecTso A, OHO BasbipaeTcd 4eBLIIEBCKUM PATHYCOM KOM-
nakta A u oboznaqaercs cumponom Z(A). Taxkum obpaszom,

H(A) = min max |1 —al,
rER?

a NeMeHT I €CTh PEHICHHE 3aJ04H 08 MHHIMaKCe

g{z) = max |xr —a| — min. (9)
aEA

OrmerumM caeayoinpe ceofierea YebbIEBCKOra pajuyca ;

1) ecit A, C Ay, 10 Z(A1) € #(Ay) (monoronuocts);

2) #(B) = | (nopmuposka);

3)#(A +0B) < #(A) + § (wenpepiiroets); suece A + 0B 1= {z = a +dv,a €
A, v € B}.

OcraposumMea Ha joKasareaberse nocaesnero csoficrea. [lyers A © B(#, #Z(A)).
Torna A+ 4B C B(a, Z(A) + 4). Oreoga v sprexaer Tpebyemoe cpolicTro.

HUPJ]E!_'[(_}I'i:-LTC.‘[lsl[UCFn A; KOMUAKTHBIX HOAMHEOKeCTE A wasopém cxousmelicn & A,
ecn A T A+ 6B, vae §; — 0 upn 1 — o0; Oyxem mucars A; T A. M3 esoiiers 1-3
BHITEKAET

Jdenva 2. Feau A, T A, mo Z(A,) = Z(A).

< [leticrenrensuo, Z(A) — 5, < Z(A) < #(A). Nockoasky §; — 0, 10 peé
JTOKA38aHD. B

Jenmvia 3. Jlan wobozo Komnaxmuozo smuoswecmes A cyuecmayem nocieéosa-
MEALHOCTY €20 KOHeYHuL nodmnoescecma Ay T

« [Ipegnaraercs JOKA3ATH CAMOCTOATENLHO. B

Teopema 3. [Tyeme Z(A) ecmy webwwésexud paduye xomnaxma A < R®. Tozda
Hutidemen moxoe xonewnoe noommomceemao AT mmosicecman A, wmo Z(A) = F(AT)
u A < n+ 1, m. e wueao asesmenmoe A" ne npesoczodum n+ 1.

<« Bravaje asyunm cayuail, korga A — korewmnoe smoxkecrso, Ovaxunn f,(r) =
z—al*(a € A) euinysias u juddepenimpyemsr Ha eém npocrpancrse R : V1, (z)
2(z — a). PaceMoTpum 3a124y HA MIITHMAKC

f

fla)= ”EU"&KII —al* = min. (10)

Kax werpyuno suiers, 3agaqa (10) umeer pemenue & npu atom f(F) = %#2(A),
IEHTD WAapa MHHUMAJABLHOIO pajuyca, coaepyainero A, CoracHo BTOpoil Teopeme 06
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(W]
<O

4+ ] + - § ~
cuncrre cywecrsyer muokeciso AT C A 47| € n+ 1 Taxoe, uro & ecth pemenue
3a0a9H HA MMHHMAKC
-] 3 . ’ i
f(z) = max |x — al* = min, (10™)
ac AT

caenopaTensuo, Z(AT) = Z(A).
Iycrs reneps A — npoussodnnsil komnakr B R, [Hoctpoum nocneaosBareannocts

A; 1 A, |4 < oo, Cornacno gevme 2 Z(A;) — Z(A) npn i — oo. B cuay yxe
JIOKA3aHHOTO CYINECTEVET MHOKECTRO 4,'1 obaanatoniee croitictsamu A4 C A, |47 | €
1 7(4) = Z(4;). bes orpanmuends oOUHOCTH MOXKRO CHMTATE, 410 HOCIe-

noraTensHOCTh Al exonmies K muoxkectsy AT, cocrosimiemy He Gosiee den n3 n o+ 1
anemertoB. [Ipu srom

H(AT) = ; 'Egjf(lf) = {lu:%(‘l) = %(A).
Mckomoe MHOZKECTBO TOCTPOEHO. B
4. Hepasercrso I0nra. [lyers A - komnaxTt 8 upoctpancree R". Yuciao Z(A)
max{|jz — yl,xz € A,y € A} uazuBaor auamerpom kommakra A. Huaverp Z(A),
kak # aebnuuésekuil paguye Z(A), xapakrepusyer pasveps muoxkectpa A. Herpvano
VCTAHOBUTD OIEHKY

A(A) € D(A) < 2%(A). (11)

Heictpurensun, n3 onpeaeaenus YobpiueBekoro paauyca % (A) BHTOKAST BKII0CHILe
A C Bz, #(A)), rae & — nexoropas Touxa n3 R". [losromy amamerp Z(A) ne npe-
BOCXOANT nuamerpa mapa Bz, Z(A)), pasuoro 24 (A). 110 0 10Ka3plBaeT UPaBoe 13
uepasescis (11).

Eciw a € 4, 10 |a— 2] € 2(A) Ve € A, noaromy A C Bla, #(A)). Orcioza
<

q
poiTekaeT nepasencreo Z(A) < 2(A).
[Tpasoe u3 nepasencrs (11) weynywamaemo, nockomnky ecm A - map, To Z{A) =
2%(A). Tesoe ns nepasencts (11} gonyckaer yenwienue BuIa

v S L(A) € D(A), (12)
il

HaspiBacyoe nepasencrsom Onra, Ero nokazatenserso uposoantes s aea srana. Uep-
BoIl Y1ail cocrapiaaet

Jlemma 4. Hepasencmeo (12) sepno das wasicdozo smuosicecmea A, codepacauyeeo
ne Goaee weam n+ 1 aneatenm,

< loxazatenncTso uposeiés npu no= 2. |4 = 3. B srom cayuae A comeput tpu
toukn My, M,, M, obpasytomue tpeyroabaux My M, My, quamerp A cosnajaer ¢ nan-

Goabineil w3 cropon rpeyrossiaka. [Iycrs (ans onpejengunocrtu) Z(A) = |M;Ms|.
o 4 - fe ST T, €3 Wi, - ~ oy 3 Ll

Ecin /_/-U-j > 7/2, 10 D(A) = 2%(A), caeposarenvno, Z(A) > \/3“ (A). Ecan
LMy < w /2, vo MMy My — octpoyrosbRLR TDEYTONLHUK, HOITOMY O/HA U3 ero VIVIOR

2 : - T D
Oyaer sakmioudu B npoMexyrke [1/3,7/2). Cunye sroro yrua sina = %5, Paguye I

OKPYZKHOCTH, OIMCAHHON 0KONO Tpeyronbuuka Ay My My, yaoBaerBopsaeT cooTHOWLe -
am 2Rsina = | M < D(A). mostomy 2(A) = V3A(A).

I““j
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Cay4gait n > 2 pacCMaTPUBARTCS AHATOIMYHO, 0JHAKO BLKIAJAKH 34ech bojee rpo-
MOZIKI. P

Jemma 5. Hepasencmeo [Onza enpasedaneo das awobozo somnaxma A C R"

4 B cmy reopemnt 3 gns kompakta A paligéred Koueunoe toaMHOXKecTRO AT
rakoe, 910 |A] < n+ L, Z(AY) = Z(A). Tpebyemoe HepapeHCTBO BHITEKACT U3 LENH

coornomennit Z(A) > D(A7) 2 k. R(AY) = k,%(A), B koTOPBIX Ky \;’gi_irr_ll 3

nocroanuas I0ura. »

Hepapencorro IOura cTanoBurcs paBeHCTBOM, eciin A ~ NPaBUILHBI CHMILIOKC.

5. OnopHas pyHKUud 0 MUPHHEA MHOXKeCTBA. KaKIoMy HenyeToMy orpani-
qeHroMy MuozxkecTsy @ C R moskno conocrasuts dyakunto sQ(z) = sup{{z.y), y €
R}, (x € @), naznisaemyio onopuoil hyukmeil Muoxkecrsa . Onopnasn Gyuxnus ean-
auunoro mapa B = {z € R", x| € 1} oupesenaerca pasesctsom sB(x) = |z|. Ecm
Q=a+pB(p=0), 70 sQ(x) = (x,a) + plr — al.

DOyuknuio p: R* — R mvenyor cyGannefinoil, ecan ona obaagaer coficTBaMu:

1) nonoxuIeIbEAA OMHOPOIIIOC T

p(Az) = Ap(x) Vr € R®, A >0,
2) cybasiHTUBHOCTD
p(z +y) < plz) + ply) Yo,y € R™.

Cosokynaocts seex cybauneifnnx dysxunii, onpesenénmnix ga R™, o6osnauusm wepes
P(R").

Oxkassisaercs, krace P(R®) coctout u3 onopusix (py K BLIMYKIBX KOMIAKTOB.
O6oszaanym sepes Ko(R") coBOKYMHOCTS HENYCTHIX BBILYKABIX KOMUAKTHBIX TOMHO-
#eeTs upoctrpancra R”. Kaxmomy puinykiomy komnakty K conocTaBum €ro olopHvIo
dyaxmmo sK. Tem campiv seomuTea otobpaxenne s : Ko(R") — P(R").

Teopema Penxens. Omobpascenve s : Ku(R™) — P(R") eemuv Ouexyug, m. e.
cyiecmeyem eOpanitioe ¥ Hemy u-nm*;g){z.;ﬂ_:en-r_u; 0 : P(R") = Ku(R"), obaadamuee
CEOHCINEAM,

dsK =K (K€ Ko(R")), sdp=p (pe P(R")).

He ocranapiupasics ma goxazarenserse reopeme Qenxeia, ouumem cnocod oipe-
Aenenud orobpazkenus 0 ¥ 0TMETHM HEKOTOPHIC cBoifeTsa ovobpaxkennii s, d. Orobpa-
HKEHHe 0 ONPEAEIACTC PABEHCTROM

Op = {z e R", (z,v) € p(v) Vv € R"}.

Eemn Q, @y, Q2 — nomuuoxkectsa R™, A — geficTBHTrebHOR MHEN0, TO MAOKECTBA A(Q 1=
Az, 2 € Q, Q)+ Q2 := {1 +29,7) € Qy,y € (o} HAZBIBAIOT NPOUIBETCHIEM ()
Ha Heso A u adarebpandeckoit cyMmoil MuEoxkecrs () u (Qp cooTBeTeTBEHHO, Bianmnoe
PACHONOYKEHHE HCHYCTRIX MHOMKeCTR (1, Qs m3 R” MoKH0 0xapaktepH3oBaTh UHCIaMH

(Qy,Q2) = inf{t > 0,Q; C Qs +tB},
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h{Qy,(s) = max{6{Q,Q2). 6(CQ2. Q1) }.

12 I b

Venoansyeres tepmubonors - #(C)y, (Qy) - yiaouenne MRoxecrsa (Qy 0T MHOKE-

crpa (Joy h{Qy, Q2) - xaveaopdoso pacerosame Mexay Muoxkeersamu @, Q. Crpa-
BeATHEBL COOTHOMIO

S(O + (2‘1\! = 50 + s( o, .‘i(,\ (3] = )\SQ, (/\ \5’ l])

R(Q1, Qa) = sup [5O3 () — sQa(v)],

OBHAMAIONIAE, B IACTHOCTH, 410 oTobpaxkenne s : Ko(R™) — P(R™) ne to/ibKo B3aUMHO
GINORHATIO, HO 1 B ONDEUEJAEHHOM CMBICIIe JIHHeIHO U HENPePHIBHO.

Conocrasum Kaxgomy sieventy u a3 0B = {z € R*, |z| = 1} u aefictsurennapi
wucaaM by < hy mosocy {u, by, hy) = {& € R", hy < {@,u) € hy}. Takam obpaiom,
[, by, hy) ectn gacts npocrpaicrsa R, pacuosoMKeHHas MeK, 1y [HIePILIOCKOCTHME
Clu, by) = {z € R*, (z,u) = Iy} (i = 1.2). Paccrosnne Mexay THMH CHOEPILIOCKOCTS-
MH DAaBHO Ny — hy; os0 sassiBaercs umpuuoil nogocst [(wu, by, hig).

Jemma 6. [Tycmo M C R"™. Tozda exarouehue
M C 1T, iy hy) (13)
IREUAUACHITING HEPUEEMCTIBAM
ho = sM[u), —hy 2 sM(—u). (14)

2de sM - onupres dyuryus snoacecmes M.

< Fcnn sumosneno (13), To

sM(—u) = sup{(z, —u),xr € M} = —nf{z,u),x € M} < —hy

u Takny obpasom eeiiouens sepasencrsa (14), O6paruo, nyersh uMemT MecTo Hepa-
percTa (14). Tovna pag moboro » w3 M cupaReianBel cooTHomenust iy = sM(u) =
(z,u) 2 —sM(—u) = hy. oswasaomme, wro w € H{w, by, hy).»

L g
iV

M3 nepasencrpa (14) Bolrexaet, wro CPEAR HOT0C, cotep:Ranigx M, nveetes qau-
Menbinas no upuite. Tupraa camvoil yako#t nonocer [(w, 2y, ha), conepmamend M,
passpaeTed mupiiiod M B manpasienun o ofosuataeres cumpoiaoM by (w). Cornac-
uo nevime 6 byr(u) = sM(u) + sM{—u). Kax nevpymuo suiers, by (u) = b arlu),
pagencrso by (u) = 0 ans qekoroporo w uz 0B osnadaer, uro M cojepxures B ru-
nepriockoetTy I'(u, h). i Tovo 91066 UCKMOMHTE 3 PDACCMOTPEHUS BLIDOMK ICHHbIE

CUTVAUUE B Hadhaeiment, OPEHOIATACM, 1T0

Me Ko(R"), M#@ (15)
[Mpenonozkenus (15) rapawnpyior uepasencrsa 0 < by (v) < oo
Hucuo

A(M) = min by (u)

ue-di3
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HazmsaoT Tosmmnoii M. O#o coBnanaer ¢ MHPHNOI camoil V3KOIi Hoaecsl. couepka-
melt muoxkecTso M.
Bamaua 1. Horasams paeercmeso

DP(M) = max by (u).

uk 38

Oyuxnnd by abrna (by(—u) = by(uw)Yu € 0B ). 910 naér ROZMOKHOCTL OpH-
MEHMTH MOMIALIE METOALL BAPHATMORHOTO HCUHCACHHA B HenoM. B 1acTHOCTH, MOKHO
VCTAROBHTE CYIIECTBOBANNE HE MEUEe 1 UAD KPHTHYECKHX TOMCK Y DYHKHUH by
OB — R. B reomerpuueckoii dopve ator peayasrar npusesids B [10], ananntuieckan
TpakToBKa cojuepaures B [3).

6. Hepasencto Buasmike. Buiywisilt tenecuntii komnagt M cojepxur maps
nogozkparensnoro pagayea. lap qauboinbuero pajguyca, HeJukoM cojlepiranmiics B
ronmrakTe M, naspipaercs pnucannsim mwapoM, CymecTBoBanue BIHCAHEOIO HIAPA MO-
JKET OLITL JOKAZAHO € MOMOHILE) CTAHJAPTHLIX PACCYXKJACHHI, OCHOBAHHBLIX HA KOM-
naxtHocTd. Pammyce wapa, eoucanworo 8 M, obosmadum wepes p(M). Huke Gyaer
HCHOIb30BATECA PEOMETDHYECKH OHeBHAHAS

Jlemma 7. 1) Feau My, My — sunyrawe medecnne xomnarmu u My < My, mo
plMy) < p(My).

2) Beau M — meaecnvitt sunyx.amil womnoexm, mo dag xaxcdozo = > 0 eyuecmsyem
Mmuoeozpannux Q, das xomopozo M C Q, p(Q) < p(M) + .

He ocrasaBnupagch HA JIOKA3ATENABCTBE, 3AMETHM, Y9T0 B KAMECTBE () MOXKHO B3STH
MHOZKECTEO

Q= {z e R", (x,u;) < sM(u;), i€ I},

e w € 8B, 1 € I, |I] < o0, MHOMeeTBO {15} AVCTATOYHO TYETO PACOONOWKEHO HA
cepepe OB,

[Mosowum h; = sM(u) , Ty = {o € RY, (z,w) = b}, Qi = {z € R, (z,1) <
hi} (v € I). Brinoveure Blx,t) € J; (t = 0) sxkBupagnenTao HepapeHersy £ < h; —
(z,u;) = dist{x, [';), nosromy map B(z,t) copepmmres B &), eciin u ToNLKC ecan f < fi;—
(z,u;) Vi € I. Orciopa nerxko cienyer, 4ro sueao —p(Q)) coBUazaeT ¢ MAUUMANBHBIM
3HaveHneM PYHKIHY

flz) = max((z,w) — h)
=
Ha npocrpancrse R, B cuity sropoli teopemsr 06 ouncrke mafiggres muomecrso [,

I, [T <n+ 1 makoe, 910 MEHIMATLHOE SHATEHHE DYHRIIN

Fi(x) = max((r, us) = hi)
teig
wa npoctpancrse R" taxke pasuo —p(Q). B wactnoern, eciau

Qi = ﬂ 64

tely
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10 € Qu 4w p(Q) = p(Q4). He ymensmas 0GHHOCTH, MOKHO CTHTATH MHOACCTBO ().
OCPAHMTCHTBLIM § B PACCMATPHBACMOM CTV49ae curipiercom. HanoMuym, 9o cnMiuiex-
com B R™ vaseiaered puinyx/as o0onouka n+ 1 anemenros u3 R™, we upunaiiexaminx
0aH0M runepIockoctn. M3 npopentuunix paccyacHU# BLITeKaeT
Jlemma 8. Feau M — meaecnudi sunyraod somnarm, mo dan awboz0 £ > 0 nati-
demca codepocarut M cumnaeke Q. marotl, wmo p{Q ) < p(M) + £,
Hepasencrsom Bosiiige HaznBar OINEHKH BUIA
2p(M) < AIM) £ (n+ .|.)/J{__1'1) (16)

i

e A(M) - ronmpana renecioro erinyxiaoro komnaxra M, p(M) - paguye runcanio-
ro B M mapa. Jlesast uacrs (16) ovweBuanA. ‘Ie'mrbnmlmno ecan Blz,p) € M, 1o
A(M) 2 A(B(x, p)) = 2p, wro u upusogut apu p = p(M) K HYKHOMY Pe3yILTATY,

Duxcupvem £ > 0 u noadepém caMiiexe Q. yaopaersopsioniil veaopuam M ©
Q. p(Qy) < p(M) + £ (cm. jgemmy 8). n- mepupiii 00béM V' cnviiiiexca Q) moweT
OBITL BEIMHCICH 10 hopMyiam

V= ;l Soha = :—E‘S';-;{\(_,{‘+)7 (17)

rie Sy — —(n—1)— mepubiil 00nLéM Kakoif-n00 rpanu, Ay - AJIHEA BLICOTE CUMILICKEA,
ONYIIEHHAL & 3TV rpaib, S — cyvma (n — |)-Mepusix obEMOB Beex GOKOBLIX Ipaneit,
p(€Qy) - pamnye prucannoro 8 Qo wapa. M3 dopayist (17) jderko psiBogures, o
TOSMIMHA CUMILIEKCA () COBIAIAET C BRICOTOH Ny, ONYIHEEHON Ha DPAlib ¢ nm-yﬁn-mumv
(n—1)-mepruim o6bérom Sy, [ockoasky cummexe unveer 7+ 1 rpans, 10 S < (n+1).S
Henoasave cuoea (17), noaywaem by < (n+ Dp(QL). (,II[J?LBI”.'I_.’.'IIIBI.-E OULIKY

A(M) € AQL) € (n+1)p(QL) < (n+ 1D (p(M) + &),

)

13 KGTOPRIX BBV Ipouspoasnoct € > 0 caenyer npapoe u3 weparencts (16).

Komeraurns 2 # n+ 1 s uepasencrse (16) TOMHBL B TOM CMBICIE, YTO CYILRCTBYIOT
BBITYKJIBIE KOMIAKTH, LI KOTOPLIX COOTBETCTBYIGINAE HEPABEHCTBA CTAHOBATCH pa-
pencrsavi. Hanpusep. ecoon M — map, 1o A(M) = 2p(M); ecorm M - npasuabibil
crMiuIeke pasmepriocti 1, o A(M) = (n + 1)p(M). Ouenxu (16) Bepun v 8 eavuace
HETENCCROTO KoMmakTta M, Tak wax B 3roM cayqae A(M) = p(M) = 0.

7. Teopema Xemnwy. K teopemam 00 ovperre dinzka reopema Xeanu, EE aoxa-
3ATEABCTRA H MHOUOUHCICHHEBIE NPUMEHERHY XOPOIIO HIRECTHDL.

Teopema 4, (Teopema Xenauj. Hycms Ay, « € 1 — cometicmeo 3amgiymus 6o
nykane nodsmmomceems npocmpariemee R®, no xpatined mepe oduo w3 xomopuir xom-
naxrano. Ecan awboe nodeemetictneo us (Ir e = l] -20 MHGHCECTBM WWMEETI) HETIYCTROS Te-
PECEYENUE, TO U GCE CEMEUCTNGD UMELHTL HETLYCTIOL NEPECEYENE.

< [lycrs pravade 1] < oo, Oyukuun f;(1) = dist?(x, A;) BLILYKIE B HENPEpE BHO
,'.!,Ii('l)(br*p\ smnp\(\ml na upocrpatcrre R” (em. sagauy 2 paspena 1.1 v 3amauy 2 pas-
dena 1.3). Ecnm Ay, — KOMDAKTHO® MIOMKECTBO, TO BCC HHMKHHE JICOETroBhl MHOMKECTHA
(bvnmms fi, orpamiaetint. [losToMy TakzKe OrpaHniennl HilHMae J1e0eroBLl MIOKECTBA
byuxmun f(r) = max{fi(z), i € 1}. Cacporareibio, Gyukung [ A0CTHTACT CBOCIO
munusMyMa Ha R™ B HEKOTOpO# Toure T. B3 ¢ty Bropoil reopemul 00 0uncTKe Hailifrca
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MuOKecTBO [, cogepxKaitee He Hosee 1+ 1 9MeMEHTOB U TaKOe, 4T0 I Pean3yeT MUHH-
mym byuknun fi(z) = max{f;(z), i € I .} u f(&) = f(Z). Hockonbky |[.]| < n+1, 10
muozxkectsa A; (1 € 1L) umenr obly1o TOUKY, & MUHUMAILHOE 3HavYeHne pyHxunn [,
na R" pasno 0. Caegosarensno, [ () = f1(Z) = 0. D10 IKBUBAJIENTHO JOKAZLIBAEMOMY
yTBepKAenuio B ciyqae |I]| < oc.

