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INPEANCJIOBUE

TpyaHo, Ha HAII B3IAL, OCIOPUTH YTBEDPKIEHHUE, UTO 3HAUUMEALHAAL YACTb
mamemamury XX sexa 0a3upo6aiach na MeOPEMUKO-MHONCECMBEHHOM PYHIAMEH-
me. I B magame XXI Beka, Kak HaM KaxeTCd, CUTyallud He TIpeTepresa KOPeH-
HBIX H3MeHeHHI>)I. TeOpI/IH MHOXKECTB JICXKUAT B OCHOBE OOJBIINHCTBA COBPEMEHHBIX
MaTEeMAaTUICCKNX MUCIUILINH, BKAIOYCHHBIX B y‘le6HI>Ie ILIaHBI OJs YHUBEPCUTETOB
0 MaTeMATHIECKAM CIEIUAJILHOCTAM. JJIeMEHTAPHBIE CBEJIEHHUS IO TEOPHUH MHO-
KECTB BXOIAT B MPOrPAMMBI KYPCOB aareOphl, MaTeMATHIECKOT0 aHAIN3a, (PyHK-
[IIOHAJIBHOIO AHAAM3a, TOMIOJOTHH, TEOPUU BEPOATHOCTEN W T. A. 1paJ UIOHHO
KX IBIA JEKTOP, PYKOBOACTBYACH, MPEXKIe BCEro, MIPOrPaMMON COOTBETCTBYIOIICH
OAUCHOUILINHBL 1 CBOUMM JUYIHBIMU BKYyCaMH, BI)I6I/IpaeT u3 O6IHI/IpHOFO TEOPpETUKO-
MHOKECTBEHHOI'0 MAaTEepPUAIa TO, ITO €My KaxKeTCA HeOOXOAUMBIM, U31araeT 3TO CO
CBOEH TOYKM 3PEHUA M ¢ UCIOJL30BAHKEM COOCTBEHHOU WIN MPUHATOU B IIPEIOIa-
BaeMOHU UM IUCIUILIAHE CUCTEMBI 0003HadeHnu. /J0CTATOYHO HEJLHOU TEOPEeTUKO-
MHOXKECTBEHHOU KAPTUHBI MPU 3TOM, KaK MIPABWIO, He BO3HWKaeT. V3 maremarn-
‘IeCKOﬁ JOI'MKUN OOBIYHO UCIOAB3YyeTCA JUIIb CUCTEMA O603Ha‘IeHHﬁ — Jiorm4vieckKas
CUMBOJIUKA.

XX Bek ObLI IeproOIOM GYPHOrO PA3BUTHUA MAaTEeMATHIECKOU JOUMKM, B PAMKaX
KOTOPOU AKCHOMATHYECKUH METO M3JI0KEHUS MATeMATHIeCKIX TEOPHUH, BEIVIIIN
CBOE HAYAJIO0 OT APEeBHEIPEeYeCKNX MATEMATUKOB, OBLI JOBEIEH 10 CBOErO JOTMIeCKO-
0 3aBepIIeHnA — OBLTN (POPMAJMT30BAHBI, BEIPAXKEHBI HA, IO IX0 IAIIEM (POPMAJIBLHOM
A3BIKE, HE TOJbBKO OCHOBHBLI€ IMOJOXKCHUA PATa MaTE€MaTUICCKUX TeOpI/IIjI, HO 1 J0O-
IUYeCKNe CPeNCTBa JOKA3aTeIbCTBA TEOPEM B DTHUX TeOPUAX. bbiaa ycmanosaena
B03MONCHOCTD POPMAAUIAUUY CAMOT AO2UKU MAMEMATNUUECKUL PACCYHCOEHUT, YUMo
N0360AUAO COEAAMb NPOUECC DOKASAMEALCMEA MAMEMATNUUECKUL Meopem 00bek-
MOM MAMEMAMUYECKO20 UBYUEHUA. B DTOT XKe mepuo yCTaHOBUIACH TECHASA CBA3H
MaTeMaTH‘IeCKOﬁ JIOTUKM C UCCACTJOBAHUAMU B obaacTn OCHOBaHI/Iﬁ MaTeMaTukKu, C
ee pmI0CcOPCKUME BOpocaMu. B paMkax MaTeMaTHIeCKON JOIMKH ObLIa pas3pabo-
TaHa Teopusd (POPMAILHLIX A3BIKOB, UTO CBHII'PAJIO, B YACTHOCTHU, BaXKHEUIIVIO POJIb
Ipu pa3pabOTKe A3LIKOB IIPOrPaMMHUPOBAHUA. VIMEHHO 6 Mamemamuueckot A02u-
Ke 0bia0 8bIPpabOMAH0 MAMEMAMUYECKOE YMOUHEHUE UHMYUMUBHO20 NOHAMUSL (-
20puUMMa, KOTOPEIM K TOMY BPEMEHU MAaTeMaTWKW TOJIb30BAINCH yXkKe 001ee IBYX
THICAY JIET. DTO MO3BOIMIO YCTAHOBUTE CYU,ECTNBOBAHUE HEPAZPEUUMBLE GA20PUM-
MUYECKUT Npobaem BO MHOTHX pasjelaX MaTeMaTHKH. B wacmoswee epems ma-
MEMAMUYECKAA A02UKA UMeem ¢80l npedmem u memodvl uccaedo8aHUs, NTPALT
BaXKHYIO POJb KaK B Pa3JUYIHBIX Pa3AelaX MaT€MaTUKN, TaK U B €€ IPUIOKECHUAX,
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B YaCTHOCTH B MH(POPMATHUKE.

K cepenune XX Beka MaTemMaTudeckas JOIMKa JOCTUTIA, HEMAJIBIX YCIEXOB B MO~
CTAHOBKE U PEIIeHNN MPUHININAJILHO HOBBHIX MaTeMaTHIecKuX mpodmem. OHa men-
CTBUTEIBHO cTagaa, Kak ropopui I1. C. [Topeuxuin, co2ukoti no npedmemy, mamema-
mukot no memody. B pamkax mMaTeMaTHIeCKON JOMMKHU OBLIO MPEII0KEHO TOTHOE
MaTeMaTUIeCKOe ONpeaeIeHrne MOHATHA “JoKa3amesbcmao” , 9T0 TO3BOIMIO N0 CIMG-
8UMb BONPOCHL 0 JOKA3YEMOCMU U HEIOKA3YEMOCNU TEX WX WHBIX MATEMATHIECKIX
yTBepXKAeHNN. BBLIN pa3spaboTaHbl I METOILI YCTAHOBICHUA HEJOKA3YEMOCTH. JTO
mo3BoIm10, B dacTHOCTH, K. ['ememto m II. /Ix. KosHy moxkazaThb, 9TO 3HAMEHUTAA
Konmunyym-2unomesa I'. Kanmopa ne 3asucum om ocmasbHblL aKCUOM OOIIeTPH-
HATHIX HA CEMOMHANIHAU TeHb BAPUAHTOB GKCUOMAMUUECKOT MEOPUU MHOHCECTNS.

