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[IpeancroBue

B macTosmeMm nocobum mpeacTaBIeHH JabopaTOpHBE PaboOTH C
KpPaTKHMH MeTOINYeCKIMHU NOACHEHUIMHI 110 OCHOBHBIM pa3fieJlaM Kyp-
ca «MeTo bl BHIMMCICHUN» A CTYAeHTOB cneunasbHocTH «MaTemaTn-
ka». Ilocobme oTpaxaeT ONBIT BRIMOIHEHUA JabOpaTOPHHIX paboT U B
OCHOBHOM XPOHOJOI'MYECKHN COOTBEeTCTByeT pa3jelaM YUTaeMOr'o Kyp-
ca. B cBa3u ¢ HEO6XOJUMOCTBIO CHHXPOHU3UPOBATDH JeKIIHOHHKU KYpPC
U [paKTUYeCcKue 3aHATHA, CXeMa W3J0XEHUsA TeM B JeKIIMOHHOM KYyp-
ce HeCKOJbKO BHIOM3MeHeHa. JleKuun HauuHAlTCA ¢ TeMul «HucieHHbIe
MeTO bl aAreOphly, 3aTeM U3JAraeTCA TeMa «DJIeMEHTH TeOPUU AN POK-
cUMallii» U fJajee ClIeJyIoT oOIeIpHHATOHN cxeMe u3noxeHus. Jlabopa-
TOPHHE paboTH COCTABICHBI C LeablO:

- YCBOEHWA ¥ 3aKpeIlIeHNsA NMOHATHH, AIrOPAUTMOB U METOJOB pelle-
HUA OCHOBHHIX 33/]a4 METO/0B BHITHCJICHUH;

- IpaKTU4ecKoro peuenna Ha IBM MoaeabHHX 3a a4, 9aCTO BCTpe-
JAIOUIMXCS B BHIMUCIUTEIbHOU TIPAKTHKE,;

- npuobpeTeHNna U 3aKpenJeHNnA HABHKOB peaausanuu Ha IBM ax-
TOPUTMOB, U3y4daeMBIX B Kypce «MeToqu BEIYUCIEHUMR.

B na4aze xaxaou JabopaTopHOH paboThl MPUBOAUTCA KPATKOe U3JI0-
XKeHue MeToa PellleHus TTOCTaBJIeHHON 3aJa4H, PEKOMEH Jalliu 110 aJaro-
pPUTMY IIPpOrpaMMHPOBaHUsA, IPUBOAATCSA OCHOBHBIE Pe3yJAbTAThL U OlleH-
KU, B OTAEJbHHX CIyJadX pacCMaTPUBAIOTCA HeKOTOphe mpuMepsl. Ilpu

paboTe Haj mocobueM OBLIM MCHIOJb30BaHH 3atanus u3 1], [4], [12].



OcHOBHBIE TTOHATUSA

IToepewnocms
A6comoTHas norpemHocTs. IycTs X - TouHoe 3HaYeHue 4ucia, x*
- ero npubanxenHoe 3Hadenue. Bemmunna Ar < |z — z*| HasmBaeTcs
abCOMIOTHON TOrPENIHOCTBHIO.
OTHOCHTEeNbHON MOTPENIHOCTHIO HA3LIBAaeTCA TaKasd BeIUYUHA J, YTO
25 <6

JTunetinoe npocmpancmeon, HOpMa 8EKMOPA, HOPMA ONEPAMOPQ

MHuoxecTBo R HasbBaeTCAa TUHEHHBIM, €CIH B HEM ONPEIeJEHb Ole-
palluy CJIOKEHUA 3NeMEHTOB MHOXKECTBa U YMHOXEHHUA Ha YUCI0, IPAIeM
1. (x+y)+z=x+(y+2). CroxeHnue accouuaTHBHO.

. X+y=y+x. Ciroxenne KOMMYTaTUBHO.

N(a+ p)r = ar + Pez.
a(z +y) = az + ay.
7. a(fz = (af)z.

8. Ix=x.

2
3. CymecTByeT HyIeBou djaeMeHT f), Takol, 4To z+ P =z u Oz = ).
4
5.

Cucrema ey, ey, ..., €, Ha3bIBa€TCA JUHEHHO HE3aBUCHUMOH, €CIU pa-
BEHCTBO

C1€4 “E=Cu€n F s F Cptn “——-ﬂ

BO3MOXKHO TOrJa M TOJBKO TOT'a, KOIJa ¢ = ¢y = ...c, = 0.
JIuHelHOe NPOCTPaHCTBO HA3HIBAETCA HOPMUPOBAHHBIM, €CIH Ka-
xKaoMy saeMenTy f nocrasiaeno B coorBeTcTBHe uyncio || f|| Takoe, aro

1. ||f]l > 0, upudem ||f|| = 0 Torza u Toasko Toraa, korga f =p,

2. lafll = ledil Al
3. |If +gll < A1+ llgll-

Hopma onepamopa 6 aunetinom npocmpancmse. Ilycts B aunen-

HOM npocrpaHcTBe R 3ajgan omeparop y=Ax, geucTBywomuu u3 R u



R. HopMmon omeparopa y=Ax 6yleM Ha3HBaTh HaWMEHBIIYI0 U3 KOH-
cradT C, 411 xoropoi Bumoansercs ||Az|| < Cllz|| pas Beex x u3 o6aa-
cTHu onpeieaeHns oneparopa A. U3 onpegenenus caregyer, 1ro ||Az| <
|Allllz||. B xoreunoMepHOM mpocTpancTBe R™, cocToAmEM U3 BEKTOPOB
z = (%1...2,), OO6BIYHO UCTIOAB3YIOT CJI€AYIOUMe HOPMBL.

ITlepBas HopMa: ||z||; = max; |z;]

Bropas sHopMa: ||z||s = _gnf] |2;]

n
; _ 2
TpeTbs, uau eBKINI0Ba, HopMa: ||z||3 = '21 Ti.
=
w b2 n A _— .
IIycte A - nunenHbl onepaTop B R" ¢ MmaTpuuen A = (a;;). Corua-
COBaHHEIE C HIMH HOPMHI B IPOCTPAHCTBE MaTPHI] TAKOBHI.

IlepBas HOpMa

1A}

max (3 foi)

Bropasa HOpMa

n

| Allz = max(}_ |as;]).

J =1
TpeTssa HOpMa

|Alls = \/m;@x Ai(AA*).

OCHOBHEIE TIOHATHA TE€OPHHU PA3HOCTHHIX CXEeM
Cemounoti Pynuxyuet y; 6ygeM HasuBaTh QyHKUuO ¥ = y(z;)
- (PYHKOHIO LEJOYUCICHHOI'0 apryMmMeHTa. B mpocTpaHCTBe CETOYHHIX

(GYHKINY OOBIYTHO MCIONB3YIOT HOPMY

N—-1 5
lyll = .| X wih,

=1
rae h - mar ceTku.

Annpoxcumayus. IlycTs 3agaHo auddepeHnualbHOe ypaBHEHUE
(BO3MOXHO, B JaCTHHIX Npou3BoAHHX) Lu=f ¢ HekoTOpHIMH Hadaib-
HBIMHM U (M/IM) TPAHUYHBIMM YCJAOBUSMHM Ha ceTKe ¢ marom h. [osopsar,

4YTO Pa3HOCTHOE ypaBHeHHe ly; = ¢; annmpokcuMupyeT ypaBHenune Lu=f ¢
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nopagkoM h¥, ecrn B pa3sHOCTHOM ypaBHeHHM A4 2 = u; — ¥; Lz = @i
rpaBas 4acTh ; ecTh Beamiuna nopsaaka O(h*). 3necs u; - 3Ha4eHne
TOYHOI'O PellleHUA B y3JaX CeTKH.

Yemotivusocms. Pa3dHocTHas cxeMa ly; = ¢; Ha3uIBaeTCA YCTOMYIHU-
BOH (MM ycTOWYMBOM Mo mpasol 4dactu), ecan ||y;l| < All#;il|, npuaem
KOHCTaHTa A He 3aBHCHT OT h.

Crodumocms. I'oBopaT, YTo pa3HOCTHas cxeMa ly;, ammpokcuMu-
pytouias auddepennuaababii oneparop Lu=f(x), cxogurca (cxoaurcs
co ckopoctbio h¥), ecau ||z|| = 0 (mmm ||z)| = O(h¥)) mpu h — 0. U
aNmnpoKCUMAalliil Pa3HOCTHOM cXeMoH nuddepeHInaJbHOr0 ONepaTopa n

YCTOUYMBOCTU PA3HOCTHOM CXEMHI CJIEAYET €€ CXOAMMOCTD.



Jlaboparopnas pabora Nel

WUrepanuoHHbie METO K

HaXO0X JeHUsA COOCTBEHHBIX 3HAYEHUN MaTPHUI]

HanoMHuM, 4T0 cOOGCTBEeHHBIM 3HadeHMEM JUHEHNHOI'0 OIlepaTopa
Ha3bIBaeTCA TakKoe YHCIO A, 94To ypaBHeHne Ah = Ah umeer HeTpuBH-
aiabHoe penieHue. BexkTop h HazmBaeTcs cOGCTBEHHHM BEKTOPOM, COOT-
BETCTBYIOIIUM COOCTBEHHOMY 3HaueHUIO A. 3aJava HaXOX JeHUA MaKCH-
MaJbHOT'0O M0 MOAYJI COOCTBEHHOI'O 3HA4YEHMA HA3HIBAETCA YaCTUYHOU
Hpo06aeMoy COOCTBEHHBIX 3HaAYEeHHH B OTJINYNE OT MOJHOU IIPoOIeMEI, T11e
TpebyeTca HaUTH Bce cOOCTBEeHHEE 3HaYeHusA. JTa JabopaTopHas pabo-
Ta MOCBAIIEHA, €CJU He OrOBOPEHO NPOTHUBHOE, 3a1a4Ye OThICKaAaHUA MakK-
CUMAaJBbHOI'O 10 MOJYJII COOCTBEHHOI'O 3HAYEHUA C OMOUIBIO UTepalu-
OHHHIX MeT0J0B. CllefyeT OTMETUTD, YTO UTEPAIMOHHEIN ITPOIIECC CTPO-
ATCA 110 pa3HbBIM (popMy.JIaM B 3aBUHCUMOCTH OT TOI'0, ABAAETCA JA MakK-
CHMMAaJbHOE 110 MOAYJI0 COOCTBEHHOE 3HaYeHUe e JUHCTBEHHBIM, KPATHBRIM
WM KOMIUVIEKCHBIM. JTOT (PakT OORITHO 3apaHee Heu3BeCTeH, MOITOMY
IPUXOJUTCA NepedupaTh UTepalllOHHBIe NPOLIECCHl, B 3aBUCUMOCTH OT
TOT'0, KaKO! M3 HUX cXoguTcia. EcTecTBeHHO, HEBO3MOXHO OINCATH BCE
BO3MOXHBe cuTyaruu. OcraHoBuMcs Ha Hambojee TUnudIHHX. IlycTb
cob6CTBeHHBIe 3HAYeHNA MaTPULILI A yHopaA04eHbl B opAqKe yObIBaHUA

10 MO AYJa1O:

il > Pl > o > Al

Paccmorpum cayyan:
1. MakcumaabHOe o MoyJaI0 cOOCTBEHHOE 3HaUeHHe BEeMeCTBEHHO U

e IMHCTBEHHO. 1orja UTepamuoHHbIHN IPOLECe



(k) (Y(H-l), Y(k))

AU = Ty my

CXOANTCHA K Aj. 3ech U Jajlee B JabopaTopHOU paboTe

Y&+ = gy ) (1.2)

a B KaYeCTB€ Ha1aJbHOI'O BEKTOpa Y(O) MOKHO B3ATH JI0O001 HEHY-

aeBou BekTOp. BrpoueM, BMecTo mponecca (1.1) MoXHO HCIOAL30BATH

mpotecc

A = 2 Ny (1.1

3aech y,— Mobag pukcupoBaHHasA (HampuMmep, MepBasg) KOMIOHEHTA

BekTopa Y = (Y1, Y2, ..., Yn). lIpu 5TOM

lim Y®) — h.

k—o0

rje by - CO6CTBEHHBIN BEKTOP, COOTBETCTBYIONMMI IIePBOMY COOCTBEH-
HOMY 3HadeHHIO A;. Takum o6pasom, orrowenue (1.1) mau (1.1') crpe-
MHTCA K IIePBOMY COGCTBEHHOMY 3HadeHHIO )\, a BekTop Y - k coot-
BeTCTBYIOIEMY €My COOCTBERHOMY BEKTODY.
Ecin xe u BTOpoe co6CTBEHHOE 3Ha4YeHHe BEIECTBEHHO M €IHH-
CTBEHHO, TO €ro MOXHO NPUOJMKEHHO ONpeJeJiTh ¢ TOMOIIbI0 MTepa-

HUOHHOT'O IIpoLeECCa

@ _ (YED YE) -y (Y®) Y ®)

,\2 - (Y(k)aY(k)) o /\l(y(k)a y(k—-l))

2. Hanboasmee mo Moaya0 cobCTBeHHOe 3HaUeHHe KpaTHOE, HO CO-

OTBETCTBYIOIIAA €My XKOP,JaHOBa KJIeTKa IPOCTas.

9



B aToM cry4ae A; HaXOAUTCA TaKke C IOMOIILIO HTEPALHOHHOTO PO-
mecca (1.1) um (1.1'), Ho npu sToMm BexTop Y ¥) crpemuTcea x BexTopy Y,
KOTOPKIH NPUHAIEXHAT MOAMPOCTPAHCTBY, HATAHYTOMY Ha COGCTBeH-
Hbl€ BEKTOPHI, COOTBETCTBYIONIHE COOCTBEHHOMY 3HAYEHUIO A;.

3. IlycTh MakCHMAJBHEIX 10 MOAYJIO COOCTBEHHHIX 3HAYEHUU [Ba,
npudeM A} = — A9 U OHH BemIeCTBeHHH. Torjga KBaapaT 3THX COOCTBEH-

HBEIX 3HaYEeHNH NPUOIUKEHHO onpeaeaseTcsa NTePAlHOHHEIM IIPOoIieCcCcoM

(y(k+2), y (k) )
(Y#), Y (k)

4. Hauboapmue mo Moay.Jio coOCTBeHHBIC 3HAYEHUA 00pa3yrT KOM-

o A12. (14)

IJIEKCHYIO mapy.
B sToM cay4ae BeauduHa (Y(k+1),Y("’)) IpU UTEPAlNAX CUIBHO KO-
a1ebjeTca, 4YTO ABAgeTCA NMPU3HaKoM >Tou cuTyamuu. [loctynum caeny-

fomuM obpasoM. IlycTes Ay u A9 ABAAIOTCA KOPHAMU YpaBHEHUS

A4+ pr+qg=0.

BossMem mpouspoasHbil BekTop Y0 u sanycTuM nrepaunonubi

npoiiecc

Y(k—H} — Ay(k)

Iycrs ylk~1 y®) y*+) " y(k 4+ 2) - npousBoasHas dukcHpoBaHHAA
KOMIIOHEHTa COOTBeTcTBeHHOo BekTopo Y (k=1 Y () y(k+l) y(k+2)
Torma xo3¢p@UIEEHTH p U ( MOXHO NPHOJMAKEHHO OIpeNeJuTh U3

COOTHOLICHUN

— ¥y

yik-—l)y£k+1) . (yy:))g

(k1) (k+2)

=D

10



£k) £k+2) - | (k+1))2

* _} q
k—1) (k k
g Y — ()2

npu k — 0o, a BEKTOPHI

i I g

YD _ \ Y (k),

T.e. CTPEMATCA K COOCTBEHHEIM BeKTOpaM, COOTBETCTBYIOIIUM COO-
CTBEHHEIM 3HAYEHUAM A} U Aj.

5. Hauboasiree nmo Moay.aio co6cTBeHHOE 3HaYeHHE BellIECTBEHHO, IMe-

eT KPaTHOCTH 2, ¥ €My COOTBETCTBYET XKOPJaHOBa KJIeTKa 2-T'0 MopsA JKa.

B sToMm cayuae npouecc (1.1) man (1.1') no-npexsemy crpeMurcs

K A1, HO Me/lJIeHHee, YeM Ji06asg reoMeTpuieckas Mporpeccus, YTo npu-

BOJUT K TOMY, YTO B CHIY HAJIMYUA BHEYMCIUTENbHHX NOTI'PEIIHOCTEN

BBRIYNCAEHNE \; CTAaHOBHTCA BeCbMa 3aTPYIHUTEIbHBIM. [lis onpenene-

HUA A] MOCTYNalT TaK Xke, KaK ¥ B CIy4dae KOMILIEKCHOM Naphl, T. €.