[Mycre Teneps [ — Heckorednoe MHOKeCTBO. 13 10Ka3aHHOI'O BBHIMIE BBITEKAET, TTO
cueTeMa 3aMKHYTHIX TogMmumkects A, N A;, kommakra A;, obpasyer HeHTPUPOBAH-
HYIO CHCTeMY H, CJIGJOBATeNBHO (eM. mpepiowxenne 2 pazgena 1.1}, umeer Hemyeroe
nepecedesme.p

Banaga 2. Buscemu meopemy 5 ui meopemu, Xeaa.

3agaua 3. [Tyems Ay, ..., A, (p > n+ 1) - eunyxane muoscecmea 6 R™. dowa-
3amb, Wno ecau wexcdoie n+1 Uz HuT wMenm 00ULYI0 TNOYKY, MO BCE IMU MHONCCCTNE
uMeNT 0610 MOUKY (00UN U3 MHOZOMUCACHHUET GApUanInos meopemi. Xeaa).



I'maBa 2

JImuaeinag onruMusaus

2.1 Jluneitabie HepaBeHCTBA N MOJIN3APHI

1. CoBMecTHBIC U IPOTUBOPEHNBLIE CHCTEMbI IMHEHHBIX HEPABEHCTR. Pac-
CMOTPUM CHCTCMY JIHHOHIILIX HEDABCHCTE

N

(aj.x) €y, (i€ 1), (1)

3aece I ~ konednoe noamuoxkecrso N, a; € R*, h; € RVE € [. Cucremy (1) nazsisaior
COBMECTHOM, eCJTH MHOKECTRO 06 pPelIeHi

-

Q= {xeR" (anz) < Viel) (2)

BEIYCTO, W IPOTHROPEHHBOH, ecnn () = &. JIunelinoe nepaBescTBo
(a,r) <h (3)

HMenyeM HeoTpHnaTenbHoil Jnuelinoll koMOunamueil cucremnl Hepasedcre (1), ecan
HalgyTes Takue HeOTPpHUATebHBIC ucia A; (1 € I), uro

a = Z /\i(l-,;, h - Z /\ih,lj.

=y

Ouesuano, uTo KaXkape pemenuc cuctemel (1) apiaercs peienuem Hepapencrsa (3).
B uacrHocry, ecim, Haupumep, (3) - nporupopednroe HepapencTso (a = 0, h < 0), 1o
u cucrenma (1) taxyke nporupopeausa. Herpupuasen obdparusil daxt.

Teopema 1. Cucmema nepaseneme (1) npomusopenuce 6 mom U MoALKD 6 oM
CAYUAC, ECAU HEKOMOPAA UL HEOMPUULMENLHIA AUHCTIHAL KOMOUNAUUA CCTILG NPOTIL-
BOPEMUBOE HEPABCHEMEBO.

< [Tycrs cucrema mepasencets (1) aporaropennsa. B atom ciayvae cucrema oio-
POMHBIX HEPABCHCTH

(ag,r) — th; < (1€l (4)
(OTHOCHTEIBPHO HEPEMEHHBIX Ti. ..., Ty, t) BaeueT 2a cofoil HePABEHCTBO
1< U /))
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JTelfcTBUTeIBRO, B IPEANOI0KEHIH TPOTHBHONO HARJETCS Iapa I, f, yAOBICTBOPSIOIAs:
citereme (4) u rakag, uro ¥ € R", £ > 0. Ho rorga cucrema uepasencrs (1) umeer
pemenne T = &/f, W0 NPOTHBOPEHHT YCJIOBHIO () = .

[Tockoasky (5) — 1o caegcrsue cucremsr (4), To cornacao Teopeme Dapkaia Hepa-

percTBo (5) ecTh HeoTpHnATeNbHAs AunelHag koMOuualus HepasencTs (4). Drto npu-

BOJUT K COOTHOIMEHMSIM
.»‘\I'flr?' == l]. Ail‘f-?‘ =—1 {f.'l)

el e/

O6paTuas mvivikanus ovesiaa: (6) Bi1euéT 3a 060l TPOTHBOPEUHBOCTE CHCTEMbI
nepasencts (1), »

3 Teopembi 1 Burrexaer

Teopema 2. Jas mozo wmolv onpedeasemoe pasencmeom (2) muosicecmso € Houao
HENYCMBLM, HEOLTOUMO U QOCTNaInOwHo, wmobvl U3 coommowenul

Ny =0, N=z20(iel)

]

GULITLER A0 HEPAGEHCTNGO

Z Aihi = 0.

=

Muozxecrso @ Buga (2) wazwsaem jganee nommsapom. OHO NpeaCTABISET Hepece-
9eHUE KOHEMHOI'O HHCJIA TMOAYOPOCTPAHCTE, BHIOVKJIO H 3aMKHYTO. Pai cpoficts no-
Jmzapos usyden B 1.4. Hioke nprsogures ajiredpantieckan XapakTepucTHKa KpalHux
TOYeK HOJHIAPOB, YCTAHABINBAIOTCH [IPU3HAKE OFPAHUYLHHOCTH, 0DCYKIaeTca BONMPOC
0 CTPYKTYPE HEOIPAHMHUCHHBIX NOMHIIPOB U PACCMATPHBAIOTCH BAXKHBIC 15 OMTHMH-
3ANMOHHBIX 3a4a9 IPUMEDHI.

2. Kpaitane rvoukn momuaapa. Touxy z seinykjaoro muoxecrsa M HAZBIBAOT
KpaitHelt, eci 1e cymecTsyer ToueK z,y w3 M rakux, aro  # yu z = =2, [Ipumepn!
KPafiHux TOUEK M MX POJib B 3a/0a4aX BBUIYKJION ONTHMU3AIHE E:!.I-IaJTIITH-TDO—BHJTI-[L’h B L4
Hog auaefinoit onruMusanmu 5Ta Poab eme bojee 3HAYUTEIbHA.

Teopema 3. [Jasa mozo wmobuw mouxa z Ouwae wpatined movwkold noausdpa (), onpe-
deasemozo pasencmcom (2), neoGrodumo u doctnamouno, 4wmobu. MHOHCECMBO

I(2) := {t € I, {as,2) = hy} (7)

codepaicano nodmroscecmeo Iy moumocmu 1w mobul okt a;, 1 € Iy 6wsau aunetino
HE3ABUCUMDL.

< Heobxoaumocers. Tlyers Muoskectso {a;, i € I(2)} comepxutr Menbie den n -
HeHHO HE3aBHCHMBIX deMerToB. Tora ogtopoanas cHeTeMa. JUHeHHBIX OTHOCUTEILHO
T VpaBHeHui

(az; 2) =0, 1el(z)

umeer Henysepoe pewtenue . s onpenenenns (7) muomxectsa [(z) BBITEKAIOT COOTHO-
IEHUST

(ai,zF+cex) =h; (1 € I(2)), (a,z2xeT) < h; (i ¢ 1(2)
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IPH JIOCTATOYHNO MAJLIX € > O, 'rak 1o

HETEQ, z—ETEQ, z=-—

T. €. 2 HE ABJSICTCA KpaiiHeil TOYKoH MHoxecrsa ().
Hocrarounocrs. [Tycrs Touka z u3 @ 1axosa, uyro |ly| = n u gag i us [y Bexropul
a; AUHeHHO HesasucuMbl. 3 onpertenenina [y BHITCKAIOT COOTHOMICHHA

(LL,’. Z) = h,‘, 1 € [O- I:;)‘J

;—I()H,\-’CTHM, 4To
I Y
Z:——_Z ,.]J(:Q,y@@,flf#y.

Tak xax z,y € @, 10 (a;,z) < h;, (a,,y) < h; Yi € I, nosromy

(i € Iy). (9)

—~
~
)
-y
Il
—_—
=
Sy
N

Wtak, jBe pasiduible TOYKH YAOBJETBOPAIOT cncreme ypasuenuit (9), B koropoil
VPABHEHHS JTHHCHHO HE2ABHCHMbL U YMCIO UX, COBNAJAIONIEE C MOIHOCTLIO MEOKCCTBA
Iy, pasHO N - PA3MEPHOCTH TPOCTPAHCTBA. DTO HEBO3MOYKHO B CHJY H3BECTHBIX TEOPeM
0 PaspelluMOCTyd JIUHCHHBLX YpaBHeHUHd.

Cnencrsue. /o601 noausdp umeenm ne DOACE KOHENH020 YUCAQ SBEDULUM.

3. OrpaanuenHbie nOaU3APLL. lpuBeéy veiIoBus OrpaHuyueHHOCTH 1TOJTUIAPA
(2, ONPEILAIeMOTD PABEHCTBOM (2). .

Teopema 4. [loausdp Q@ ozpanurer mozda w moavko moz0a, xozda daa 2106020 o
us R" cywecmeypom maxue Ay = 0 (1 € [), wmo eunoaniemes pasencmeo

o= a,. (10)
=3}

Heobxomumoctn. [lyers MuoxkecTBo (@ 0rpaHrteHo. YCTAHOBHM CVIICCTBOBAHUE
HOOTPUIATEABHBIX YHCe] A;, JJsT KOTOPBIX BbioHsieres pasedcrso (10}, Ecaw g
Hexoroporo a u3 K" nmogobunix wucen Her, To B cu1y reopemst Papkama CymecTByer
asement u u3 K", VIS KOTOPOTO COPARE/LITUBDLl HePAREHCTBA

(a;,u) <0 (e l), (a,u) >0,
B wacrnoct, u # 0. Ecau 2 € O, 1o npu s110dom A 2= 0 nveem
(T+ Au,ai) < (7,0;) < hy (i € 1),

T. e. Bech ayd {Z + Au, A = 0} upunawiexur noauaapy (. DT0 IPOTHBOPEIHT Orpa-
HUYEHHOCTH MHOMKECTBA ().
HocraroudocTs. ITyers MEOKeCTBO () HEOrpanuieno. PaccMOTpUM 110CTeA0BATON -

HOCTb T; M3 (), [/t KOTOpOH |z;| — oo mpu j — oo. [lociejosatenstocts vj = x;/ ;)
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orpanutiena (|vj| = 1); ne ymennmas 00MHOCTH, MOKHO CIHTATD, ITO HOC/AEI0BATE/ b=
HOCTL v exoauTes K ektopy v ament 1. Tak kak z; € @, o (ag, ;) < b Vi € L.
O'T('[O,'I.fl HOCACOOBATCLHO TTOJYHaeM

h; ) ot
(i, 1) < l—;—| (a;,v) < 0Viel.
J

B cuay (10) BekTop v ecrb Komuveckas KOMOMHAIMS /1eMeHTOB «; (i € 1), novyromy
HANIYTCA TaKHe HeOTpHLaTe bible yucaa A; (i € 1), 910

-y k
Q= Aifl , &, CIeI0BATeNHLHO, (?;, ‘u) = 2 Ailai,v) €0,
d izl

T. e. [v| = 0. [Iporusopeune.p»
Kpurepuit orpanndensoct noansapa (2) mosker OpiTh 3amucan B unoit (Gomnee reo-
merpuanoit) opue
con {a;},.; = R". (11)

Tlpu ero BeimosHenny ) €cTh BuIMyKIAs 000J04YKA CBOMX KPAHHUX TOYEK, HUCI0 KOTO-
PBIX KOHEeYHO.

4. HeorpaauvyeHHBIE HOJHIGPEL. [[oAynpocTpasCTrO, M0J0CA JOCTABAAIT IPH-
MEpPBI MOJIHIIPOB, HE UMEIOIINX Kpalinnx Toqex. V3 Teopemul 3 serTexaer Heobxommoe
VCJIOBUME CYIIECTBOBAHKHA KPAMHHX TOUEK V noausipa (2, OUpesessieMoro paBencTBOM
(2): JHHeHHag 000I04YKa MHOMKECTRA {m}it‘, copnajaer ¢ npocrpancrsom R?, B kpar-
KOt 3anmcu

Lin {a,;}?..‘.__‘, = [R". (12)

ITO YCAOBHE OKA3BIBACTCH M A0CTATOTHBIM. [l OHO BRIMOMHEHO, TO MOAMdAD () HA3LL-
BAIOT PEryaapHbiM. IIpuBeném paji pesyabTaron 0 reOMeTpHYecKoit CTPYKTYpe Heorpa-
HHHUCHHLIX TOJH3IPOB (JOKABATEALCTRA, eM., Banpumep, [1]).

Teopema L. [Toausdp € umeem xpadnue mowsn mozde u moavke moz2da, xoz2da on
PEYNADEN.

Ob6oznaunm wepes M Buinykayio o6o/I0uKy KPaifHuX TOYEK PErVISPHOrO NoJH3apa
@). Beeném B pacemorperne muoxecrso K := {z € R*, (a;,z) < 0Vi € I}. Ouo
ABJISLETCS BBIUIYVKIBIM 320CTPEHABIM KOHYCOM, T. . objajaer coidcTBaMu: ecaym u €
KveK AX>20r1outve K, e K, uz coornomennit ¢ € K, —z € K porrexaer,
qro x = (.

Teopema I1.Ecau noauadp Q pezyaspen, mo () = M + K.

Perynapuniii noansup ¢ jAonyckaer npeicrapjienae

k i
G=<reERz= Zas:; - E By (13),

s=1 t=1
rae z, (s = 1,2,..., k) — kpaitnue Touxn @, wy (t =1,2,...,1) - kpaituue piGpa konyca

K,

k
as 2 0, EE:C%'::17 By 2 0.

=1



2.1. JIMHEWHDBIE HEPABEHCTBA H ITOJIN3/IPBI 49

Pasenctro (13) 103BOIZET UPEIYTAIATh MHOIHe PE3Y/ILTATEL, CBAZAHHLIE C JIHACHTONH
ontuvusanueii. OJHAKO €ro J0KA3ATC/IBCTRBO AOBOJILHO KPONOTAUBO M MOCEMY HE HDH-
BOXUTCA B JAHHOM TOCOOUHY.

5. Kanonnyecknii muororpasank. Pasenctso (a,z) = b 9KBUBAJCHTHO IBYM
gepagencrsam (a, ) < b, (—a,z) < —b. I[losromy muoX)ecTBO

Q:={reR"(a;,z) <b;, GeI), (a,z)=0b (i€l

ABIACTCH TOAUIIPOM ((’M. pasiei 1.4 m. 4). [Lig nofusapos, onpeensaeMbix CHCTeMOM
HEPABCHCTB W PABEHCTE, BEPHBI CCTECTBEHHBIE AHATOIM NMPEAIIECTBYIOUMIHX PC3Y/IbTaA-
T0B. He 1mpoBoasg nerajibHOI0 aHAIM3A BCEX BO3HHKAIOMUX 3/16Ch CJIY YA, PACCMOTPHA
ocobo moauyp X, Ha3bIBaeMblil B JaabHeiilemM KaHOHHTeCKUM MHOTOIPAHHUKOM M 3~
JIABAeMBIH CUCTEMON ypaBHeHi

ap Ty + apzy + o+ apdy, = by,
Q2171 + Agaly + + + Qopy = by,

(14)
A1 Ty + Al + +++ + Q1 Ty = by,

I CHCTeMONR HEPABEHCTB
2, 20,2920,...,2, 2 0. (15)

Jlanee GyayT HCHOML30BATHCS COKPAILEHHBLE (DOPMBI 3ATTHCH CUCTEMBL COOTHOLIEHUI
(14), (15). Eciu BBecTH MaTpHIly

ay) (0 Ty

Ggp  tpe ..o oy
A=

Gyl Qw2 -0 Mty

W BEKTOP-CToNBUbl & = (z Za. . 2n)', b= (byby...by)", To cucrema (14) sammmerca
B BHIIE

Ar =10. (14™)
Crpoxn matpuupl A = (a;;) pasmepos m x n obosnauatorea uepes A' (i = 1,..., m).
croabup — uepes A; (7 =1,...,n). Cucrema (14) skBuBajICHTHA OIHOMY BEKTODHOMY
paBeucTByY
n
i e = 1
E r; Ay = b (14%)
=1
WJIN CUCTEME CKATAPHBIX PaBeHUTTE
Az=b (E=1,...,m). (147)

O6osnadum tepes R cOBOKYNHOCTH BEKTOP-CTONDIOB € HEOTPUIIATEIBHBIMHE KOM-
nonedrtamu. Breaém B R* orHomesie 9acTinigoil nosyyiopsaa04edHocTy, nojaras T <
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y, eciu y — € R . Ananorusuniv 00pasoM BEOAMTCS OTHOMIEHIe YACTHYHON TONyy-
MOPAIOUCHHOCTH B npocTpaucTee K, pextop-crpok. Cuerema nepasencts (15) skpu-
BAMCHTHA OJHOMY BEKTOPDHOMY HEDABEHCTBY

0] (15%)

C yaéToM TpHEATHIX 0003HATeHUH KATOHHIeCKHH MHOTOrpaHHIK X onpeetderca co-
OTHOUICHHEeM

|

(1

Xi={zeR* Az=0b, z 20} (16)

OBCyIM YCAOBHSA HEHYCTOThl KAHOHMHECKOr0 MHOIOIpaHHHKA. Bravase paccMoT-
pum ciayuait m =1 ; B 3TOM ciydae

= {T S ]R"‘, T T T Ay = b, T, 2 O, L PR 0}

OQuesunno, X # @, ecoim b = 0. Ecnn ke b # 0, 1o X' = & B TOM H TOIBKO B TOM
cayuae , ecan ap b < 0,...,a,b < 0. Anasor 91oro YIBEpXKACHHA BEPEH TIPH J000M M.

Teopema 5. Kanonuueckuii mmozozpannur (16) ecms nenycmoe mnoxcecmso &
TNOM 1L TROABKD 6 TOoAM caymae, Kozda daa moboli sexmop-cmpoxu p = (py ... Py, ydo-
BAEMEBOPAIOULETE HEPAGEHCINEAM

7]

Z piagy <0 5=y oy T (17)

i=1
(’.TL?)(Z(?I?(A.*LZ.I‘.(;‘() Hepaaenemneo

b = Zp,b,; <0, (18)
§=1

< Henycrora xanoniueckoro muororpaniuka (16) sxsuBagenTHa BKIOYCHNIO b €
con{A4;...A,}. Tenepsb gokaznizaembiil pesyibrar BolTeKaeT u3 TeopeMbl Papraira
(cm. 1.4). »

CunencrBne. Kanonuueckuii smHozozparnur X ecms Nyemoe MHONCECINE0 6 MoM
U TNOALKO & TMOM CAYHAEC, ECA CYUECTRGYETN GERMOP-CMPoRe P = (D1 ... Pm), ydosae-
MEOPAULLA cucTnesme nepasercme (17), daa komopoti pb > 0.

CorefeTBiIO MOKHIO Npuaath Takyio Gopmy: cooTHomemne X = & IKBHBAJICHT-
HO CYIHECTBOBAHMID HEKOTOPOI snHeiinol komOunauun ypapuenuit (14), He myeouel
HEOTPULATCALILIX pellernii.

6. Kpaiiane TOYKH KaHOHWYIECKOTO MHOrorpasHuka. Kpaitaue TOUYKH Kano-
HUYECKOTO MHOTOPPAHHIKA HA3LIBAIOT BEPIIMHAMK (HCTIOML3YIOTCA TaK/Ke TepMHIbL:
ONOPHLIH nJian, yriosas Touka i Ap.). Tns saementa z w3 R obosnadum gepes J(x)
MHOKECTEO MHACKCOB J. A8 KOTOPBIX j- af KOMIOHEHTa BEKTOPa & HOJOKHTEILHA:
J(z) = {j : x; > 0}; J(x) nasplBalOT HOCHTENEM NCMEHTA T.

Teopema 6. [ars mozo wmobw mouka z € X 0biaa 6ePUUNOtl KAHOHUMECKO20
mrozoeparure (16), neobrodumo v docmamonno, wmobv, CUCTIEMA BERTNOP-CITIOAOU06
Aj, (7 € J(2)) mampuuyse A Goiaa auneting He3a6ucumot.
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<« Heobxomnmocts. [lyets 2 = (2 ...2,)" - Bepmmna Muororpanauka X. Ilpej-
MOJIOZKHM, 9T0 BeKTopnl A; (j € J(2)) suneiino sasucumpl. Torga Cymecrsyior qiucia

Aj (j € J(2)), cpe/in KOTOPBIX €CTh OTIMYHBIE OT HYJS U TAKUE, YTO

JEJ(z)

)T

[onoxum A; =0, ecom j ¢ J(2); nyern A = (Ar... A\,)T. Toraa

n

T
E )‘lej =0, E (Zj 1= S)\J):lj =b.
Hpu mansix € > 0 saemento 2z +£A, 2 — eA Bxouat B muokectso X. OueBn/iHo, 1TO 2
- cepejinHa orpeska [z — e, z + =A|. Tlocaepee npoTHBOPEUUT TOMY, ITO 2z BEPILUHA
X, HeobGxogumocTh J(OKa3aHa.

Hocrarounocre. Ilyers cucrema sektopos A; (j € J(2)) awmmeiino HezapacuMa i
z=(z1...24)7 - cepepuuna orpeska [z, y], tae v = (z1...2,)T € X,y = (... yn)? €
’ A J T -~
X. EBemm j ¢ J(2), 100=2; = —*’-7‘“-;—’-, gosromy z; = y; = 0. CiesoBarensho,
" =
z ) .'I‘J‘.FiJ' = S‘ '_(_/j-'lj =},

jed() jed(2)

B cuay maneiinofl nesapucuMocTy cucteMsl sextopos A; (7 € J(2)) orcioaa serrexaer,
gyro ¥; = y; (7 € J(2)). Urak, z =y = z.»

Caencrpue. Y KaHOHUNECKO20 MHOZ0ZPIHNUKG CYULECTREYION, KPAUHUE TOUKY.

o« g JoxkasarenbCrBa MOCTATOMHO BOCHOIL30OBATECH JeMmoil Kapareogopn n teo-
peMoit 6. »

Kazkaoil pepriie 2z KAHOHUHCCKOT0 MHOrOrpaniuka (16) cooTBeTcTByeT MHOKETBO
J(z), conepxamee we Bosee m 3nemenToB. Ecim 21, 2, — pasuele Bepmunsl, 10 J(z) #
J(zy). osromy uucio sepuin X He NPEBOCXOJUT “HCIA MOAMHOZKECTE MHOMKECTBA
{1,....n}, conepramux He Goyee M IJIEMENTOB: 9T OUCHKA YHCJAQ BEPUIHH CHILHO
3aBLUIEHA.

Sanaua 1. Busecmu meopemy 6 us meopemul 3.

Sazaua 2. [pusecmnu npumep HEOZPAHUMERNOZ0 KAMOHUNECKO20 MHOZ0ZDAHHIUKA,

Bamaua 3. Henycmotl wanonwuveckud mnozozpannuy (16) oepanunen, ecau u moas-
KO O CYULLCTRGYL, SEKTOP-CMPoKa P, i xomopold pA > 0.