[TpuBenem MHEHUA pAga ABTOPUTETHBIX MAaTEMATHKOB O POJM MATEMATHIEKON
JOTMKM B KOHIIE XX BEKa.

[x. Hlendpunba: 7. .. mamemamuueckas 402uKa ABAAELMCA HE COOPAHUEM Pa3-
POBHEHHBIT PE3YALMATMOB, 0 0elicmBeHHbIM MEMOIOM USYUEHUS HEKOMODPLLL HAUOO-
Aee unmepecHuir npobaem, cmoswur neped mamemamuramu.” (" MaremaTudeckas
noruka”. M.: Hayka, 1975.)

9. Mengennscon: 7 Iaybokue u onycmowumenvuvie peaysbmambt I'edeasn, Tap-
ckozo, Yepua, Poccepa, Kaunu u mmuoeur dpyeuxr Oviau 6oeamot naz2padot 3a 640-
HCEMHBLT MPYOD U 3a460€6a4U 045 MAMEMAMUYECKOT A0CUKY NOAOHCEHUE HE3ABUCU-
moti semeu mamemamuru.” ("Beenenune B MaTemaTudeckyio qoruxy”’. M.: Hayxka,
1971.)

[Tpu paboTe Ha 1 MOCOOMEM AaBTOPOM MPECICIOBAIACH [ETh — MOMBITATHCA U3.JT0-
KWUTh C eIMHBIX TO3UINNA OCHOBHOMU, 110 €TI0 MHEHUIO, MATePUA.T 0 TEOPUU MHOXKECTRB
1 MaTeMaTUIeCKOU JOTUKEe, HEOOXOAMMBIN U B TO K€ BPEMsA B UACMHOM OTHOIIEHUN
nocrynubin crygenTaMm I-1II kypcoB maTremaTndeckux (pakyJIbTeTOB YHUBEPCUTE-
ToB. IIpecieqoBanack u eme ogHa BaxKHasd, MO HANIEMY MHEHUIO, IeJb — YTOOBI
OCHOBHBIE BBOIUMBIE TOHATHA ~HE MOBUCAIM B BO3AyXe MOCTAPATBLCA MPOMLIIO-
CTPUPOBATH UX JOCTATOTHO COAEPKATEILHBIMU IpuMepamu npumenenus. [Tooromy
B MOCOOWE BKIIOYEH, MOKET OBITh, HECKOIBKO M30BITOMHBIN MaTEePUal, CBA3AHHBINA
C TPUMEHEHUAME aKCHOMBI BbIOOpa. O Apyrux oco6eHHOCTAX 0TOOpa MaTepuaga u
BBIOPAHHOT'O HAMH CIIOCO0a ero M3JI0XKeHHUsI OyIeT CKa3aHO HUXKe. 3aMeTHUM JIUIIb,
ITO aBTOP OOJBIIE 3a00TUICA O ACHOCTHU U MOJTHOTE, IeM O KPATKOCTU W3JIOXKEHUS
— IO0Ka3aTeJbCTBA HEKOTOPBIX TEOPeM, KOHEYHO, MOXKHO COKPATUTH, OMHAKO MPU
DTOM, ITO0 MHEHUIO aBTOPA, MOXKET MOCTPAAATh ACHOCTh W HECKOIBKO 3ATPYIHUTHCA
MOHMMAHIE CMBICIA IPOBOIUMEIX MOCTPOEHUN. A BeJb MOHHMAHIE JOKA3aTeIhCTBA
BKJIIOYAET B cebs, Mpexk e BCero, IOHNMaHne O0IIen nIern J0Ka3aTeabCTBa, KOTOpas
peann3yeTcsa depes »Talbl JoKa3aTelbCTBa. HaduHaomeMy n3ydaTs IpeaMeT IacTo
OBIBAET MPOIIE MOHATH IIMHHOE JOKA3aTEIbCTBO, B KOTOPOM JIET'KO IIPOCMATPUBALT-
€S MOTUBUPOBKA KAXK JOTO TIara, 9eM KPaTKoe T0Ka3aTeIb-CTBO, OCHOBAHHOE Ha OPU-
ruHAJILHOU ugee. B mocaennem caydae BosaukaeT Bonpoc ”[Todemy Tak?”. Koneuno,
OCTe HeOTHOKPATHOTO MCIOIB30BAHUA OPUTUHAJbHAA KOTIA-TO UAes CTAHOBUTCSI
pabovuM MHCTPYMEHTOM, M BOIIPOC OTIATAET caM COOOUM — DTa UIes CTAHOBUTCA
4acThIO Hamrero obmero obpasoBanusa. Ho, mo HameMy MHEHWIO, HAI0 CTPEMUTH-
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€S MAKCUMAJIBHO OOJErYuTh TPY] HAYUHAIOIIETO0 YUTATENSA, a He OIIeJOMIATH ero
" penepBepkamu MbIcan” . HacKoJIBKO 5TO HAM yAaJI0CH — CYIUTh 9UTATEN0. ABTOD
caenan, 9To MOT, MyCTh IPYTHe CAeIaioT OOJbIIIe.

[Tpy Hanucanuu MOCOOUA B TOW WM WHOU MEPEe MCIONb30BAINCH BKIOYECHHBIE B
CIUCOK JUTEePATYPhl PAOOTHI PA3IUIHLIX aBTOPOB HA BTy TeMmy. Becem nM, Kak u TeM,
IbM paOOTHI He BKIKYEHE] B CIIMCOK JUTEPATYPHI, O THAKO OKA3AJIN UICUHOE BIMIHIE
Ha (POPMUPOBAHUE B3TUIAI0B ABTOPA HA MPEIMET, MBI BEIPAXKAEM UCKPEHHIOI 6J1aro-
TApPHOCTH ¥ MPU3HATEILHOCTE. BKIIOYEHHBIN B TOCOOWE MAaTEPUaa MOXKHO CIATATh,
B OCHOBHOM, YK€ TOCTATOYHO YCTOSABIIUMCS, CTABIIAM OOIIEMATeMaTHIeCKUM O~
cTossHEEeM. XOTS BpeMsA OT BPEMEHH U MOABIAITCA OPUTHHAJIBHBIE TOKA3aTeIhCTBA
M3BECTHLIX B DTOU 00JaCTH TEOPEM.

O comepxkanuu mocoOUs MOXKHO TOHATH MO €r0 JOCTATOTHO MOAPOOHOMY OTvIa-
BaeHuio. [Ipusegem KkpaTkuu 0630p IIaB MOCOOHA.