OTHICKMBaIOT KO3(p(PUIHNEHTH! P ¥ ( KBaJPaTHOT'O YPaBHEHUA

MEpr+¢=0,

JBOUHBIM KOPHEM KOTOPOI'O ABIAETCA A.

2 =p, q=2A.

[IycTs y,ﬁk) u zi") - [IBe pa3jiuyHble PUKCUPOBaAHHLIE KOMIIOHEHTHI BEK-
TOpAa Y("), HalpuMep nepBas u Bropad. B aToMm caydae koadduiiueHTH

P 1  HaXoAATCA N3 UTEPANOHHOTO IIpo1jeccCa

11



(k=1) (k1) _ (k=1 (k+1)

= — — P,
Y00 _ =0, 0
£k)z(k+1) . z(k)y(k+1)
— * * ¥ - _} q.
ygk 1)z£k) - yﬁk)zﬁk b

Bce mpuBeneHHBIe paBeHCTBA CIPaBeLINBREI ¢ TOYHOCTBHIO 0 BEJU-
9UH NopAJKa (%f)k, rae k - unciao urepannu. [as onpenenesus Ay, ode-
BU/HO, JOCTATOYHO OIpejefeHus ONHOro U3 K03 PUIUEeHTOB p WIA (.
Ojanako coBnajenue ynucex —& u /g CIyXuT KOHTPOJIEM NPaBUILHOCTH
peAnoJoXeHNA 0 TOM, YTO COOCTBEHHOMY 3HAaYE€HUIO A COOTBETCTBYET
XKOpJaHOBa KJIeTKa 2-I'0 IOpsIKa.

B sakniouyeHrne npuMeM corviallleHue, YTO A; BEIYHCJIEHO C 3aJaHHOU

k+1 k
D _ W) < £, B caygae nenoapsopannsa

CTeNneHbI0 TOYHOCTH, eCaH |A
HTEPAIMOHHKIX IIPOLECCOB I KOMILIEKCHBIX M KPATHBIX COOCTBEHHBIX
3Ha4YeHUH C XOPAAHOBOM KJIETKOH, 3TOMY VCJAOBHIO MOJXKHH YAOBIETBO-
PATH KO3(P(PUINEHTHL P # (.

Wcnoap3ys onucaHHBIe BHIIIE MeTOABLI, HAUTH Hamboabplnee 1Mo ab-
COJIOTHOM BeJUINHE cOOCTBeHHOe 3HadeHMe ¢ ToyHocThio 10 0.0001. B
clydae ecIm OHO HailJeHO HMTepanuoHHEM mponeccoM (1.1) mmm (1.1'),
HalTH COOCTBeHHBIM BEKTOp, 1-1 HOpMa KOTOPOro paBHa eJWHHIE, U
BTOpoe cOOCTBEHHOE 3HA4YeHUe.

3aganne 1
(21 1 1.1)

A=|1 26 11
\ L1 11 81 )

SajaHue 2
(24 1 1.4 )

A=|1 29 14
| 1.4 1.4 34

12



3aganue 3

SagaHue 4

JajaHne 5

3ananne 6

3agaHue 7

JanaHue 8

3ajJaHue 9

(1.3
0.4

\ 0.5

(1.6
0.7

| 0.8

(2.2

| 1.2

(2.5

\1.5

(1.4
0.5

0.6

(1.7
0.8

\ 0.9

(2.3

| 1.3

13

0.4
1.3
0.3

0.7
2.6
0.3

2.7
1.2

3.6
1.5

0.5
1.4
0.3

0.8
0.7

0.3

2.8
1.3

0.5 )
0.3
1.3

0.8 )
0.3
1.6 )

1.2 )
1.2
3.2

1.5 )
1.5
3.5

0.6 )
0.3
1.4 )

0.9 )
0.3
1.7

1.3 )
1.3
o e )




3aganune 10

3ananue 11

3aganue 12

3aganue 13

3agaune 14

3ajganue 15

Saganue 16

[ 2.6

\ 1.6

(3.5

| 2.5

(1.8
0.9

(1.5

1
3.1
1.6

0.9
1.8
0.3

0.6
1.5
0.3

3.2
1.7

1.2
0.9
0.4

3.7
2.2

14

1.6 )
1.6
3.6 )

2.5 )
2.5
4.5

1)
0.3
1.8 )

0.7 )
0.3
1.5 )

1.7 )
1.7
3.7 )

~1.3 )
0.5
0.8

2.2 )
2.9
4.2 )




3aganue 17

JagaHue 18

Jaganaue 19

3a ganue 20

3aganne 21

3aganue 22

JajgaHne 23

(2.8

| 1.8

(9.4
1.2

| 0.3

(1.6
1.2

L =11

(3.3

\ 2.3

(2.9

\ 1.9

(2.6
i3

\ -0.1

(1.8
1.2

\ —-0.9

3.3
1.8

1.2
19
1.4

1.2
1.1
0.6

3.8
2.3

3.4
1.9

1.2
2.1
1.6

1.2
1.3
0.8

15

1.8 )
1.8
3.8 )

—0.3 )
1.4
0.8

~1.1 )
0.6
0.8

2.3 )
2.3
4.3

1.9 )
1.9
3.9 p

0.1 )
1.6
0.8 )

0.9 )
0.8
08




3ananune 24

3aganue 25

3ananue 26

3aganue 27

Saganue 28

3aganue 29

Jaganue 30

( 3.4

| 2.4

(3.1

| 2.1

13
26

[ -9

| 16

1
3.9
2.4

3.6
2.1

1.2
2.3
1.8

1.2
1.6

2.3
2
1.2

—54 4 )
—28 3

\—56 5]

—92 —9 )
A=]| -13 -2 -12

4

16

2.4 )
2.4
44

2.1 )
9.1
4.1 )

0.1 )
1.8
0.8 /

0.7
1
0.8 )

—0.5 )
1.2
0.6 )

/
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3aganue 31

3ananue 32

3ananue 33

3aganue 34

JajgaHue 35

(4.2

[ 2.6

~3.4 0.3 )
-39 0.3

2.2

3.4
1.9

1.2
2.1
1.6

1.2
1.3
0.8

3.9
2.4

17

0.1 )

1.9 )
1.9
3.9 )

=01
1.6
0.8 /

()5 )
0.8
0.8 J

2.4 )
9.4
4.4




JlabopaTopHas pabora N¢2

Urepannonssie MeTOIH pelIeHNd JHHEHHBIX CHCTEM

B nannou aabopaTopHon paboTe paccMaTpMBaeTCs 3ajada HaXo-

KIOACHUA peaIleHUusaA CUCTEMBL

AX =b (2.1)

C UCIOJb30BaHUEM HTEPAIHOHHBIX METOJ0B. DTH METOJbI IPUMEHAIOTCSA
TOrja, KOrja pa3MepHOCTh CUCTEeMH Beauka. B a3ToM ciryvae npumeHe-
Hile TOYHAIX MeTOI0B, HanpuMep MeToa ['aycca, mpuBoauT K 60JBIIO-
My 00'beMy BRIYMCICHHN U, KaK CIeJCTBHE, HAKOILICHUIO BRIYNCINTEIh-
HOM MOI'PENIHOCTH, YTO 3a4acTYIO CYIIeCTBEHHO MCKaXaeT pe3yJbTaT.
HUrepanuonsanle MeToAbI H0Jiee YCTONYUBEL K BHIYUCIUTEILHOU ITOTDeENI-
HOCTH, OJHAKO B OTJAUYNE OT TOYHHIX MeTOOB He ABIAIOTCS YHHUBEP-
caabHbIMHU. OOBIYHO, JJA TOr0 YTOOH 3alyCTUTh UTEPAUOHHHIU IIPO-
necc, Tpebyercsa nmpeobpa3oBaTh CUCTEMY TakK, ITO0B UTEPAIMOHHEIN
npoiecc cxogmics. PaccMoTpuM HeCKOJbKO BAPHAHTOB TaKUX METOJOB.

Memood npocmoti umepayuu. Ilpeobpasyem cucremy (2.1) k BULY
X =BX +G. (2.2)
DTO0 MOXHO cJelaTh, 3anucas cucremy (1.1) B Buge
X=X-AX+b

n obo3HaunB 4deped B marpuny E-A, mim, npeaBapuTesbHO YMHOXUB
(1.1) ma Hekylo HeocobenHyio MaTpuiuy H, mpoaeraTs To Xe camoe.
MoxHO NpesIoXuTh U APYyrue CIocoOH nepexona ot cucreMs (2.1)

cucreMe (2.2). 3amyCcTUM 3aTeM UTePalMOHHHH NPOIecC BUIa
X+t = px() 4 q. (2.3)
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Ecan k cucreme (2.2) Mul nepenuin ¢ moMounpio Hekoi Mmarpunsl H n sTa
MaTpHULIa He 3aBUCUT OT HOMepa UTepPaluid, TO UTEPANMOHHBIN POLIECce
HA3HKBAIOT cTauroHapHHM. a1 cxogumocTu npogecca (2.3) ¢ mawo6oro
HaYaIbHOI0O BeKTOpa X (0) Heo0X0oAMMO U JOCTATO4YHO, YTOOLI COOCTBEH-
HEle 3HaYeHUsA MaTpuln B 6butM mo Moay.ao Mensbine equHunbl. Ppa-
3a «c JI000Tr0 HAYAJBHOI'0 NPUOIMXEHNA» CyIeCTBeHHa. JIerko MoXHO
HOCTPOUTH NMPUMeP MAaTPHUIIK, Y KOTOPOH €CTh CO6CTBEHHHIE 3HAYCHUA
60JbIIe eIMHNUIIEL, & HTePAHMOHHBIN npoiecc (2.3) cXoAuTcsa ¢ HEKOTOPO-
ro Ha4adbHOTO BeKTOopa. [JoCTaTOYHBIM MPU3HAKOM CXOIUMOCTH ABJA-
eTca yeaosue ||Bl| < 1.

IIpuBeneM ellje HECKOJBKO AOCTATOYHHIX NPU3HAKOB CXOJUMOCTHU

MeToa IPOCTOU UTEPALUN:

n
2 lai] < lag;l;
J=1
i
n
2 lai] < lajl,
gl
i)
. 2 2
2_(aij)" < (aj;)".
Jj=1
i
Buibop marpunst H MoxeT 6HITH OCyIeCTBIEH ¢ HCIIOAb30BaHUEM
0COOEHHOCTEeN HaHHOM cucTeMbl. Ecau MaTpuia A IoJOXHUTEIbHO OIIpe-
neneHa, To cucreMa AX=Db Bcerja MoxeT OLITH NpHBeJeHa K BUIY, B
KOTOPOM METOI NOCJeJ0BATEIBHBIX NIpuOIMXeHun oy aeT cxoaurhes. B
caMOM JeJie, BEI'IMCAMM, HallpuMep, IepBY0 HOpMY g MaTpuusl A. Mu
NOJYYHUM, YTO COOCTBEHHBIE 3HAYeHUA MATPUIH A JeXaT B UHTepPBaJe

(0, p). Homoxum

H-—-?—E,
1)

rae E - equnuyHas MaTpuna. YMHOXuM cucremy (1.1) Ha maTpuny H n
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npeobpa3dyeM K BHAY:

X=X-—-2-AX+gb=BX+G.

I 7
31ech
B=F - g—A,
7
a
G =2,
M

Cob6crBenHBe 3HaYeHUsa MaTpulel B 3akirovdeHs B uHTepBade (-1,1),
1, CJIe0BATeJbHO, METO] I0CJe0BaTeAbHEX NMpubImxenun 6yaer cxo-
OUTHCA.

Memod 3etideas. 3anumem cucremy (2.1)

anzy + a1y + ... + a1y = by
a21%1 + 92%2 + ... + A2, Ty = bo

An1T1 + @n2Ze + ... + Qpplyn = by

3ajaJuM IMPOU3BOJILHEIN HavdalbHBIA BEKTOpP X 0) = (:1:50), mgo), e ;BSP))T

1 3aNyCTHM UTEPANOHHKM npoiiecc o ¢hopMyaaMm:

aum(lkﬂ) -+ algxgk) S U alnxﬂ‘) = by

azlxﬁ"“) -+ a22l‘gk+1) 4 sni aznmg,,k) = by

anlxgk-‘—l) & i an2$gk+1) +i 505 7 ann-rg;k'{—l) = by.

Takum obpaszoM, (k+1)-e nmpubamxeHne K pelIeHHIO CUCTEMBI BEKTOP
X *+1) onpenenserca mo cregyomeMy airopuTMY: j-f KOMIOHEHTa Bek-
topa X ¥*1) onpenenserca u3 j-ro ypaBHeHHA CHCTEMHI, B KOTOPOM HC-

k
NOJb3YHTCA KOMIIOHCHTH BEKTOPaA X(k) - 235'_21, cany .’Egk), T.€. BEKTOpa, I10-

(1k+1) (k+1)

JYYI€HHOI'O Ha Hpﬁ}{lﬂﬂ;}"ﬂl@ﬁ HTepanguy, 1 KOMIIOHEHTH T ,...,.’L‘j_l

BekTopa X 1) onpenerennsie n3 npegsigymux j-1 ypaBHeHHU.
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ITOT AITOPUTM, 3allCAHHBLIN B BH e

—

s 5ie n &5

(k+1) _ @ij (k+1) Qij (k)

By = Y=gl = ) z;" + by,
j=1 G5 i=j+1 @jj

g=12.m,
HA3KIBAIOT MHOTJa B OTedeCTBEHHOM JuTepaType MeTonoM Hekpacosa.
KopoTKo ocTaHOBUMCA Ha 4aCTO IPUMEHAEMBIX IIPU3HAKaX CXO0au-
MOCTH MeToJa 3euJes.
1. s Toro 4To6H MeTON 3eHJeld CXOJUICA C JIboro HavYaJIbHOIO

npubanXKeHnd, HeobXoJUMO U JOCTATOYHO, YTOOK KOPHM ypaBHEHUA

ajA ap *rc Qlp
(1,21/\ QQQA L )]

det A = " l=0
anl’\ anQA i & aira.f::A

[locraToysnle MpU3HAKN CXOAUMOCTH.

2. Marpuna cCUCTeMH C JHarOHAJIbHHM Ipeobaa aHueM:

n

> lag| < laj;).

j=1
J#t

3a9acTyIO 3TOro yaaeTca NOOUTHCA MPOCTOU MEePpecTaHOBKOM ypas-
HEeHUN WK IepeHyMepalued nepeMeHHBIX.
3. MaTpuia cucTeMB CAMMEeTPUYHAA M OJOXKUTEIHHO ONIpe feIeHHAA.
Memoo cxopetiutezo cnycxa. IToT MeTO IPUMEHSETCA QI CUMMe-
TPUYHBIX, IOJOXHUTEJIbHO ONpeIedeHHbX MaTpull. /[JoKa3biBaeTCA, YTO B
5TOM cly4ae 3ajJa4a OTHCKaHNA peuieHus cucreMs (2.1) 1 3a1a4a 0THIC-
KaHusa MEHUMYyMa pyrkumnonata F(X) = (AX, X)—2(b, X ) sxBuBajeHT-
Hel. ['paJueHTHHI MeT0 ] MUHUMHU3ALUU 3TOr0 (PYHKIHOHANA TIPUBOIUT

K NTEPAIOHHKIM (pOpMyJaM OTHICKAHUA pPemeHusa cucTeMs (2.1).

X&) = x®) 4 A\, R®)
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rae

R® =p— AX®)
N k k

o (R( ). R ))

*~ (AR®), R’

BexTop R HasmBawoT BekTOpoM HeBaskn. CireayeT 3aMeTUTh, YTO IIO-
KOOpAUHAaTHaA MUHNMu3amus ¢pyukuuorata F(X) npusoaur x merony
Jenaens.