Kommenrapuii K 3agade 3. Yeosue r = (... ,r,,)T > 0 o3wauact, 4o r; > 0 V7.
Kpurepuit orpasnuennoctu X, upupedunntii B 3agaqe 3, nonyybdexrusen: on -
dexTuBeH Kak [A0CTarodnoe, Ho te apdexrusen Kak HeoOXOAMMOE YCIOBHE OIpDaHi-
YEHHOCTH KAHOHHIECKOrO MHOTOIPaNHHKA.

2.2 (CsoiicTBa 3a1a9y JJUHEWHON ONTUMU3AIUN

1. TTocTanoska 3ajaum JUHENHON omTHMM3anuu. 3ajaua JHHEHHON onTH-
MI3ALUN 3AKII0YAeTCS B HAXOKACHHN SKCTPEMAJIbHBIX 3HaUeHni Juuelinoi dynkuun
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IPH HAJHTHY KOHEMHOTO YHCAR OUPAHIYCHHHR THIA HEPABEHCTE H DABEHCTB, 3alaBae-
Motk adpduunsivi byukuuavpn, Ofimaga 3aa4a JHHeHHOR ONTHMI3ANN MOXKeT OblTh
sanncata B Buae

lo(z) = ey + - -+ e, —  min (max),

Lx)2b eh), lix)=0b(1€h), Liz)<b(i€l).

3necs Li(z) = ajxy+ - 0T, — auneitnne dynsnponans ma R, I, [, Iy - nenepece-
KATOTIHECS MHOACCTBA, HEKOTOPHIE H3 HUX MOTrYT ObiTh nyeTeiME. Cpean orpanmnaennii
HACTO BOTPEHAIOTCS VCIOBUS HEOTPHIATE/BHOCTI EPEMEHHBIX T;.

IMpumep 1. 3azaga o guere. [yers umeerca n pasinansix npojaykros [y, ... IT,.
Obosuaumm wepes z; cyrodnoe norpedienue j - ro npoaykra. C Kaxkioit Aueroii csa-
3BIBACTCY COOTBOTCTRYIOUIEE el KOJHYECTRO MHTATCALHEBIX BeMecTs (Be1ku, Kupbl, vr-
JeBOABL, BUTAMMHBL ¥ T. JA.). [lycrh seanmiuua o;; XapakTepusyer CouepKaHmue i - ro
MUTATEIRHOIO BEIeCTBA B eiMuHUlLEe ] - ro upoaykra (2 = 1,...,m; 7 = 1,...,n).
Torpa obutee copepzKAHUE 1 - I'0 UTATESLHOIO BEIIECTBA B NPHHATON JMeTe PABHO
Ty + - A A2y, O603HaMIM 90peE3 b, MEHUMATBEYIO NOTPEOHOCTL OPranu3Ma B 1 -
OM BELIECTBE. DTO O3HAYACT, UTO JAHETA JIONZAKHA YAORISTBOPATH OrPAHNYCHUAM A0CTA-
POTHOCTH TTHTATHA

e - f = Y
2 Giiti 2 0y (8= 1y, o118

J=l
Ecan ‘('j CTOMMOCTE eJJHHHUILL } - ' APOJAVETA, TO CTOEMOCTD BCCH JTUETHI arpenejsaeT-
(67} (_I.‘.i}'l[l([U-l('flvl' 10 (I) — & o e ere Cp Ty OI['I‘H:\I'r'k..FIIsI-Tt']ff‘l ,111-1e'roi’| cJaeilyer Npu3ialb TaKy
CHCTeMy TIPOIOYKTOB Ty,...,Ty (_.’C?‘ ,/", ﬂ), KOTopadn H(){)&HL&G’[‘ B MHHHMVM ('1)_&'%!!\'[1!-! O {{)

1pH CODMOMEHHN VEIOBIA JOCTATOTHOCTH NHTARNS U HeOTPHIATEILHOCTH [TePEMEHHbIX
T;. 3agada o guere Mozker GbiTh 3anncana CIeAvIomnM o6pasom

n

lo(z) = E ¢y =+ min,

=1

T
li(x) = Z“UIJ" 2 b (=1, . PR 2 200 =1 58)

j=1
ITpamep 2. Tpancnopraasg 3anaga. [Tyers unMeercs m HOCTABIHKOB HEKOTOPOI
OAHOPOABOH IPOJYKIMH, PACHONArAKIINK ¢; CAWHHIAMK npoaAyKuun (i = 1...., ),
[TpoayKiiio NOCTABIIUKOD HCIONLIYINT 1 3aKA3MUKOB, HOTPEOHOCTH KOTOPBIX Xapak-
TEPUBYIOTCA YuCAaMu by, . .., b,. Bee uncia a;, 0, > 0. MasecTHa cToumocts ¢;; nepesosa
eUHAIB! TPOAYKIHN OT 1 - [0 HOCTABIMMKA K J - MY 3aKkasqnky. T'pebvercs onpeieinrs
TaKOe KOJHYICCTBO eANuuil NPOJYKOHH OT KA 00 MOCTABIIMKA K KAXK/JIOMY 3aKaiii-
Ky, 4T0OLI TPAHCHOPTHBIE DACXOJH DBLIH MUHHMAILEL W BCE TOTPEOHOCTH 3aKA3TIKA
OpLy yjaopaersopens. Otozaatun 4epes Xy YHCI0 eNUHHD TPOAYKIHM OT 2 - I'0 1H0-
CTABIIMKA K J - MY 3aKa34uuKy. I'DaHCIOPTHEIC PACXOAB ITOH [Maphl COCTABAT €5 %35+

Tpancnopruasa 3azada GopMAIMIYETCs CACAVIONIHM 00PA3OM:

m 7

E E CijLiy — min,

=1 §=1
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7L m ’
Srg<a, Yoz h 220, (i=1...mj=1,..,n).
G i=1
2. PazpemmMocTs KaHOHUYECKON 3aaa4yu JiuHeitHON onmTuMmzanun. Cyue-

CTBVET HCMAJIO BAPHANTOB 33124 JMHEHOI omrumusanny, Ho unawbojiee yinorpedu-
TEALHBL J1BA U3 HUX: KAHOHHYCCKAs 34/ JUHEHION OUTHMHUZAIIIN U 33,7298 ¢ OJIHO-
TUIHBIME VCA0BUsIME. KanouuvecKas 3a/a49a JUHeHON OnTuMu3any 3aK/II049ae1ea B
MUHEMHA3AUHT JHHeTHONH (by]iKILHH 112 KaHOHHYECKOM MHOPOTPAHUHKE; e¢ pasBépHyTag
3AMHCD BBITJLSIIUT CJIeYIOHM 00pa3soM

lo(x) = 1oy + - + ¢t — min, (1)

n

E agr; =b (1=1,...,m); z;20, (j=1,...,n). (2)
i=1
Ecim Boectu Bexrop-cronbust = (21...2,)%, b = (by...bn)T, BexTOp-cTpoOKyY ¢ =
(¢r...cn) mvarpuny A = (ai;) (i =1,...,m; § =1,...,n), ro 3anaga (1),(2) zann-
colBaeTcs B Kparkoit popye

lo(z) =cx - min, Ar=»> z2=0. (Z)

W

Honyerumptit anement 3agauu (1),(2) nazeieaior mianom. COBOKYIIHOCTD MJIAHOB ¢O-
cTaBinger Kanomuueckuit muororpanank X = {z € R", Az =0b, 2 2 0}. Ecm X = @,
ro sagada (1),(2) Geccomeprxarennia; eé 3uatuesue OyaeM CUHTATh paBubiM +0o. Ec-
am X # @ u ¢yrkuns [y orpauniuena cHusy, To 3HadenneM 3azaun (1).(2) nazsisaior
uncao inf{ly(z), z € X}; B couyuae HeorpanuueHHOCTH QYHKUMK [g CHU3Y 3HAUEHUC
sagaun (1),(2) nonaraior pasubiM —oo. Urak, snavenuem 3ataqau (1),(2) moxer Gorr
n1060i anement 13 R = R U (4+00) U (—o0).

Teopema 1. Eeau anavenue zadavu (1),(2) xonenno (uz R), mo

1) 3adana (1),(2) umeem peusenue;

2) cpedu pewenud sadavu (1),(2) natidémen xomsa vl 00HQ SEPUUNRG KGHOHUMECKOZ0
MHO20ZDANNUKG; UHANE 2060DA

mincz = min cx. (3)
reX zeext X
< Ilvers Ay, .. A, - cronbus Marpuusl A, 0f,...,¢, ~ KOMIOOHEHTHl BEKTOD-
A A, N .
CTPOKHM ¢. Beuém Bekropbt [ = ( I (R ‘ w3 R Obosnatnm
g C

qepe3 ¢ KOHHYECKYIO 00001Ky BeKTopos Fi, ..., F,. Kak Opu10 ycranosieno paiee
(em. paspen 1.3), £ — 3aMKHYTHI BOUTYK/IbIH KOHVE B npoctpancTse [ ‘. Ecanr x ~

m

b , ., S Y
nitan 3anaum (1), (2) ua = cz, 10 < L)€ . C apyroit ¢ropousl, eciiu L)€ v
) (

8
10 cymecrsyer mian  3agadi (1),(2), ans xoroporo o = cx. Takum obpasom, MHO-
b

Kectso & = o € K, > € 5 nenvero. MHOXKECTBO &7 OUDAHMYEHO CHH3Y H
"\«
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queio g = inf @ ecrn 3naucnne 3azaqn (1),(2). Tak wak oy € R u xouye £ 3a-
h , . . 5 :
MKHVT, TO ( € ', T. e. cyuecrsyer takoit anevent £ w3 R, wro Ax = 6.4 20
C Qg

mek = ap = inf{er, z € X}. Ho o1ro o3uanaer, wro & - pemenue 3amaun (1),(2).
[Tepeoe yrBep:KAenne TeOpeMsl JOKA3ano,

g oxasare/beiBa BTOPOro VIBep:IeHHs PACCMOTPHM lTepece enne Kanonnie-
cxoro Muorarpaunnka X ¢ ranepunockoeteio I' = {x € R*, ez = ap}. Muomxecrso
Xy = X N T raxeke aBisgercs KAHOHHHECKNM MIOPOTPAHHUKOM W, CHEJIOBATENABHO,
oBaajaer kpafinelt Toukol. YOeuuves, 510 Kamaad sepumia w Miororpannuka X,
ABIACTCS M BEPIIMHON MCKOAHOIO MHOIOTpaHHuka X, veM u Gyier JoRa3aHa BTopas
vacTh ‘reopeMbl. Eein w ge sepmmra X, 1o walliyres rakue Toukm u, ¢ w3 X, 4T0
w = % u # v Tak kak oy — MHHMMAAILHOG 3uavenue hyEkuua cr na X, 10
eu 2 g, €0 = 0. Bean cu > g I G0 > 0, TO cw = S5 > oy, 9T0 NPOTHBO-
peunt onpegesenno Muoxecrsa Xy, Chaeuosatensho, cu = cv = ay. Ho 310 03HauaeT,
uto u € Xy, v € Xy. [pepcrapnenye w = %52 (IpTUBOPEUAT TOMY, 9T0 W — BEPIIHHA

Ny M3 nuposenBunnix pacey s Lennit BRITEKACT. 9T0 U — pepmmaa X, p

Pasenctiso (3) ceomur zazaqy (1).(2) k 3aiaque otmcanist MEKecTsa ext X sepuium
smuororpanHuka X W nocseaywomedt Mpnuvisaman Gy cr ta ext X, Xors qucno
BeDIINH X KOHEUNO, HaMEYeHHbIH NYTh TPYAHG DEANH3YeM.

Bo-uepsbix, MuoxecTso ext X apanee e g3BeCTHO, 4 334244 610 OTHICKAINS 100 Ta-
Te4HG HeTpHBuadbEa. Bo-sropix, wmeno |ext X| moxer Gutns goctarodno BOMbIHNM,
nosToMy nepebop seex peputan X sarpyraureied. OOb4H0 NCHOILIYIOT BADRAHT 116~
pebopa Bepumna X, apH KOTOPOM JHauctue neidesoll Ghyakunn cr yvennmaetcs. Bauy
KOHEYHOCTH THCIA BEPIIHH Juoboh Meroy nepebopa. YMEHLIDAOIHIL 3Hadenitst 1eqenoi
hyuxupn, Konever.

3. PaszpeminMocTs 324344 ¢ OHOTHITHLBIMA OTPAHWISHESIMK. SaMEHUM YCI0-
BIA (2) OMHOTHITHBIMM OFPAHRUCTIMANH BU/TA

113

Za“.z:j 20 [0 =199 m); 22017 =100 B (4)
j=1

anaua musnMmsatuy Qyuxumonana ly(r) = cr npr yeaosuax (4) sanmestBaetes cae-
JVIOIIHM 08pa3om

fu(;fﬁ) =cr—min, Arzb zxz20 (P)

Teopema 2. Hyeme muosicecmeo naaros 2 = {r € R",, Az 2 b, x > 0} 3adariu
(P) wenyemo u diynnyuonan ly ozpanunen cruay wa muomcecmae 2. Tozda zadava
(P) umeem pewene.

« Beesém 10110JEHTeThINLe NEPEMEeHHBIe Tyr1.. .. Thpm H PACMOTDHEM KAHOHHYE-
CKYHO 30249y

Ay =crp+ -+ qtny + 0 2pgy + 2 -+ 0« Tpppm — min, {(5)

7

Z“iﬂ-’; —Tnpi =biy ((=1.005m), 4 20(k=1,...,n4+m). (6)

J=1
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2

[yers V'~ muoxecrso niaios sagaun (5),(6). Conocrasum smementy r w3 2
aaement G{z) n3 V, onpesenaembiii pasencrsom () = (71 ... Tpym)?, 70
T

Ln+q = Z Bty =Y 20 (i=1,..4 ).

7=1

Coorsercrene @ ecre Onexnus 2 wa V, nostomy V # @. Oueswino, uro [(2) =
ANO(z)Ve € X u l(®7'(2)) = Alz)Vz € V. lloaromy dyuknuwonas A orpanuuecn
camzy ma V. Coraacuo reopeme 1 sagaua (5),(6) wmeer pemenue. Cuenopareabho,
aagaua (P) Taxzke umeer peuiesne. »

[Ipuénm, ocHOBAHHEBIN HA CBICHUM 33144 THHEHHON ONTUMHU3AINN K KAHOBUTECKOM.
MO3BOJIACT YCTAHOBATD TEOPEMY CYUICCTBORAHUA MPH ABYX €CTECTBEHHBIX 1PE/II0I0kKe-
HUSX @ HETVCTOTA MIIAHOB HCCAeyeMoil 3aa4K ¥ OI'PAHIYEHHOCTE UeaeBoil (DyHKIMH
cum3y (Wim CBepXy, eCId WAET pedb 0 3ajJaue MakCHMU3auun). B KagecTre eud og1Horo
IIPUMEPA PACCMOTPHM 38544y

yb — max, yA <, (Z*)

HASBLIBAEMYIO JABOHCTBEHOH K 3anaue (Z).

Jlemmal. Ecau muoocecmeao naanos Y = {y € Ry, yA < ¢} zadowu (Z*) neny-
emo u hynryuonaa y — yb ozpanuven ceepry na muoscecmee Y, mo sadava (Z7)
UMEETL PeULEHTE.

« Crepén sayany (Z7) K xanonmueckolt 3ajate nuuefinolt onrusuzanny. Dro J1o-
CTATAETCS IyTEM BBCACHNA JAOUONNHTEAbHBIX Hepemennmx w € RY, v e RY . w ¢ R}
# 3aMenst iy = o — v, COOTBeTCTBYIONIAY KAHONNYLCKAs 301094 HMEET BU(

(v == u)b -— min,
(“. A+w=¢ w20, 020 w0

Paspemmmocts 1ol 3aaaue, BUITRKAIONAS U3 TeopeMbl 1, saedét 3a cobofi pazpein-
MOCTh 3ajaqm (Z7). »

Jdemma 2. Ecaur e X,y €Y, mo yb < cx.

« [eiicrowressro, yb = yAx < cr; wenoassywreda pasercrse Ar = b i uepanen-
creayA <e, 2 200 »

Jlemma 3. Ecau X # @, Y # @, mo 3adaun (Z), (Z*) umerom perwenua T,4; npu
amoas b < cr.

« VeTauoBuM paspeitumMocts 3agaun (Z). Jelicrsurensuo, muomecteo X HEMYCTO,
GYRKIHOUAT T — CX OCPAHBIel CHH3Y wncaoM yb, rie y — HPOU3BOJLIBIH aeMent
Teneps paspermuMoctTs 32094 (£) BLITEKART U3 rmp: Mbl 1.

Paspemnumocrs sagam (Z2°) caeayer us jgemy 1, 2. Econ & - pemenue 3ayaqun (Z),
i ~ peienne 3ajaqu (Z*), To B cuay aemmbl 2 b < T, »

Ha camom nefe B YCJIOBHSIX JIGMMBbE 3 MOJKHO IAPAHTHPOBATL DaBEeHCTBO: §b = rI;
spaverns 3a1ad (Z), (£*) 0AuHAKOBBL. DTO YCTAHARIBACTCS B CJEAYIONIEM HYHKTE.

4. Teopembl ABOIICTBEHHOUTH.

Teopema 3. (Ilepsast Treopema jpoiicraensnocti). Feau odna ua 3adas (Z£), (Z*)
UMEET, PEULEHUE, O U OPY2Qs TNAKHCE UMECT DeUEHUC, NPULEM JHAMENUA COOMGEN:-
CTNBYIOUUL 30005 PAEHDL.
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4 l-5 qacrn. yers 3azava (Z£7), sanucannas B caepyouei dopye
yb - max, y4d;<¢ (J=1,...,n)

uveer peimesye 7. [prMennm K 910l 3azade HeobxoauMble YCJIOBHA IKCIPEMyMad B
3aauax ¢ auneiinsivn orpanusenngamu (em. 1.4), cormtacio KoTopsiM HaffiyTes TaKne

THCTS ;\_, ('__7' =11 -r;v..), YTO BBIIOIHEHDB VCITORIH
n
h—_z,\j;lj . (7)
7=l
AiTA; —igg) =0, AF 200 ) = 1,00 1 (¥)

Pagencreo (7) 910 yeJI0BHE CTAMMOHAPHOCTH B PACCMATPHBACMON IKCTPEMANBHON 3a-
Jlase. COOTHOMeHIs (8) — yeaosus T0noIAomel HeXECTKOCTH ¥ HEOTPHIATENRHOCT H
muoxRETe el Jlarpanxa.

TMososum & = (Ap... A7, M3 coorwomennit (7),(8) cnenyer, uro AT = b, & =
0, 9b = ¢z. B qactaoctn, & € X. B cuny smemmnt 2 ¢Z = b < cxVz € X, e T -
pemtenue 3a0aqu (Z). Taxum ofipaszom, paspeunmmocts 3agaun (Z°) sreadr 3a coboi
paspelusmocts 3atauu (Z) u pasenctso snanernit sana (Z) u (Z°).

2-1 vacte. [lyers 3aga4qa (Z) ameer pemenne 7, Tonoxnm

n

li(z) = Z”"-Frﬁ (i="1,...ym), pylE)==; (=1, ,0)

=1

Toraa I ecre pemerue sxcTpeMannLioil saganny

x) = b;=0(=1....,m), @z)<0(=1...,0).

Coraacno npasuny Muoxureneii Jarpamka (oM. 1.4) cymecrsyior wucna u, € R, vy 2
0(i=1,...,m; 7=1,....n) Takue, 410
il T
J’,.; - ,; ”‘l" -+ E .’.‘_I"-?-,'.'I.J — (] [ﬁj
i=1 1=]
Breadv B pacemoTpenue BEKTOP-CTOPKY ¥ = — (it . .. Uy). Paencerso (9) saevdt onen-

Ky ¢ 2 yA, B uacrrocty, Y # @, lostomy sagaua (Z%) takxe umeer pemrerne. Tpe-
Dyempiil pe3viibTaT BHITCKAST TeNeph W3 OEPROH wacT, b
Teopema 4. (Bropas reopema ssokcTsennocTn). Eeau

X+42,Y +0,
mao D(‘J'ﬁ JG,{)(L"UL UMEHIT PEWEHUA W 3THIYCH LA C()O'fﬁGPT?L(‘-T?N"*_’(_}?()UJJ'M(L' ;?fl()(i.‘."i p(LB'H,'?JA.

« Pazpeummocts 3aaau (Z), (£7) caenyer us qeMmnt 3, COBIAACHHE WX IHAYCHHIT
— U3 TeopeMbi 3. B
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Teopema 5 (xkpurepuii onruMaTsHOCTH). s mozo wmobw naamu T,y 3600
(Z) w (Z7) coomsememeenis Goan we peuieiuamis, 1eobzodumo u doCnarmouHo, 4ino-
Obl BUNOANANOCH PAGCIHCMGO

(c— jA)E = 0, (10)
<« HeobGxomumocrs. Ecan &, - pewenus 3anad (7). (Z%), o
0 = eZ ~gh=cZ — gAT = (e JA)T. (11}

Hocrarodnocts. Feaw umeer mecro (10}, To B cuny (11) ¢z = gh. Cornacuo nemme
2yb<ex, ghLcx Ve € X, y €Y. Caeposarennro, yob cT =gb < ca (z € X, y €
Y), 1. e. &, § apasiorca pemrenaamu sagat (Z), (Z*). »

Tak kak ¢ > gA, T = 0, 10 paBeHCTBO (_10) SKBUBAJCHTHO CHCTEME DABEHCTR

sl

(¢ —§A)T; =0 (j=1,...,n). (12)

[puseném ananorn teopeM 3 — 5 jia sanaqu (FP) (em. myukr 3 nacrosinero pas/e-

/

ga). JdpoficTBentoil K uell HA3HIBAIOT 3a4a4)
yh— max, pyd<e y=0. (P7)

Teopema 6. Ecau odua us 3adaw (P), (P*) umeem pewwenue, mo u dpyzan maxice
UMEETTL PEULEHUE, NPUMEM 3HAUCHUA COOTNBETNCTREYICUILT 3adak pasibt.

Teopema 7. Ecau smnoncecman naanos zades (P), (P*) wenyemm, mo ofie aadanu
UMENTH E.‘(,’.‘.‘Hr"/i-.’..’..,"f. W 3HAEHUR Imur e"-‘-"l,dt)?-f- ff(}(f'.".".{l!)(ﬁ'.""'i’?'.',.

Teopema 8. /Lax mozo wmoGu naanw &,y saduu (P), (P*) 6wau pewenuamu coom-
Bernemeyowus 3adai. Heobrodume u JoCTRATNONHG, “INOBH BUNOANAAUCH PAGEHCTEA
(12) .