[lepBas riasa ” DJeMeHTH TEOPUM MHOXKECTB  COAEPKUT OCHOBHOU, IO HAIIEMY
MHEHHIIO, TeOPEeTUKO-MHOKECTBeHHBIN MaTepuaJ. B mepsoM maparpade paccMaTpu-
BAIOTCA MHOXKECTBA, ONEPAINK HAJ HUMM M X OCHOBHBIE CBOUCTBA. [Ipm >TOM MBI
IPUAEPKABAEMCA MPOMEKYTOTHOTO MeXIy ~HaWuBHBIM U ~ (HOPMAIBLHBIM  CIOCO-
6a BBeJIEHWSI OCHOBHBIX MOHATUU, yAeIsdeM OOJbIee, IeM DTO TPATUIUOHHO Iesa-
eTCsA, BHUMaHWUE PAa3bACHEHWIO ~OYEBUAHBIX CBOUCTB, HAPUMEDP, OTHOIICHUS Pa-
BEHCTBA, KOTOPBIMI OOBITHO COIEPKATENBHO MOJb3YIOTCSA, HO SBHO UX HE (POPMY-
aupyioT. To ecTb MBI KaK OBl MBITAEMCA MOBO3MOXKHOCTH TOJHO C(HOPMYIUPOBATH
"mpaBmIa UCPEL’, HO HE TOXOIUM 10 JOTHIECKOTO KOHIIa — He (hOPMYIUPYEM OCHOB-
Hble JOMYIIEeHUs O MHOXKECTBaX B BuAe (POPMYJ S3BIKA MEPBOTO TOPSAIKA, HE 3a-
MEHSEM COAEPKATEIbHYI0 MAaTeMATUKy ~UIPOU B CUMBOJALI . MBI IBHMKEMCA B Ha-
MPABICHUN AKCUOMATUIECKON TEOPUU MHOXKECTB U MHTEPECYIOMUNUCA TUTATEDb IO
IPYTUM UCTOYHHKAM MOXKET C Hel IMO3HAKOMHUTBLCA. HO MBI, KaK HAM KaxKeTCsd, BO-
BpeMs ocTaHaBIUBaeMcsA. U meraem »To mo ABYM mpuimHaM. Bo-mepBBIX, HAM He
MpPEACTABIACTCA BO3MOXHBIM yOEIUTEIbHO 0O0CHOBATH CTYAEHTAM MJIATIINX KYp-
COB BBIOOD TOW WJAM WHOW CHUCTEMBI aKCHOM IS TEOPUM MHOXKECTB. BO-BTOPBHIX,
” IOCTATOYHO TMOJHASA  CHCTEMa aKCHMOM TEOPUU MHOXKECTB [eUCTBUTETHLHO ObIBAET
HYKHA B "HJIEMHO CIOXKHBIX CHTYAIMAX, HAIIPUMep, ITOOLI TOKAa3aTh HEe3aBUCH-
MOCTb KOHTHHYYM-THUIOTE3BI OT aKCHOM TEOPUM MHOXKECTB, T. €. TOKa3aThb ~ HEeI0-
CTATOYHYIO MOJTHOTY’ BHIOpaHHOU cucTeMbl akcuoMm. Q6 oomen Teopeme K. emens
0 HETOJHOTE Pedb MOWAEeT B APYrOM y4eOHOM MOCOOWM, MPOIOJKAIOMEM TAHHOE.
Bo BTopom maparpadge m3ydarTcs COOTBETCTBUsA, OTHOImenus u pyukinuu. [loka-
3BIBAETCA, KAK OCHOBHBIE MaTeMaTUIeCKHe MOHATHUA MOTYT OBLITH OMpeIeJeHbI te-
pe3 MOHATUE MHOXKECTBa, MPUUIEM >TH OIpeJIeJeHus JOCTATOTHO XOPOIIO COTIACY-
I0OTCA € HAIIMMU WHTYUTUBHBIMU MpeJICTaBIeHUAMHI. V3ydatoTcs OCHOBHBIE THUIIBI
0TOOpaKEHNN — MHBEKTUBHBIE, CIOPBHEKTUBHBIE U OMEKTHUBHBIE. BBLIO HaMepeHue
YTO-TO CKa3aTh 00 MCIOJB30BAHUYM OTHOIIEHUU B PENANMOHHBIX 0a3aX MTaHHBIX, HO
MIOTOM OT >TOU MBICIH IPHUILIOCH IO PALY MIPUYNH OTKAa3aThCA. B TpeThem maparpa-
(be M3yIAIOTCA HEKOTOPBIE CIEIUAJbHBIE OTHOIIEHUA U, MPEeXK e BCero, OTHOIIEHUS
DKBUBAJEHTHOCTH, YaCTUIHOrO U JUHEHMHOr'O MOpAIKa. PaccMoTpeH BOIpoOC O CBA3M
OTHOIIEHNT DKBUBAJEHTHOCTH C pa3bueHusMu MHOXKeCTB. [loka3biBaeTcs, Kak OTHO-
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nIeHUA S5KBUBAJEHTHOCTU " CI)aKTOpMHO}KeCTBa NCIOJAB3YIOTCA IPU IMMOCTPOCHUU Ha
OCHOBE CHCTEMbI HATYPAJIbHBIX YHCEI KOJAbIA MEJBIX TUCET, TOJeH PAINOHAILHEIX 1
TeNCTBUTENBHEIX 4dncel. B deTBepToM maparpadge m3ydaeTcsA MOHATHE PABHOMOII-
HOCTHU MHOXKECTB, JOKa3bIBaeTcsa uapecTHada TeopeMa I'. Kanropa — ®. Bepumrrenna
00 AHTUCUMMETPUIHOCTH ~OTHOIIEHUA YaCTUIHOTO MOPALKA AJA MOIIHOCTEN , Te-
opema ['. KanTopa o muOX)ecTBe-cTenenn. B maTom maparpade paccMaTpuBaiTCsa
HEKOTOPBIE CBOMCTBA KOHEYHBIX M CIETHBIX MHOXKECTB, KOTOPBIE, II0 MHEHHIIO aBTO-
pa, HauboJee IaCTO MCIOAB3YIOTCA B JOKA3ATEILCTBAX MATEMATHICCKAX TEOPEM.
B mecToMm maparpage npuBOIATCA HEKOTOPHIE CBEIEHUSI O MHOXKECTBAX MOITHOCTH
KOHTUHYYMa 1 00 onepanuAax Hal KapIWHAJIbHBIMU YUCIaMHU. HpI/I 9TOM cJjenyer
0Cc000 BBIIEIUTH TEOPETUKO-MOITHOCTHOE TOKA3ATEIbCTBO CYIIECTBOBAHUSI TPAHC-
[EHEHTHBIX TUCeT — J0KA3AMEeAbCMBO HECUETNHOCITIU MHONCECNBA BCEL MPAHC-
yerndenmuulz wuced. IMEHHO ¢ DTOU 3aMedaTeJbHON TeopeMbl, qokasanuon [°. Kan-
TOPOM BO BTOpOU moJoBrHe XIX Beka, n HadYnHaeT c¢Boe ~TpuyMdaabHOe mecTBre’”
KaHTOPOBCKasg Teopusa MHOXKecTB. Cenbmon maparpad CIyXKUT BBEIEHHEM B TeO-
pUIO BIOJHE YHOPATOYEHHBIX MHOXKECTB. B HeM ocoboe BHUMaHUE YAEJEHO NOKa-
3aTCJIbCTBY PaBHOCUJIBHOCTU AKCHUOMBIL BbI60pa pagy TeOpeTUuKO-MHO2KECTBEHHBIX
yTBepXKAeHnU. VI 9T0OB »>TOT MaTepwal ’He MOBHC B BO3AyXe , B KadeCTBE €ro
IPIIOKEHNS PACCMOTPEHa TeOpPeMa O CYIIeCTBOBAHUN 0A3MCA B JIOOOM BEKTOPHOM
IPOCTPAHCTBE, a KaK ee CIeJCTBAEe — J0Ka3aTeIbCTBO HEBBIBOJIMMOCTHU CBOUCTBA,
OMHOPOMHOCTU (DYHKIINU U3 ee aIUTUBHOCTU. B NByX caexyiomux maparpadax ms-
JIOXKEH MaTepuaJa Mo akKCHOMaTUIeCKOMY IMOAXOAY K T€OPUN HATYPaJbHBIX YUCET —
cucreMsl [leano, TeopeMa 0 peKypCHBHBLIX OIpefeleHuAX B cucTemax Ileano m pac-
CMOTPEHBI eIlle TBa BaXKHBIX, IO HAIIEMy MHEHHUIO, IPUMEHEHUI aKCHOMEBI BEIOODA.