Memodu peaaxcaoyuu. Tax HasHBalOT TPYNIy MeTOLOB, B KOTO-
PHIX Ha KaX/OM IIare UTepalllil YMeHbIIaeTCA HeKad TaK Ha3hiBaeMafd
dyskmusa ommbku. O6MHO Mo (GYHKIUEH OmMOKN MOHUMAaOT PyHK-
unonanx (AY,Y), rme Y - pasHOCTh MeXy TOYHBIM U TNPUOIMKEHHBIM
peuieEneM. B MeTogax perakcanum cTaBUTCA 3aJa49a, KAK U3MEHHTD 1-10
koMnoHenTy BekTopa X ¥ aTo6H N1 n3MeHEHHOrO BeKTOpa PYHKIUA
ommbKy O6BLIa MUHNMAaJbHOU. B MeTode ckopeHinero crnycka (QyHKIUeH
oumbku sBaseTca pyukumonan (AR,R), B MeTozxe 3eigens npoucxoquT
IOKOOPAMHATHAA MUHUMH3ALHUA BeKTopa HeBA3KHU U T. . CTporo roeso-
ps, Bce MeTOAB MOXKHO Ha3BaTh METOAAMHU peIaKcalluy, T.e. METOJaMHu
ocqabseHns HekoTopon pyHKIuM omubku. PaccMoTpuM oquH U3 Takux
MEeTO/I0B, HA3hIBAEMBIU MHOTa METOJA0M OCIAbJEeHUA MaKCUMAJbHOY He-

Ba3ku. IIpeobpasyem cucremy (2.1) x Buagy
- X4+DX+G=0

TakK, 4To0wl B MaTpuue D rnaBHas AmaroHagb ObLIa HYJEBOK. JTO MOXHO

caeJaTh creqyoimuM obpa3oM. B j-M ypaBHeHUU CHCTEMBI
a2y + ... + @& + ... + QjnZTy = bj

nepeHeceM b; B JeBYI0 YacTh 1 pa3jelnuM BCe ypaBHEHME Ha -a;;.
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b
“JJ

Moayunm dj, = —=%, j#kud;j; =0, j=k. Ilpuosrom g; =

@jk’
IIycrs ussecrrno X *): X(*) = (:z:(lk), ,z*)) u mycrs

~-X® 4+ px® 4 ¢ =R®,

(k) — (rgk) rgk), ,r%) Makcumas-

IIycTh cpeam xoMmoHeHT BekTOpa I
HOHU 1O MOJYJIO ABJIAETCA KOMIIOHEHTa rg(,"). Bekrop X%tV mocrpoum
caeAyommuM obpa3om:

k+1 k (k41 k :
syt =2, j#p, o =1, j=p.

Takum 06pa3oM, MeTOJ COCTOUT B TOM, YTOOBI Ha KaxkJOM Ioare cie-
JaTh PABHOU HYJIID MaKCUMAJIbHYIO IO MOJYJI0 KOMIIOHEHTY BEKTOPa
HEBA3KHY TIpeaulaynied urepanun. MeTo cXoAuTCA I8 MOJOXHTETHHO

onpeeleHHBIX MaTPHII.

IIpu BeinosHeHUN JaHHOU PabOTH NPHU3HAKOM OKOHYAHUS UTepa-

IVUOHHOI'O IIpolecCa ABJAACTCH yCJIAOBHUE

”X(k+1) o ‘X(k)”1
X By

3aecs ||.||1 - mepsas BexkTopHas HopMa. KpoMme pelrenus cucTeMs, cie-

< 0.0001.

1yeT BHIBOJUTH TaKxXe BeKTOp HeBisku R = AX®) — p,

BapuanThl 3ajaHun

1. Ucnoap3ys MeTo ] IPOCTOM UTEPALMH, HANTH PeHIeHNe CUCTEeMBI

¢ 3aJaHHOH TOYHOCTHIO.

Saganue 1.1

z; = 0.23z; — 0.0429 + 0.21z3 — 0.18z4 + 1.24
r9 = 0.45z; — 0.2329 4+ 0.006x3 — 0.88
x3 = 0.26x1 + 0.3429 — 0.1123 + 0.62

= 0.05z1 — 0.26z9 + +0.3423 — 0.1224 — 1.17
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3atanne 1.2

r1 = 0.21zy +0.1229 — 0.3423 — 0.1624 — 0.64
x9 = 0.3427 — 00829 + 0.17253 — 0.1824 + 1.42
rg3 = 0.162 + 0.3429 + 0.1523 — 0.31x4 — 0.42

zg = 0.122; — 0.2629 + +0.08z3 + 0.25x4 + 0.83
Jananue 1.3

r1 = 0.32x2; — 0.1829 + 0.02z3 + 0.21z4 + 1.83

z9 = 0.16xy + 0.1229 — 0.1423 + 0.2724 — 0.65

r3 = 0.372; + 0.27x9 — 0.0223 — 0.2324 + 2.23

rg = 01221 + 0.2129 — 0.1823 4+ 0.2524 — 1.13
Jaganne 1.4

21 = 0422, — 0.3229 4+ 0.0325 + 0.44

z9 = 0.112; — 0.2629 — 0.3623 + 1.42

vy = 0.122; + 0.0829 — 0.1423 — 0.2424 — 0.83

x4 = 0.152; — 0.3529 — 0.18x3 — 1.42
3aganue 1.5

r1 = 0.1821 — 0.34x9 — 0.1223 + 0.1524 — 1.33

x9 = 0.11z; + 0.23z9 — 0.1523 + 0.32x4 + 0.84

r3 = 0.052; — 0.1229 + 0.1423 — 0.1824 — 1.16

24 = 0.1221 + 0.0829 + 0.06z3 + 0.57
Saganue 1.6

r1 = 0.132; + 0.2329 — 0.4423 — 0.0524 + 2.13
zo = 0.24z; — 0.3123 + 0.1524 — 0.18
r3 = 0.06x; + 0.1529 — 0.2324 + 1.44
x4 = 0.722, — 0.0829 — 0.05z3 + 2.42
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Saganue 1.7

z1 =017z, +0.3129 — 0.1823 + 0.2224 — 1.71

r9 = —0.21zy + 0.3329 + 0.2224 + 0.62

xg = 0.322; — 0.18z9 + 0.05z35 — 0.19z4 — 0.89

x4 = 0.1221 + 0.2829 — 0.1423 + 0.94
Jaganue 1.8

ry = 0.13z; +0.2729 — 0.2225 — 0.1824 + 1.21

r9g = —0.2121 — 0.4523 + 0.1824 — 0.33

r3 = 0.12z; + 0.1329 — 0.3323 + 0.1824 — 0.48

z4 = 0.3327 — 0.0529 + 0.0623 — 0.2824 — 0.17
Janaunne 1.9

r; = 0.082z; — 0.03z9 +0.0424 — 1.2

r9 = 0.91z9 + 0.2723 — 0.0824 + 0.81

3 = 0.3327 — 0.3723 4+ 0.2124 — 0.92

x4 =0.11z; — 0.0325 + 0.5824 + 1.17
Jananue 1.10

z1 = 0.322; — 0.0529 + 0.11x3 — 0.08z4 + 1.25

9 =0.1121 + 0.1629 — 0.2823 — 0.0624 — 0.83

xg = 0.08z; — 0.1529 + 0.1224 + 1.16

x4 = —0.21z; +0.1329 — 0.2725 + 0.44

2. Ucnioap3ysa MeTo 3enens, HAWTH pelleHe CUCTEeME ¢ 32 JaHHOU

TOYHOCTBIO, IIPeBAPUTEIbHO Ipeobpa3oBaB, ecau HE0OX0AMMO, CUCTe-
MY Tak, YTOOH MeTo[ el felsd CXOAuIcA (meperad K CHCTeMe ¢ JHaro-
HaJIbHEIM IpeobaajaHueM).

ITpumep.
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4.4.’51 == 1.8.‘1,‘2 + 3.633‘3 = =l (I)
3.1z +2.329 — 1.2253 = 3.6 (II)
1.8z + 2.529 + 4.623 = 2.2 (III)

7.6z +0.529 + 2,423 = 1.9 (I + II)
2.2z + 9129+ 4423 =19 (2« I1IT+11-1)
~1.32; +0.229 + 5823 =—-1.4 (III - II)

3ananue 2.1
2.7x1 + 3.329 + 3.1x3 = 2.7
3.901 — 1.729 + 2.825 = 1.7
41y + 5829 — 1.723 = 0.8
3ajganne 2.2
1.721 + 2.829 4+ 1.923 = 0.7
2.1y + 3429 + 1823 = 1.1
4.2x1 — 17294+ 1.324 = 2.8
Saganue 2.3
3.1z; + 2.829 + 19253 = 0.2
1921 4+ 3.129 + 2.123 = 2.1
7.9c1 + 3.8c9 +4.823 = 5.6
3ananue 2.4
9.1x1 4+ 5.6x9 + 7.823 = 9.8
3.8c1 +5.129 + 2.823 = 6.7
4121 +5.7Tx9 +1.223 = 5.8
3agauane 2.5

3.3z1 + 2.129 + 2.823 = 0.8
4.1z 4+ 3.Tx9 + 4.823 = 5.7
2.76x1 + 1.829 + 1.123 = 3.2
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3ananue 2.6

3.8ry +4.1x9 4+ 2.723 = 9.7
29r1 + 2.1x9 + 3.823 = 7.8

3ananne 2.7
3.2231 e 2.5.’122 + 3.7:{:3 = 6.5
0.5:171 + 0.34.’132 +- 1.71‘3 = —(0.24
1.6z + 2.3z — 1.523 = 4.3
3aganue 2.8
5.4x1 — 2.3x9 + 3.4x3 = —3.5
4.2x1 + 1.7Tx9 — 2.323 = 2.7
3.4, + 3429+ 7423 =1.9
Saganue 2.9

3.6x1 +1.8x9 — 4.7253 = 3.8

2921 — 3.629 + 1925 =04

1.5 + 4.929 + 3.323 = —1,6
Sajanue 2.10

5.6xy +2.7x9 — 1.723 = 1.9
3.4x1 — 3.6x29 — 6.723 = —2.4
0.82y +1.3z9 +3.723 =1.2

3. Ucrnioap3ys MeTo | CKOpEeHIIIero CycKa, HAUTH pellleHue CHCTEME
¢ 3aJJaHHOM TOYHOCTHIO, IIpeABAPUTEIBLHO IIPOBEPUB BHINOJHEHUE MPH-

3HAKOB CXOJIUMOCTH.
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3ajganne 3.1

3ananue 3.2

Saganne 3.3

Jananue 3.4

3agaHue 3.5

3aganne 3.6

r1+ 219 =0
211 4+ 229+ 423 =14
49 + dx3 = 5

3ry +4x9 — 423 =3
4.?31 + 4332 =4
—4x) + ox3 = 3.1

2x1 +4x9 — 423 = 2.1
4z + 5x9 — 8xg = 0.98
—4r, — 8x9 + dx3 = —7.2

ry+ 229 = 5.76
221 + 29 — 23 = —=2.1
—2x9 + 23 = 0.62

29 + 223 = 1.8
2.’81 e 2.’1:3 vz 2.2
2131 i 2([:2 —0.77

52?1 = 4.’}72 — 4:173 s T
—~4x, + 629 = 1.2
—4331 + 4273 = 2.67
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Jajnanue 3.7

0.921 + 1.6z9 + 0.6z3 = 2.1

1.6y + 0.6x9 — 223 = —0.8

1.6x; — 229+ 0.823 = 7.8
3aganue 3.8

0.7821 — 0.0229 — 0.1223 — 0.1424 = 0.76

—0.02z; + 0.86x9 — 0.04z3 — 0.06z4 = 0.08
—0.1227 — 0.04z29 4+ 0.7223 — 0.081, = 1.12
~0.142, + 0.06x9 + 0.08z3 + 0.74x4 = 0.74

Jananne 3.9

z1 + 0.42z29 + 0.5423 + 0.6624 = 0.3

0.422; + 9 + 0.3223 + 0.4424 = 0.5

0.54z; 4+ 0.32z9 + z3 4+ 0.2224 = 0.7

0.66z; + 0.44x9 + 0.2223 + 24 = 0.9
3aganue 3.10

1.392; + 0.4129 + 0.48x3 + 0.59z4 = 0.68
0.41z, +1.4329 + 0.30z3 + 0.4124 = 0.54
0.48xz; + 0.30z9 + 1.3623 + 0.18z4 = 1.26
0.59z; +0.4129 + 0.18x3 + 1.3724 = 1.24

4. Wcmoap3ysi pacCMOTPEHHBIN BBIIIE MEeTOJ pelaKCaluy, HAUTH

pellleHne CHCTEMH C 33JaHHOM TOYHOCTBIO.

29



3ananne 4.1

2x9 + 223 = 1.8

2(131 - 21)‘3 -
2171 - 2332 - 0.77
3aganne 4.2
5.1‘1 - 43)2 - 4.’2’?3 =7
—4x1 4+ 629 = 1.2
—4x, + 4x3 = 2.67
Jananue 4.3
0.5z + 1.629 + 0.6253 = 2.1
1.6z1 + 0.629 — 223 = —0.8
1.6z; — 229+ 0.8203 = 7.8
Jaganue 4.4

0.78zy — 0.02z9 — 0.1223 — 0.1424 = 0.76

—0.02z, + 0.86xy — 0.04z3 — 0.06z4 = 0.08

—0.1227 — 0.0429 + 0.7223 — 0.08z4 = 1.12

—0.14z; + 0.0629 + 0.0823 + 0.74x4 = 0.74
3aganne 4.5

r1 + 0.4229 4+ 0.5423 + 0.6624 = 0.3
0.42x; + 29 + 0.3223 + 0.4424 = 0.5
0.54z1 + 0.3229 + 3 + 0.2224 = 0.7
0.66x1 + 0.4429 + 0.2223 + 24 = 0.9
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3ananue 4.6

Jaganue 4.7

3ananue 4.8

Saganue 4.9

1.392; 4+ 0.4129 + 0.48x3 + 0.59z4 = 0.68
0.41xy + 1.4329 + 0.30z3 + 0.4124 = 0.54
0.48z; + 0.30z9 + 1.3623 + 0.1824 = 1.26
0.9z, +0.4129 4+ 0.1823 + 1.3724 = 1.24

1+ 2.1x9 =0
2.1zy + 229 + 423 = 4
4x9 + 03 = 5

31 +4x9 — 423 =3
4ri + 429 =4
—4x, + dx3 = 3.1

2x1 +4x9 — 43 = 2.1
43}1 -+ 5$2 = 8:133 = (.98
—4zx) — 8x9 + dx3 = —7.2
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JlaGopaTopnas pa6ora Ne3

Urepanuonteie MeTOIH

pellleHus HeJNHENHBIX YPaBHEHUU U CUCTeM

B orautne oT MTepanoOHHEIX MEeTOAO0B [JA JUHEHMHBIX CHCTEM, KO-
TOpHIE HIPY BHIIOIHEHUN JOCTATOYHBIX IIPU3HAKOB CXOIUMOCTHU CXOAAT-
¢ ¢ JI000r0 HAYATBLHOI'O NMPUOIMXEHNA, B UTePAIMOHHEIX MeTOAaX I
HEJIMHENHBIX VPaBHEHWU M CHCTEM BaXHOW IMpeABAPUTENILHOU 3ajJaven
ABJAETCA JOKaJIM3allifd KOpPHEH M, CJeJoBaTeJbHO, BHIOOD HAYaJAbLHOTO
NPpUOIHKEHUA A TOr0, YTOOH MOXKHO OBLTO 3allyCTUTh UTEPAMOHHEIN
mpolecc Aai yToUHeHus npubauxensoro pemenns. Cpasy clefyeT moa-
YepKHYTb, UTO NPH HeyJau¥HOM BHIOOpEe Ha4aJbHOT'O NMPUOINKEHUS INTe-
PAIMOHHKIN IPOLIECC MOXET PacXoAUThCA HIN CXOTUTHCH, HO He K pellle-
HUAIO HeJINHEeUHOU cucTeMul. OCoO6eHHO 3TO OTHOCHUTCA K I'paJueHTHHIM
MeTOaM pelleHUud HeIMHeUHBIX cucTeM. B cay4dae ogHOro ypaBHeHUs 3a-
nava JOKAJIU3allli KOPHEU pellaeTcs, KaK IPaBMIo, JOCTATOYHO JETKO
¢ IIOMOIIBIO CTAHJAPTHBIX NpHeMOB mccaegoBanus ¢yukuuu. IIpm pe-
HIEHNH 33Ja4H JOKAIU3alluM KOPHell HeIMHENHON CUCTeMHl IIPUXO0AUTCsA
HCIIOJAB30BATh Pa3iIndHEE CO0OpaXkeHns, CTPOUTD IpaduKu 11 oIpee-
JeHNA TOYeK IepecedeHns, IPOBOJUTD Pa3IudIHbIe OLeHKN, IPHOeraTh K
pu3ugecKuM coobpaKeHnsaM, eClId pacCMaTPUBAETCA MPaKTUYecKas 3a-
nada, u T.11. PaccMoTpuM cHavaJjla UTepallMoHHBIE MeTO Bl HAXO0X JeHHA

pellleHuU 1A ofHOoro ypaBHeHua. [lycTes 3a1aH0 ypaBHeHUe

f(z) =0. (3.1)
1. Memod cexyuyuz (memod zopd). llycry Ha KOHIAX oTpeska [a,b]

HenpephiBHaA GpyHKuus f(x) nMeer pasunie 3Haku. Torga BHyTpH oTpe3-

Ka HaXOJUTCA, 0 KpallHel Mepe, OJUH KOpeHb ypaBHeHus (3.1) HedeT-
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HoM KpaTHocTH. IIpoBesem uepes Touku (a,f(a)) u (b,f(b)) mpamyio

r—a _ y—f(a)
b—a  f(b) - f(a)

Touxy nepecevenus arou npsMou ¢ ocblo OX 6yaeM cuuTaTh NpUbdIN-

KeHHHIM 3HaYeHueM KopHs ypasBHeHus (1)

fla)(b—a)
f(b) = f(a)

CpaBruM 3nakn ¢yskunu f(x) B Toukax a, £;, b 1 B KadecTBe HOBOI'O

ry =a—

orpe3ka (a,b) BHbGepeM TOT, Ha KOHIAX KOTOpoOro 3Hak dynkuum f(x)
npoTusonojoxen. [Ipogoaxkaa 3ToT npouecc, HOIYYUM IOCIe0BATENb-
HOCTb, CXoJAmyiocsi K pemeHnio ypasHenns (1). Ecm f"(z) > 0, To

f(x) Bemykaa BHU3, H, ecan f(a) > 0, moaydaeM MOCae40BATEILHOCTD

f(zn) .
o) - fl@) ™Y

Lnyl = Lp —

Ecmm f(a) < 0, To

flza)
76 = fan "

B cayqae f"(a) < 0 3 popMyas MeHAIOTCA MeCTaMu,

il = Tp = — Zp).