Upoue scero Teopenpt 6 - 8 qoxkasuisaored ceeaennem sanaqu (F) Kk kanonnveckoil
HYTEM BECIEHHA AOUOTHUTEILHBIX UEPEMEHHBIX Tny (.« -+ Ty (CM. OPEATTCCTBY IO
nyaxt ). Bo3Moz bl ¥ HeNOCPEICTBEHIBIE TOKA3ATCALOTRA STHX TEOPEM.

CymecTByIoT pasiauiTHee METOAb JI0Ka3aTeJbeTB TEOPeM ABOHCTBEHHOCTH — IeH-
TPAIBHOTO PRRVILTATA TEOPUY JHHEHHON ONTHMHZATMNK. YUOMAHEM 3JeCh U YHCTO aJi-
rebpangeckue, He3 HCTOML3DBAHNA TEOPEM OTACTUMOCTH, H JAOKA3ATEILETEA, OCHOBAI-
HBIE HA MPURLKITBAILHO HOBBIX HAEAX Metoaa WTPpahnelx bynsudi, ¥ #rposse noj-
X761, 0asupyIonmecy ga MOHATHH CeAn0B0i hyukiur. OHOBPEMEHHOe PaccMOTPeHUe
1ap6l AROHCTBEHIILIX 33,149 OKAZBIBACTCA HOJE3ILIM W DY SHCAEHHOM AHAAKIO COOT-
BOTCTRYNINX 11POOICM.

2.3 CumMmnjaekc-MeTo/|

1. Mcxoansie npeanonoykerHnd. CHMIIeKe-Meto)l, HHOUAA HMBHYEMBIT MeTOA0M
IOCACOBATE/IHHOL0 YIIy UIHeHIA /AR, P/ HASHAYACTCS U1 PEHIEHMT KAHOUUYECKO(]
3ajlaui AHHeiHON OnTUMH3AIHT

[(x) =cr — min, Az
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TTpu onpeaeHAbIX UPeGA0KEHIAY OTHOCH TR0 MaTpunst A u3 R™™ n gexropa b
u3 R™ cumnexc-veToz no3soaaeT auio malTy penenus 3agagn (Z), aubo yéeaurses
B €10 OTCYTCTBUM.

Hixe 7(A) — panr marpsu A, Bepumny 2 = (2y... 2,)7 xanonnieckoro soro-
r]m.m-n-ma X = 17/ € R* Az = b, & = 0} HasbiBaoT HeBHIPOAKIACHHOMN, €cii eé HOCH-
> 0} comepur 7 saementon. ChopMygaupyest mpenosomeHus.
rapanTHpYOLLiie KOII(‘.‘-{llO(‘.'I‘I: CHMILAEKC-METOd,

Hpemgnoaoxenne 1. r(A) =m < n.

Mpeanonoskenue 1. Kaxmaag sepipna KAHOHHYCCKOrO MHOTOTpaHHHKA X HeBbl-
POKAEHA.

[peauosnoxenue [ Uspecrna xora On QiHa Bepin@Ha MHEOTOrpanH#iKa X .

[Tepsoe MpeanoioKeHne O3HATACT, 910 Kaxa0e u3 ypasaennit (Ax); = b; He asig-
ercst eaeacTerueM octadtbubix. Ipu m = n = r(A) cucrema Ax = b umeer egunerseHHOe
pemenne, MIoKecTBo X CBOANTCH K OAHOMY IEMEHTY, T09TOMY 3aa4a MHHIMI AN
Ha X CTAHOBHTCA TPHBHAILHOH.

[Mpexnosaoxenue 1 0onee orpanuagTensio. [lvers Ay, ..., A, — croabus Marpuis
A, K :=con{A,,...,: 4,} — Konudeckas uuomm{a CHCTEMBbI Bemopus A a A, Us

TENb 4

HpejnosmKenss [ cienyer, 1To BHY TPeHHOCT fi Kouyca K HemycTa: K # . Bratoge-
aae b € K skpuBasientHO BenyeToTe X, oanako npeanoioxenne [ moxer ne suinog-
warbes. OBoznayunm vepes £ COBOKVIHOCTE 3aeMenTos b u3 K| upecTaBuMbIiX B BUe
KOHHIeCKUX KoMOuHanuil menee qem m ek ropos w3 cueremst {4, ..., Ay}, dewo, 410
Ky conepkures B OOBOAMACHIN KOHOMHOTO) MHCAA TPOCTPARCTE pasmepuoctn < m — 1.
Mosromy K coctannser jgumnb mweboanmyio 1acrh Kouyea K, [Tpeanonomenue 11 9x-
BHBANCHTHO BRIAOUYCHHIO b € I\ /). Beuiy 9roro aig GoNbIINHCTBA 3JeMeHTOB b w3
K npennonozxenue 11 Buinionteno,

B page 3agaq wexonmas BepmnHa MHOTOrpaRRHKa N Haxomuuures npocto. B apy-
UHX CHYMASX L1486 HAXOMKIeHTA NCNOALAVIOTes ClelHadbHbie fponeaypri. Qbcyxae-
fiHe TOF0 BOUPOCA MPOBOIMTCH B 1. 5.

2. Ananus ucexoanoit Bepumusl. [lyers 2 = (z;...2,)" - pepuinna Kanouutde-
ckoro muororpansmka X, J(z) = {j|z; > 0} - socurens rouxn z, Jy(z) := {j|z; = 0}.
Kaxanit gexrop w w3 R™ gonyekaer npeacrapiense suia

e w; — KOOPANHATEL BeKTopa w B Gazuce A; (i € f(“')‘) YACTHOCTH, BekropLr Ay =
b, Ay, .. Ay moryT OeiTh paznozkens: no 6asucy A; (i € J(2)). Takny obpazom

A=Y zd (G=0,1...,n0); (1)
icd{z)
3AeCh Zi; — i-ag Koopappara pexropa Ay B Dasuce A; (2 € J(z)). Hpuparuusaa ojiHO-

UMEHHBIE KOOPIHIATE B NeBoil 0 npasoil actsax pasencrsa (1), HIPHXOAEM K cucTeMe
YPABHEHITH

T; - Z 2ty = Zin (! & J(Z)\), [2]

tedy(z)
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IKBHBAJICHTHON NepboHayantLuoit cucreme Ar = b, wo Goaee yiaobHol st anaiusa.

JList mepexoaa or cucremsl Ax = b k cucreme ypasHenuit (2) MOXKHO HCIHO/IL30BATE,
HatpuMep, Meros uckiouenus. [lepemenusie 7; (i € J(2)) Gyiem massisats as3ucHb-
MH, a nepemeunsie z, (t € J(z)) - cpoGonusivn. Bee mepemenubie x5 (5 = 1,..., 1)
AOJIKIEL OBITh HEOTPUUIATEILHBIME; B 3TOM CMbICAC HETh3H FOBOPUTL O HPOUIBOALHO-
cti eoboanpIX nepementtix. Bean 2y = 0 (1 € Jy(2)), 1o u3 (2) BEITEKAOT paBencTsa
T, = zip (4 € J(2)). Crenosaresnsno, 2 > 0 (i € J(2)).

Heneso#t dyuruponan [(r) = ¢z = ¢z + -+ ¢, &, MOKHO OPEACTABHTH KAk (VK-
1310 CBOBOAHMX TepeMeHubix oy (1 € Jo(z)). Jirst 5TOro JI0CTATOMHO Kazka0e Gasnchoe
nepementoe &; (i € Jy(z)) 3aMennts ero BuIpaKenueM uepes cBoOOAHBIe TepeMeH e
B COOTBETCTBUM ¢ papencrsamu (2). B urore upuitm K paBeHcTBY

o
1

](:l,’} = Zng — ‘S

n
(3)

J

B KOOTpOM zgy = I(2), 205 = 0 mpu j € J(z), Tak wro ueienoil dbynkuuonan [ sapucu
JHITG 0T cBoGoANbIX Nepemennsix @, (f € Jy(2)). Huena zg; (§ = 1,....n) #a3usaior
K03 PUIHEHTAMMT 3AMEIEHNSA, COOTBOTCTBYIOUIMMI BEPIIHHE 2.

Teopema 1. Bepwuna z ecmb pewenue 3adavu (Z) & mom 1 moasko 6 mos cayuae,
ecan zg; <0 (f=1,...,n).

o Jlocrarounocts. [1vers

Beaw £ = (21...2.)7 € X,102; 20 (j =1,...,n). Hosromy

'Z(T') = oo Z 20515 2 290 = ‘{(:):

J=1

UTO W A0KA3LIBaAOT HoCTaTOMHOC T,

Heobxomumorts. Tvers 2g > 0 ang wexoroporo s w3 Jy(z). Tlokaskem. sto z ne
apaserca pemenaes sagaua (Z). Honomnm 2, = A > 0, ovransabie csohoIHbe epe-

MEHHLIE CHHTACM DABHBIMI 0. Basucnwe NePeMeHIBLC (’ < J(.:}\J OUPEALTAIOTCT W3
cHCTeMBl (2):

Ty = zio — ZisA (1 € J(2))- (4)
Tlprr masmx A mepemennsie «; (¢ € J(2)) nomomurensunt. Taknm ofipasos, maomy
NOMOAHTEALHOMY HAPAMETPY A conocramastercs rodka r(A) u3 X ¢ koopanaraMu

50) (G =1,-...n), v
B0) = A, () =0 (1€ o), t £ 9), a(A) = 20 = 7d (1€ J(2)

3

B cuiy (3)

Hx(N) =1(2) — 2o A (5)

Tak kax zge > 0, 1o I(x(N) < I{z) mpu A > 0. Dro o3nadaeT, 4TO 2z e ABJIAETCS

peitenieM 3aauu (7). »
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Teopema 2. ITycmn zg, > 0 daz wewomopozo s us Jo(2) 1 zis < 0 (7 € J(2)). Tozda
sadava (Z) He uMeen peuenua.

4 Jeitersureanio, 8 atom cayaae r(A) € X opu modom A > 0. Cornacno (3)
U(z(N) = I(2) — zpsA, cnenoparensno, [(z{A)) = —o0 npu A = oo, m e. inf{l(z),z €
X} =—x0.p

3. Onucanwe OXHOrO Imara CuMILIEKec-mMerosa. Ocralcd HepPaCeMOTPEeHTLIM
cayHail, Koraa zps > 0 1 2 > 0 4 HekoTopsx § u3 Jo(z) w ¢ uz J(z). B srom eayuae
guement () npunagicaur X He 1pu BCEX NONOKHTEIBHBIX A, & AMIb Aaa A n3
orpeska [0,4], rae

Zr0

0 = min 22 =22 g, (6)

> =
L2 s ary

vunaMyM B (6) Hepéres mo Tem MHAEKCAM i, A5 KOTOPBIX Z;, > 0. Ungexe » n3 J(z2)
pasercTBoM (6) onpegensierca opposnadte. Jdeficrsurtenbno, eciu 661 310 6b1710 Be TAK.
o stenent v = x(f) uMes MeHLIIe 171 TOJKHTCTBHEIX KOMICHEHRT, YT0 NDOTHBOPEYHHT
npennoaokenuio 1. Copasennuso pasencrso J(v) \ 7 = J(z) \ 3. ¥ noporo miana v
CHOBA 1M 0J0oKNTeAbHBX Komnonent. B eway (5) [(v) = 1(2) — 204 < I(2), 1. e. nepexon

z YMEHBLITAET 3HaMeHHe Heneroro hynKuuonata [.

OuenpugHo, 110 2., > (. Orcioga cneayet, wro v ects pepumaa X, Ocuosy jokasa-
TEALETBA HTOT0 DAKTE COCTARIANT

Jemma 1. Hyems gy, . .., 4w — Oasuc 6 B, b= a9+ + @ gm 1w o, 7 0. Tozda

HAOOP Gty oo Gr—1s My Grats - ooy P THAKHCE Boauc 6 R™.
< JlocTaToyHo YeraHORATL TUHEHRYIO HE3aBHCUMOCTD CHCTEMBL BEKTOROB (1, . .+, Gr |,
h, Orili1eit -y s ﬂ‘.’( Th /\;f;’] I @b T=m -)\‘T‘-i."?r T /\;,-.“-' = /\3-_‘..1‘-‘},-.+1 =} 4= /\m_'?'rr) = 0. Torga
i
_/\ i + z\ ; ;1 =)
tET

Bexropur ¢y,..., ¢, 00pasyior bazuc & R™, caegosarennno, A; + Ay, = 0 {2 # 7) ¥
o, Ay = 0. Tax xak oy # 0, 70 A = U, nosromy A; = 0.p»

M3 evmpt | o 0peqmecTsyionmy pacey K 1eHnl BEITeKAET

Teopema 3. lyciw 29, > O das nwenomopozo $ uz Jy(z) u zy > 0 dag nexompozo
underca i us J(z). Iyemuv wucao € onpedeaeno paseremeom (6)u v = x(0). Tozda v
sepune X w l(v) < I{z).

Mepexon or ¢rapoil BepIINHLL 2 K HOBOM BEPLIMEE 1 COCTABISET OJAH Al CHMIICKC-
meroza. Tak wax {(v) < [{z), a wncao Bepminn KANOHHUECKOrO MHOTOrpaniuxa X Ko-
HEYHO, TO CHMIVIEKC-MOTO] KOHEUEeH, T. €. DRAIHIYEM 33 KOHEHHOe YHCIO HIATOR.

4. Commnexc-rabuua. B npeamecteyiomeM 1yHKTe Bepiifie 2 MHOTOMPAHHIKA

X comocrasjiena COBOKYIHOCTE SHCEN =y, cie i € {0} U J(2), j =0.1,.. ., n. Marpuuy
o Am .- g .- Zon
RO RkL - ks - Zhn
M@ =]
L Zpl -e. Zps oe. Zpp
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pazsepon (m + 1) x (n + 1) nasuisaoT eaMuiaexke-rabuuuei, COOTBETCTByI0MEH Bep-
mune 2. Hymepaups crpok wectarmapraa. 3aece {k,...,7r, ..., p} = J(2): nopsiox
CAe/I0BatUs CTPOK HecymecTseH. Baxiio, arodbl 1) ObUIK HPescTaBIenbl Bee NHIeKChH,
BXOJSIIIE B MEOKECTBO JJ (2); 2) BEPXHST CTPOKA 0TBeAeHA YHcaaM 2o (j = 0,1,. .., n).
Crpoxu marpuist M (2) obospatum euvosiamu Do, Dy, ..., Dy, ..., D, coorsercreer-
1no. lpu ¢ u3 J(z) crpoka D; cocToRT U3 1- BIX KOMIOHEHT BeKTOp-c1robion Ag, A, ..., A,
marpuus A B 6azuce {Ag, ..., A, .. A}

Avans CUMIIOKC-1a0HIBEL TO3BOJACT AUD0 YCTAHOBUTEL ONTUMAILHOCTL 2z, Jinbo
OTCYTCIBEe peleHit Kanounueckoil 3a/iaun, iubo nepeiit 0T z X HOBON BepuIHEe .
Haupumep, ecam zo; < 0 (7 = 1,....n), 10 £ - peutecnne xanoHuueckoi sanaqu (reo-
pema 1). Econ zg > 0 qas mexoroporo § = ..., nu 2z, < 0Vi € J(z), o pervenns
sagaun (Z) ue cymecrsyer (teopema 2). HanGonee anrepecnniyM GPeACTaBAAeTCA CIly-
qail, Koraa 2gy > 0 Juist HEKOTOPOro § it 2y > O xoTst Oni sj1a 0JHOTO uBAexca 2 u3 J(z).
B arom ciyuae oT BePUIHHBL 2 MOMKHO HepelTH K Bepuimue v, jis xoropoit [(v) < 1(z)
(Teopema 3).

Croco6 onpejeierust J(v) 3akmodacred B CraeayolieM. Buibupaeres HHIEKC T, He-
Xoad w3 Tpedopanus

20 <0
mign — = —
zia >0 250 Zys

Kak noxasano Rbiile, HHJIEKC 1 JAHHBIM YCAOBHEM onpejengercs ogno3navno. Crpa-
pesmBo pasencteo J(2)\ {r} = J(v)\ {s}. [epemeunasn x,, Dasucnaa w1 pepnnn z,
CTAHOBITCH ¢BOGOMHOI Jutst BePUIMILL U, B, HAODOPOT, NepeMernas r,, choboauas 1
BepUIMHbL 2, CIAHOBATCA DasucHoll nna sepummin v. Brecero 6asuca B = {4, i € J(2)}

: npoerpancree R™ pacemarpusaerey Oasue B' = {A;, i € J(v)}, ommtwaoumiica on
craporo basuca B zaMenolt sektopa A, Bexropom Aj. )
Koopanuare: w, sexropa w w3 R™ p 6a3uce B’ BHpakarorcs Mepe3 KOODIHHATHL 10

TOrO »Ke BeKtopd B dazmee B3 PaBeHCTBaMH

—

I
{
rog
|
S
&
b
4
—r—
~,
R
3
.y
=

JeficTBuresibHo, CUPaBe/ 1/ TUBH PABCHCTBA

W= E u; A, Ay = E  ZisAq,

i€/ (2) iel(z)

A = f—sm Z i i

T el T

B "acTuneTH,

Obbequaag yKasanible COOTHOIEHRS, TTOJIVIacM

" ./L’- Zis
w = E w; Ay + we A, = 2 widi e | 22— Al =
Zrs e Zrs
iel(z)\{r) el s) S ientonsy
== Tiw Wy — B
= Wy = Wy —— _r’L iia ——L = w; A
§ / - = z ‘

i€fv)\{s) icl(v)
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1o v npuBOAUT K dopmyzam (7).

Homolt mepumme u cootsercrsyer cummmekc-tabmina M(v) = (v,) (i € {0} U
J(v); 5 =0,1,...,n). Eé crpoxn ofoznawnm aepes G; (¢ € {0} U J(v)). Crpokn nosoi
CHMIIIOKC-TAGIIHIEL TOCTATOMHO IPOCTO BLIPAKAIOTCS HEPe3 CTPOKK CTAPOH CHMILIEKC-
Tabauin. MMeswo, crpoka D, samensieTes ¢TpoKo

L
G, = —; (8)

Zrs

ocTagbibie crpoku (; onpenenstores no dopmynam
G = D —2,6G, (i e {0}u J(v), i#s). (9)

Dopmyis (8),(9) Boirekaior 13 pasencts (7); 4HTATENO PEKOMEHIYeTcs yOeaAnThCH B
TOM CAMOCTOSTENBHO.

[lepexos o cTapoil CUMIUICKC-TabARIE K HOBOH ecTecTBEHHBIM 00pa30M pacnaia-
eTCH HA DA ITATOB.

I) Onpejenene HEACKCOB §. 7 M BEAYILErO 3/MeMeRTa 2,5 > 0.

IT) Haxowaenne crpokn G, myrém acienus D, HA Zp.

I1T) Haxozxaenmie ocTarsierx crpox &) 1o dopyymam (9).

B pesyjivrare npoBeEHibix peoipasoBannii s-biil cToXben cHMILIPKe-TabAH b TTPH-
ofperaet cremmdgraIeckyio (hOpMy: HA Hepecedennii s-0l CTPOKH W $-10 cToJ0Ia HAX0-
aureda 1, ocrannuste anemenrst croabua paesst (L Lexs sranos 111 saknouaerca
B TGM, 9TOGLI ¢ HOMOIIBLIO 3eMEHTAPHLIX CIPOYHBIX TPeobpaszoBanyil NpHAATL $-MV
CTODIY CAMIIEKC-TabaHIBl AANHHYIO r_:noumln-rwm&ym dhopmy.

5. Haxoxxnerue HavanbHOH BEepIINHB KaHOHMYECKOTO MHOTOTPDAaHHHKA.
Jlta oTHICKaHNS HAYaSLHOR BEPHIUHB! KapoHUweckoro muaororpanmuka X = {z €
R*, Az = b, x 2 0} ucnoansyercs Meroy Wekycernennoro Gasuca. Byaem cumnrars,
4TO BCE KOMIOHEHTHL b; BEKTODA § HOM0MHTEABHbL. DTO HE yMEHBIHAET 0DIMHOCTN, TaK
KAK ¢ TOMOILLIO 37eMERTADHBIX CTPOMHLIX Tipeobpazosanunii cucrembt Ar = b (¢ b +# 0)
BCEI/IA MOXKHO npuitTa K eayvasio b 2 (.

Pacemorpum 8 npocrpaierse R™T™ = R? x R™ BenoMOoratebHy o KAHOHIIRCKY )

33749V
m
> u; — min, (10)
=1
Ar+u=b, 20, w=_(u...uy)" >0 (11)
Tosomnm

W = {( % \ Az 4u=b 20, u> ()} :
u j

upase rogopsa, W - xanonmueckuii muororpaumuk B R” ™™, coorsercreyomuil satare
T 0 .
(10),(11). Touka ( p ) #Rasterca sepuiioit muororpamnika IV (roxasars camMoctos-
TENBHO).
Bagaya (10), (11) oueBuaBIM 0DPA3OM HMEET DEIICHUE, NOCKOABKY Heaesoit dyirk-
IHOHAJ Orpannten cundy. HpuMvenaa cnvineke-MeTos K 9tol 3a1a4e, MOKHO HAHTH
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eé peureniste | _ | (Z
a
T. €. U= 1y + R "'}'rr;-

Teopema 4. Feau p =0, mo & - sepwure X. Feavw u > 0, mo X = @.
w [ =
< [lyers 0 = 0. Toraa 5 k

(z;), @ = (;)). O6ozuarmv yepes 1 3uaderne IT0M 3amaxu,

0
ckouibKy 3azada (10),(11) pewaerca CHMIIEKC-METONOM, OCYIECTBAAIOUIUM HEepehop

KpaflHUX To4YeK muororpamiyka W. Duiement I ecth Kpaifinss TOYKA KAHOHHYECKO!O

/
" 5 - G
muororparauka X. Jefictpure/ o, eel T — npoMexyrounas rodka X, 10 ( A ) -
9l

) CCTL BePIIHMHIA MHOTOIpaHHAKA W, uo-

npoMexyrounag Touxka W. IlpoTuropeyne.

Mycrs > 0. Beomw X # @ uw r € X. 1o To%Ka 0 ) eCcTh PRLIEHHE 334N
(10),(11). Dro wporuBopewiT npenoioKennio 1> 0.