Bropas raasa ”Jloruka n Ucuncienne BoickasbiBanun” MOCBAIIEHa PACCMOTPE-
uuio Jloruku u Ncancienns Beickaspianuu. OHa HaIMHAETCA ¢ BBOJAHOIO Maparpa-
da, comepkKalrero HeOOXOAMMBIM MATEPUAJT IO aJ(paBUTAM, CIOBAM U OIEPAIUAM
HaJ HUME. BTopon maparpad mOCBANIEH JOMMKE BLICKA3LIBAHUKM KAaK IIPOCTENIIe-
MY, HO YPE3BBIYAMHO BayKHOMY Pa3aely MaTeMaTHUIecKou Joruku. lleHTpaabHbIMI
HOHATHUAMU DTOTO TMaparpada ABIAIOTCA NOHAMUA UHMEPNPEMAYUY, UCTIUHHOCT-
H020 3HAYEHUA POPMYALL 8 UNMEPNPEMAYUY U AO0RUYECKO20 CACOCTNBUS MHONCECTEA
gopmya. Ocoboe MecTo B >TOM maparpade, Kak 1 BO BCE BTOPOU YaCTHU, 3AHUMAET
meopema xomnaxmuocmu s Jloruku BrickaseiBanum. M3zmaraioTcsa IBa TOKa3a-
TEILCTBA DTOU TEOPEMBbI, Ka¥XK J0e M3 KOTOPHIX MOXKeT OBITh TPeoOpPa3oBaHO, XOTA U
He 6e3 TOMOMHUTETHHBIX YCUINN, B JOKA3ATEAbCTBO PE3BBIYANHO BAXKHOU TEOPEMBI
MaTeMaTUIeCKON JOTUKI — meopembvl komnaxmuocmu K. 'edeas — A. U. Maavye-
8a daa Jlozuxu [peduramos. ITa TeopeMa, OCOOEHHO ee T0Ka3aTeIbCTBO, KOHETHO,
TpyAHA IJIA CTYIAEHTOB MIammux KypcoB. OmnHako B caydae Jloruku BrickasbiBa-
HUU MOXKHO 6e3 0co00ro Tpyaa MOHATH KaK CaMy HWIeI0 MOKA3aTelhCTBA, TAK W
TEXHUIECKUE MeTAJN, 9TO, HECOMHEHHO, MTOMOXKET M03Ke MOHATH U JOKA3ATeIhCTBO
B oOmem cayvae Vcaucrenus [Ipequkaros. Crenyiomun maparpad mocssmes Vcwau-
CIeHNI0 BhICKa3bIBAHMEM — BBOIATCA JOTMYIECKIE aKCHMOMBI M MPABMIA BHIBOIA, BhI-
BOJI U BLIBOI U3 MHOXKECTBA TUIOTE3, TOKA3BIBAeTCA TeopeMa fenyKinnu. B kadecTse
MOATOTOBKY K TOKA3aTeJIbCTBY TEOPEMbI aieKBaTHOCTHU 1is Vcuucaenus Beickasbr-



[TpenucioBue

BAHUU M3Y9AIOTCA OCHOBHBIE CBOMCTBA OTHOIIEHUS BHIBOAUMOCTH. OCHOBHOU IENBIO
CIYXKUT XKeJTaHue MO3HAKOMUTL duTaTens Ha npumepe Mcuuciaenns BoickasbiBanun
€ HEKOTOPBIMEI OCHOBHBIMU MOHATHUAMEI MATEMATHIECKON JOTUKU, TEOPpEMaMU U UC-
MOJB3YEMBIM B WX TOKA3aTeJIbCTBAX AIlapaToM, KOTOPHEIM B CiIydae McaumcieHnns
[IpeaukaToB TOCTATOYHO CJAOKEH U aOCTPAKTEH.

B Tperven rmase ”Jloruka u Ucuucrenwe [IpegumkaTos” paccMaTpuBaOTCS OC-
HOBHBIE Bonpochl Jloruku n Ucuuciaenus IlpemmkaToB. BBoguTca moHATHe A3LIKA
MEPBOr0O MOPAIKA, M0 CHHTAKCUCA U ceMaHTUK. OCHOBHBIME U3YIaeMbIMU TOHATH-
AMHI ABAAIOTCA NOHAUE UHMEPNPEMAUUL, UCTUHHOCTNHO20 BHAUEHUA 3AMKEHYMOU
Popmyabl 8 UHMENPEMAYUU, NOHAMUE AO02UYECKO20 CACICMBUS, 8bI600aG U 6bI80JG
u3 mHoxcecmsa 2unomes. VIanoxenue 10CTATOYHO IEICHAIPABICHHOE — OHO OPH-
eHTUPOBAHO HA JOKA3aTEILCTBO OCHOBHOW TEOPEMBI TPEThbEH TWIABBI MOCOOUA —
meopembr K. I'edess o noanome. OT0 U ONpeneanao OTOHOP COOTBETCTBYIOMIENO Ma-
TepuaJa.