2. Memod Hviomona (memod xacameavuniz) das 0dnozo ypasmue-
nus. [Jas oThickaHMA KopHA ypaBHeHus (1) mcmoasdyeTcs MTepalnoH-

HBIU IIpoliece

f(z)

Ln+1) = Ln — f,(mn)-

MeToa CXOQUTCA CO CKOPOCTBIO I'eOMeTPUYECKOM NMPOrPecCUu, €CAU B
okpecTHocTH KopHsa f'(z) oTimyHa oT Hyas u f”(z) 3HaKomocTOsHHA.
[eoMeTpudecku TOYKA Tp;1 HAXOAUTCA KaK TOYKa MepeceveHns Kaca-
TeJlbHON K KpuBou y=f(x) B Touke &,,.

3. Memod Hvtomona dasa cucmem neaunetinnir ypasnenuti. Paccmo-

TPpUM CUCTEMY
fl(:El, ...,SB,,) =
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(3.2)

falZy,oees o) = 0.

Wan B BekTOopHOM hopme

F(X) =0,

rae F(X)-BekTop-dysknus, a X - ToO4Ka B N-MEPHOM MPOCTPAHCTBE.

Bsenem B paccmorpenne maTpuny fxobu

(9f ofi ... 8
6171 6:!:2 an

oL 8f ... 9f
W(X): dr, Oz, 0z,

\31’1 oz2 an/

u ¢ HadaabHoro npubruxenus X sanmycTum nTepanuoHHHI mpolece
x4 = x® _ -1 x® p(x®),

Takum odbpasom, BervHcIeHud 110 MeToay HeoToHa npoBogsaTcs no cae-
IyIoUIeN cxeMe: aHAJIUTHYEeCKUN BHBOJA QOPMYJI IJA dJEMEHTOB MaTpPH-
e SIKkoOu, aHATN TUYeCKUH BHIBO I HOPMYI A1 dJAeMEHTOB 00paTHO Ma-
Tpunbl, Bergucienne sexropa F(X*)), prrancienne anciosoit MaTpuiis:

WY X®)) sarqucaenne sexropa W1 (X)) F(X*), saraucrenue sexTo-
pa X (k+1)

4. I'paduenmuvie memodvi. Memod cxopetiweeo cnycxa. Ilpu npume-
HEHUU I'PaJUeHTHHIX MeTOJOB CleAyeT MOMHUTE, YTO 3aa49a OTHICKaHUA
pellleHUs HeTUHEHHOM CUCTEMBI CBOANTCA K 3a0a4e OTHICKAHNA HYJIeBOTO
MHHHMYMa HEKOTOpoH HeauHenHOUM dyHKumu. QaHAKO Npu HeyJavHOM
BHIOOpE HAYaJAbHOrO NPUOIUXKEHHs 3TH MeTOIHl MOT'YT COMTHUCH K OJ-
HOMY U3 JOKaJbHHIX MUHUMYMOB (HYHKIINH, KOTOPHIH HEe €CTh pellleHue
cucteMul. [IodToOMy Heo6X0qUMO MPOBEPATDH, ABAAETCA JH MOLYICHHBIN

B pe3yabTaTe UTEPAIlHOHHOI'O IIpolecCa BEKTOPp pelieHHueM CHCTEMBI.
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[IpepnaraeMbli HUXKe AITOPUTM ABIAETCA OJHUM U3 NMPOCTEUIINX Ba-
PHAHTOB MeTO/a CKOPEeHIIero CuyckKa.

IIycTs 3aganHa cucTema

------------

WUau B BexTOopHOU hopMe

F(X)=0.

BeegeMm B paccMoTpenue GyHKIMIO

@(-’131,-’172, ---xn) - fiz(xla '"3xn) & féz(xla '“7xn) F ow F ff?(xl? ...,.’Bn).

WUnu B BekTOpHOM hopMe

®(X) =3 filX).

Od4eBngHO, YTO pellleHHEe CUCTEMH coobmaeT 3Tou (QYHKIUUH Hy.Ie-
o MUHHMYM. O6paTHO, HyJeBOH MHHHUMYM 3TOM (DYHKIUH €CTh pe-
meHue HcxogHOU cucTeMbl. OThickanne MUHEMYMa pyHkunu ®(z) me-
TOJOM CKOpPEHIIero CIycKa NPOBOAUTCA Mo caegyoomed cxeme. [lycts
X0 = (:n(lo), - :::SP)) - HyJeBoe puOAMXKeHNe K peleHnio cucTeMul. Oe-

peaHoe MpUbIMXeHre CTPOUTCA 1o hopMy.Ie:
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X&) — x (k) _ ), k)

3aecy V) =grad®(X*)). llpn sTom \; onpegenserca npubIMKeHHO,
¥ MHI IpUBe/IeM [JBa BapUAHTA.
BapunanT A. B npocreniem caydae A mpubIMxeHHO MOXKHO onipeje-

JUTH 10 (popMy.e:

<I>(X“°))
n (SQ!X("')!)Q'

j'—_'-l 31‘:‘

Ak =
Ecau BBecTH B paccMoTpenue marpuny Axobu

( fh 8h ... ﬁ.ﬁ\
0x, Oz, Oz,

ok of ... Of
W()() s 0xr, Ozo 0z,

Ofn Ofn ... Ofa
\8:1:1 Ozo (92:,;)

u MmaTpuiy W (X) - rpancnornposaryio marpuny Akobu, To BeKTOp-

rpaineHT MOXHO 3alluCaTb B B A€

grad® = 2W'(X)F(z),

1 UTePalMOHHEINA IPOIECC UMeeT BU

XD = x® _ X\ WL Fy,

rae

(I)(X("))
(Wf:Fkv W!:Fk) |

3Aech M HUXe [IA KPaTKOCTHU 0603HAYEHO

Ak =
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Wi =W(X®), W, =W/ (X%, F, = F(X®),

BapuanT B. Boaee Tounoe onpeaesenue A npuBouT K dhopMyaaM
Xk = x®) _ N Wi Fy,

(Ey, W W, F})

A = .
© T (WeW[Fy, Wi W[ Fy)

[Ipu BeINOJHEeHNHU JaOOPATOPHOM PabOTHI MHTEPBA, COAePXKAIINN
KOpeHb WM Ha4YajJdbHOE NPHUOJIMKEHHE, CTYJEHT ONpelenseT CaMoCTOs-
TeabHO. Tepanmonumi npomece cregyeT npoAoiXaTs A0 TeX Mop, oKa

Hx(k-i-l) . ){(l&:)”1

e < 0001,

BapuanThi 3ajaHA#

1. Ucnoasays MeTo] ceKynmx, HAaUTHU PelleHNe YPaBHEHUA:

1. x —sinz =0.25 2. tg0.58z + 0.1 = z?
3. Vx—cos04lz=0 4. 2° -6z —-8=0

5. 3x —cosz—1=0 6. z2+4sinz =0

7. zlnz~15=0 8. z°+42x-6=0
9. z+Inx =05 10. ctgx = 0.5z

11. 23 —sinz = 0.25 12. 23 4+3224+1224+3=0

2. Ucnoanays Meroa HeioToHa, HauTH pelieHHe YpaBHEHUA:
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21. 23— 322+ 9r -8 =0 2.2. /T — cos(0.387z) = 0

23.3x —cosx—1=0 2.4. 22 —cos’mz—1=0

2.5. 2 +4sinz =0 26. (z—1)+0.5e" =0
27.52°+22* - 152 —6=0 28 2'—42*+622 -4z +1=0
2.9. tg(0.5z +0.1) = z* 2.10. 5z — e* =10

3. Ucnoabsysa Meros HeioTona, HaiTH pelnieHne cCucTeMBbI:

31. sin(z+1)—y=1 3.2. cos(z—1)+y=0.5
2x +cosy = 2 r—cosy=3

3.3. sinz+2y=2 3.4. cosx+y=1.5
2¢ +cos(y— 1)+ 2z =0.7 r—cosy=3

3.5. sin(z+0.5)—y=1 3.6. cos(y—1)+xz =038
cosy—2+x=0 Yy —CcosT = 2

3.7. sin(z+y)-1llz=01 38 4L =1
P+ yi=1 x—cosy=1

39. sin(z+1)-y=1 3.10. cos(z+1)+y=1
2z +cosy = 2 e —y=0

3.11. sin(z+1)—y=0 3.12. cos(x —1)+y=0.5
2ty =4 r—cosy=3

4. Ucnonp3ysa MeTo[ CKOpeHiiero crnycka (BapuaHT A), HAaUTH pe-

nmieHne CuCTemMbnl:

4.1. =e* -1 42. y=sinx +1
4z +y =4 y=1x?-1

43. sin(z+1)—y=1 44. cos(z—1)+y=0.5
2z +cosy =2 r—cosy =3
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4.5. sinz—y= 0
4+ y? =4

47 Z4L=1
(¢—3)" +y* =4

49. sin(z+1)—y=1
4yt =9

4.11. y=z?
Be=g™

4.6. 2?2+ y* =16
zT—cosy=3

4.8. y=1.5+2°
:c2+’§=1

4.10. cos(z — 1) +y = 0.50
xr—cosy=3

412. 2+ £ =1
(:1:-—1)2+y43=1

5. Hemoapsya MeTon ckopelimero coycka (BapuanT B ), HaliTu pe-

HieHue CMCTeMBI:

2.]. r=e¢e" -1
4 +z=9
53. sin(y+1)—z=1
2y +cosz =2
9.5, sinz—1—-y= 1
4z’ +y* =4
5.7. L4 L =1
(y—3) +2* =4
5.9. sin(z+1)—-y=3
9y = 2e*
511. y=2z?
=g
513. z—9y’=0
y—sin(z—-1)=1
5.15. ¢4y’ =2z

y? =2cosz
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9.2. x=smy-+1
r=y? -1

(y—1)4+2=0.5
y—cosr =3

5.6. 22 +y* =16
y—cosz =1

58. y=15+2°
:z:2+943=1

5.10. cos(z — 1)+ y = 0.50
xr—cosy =3
1!2 2
512. T+ % =1
2
(z—1)°+% =1
5.14. £+ %5 =1
r—1=¢el
2 2:2
2.16. %—+—9':1
(=1 +(y~-1)" =4
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JlabopaTopHas pabora Ne4

Teopmi AIIIIPpOKCHUMAIIN 1 YUCJEHHOE NHTEer'pUpPOBaHe

[Ipn BuinoaneRuM 3TOU PabOTHI HETPYAHO YOEAUTHCA, YTO KBa I hu-
IAPOBAHHEIA BHIOOP KBapaTYpPHEIX HOPMYJ NPUBOAUT K PE3KOMY CO-
KpallleHUI0 BRIYUCAeHUN. TaK, 1A JOCTHXeHUA 3aJaHHOM TOYHOCTH TIPU
BRIYUCICHNH HMHTErpaJa 10 CTaHJapTHHIM KBaApPaTYpPHHM ¢opMy./iaM
TpebyeTcs pa3dUTh HHTepBaJ HHTErPUPOBAHUA HA JOCTATOYIHO OoJabLIOe

qucjao Todek. B paboTe npeararaeTca BRIMACIUTD 3HaYeHNA GYHKINHT

b
F(t) = [ f(t,z)dx (4.1)

d—c¢
m

a) METOJOM YABOEHHUSA YHCJIa IIAroB A JOCTHXEHUA 3aJaHHOU TO'-

B TOUKax t; =c+J1, 7= ABYMsA criocobamu:
HOCTH, UCHOJb3yA CTaHAapTHHEe KBaApaTypHue (HOpPMYIHI;

6) ucnoas3ys KBaapaTypHbie ¢opmyan aycca ¢ TpeMs U 4eTHIpbMA
y3JaMu.

O6o3naynB 4epe3 g;(z) f(t;j,z), MBI TeM caMBIM CBOAUM 3ajJaqy B
IMKJe 110 ] K BHIYHC/ICHHIO HHTerpaJia oT GyHKnuu ¢;(2) no 3aTaHHBIM
KBaJApaTypPHEIM opMyJaaM.

OcraHoBuMca 6Gonee noapobHO Ha KBaApaTypHHX ¢opmyaax. Bce

KBaApaTypHbIe GOPMYILI UMEOT BUA:

Ig) = [ gla)de ~ 3 aglz). = Sulo). (4.2)

[Ipn noayvenun kBaapaTypHuix ¢popmya Tuna HeioTona - Koreca dpynk- -
uus g(X) 110 HTErPaJoM 3aMeHACTCA €€ NHTEPIOIAMOHHEIM MHOTOYJIe-
HoM Jlarpanxka. Ecan xe cama ¢pyHkums g(x) ecTh MHOIOWIEH CTeNeHN
n-1, To ee HHTEPNIOIANMOHHEIN MHOT'O'JIEH coBnajaeT ¢ HUM camuMm. [lo-
3TOMY I'OBOPAT, ITO KBaJpaTypHHe (popmyan Tuna Heiorona - Koreca
TOYHBI /IS MHOT'OYJIEHOB CTeIeHH 10 n-1, mMes B BUAY, YTO NpubIn-

KeHHO€e PaBeHCTBO (4.2) mpeBpaiaeTcs B TOYHOE PaBEHCTBO, ecau g(X)
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eCcTh MHOrOWIeH cTeneHu He Bhmne n-1. K kBaaparypHeM ¢dopMmy.TaM
tuna HeoTona - Koreca oTHocaTCs u3BecTHHE (POPMYJIB IPAMOYTOJIb-
HUKOB, Tpanenun, CuMmncona. CrnenuaabHbeIA BEIOOD Y3J0B MOXET IIO-
BHICHTHh TOYHOCTH KBaJAPATYPHHX (POPMYJ TaK, YTO OHH 6YAyT TOYHEL,
ecan g(X) ecTh MHOTO4JIeH cTenenn He Brie 2n-1. Takne kBaapaTypHbIe
(hOpPMYJIBI Ha3HBAIOTCA KBaApaTypHEMHU ¢popmyaamu [aycca. Oxa3niBa-
eTCA, YTO Y3Jbl KBaAPATYP ABIAKTCA KOPHAMHI OPTOrOHAABHBEIX MHOI'0-
YJIEHOB, B JJaHHOM CJy4ae - KOpHAMH MHOro4wIeHoB Jlexanapa. Ilpn n=3
K03 PNIUEHTHL ¥ Y3JH BRIMHCAAIOTCA dIeMeHTapHo. B camom fene, npu-

OJMXKeHHOoe PaB€HCTBO

b 3
fg(:c)d:z: ~ E ¢;9{x;)

=1
nmpeBpamjaeTcs B Tousoe, ecan g(x) = zF mpu k=0,1,2,..5. Ilpusegem

pacdeT y3J10B r; U Ko3hPUIHEeHTOB ¢; B caydae a=-1 b=1. Umeem npu

k=0
a3
p r = Ci,
-1 i=1
npu k=1
1 3
0= /:nd:c = ¥ Gl
1 =1
npu K=2
2 1 2 J 2
é-:_:{x dx :iglc,x“
npu k=3
1 3
0= /:z:3d:z: = ¥ &7,
- | 1=
npu k=4
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5 1
— 5 /x4da: =Y eixf,
°

31

npu K=>5

i

L 3

5 5

0= /x"d:r: Y cixys
1 =]

Mur noayyuuau 6 ypaBHeHMH IJA ONpeje]eHns IeCTH Heu3BeCTHHIX
C1,C9,C3,21, T2, 3. C y4€TOM TOr0, 4TO Y3/l PACIOJ0KEHEI CHMMETPHU Y-
HO: T} = —&3, ¥ T9 = 0, a K03 PUIUEHTH, COOTBETCTBYIONINE CHMMe-
TPUYHBIM Y3JaM, PaBHH (6oJee o po6HO 3TOT BOIIPOC pACCMATPHBAETCSA
B JEKUMAX), N ypaBHeHUsA npu k = 1,3,5 ABIAIOTCA CAe[CTBAEM 3TOIO

CBOMCTBA, IIOy49aeM TPU YPaBHEHNA:

2 = 2¢1 + c9,
2
3 = 2c127,
2
‘5 = 2C1.’L’1
Orcoga nonyyaeMm: o = -—-\/g, 29 = 0, T3 = \/.g’
D R
1 — &3 — 97 2| .= 9'

[dasa n=4 u Brmre y3Js 1 K03 UIUEeHTH HaxoqaTca u3 Tabaui. Ilpn

n=4
ry = —0.861136, x9 = —0.339981, 23 = —x9, 4 = —11,

ey = ¢4 = 0.3478b5, ¢9 = ¢35 =10.652145.