Ouncanpiii METOM ABIACTCS COCTABHON HACThi0 DOJILIIHHCTBA CTAHIAPTHLIX PO-
rpamm DBM. Jlas 305290 ¢ OrpaHn e HISMU-HEDABCHC TBAMM

Hz) =cr - min, Acr<b 20 (b>0)

L\

LOAE3HO €€ CBeMeHIC K KAHOUNYeCKOH 381448 BIIa

Hz)=cx -5 min, Az+u=0b 220, ux=0. (12)

L
f4 o 0
B sana4ge (12) B RatecTse #exXoHOH BOPUIMHBL MO HO B3ATh TOUYKY \ b |

6. Bameuannss m npuMepbi. UTKa3 o1 npeanogo:kenusi [1 mMoxer mpusectu K
JAUMKIUBAHIIO CHMIUIEKC-MeTO/1a. LSeau BeplmHua 2 KaHOHUYeCKOro MHOOUpPAHHHUKA
X BoIpOZKeHA, TO HHCIO €8 NOJOKHUTENLHBIX KOMIOHeHT Mensbuie m. [Ipu nepexone
OT BePHIHALT 2 K CASLYIONe BepIHHAe U 3HAMCHME NeAeBoro QyHKIEOHAT2 MOXKET He
ymenbnratbesd: [{v) = [{z). BolpoaennocTs BepUIib 2 MOXKOT TOBJIeIb HCOHOZHAM-
HOCTH BLIGODA mapamerpa 7.

[Tepeuncnennnie 06CTOATEILCTBA MOTYT HPHBECTH K ABICHHIO 3AUMKIMBAHIA, KO-
rIa 9epes HEKOTOPOe N0 THaroB CHMILIEKC-METON UPUBOAUT K HPEXKHEN BeplInte.
Jlnst MeKINOUeHns 3AIRKAHBAHAS J0CTaTOMHO (DUKCHPOBATH JI0O0H Peryaspubii cro-
cof BpBopa napameTpos r, 5. [1o4podnoe oDCYKJICHUE STONO BOHPOCA, MOYKHO HARTH,
nanpnmep, B kuurax |1} u [4].

B xadecrse neproro fpuMmepa paceMorprm civuail, korga m = n — 1. Toraa
CHMILIEKC-METO HPHBOIMT K Hean camoe Dosihiee 3a ogud war. Iyers, nanpumep,
z - pepmmmna X, J(z) = {1,....n — 1}. Orciona nonysaaem

Ty ZinTy = Zip "—1,...7/? 1)

{[JJ - !(") — Zonln-

Kaugonudeckad 30,98 B paceMaTpHBacMOM CIyHac CBOHATCH K 3a/a4e

20nTn —> MAX, 2inln <20 (=1,...,n—1), 2,20,
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T. €. MAKCHMUBALME JAHHEHNOH QY HKIME Ha HEKOTOPOM 3aMKHYTOM npoMexkyTke. Boz-
BRalasch K II]JD[-‘If}BOJ‘IIaI]Oﬁ KAHOHATeCKON 3aaYe, OTMeTHM, 4YTO Ha KarKIOM liatre
CHMILIEKC-MOTC/id BOSHHKACT 3aaa49d TOJNLKO 94TO PACCMOTPEHHOIC BRIIA.

Iycre m=n—2, J(2) = {1,...,n —2}. Nmeem Toraa

Ti + Zin—iTp- + ZBinltg = %o ('.'- = 1, ¢ vyt = 2‘]

l(ﬂ) = "(:) = Zp— 1T T Zndn.

HMesoapan 3anama cooauied K Cleavioue

Zon-1Fy—1 + Zoniln — max, (13)
Zii-1Tn-1 F Zinn € 2Zp (i=1 0.t =2 Zpni 2 0o 2 0). (14)

3anaga (13),(14) moxer OpiTh pelieHa reoMeTpuieck. MHOKECTBO JH0UYCTHMBIX TO-
HeK (2, -1, Tp) B 3agade (13),(14) ecrs nepeceyenne KOHEHHOTO YHCTA MOIY HAOCKOCTEH.
Taxum obpazom, (13),(14) - 910 3318492 MAKCUME3AUNE JMBETHOR DYAKIME HA MHO-
FOTPAHHOM MHOXKECTBE, JOCTATOMHO HPOCTO PRLTAEMAH TCOMETPHYECKIME METOMAMH.

Hpn maieix m (imo= 1, 2) Aerko pemapTesi ABOHCTBCRIAA K KAHOHUICCKON 3a/1ade.
[Tycrs, nanpumep, m = 2. Jsoicrpennad 3a1a4a

byyy + bayy — max,

a,}jyl < o (T'?J,';f_,-'Ls £ oy (j = 1_. 3 g )'n.)

MOKeT ObITh perteHa reoMerprueckuyu Meroramu. Hyers § = ( U1 To) ~ peIIeHHe JABOM-
creernoll 3agaamn, w = {j| ¢; > a4 + ayfe}. Bem & = (&;) - pemrenue wexomuoi
KAHOHMYEeCKOH 341241, TO U3 YCIORHH JONOJHETENBHON HEeXKECTKOCTH T(e; — oy ith —

yifja) = 0 (j =1,...,n) serrexaior pasencrsa i; = 0 (j € w). Hocuwreas pepmu-
HBL 4 cogepRuresd B Muoxeerse {1,....n}\ w, orciona nerpyano waitrn 7. Emgé tonee

NpocTa CHryalus B cay4dae m = 1.



I'maBa 3

YucaeHable MEeTOABI MUHUMU3AIIAN
PYHKINIT HEeCKOJLKINX NePEMEHHbBIX

K mactositemy moMenTy pa3paboTaHo B UCCIEIoBaH0 DOJILIIOE KOJHYECTBO METO-
J0B MUHUMM3AIMK DYHKIMI KOHOTHOTO vucha nepeMennix. O MeTogax MUEHUMI3AIHY
hysrUpH OJHOH TEpeMeHHOil MOXHO MpouuTaTh, vanpumep, s [4], [19]. Dra ofnacrs
IKCTPEMAIBHBIX 381449 POI0/KacT GYPHO passuBathbest. Mbl OCTAHOBHMCA JTRINL HA
HEKOTODBIX HANDOTeE H3BECTHRIX M HACTO MCTOAB3YEMbIX HA [TPAKTHKE METOAaX MHHH-
MH3a{H, B}';Lt"]" JAAH0 OUHCATHE KaATOrS U3 PAacCMATPURAEMEIX MeTON0B, UCCTe TOTRAITHL
BOTIPOCH CXOMMMOCTH, 00CY 2K ICIHB HEKOTOPHIE BEIYUCIHTEBIEE aCHEKThl, JIaHbl PEKO-
MEHIANMHN 110 TPOrPAMMUPOBAIHIO.

3.1 llocranoBka 3a/ja9¥ YUCJACHHON MUHMMU3ALNT

[Tycrs U — nexoropoe muoxkecTso B R, f— dyvuknua, oupenenennas va L/, B sroit
wiaBe noji Marpmpzanredt byiuknad va smuoxkecrse U mbl Oyiaem HOHEMATL DCHIEHUC
caeaywouieil sagaun: Hality xors Obt o0y TOUKY MHHWMYMA 7, o MuHuMym [, = f(r,)
yroil pyurnum Ha

[Tpu 31oM Gysem HCHOJB30BATEL M KpaTkyo dopmy sauucu:

flx) — min, r€ U, (1)

Jlas jganeneiiinero H3a0KeHns Ham noTpedyloTea IBa OIpeIesenysl.

Onpenenenue 1. [MTocacdosamenvnocmy zy, (2, € U Yk € N) nasweaemes munu-
smusupyrowet daa dyrwyun f(z) na smuosececmee U, eca

lim f(z) = min f(z).
k=00 ael

Onpenenenne 2. Iosopam, wno nocacdosamenvioems zg, mover us R*, crodum-
ca & nenyemnomy muomcecney M (M C R™), ecau limyg_ o dist(z, M) = 0.

Ttst upnbiuzkeHnoro petenus 3ajan (1) Ha TPaKTHRe 0OBI'HO CIPOAT MUHUMM3H-
DYOLLYIO HOCACA0BATIBHOCTE 25, CXOMSIIYIOCH K MHOKECTBY TOUCK MIHHMyMa (hyHK-
puu f wa U, u 3arem B Kadecrse npubnuekenus gad f, i x, DEPyT, COOIBETCIBEHILO,
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pesimauuy [ (Zp) ¥ TOMKY 2; upm AocTarouno dogawmom k. dus nocrpoenus rakoft no-
CHASIOBATENLHOCTH UCHOMB3YIOT TOT MM WHON YHCIEHHBLIA MeTos.

Crejyyer ¢kA3aTH, 4TO B TEOPHH THCISHIBIX METOAOB ONTHMHUZAIK CCTh NOHATHA
OPHHIANHANLHOO AJITOPHTMA U PeaTH3yeMoro. Pasiuyune MexXay HUMHA COCTOHT B TOM,
GTO HA KAZKJIOH Hrepaind IPpUHIHIHAILHOTO AITOPATMA MOMKET OCYIIECTBIATLC HpO-
H3BOJTRLHOE THCI0 ApHMMETHHECKUX ONepanui, a TakKe odpauieHMll K BbIMHCICHIIO
Bysxin, B 1o BpeMs KaK Ha KaA 0N HTePalud Peaiu3yeMoro airopurMa — TOJbKO
KOHEITINe "o,

B upouecce KoHCTPYUPOBAHUS THCACHHOTG METOAA O0OBIYMHO HAUAHAIOT ¢ n3odpere-
AN MPHHIHONAIBHOTO AJT0PHTMA. 3aTeM ero MogudBIpyIoT, CTPeMACh HPHBECTH K
BUJLY, HPHTOMHOMY /I8 PEASTH3AINN Ha BHIYHCIHTENBHBIX MAIIAHAX.

3.2 bBe3yciaoBHasg onTuMU3aIus

B rom cayuae, xorga B 3agade (1) muoxkecrso U coBmajaer co BCeM HPOCTPAHCTBOM
R™, ropopar o GesycsoBroll munuvuzaiuu hyuaxoun f(z). Lis pemmenua taxoit 3a1a4n
Hanboaee 9acto DPUMEHAIOT METOML, B OCHOBE KOTODBIX JEKUT BBIMUCICHHE 9aCTHHIX
Hpou3BoaHbIX (pyHKIMK f() nepporo nopaaka. Takue MeToibl 06b4R0 HAILIBAIOT T'PA-
AUCHTHDLIMHA,

1. I'paaumentabie Meronrl. [lyers f: B" — R - senpepriuo auddeperiupyema
na R* u ['(zg) — rpaguenr dbynkunu B rotke x. [To onpeenennmo muddepennupye-
MOCTH OpHPatieine fb}"HKiI,HH B TOYKe Ty AONYCKaeT nmpeacrapiaenne

flzo+h) = [(za) = (f'(z0). h) + o(h),

rie
’ oy B . 2 . o(h)
(f (.Er)). }I) = ; j.ri(.l-r})i?-g, H |}!}|1[_I)10 —I’,—)I—- =)
Ecun [f'(zg)] # 0 n h = —af'(zy), 1o
~ “ 3 i ) 7 (ll| f 8] §
flzo +h) — flzy) = —a|f'(z)|” +0la) < — 7 fi{@e)|® <0 (2)

Jutg awboro a @ 0 < a < ay, e ap — HEKGTOPOE nojoKuTessnoe dueno. Vs (2)
BbITEKACT, 1TO OT TOUKHW g B HalDaBlennn AUTHIPATHeNHTA CCThH «CTIYCK».
Boaee Taro, 8 cuny sepasercrsa Koum-bByaakosekoro
{ By - I jrae
(f(xa) )| < |F' ()] - 1),
KO'I"’(}!I)(_}(J MOMHO fepeimucatsb B BiLIe
| £7f ) o= gl = 2 111

—|f' @)l - |l < (F'(@o)s ) < |F'{wo)] - ],

HATPABICHHE AUTUIPAHEHTA — ATO HANPABICHUE HANCKOpehwero yosBanus (hyHKIu.

Heficrsurensuo, ecmn f'(zg) # 0. 1o seBoe nepasencreo o6pamaercs B PABEHCTEO
Tosbko mpu h = —¢f'(g), tae ¢ = const > 0.

Bee rpagsenTHbe METOABI OMUPAKITCH B YEASANHOE CBOHCTBO ANTArPAAMOHTA U
UMEIOT B OCHOBE OMICAHHBIH HHZKe NPHHIMONAILABIH aaropuT™ (B Hém Tpebveres Mu-
HAMHBHPOBATH (PYHKUMIO BIOJDL JIYHa HA KAKA0H UTepannn, 970, pasyMeercs, He Bbi-
TOMHHMO HH B OJHOM HPAKTHIECKOM AJINOPHTME).
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Anroparm merosa (IpUHHMUIMATBLHAS CXeMa)

1) Buifupaes B KaecIBe HaaNbHOrO UpHOIIDKCHHA TAKYIO TOUKY 25 € R*, uTo
MHOZKECT B0
Clzg) = {z e R" : f(2) < f(20)}
OrpanIeHO.
2) [Tomaraem k = 0.
3) Borauwciagem rpanuent dyuknun - sektop f'(zg).
4) Tonaraem hy = --f'(2¢). Ecan by = 0, To ocrananinBaemMes; HHade HEPEeXOIM
K IYHKTY 9.
5) Buluncisem g — HAMMEHBITIEE HEOTPHIATEILHOE TUCII0, VI0BICTBOPSIIOLCE VeI0-
BUIO
flzk + aghg) = Ll}Ill: [k + ahy).

6) Homaraem gy 1= 2z, + ayhy, k1= k -+ 1 1 nepexoium K nyaxry J.

ITpumep 1. Pacemorpum dhynkumio asyx mepesennsix f(zy, 22) = o — 21 + 23 +
4. TpuvenuM BEIUCH3N0KEHHbIH ANTOPHTM K DEIIEHHIO ONTUMH3AIHOHNON 3a/ 1801
flay, wa) — min, (£, T2) € R (3)

O«esn 10, 9T0 YCAOBHE NYHKTA | DyiAeT BBIIOJIHEeHO s moboil Toaxi zy. Boswmenm, K
npumepy,(—1, 1) B kauectre zo. ['pamuent dyuxuun B aroil Touxe f/(—1,1) = (—4,6).
Caejoparenbio, B 1yuKre 5 Mul paceMarpuBaey by HKIHIO

- -y =

J(=1 +4a,1 = 6ev) = 520" — 520 -+ 8.

Penrast st Hee 3187y MHHUMW3QIAH

[l 2 o - e 3
520" — 52 + 8 — mun, > )

T

HAXOAMM (g = 3 H CJICAVIOULYI0 TOUKY 2 = (1, —2) MHHUMUBHPYOEH nocaenoBareis-
HocTy . B aroit touxe rpaauent [(1, —2) = (0,0), 103TOMY aJiropUTM 3aBEPILACT CEOI)
pabory. 3ajaua (3) pemena, nockonbky byHkms seinygaa; r. = (1,—2), f, = —5.
Ham norpeboBasicsd oMU Mar HTepAluonHOro POIECCa.

K()NII\'TGHTEIPI‘II"I. ,U;:m (I)_'\r"HKl.[_IIH {#3 PACCMOTPCHHOTO IIpHMEepa JIMHWN VDOBIHA

b

b

flzy,20) = ¢

THE € > —D, ABAAIOTCS OKPYAKHOCTHMU, AHTHIDAIHOHT B TOYKE 2 — 2T0 BCKTOP, OPTOro-
HAJBHLIH JUHAKR ypoBHA (hyHKIMM, Gpoxomanieit uepes o1y rouky. Hewm duamxe JTuHEY
ypOBHA LE1eBON (DYHKUME K OKDYZKHOCTSIM, TeM OBICTPee CXOAWTCH PacCMOTPEHHBIN
MeTo1, Beay AHHNK YPOBHS CIUTLHO BHITAHYTHL # (DVHKITHA MMEeT TaK Ha3biBaeMbiil
COEP@XKHBITY Xapakrep, TO adropuTM cXogutes meienuo. lprvepoM Takol ¢yuk-
[ MoxKer caykuTh Gyvakis Posenbpoka

Flxy, 22) = 100(29 — 282 + (1 — 1)
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Ee snnui ypopug umeloT dopmy Hanana.

Jns npaHIAIHANBEHOTO dAAUOPHTMa [PAJAUEHTHOLO METOA B NPEIIOJOAKEHHAX He-
npepuisaoi guddepentupyemoctit hyukuun f : R* = R a cyinecrsopanus taxoi
TOYKH Zg, WTO MHOKECTBO

Clzo) = {z € R™: [(2) < f(20))

OrpaHHHeHO, JIOKAKEM TEOPeMY CXOIUMOCTH,

Teopema 1. flycmv 2z -— nocaedo6amMeabHOCMb, ROCTAPOEHNAA AALOPUTHMOM 2D~
duenmnozo memoda. Tozda ona Au60 ROHEMNG U 3ABEPWAETRCA TOMKOTL Zgy, 048 KOO
poti f'(z,) = 0, aufio Geckoneuna, U wemcdas ee NPedessnas mouka 2 Yoosremeopaem
yeavewo f'(2) = 0.

< Tpebyer paceMoTpenist TOJABKO CAyvail, Koraa 2z, — DecKoHewnas HOCIe10BA-
TEALHOCTD. [0 NOCTPOeHHIO

fzi1) < fl2k) £ flz0)

ans Yk € N, orkyza eaejver, wro 2 € Czp) anza Yk € N. U3 venpepsisrocTy by HKUHK
[ worpanngenuocr Muoxecrsa C'(2) suirekaer komnakrnocts C'(z) 8 R™. Caegosa-
TEJNLI0, MHOMKECTBO NPEIEABHLIX TOUEK [MOCTEAOBATENLHOCTH Zp Henyero. [Ivets 2

upeneasHas Touka. Joxaskesm, uro f/(£) = 0. llpeanosoxam nporusnoe, uro f'(2) # 0.

Toraa | f'(2)] 0. B cuny (2)

q &

f(2=af(2) - f(2) = —alf (D) + ola) < - ;)-I_f'(-f'")lg <0

ana Y € (0,€), te € — H0CTaTOUH0 MAXoe HoJoKuIeasnoe qucno. [lyers af2) -
HAMMEHBIICE HOJOKHTETbHO YHCI0, YAOBICTBOPAIONES YCIOBHIO

fE—a@)f(2) = f(2)=inf(f(z—af'(2))— [(2).

a i)

Pacemorpunm dynkumio 8 : R” = R, onpeaenéunyio dpopmyviofi

JaMeTuMm, 1T
6(z) = f(z—a2)f(2) — fF(2) <.

@ynkuusa ((z) wenpepsisra no z. [Hosromy, waiigerca § > 0 Takoe, w10

o ISR - ) '
18(z) —0(2)] < — 5 (4)
ana mioboro 2 € R*, yroraerropsiomero nepasercrsy |z — 2| < 6. Torpa #(z) < Q{;Q

ans seex 2 € {2 € R |z — 2| < &}, Ecan a(2) — namMeusiee HeGTPHIATEILHOE
SHCI0, TAKOE, 4T0

Hz = ala)[(2)) = flz) = b (f(z ~ af'(2)) ~ f(2))
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TO
Fiz = nl2) () = () < 0(z) < 2 (

(s
~

T —
£ <

gz € {z € R*: < 4}
[Tycrb 2., — MOIIOCIEOBATEILHOCTD TTOCTCIOBATENBIOCTH 2k, CXOAAIANC K TOY-

ke 2. Ouesuano, 410 |zp, — 2| < 6 a3 ¥V > mg, e my — HeKOTOPOe HATYDPAIbHOe
quesno. Pacemorpuy nocieosareasocts f(zp ). BEcan 1 > 5 > myg, T0

o(
2

N>
e

Flaw) = flag) = (Flz) = f(2k-1)) + -+ (Flarg ) — f(2,) <
B cuay (5). Hosromy moxno yreepxkiars, yro mist mobuix 4,7 > mg (i # 7)

6(z)

F(z) = flaw,)| > ——

3

L\D’N)

orkyaa 1o KpuTeprio Komp BerrekaeT, 4To HocaegoBaTeabHOCT f(2; ) pacxoanres.
Ho dyukups [ wenpepbiBHa, a zp, — 2 upu m — oo. 3uaunt, f(z,. ) — f(2) npu
m —r oo, Hoayunu nporusopeyne. Crenosarensro, f/(2) = 0. »

Sameuanue 1. Fean ¢ donoanerive & cleseHumim panee npeonoiotcerim nompe-
boeamy, wnobv Gyrxuus [ 6waa sunykaolt na R, mo nocaedosamessnocmes 2

nidem

smunumuaupyewelt daa f na R" u Gydem crodumoes x MHONCECTNBY TONEK MUNUMYME
dyrrun f. 3mo caedyem ua mozo, wino das eunyraot duddepenyupyemots gyrriu
CIAUNOHAPHLA TOWKY AGAAETNCA THOYROT MUHUMYMO.

[Tepeiinem Tenepb K OINHCAHWMIO PeAH3VEMbLIX WIFOPUIMOB TDAJIHEHTHOO METO1a
(T0 eCTh TAKHX AJTOPATMOB, KOTOPBIE MOTYT GblTh 3aPOrpAMMHPOBAD s BLINOJ-
HEHHS PACCUYeTOB Ha KoMnboTepe). Peannzyenbix MoandRKALMI FPaJHeHTHOTO METO/1A
CYUIECTBYET MHOTO. Y UHTHIBAS HAKOUIEHHBIH BLIMHCIANTENbHBIN ONLIT, MBI {Ipe/L1araem
CAeAYIOUHH AJATCOPHTM "HCACHHOT0 DeIHennyg 3aJ1a%1H

f(zr) = min, z € R™

Pexomengyemblit aJirOpUTM rpagueHTHOr0 MeToja.

1. Buibupaem touky zy € R”, taxyio, 9410 MHOMKCCTBO
{z e R": f(z) < f(z)} (6)

OIPAHIYEHD.

2. [Tonaraem & = 0.

3. Boruncasiem rpajuent Pyuximun — sexrop f{z).

4. Tlomaraem hy = —f'(z). Eenn (hy| < &, nepexojun K mynkry 8 unade BbInoj-
HHEM TMYHKT D,

5. Honaraem ¢« = 1.

6. BoruucisieMm

&

) . . =
A = fla + ahg) — flz) + B |
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7. Beorn A <0, 10 zpu1 = 2 + chy, k := k 4+ 1 ¥ vepexoaum K OVHKTY 3; WHave
(v = 2 W NepexouM K vHKTY 6.
8. 4= 25, F = F(2Z).

3ameuanue 2. [lynxm ! aazopumma ne npoepammupyemca. Builiop naviaabnozo
NPUBAUMNCENIA Zy OCYUWECMBARCTL ueA06er. Foan mouky, ydosaemeoopaiowyo yeaosuo
(6) natimu ne yoaemes. GA2opuinm nPUMEHATIY HeAbIA.