SaKaHIMBAETCSA TUIaBa JOKA3ATEILCTBOM A420PUMMUUECKOT HEPa3PeUUMOCmuy
npoobaem moxcdecmsennot uCMUHHOCMU U sbinoanumocmu das Jloeuku deymecm-
HHIL NPeJUKAMO8.

B 7 [lonotHenun” mpuBeIeHBl HEKOTOPBIE OCHOBHBIE CBEIEHUSA O OVJIEBBIX AJre-
6pax 1 pUIbTpax. 3aKaHIMBAETCA MOCOOME HEKOTOPBIMU, HA HAII B3LVIAI, TMOJE3HBI-
MU CBEIEHUAMU W3 UCTOPUU PAZBUTHUSI TEOPUM MHOXKECTB M MATEMAaTHIEeCKOU JOTU-
KU, CBEJEHUSAME O HEKOTOPBIX UX CO3IATEIIX, 9TOOBI Y YATATENA He CKJIa,IBIBAJOCDH
BIIEYATIEHNE, ITO ~TEOPUS MHOXKECTB U MATEMATHIECKAs JOTMKA CYIIeCTBOBATA
BedHO U OBbLTa CO3JaHa HEe M3BECTHO KeM. UTOOBI CTYJAEHT MOHUMAJ, ITO M3ydIae-
MO€e UM OBLIO CO3TaHO KOHKPETHBIMHU JTIOIbMU, KOTOPBIM MBI TOXKHBI OTJIaTh TaHb
YBaXKEHNUA 33 UX BKJAAJ B Pa3BUTHUE OOIIECYILTOBEIECKON KYJIbTYPHL.

[Tonb3ysacek caydaem, BbIpaxKao TIYOOKYIO 01aromfapHOCTb PEeIaKTOpPy MOCOOus
Mapuu BukToposue Hukynunou 3a TeprneamBoe u BHICOKO KadeCTBEHHOE PeIaKTH-
poBanme nu Muxamny AHATOILEBUYIY DalIkumHy 3a HEOIEHMMYIO MOMOIIL B KOMITBIO-
TepHOM HaGOpe W MPUIAHUEA MOCOOUI0 JOCTOMHOT'O BHEIIHErO BUIA.






I'/IABA 1.

DJIEMEHTDBI TEOPUUN
MHO2KECTB

? A cuumaro, umo ona (meopus mmosxcecms) npedcmasasem cobot
BbICOUATULEE NPOABACHUE MAMEMAMUYECKO20 2EHUSA,

a maxxce 00HO U3 CAMBIL B8bICOKUT D0CMUNCEHUT

Yucmo JYyroenot Jesmesbrocmu weaosera.”

” Hukmo e u32onum Hac u3 pad,

cozdanmnozo das nac Kanmopom”

M. I'man6epT

1.1. MHoxXecTBa 1 onepaiuy Hajg HUMU

Hagano xanmoposeckoti, win, Kax MHOCAA TOBOPAT, ' HAUBHOW’ , TEOPUU MHO-
XKeCTB OBLTO MOJTOKEHO OTKPBITUAME, COTepXKABIIUMUCA B mybaunkanuax . KanTopa
1871-1883 r.r. B »Ttux paborax ['. KaHTOpa comepXkaaoch M3I0KEHUE ero YIeHUI
(6] 66CKOH€‘IHOCTI/I, Teopunm KapaInHAJIBbHBIX N1 OpANHAJBHBIX YHCEI, a TaKXKe TeOpua
BIIOTHE YIIOPAITOYEHHBIX MHOXKECTBA. B CBA3M C UCCACTOBaHUAMMI IO TEOPUU TPUTO-
HOMeTpuiecKux panoB ['. KauTop mogorresn K He0OX0 IMMOCTH MOHATE, KAKHE MHO-
KeCTBa MOXKHO 00pa3oBaTh U3 TOYEK NEUCTBUTEILHOM HpAMOHU. B wacTHOCTH, €ro
3aMHTEPECOBAT BOIPOC, 68Ce20a AU MONCHO 3AHYMEPOBATNb HAMYPAAbHBIMU YUCAAMU
aaemenmovt uucaoebis muoxcecms. B 1874 r. I'. KanTop momyvmr oTpunaTesbHbIA
OTBET Ha HOC./'IG;[HHI?I BOIIPpOC: UM OBLIA& YCTaHOBJE€HA HECIECTHOCTH MHOXKE€CTBa BCEX
TeMCTBUTENbHBIX YHUCETI, a 3HAUUT, CYUECMBOBARUE OCCKOHEUHDIT MHONCECME DaA3-
noti mowmocmu. [lepBoBadanbuo ugen I'. KanTopa He HAILIN IIXPOKOW MO IEPKKI
y €ro COBPEMEHHMKOB U JayKe BCTPETUIN COMPOTUBICHUIE CO CTOPOHBI HEKOTOPBIX
BECHMa aBTOPUTETHHIX MaTeMaTUKOB. OCOOEHHO APOCTHON KPUTHUKE OHU OBLIN TI0 1~
BepruyTh JI. Kporekepom. OnHaKo mMo3:kKe TEOPETUKO-MHOXKECTBEHHBIE WU MPO-
HUKJIN BO MHOI'I€ pa3aelbl MaTEMaTUKN U OKa3aJl OI'POMHO€E BAUAHNUEC Ha UX Pa3BU-
tre. OpUInAILHON TATOW MPU3HAHUA TEOPUU MHOXKECTB MOXKHO cauTaThb 1897 r. —
IMEHHO B DTOM rofy Ha [lepBoM Mex 1yHapoHOM KOHIpecce MaTeMaTukos 7K. A na-
map u A. ['ypBuil npuBesn MHOTOYUCIEHHBIE TPUMEDHI IPUMEHUS TeOPUN MHOXKECTB
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

B MaTeMaTUIeCKOM QHAJIN3E, ABIABIIEMCA B TO BPEMs OJHUM U3 OCHOBHBIX Pa3/Iea0B
MaTeMaTHKN. B HacTosAlee BpeMs TeOpHUsS MHOXKECTB CIVKHUT (PYHIAMEHTOM Ta-
KIX Pa3JIeqoB COBPEMEHHOU MATEeMATHKM, KaK TeOpusa (PYHKIUN TeUCTBATEILHOTO
nepeMeHHOro, obIasa aireopa, TOMOAOruA, (PYHKINOHAILHEIM AHAIN3, TeOMEeTPHA,
TeOpusA BEPOATHOCTEHN U T. 1.