B cay4ae orpe3ka uHTerpupoBanus [a,b]

b n
[ 9(u)du~ 3 dig(w)
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Y3JIH Uu; NI 0Tpe3Ka [a,b] n kospduumenTn d; aas sToro orpeska Ha-

XOAATCA U3 COOTHOIIECHNN:

b—a b—a b+ a
;== ety Ty == = ;
5 Ci. W 5 i+ 5

rje z; U ¢; - y3Iul U K03 UIHeHTH KBapaTypHEX dopMmya 'aycca ais
orpe3ka [-1,1].
1 BakoHel, MeTO]] yABOECHUs YHCJIA IIATOB COCTOUT B CJeHYIOHIEM.

IIycTs

b n
/9(")d“ ~ ;=Z1 dig(u;) = Sh.

Pa3ob6beM oTpe30K UHTEerpUPOBAaHUA TOYKAMHU U, ..Uy ¥ COCTABUM CYM-

My Sy. YaBoum N u cocraBuM cymMmmy Soy. Ecan Benruunna
|Sany — Sn| < e,

TO CIATaeTCA, 9T0 3alaHHaA TOTHOCTDb NOCTUI'HYTa. B IIPpOTHUBHOM CJIY-
"Hae IIpouecc nMpoaojJxKaeTCA.

BapmraaThl 3aaaAn
KsaapaTypHusie popMyasl

O6o3nauuM depe3 h = Q-_ﬁ‘!, g = glei), giv1 = g(zi + %, g0 = g(a),
gy = g(b). HaansHoe pa36buenne N BEIOUpaeTCs NPOU3BOIBLHO, HO TIPH

ncnoab3oBanuu ¢opmya Cumiicona HadaabHoe N deTHo.

A. KBagpaTtypHuie GOpMyJILl NIPAMOYTOJbHUKOB.
N-1

Sn(g)=h ;} 9i41

b. KBaaparypHbie GpopMyJasl Tpamneui.

+ 9n
Sn(g) = h(¥ > g+ g2 et gno1)
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B. KBagparypssie popmyast Cumncona (N - geTHo).

h
Sn(9) = 3(90 + gn + 201 + 49 + 293 + 494 + ... + 2951

Pynxnus f(x,t).

1. f(z,t) = sin( + 0.001z)

14 z2

2. f(z,t) ==c:()s(1 '

e + 0.001z)

3. fla,t)= ¢~ (T35 +0.0012)

4. f(z,t) = i)

1418
5. f(2,) = In(7—5 + 0.0012)
6. flet) = ¢ +
St =\
_sin(t+2° +0.5)
7. fla,t) = 2 + cos(z? + 1)
__cos(t+z* +0.5)
8 flm = 2 +sin(z? + 1)
9. flat) = cos(t + )

222 4+ cos(z? + 1)
10. f(z,t) = e(557) sin 22

3HaveHus a, b, ¢, d, m, €.
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HoMep |[a | b | ¢ | d| m €

1 -1 0105115 151(0.001
210 1 | 20{0.001
1 {2 | 3| 1510.001
2 (1.5]2.5] 25/0.001
3 | 1510.001
05150 [1.5] 25(0.001
212 |2 3 | 15]0.001

N || O e N
'
[—
o
N

PesyapTaTh ciaegyeT odopMuTh B Bue TabJNIB ¢ BHBOJAOM 3Hade-
uui ¢pyakuun F(t;), BHYUCAEHHON METOJOM VABOEHHMA YHC/Ia IaroB M
3HadeHueM N, NpPU KOTOPOM JOCTUTHYTa 3ajJaHHas TOYHOCTL, 3Hade-
HUSIMH, NOJYy4YeHHBIMH C UCHOJb30BaHNEeM KBaJgpaTyp ['aycca ¢ Tpemsa u
4eTHPbMA y3JaMu.

IIpu caade paboTH HE0O6X0AUMO 3HATH OLIEHKH IOT'PEITHOCTY KBa Apa-
TYPHBIX (POPMYJI M1 METOAHI UX HOJTYy4YeHUA, METOIHl ITIOCTPOCHUA KBaApa-

TYpHBIX popMmya I'aycca, cBoMCTBa OPTOrOHAJbHRIX MHOT'OYJIEHOB.

45



JlabopaTopHas pabora N5

HucaesHBle METOIR penieHus 3ana4u Ko
¥ UX IpUMeHEeHHe K MCCJIeJOBaHUI0 IOBEACHU PelleHn’
OOHKHOBEHHHX  AuddepeHINaIbHEX  YPaBHEHUU

B OKPECTHOCTH OCOORIX TOYeK

B pabore npepgiaraeTca YuCIeHHO UCCIEI0BATH MMOBeeHUE PellleHnH
cucreMsl A dpepeHINAIbHEX YPaBHEHNT B OKPECTHOCTH 0COORIX TOYEK
U C/Ie1aTh BBIBOJ O XapakKTepe 0cobom TOYKH.

IIycTs 3agana cucreMa

d

= = P(z,y),

dy

a - Q(z,y). (1)

HanoMumuM, 4T0 0co60it TOYKOM (&g, Y¢) HA3BIBaeTCA TaKasd TOYKA, B

KOTOPOU

P(zg,y0) =0, Q(zo,y0) =0.

HeobxoanMo HauTH Bce 0COOBIe TOYKHM CUCTEMEI, YUCACHHO MCCJIeN0-
BaTh IOBejJleHNE TPaeKTOPUU B OKPECTHOCTH 0CO060M TOYKH U CJIeJaTh
BBHIBOJI O TOM, ABIAAeTCA JU [JaHHAA TOYKA YCTOUYHMBHIM IIOJOXKEHHEM
paBHOBecHs U K KakoMmy Tumy (y3el, ceito, GOKyc, HEHTP) OTHOCUTCA
aTa ocobasg Todka. Pe3yibTaT 4ucaeHHOT0 Mcclael0BaHUA NOJXKEH 6aTh
COTJIACOBAH C BHIBOJAMH, MOJY4YeHHBIMHM aHaIuTH4UecKuM nyTeM. Hamo-
MHHM, 4YTO aHAJIUTHYECKOe HCCIeJoBaHUEe NMPOBOAHUTCA IO CAeAYIOLeH

cxeMe.

1. Cucrema JMHEAPpU3YyeTCd B OKPpEeCTHOCTH HUCCAeNYyeMOI'0 II0JOXKe-

HUA PaBHOBECHUI.
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JTO 03HA4YAET, YTO B CHCTEMe jelaeTcs 3aMeHa
=X =T, V=Y—Y

U B NOJYyYEeHHOU CHCTeMe 0TOPacHIBAIOTCA BCe HEIUHEHHBIE LICHHEI.

2. B nosydenHou cucTeme BuIa

du—au+bv
dt ’
d

E—?zcu—l—dv

HaX0 IATCA cobCTBEHHEIE 3HaYeHN S MaTpPHUOH

a b
¢ d

A=

3. Ecim cobcTBeHHBIe 3HaYeHUSA BellleCTBEHHBIE, Pa3JUIHbIe K OJHOT'O
3HaKa, TO 0co0asg TOYKa - y3e/I, yCTONIUBBIM HIN HeYyCTOUIUBHIN, B 3aBU-
CUMOCTH OT TOr'0, OTPHIATENbHE UIN MOJOXHUTEIbHE 002 COOCTBEHHBIX
3HavYeHnA. Ecan cobcTBeHHBIe 3HAYEHNA BelleCTBEHHBI U Pa3HBIX 3HAKOB,
To ocobas Todka - ceaqo. OHo Bcerga HeycTon4nBo. Ecam Xe cobcTBeH-
Hble 3HAYEHMs YMCTO MHUMEIE, TO ocobad To4uKa OyleT IEeHTPOM, eCJu
cucTeMa JuHenHaA. [1a HeIMHEMHON CHCTEMBI 3Ta TOYKa MOXeT OBITh
Kak IIeHTPOM, TakK U (pokycoM. B caydae, korga co6cTBeHHBIe 3HAMEHUA
PaBHHI, 0c00aA TOYKA - JUKPETHIECKUU y3el.

HucreHHoe ucciegoBaHue M0BeAeHNA MHTErPpaIbHRIX KPUBHIX B (pa3o-
Bon miaockoctu XOY MoXHO NpoBOAUTH No cleayiomen cxeme. IlycrTs
HalJeHO ToJoXeHue paBHoBecus (a,b). Mcmoas3ys mpeanoxeHHBIN Ba-
puaHT MeToqa Pysre - KyTra, HangeM HeCKoJbKO NPUOIMXEHHBIX pe-
IIeHUU 3aJaHHOM CHCTeMBI, 3amyckaa MeTon Pynre - KyTTa ¢ pa3sHeiMu
HaYaJbHBEIMH ycaoBuaMH. Tak, HaIpAMep, MOXHO YUCICHHO IPOCYUTATH

TPaeKTOPHIO, 3aaB HadalbHble ycaoBus z(o) = a+¢€, y(0) =b, or
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0 oo HekoToporo iy, 3aTeM npojeiaTs TO Xe caMoe, HO yXKe ¢ Hadalb-
eix yeaopun  2(0) = a — ¢, y(0) = b, 3aTeM ¢ HaYAIBHBIX yCIOBUU
z(0) =a, y(0)=>b+¢3arem z(0)=a, y(0)=>b—cu rak garee. B
BapHaHTaXx 3aJaHud 3ajaeTcsa war 1o t, a BeaudynHa Iy U € BubupaeTcA

10 CBOEMY yCMOTPEHHUIO.

CaenaeM enie HECKOJBKO 3aMeYaHHH OTHOCUTEIBLHO IPUMEHEHUA Me-
Toja PyHre - Kyrra 111 ypaBHeHuu 60jee BRICOKOT'O OPA JKa U CUCTEM.
Kaxk n3BecTHO, 3aja4a HaX0X JeHUA pelleHus I1i guddepeHnaIbHOT0

ypaBHEHUA N-ro NopaaKa

y™ + a4+ L+ gy = f(2)

IpU HAYaJbHBIX YCJIOBUAX
y(ﬂfo) = Yo

y'(f‘?O) =

y" () = Yy

3aMeHaMH JIerKO cBouTca K 3ajgade Komm gaa cucremu. B camom
nefe, 0603HAYUB Yeped uy = y, ug = ¢, ug = y',. . . u, = y(r=1),

IOJYYUM CUCTEMY

’ —
’ —
ey = Ty
!
u, = f(x) — apu; — — G1Un-1,



AJIS KOTOPOU HaYaJabHEIe ycaoBus uMeloT Bug:  u1(0) = yo, u2(0) =
Yly v e , Uy (0) = y,_1, ¥ MOXHO ipuMeHUTH MeToAE PyHre - KyTTa
aas cucreMm. CaelyeT oTMeTHTBH, YTO B BapHaHTaX 3aJaHUM MeTOhl

Pyunre - KyTTa npuBesieHH aid 0JHOTO ypaBHeHHA 1-ro mopsaka Buja:

y’ - f(x:y)

y(O) = U0
IIpn 4ncieHHOM MHTErpUPOBAHNM CHUCTEM IIPOMEXYTOYHBIE BelUIHHH
)1, Q2 # T.A. CTAHOBATCA MacCHBaMH, AIWHA KOTOPHX paBHa pa3mep-

HOCTH cucTeMH. Pa3bepeM qi1s mpumepa IpUMeHeHHe MeTola II. 3 AJA

CHCTEMBI ABYVX yp&BHeHHﬁ
"BJ — fl(tamay)

y! - fg(ta €Z, y)

C Ha9aJbHBIMHU YCAOBUAMU

y(0) = yo.

Beegem BekTopHHe nepeMentnie @ = (Q,QY), Q2 = (Q5,Q%), Q3=
(Q%,Q3) u BEIYACAUM

QT = hfl(tka:cka yk)a

in’ = hf?(tka Lk, yk)

Brrducaum nanee BekTop ()9

h T Y
Q; o hfl(tk ko "iQ_layk + Ql)a

2 2 2

h " Y
Qs = hfa(t + 5, za + %I":yk + 92—1")
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1 BeKTOp (3
Q3 = hfi(te + h,zx — QF + 203, yx — QF + 20%),

Q3 = hfa(ts + h, o — QF +2Q3, yr — Q1 +20Q%)
M HaijeM 3HadeHue iy = Zg(tp + h) 1 ypy1 = zp(tx + h)

(@ +4Q3 + Q3)
6 ?

Liry)] = Tk +

vy = ge + (LT 422% +Q5)

Huxe npuBoasTca pa3anyHele BapuaHTH MeToaa Pynre - Kyrra nas
CKaJAPHOT'O CIy4adA U pa3auyHbie cucTeMbl Aud@epeHiaibHEX ypas-
HEHUH, AJS KOTOPHX NpefJaraeTcs UCCIeJoBaTh IoBeJeHne PElIeHN B
okpecTHOCTH ocobuix Todek. Ilpu caate raboparopHou paboTH Heob-
X0 AMMO:

1. UccaenoBaTs noBeaenne TpaekKTOPUHE B OKPECTHOCTH KA JOM 0CO-
6on Toukn. Ecan nx 6eckoHeYHO MHOT'O, TO B OKPECTHOCTH JBYX JIOOBIX
TOYeK.

2. lnsa kax q0ou 0coH60M TOYKH BEIBECTH Ha OJUH H TOT XKe 3KPaH Mac-
mTabupoBaHHBIe I'PA(pUKN He MeHee YeThIpeX KPUBHIX (Kaxgad KpHUBasd
Pa3HOro 1BeTa) ¢ 0603HaYEeHNEeM HAYAJBHON U KOHEYHON TOYKH.

3. AnanuTmyecku 060CHOBAaTH MOBeJeHUE PEIIeHHH B OKPECTHOCTH
KaX 1ol 0cob0l TOYKH.

4. 3HATH NPUHLUHNLL MOJYYeHUA (GOPMYJI Aai Pas3iUdHBIX METO/0B

PYHI‘G - KyTT& " NIOIrpe€lHOCTb UCIIOJIb3YEMOI'O ME€TO a4 Ha IIare.

BapuaHTH 3aj1aHui

MeToau Pyure-Kyrra

IlycTs 3aaHO ypaBHEHUE
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Y =f(:r,y)

U Ha'aJabHO€ yCJI0BUE

y(zo) = yo.