Sanveganue 3. [ nynkme 3 ai20pumma mue sonucadem paduenm fiynxiyiiu
BEKINOP U3 HACTIHUL NPOUIGodunT. Han npubausicennozo pewenia 3moti npomexcy-
MowHoU .30;-")&":‘.‘1.'} AOHCHO UCOALIOCATIIL 'f‘\':l'J?-l.(f"-{,'H()*p(l.'i'll.()rﬂ'mﬂf,;!ﬁ() AnnNPORCUMAYUIO YACTT-
HoLT npouszsodnos gynryuu [ Eeau

f(z+ hey) — f(z)

' £ 7‘} o I J A {

f. {z} = lim .

Vi, WVES h—sl) h, :
ede ¢; = (0,...,0,1,0,...,0) cdunurnetl xKoopdunamund [(basuenwdl) sexmop, 1
KOTOP020 1-A Koopdumnama paeta 1, a cemanbune paensl wyaw, 1= 1, ... 1 mo MONCHO

TLOMGHCNTIVS ) \ ‘ \
! () g f{/: Tt {;?,t",j} == ,t' (3 — h’“"l
fuc® = oh ;

2de h = 0.00005.

Kovmmentapuu. B onvcaduom Ajdropurye KpATEPHEM OKORYAHHA HTEPAILHOHNOIO
npouecea cayanr gepagenctso | [1(2p)] < =, rue & — 3aganuas TOTHOCTE BEMHCACHR.
3 AHCJIEHHEIN METOJAX MEEAMISAIHE YUK HECKOIBKIX HEPEMEHHBIX, B TOM THCJe
I IPaJrenTHLIX, 94070 MCTOMB3YIOT W JIPYINE KPUTCPHH, & HMPIIO,

k= Zkat| R0

M

rie 0 |y — 3ajauapie uncaa. porga 3apanee 3a/a107T “HCI0 T 2pALME; BOBMOYKHLL
TaKKe PABINYIHBIC COYeTannd YTuX W apyrax yeiaosuit. [TousTHO, MTO KO BCEM ITHM
KPUTEDUAM CHe/AVeT OTHOCHTLCH KPHTHHECKH, MOCKOABKY OHH MOUVT BBITGIHATLEH M
BAATH OT HCKOMON TOYKHM MUHHMYMa, K COMATONHIO, HAJCAKHBIX KPUTEPHER OKOHMATUS
cIera, NPUMEHHMBEIX K UIMPOKOMY KJIACCY 33189 U PapaHTHPVIOUIHX NOdYYeHWe pente-
ung 3anaan (1) ¢ TpebyeMolt ToMROCTEIO, MoKa HeT. CAenannoe 3aMeHanie OTHOCHTCS
M K ADYTHM M3JalacMBIM JaJIee METOAM

Onuuiem eme 0 iH pealu3yeMplil ANTOPUTM PAIHERTHOIO MeTOAA. B rem Ha Kak-
A0M APE HTePAIMOHHOIO MPOLeCca PelaeTes ofHOMepHas 3a1a4a MAHKHME3auu. B
JUTEPATYDE IO HA3LBAIOT OOBIMHO METOAOM HAMCKOPEHIIEro IPajleHTHOrO CLUYCKA.

Hyers €5, h > 0 — napamMerpnr Meroja, £ — 3a0aiHad TOUHOCTD.

PeannayemMelil a/iropuT™ MeTOAa HaAUCKOPEUIero crycka.

1. Bubupaes toury zg € R™, yaosaersopsomyio ycaosuto (6).
2. Ionaraem k = 0, § = =y.
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3. Bumueastem rpagnent byuximm ['{z;).

4. Monaraem by = — f'(z;). Ecan by < &, nepexogum & nynkry 9; nuave Bhiliod-
HACM NYHKT O.

5. Oupeeasen ¢yuxmw 0 : R — R' paseuncrsom

0(c) = flan + ah) — Flzs).

6. [MpumMengem anropuT™M MUHIMH3ALNN DYHKINH RAMIE AYYA, ONUCAHABI nuKe,
JUTH BOIMACAEHW (v, MCHO/L3YS TeKYIliee 3nateHue J.

7. Eean O(og) < =4, 10 zpyy 1= 2¢ + aphg, k := £k + 1 n uepexonum x nynxry 3;
niage § = g.

8. IIpumengeM anroput™ MunuMmuzanns OyHKIMHE BJAOAb Jy4a ¢ HYHKTA 4 1 nepe-
XO/IMM K ILYHKTY 7.

8. .=, foi=JF(2).

AnropurM MuHUMUBATIN QYHKIUY BAOIL JYYA.

1. TTomaraem ug = 0, uy = 0, us = h.

2. Besmn #(ny) < O(ug), 10 a = ug, b = up W nepexogum K nynkry 4; nHaue
BBHIOJHSAEM NYHKT 3.

3. Tonaraem ug 1= uy, U4y = Us, Uy := U + h 1 OEPEXOARM K OVHKTY 2.

4, Ha orpeske |a,b| saxonuy ToMKy MuHuMyMa QYHKIAN § 10 METOIY 30J0TOT0
cegenus (om, nanpumep |19]), vmeusuiaz orpesox [, b] 40 Tex nop, noka xe Gyaer shi-
a—bl <9.

NIOJIHEHO YCI0BHE |

2. Meroa TOKOOPAMHATHOrNO CHyCcKa. B upeapayiiem HyHKTe Mb PACCMOT-
PEIA METOBE, TPehYIOmue /s CBoell PeaJu3alny BLIYHCICHHS IPOU3BOANLIX MepPBO-
ro gopaaka manuMEsapyeMolt dyvuxmim. Ojpraxo B NPaKTUYGecKIIx 3a1494X HEepeIKo
BOTPEUAIOTeH Cavyan, Korjga MuHuMusupyemad Gynsuns auho me obgaiaer nykuoi
AKOCTBIO, ARO0 dBAAETCH THAAKOH, HO BRIMUCJICHNE ¢e IPOR3BOAHBIX ¢ HYXKICH T04-
HOCTBIO 3ATPYAHUTEALHO, B Takux caydasix my:KHbl METOIB MUHUMUZALMN, KOTOPLIE
Tpebyior Juiup Beraucaennd suadennit Gynkuun. OMHUM B3 TAKHX METUILOB ABAHETCH
METOJ| HOKOOPAMAATHOTG Ciyeka. Onumem ero aas pentenus 3agauu (1), vae [ = R™,

Oyerh e; = (0,...,0,1,0,....0) — exupuunnil koopauHaresiil (6a3ucHbiil) BeKTOP,
g &= s o5 n; p — HEKOTOPOE TOMOAHTEALHOE YHCIAD, 25 — HAYMIbHOE iipHOJIMIKEHNE.
Mooy pe = e, tue

=1
e

i=k modn +1. (7

Yenopne (7) obecieansaet NUKITHMCCKAN 1epebop KOOPAHHATHLIX BEKTOPOB €1, £, .. .,
€n. TO CCTh
Po =21, D =&y, vem e Pa=d = Pn = €1,

AJPOPUTM METOJa HOKOOPAMHATHOIO CIyCKa (NpUHOMNIVANLHAS CXema).

1. Honaraesm &k = 0.
2. 2= 2 + Q.
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3. Cpasuupaem anadenus GYyNKIHY B Tovkax z 1 2. Eemn f(z) < f(zk), 10 280 1= 2
W HEPeXOIMM K IVHKTY 5 WHAUE 2 1= Zzp — (4Pp W BBUIOGJHAEM MYHKT 4.

4. CpasaupaeM 3Hadcunst Gynkuun B rourax z v %. Eem f(z) < f(z). 10 240 ==
2} MHAYE Zpy) 7= Z-

. Tlonaraem agey = oy, k= Kk + 1.

€. Eciu k kpaTno n, TO BHIUIOTHACM NYHKT 7: WHAYME NCPEXOJHM K MVHKTY 2.

7. llposepsaeM, OB JIH «CIOYCK» 00 KAKOH-100 w3 n koopausar. Ecinu «cliyckas pe
BLILO U TOUKH Zg 1 Zp—, COBHAJAINT, TO oy 1= SGE.

8. [lepexopum K NYHKTY 2.

Kommenrapun. Onucaunnlil anropumv cTpouT BeCKONETHYIO HOCTHCI0BATRIBHECT
2. Beth navasinsioe npubmiKesne zy 0 HAYATRHEH mar oh. Kak nporekaer wrepatn-
ounblit niponece? K neppoil koopauHaTe BeKTOpa zg Mbl npubasiaseM oy (2 := zg+-age;).
Eeau B Touke z (DYHKIUA OPUHAMAST MeHbUIee IHAYCHUE, YEM B 2p, B KAUECTBE Clie-
Aviemel TouRyn nocdaegopareisnoctn bepem z. Lcau wer, T0 B3 NEPBOH KOOPAMHATH!
BEKTOPA 2 BHIYHTASM (¥ ¥ JelaeM analoruunyo nposepky. Leaw «cnyekas pe Buumo
¢HH B TV, HU B APYIVIO CTOPOHY» CJACAYIOIIAA TOYKA MOCIEI0BATEINEHOCTH COBIALET ¢
npeanayei. Hocte a1oro nepexoiim Ko Bropoit KOOPAHHATE i OBTODHEM L8 Hee Te
JKe eHCTBHA, TOTOM K Tpelbelt i TaKk JAJee..., oKa k He CTaHeT KPaTHO 7, T. . MoKa
ME TIOCJIEOBATEALHO He IepeGepeM Bee 71 KOOpAMHAT. Fejau no OKOHYanuE UMKTa 3
7 WTepalni, xora 0bl 0AHA OKA3ATACh «VAATHONY B YIANOCH <CHYCTHTLCHS [0 KAKOH-
o KoopaHHaTe, o L cieayioiell cepiy urepauuit octasngem npexkany. Ecan ke
HM 110 OHGH 93 KOOPAKMBAT «CHyCKa» He ObLIO B 10 TPOUIECTBHA IHKIA Mbl «1Ie CABH-
HYJHCh ¢ MecTa», mar & YMCHLIIACM B 482 pasza. [locae 9TOro CHORA TPOBOARM MK
W3 1 urepauii,

A 000CHOBARMST CXOLHMOCTH METO/AR NOKOOPIUTATHOTG CIYCKA NPHBCIeM CI61y-
0IYI0 TeopeMy. Bé 1okasaTennheTRo MoKHO mafitn 8 [4].

Teopema 2. [Tycmu dynrius [ nenpeposne ougdidepenyupyesma U 6unyria He
R™; navaavroe npubauscenue zg maxogo, wimo snoscecemeso {2 € R™ @ f(z) < flz)}
ozpanureno. 10200 nocaedosamesniocmy 2y, NOAYMEHRARL ONUCAHIBIM METIOG0M MUHU-
musupyemt gyuxyuwe [ we R™ w crodumen k MHONCECTREY TMONEK MUNUMYMA BYRKG
f na R™.

Bagaga. Hecaedosams cxodumocms memoda nokoopdunamuozo crycke u 2padu-
EHINIHO20 004 PEWEHILA 3adawt munumusoyu giyniuun |Ax —bl*, 2de ¢ € R™, b e R™,
a A-mampuye nopadsa m X n.

Panee Mu! ynoMiHamm 0 pasyisndan MEsKY NPHEIHIHAJBHEIM &JTTOPUTMOM H DTl
syenmbiM. [IpuBesem reieps omucanye peaIn3yeMoro BapraTa MeToga HOKOOpP/IHHAT-
HOPO CITYCKA,

yers (g — mapamerp meTosa, £y — 3aganias TousocTs. dag ynobersa n3momenns
HagabHoe npniiizkenne obo3HATUM 9epes. 2.

Peasmzyemuniil anropurm MeToga DOKOOPARHATHOIO CHYCKA.

1. Buibupaesm Touxy zj, Takyio, uro muoxecrso {r € R" : f(z) £ f(z,)} orpaun-
HEHO.
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[N

2. MMonaraem & = 1, a = ay,
3. 7= 7z + Qe
1. Cpasunpaem jasa suadenus f(z) 1 f(z). Eem f(2) < f(zk), 10 zpyy = 2 0
UePeXOUM K NYHKTY 6; uiaue z .= zp — vey.

5. Cpasunpaem f(z) u f(z).Ecau f(2) < f(z1), 10 2pqq i= 2; MHAYE 2g ., 1= 2.

6. Ecomm k < m, 1o k := k + 1 0 nepexoaumM K nyuxry 3.

7. lTposepsaem, BEITIOJIHEHO JM YCIHOBUE OKOHUAIINS cYeTa. Be/ ar < €, TO TePexomamn
k nyuxty 10; nHaue sunoHseM TyKT 8.

8. CpaBuMBaeM ABa BEKTOPA Zy.] B z;. LCJAM OHM COBHAJAIOT, TO @ = 2, upaue

bX

Zl = ZTZTl'
9. [loparaem k = 1 u nepexojnM K NYHKTY 3.
16 7. = 2541y Jo = Fl3any).

Sameganne 4. Kancemesn ecmecmeeinivii, wIno ecait mul 00RAPYICUAL <CNYOK»
no Kekol-2100 Koopourame, Mo cAcdyerm «CnycKambveay 8 IMom HANPAsACHUL JO TET
nop, NOKG 5MO B0IMONCHO. FMa uded Peaauinsaia 8 memode A0KAALHYET 6apuaiil
(uan npawozo noucka). pu smom waez dpobumesn kaxcoud pas nocae mozo, Kax M
nepedupem ece n KoopouNaIm.

Meros jokansnbix Bapuaniit ocobenno adpexrusen g MUIUMABAITIE hyHKIiT

BHIA
71
o e, S N
)= ¥ _ filwa).
i=1
nae r; — -2 Koopaunara sexropa o € R™
Jlins 9T0TO METOMA MBL ONMIICM DHPHHIHITMAIBHBIH aJTOPKTM, H3 KOTOPOIO JIEPKO
moayqaeres peasmzyemas momuukanms. Hrax, nyers d) = ey, dy = —ey, dy = eo,

e = =€y, ..., dop_ = €q, (g, = —€,; Py -— OAPAMETP METOLA.

Meto/ TOKAILHBIX BaApHAMi,

1. Bmfimpaem rouky zp € R”, makyvio, 9o muoxecrso {x € R* : f(x) < f(z)}
OrPAHUMEHO.

2. Tonaraem i = ), z = z. sptuucagem f(z)

S P = Py

4. =1,

5. Berancasiem f(z + pd,).

6. Ecnu f(z + pd;) < [f(z), 10 2 = 2 + pd; 0 DepexoauMm K OyHKTY §; uHave

BBITOJTHSIEM 1LYHKT 7.

7. Bean 7 < 2n, 10 § := 741 # nepexoaum K OYHKTY 5; HHAYE BBUTOJHALM ITyHKT 8
8. 2iuy i= 2} Pig1 = 5, =1+ 1 u nepexoltuM K nyHKTY 3.

Sl ansoro ANPOPHTMA HMCET MECTO TEOPeMa CXOJUMOCTH. Ee J0KAIATebCTEO
voxno HafiTn B kuure . Hosaka [13].

Teopema 3. [fycmy f: R* — R - nenpepmono duddepenyupyeman na R" dypryus
u cywecmsyem mowka zg, maxad, wmo muoscecmeo {x € R* 1 f(z) < flz)} oepa-

nuweno. Tozda nocacdosamenvrocmy z; TAKOBA, N0 KANCOUA €8 NPEIeibHaA MoK
z yooeaemeapaem yeaosur ['(2) = 0.
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Samernm, uro Teopema 3 ananorndna teopeme 1. Ecam dbyukima f asnaercs eme
u BeIIYKA0A Ha R™, 10 N0CIe0BATENLIOCTD Z;, MTOCTPOEHHAA OIHCAHHBIM BHILIE A0~
pursoM, Maanavnpyer Gynxaaie f aa R 1 exOAnTes & MHOXKECTBY TOHCK MHURHMYMa
dyukunn f wa R".

PexkoMenmannu no mporpamMmvuposanuio. [Ipn pazpaborke oporpamy Mbl €o-
BOTYEM HCTOJL30BATDL PEA3yeMbie MOAMBHKAIAN ONUCAHHBIX BLILIE AJArOPHTMOB 6e3-
VCHOBHOR MUHMMM3ALAHE, & ONPY ORTaAKe ~ BLIHIVKIbIE DYHKIMK, TaAKHE Kak

SN o I S a2 y
u=e" W% o g% 4 95 4 992 4 24,

w=a%+ 3y + 2 + cos(z + y)

U yIoMARyTYo seiue Gyaknan Posentpora. B paciiupenaom BapuanTe Qyverumus Po-
senbpoxa f(x) oupesenserca Tak:

a) nycerb 1 -— Joboe HaTypasbiioe THCI0, KpaTHoe 2;
n

o) mge=1,...,5

foio1(z) = 10(z9; — 25;_,)
failz) =1 = 29513

TOrIA
F) = Zf;(r} T € RE.

TMoraruo, 910 OporpaMMa, peamusyomas 107 Wi RRON THCISHHBIT MeTON, 101K Ha
obJaIaTh YHABePCATLHOCTEIO. ZAKesaresbio, Yrobnr by nKmmo MeKHo HLA0 «BROANTE
¢ akpanay. TToaToMy coBeTveM NoAyMATE 0 COZJARNN <adaanzaropa dhyexiii». 3ataqa
~ TpyaHad, HO pemaemvasrd. [peniraraem eé moburesiM npPOrpaMMUpPOBAHNSL.

3.3 MunuMusanus npy HAJWYUM OTPAaHUIEHTH

1. Meron mirpacduex dysenait. Merog mrpadnnx $yakinil sasageres 0anmm
13 nanbosgee OPOCTHIX 0 HIHRDOKO HPUMENAEMbIX MECTOAOB peineH s 3a a9 MITHHNMIT3a N
C OIpANNYeIITSIMIL. ()('.IIUBII?],H e METOIA 3aKINOUMACTCH B CBLIASHUNT HCXO/HON Jallatiy

flz) = min, z€l, (8)

rae U7 C R™, ¥ 10Cie0BaTeIbHOCTH 38,144 DE3YCHORAON ONTHMHZAIMY

Fi(z) > min, z€R*, k=1,2,... (9)

3aech I () — nexoropasa senoMorarveasuag dynxmms. Oua noabupaeres tax, 1robsf
C pOCTOM HOMeEpa k 3Ta QYHKUMA «MaJ0» OTHIAIACH OT HCXOZHON (hwuximn f(x) Ha
muOxKecTse U 1 OeTpo Bo3pactana na Muoxkecrse R” \ U, Moxkno oxuaars, 510 Grer-
putit poct dyiuxuwnn F(z) sre U npusejer & 1oMy, 4To 1pu OOJBIIHX & MIHAMYM 3TOI
thyukmuy na R® Gyier gocturarhest B TOYKAX, HAM3KAX K MHOMKeCTBY [/, i pelicuue
sagaqu (9) Oyjer nprlIHKaTLCH K penieHuio 3amaun (8),
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o

Ounmmem Merod mrrpadubx OyEKHul st pemenns 3agaau (8), rae f: R" — R —
genpeprBaas pyuknng, U — saMmruyroe maoxkectso s R".

Onpenenenune 3. [locaedosamenvrocms nenpepwenns dynruud o, @ R" — R,
E=1,2,... nasweaemes nocacdogamensvnocmuvio wmpadmver Hynkundd das mmuodice-
cmea U, ecau

Loop(z) =0, ecanxcelU, keN;

2. 01(x) >0, ecaux g U, keN;

3. wra(x) > pe(z), daaVz e R*\ U, ke N;

4. limy o ok (2) = 400, daa Vo € R"\ U. 3Bamerum, 910 Ana 11060r0 MHOMKE-
crep U C R" MOKHO YKA34TH CKOIb YIOAHO MHOIO PA3IHYHLIX HOCHACIOBATC/ IbHOCTRH
urrpadasrx Gynxunid. Hanpyuvep, mMoxuo 83s1h

op(z) = kdist(x.U), z€eR", keN,

WITH
(2) 0, ecan o e U
i-"‘f}l. Ty = 5 -
i kle — x|, ecma ¢ U, k=1,2,.

e Ty — Kakasi-inoo Touka 13 [,
st (hynxnui
Fy(z) = f(x) + pi(2)

pacemorpuM 3aga4y Gesycaosnoi muguMuzanmy (9). Mueer mecto cieayvioniee yreep-
# IeHKe,

Teopema 4. IHycmo cyuecmeyem mowxa @ € U makas. wmo smuoscecmeo M =
{z € R* : f(z) < f(2')} oepanuneno. Tozda dan awbozo k € N 3adava (9) useemn
petuenie Iy, % nocAcioamesvHocmy Ly Makoed, wmo A0bas e npederbras meka
aeademes mowkoti muriayma gyucuue [ na smmwoocecmnee U
« [1o yeaosno Mitoxectso M orpannieno, a 8 ¢y #HenpepoisHocry Gynaxiuu f,
emie n 3amkHyTo. Caenoearennno, M kovnaxtho. Hoaromy, no reopene Beliepnrrpac-
ca, 3agaqa (8) umeer pemenne. Beur
min f(z) = min_ f(z).
zel. 2 MU
Joxaxkem rereps, gTo gias woboro & € N u zanaua (9) nmeer penrenue, Pacemorpuam
MHOZKECTBA
My = {z e R*: Fi(z) € F(z")}, &k=12,....

\

Samerum, yra M, € M. Jeicrsarensuo, nyers ¢ € M. Toraa
p A Yy i M) & el s Eat) s Bfapl
(&) € f(2) +9u(2) < Fl2) + ) = Fl2),

rak Kak 2/ € U u @i(c’) = 0. I3 noayuennoro HepapeHCcTBa BbITEKALT YKa3anuoe
paoxkenne. ¥ moxuo cnenars ssrgog, wro My komnaktHo aas VE € N, xax savkny-
TOE [I0AMHOKECTBO KOMIAKTHONG MHMKecrea M. OMeRMAHO, WTO /A HempepLiBHO
byuxumn F

min Fi.{x) = min F.(z).
u.'GTH(I’lL L( ) € My k(/)
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[loaromy sazaya (9) umeer perenwe. Ofosuauum ero uepes zy. [lyers Fl = Fi(z;).
Jlokaxem, 110

Fy < F < f. = min f(2).

ol

[ i
i

it
>3
/A

Mrax,
o= Flag) +onlan) € Florn) + @rl@en) € F(Tea) + @ (@en) = By

s Yk € N, i MoBOTOHHOCTE Hocaeosarensiocry F, yeranosiaera. Orpanuuennoctn
1 ; ks

BRITEKALT W3 CACAVIOUEH ONeHKI:

Fr = flae) + g(ze) € fl2) + oi(x) = flx) ans Vo € U, orsyua,

F; < ‘”.i,r) fla) = A 10)
Tl

PacemoTpum teneps MOCHEA0BATENLHOCTE L. Bee ee 3eMeHTh NPHHALTEAKAT KOM-
nakTHOMY MHOxecTry M. [Toaromy MHOKECTBO NPEALAbHBIX TOYEK MOCACAOBATCILHO-
ety 1y Henyero. [lvers & - snement w3 31oro MuozkeeTsa. bes orpanngenns o6uimocTit
MOKEM CYHTATE, 9T0 NOCHEI0BATENILHOCTE L) CXOANTes (B TPOTHBHOM Cy4ae Hepexo-
JHM K HOATIOCTE 10 BATeNLHOCTH) 1

Iim @ =%,

o=y 2

Joxaxkesm, wro T - peienne 3a a4
f(#) > min, zel.