[MousaTue MmuoMHcecMB0 ABAACTCA OJHUM M3 OCHOBHBIX HEONPEIEAAEMbIL TOHATUAN
MaTeMaTUuKN, W, KaK MBI YBUAUM B OJMmKaummx naparpadax, 09eHb MHOTHE MaTe-
MaTHYeCKNe MOHATUA TaKue, HAIPUMEpP, KaK ~ ynopadouerwnas napa saemenmos’
" ynopadouennpili Habop saemenmos”, ” omuowenue”’, ” omobpaxcenue”’, ” pynryus’
U IEJBIA PAJ APYTUX, MOT'YT OBITH OMpEeIeNeHBl Yepe3 MOHATHE MHOXKECTBA.

['. KauTop cregyromum o6pa3om nosckaem nouatue Maoxectsa: ~ [lon ” muooxce-
cmeom’ MBI TOHUMAaEM JIi000e 00bequHeHne B OMHO eaoe M onpegeseHHBIX BIOJIHE
Pa3INIUMBIX 0OBEKTOB M HAIIErO BOCIPUATHS WIM MBICAH (KOTOPBIE HA3BIBAIOTCA
aaemenmamu M)”.

B stom nosacnenuu I'. KarTopa 0cob6o cregyeT mog4epKHYTDL CIOBA ... 00bedu-
Henue 8 00no yeqoe...”. Ecim MBI paccMaTpuBaeM HEKOTOPYIO COBOKYIHOCTH O0b-
€KTOB, HaIpUMep, YeTHLIX HATYPAIbLHBIX YUCETI, TO 31eCh HET HYXKJIbI TOBOPUTH,
9TO OHUM 0OPA3YIOT HEKOTOPOe O0BeIMHEeHWEe, HA3bIBAEMOE MHOXKECTBOM, a MOXKHO
IPOCTO T'OBOPUTH O YE€THBIX HATYPAIbHBIX YHCJAAX, HO KOTJA MbI IIEPEHOCUM BHU-
MaHHE C OT/JeJbHBIX YeTHBIX HATYPAJbHBIX UHCET HA BCIO UX COBOKYIHOCTH, C DTOU
COBOKYITHOCTBIO HAYUMHAEM OIEPUPOBATH KaK C HEKOTOPHIM HOBBIM OOBEKTOM, TO
3[eCh W MOABIAETCA MOHATHE MHOXKecTBa. Hekomopyio cosokynwocmb M obbek-
MO8 Mbl HAUUHAEM PACCMAMPUBGML KAK MHOHCECTNBO, €CAU 8 HAUUL PACCYHCOEHU-
AL NOABAALMCA HEKOMOPAA HOBAA COBOKYNHOCTL X 00beKMO08, 00HUM U3 KOMOPLLE
asasemes M. KoHEdHO, Bce DTH PaCCykKIeHUA ABIAOTCA HECTPOIUME, HECKOJIBKO
"TyMaHHBIMEU , HO Belb C CAMOT'0 Hada/Ia OBLIO OTMEUEHO, UTO MOHATHUE ~ MHOMCE-
cme0’ meonpedeasemoe, a 3HATUT, MOKHO TOJIBKO MBITATHCA KAK-TO MOACHATD €0 B
HaJeXK e, ITO y JeI0BeKa, He BIAIeBIIero dTUM MOHATHEM, TOCAe TAKUX TOACHEHUN
HOSBUTCSA HEKOTOPOE MPENCTABICHNE O TMOHATUYN MHOXKECTBA, B TOU WIN WHOU Mepe
aJeKBATHOE HAIIeMy MOHUMAHUIO >TOr'0 IMOHATH.

YT06B BEIPA3UTHL TOT (PAKT, YTO OOBEKT @ €CTb IAEMEHM MHONCECTEa X | -
myT a € X u DOBOPAT, YTO a npunadiexcum muoxcecmsy X. 3HAK € BBeIeH
[lx. IleaHo Kak cOKpallleHme TpedecKoro CJIoBa £07L — “OBITH . Ecaum xe MBI mo-
OBITAEMCST YTOUHUTD, ITO O3HAYAET yTBEpPKIAeHue = a npunadsexcum X7, TO mocie
HEKOTOPHIX Pa3IyMUN MPUIEM K BHIBOLY, ITO HAM HE OCTAETCA HUIEro IPyroro, Kak
IPU3HATD, ITO OMHOULEHUE NPUHAACHCHOCTU € CIEAYET CIATATD HEONPeIEAACMbIM
nonamuem. Kpome BBeIeHHOTO OTHOIIEHUA €, HAM MMOHATOOUTCA €lle O THO OTHOIIe-
HIE, yKe XOPOIIO M3BECTHOE TUTATETI0, 0OMHOULEHUE PABEHCMEA =. 3allUCh a = b
O3HaYaeT, 9TO a U b oboznauatom odunw u mom e obbexkm. Eciu xe durarenb
HNOMBITAETCA YTOYHUTH CMBICT TOCJAeTHEN (PPa3bl, TO BCTPETUTCSI C TPYIHOCTIMUT;
IOHATHE PDABEHCTBA = TOXKe CIEAYET OTHECTHU K NePBOHaUaIbHbLM TTOHATUAM (eCTh
U Ipyrue TOYKU 3PeHusd, HO 06 DTOM pedb MOUJET MO3XKe). YTBepKIeHue a = b
MOYKHO TOACHUTH TaK: PO J000e CBOUCTBO P MOXHO YTBEPKIATh, 9TO €CAU UM
obaadaem ob6wvexm, 0003naueHHbIT uepes a, mo um obaadaem u o6bexm, 0003Ha-

9

12



§1.1 MuoxecTBa u onepanuu Ha I HAMA

wenublli wepes b. OOBIMHO DTUM COTJIAIIIEHWEM MOJb3YIOTCSA 6e3 0COOBIX OTOBOPOK,
4TO0 OyJeM AelaTh U MBI B 9aCTH, MOCBAIMIEHHON KAHTOPOBCKOU TEOPUH MHOXKECTB.

[ns panpHEnnIero Ham OyjgeT yaoOHO BBECTH HEKOTOPBIE COKpAIleHudA. Bymzem
IPUIEPKABATHCA CJASTYIOMEr0 COrVIAIICHN:

3HAK V ABIAETCSA COKpamieHneM (0603HaUeHneM) 11 COI03a ~ w4y’ 1 HA3BIBAETCS
7 duzwronkyuet?’ , popmyaa (AV B) anraerca " A wim B” win 7 duzvronkyus A, B”;

KaXKIBII U3 3HAKOB A u & ABIAeTCA coKpaiieHueM (0603HAYEHUeM) A CO-
3a 74’ u maseBaerca " kowwionkyuel’ , Gpopmyaa (A A B) anraerca " A u B’ win
" kouvrowkyus A, B’

3HAK => CAYKHUT COKpAIeHUeM 11 ~ ecAt ..., mo...” U Ha3BIBACTCA ~ UMNAUKA-
yuetd”, dpopmyaa (A = B) uuraerca "ecau A, To B”, wiu "uz A crenyer B’ win
" A nmmmunupyet B