TpebyeTcs HauTH pelieHHe Ha HEKOTOPOM HMHTepBalte (zg,b). Pa-

306beM 0Tpe30K (zg,b) Ha n 4dacren ¢ marom h. 3HaveHus B ToOUKe

Try1 = T + h HaxoaATCA MO opMyaaM:

a) Meroan 4eTBepToro nopsika. B merogax 1 u 2 moaoXHTH

h=0.05.

rue

rie

Yeet = Ui + (Q1 +2Q» ‘(I; 2Q3 + Q4)
Q1= hf(ze, yr),
Q2 = hf(zr + g‘ayk + %),
h
Q@ =hf(eet b+ D),

Qs =hf(zr+h,yr + Q3).

(Q1 +3Q2 + 3Qs3 + Q4)

= Yr +
Yr+1 = Yk 3

Q1 = hf(zk, i),

ol

2

?



Q2 = hf(ze + 3,yk+ ?31)
Qs = hf(an+ 500~ 2 +Qa),

Qs =hf(xr +h,yp + Q1 — Q2+ Q3).

6)MeToasl TpeThero nopsaaka. B Merogax 3 u 4 moaoxnts h=0.02.

+ 409 +
3. Yky1 =Yk + (@1 % Qg),
riae
Ql B hf(xka yk)
(1
Q2 = hf(xr + 2,yk+ 5 =)
Q3 = hf(ze + h,yr — Q1 + 2Q)2),
+3
4. Ykt = Y + (@1 ; Q).
riae
Ql - h.f("ck:yk)
h Q1
= h
Flze+ 30+ 50)s
2h 2
Q3 = hf(mk'l‘_?)_ayk_Ql ?2)
B)MeToan BTOpoOro nopajaka. B Merogax 5 u 6 moxoxurs h=0.01.
+
9. Y+l = Yk + (@ 5 Qz)’
re

Ql — hf("rkayk)a
Q2 = hf(zi + h,yx + Q1).
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6. Yk+1 = Yk + Q2,

rie

Ql e hf('rka yk)a
h @1

Q2 = hf(zy + 3 Ykt “2-‘)-

CucreMmnl gugdepeHINaILHEIX yPaBHEHUI.

x=.1r—7
1.
y=z*+y>~2
, T=(Q2z-y)(z-2)
y=2y—2
T =1z —1
3. “”
j =2z~ (y-2)°
A r=224y*-1
. y=6z—y*+1
E=y -4z
5, Y
y=4y—8
r=4—4x—2
6. 4
y=2ry
=12 9*
7. ¢
i = 2a
‘ =24y — z
y=2z(z—y)
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9.
y=(r—-4)(y - x)
. E=l-a -y
y =2zy
= 2(z —1)(y — 2
i, ° g:c 2)(y )
y=y' -z
19 E=(E+y)?-1
y=-y'—z+1
= (22 —y)2 =9
i3 *=Qr-yp) :
y=9-(z-2)
" T=(2x—y)*-9
y=(xr—-2y)°-9
15 & =z’+y? -6z — 8y
| y=2z(2y—z+5)
6. T Y
y=(z-y)(z-y-2)
17. Y
y=(z—1)(z+3y - 5)
18 T =2zy—4y —8
gy =4y’ - o’
g, =Tyl
y =2y
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JlabopaTopHas pabora Ne6

IucieHHBIe METOH peIleHNA KPaeBHIX 3a a4

151 OOBLIKHOBEHHHX NU(depeHIIHATPHEIX YPaBHEHUN

B nabopaTopHou pabore npegraraeTcsi HAUTH NPHOIMXKEHHOE U

TOYHOE peureHne AudpepeHnualbHOI0 VpaBHEeHUA

—_— e

y' +py +qy = f(z) a<z<b, (6.1)

YAOBJETBOPAKIIEI'O 'PAaHN'IHBIM YCJIOBUAM:

ary(a) + Ay’ (a) = v
sy (B) + Aoy (b) = 7 (6.2)
HaceTKe r; = a+th, i=0,1,..,n, h= B"Tal, HaU A TOYHOE pPelleHne
B y3/1aX CeTKH, HOCTPOUTH M PElllUTh CETOYHYIO KPAEBYIO 3aJa4y.
ITocTpoenne TouHoro pemenus 3agadu (6.1) - (6.2) nposoguTca se-
MEHTapPHO, HCHOJAb3YA CTAaHAapPTHHIE IPHUEMBI HAX0X JeHUA PeNIeHNH JH-
HeMHBIX AuddepeHInaIbHBIX ypaBHeHN. HamoMuuM, YTO 001mee pemie-

Hue fuddepeHnuaIbHOro ypaBHeHus BTOPOro Nopaika nMeeT BUI:
Y = Chy1 + Coys + yo,

riae y; 1 Yo - ABa JHHEHHO He3aBMCUMBIX PelleHus 0JHOPOJHOIO ypaBHe-
HUA, a Yo - JaCTHOe pellleHHe HeoJHOPOJHOI'O ypaBHeHHdA. IlycTs ompe-
AE€JANTENb |

aryi(a) + biyi(a), arya(a) + Biys(a)

agyi(a) + Payi(a), azya(a) + Pays(a)
OTJINY9E€H OT HYJA. B ITOM CiayYa€ JBa 'PAaHMYHREX YCJI0BHUA AT BO3-

MOXHOCTH onpegeauTs KoHCTaHTH C) u Cy B ¢popMmyse obmero permre-
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HusA. Takum 06pa3oM, KOHKpPETHHH BHU PellIeHUS OonpefejseTcs, U ero
cieyeT BBIYHMCAUTDL B TOYKaX Z;.
[TocTpoenue ceToyHOU KpaeBon 3a a4 MIPOBOAAT M0 CJAeAYIOMIEN CXe-

Me. AnnpokcumupyeM y'(2;) pasHOCTHBIM aHAJOIOM IPOU3BOIHON

o Ji+1 — Ui

yr(mf) ~ h

HpOHi}BO,IIHOfI Ha IIpaBOM KOHII€ ITOCTaBUM B COOTBeTCTBUE

Yn — Yn—-1
5 ¢

3aeck y; = y(z;). Bropywo npousBoaHyo 06br9HO MpUOINKAIOT BhI-

Y (z,) &

paxeHueM

" Yi-1 — 2¥i + Yit1
Y (x;) ~ 73 ;
Jlerko BueTH, YTO IpPY TaKON alNpOKCHMAIIUN IE€PBOH ITPOU3BOIHON MO-
rpemsocTs nopagka O(h), a npu annpokcuManuu BTopoy Ipou3Bo JHOM
norpemHocTs nopaaka O(h*). B urore noaydaem pasHoCTHOe ypaBHe-

HHE .

i—1— 2Y; + y; i+1 — Yi -
Yi-1 h% y+1+pya+1h Y tqu=f i=1.,n—1 (6.3)

¥ PA3HOCTHHIN AHAJOT KPaeBHIX YCJAOBUU

aryo + 51458 =7

% (6.4)
QgYn + PoP==t =7y

PasnocrHas xpaeBas 3anada (6.3) - (6.4) npencrasiser coboun n+1
yPaBHEHUH MJsA omnpejeJeHns n+1 HEM3BeCTHOIO Yg, Y1, ..., Yp. SAIHAIIEM

ypaBHeHue (6.3) u kpaeBnle ycaosus (6.4) B Buge
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Yior+tdiyiteyipi =g 1=1,.,n—1 (6.5)

Yo = X1¥Y1 + M1
Yn = X2Yn-1 + M2

(6.6)

PaccMaTpuBaeMbie HUXKe METO/Ibl HPOTOHKYU ¥ METO/] CTPeab6H (1Ipu-
CTPEJKH) IPeACTABIAIOT CO60N AArOPUTMEI PellleHUs Pa3HOCTHOM 3a,/1a-
qnu (6.5) - (6.6).

MeToab1 nporonku

Memod npasoti (npamoii) npoconku. Ilo uHAYKIMA JeIKO NOKA3HI-
BaeTCsA, YTO C YIeTOM JIEBOI'0 KPAeBOI'0 YCJIOBUA ypaBHeHNA (6.5) MOXHO

3alnmucaThb B BH €

Yi = Gi¥it1 + @i, =<1, .0~ 1. (6.7)

HpH ITOM JJad OoNpeaeJICcHud (; 1 ¢',f UMEKT MeCTO PEeKYPPEHTHBIE CO-

OTHOLICHNA

€i+1 :
i‘ — ', z = 1’ .l., n R ]- - 6'8
B ¢ + diq 68
git+1 — @; -
" —— ’ z = 1’ .l., n - 1‘ 6.9
Pisl ¢i + diy1 (69)

U3 seBoro rpaHMYHOrO yCJOBUA 3aMedaeM, uTo

do = X1, P0 = X1- (6.10)

®opmyast (6.8), (6.9) gal0T BO3MOKHOCTH PEKYPPEHTHO OIpPeJeJuTh

¢ 1 ¢; i=1,2,..,n. llanee, ypaBsenue (6.7) npu i=n-1
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Yn—1 = Qn-1Yn + Pr-1

1 IIpaBo€ I'paHNnvHOE yCJOBHUE

Yn = X2Yn-1 + U2

Aa0T CHCTEMY AJA OlIpeeJJeHUS Y, U Y, .1, P€IIad KOTOPYIO NOJY49aeM

M2+ XaPn-1

n — ?

L = In—-1X2

U Jajee «oOpaTHBHIM xogoM» #3 (6.7) MOXHO onpeseanTs U Y;

=010 0
Memod aesoii (0bpamnoii) npozonxu. AHAJOTTYHO MOKA3KIBAETCA,
4TO C y4eTOM IPaBOro KPaeBoro ycIoBus ypaBHeHus (6.5) MoxHo 3amn-

caTh B BHJE:

Yit1 = L1 + Nig1, i=0,1,..n — 1. (6.11)
ITpu sTom
3 1 ' 1,n—2,..0 (6.12)
i = ’ t=n—1,n—4,...U, .
d; + e;€i1
gi — €N :
§ = ? =n-1n-1,..0, ¥ |
1 d; +e;& + 1 L= " sl (6 3)
rmae
gn = X2 Nn = H2.

Jaxee, ypaBrenue (6.11) npu i=0

=&Y +m
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1 JIeBO€ I'PaHUIHOE YCJIOBHUE

Yo = X1¥1 + M1

NaloT CUCTEMY IJfA ONpefeJeHus Yy, U3 KOTOPOH

- w4+ X1
L&

Takum odbpaszoMm, MeTo 06paTHOM MPOTOHKH COCTOUT B CJeVIOIIEeM:

(6.14)

13 [PaBoOro I'PaHUYHOrO YCJIOBHA 3ajaerca &, = Yo HU 1, = [ig, 3a-
TeM pekyppenTHo u3 (6.12), (6.13) onpegeasiores &; u 7; i=n-1,n-2,...,1,
najgee us (6.14) ompexerserca yy u 3aTem u3 (6.11) mocrezoBaTeIbHO
onpeaeasioTca Bce y;  1=1,...,n.

Memood scmpeunoti npozorxu. 3alycTuM MeToJ IPAMOY IPOrOHKH,
onpeJeuB ¢; ¥ ¢; 10 HeKoToporo i=k. 3anycrum faree MeTo obpaTHOR
NPOrOHKH, onipeAeaus &; u 1; A0 HekoToporo i=k, rae k - npousBoabHoe

nejgoe Mexay 0 u n. Iloaxyunm cucremy

Yk = QkYk+1 + Ok

Yk+1 = Ek+1Yk + i1

OnpejenseM U3 3TON CUCTEMH Yx U Yr41. OOPATHHIM XOJOM 110 METO-
Iy MpAMOU IPOTOHKH ompegenseM y;, i=k-1, k-2, ..., 0 v npaMeIM xo10M
1o MeToay obpaTHOM NMPOroHKM onpexeiseM y;, i=k+1, k+2, ...n.

Memod cmpeavbor (npucmpeaxu). PaznocrHoe ypasuenne (6.5) nme-

eT TaKylo Xke CTPYKTYpy obmero peunieHuns, Kak u JuHenHoe aAngdepen-

OHaJdbHOEC YpaBHE€HHE BTOPOI'o opAidka, T.€

Y = QU +CoV + W, (6.15)
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rae U n V - nBa 1MHENHO HE3aBUCHMBIX PellleHNA OJHOPOJIHOI'O YpaBHe-

HUSA,

Yi-1 +diyi+ ey =0 i=1,2,..n-1, (6.16)

a W - acTHOe pemeHue Heo THOPOJHOIO YPaBHEHNA.
Yi-1+dyitey1=¢ t=12,.,n-1. (6.17)

3aMeTHM, 9TO IPH 33 JaHUH Yo U ¥; ypaBHenns (6.16) u (6.17) cranosaT-
Cfl PEKYPPEHTHHIMI COOTHOUIEHUAMH A ONpeeJeHus ;1 M0 U3BeCT-
HBIM ¥; ¥ ¥Y;—]. YYUTHBaA 3T0, HamgeM BekTop U = (ug,uy, ..., U, ) KakK
pelieHne ogHOPOgHOro ypaBHeHus (6.16), ygoBieTBopsiomero Hadaib-
HBIM ycaoBuaM ug = 0, u; = 1. Haiigem BekTop V = (vg, vy, ..., Vp) Kak
pelieHye oJHOpoOAHOro ypaBHeHHs (6.16), yA0BIeTBOPAIOIEro HAYAIb-
HBIM ycaoBuaAM vg = 1, vy = 0 u BekTop W = (wy, w1, ..., w,) Kak pele-
HHe HeOoJHOPOJHOro ypaBHeHus (6.17), yaoBIeTBOPAIOMEro HadalbHEIM
ycaoBaaM wy = w; = (.

Taxum obpasom, obmee pemenue ypaBHenusa (6.16) mocTpoeHo, u
OCTaJOCh ompeenuTh KOHCTaHTH (7 m C9 Tak, 9YTOOH BHITOJNHAINCH
rpaHuyHbe ycaoBud, U3 rpaHMYHBEIX YCAOBHU NOAYYaeM CHCTEMY i
onpeneerns C u Cy:

Co = x1C1+ ma
Ciun + Covy + wy = X2(Chtn-1 + Covp1 + Wn-1) + pa,

u3 KoTopou onpegeaseM C) u Cy H, cleJoBATEJbHO, PElIeHHe KpaeBou

3aJa4u.

TaxuM o6pa3oM, npUMeHeHNe MeTOo4a CTPeJbOL COCTOUT B OIpeje-
aerny B nukie 1o i maccusos U, V u W u onpegenennn B (6.15) koHcTanT
Cl u Cz.

IIpu cgage paboTh HeO6X0IUMMO BHIBECTH Ha 3KpPaH TOYHOE ¥ NPUbHIN-

XKEHHOE pellleHne B TO9IKaXx ;. CTy,I[EHT HAO0JXKEH 3HaTh MeTO /bl pellIeHNA
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KpaeBhIX 3aJa4 I8 JAHEHHBIX Pa3HOCTHBIX YPaBHEHNU BTOPOT'O NMOPA -
Ka.
BapunanTu 3a1aHuR
I. MeToabl pemenus KpaeBHX 3a4a4 .