[TocnenoBaTeAhHOCTD L) MOKET ShITH YCTDORHA HO-Pa3noMy. PACCMOTPAM JBA BOSMOIK-
HBIX BApHAHTA:
1)IAN:VEZ N gz, €U
2} CYIIECTRYRT DOANOCICANBATENLHNCTE Ty, HOCASTOBATENLHOCTH Ty, Takad, UT0 &, r,’é
[/ mns Ve € N,

B nepsoM cayyae cpasy noayyuaes, aro & € [/, rak kax U — 3aMEHYTOe MHOKECTRO.
Hasee jui moboro & > N

FP = fzg) + ep(me) = flzi) € £,
B caay (10), oTkyIa caejayer

fl&) = lim fla) < fu

C apyroit cropoust, f(&) 2 fi, 1ak kax f, = minf(z). U3 ABYX NOCAEIHIX HEPABEHCTE
xell

BrrTeKaeT pasencree f(2) = fi. u, erano 6L, £ - Touka MuanMyma hyRxuy f Ha
U.

Iepettnéym ko sropomy sapranty. Jokaxem, 91c n & 3rom chaydae & € [/, TIpeano-
Joxcum nporusnoe: I ¢ U. [lo yeaosuio z,, — ¢ npn 8 — oo, 25, ¢ U. Pacemorpum
NOCACHOBATEIBHOCTE g, (g, ). Ona orpasnyena. D10 WIeAYCT W3 OGrPAHHIEHHOCTH (10-
caeposarensuocteit Fy (zx,) n f(xg, ). Jelicrsurensno,

f}us ('J['.k.;) = f(Iks ) + ()Oka (‘T:ks) g f:iv vs & N\
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=

—~1

f(zk,) orpanugena, tak kax f wenpepnsaa. Crano GwiTh,

o (Tr,) = Fi, (2x) — flag,) < fo +sup|f(zy,)].

&

C upyrofl CTOpouBI. B CILLY HYHKTA 4 Olpejfeienis 10CIe0BaTe LHOCTH TpadHbiX
hynxnui
@ (T) & +o0, 8§ > 0, (11)

Tak kak £ & (/. HoaroMy nocie1osatebuocts ¢y, (Zy,) He MOMKET GbiTh OTPAHNTIEHHOH.
Heiicrsurensuo, u3 (11) parexaer, wro VE > 0 s, 1 ¢, (L) > E.

Dyukumst @x, Heopepesua u ry, — & upu s — oo. Hovromy In, > 5, 0 op, (24, ) > E.
HO g, (Th,,) > Qr,, (T, ) MO ¢BOUCTRY 3 OUPEIEACHUS OCACIOBATEILHOCTH 1ITpad-
weix hynkiuit. Takum obpazom, Mel qokazaau, uro VIE > 0 dn, € N taxoit, ato

Phay (Thay) > B,
YTO OZHAMAET HEOTPAHMYCHHOCTDL HOcjenoBaTensnoctn vy (xg, ). Toaydennoe mpotu-

BOPEMHE DOZBOJACT CALJAATH BLIBOT 0 ToM, uto 2 € U, VI, nopropas cxazannoe panee,
AatunemM

Taxnm obpasom,
@< & f&)=1f,

TO €CTh & - TouKa MutuMmyma Qyuknpn [ wa U, p
Sameuanue 5. Fean dynwuus [ umeem na U odny mouxy munusmyma T,, mo
nocasdosameavmocmns . cxodumen 1w iy oo Tp = Ta.

AaropuTs Meroga wrpadisix BVEKIHIT 3aKJ04A6TCH B NOCTPOCHIH T0OCTE10Ba-
TeAbHOCTH 2. Ha k-ToM wmare urepaiionioro NPenecca HaxXoumres TOUKa MUHMYMa
z BenosMorarenbuolt gpyuxkmn I (x) v 3agakge Oezycaosnoét onrummsanny (9). g
HHCJICHHOTO PEHieHMst ITOH HPOMEKYTOYHON 3aJadil MOYKHO HCIOIB30BATL METO/bL.
ONMUCARHBLIC B IpeAbLILyIeM maparpade, Haupamep, UPALHeHTHBIH MM HOKOOPIMHAT-
HOI'O CLIYCKA.

OTMETHM, 9TO YACTHLIM C/yuaeM sajadn (&) ABAsercst PACCMOTPEHNAT paHee 3a-

JANA MATEMATHYeCKOTUO HPperPDAMMIDOBAIHS

fo(x) — min ) (12)
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fal8) 20 .55 fal2) €0,

rae f; : R* 5 R (i = 0,m) - reupepusHble dyHRmmg.
Hanomuum, wro, ecan B (12) Bee (hyHKIHE BHIIYKALL, 3TO 334a49a BHITYKAOrO UPO-

IPaMMIPOBAHNST, 3J8CHh MHOMECTBO
U={zeR": fi(z) <0, i=T1,m}.
JIerko AoKaz3atTh, 4T0 U1 MHOKECTRA BHIA
{zeR": fi{z) =0, i=T,ny filz)<0, i=m+1,s}, (13)

rae f;(1 =1, 8) — nenpepuiBable QyRKIHA, TOCALAOBATETLHOCTHIO ITPadHbIX hyuKunit
GyeT, HATIpUMep, Takasd Hnocaelosarenniocst: i (x) = Age(r), rae

ele) =3 IA)P + 3 (max{fi(«), 0}, (14)
i=1 =4l

A >0 s Vk e N, limp_ o Ax =00, p > 1 — (DUKCHPOBAHHOE YHCIO.

3amernm, yto ecan pyuxiun f;(x) r pas renpepsisuo auddeperuupyemnr aa R™, to
pr mobom p > 7 dyuxiua (14) Takske Gyger v pas nenpepsiBaO juchdepenunpyemoii
va R™. Ecau B (14) p = 1, 70 u3 menpepbiBHocTH GyHKumii f;(€) BHITEKACT HENPEePhIB-
HoCTh hyukmuit g (x) ma B, uo ge Hoaee toro. Ha tiaaxoeTs OpH 9TOM PACCIHTHIBATE
ae npuxogured. Ee moxer u ne 6prrn. Bean dynkmun fi(z) nupn i = 1, m — anneiins,
anpui=m-+ 1,8~ splnyKasl, 1o Gynkuus (14) Takske BhiyKaa.

Hpyrue Bo3MOKHBIC BAPHANTEHI MTpachunx dyasunii s MaoxkeeTsa (13) MoxBo
naita g [4].

IIpumep 2. Metogom wrpadumx hyakiuuil peaM 3anady

9.2 -
flz)= 1f + &y + 225 — min

zeU={(x,x) € R : 2y + 39— 3=0}.

3arerum, 9T0 MHOKECTBO [/ 3aMKHYTO W YAOBAETBOPHET yCAOBUSM Teopemsl. B
KaYeCTRe HOCAeA0BATAbROCTH Wipadubix HyHRIEH BOZLMEM DOCAeH0BATE/NLHOCT

er(z) = k(zy + 22 - 3)>, keN.

Torua
1 2 O )T a2 )
Fe(a) = a1 +oyvp + 205 + E(ay +29— 3)°, z€ R
Dyurnus Fi(x) npu gaxgom & = 1,2, ... spiuykiaa ga R? @ gocruraer Muppmyma B
k) (k) .
rouke %) = (7" xy"), KoTopas onpegeaseTcs cneTemMoll ypasneui

A ¢ AR) L (K)y
EFE':'(-I:! :.\4’_2 ) —0
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TO e€Ctb

a. (k) (k) Y
Z\L;V - J.ZI\ —3) =0
4,1':;} - g = %) = U (15)
(l'k) Bk (k)

Pemag (15), naxomum 2 FTaEE Quaesnpnpo, uro z' — (’;’) a

f.=17.875

B npasnisHOCTA HOJYHEHHOUO PE3yThTaTa HOTPYAHO YOSAUTLCH, ecdu HepeitTn K
GYHKIHMA O/[HO# HePeMeHnoit -

Yy = (3 - ,".‘2)2 + .’(,‘2(3 — ."L'z) = 23?3

B HCCJE0BATE ee HAa IKCTPeMyM Ha IR,

Peanuzyemruiii anropurm meroga mrpadusix dyHKinii.
[tycrp £ > 0, 4 > 0 - 3azaumas TOTHOCTD BBIMTUCACHUIT,
L. Beibupaem nagansnoe npudbauxenue zp € R k := 1.
2. Pemaem 3aaauy 0e3ycsroBioil MEHUMU3ANAY s DYHKIHH

Fi.(«ex) = min Fi(x).

TeER"

3. TIpoBepsieM, BLITOJIHEHB! JIH YCAOBHA OKOHYAHUS CHOTA:
i.’l.fk = .,T'k_-1 < b, |f(.’?.f,(_;}, = j-(_.?:/;. |‘ < €. (16)

Ecin BHIIOIHOEB, HEPEXOMHM K NIVEKTY 4; nHade k := k < 1 ¥ nepexojinM K 0veKTy 2.
4. Tlonaraem z, ==z, f, = (7).

Bameuanne 6. Leau dyiwyun

MO MOMCHO NOACHCUINS Ap = _-;[-L- . fr = L (55 - napavemp memoda) uau g, = 1.

Hanee, npu pewenun s3ade Ge3YCa06HOll ONMUMUSAULU 6 NYNKINE 2 UCTOAb3060MY
mounocmy €. Eeau nompebosamy, wnobu k npuntiManio AUWS HETHME SHENEHTLA,
mo yeacsusn (16) nynxma 3 smoskeno nonpobosamny JaMEHUME HE YCAOGUR!

Tk — Tl < 0 flre) — flzwp < e

2. MeTo IPOEKIHN IpaZiesTa. PaccMOTpiM 3a0a1y VEIOBHOH MHHIMUZATIIN
f(z) = min, ¢ € U, {17)

roe U C R®, ¢pyukuns f(z) renpepuisuo aupdepennupyema na U, Ml yaxe snaem,
TTO MU MAHAMU3ALNE TaKuX QYHKIMHE MOMKHO HCHOML30BATL IPALIUCHTHBIE METOIbI.
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Ho, ecad npuMeRnTh OnUCAHEbIH B TIyHKTe 1 pasaesna 3.2 ToT wiu HHOH BapuaHT rpa-
JFEHTHOTO MeToda K pentennio sanags (17), MOTyT BOZHUKHYTH TPYAHOCTH. Beis B
NOCACAOBATEABHOCTH L), HOCTPOCHHOH 110 AJrOpHTMY MeT0Aa, TOUKa T NP KaKoM-TO
k MoxeT W ne npuHauIexKaTh Maoxkecrsy U, Hrobor u3berxars 310ro, MOKHO DOHPo-
foBaTh NPOEKTHPOBATEL Npu Kamiom k € N rouxy xp — ap f'(2x) ma muokecrso U
B pesvaprare Mbl OpRAEM K TAK HABBIBACMOMY METOLY NpOEKLMH IpaipenTa. VITak,
nyers xg € U - mexoropoe adasibioe npubmokenne. CTpouM nocaejoBare/ibHOCTh
Zr, k € N no npasuny:

Tyt = P(-'(-Tk L3 nf:f’(:‘}-"k'J.)a (18)

Tae oy — NOCJAEA0BATEIBIOCTE, ONPeJALAAeMas BLIOPAHHBIM BAPHAHTOM [PALHEHTHOTO
merona, Py - npoexrtop Ha Muoxkectso Ul Ecnn U— BHIYKIOE 3aMKHYTOE MHOKECTBO,
10 B euyty teopemst 4.4.1 u3 |4} nocneaosaTeasuoeTs Iy OyAET OAHOIHATHO OPEIE/IaTh-
€51 VCITOBUEM (].8), Hanee, ecom B (18) HA HEKOTOPOH UTEPAIMH TOUKA Tg. COBIAILLT €
zy (maupumep, 3to cayvawres npu ['(zx) = 0), 1o npouecce (18) upexpamaercs. B smom
CAYYUAE TOUKA Tp Y/AORJICTROPACT HeOBXOUMOMY YCAOBHIO ONTHMAABLUOCTH

oy = Pylog — axf'(zx))

(em. Teopeny 4.4.3 u3 [4]) 1 A5 BESCHETAS TOPO, ABJISETCH JIA B AeHCTBATebHOCTH L
pemeryenm 3aaan (17) wim Her, Upu HEOOXOAUMOCTH HY ZKHO TPOBECTH JAONOJIHHTEIBHOR
neeseosanye nosedenasa Gyaxunu f(2) B okpeeTHoeTn Toukn £, B wactuocTy, ecan
f(z) - semykaas Gyukims, 70 Takas TouKka — pemenne 3agaqu (17). B obmewm cuyuae
Boiaucaenus 1o opmyae (18) 3apepmaiTcsd UpU BHIOARCHEA OIHON) W3 HODABEHCTE

loe — 21| < & |f(z)| <& (19)

{r

IIC BeJIHMHEA £ OUpelender TOUHOCTL pemennd 3agaqn. Jdanee nonarawnr T, = I,
fvi= f(?)v-‘#.')'

Kommernrapnu. Ha kaskjioM 11are OMMCAHHONO UTePALAOHHONO MPOLecca MyXKHO
HPOSKTHPOBATH TOUKY Ha MHOKeCTBG [/, OUHAKO 3202948 OTHICKATHUS POSKIHN HEKO-
TOpoil TOYKH # Ha 33aJAHH0e MHEUKECTHBO, CAMA, B CBOK) OYUEPedb, ABISFETCH 3agauei
muirmusan bynkimmn g(u) = v — ul wm glu) = |v — ul? ma TOM MHOKECTBE H
JAJIEKO He Beerja npocto pewaercs. [oaromy metonoM npoexiuu rpajienta 00bid-
HO HOJAL3YIOTCH JIMIIL B TEX CAYUasix, KoL/ TPOCKHHs TOYKH HA MHOYKECTBO JICrKO
onpejessiercs. Haupumep, ecnn muoxectso U npejcrasinger cobolt map B R*, na-
pajuienenane], YeaepIocKoCrs, HOMIYIIPOCTPARCTRO Wil NOJOKATEABHBII OKTAHT, TO
38894 NPOEKTHPOBAHKST TOYKN PEINaeTcs upocTo ¥ B gBHOM Buae. e e 3azaun
NPOEKTHPOBAHUS /I8l CBOCTO PellleHnd TPetveT HPUMEHeHHT TEX WM WHABIX Wiepalu-
OHABIX AJMTOPHTMOB, TC MPEKTHBHCCTH METONA NPOEKINH IPAaJAHEHTa, BOODLIE TOROPI,
IHAMHTELHO CHUZKACTCS .

Samvmeuanne T. [[odpotnoe 00ocH06QIUE CTOOUMOCTIL MEMOOD MOMCHO Halitnt 6
pabome [4].

3. Meroa ycnosnoro vpaguenta. Menoibsyeres Jiia QUCIeHHOIO PENTeHUs 3a-
JAUH YCJAOBHON MHUITHMHU3ATNH

f(z) = min,z € U, {20)
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o0
—_

rie [/ — BRIIyKIIO€, 3AMKHYTOE, orpanuventoe miuokectso s R, dbvakina [{z) noape-

pereno audpdepennupyesa na U, Ounmiem ero. Ilvers zg € U — HexoTopoe HauaibHoe
npubnnkenve. Eeau ussecrno b-¢ upubanxenue r, € Uk € N, x pemenmo 3a1auu
(20), npuuem f'(xy) # 0, To npupamenue byuxupn f{r) B TOUKE 2 MOXKHO NPEICTA-
BATL B BHJIE

J@) = flag) = (J (), @ — 2) + ol |x — zx]).

Paccymorpun nuneitnyio ¢yHaKIgio
Te() = (f'{@e)ya — z) (21)
1 ONPEJESTHM BCIIOMOraTe/IbHoe HPROJIKeHNHE T, U3 YCJIOBHH

Tk, S (], lglf f/c(.'l’,‘) = f;\:(fk) == (.f’(-""'k):i‘c = :Z}'k) (22)

Tax kax MuoykecTBo [ 3aMKHYTO W OTPAaHAMEHO, a minuehvas (yuxkuug f.(r) nenpe-
DBIBHA, TO TOYKA T 13 (22) Beera cymectnyer. Ecun byuxkuna fi(2) socturaer csoeii
Tounoi wuxiel rpauy va U Gosiee weM B OIHON TOUKE, TO B Ka4ecTBe I BO3ILMEM
a106y10 w3 Hux. Takns obpasom. Ty — PEHIEHHE BCIOMOIATEIbHON 33,1241

Jilz) — min, z € UL (23)
Caenywomee npudiaukenne ryy Haijgem 1o popmyne

They = T + ap (T — ), o € (0,1) (24)

3L

B cnny soiiykiaocty Muomeersa [, touka Ty € UL DaeMedTsl nocieioBaTe bHoCTH
o, £ =0,1,... u3 (24) B pasanYEbLIX BAPHAHTAX METOA YCJIOBHOIO TPAIMEHTA BBIMHC-
naores no-pasztomy. OumMineM TPU BOSMOKHBLX CHOC00A ONPCICTCHMST (vy.

1. op = min(1, ), vae o HAXOIUTCS H3 YCJIOBHA OJHOMEPHOR MUHAMMUBAIMK DYHK-
wan Pyler) = [(zp + (T), — zx)) no vanpasnenaio (Tx — &y ), TO €CTH

Dy ) = min $y{av) (25)

ce>={)

2. Beawuusin! oy B (24) anpuopHOo 3a1a10TCA YCIOBUHMH

5
0<e <1, limagp =0, ; Q. = 00, (26)
- ko = )
=

nanpusep, ap = (k+1)71, k£ = 0,1, ... . Takoii 8BLb0op oy 0MEHb UPOCT IF PEAIHSAINH
ra 9BM, no, Boobiie roBopd, e rapaHTUPYer BLITOIHEHUE VCJIOBMA MOHOTOHHOC U

flarn) < flze). (27)

3. B navame pomosmenust urepauun (24) nosaraior o = 1, nocie wero nposepsi-
1T yeaosue (27). Eciiu OHO He BLUIOJHEHO, TO ¢ YMCHBLIIAIOT B 2 pasa u MOBTOPIO
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nposepsuor (27). Hdpobaeaue op TPOHSEOAAT 40 BhDOJeHHS Hepasencrea (27), nocge
qere nepexoadaT K cneayiomelt wrepanuu (24}

Venorrne OKOHYAHMS BBEMHCACHHA 10 METOMY YCIOBHOIO IDATHEHTA COBHALAET €
anarornyHeiM yesosuem (19) merojga npoexumu rpaguerra. OB0CHOBANKE CXOAMMOCTH
OIMHCAHHOTO MEeTOMA MOZKHO Haiity B [4].

Kommentapuu., Ormerum, 9T¢ BCroMoratessnas 3aaata (23) MUHIMAZAIME Jid-
ueifnol dyuxmma (21) na Muoxecrse U gniserca 3agadell HeIMHEHHOIG TPOTpaMMI-
POBAHKS B MOYKET HEHpPOCTO PeINATLes. Y KAYKEM Ciyuay, KOrga NOHCK €8 penleHus Ty
He IPEeCTaBIder 3aTDVIHCHHH.

1. Honyerumoe suomxectro U zanano AnHeliHbMU OrPAHAYCHHAMI K YCIOBHEM HEOT-
punarensHocTr nepemertsix. Torga (23) - 3azaua AuEelHOIO NPOrPAMMHPOBANNT H
e POIICHHe MOMHO HAHNTH ¢ NOMOIILIO CUMILTICKC-METOTE.
2. Mnoxmecteo U = {u € R* 1 a; < u; < b;, j =1,...,n} — n-mepusiit napasneienn-
e,
3. Muomecrso U = {u € R" : lu —a| < b} — wap paguyca b ¢ nenrpom & Touke a.
Torna ‘

I’ (k)

Tp = a— h—————

|fr(ll}.[
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Ucnoan3oBanue ClielINaJIbHbIX
IIporpamm AJid pellneHnyd 3a a4
OolITUMHM3AIINU

4.1 IlporpaMmsbl jJig pemieHus MATEMATHIEeCKNX 3a-
Jaadq

B apcenase cOBPEMEHHOIO CHCUHAMUCTA HWMEETCst GOMLIUOE KOMMYECTBO TOTOBBLIX
NPOrPpaMMHBIX HPOAYKTOB, TO3BOJHIONIINK PEIIATH PATHIHLIE MATEMATHYCCKHO 12,713
Ui, B TOM 4HCJE 33494 ONTHMAZANNH. ITa 06MacTh BypPHO PAIBHBACTCS, NOCTOSHHO
BBIXOST HOBBIC BEPCHH HPOTPAMM, MOITOMY JAHHYIO [VABY CABAVET PACCMATPUBATH
JHIL KAK KDATKOE BBEJIEHHC B 9TV TOMATHKY.

B nanuoii iase GyayT paceMOTPLH B HEKOTOPHIE BOIMOKHOCTH, HMEIOTEHLCH 9 pe-
WEeHWA 3225 ONTHMH3AMIY B ABYX W3BeCTHRIX niporpamMmax Microsoft Excel u Wolfram
Mathematica. 2rcw MpOrpaMmMbl TPEJICTARIAIOT ABA BAKHBIX KJ40CA IIPOIPAMMHBIX TPO-
IYKTOR.

Microsoft Excel - »10 qacre nonvasproro nakera oducusix nporpamm Microsoft
Office. TIporpammva pacesuiTalna Ha CAMBIE MMPOKME KPYTH HOJL3OBATENCH W, B CUAY
YTOr0, 0bIa aer HIYHTUBHO HoHATHHM naTepdeiicom. C nomompio takoil nporpam-
Mbi JIOBOJILHO CHOMKHBIE 3841 MOTYT pPemiarTh JasKe NOJAb30BATE N, JAJeKue 0T Ma-
TeMATHKH. T pebyercd JIMih YMOTH BRIIHCATE VCTOBHA 33,1044 U 3anyerurs Macrep
hYHKIHIO, NPOBOAMIYK NOJIL30BATENS Hepes 91alibl Penenus mar 3a maroM. Hosee
110APOGHO ¢ BOSMOYKHOCTAMH MPOIPAMMEL MOZKHO O3HAKOMHTLCA 1O KHure (7).