3HAK < CIYXKUT COKPAIIEHWEM A
HasbIBaeTCsA oksusasenmuocmyio”’, dopmyra (A < B) uurtaercs ” A BBIIOIHEHO
TOTJa ¥ TOJILKO TOrAa, Korjga Boinoanero B” win 7 A sksusasenTHo B

3HAK — CIYXKWUT COKpaleHueM Ias1 " ne’ W Ha3bIBaeTCsa ~ ompuyanuem” , GopMy.a,
(= A) auraercsa "uwe A”;

3HAK VX CIYyXKUT COKPAILIEHUEM I~ 044 6Cexr T ...” W HA3BIBACTCA ~ KBAHMOPOM
obwmocmu nin eceobumocmu’”, popmyaa (Vx)A auraercsa ” pis Beex x A”;

3HAK JT CAYXKUT COKpAIleHueM I ~ cyu,ecmseyem T ...” W HA3BIBAETCA ~ K6GH-
mopom cyuwecmsosanus’, dopmyna (Ixr)A umraerca ”cymecrByeT T TAKOU, €UTO
A”.

3amMeaH u e. Hapamy ¢ BBeJIeHHON TEPMHUHOJOTHEHN, MBI OyIeM HHOTIA
HA3BIBATH KBAMMOPOM 00umocmy (COOTBETCTBEHHO CYW,ECMB06AHUA) U OMUH 3HAK
V (coorsercTBenno ), Torga Vo u Jr HA3BIBAIOTCA K6AHMOPHLIMY KOMNAEKCAMU.

Orpunanue yreepxaenus a € X, T. e. =(a € X), 6ygeM 0603HAYATH 4aCTO
qepes a ¢ X, amasoruduo Bmecto —(a = b) dacTo Oygem nucath a # b.

)

7... moz2da u moavko mozda, Koeda...” u

7

[TepBoHavaIbHAA CBA3L MEXIY IBYMA HEOMPEIEIIeMBIMUA OTHOIICHUAMA € U =
MOXKeT ObITh BBIpAXKeHA CIeTYIOmUMU (POPMYJIaMu, HA3BIBAEMBIMU AKCUOMAMU Da-
B8EHCMEBA:

1 pedaekcusnocts: (Vr)(r = x);

2 cummerpuanocTs: (Vo) (Vy)(z = y = y = x);

3. rpamsuruBHOCTE: (VI)(Vy)(V2)(x = y Ay = 2 = o = 2);
4 npasuio 3amensr: (Vo)(Vy)(xz = y = (V2)(z € 2 & y € 2));
5 npasuio 3amersl: (Vo)(Vy)(x = y = (Vz2)(z €2 & z €y)).

[TepBbie Tpu HOPMYJIBI BEIPAKAIOT OOBIYHBIE CBOUCTBA PABEHCTBA — PedaeKcus-
HOCMb, CUMMEMPUUHOCTID U TPAH3UMUSHOCTL, IeTBepTas (OPMYaa HOCUT HA3Ba-
Hue ” TOXIeCTBO HEPA3IMINMEBIX 10 JlenOuuiry”, a maras yTBepkKIAeT, ITO PasHble
MHONCECMBG COCTMOAM, U3 0OHUL U MET HCE IAEMEHMOB.

KanTopoBckas Teopus MHOXKECTB OCHOBHIBAETCA HA HECKOJIBKHX aKCHOMAaX, KO-
TOpPBIE OOBITHO HA3BIBAIOTCS OCHOBHLIMU NPUHUUNAMU UAU NOCTNYAGTLAMU
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

MEeoPUU MHONCECTNE WIN €€ HeAO02UUECKUMU AKCUOMAMY. DTU TPUHIIN-
OBl MBI Oy/eM BBOJUTD MTOCTEMEHHO, OPUEHTUPYACH Ha cucTeMy akcuoMm llepmerno —
Ppenkens ZF. O rnako BBeeM MBI He BCe TPa TUIIMOHHO BKIIOYAEMBIE B DTY CUCTEMY
AKCHOMBI, & TOJBKO Te, KOTOpbIe HEOOXOTUMBI 1A MOIYIeHN epPBOHAMAIBHBIX Te-
opeM B Teopun MHOXKecTB. OOCYXK IeHNe BOIPOCA O TOM, 9TO TAKOE B COBPEMEHHOM
IMMOHMMAaHUUN MOJHasA CUCTEMaA aKCUOM I TEOPpUN MHOXKECTB YBEJIO OBl HAC CJIMIIKOM
JAJEKO OT KAHTOPOBCKOU TEOPHUH MHOXKECTB.

IIpunyun ob6wvemmocmu. Ecau dsa muoxncecmea X u'Y cocmoam uz odnux u
MET HCE IACMENTLOB, O OHU CUUMAIOTCA DABHBIMU, M. €. BbINOAHEHO YMBEPHCOCHUE

VX)) (Vo) (z € X <= 2 €Y) = X =Y).

CaeraeM HEKOTOpPBIE MOACHEHU K >ToMy npuamuny. IIpunyun o6semnocmu
YCTAHABINBAET CBA3bL MEXKIY IBYMsA HEONpPemeIaeMbIMI OTHOIeHuAM € u =. Todu-
Hee, IPUHIUI OOBEMHOCTH YTBEPXKIAET, ITO eCAu MHOKecTBa X 7 Y COCTOAT U3
OMHUX W TeX JKe DIEMEHTOB, T. €.

(Vz)(x € X <= z €Y),

TO OHU PaBHHI, T. €. X = Y, 0pu 3TOM CIUTAECTCSA, YTO CMBICT YTBepKIeHuA X = Y
UHTYUTUBHO SCEH, B YaCTHOCTH, U3 PaHee TAHHBIX MOACHEHWW CIeIyeT, ITO BEPHO
U yTBepXKIeHue, oOpaTHOe npuHnumy obobemMHocTu: ecam X = Y, To

Vr)(x € X <= z €Y,

T. €. MHOXKeCTBa X 1 Y COCTOAT M3 ONHUX U TEX XKE DJICMEHTOB.
Kpowme Toro, u3z ceoucts = cregyer, 9To ecau X = Y, TO mas 106010 MHOXKE-
crBa S:
(X € S <= Y €09).

Bcemu sruvu pakTamMu 0OBITHO MOTB3YIOTCA 6€3 0COOBIX OTOBOPOK, 33 NCK.IIOTe-
aueMm ITpunyuna 06bemHocmu, KOTOPBIA BCETrIa CIENNATbLHO BBIIEIIETCA.
Mox#o 65110 6B OTIPEIEIUTh PABEHCTBO MHOXKECTB M TaK:

X =Y < (V) (X € S & Y €59)

(moacdecmeo nepaziuwumocmu no Jletibnuyy).