1. MeTox npsMou IpOTOHKH.

2. MeTo obpaTHOM IPOTOHKH.

4. MeToa BCTpeIHOU MPOTOHKH.

5. MeToa crpeanbni.

II. YpaBHenus u xpaeBnie yCI0BHA

r

1. ' =2y —y=—2ze

y(0)=0 »(1)+24'(1)=0 n=20
2. o —y=—2e%

J(1)+Y/(1) =0 Y@ =1 n=20
3. ¥ — 4y + 3y = cosz

yli=1. #@)=1 n=20

4, YV'"+y=-2z

y(0)+y(0) =1 y/(5) =0 n=20

5. ¥ +4y' +3y = -2z

y(1)=0 y'(2)-y(2)=1 n=20

6. ¥ — 3y + 2y = sin(z)

y(0) +2y'(0) = -1 y(1)=1 n=20
7. Y +9y - 2y= -2

W(-1)=f(~1) =0 y(1)=1 n=25
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8. y' —4y +5y= -2z

y(0)=1 +4(1)=1 n=25

9. y' — 2 —3y=e

y(0)+4'(0)=0 y(1)=1 n=20
10. ' —y=—2e%
y(1)+9y/(1)=0 ¢ (2)=1 n=20
11. y" — 5y + 4y = —2¢*

y(0) +4'(0)=0 y(1)=1 n=20
12. " -3y — 4y = -2

y(0)=0 ¢y(1)=1 n=20
13. ¥ +2y -3y =¢"

y(0)=0 J'(1)=1 n=20
14. ' — 4y’ +8y = -2

y(0)=1 y(1)=0 n=20
15. 3 — 9y = —2¢**

y(0)=0 y()+4/(1)=1 n=20
16. y" +y = —2sin(z)

y(0) =0 y’(-g) =1 n=25
17. " — 5y = —22°

y0)=1 y(l)=1 n=20
18. y' — 5y +4y =1

y(D)+y 1) =1 y2)=0 n=20
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19. ¢" +3y +2y= -2
y(0)+24/(0)=0 y(1)=1 n=20
20. 2y -5y +2y=1
~y(0)+y'(0)=1 y(1)=0 n=20
21. y" — 2y = 2¢€”
y(-1) +9/(-1) =0 y(1)=1 n=20
22. ¥ +2y + 2y = ze*
y(1)+y(1)=0 ¥(2)=1 n=20
23. ¥ +4y =e*
y(0) = y/(0)=0 H'(1)=0 n=20
24. ¥ +3y +2y=-2
y0)=0 y(Q)=1 n=20
25. ¥ +y = cosz
y(0) +y'(0) =1 y’(—g—) -
26. ¥V' -2y +y=1z
y(-1)=0 y(1)+2y(1)= n=20
27, Y' —y=—-2e%
y()+y'(1)=0 ¢@2)=1 n=20
28. ¥ +y' =1
y(0)=1 y(1)=0 n=20
29. 4y — 4y +y==z
y(0)+24'(0) =0 y(1)=0 n=20
30. ¥ —y = —2¢°
y(0)+y(0)=-1 y(1)=0 n=20
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JlabopaTropHas paboTa Ne7

YucreHHBle MEeTOARI pelIeHUA KPaeBhIX 3a1a4
VI YpPaBHEeHUA TeILIONPOBOIHOCTH
JlabopaTopHas paboTa NmocBAlleHA U3YYEHHIO PA3HOCTHHIX METOJOB
pelieHna KpaeBhIX 3a/a4 A4 ypaBHeHMA TemaonposogHocTu. IlycTs 3a-

JaHO YpaBHEHHeE

ou O%u
ot = o512 +f(33‘,t) 0<z<1 (71)

IIpU Ha9aJbHBIX YCJHAOBUAX

u(z,0) = p(z) (7.2
1 TPaHUYHBIX VCJIOBUAX
aru(0,) + 5,25 = 3,1 (73)
agu(l,t) + ﬂzauéi’ 2 = o(t) - (7.4)

Tpebyerca BoraucauTs npu t = ¢y B Toukax r;, ¢ = 0,1,...n npu-
6aMXeHHOe pellleHHe, IIOIy4YeHHOe pelleHeM CeTOYHON KpaeBo! 3aa4u
1 NpubIMXKeHHoe pellleHNe, NOoJIyYeHHOe IPUMeHeHNeM MeToJa pa3jeie-
HUA DepeMeHHHEIX (MeToga Pypse) B Buje pa3loXKeHUs DEIIEHUA B DAL
A0 TPEeThero 4ieHa, BEMHCICHHOE B TeX Xe TOYKaX.

KopoTko Baniomanm MeTog Pypse mia penrenus 3agaqu (7.1)(7.4).
IIpuMenenune 3Toro MeToa pa3buBaeTca Ha DTAIH:

1. 3amenon u(x,t)=v(x,t)+w(x,t) Heobxogumo cBecru 3aga4y (7.1) -
(7.4) x 3agade ¢ ogHOpOAHEIMH (Y] = Y9 = () rPaHUIHBIMHA YCIOBHAMY.
3aechb v(X,t) - HoBas HeusBecTHasa pyHKUNA, a W(X,t) cregyer nogobpars
TaK, 4TOOH B 3aja4e 41a V(X,t) rpaHUYHBE YCIOBUS OBLIM OJHOPO THKI-

mu. Jas dysknun v(x,t) moayyaem 3agady:
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ov 0%
ot  Ox2
IPY HaYaJbHLIX YCIOBHMAX

+g(z,t) 0<z2<1

v(z,0) = ()
¥ I'PAHUYHBIX YCJIOBUAX
0v(0,t)
t e
().'I'U(O, ) + )81 ajj 0
au(l,t) + ﬂgav(l’t) =)

2. Jlanee caeayeT HaWTH COOCTBeHHHIE 3HA1eHNA A; U COOCTBEHHHIE

¢yukunu ex(z) guddepeHUHATLHOIO onepaTopa
y' = Ay (7.5)

Nnpu rpaiHuIHbeIX YCJIOBUAX

aly(()) a3 ﬁ]’U’(O) == i)
agy(1) + Bar' (1) = 0.

3. Pemenne 3anayuu aas v(x,t) mmercs B Bujge pajga

o0
v(z,t) = Y ve(t)er(z).
k=1
Pasjioxus npasywo 4actb g(X,t) u HaganrsHoe yciaosue ®(r) B pag mo

cobcTBeHHEIM QyHKUUAM ek (),

B(z) = g:l Brex(z)

g, 1) = §f gk (t)ex(2)
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MoJay4aeM HOCaeJoBaTeNbHOCTh AuddepeHIHaIbHRX YPABHEHUN TE€PBO-

ro nopsJKa Nis onpejaereHus vi(t)

vk(t) = Aevi(t) + gk(2),

KOTOpBIC CJC€AYyET peullaThb IPU Ha9aJdbHBIX YCJIOBHUAX

CaenyeT 3aMeTHTh, YTO B ABHOM BHJe COOCTBEHHBIC 3HaYeHUA U COO-
cTBeHHBIe QYHKIMU auddepeHnInaIbHOro onepatopa (7.5) HaxogATCA

JUIIG VIS CAeAYIOWUX KPAEBHIX YCJIOBUAX:
v(0) =v(1)=0, ' (0)=4'(1)=0, v(0)=4'(1)=0, +'(0)=v(1)=0.

IIpu mocTpoeHnn ceTOYHOM KPaeBOU 3aJayul, ABAAIOIMIEHCS PA3HOCT-

HBIM aHaJoroM 3aga4u (7.1) - (7.4), orpesok (0,1) pasbuBaeTcs ¢ marom

h = % TOYKaMH Z;, oTpe3ok (0, ty) pasbusaercs ¢ marom 7 = iﬂ% TOYKaMU

{; 1 UICOJB3yeTCA Pa3HOCTHaA CXeMa ¢ BecaMu
J+1 J

. M. G aAult! + (1-— a)Auf + ¢, (7.6)

.

npudeM ul = ¢;.

['panMIHEE yCIOBHA aNPOKCUMHUPYEM CIEAYVIONINM 06pa3oM
j

o + 3 = (7.7)

N
gl + iyt mL = of (738)

3xeck u; - u(z;,t;), a oneparop Au] —pa3sHOCTHBIM aHAIOL BTOPOH

I POU3BOIHON TI0 X
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ulg = 2ul +uy,
Au-: = 12 : (79)
wi 6osee moapobHO
I+l J J+1 J+1 j+1 J J J
up —uy o wig —2up U wj_q — 2u; + Uiy
- = 73 + (1 —o0) h2 + ;.
(7.10)

IIpu 0 = 0 cxema HasmBaeTcsa aBHOM. OHA UMeeT BUJ

Jj+1 J J J J
Uu; — U; u;_1 — 2“,‘ + ui-ﬁ-l

7

IIpu ucrnosb30BaHMM ITOM CXEMH /A ONpeNeJeHNsA pelleHus B TOY-
. i 41
Kax ; ¢=1,..,n — 1 Ha caoe j+1, T.e. v}t , HaO 3HATDH pelreHUe Ha

npeABIAYIIEM Cloe, T.e. uj_y, U, Uj,;. Ho Ha HyJeBOM cloe OHO 3aJaHOo

. iy
HagadbHEIME yeroBuamu. Onpenenus v}’ u vl w3 rpamYHBIX ycio-

BUH,MOXHO ONIpeJeUTh u‘é“ 1 u/t!, TeM caMBIM BHIMMCINTH pellleHMe BO
Bcex To4ykKax 1+1-ro caoda. Takum o6pa3oM, HoaJHUMAACH CJIOU 3a CJIOEM,
MBI JOUJEM IO M-T'0 CJIOA, IPH KOTOPOM HEeOOXO0JHMMO MOJYHYHUThH pelile-
Hue. [lorpemnrocTs annmpokcUMaluy 3TOM CXeMOM MCXOJHOT'O YpaBHEHUA
O(h* + 7). HecMoTpsa Ha cBOX MPOCTOTY, 3Ta CXeMa pPeIKo MpUMeHseT-
Csi B BHIYUCINTENbHON IPaKTUKe. JTO CBA3aHO C Te€M, YTO OHA YCJIOBHO
yCTOMYHNBa, T.€. yCTONYNBA, KOT1a BHITIOJHAETCA COOTHOIIEHUE ’L: < %

IIpu 0 = 1 umeem:

j+1 J j+1 jH j+1
wp o= up Wiy — 22U+ U n fj+1 (7.11)
T B h? BT '

JTa cxeMa Ha3nBaeTca HeaBHOH. [lorpemmocTs annpokcumam sTon
cxemoit - O(h? 4 7). CxeMa abCoa0THO yCTON1HBA.

+1
O603Ha4YMB Yepe3 y; = u) | ¥ yMHOXaA Ha h, moaydum
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h? 2 pi+1 h? J
yie1 — (24 -T*)yi + Yy =—(h°fi7 + *7‘;‘“:‘)- (7.12)

TaxuMm o6pa3oM, npaBad 4aCTh 3TOI'0 Pa3HOCTHOI'O ypaBHEHHUA 3aBU-
CAT OT 3HA4YeHUs MPaBOU YaCTH YPaBHEHUA TEILIONPOBOAHOCTH Ha ]+ 1
cloe W 3HaYeHUA Pa3HOCTHOM 3ajavM Ha IpeanigymeM ciaoe. B pesy.n-
TaTe 3aMevyaeM, YTO 3ajajda onpegeJeHusd pelleHusa Ha j+1 ciaoe cBejach
K 3aja4e, pacCCMOTpPeHHOU B JabopaTopHon pabore Ne7. HanomunM, 4To
Ha HYJEeBOM Cll0€ pellleHHe U3BeCTHO U3 HavaJabHoro ycaoBus. Urak, amr-
FOPUTM pellleHNsA 3a1a4Yi ¢ MOMOIIBIO HEABHOM CXeMBI COCTOUT B CJ€Y-
IOIIEM:

1. daa onpegenenus u; B (7.12) Heob6xXoAuMO cOPMHPOBATH IPABYIO
YacTh, TOJOKMB U = ¢;.

2. Pemmits ypaBHenue (7.12) ¢ kpaeBeiMu ycaoBusamu (7.7) - (7.8).
1

,‘.'o

[Tonyyennaa ceTouHas PYHKIHA U €CTh U

3. llepedopMmupoBaTh npasyio 4acTh B (7.12) ¢ y4eTOM NOJYIEHHEIX

4. [IpoaoaXuTh 3TOT Hpolecc, MOKa He HauJeH caou u!”.

IIpu o = % NOJYaeM CXEMY:

1 j+1 41+l j iy g j+1 j
wi -y ity — 2w 4wl owiy —2ui4uly (7 4+ f)

e

T 2h? 2h? 2

(7.13)

JTa cXeMa Ha3bIBaeTCs CUMMETPUYHON HeABHOU, uau cxeMon KpaHka
- Huxonbcona. Iopagok annpokcumarnmn aTour cxemsl - O(h? + 7%). Ona
abCoOJIOTHO yCTONYMBA U HauboJee 4acTO BCTPEYAeTCA B BHIYUCIAUTENb-

. j+1
HOM NpaKTHKe. YMHOXNB Ha 2h% 1 0603Ha4uB depes y; = u)', HOIYIHM

2h?
Yi-1 — (24 T)yf + Yir1 = i,
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rje

. . 9hp2 . : : :
pi = =[W(FIT + f) + ——ul +uly — 2u] + uiy)

Kak u B HeABHOU cxeMe, MpaBad JacTh Pa3HOCTHOI'O YpaBHEHUA 3a-
BHCHUT OT IPaBOH YacTH YpPaBHEHHUSA TEILIONPOBOJHOCTY U 3HAYEHUA HC-
KOMOU CeTOYHOU QYHKIIUU Ha IPEeALIIYIIEM cIoe. JHaYeHNe Ha HYJeBOM

claoe, KaK OOBIYHO, 3a/laeTCA HadaJbHBIM YCJOBUEM.
U
u; = @;.

AJITOpUTM peleHus >ToN 3aJadil TaKoM Xe, KaK U Y HEABHOM CXEMHL.

N nHaxkoneln, cxeMa

wl —ul  ulf - 2ul wl oy —2ul vuly
T =0 h2 + (1 o 0’) h2 ¢ ¥i
npu
)
2 1%
%1 h2
' T
i _ ot 4 — sl n t;

Ha3hIBaeTCA CXeMOU MOBHIIIEHHOTO nopdAakKa alnmnpoKCuMaIivuu. B sTon

cxeme oH pasen (O(h*+ 7%). Ilepenucas ee B Bue

h2
i1 — (2 + )y, + Yiy1 = Vi,
rae ,
= = od = 2l - 2l )~
“}f'(f(xe,t ¥ g-) + gffz(tj + -;—,:c,-)),
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3aMevdaeM, 9TO OHa pellaeTCA TaK XK€, KakK U IIpeAblAVIIIE IBE€ CXEeMKbI.

IIpu cpa4ie aabopaTopHor paboOTH CTYJEHT A0AXKeH OHTH 3HAKOM
C OCHOBHBIMU NOHATHUAMHI TEOPHH PA3HOCTHHIX CXeM (ampoKCHMAaIu,

YCTORYIHBOCTD, CXOAUMOCTD), YMeTh CTPOMTH PA3HOCTHYIO CXeMY [Jd
KOHKDETHON KPaeBoy 3aJavl.
BapuaHTH 3a1aHUT

I. Tunsl pasHOCTHHX CcXeM

1. HeaBuasa cxema.
2. Cxema Kpanka - Hukoascona.

3. CxeMa NOBHIIEHHOI'0 NOPSAAKA allpOKCUMAINN.
II. MeToam pemrennsa ceTOYHON 3a JaqN

1. MeToa npaMon mporoHKu.
2. MeTon ob6paTHON NPOTrOHKH.
3. MeTox BcTpe1HOU NPOroOHKH.

4. MeTox cTpelboOH.

I1I. 3nadenus n, m, ft.

20 25 1
15 25 1
15 15 095
15 25 1.5
20 25 15
15 25 0.5

IV. YpaBreHue, HauaJbHBIE U I'PAHUYHBIE YCIOBUA.

70



ou O*u

1. prilve i etcosmz(l + )
u(z,0) = cosmx u, (0,t) = u(1,t) =0
ou Hu
2. *-5{ - (73;5 +x° — 2t
u(z,0) =0 u(0,t) =0 u,(1,t) =2t
, ou_ P
-0t Ox?
u(z,0) = sinmx u(0,t) = u(1,t) =0
ou  Ou
u(z,0) =1~-z u,(0,t) =t—1 u(1,t) =0
2
5. %—gz —g—ag-mmg+x+2t
u(z,0) =0 u(0,t) = u(1,t) =0
ou  *u 5
6. 5 =92 e sinmx(m* — 1)
u(z,0) = sinmx w(0,%) = w(),; 1} =0
ou  O'u .
7. 5% =52t 2tcosz + (1 +t)(1 — z)sinx
u(z,0) =0 u(0,t) = u{l,t) =0
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2
8. gz: = gﬁ- + z%cost — 2sint
u(z,0) = 2 w,(0,t) =0  u(l,t) = sint
ou O*u
Yo T
(2,0) =1 2(0,1) = u,(1,8) =0
2
10. %— 52 -g;% + ntsznga: +zcosg (1 + E%—)
(&, ) = w(0,¢) = u(l,t) =0
ou  O*u
11. "é—t" 6:!:2 (.’17 - 2t)
u(z,0) =0 u(0,t) = u(l,t) =t
ou O
12. 3 = g2
u(z,0) = — u(0,t) =€ wu(l,t) =e?
ou  O*u L
13. -5{: ‘8-;2"‘}'(1"”6
u(z,0) =0 u(0,8) =t w(l,t) =te™!
ou  Ou
14. —5{ = _527_2+2($ — 2t)
u(z,0) =0 u(0,8) =0  wu(l,t) =2t
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du Pu

3
15. 5 92 TE T3 (t+1)(6z — 3)
u(z,0) = z° — g—:rQ u(0,6) =0 2 (1.8)=0
16 -‘?3‘-——?—23+( 22t
C ot ar Y
u(z,0) =0 u(0,t) = u(l,t) =t
ou  O*u
7. =5+t
u(z,0) =z u(0,t) =0 wu(l,t)=t
ou  0%u
I Ot  Ox?

u(z,0) = —¢' w(0,t) = u(l,t) =e!
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JlabopaTopHas pabora Ne8

YucaeHHBIe MeTO AR

pelreHus 3aga4u [Aupuxie

B naboparoprou pabore nmpeanaraeTcsa cieiyomas 3ajada. B He-
koTopou obractu D ¢ rpanunen I TpebyeTcsa HauTu npubinxeHHoe pe-

HIeHUe YpaBHEHUA

O*u  O%u
82$ + 8y2 - f(mﬂ y)? (8‘1)

yAOBJETBOPAIOLIEr0 Ha I'paHune 00JacTH yCIOBUIO

U‘I‘ - 99(8)9 (8'2)
rae s - NapaMeTp, MEeHAIOIINIICA Ha I'PaHuIle 00JacTH.