Wolfram Mathematica — 310 1IPOAYKT, OpHEHTHDOBAHHLIE B HEePBYIO OYepeinh HA
CIIELMAIMCTOR: MaTeMaTHKos, (pU3MKOB, HHKeHepoB M 1. A Jlag pemienus 3a1a4 B
ITOR cucTeMe MOYKET NoTpeHoBATLES HEKOTOPDE 3HAKOMCTBO C HPOTPAMMHPOBAHHEM.
TIpeuMyecrBoM TAKUX MPOrPaMM ABAAETCT BOIMOKIOCTH OOMBLIIETO KOHTPOJLM HAJL
nipomeccom pemenus zagatu. [lonpobuoe onucanie nporpaMmbl COACPKUTCH B KHITE

Mpi 6y1eM IpesioiaraThb, YT0 THTATE b MMECT HaUATLHBe 3HaHUs B 310 obaactu
U OPPAHNYMMCA 0030POM MMEIOMIUXCA B 9THX MHPOIPaMMax CPeACTB PeHIenis ONTHMU-

83
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FAIIHOHHDBIX 318,

Kpome yiroMsiyThix MPOrpPaMM, OTMETHM TAKMKE CACAYIONIHe NPOrpaMMHbe Opo-
JIVKTHI, HMEIOIIHE CPeACTBA Ald pentenng 3amaq onruMusamuu: MatLab (npoussoau-
teqan Mathworks Inc.) u Maple (Waterloo Maple Inc.).

4.2 Onmovuzanmsa B8 Wolfram Mathematica

Hpumeps! gapnoro naparpadga ObLIY BRIIOJHEHB! ¢ HCIOMB30BAHHEM BEPCHH
Mathematica 5. OrMerum, 910 B HATOH BEPCHH CHUTEMBI TOABIINCH HEKOTODLIC HOBHIE
HYHKUHN L8 POIHeHUA 33748 onTuMu3anni. Kak ykKe DOBOPHIOCH, MBL lIpeiiosara-
eM HEeKOTOPOe 3HAKOMCTBO HOALIOBATCAA ¢ 3710l nporpammoli. Hanomuam, wro s
BHIIOJTHEHUH KOManap B cuereme Mathematica HyKUO BRECTH BBIPAKEHHE B OIHY U3
sucex paboueil kHurn (B TepMurOMOIHE cueremst — notebook) u namars Shift+ Enter.

Onucanue HACTPOGK JTOPUTMOB I TAPAMETPOB OTOOPAXKEHNS TAHHBIX MOYKHO Hal-
TH B CHPABOYHON CHCTEME IIPOrPAaMMEBL

B nporpamme Mathematica suorue (hyHKIEE peajn3oBaBki B JIBYX BApHAHTAX

CHUMBOJIBHOM ¥ sucjacHrOM. Tlpe Henoan3opaium CHMBOJBHOIO BAPHANTA KOMaHA
MporpamMMa NuTaeTess HalTu TOYHOP BRPAKEHHe 4 pemesus 3agtaqn (HanpuMep,
xr = 7'; ). Tlpu uenoau30Baguil YHCAEHABIX (DY HKIME DEIIEHAS HPOUIBOAUTCS OIHUM W3
MHCHCHABIX AATOPHTMOR H PEe3yabrar Oyier HpejcTaBlen B Buie JecsThaHo apobn
(nanpumep, = = 0.707107). Ilpy nonbiTse pelinTs 3044y TEOPCTHYECKH BRIDAMKEHUE
A5 DEHIeHUS] YACTO OKAZBIBACTCH HEMPULMIEMO CIIOMKHBIAL

J1st CAMBOABHOYO HAXOZKAEHUS TTOOANLHOI0 MUHAMYMA HAM MakcHMyMa (hyaKnun,
nenons3yoTes hyuaruan Minimize 1 Maximize coorBeTCTBEHHO,

IIpumep. Hafiaesm mummmym u maxenmym dyusupna (@) = 2®—z'. [paduk dbynx-

nuw APHBEICH Ha PHC. l, PE3YIRTATEL BHIOOAHOHMA KOMAHL NOKA3anel Ha PURE. 2

I : Pty
/" \\\ 0.z { y /J \1
lf % T2 / \
. .f - ; \.\ /'./ . | ey
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3 Untitled-1.*

9T M
nep= Minimize[x*2 - x4, x]
Minimize: :natt : ‘
The minimum 1s not attained
; ; - ’ | |
at any point satisiyving
the given constraints. More..
oupl {—o0, {¥ = ~-c}} 7
nel- Maximize[x*2 - x*4, x]
_ H
l 1 'l'L N
Outfi)= {,‘*‘, {}‘:—)——:—f
4 N I
V2 b
mEl= Plot[x*2 - x*4, {x, -2, +2}] 7
== b
L 100% -« < ' >
RV VRS RS S S DS SRR P WP P -
Pue. 2.

[TporpaMsa yenensHo cnpapuiacsk ¢ 3aja4deil 00 0TheKaHun MAKCHMYMa (DY KM,
HO HAILIA TONLKO OJHY K3 TOTEK, B KOTOPO# ITOT MakcuMyMm jpocruraercs. Pacemarpu-
naemag byaguns georpauntena cuuly. [pu nounirke nalitu ee MEHHHMYM porpamMma
BBIZAJIA COOTBETCTBY IOUIEC MPe iy IPeKIeHHe H VKa3ala 8 KAUCCTRE BAPHAHTE DENICHNS
—00 IpY T = —oC.

Monusti popmar dyrxnnit Maximize n Minimize:

Maximize|f, {x, y. ... }| makcumuzupyer suipaxenue [ kax bynKuun nepemenHsx
2 - -

Maximize|{ f, cons}, {z, y, ... }| Makcumuzupyer soipakenne f kax dyHgIHIO ne-
PEMEHHBIX X, ¥. ... € YHOTOM OUPDAHMICHHIT CONS.

Minimize|f, {z, y, ... }| muxnmusupyer soipamenne f gak GyHKINO MepeMeHHbIX

¥
Minimizel{ f, cons}, {z, v, ... }| munnmusupyer supazkesne f kax GYHRKIHIO HEpe-
MEHHBIX X, ¥, ... C YUOTOM OIDAHUCHHE Cons.

B xauectee BRLIDAYKCHUE COIS MOKET BLI'h HETOMLIOBAH Hi]ﬁ()[) JHHEHHBIX H HeAH-
HEHHDIX Hepasencrs Wi ux JOrH4dccroe 06'110,']}1Hl':‘l-ilr!(-‘.

H}.’)HBG;L(!M OpUMCED MHHHMH3AIMH (b)’HLLH.H ABYX NEPEMEHHBIX C OTPDAHAYCHASMM.

IIpumep. Haitaem musamyyM 1 MakcumyM dyuxinn f(z) =& +y npu o° +y° < 1.
Pe3yapTaThl BUTOJUEHNTSH KOMAHJL TOKAZAHEL Ha PUC. 3.
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o= Minimize[{x+y, x*2+y*2 =1},

{x, v}l

& I l l 3 :
Oin(20)= {—“‘-\‘.a, *i_}{—,\— R =g — } ﬁ
A 2 8 Z 1]
np- Maximize[{x+y, x*2+y*2 =<1}, ]
{x, ¥}1] |
_— f | 1
Outf2t}= {\,f Ay f{}’ 2 —¥ TR = [
‘ A 2 e 1
h
100% = < , ' >
S +Eemaswrd

Pue. 3

Hucnennpvu ananoramy Gyrkuni Maximize u Minimize spasniores coyvaxmmm NMaximize
# NMinimize. @opmat Bel308a 31uX HyHKnuil TaK0il Ke. KaK ¥ UX CHMBOIbLHBIX AHASI0-
ros. Pewenue uocaenuelt 3anaun ¢ ucnoabiosanuem NMaximize # NMinimize nokasano
na pHe. 4.

R i e e

Buntitled1*

npa- NMinimize[{x+y, x*2 +y*2 =1},
{x, ¥}]

outiEdle {-1.41421, {x - -0.707107, ¥ »-0.707107}} 1

mpa- NMaximize[{x+y, x*2+y*2 =1},
{x, ¥}1

oufzs {1.41421, {x - 0.707107, y— 0.707107}) 9

I" 100% + 4 s >

Puc. 4.

Jlnst oTeICKATME AOKATBHBIX KCTPEMYMOB IPEYCMOTPEHbl YHETCHITE VHKINN;
FindMaximum|f, {x.2¢}| - nonck nokansroro maxcumyma byHKIEH f HpH HA¥AI b
HOM HPUDIMXKeHUM T = Zg.
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FindMinimum|f, { {z.20},{%¥0}.-..}| -~ nonck soxansnoro munnmyma dbyuxmn f
OPH HAYAILHOM NPUOINMKEHAH & = Ly, Y = q,...

Mpumep. B xauecrse npumepa nafinem munumynm dynkunpn f(r) = cosr npu ua-
qansnoM npubaisennn g = 3.0 (em. puc. 3).

ri7= FindMinimum|[ Cos [x] ,

{x, 3}1

ompre {-1., {% - 3.141591}

100% = £

Ecnu pee orpanu<eHust JHHERHR, MOKHO HCHOI30BATEL (DY HKIHIO
LinearProgramming. Jra ¢yskuug umeer cueayomuil Gopuvar:

LinearProgramining[c,m,b| aaxounr sexrop T, MusnMusupyoumuii sripaxenue (¢, ),
npe yeaosusix (m,x) > bux > 0.

HITH

LinearProgrammingfe,m,b 1] naxoiir BekT0p 2, MUHUMU3HPYIOLIMIT BuIpaKenne (¢, ),
npy yeaosun (m,r) > buxr > L.

Iipumep. Pemuy 3a7aqy AHHCHHOTO APOrPAMMUDOBAHMS

7+ 4y — min

rt+y = 0
—-z+y =2 0
= Z ~L

Ha puc. 6. upupesersl ipa penieHus ol 3aja4yu - ¢ noMouinio hyuxipn Minimize
i ¢ nomoupo (pyukiun LinearProgramming,.

B Ut 7.

uinimize[{x+4y, x+yzl, cx+yxl, -yz-2}, {x, ¥}] f
D {4, (x=0, ¥ 1)) il
nee- LinearProgramming ({1, 4}. {{1, 1}, {-1, 1}, {0, -13}}, :

@, 1, -23] Il
oweer {0, 17 il
100% 4 < >

Puec. 6.
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4.3 Onrumnsamng 8 MS Excel

Jls penrenust 3aa4 onruMuzandi B nporpamme MS Excel mmeercs nncrpyvesT
Solver (B pycckoii pepeun — [louex peutenus). DT0T HHCTPYMEHT ABIASTCH ORHOM @3 TAK
HasbiBaeMblx Haacrpoex (add-ins) m MOXKer OTCYTCTBOBATE B COCTABE HPOTpaMMbl Ha
HEKOTOPLIX KoMubiorepax. Ipn yeranoske MS Office ua komnbioTep caemyer voeuThb-
cd, UTO JARHA" HAACTPOAKA BuIODUHA B 1HCIE YOTAHABIRBAGMBIX KOMIIOHEHTOB. Kpoe
toro, ecan komanga Solver ([Tenck pemenua) orcyrersyer B menio Tools (Cepsnc),
caepyer orkpoitn okno Add-ins (Hanerpoitks). ssimosmuas komanay Tools | Add-ins
(Cepnue | Hamcrpoitku) u ormerurs Solver {[Tonck pemienysi) B cnucke yeTaHOBJIEH-
HBIX HAJ(CTPOEK.

Mucrpyment Solver nmoaposger peiars Kak JuReiiabie, Tak 0 Hesupefinse 3aia-
g onrumizaumn. Kak obmiuno cheiyer 3agars uenesyio yuxmuio f(ry,....15,) H
cHCTeMY OrpanuveHuil, HaK/IAJBBAEMBIX HA HEPEMEHHEIE Iy,...,~L,. Cncrema orpa-
HUYEHHH MOZKET BKIOYATH OTDAHUYEHNS THIA DABENCTs W THUA HEPABEHCTB. Solver
Jonyckaer Tpu pexkuMa ontummsanuu f(ey, ..., 1) > max, f(zy,..., &) > min »
flxy, - oyzy,) = A, e A — 3a1anH0e SHCHOBOE 3HANCHHE.

Bee namHbie JUist POIIeHUR ¥ DEIVALTATL! BRIYHCACHH xpausres B aveiikax pabo-
qero guera MS Excel. YnobHee XpanuTh oJHOTHIHEE JaHNBIE B guelkax, pacuoio-
FKEHHBIX PIAOM, WA, Hoab3ysch repuunoiorueit MS Excel, B sueiikax, obpasyionux
AHADA30H, 270 00AervaeT BROJA JAHHLIX U BBIZCICHHEE UX IIPH HOCTAHOBKE 3a0aMu AN
HeTpymerTa Solver,

,ﬂ‘,ﬂﬂ pPeIIeiiya 3a1a' i OETHMH3adRH ChedyeT BLIIOJTHNTD CASAVoline JdeficTerg:

1. Buibpars sueliku, KoTophie OyIvi WCHOIS30BATLCA B KAMPCTBE HE3ABUCHMBIX I16-
PEMEHHDBIX X1, ..., Ly, SHATEHHA KOTODPHIX OPOrpaMma JosxHa onpesennrs, CHavana
TH sluelKy MOTy'T ObITh HYCTRIMU. B cilyuae yemeurHoro pemenns 38 aqu mporpamva
JANOHAT WX HAWIeHABIME 3HAYCHHAMU.

2. Beecrn B HEKOTOPYIO saeiKy neseryy dhyvukumio f(zy,....r,). PyHKOHA 101K~
Ha GuiTh 3anucana no npasuiam coctasienns gopyyn B nporpamme MS Excel. B ka-
YeCTBe HAPAMETPOE CISAVET HCIO/IL20BATE g49eiiki, peibpannsie s nyuxkre 1, B ciavaae
VCIEUIHOro PeIeHus 3a4a4 HPOrPAMMA HOMECTHT B 3TV A4CHKY Hall IeHHOe OITHMA b=
HOe RHAMenne neaesoi GyrKimm.

3. Butbpate srielikn A7 XpaHen s JeBbiX i OPABLIX YACTeH CReTeMb! OPpanuYernil
U BBECTH COOTBETCTRYIOINNE jatnkie. Hacrn orpanudennit Jo/oknsl ObITh 3a0HCANHDbl B
BH/Ie (POPMYIL 1 OBITH BLIDAKEIL! Hepes sueiiky He3aBHCHMBIX HOPEMEHIbIX, BHOPAHHEIE
B MyHKTC 1.

4. Bumosmnutn komaty meuo Tools | Solver (Cepsuc | Tlonex pentenns ). Orspoeres
Janor Solver Parameters (TTowck pemtenus) (em. puc. 7).
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Solver Parameters

Set Target Cell: I ) Solve
Equal To: @ Max © Min O Yalue of: [D —_—
7By Changing Cells: |
| I % Guess
Subiect to the Constraints: Options
| | Add
Change
Reset Al ,
—J Delete -
Help 1

Puc. 7.

B 271'0M 0KHE CIeAyer YKAZATE, 1A HAXOASITCS JaHnbie s petnenns saaayy, Cesri-
KU Ha SUeHKM MOXHO BBCCTH BPYHHYIO, 1O yI00HEC BRUIEJIUTE COOTBRTCTBYIOILRE 11010
B OKHEe M BRUISIWTH camy auefiky (wim npanason sideex) wa pabouenm auere. Ommmen
HasHadeHue agemenros okua Solver Parameters.

[Toge Set Target Cell (Veranoputh HEASBYIO SUCHKY ) ZOJKHO COACPAKATD yhasaHne
Ha HEJIEBYI0 F9elKy, BLIDPAHIVIO B HYHKTE 2.

[epexmoqarens («pajnoxionkar) BEqual To (Pasaoit) nossoasier yxkazaTs Tui pe-
LaeMON 3a1a4H ONTHMH3ALIAN: MAKCHEMASALUWA, MIHAMU3AIMS K1 DABEHCTBO 3aiH-
HOMY 3Ha4eHMI0, B nocieguem ciyiae KeaaeMoe SHAYCHIE LUeieBod MVHKIMT HY K HO
BBECTH B CIIEUMAIBIOE TOJIE.

[Tore By Changing Cells (M3menus sueiika) J0JDKHO COACPAKATL CHHCOK H4HCEK
(amamazonos), uOpannsix B nyHkre 1. Pacmoaokernas paaom ¢ moseM xaonxa Guess
(ITpeamonokuTh) MO3BOISET ABTOMATHYCCKH BBCCTH B JAHHOE 10JIe HMEHA BCeX AMeeK,

HE COeP2KANTIX (b{')[’)!\]‘\v’ﬂ, HCHONB30RAHNLIX B OIHCAHWK RJIeB0I d)_\’[EKLlll]'L

B mosie Subject to the Constrains (Orpanutiennst) HYKHO BBECTH CHHCOK OIpatii-
genuit. Jns nobapjerus, U3MEHEHMA 0 YAAJOHRS CMEHTOB COMCKA HCIOIDL3Y OTCH
KHOTIKH, pacnojioxennsie psaom ¢ nojgem - Add (Jebaenvs), Change (Usmennrs),
Delete (Vaanurs) coorserersenno. Haxarne kmonok Add wrn Change orxprisaet 1o-

HOJHUTEILHOE [IHAJOTOBOE OKHO, TO3BOJIAIIEE OTPCIAKTHPOBATL OrpaniueHine (Cm.
puc. 8).
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_Add Constraint. -

Cell Reference:

| i [== ] |

Cancel ] Gdd

Puc. 8.

B srom oxkne 8 moae Cell Reference (Cenika #a g4eiiky) HYKHO BBECTH AJDEC
aueitku, cofeprameil Jesyio dacth orpanuvuenys; 8 noge Constraint (Orpanuienne) -
MPABYIO YACTH OTPAHMYEHU. SHAK MEALY YACTIMA BRIDAKeHUS BulOMpaeTes w3 BhilIa-
IAIOHIEro cnucka. Boszmoxkubie anavenus: »—=, <=, =, Int, Bin. Cmbica uepsoix Tpex
21akoR ovepned. 3unak Int nozponger norpebosars, 91006l HepeMennad B JIeBol YacTH
IPUHAMANA TOJLKO HETbe 3Havenus, 3dak Bin — wrofp nepeMenuass B JeBoit HacTn
TPUHAMAJIA TOJBKO OHHADHLIC 3HAMEHHS (T. 6. TOARKO 3HAMEHUS HOJIL WIH CAMHUATA),

[Tocne TOro Kak BCE JaHHBIE BBEUEHBI, MOKHO HOOBITATHCH POIIHTL 3aiady, Ha-
wae knonky Solve (Boinonsurs). Iocire pegienud sagzaun oTKpoeTes auanor Solver
Results (Pesynrprar nowcka pemenns) ¢ o74eroM 0 pesyibrare. B ciavaae yaaunoro
peeEnst Buiaaerca coobenne «Solver found a solution. All constraintsand optimality
conditions are satisfieds («Peuienne naftgeno, Bee orpanndenys u veaopns OCTuMalib-
HOCTH BHUOJHEHBI» ). B cay4ae, ecau HalTa pemienne He VIAI0Ch, JaHHOE JHATIOTOBOE
OKHO Dyuer cofeprarh coobLIeHHe 0 BO3HUKILUX npodieMax.

Mucrpyment Solver nosponger HACTPAMBaTL napamerpbi csoelt paborn. B Gours-
HIHHCTEE CJaydaes nesecoobpasne pHavane nonpobosars perinTh 3agaty ¢ NOMOUILIO
MApPAMETDOB, YCTAHOBIEHHBIX 0 yMoavanuio. B cavuae, ecay peienue nafiT He yia-
JIOCH, MMeET CMBICH [OIKCHEPUMEHTHPOBATL ¢ HacTpolikamu., OKHO HacTpoex Solver
Options (IlapamMerps! MOPCKA PCUICHHA ) MOAKHO OTKDBITL,. Haxkas kuonky Options (I1a-
pameTps) okua Solver Parameters.

ITpumep. Peninyv neauuelayio sagaqy onTHMuBaiiny

f(z) = 2* +y* — max

x+y = 3
g > 0
y > 0

Jlna xpanenna nepeMenuex , y GyaeM ACHoabsopats aqeiiky Al, A2,
B swueitky B3 seegem uenesyio dyvarmuo =3¥*A1LA2.

Ilpaesle sacTu orpanvaennit spejen & styeiikn A5AT.

=3*A1+A2

=Al

=A2
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Jlespre wactu orpanayenuii - g sueiikn B5:B7.
3
0
0

ClocrosHue pa6o’wm JACTA HOCTEe BRCICHIN TalJIBIX 3a/1a'il NTOKA3AN0 Ha DUC. 9.

R3 v B =ATAT+AD*AD
| A @9 ¢ | D
i 0
2 0
5] [__d
4
5 0 3
B 0 0
7 0 0
=

Puc. 9.

B MS Excel snagenuem mycThiX d9eeK $BJISETCA HOMb. MOYTOMY B HALEM cjydae
Ha JaHloM 3Talle B ';I‘*IEﬁKa,X, COMEPAATHN (1?0]'):\{}?."“3], O'l'(‘}ﬁp?l'/{'{a.l{.'.ﬂ’(fﬂ HYJTH.
Oxno Solver Parameters mocsie 3ano/HeHns Beex nojieli moxazano na puc. 10.

= =

So ver Paf&nﬁele__r_s_

Set Target Cellh |k | =% Solve
Equal To: & Max O Mo O valeof: |0 | Clos
By Changing Cells: —
l$.ﬁ.$1 $agz =4 Guess
- Subject to the Constraints: thh:rns‘J
§A35 = $B35 ] fdd o

$Ad6:$AE7 >=10
Chanae

_’ Delete

Reset all

Help

Puc. 10.

Cocrognpe pabovero JUCTa | JHATOT OTHCTA [0CAC PCUICHH 3294 TTOKA3AHBI Ha
puc. 11.
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A B
1 0
2 3
3] g
Fll Solver found a solution, All constraints and optimality
= _J 3 3 conditions are satisfiad, Reports
[ 5 | ] i arswer |
7| 3 0 | KeepSclver Sl .
8| O Restore Origingl Yaluss =]
3] 3= '
10 | K I Cancel Save Scenaria, ., Help |
11 .
12 ]

Pue. 11,

Honyaennoe ontaMashbHoe 3HaYeHHe Uenesodl (hbynkuun 9 gaxoures B aveiike B3,
3uadenns T ® Yy, JOCTABASIONIME DEIHICHHE 3a/a9u, Haxonarcs B sauefixkax Al w AZ
COOTRETCTBEHHO, 310 0 u 3. Ing sasepienta paboTsl Solver Hy»KHO 3aKPBITH JNAJON,
razxas KHouky QK.
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VaeGuoe u3anue
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