Bribepem maru h; m he ¥ DOCTPOMM MHOXECTBO TO4YeK ¢ KOOpDAUHA-
TaMu Ty = Zg + khy, y; = yo + jhe, re ToUKa Ty, Yo NpUHALIEKUT
D +T'. Cetkon 6yaeM Ha3HBaTh MHOXECTBO TOY€K Tk, Y;, IPUHALICKA-
mux D +I'. [as annpoxcnmanuu ypaBaenus (8.1) 6yzeM mcnoab3oBaTh
MATUTOYEIHHN MAabJoH «kpecT». K BHYTpeHHHM ToYKaM CeTKU OOBIY-
HO OTHOCAT TOYKM Zg,Y;, Jdexamue BHyTpu obaactu D. I'panmansiMu
TOYKaMHU OyjJeM Ha3hwIBaTh TOYKM CETKH, Jexaimme BHe obaactu D, Ha
MHHHUMAJbHOM PACCTOSHHUU OT IpaHulbl [', nam npuHaAtexanue rpaHu-
ue I'. BnopodeM, K rpaHUYHEM y3JaM aCcTO OTHOCAT U TaKWe TOYKH,
KOTOpHIe JexaT BHyTpu D, ecaiu paccTosHmMe Mo ceTKe 3TOTO y3aa Jo
rpaHuiibl MUHEMaabHO. Ha pucyHke Ha cTpaHuiie 77 moka3aH OJWH M3
BapUaHTOB PACHOJOXEHUA M'PAHUIHBIX y3710B. ClreyommM IaroM ABaa-
eTcs onpejeleHNe 3Ha4eHNH GYHKINY u(X,y) B FPAHUYHBIX y3J1aX. JTO-
MY BOIIPOCY MOCBAIIEHH pa30bpaHHBEe HUXKE IPUMEPHI.

YpasHenuio (8.1) mocTaBUM B COOTBeTCTBHE Pa3HOCTHOE ypaBHEHHe
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Upm—1n — zumn + Umn+1n Umn—1 — 2umn + Umn+1

n,m=12....

PasuocTHOe ypaBHeHue (8.3) annpokcumupyeT ypaBHenue (8.1) ¢ no-
rpemmuocTsio nopaaka O(h?+ h3). Cucrema ypasrennii (8.3), mocTpoen-
Had [IA KaXXJOW BHYTPEeHHEU TOYKH CEeTKH, C YieTOM 3HA4YeHUN B I'pa-
HUYHEIX Y3JaX, IpeJcTaBifseT coO60M CHCTeMY JUHEHHBIX YPaBHEeHUN [
onpeleNeHuA Ugy,. Kcau ob6JacTh ecTh NPAMOYTOJIbHUK, CUCTEMa ypaB-
HEHUHU cocTaBiafgeTca nocraTo4Ho Jerko. Urak, nycts 0 < z < a, 0<

y < b. Torga rpasn4noe ycaosue (8.2) MOXHO 3anucaTh B BUe
u(z,0) = y(z) ulz,b) =ay(x) 0<z<a

U(O, y) - ﬂl(y) U(a,y) - )62(y) 0 < Y S b

[ycts nanee hy = a/N,hy = b/M, rae n u m - neaste ynciaa. Hoayaum

CUCTEMY

Umtin + OUmpt1 — 2(1 . 3 U)umn + OUmp—1 + Upm—1n = h%f(wma yn) (84)

m=1,2..M—1 n=1,2,.N =1

31ech
hi

O = —
h3

Wosh = 0 Twm) Yy =0Ty, m=0,1, ..M,

Upn = ﬁ(yn) UnN = i (yn) n=0,1,..N.

Ecan obsactes D nMeeT KpuBoJNHenHY0 rpanuny [', To 3Havenusn u,,,
I TPAHUYHRIX Y3JI0B MOXHO HAalTH IIyTeM IepeHoca 3HaYeHHd u(X,y)

u3 To4ek Ha rpanuue I'. Ilorpenmocts annpoxcumanuu yciaoBus (8.2) B
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yaae (T, Yn) 6yaeT BeawunHou nopaaka O(4), rae & - paccrosHue 3TOrO
y3Ja 10 TOYKM Ha FpaHMIle, ¢ KOTOPOH NEePEHOCUTCA 3Ha'eHne PYHKIUMN.

[lorpemHocTs aNMpoOKCHMAAKA MOXKHO YMEHBIINTD, €CAH JJA Ope-
AeeHNA Uy,, B TPAHHYHOM y3j€ BOCHOAB30BATHCA 3HaYeHHEM u(X,y) B
OJU3KOM BHYTpPEHHeM y3Je 1160 3HadeHueM Ha rpanune I'. IIpu nocTpo-
eHIN TAKOW AlllPOKCHUMAIIMM OOBIYHO HCIOAB3YIOT METO] Heolpe/eJeH-
HBIX KO3 PUUIUEHTOB.

PaccmorpnMm npumep. llycrs rpasuna I' obaactu D ecth okpyx-
HOCTB Z° + y* = 1, a CeTKOM ABAAETCA COBOKYIHOCTb TOYEK (T, Yn)
C KOOpJUHATAMHU Z,, = mhy, y, = nhy. Tpebyerca mocrponts amn-
NPOKCHMalui0  IpaHu4YHoro ycaosus u(x,y) = @(z,y) B y3-
ae  (z1,yx), k=[y1— %‘:L]

O6o3naynM vepe3 A Touky (z1,yx), depes B Touxy (z;y/1 — z?),

yepe3 C Touky (Z1, yr—1). Bocnoab3yemcs paszioxeHusMu

Ou(A) " 520%(3)

dy 20y? "’

§ = /1 - h? — khy

n Touka B pexur mexny A n B. Anaroruyuso

u(B) = u(A) + 4

rae

ou(A) . ,0%u(C)
Oy 0 20y? ’

u(C) =u(A) -9

n Touka C' rexurt mexay A n C.

A
Penras noJy4eHHBe COOTHOIIEHUA OTHOCUTEAbHO U(A) u ?%%l’ OJY-

UM

u(A) = 12uB) +8u(C) _, FPu(d)

he + 6 20y?
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Pucynox

A TN

CaenoBaTeabHo, Tak Kak 6 < hg, To

hyu(B) + 6u(C)
hg + 4

HOZ)TOMy MOZKHO 3aKJIYMUTDH, 9TO paB€HCTBO

u(A) _ h299(~771\/ lh;_flé) + du1g—1

anNpPOKCUMUPYeT IPAaHUIHOE YCIOBME B TOYKE (X1, k) C MOTPEIIHOCTHIO

u(A) = +O(h3).

O(h%). dTu coobpaxkenns Mo3BOIAIOT cPOPMYIHPOBATH CIeIyioIee Ipa-
BIIO NpPH BHOOpe TpaHMYIHLIX y310B. /14 yMeHBIIEHHA HOI'PENIHOCTH
AINPOKCUMAI[UY TPAaHUYHKX VCIOBHI TIpaHHYHEIE V3Jbl cJeJyeT BHOU-
paTh Tak, 4To6B OHM UMeIM JBe OJIXKaliIme TOYKM Ha rpanuie I' mo
AUHUAM CETKH, JH60 TakK, YTOOBI MOIPEelIHOCTH AlNPOKCHUMAIUU I'pa-
HUYHBIX 3HAYEHUH B coCeHUX y3aaX 6suia nopagka O(h?). Ha pucynke
NpUBeJeH OUH 13 BAPHAHTOB PACIOJ0KEHNA IPAHNIHEIX Y3J0B.

Kak crenyeT u3 npejnocieHero COOTHoOIIeHnd, ecau ujr = 0, To, 1mo-
J0xkuB u=0 B rpaHUYHBIX y3JaX, MHl JOIyCKaeM IOrPelIHOCTh MOPA KA
O(h?%). llycty w(x,y) — mobas GyHkuua, paBHas u Ha rpanune. Creras
3aMeHy U=W-+V, MBI IPUXOAUM K 3a4ade NI V ¢ HYyJeBHIMI I'DaHUIHEI-
MU YCJIOBHAMHU. JTO JAaET BO3MOXHOCTD YTBEPX JaTh, YTO MOIPEIIHOCTD
alIIPOKCUMAIIMK MPAHUYHKIX ycaoBuil nopaaka O(h?).

B cayyae npAMOyTroabHEX obMacTen 3aada NOCTPOECHNA Pa3HOCTHONU
CXeMEI pelllaeTcA JOCTATOIHO npocTo. PazbepeM B KadecTBe mpumepa

3a/javy HaXO0XJeHUd pPellleHUuA YpaBHEHUA
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Ou  Ou
02z Oy

B npaMoyroasHou obractun 0 < z <1, 0<y <1, npuiem

0

Up=g = 45Y(1 = y), U1 =252, U=y =25 U= 253‘57@—7!;—.

IIpouecc penrenus pa3buBaeTca Ha dTAIBL:
1. IIpamoyroasnyio obxacts 0 < £ <1, 0 <y <1 pa3zobbeM ceTKoH
¢ maroMm h = hy = hy = 0.2 1 BEIMCANM 3HaYE€HUA B TPAHUYHBIX y3JaX.

Umeem npu x=0
u(0,0) = 0; u(0,0.2) =7.2; u(0,0.4) = 10.8;

u(0,0.6) = 10.8; «(0,0.8) =7.5; u(0,1) =0.

Hpn x=1
u(1,0) = u(1,0.2) = u(1,0.4) = u(1,0.6) = u(1,0.8) = u(1,1) = 25.
Ipnu y=0
u(0.2,0) = 1.545; (0.4, 0) = 5.878; u(0.6,0) = 12.135; «(0.8,0) = 19.021.
ITIpu y=1
u(0.2,1) = 5;u(0.4,1) = 10; u(0.6,1) = 15; u(0.8,1) = 20;u(1,1) = 25.

2. [lasa onpeneneHna 3Ha4eHUN BO BHYTPEHHUX TOYKaX 00JacTH UCIOAb-

3ye€M KOHETHO-PAa3HOCTHYIO alllIpOKCUMAIIN YpaBHEHNUA JI&IIJI&C&, KOTO-

paa MMeE€T BU ]

Uiyt Uiy i1 Uij4
Ui; = 4 .
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IIposymepyeM u;; cregyiommm o6pa3oM

Up = ULk Upypq = Uy U8 = UI gy Uk412 = U4k,
k=1223.4.

B pesyabTare moiyyuM cuUCTeMy ypaBHEHUH

m7.2+1,545+UQ+U3 _5.878+U1+U3+U6

uy 4 y U 4 .
12.135 + uy + ug + uy 19.021 + 25 + ug + ug
Uz = 4 y Ugq = 4 ’
10.08 + uy + ug + ug U9 + Uy + U7 + Ujp
Us = 4 y Ug = 4 3
U3 + Ug + ug + U1y 20 + ug + u7 + uq9
Uy = 4 y U = 4 )
10.8 + u5 4+ u1g + ui3 ug + g + Uy + U4
Ug = A s U0 = 1 ;
u7 + uyg + Uy + Ugs 25 + ug + uyy + uig
Uy = 4 s U2 = 4 )
7.2+5+UQ+’U14 10+UIO+U13+U15
Uiz = 4 y U4 = 4 .
15 + ugy + u1s + ugs 20 4 25 4+ w19 + ugs
Ui = 4 , Up = 4 .

3. B cuy Toro 4ro pa3sHOCTHHIR ONEpaTop, allpPOKCUMUPYIOMINH
onepatop Jlanaaca, ABAgeTCA CHMMETPHYHLIM U TIOJIOXHUTEIBLHO OIpe-
neneHHbIM (11|, 445 oTHICKaHNA pelIeHNs MOMYyYeHHON CUCTEMBI MOXKHO
3allyCTUTh UTEPALlHOHHBIE MeTO,bl, N3y4YeHHEE B JaOopaTOPHOU paboTe
Ne2. 910 MOXeT OBITH MEeTOI 3ene]s Wil ero BapnanT MeToa Hekpaco-
Ba, a TaKXe MeTOH cnycKa. Kak H3BECTHO, 3TH MeTOAH CXONATCA JJIs
CHUMMETPUYHEX ¥ HOJOXHMTENbLHO ONpeJeIeHHHX OMepaTopoB C J000r0
HavdaIbHOro mpubauxennsa. [Ipu BulmoaseHnn paboTH CTYAEHTY HE0OXO0-
QMO IIOCTPOUTD PA3HOCTHYIO AIIIPOKCUMAIINIO I'PAHNIHEIX YCIOBUM A

KPHBOJUHENHOHU 00J1aCTH, BHIINCATD U PEUIMTh HTEPAIHOHHBIM METO IOM
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noly4eHHyio cuctemy. UrepailmoHHENM MeToJ BHIOMpaeTCA CTYJeHTOM

CaMOCTOATEJIbHO.
B cayvae KpUBOJIMHENHON MPAHUIIBI HEOOXO MO
1. OnpeaeanTs MHHUMAJIbHEIM NPAMOYIOJbHHK, COJepXKallnn
obaacte D.
2. OnpegeauTs 3HaYeHUA MCKOMOW (HYHKIHMU U B PAHMYHBIX Y3JIaX
C BO3MOXHO MEHbIIIEH TOTPENIHOCThIO.
3. llocTponTh ¥ peUTUTH Pa3HOCTHYIO CUCTEMY.

IMTaru mo x 1 y caeayeT BHIOpaTh Tak, 9T0OB hy u hy 6BLIM TOPAIKA
0.1.

BapuaHTH 3aJaHUN
Bo Bcex BapuaHTax mpemjaraercsa MOCTPOUTH NPUOIMXKEHHOE pe-
TI o O%u Pu __ o
meHue Aua ypasHenus Jlamnaca 75 + 52 = 0 B ykaszaHHOH obJacTu c

3aJaHHBIMU 3HAYYCHUAMMN Ha I'PaHUIIEC.

Ob6aacTb SHaveHNsA Ha rpaHuile
2 2
. &+L=1 u = || + [y|
2. (le]+2)(ly| +2) =12 ur = 2|z| + |y|

3. lyl=4—-22 —-2<z2<2 u|p=|x|ly|

4. 2 +y*> =16 ur = |z| + 2|y
22 2
. Z+4 =1 ur = |z||y|
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10.

11.

12.

13.

14.

15.

16.

LE,

18.

|z =4—-y* —-4<z<4

lyl=4-2 -2<z<2
(lz] +2)(ly| + 2) = 12

Z

FE
z? _tf___l

v tE=

22+ y* =16

2

o+ =1

2| =4-y*=1 —-4<zr<4

x? L

L4L=1

yl=9—-z —-3<z<3
2t +y* =16

lz|=4—9y? —-4<z2<14
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ur = |z| + |y|

ur = |z| + |y|

Ur = |z||y]

ur = 2|z| + |y|
ur = |z|ly|

ur = 0.5|z| + |y|
ur = |z| + 0.5|y] iy

2
up = |z| + %

ur = 2|z| + 0.5]y|

ur = |z| + |y|
ur = |r| + 0.5]y|
Ur = 05'27' + Iyl

upr = |z| + |y|
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