BHuMaTe pHBIN YUTATEIb MOT 3AMETUTH, 9TO HAIIN PACCYKICHUA OCTAB/IAIOT
0CaI0K HECTPOT'OCTH. A ONBITHBIN YMTATETH MOT OBl IPEIIOXKNUTD CICAYIOIIEe: Ompe-
JIeINTh OTHOIIEHNEe = {Yepe3 OTHOIIeHWe €, a WMEeHHO: CYNTaTh X = Y cokparie-

HUEM 1A
Vz)(r € X & z €Y).

DTO BO3MOXKHO, HO P 3TOM BO3HUKAIOT HEKOTOPBIe TpyaHocTu. Hanpumep, He
yIaeTcs I0Ka3aTh, ITO TOTAA I J060ro MmaoxkectBa S, ecim X = Y, To

(X eSS e Yel).

Orpunanue yreepxkaerus X = Y, 1. e. =(X = Y'), mo BBegeHHOMY yKe COTIa-
meHuio Oyaem ob6o3nadaTh depes X # V.
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§1.1 MuoxecTBa u onepanuu Ha I HAMA

Onpenenenune 1.1.1. Ecau xaxcovii saemenm muoxcecmea X ABAACMCA IAEMEH-
moM mHoxicecmaa Y, m. e. ecau

(Vz)(z € X = z €Y),

mo mHoxcecmeo X Ha3vi6aemcs TNOOMHONCECMEOM MHONCeCMEa Y .

Sanuce X C Y Oyaer CIyXKuUTh COKPAIIEHUEM IS YTBEPKIHUI X — No0MHO-
scecmeo mmoxcecmea Y.
Taxkum o6pasom, sCHO, 9TO

X=Y < (XCyY \Y CX).

Ectu X C Y u X # Y, To X Ha3eIBACTCA COOCMBEHHIM NOOMHONCECTLEOM
mHoxcecmasa Y, m B aToMm caydae numyT X C Y.

[Ipumem caenyiomee cornamenue: ecau Mbl umeM ¢ € X (wma ¢ X, X C Y,
X ¢ Y uT. a.), TO 5TO O3HAYAET, ITO MBL YMEEPHCOAEM, ITO G NPUHAOAEHCUI
X (COOTBETCTBEHHO, UTO G He NpuHadiexncum X U T. I.).

Onpenenenune 1.1.2. Ecau X — npoussoavnoe muoxcecmso, mo uepes P(X) oy-
dem 0603HAUAMb MHONCECTNBO, IAECMERMAMU KOMOPO20 ABAANOMCS 6CEE0IMONCHbIE
noodMHoONCECMBG MHONCECTNBA X U MOALKO OHU, M. €.

(Vy) (y € P(X) <= y C X).

MuoxkecTBo P(X) 9acTo HA3BIBAETCA MHONHCECTILE OM-CTMENEHBIO MHOKECTBA
X u o6o3HATaeTCA Tepes 2.

B cury npuHumna o6beMHOCTH s KaXkA0ro MHOKecTBa X MHOKecTBO P(X)
e TMHCTBEHHO, €CJIU BOOOIIE OHO CYIIECTBYET.

B maabHenImeM Mbl CINTAEM, ITO BepeH

IIpunyun cyuwecmeosarus MHOACECMBA-CTENEHU. 14 4100020 MHO-

acecmea X cywecmsyem mnoxrcecmso P(X) scex e2o nodmmnoscecms (mnoxrcecmeso-
cmeneny ).

Onpenpenenune 1.1.3. Muoxcecmso X, ne codepacaujee saemenmos, m. e. ooaada-
ouwee ceotcmsom

(Vy)-(y € X),

Ha3vleaemcAa MNYCMmMmoviM MHOHWCECIMBOM U 0003HaMaEMCA yepes @

B cumiy mpuHmuna o6beMHOCTH IIyCTOE MHOXKECTBO €IMHCTBEHHO, €CIM BOOOIIE
OHO CYIIEeCTBYeET.

B manbHenimemM Mbl CIUTAEM, 9TO BEPEH

IIpunyun cywecmeosarus nycmoz20 muodrcecmea. Illycmoe muoice-

CMeo cyuecmasyem.

Beegem cregyromee coriamenue:

3HaK = B popmyte A = B osnagaer, uro " A ecmb no onpedesenuro B”, 3HaK
= momo0eH 3HAKY =, UCIOJb3YEMOMY B A3BIKAX MPOrPAMMUPOBAHNLI,

15



[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

samuchk { ¢ | P(x)} cryxuT 0603HAMCHEEM IS MHOMCECTNBA BCEL MAKUL 00 eK-
mos T, 044 KOMOPHIT 6binoaneno ycaosue P(z),

3aIUCh {T1,...,Tp} CIYKAT OOO3HAUECHUEM IS MHOHMCECMBA, IACMEHMAMY KO-
MOPOR0 ABAMOMCA L1, ..., L.

Han MHOMKECTBAMEM MOXKHO IPOM3BOAUTH HEKOTOPBHIE OMNEPAIWH, ITO3BOJIAIOIINE
10 IMEIONIIMCS MHOXKECTBAM CTPOUTH HOBBIE MHOMXKECTBA.

Onpegenenne 1.1.4. O6vedunenuem muoxrcecms A u B nasvisaemes muoxce-
cmeo

AUB:{x|xEXVxEB}.

[asa Toro YTO6BI MOXKHO OBLTO 060OIINTHL BBEIEHHOE MOHATHE OO0LEIMHEHUI Ha
caydan 6osee ¥eM IBYX MHOXKECTB, YIOOHO BBECTHU MOHATHE ceMmelicmea 06%bek-
Moe, 34eMEHMOB, MHOHCECTNE.

Onpeapenenune 1.1.5. [Iycms [ — npoussoavroe wenycmoe MHOHMECMB0, HA3bIBAE-
moe mnoxcecmeom undercos. Ecau xancdomy saemenmy t muoxrcecmsa I nocmasaen
8 COOMBEMCMBUE HEKOMOPLIL 00 bexm A;, mo 2080pam, ymo 360ano cemetcmeo
06bexmos, u nuwym (A;)ic 4 6 Kauecmee 0003HaUEHUA IMO20 cemeticmea; 00%b-
exkmbl A; HaszvieamMCAs daemenmamu cemetcmaea.

3ameqanue. He uckaoueno, wmo npu i # j A; = A;.

Ecim kaX b bJeMeHT CeMeucTBa ABAACTCA MHONCECMBOM, TO TOBOPAT, UTO
3aJaHO CEMECmB0 MHONCECTE.

Onpegpenenue 1.1.6. O6vbedunenuem cemeticmsa (A;)ie mMnoxcecms, Ha3viéa-
EMCA CALOYIOULEE MHONCECTNBO:

UAi = {x | cywecmsyemi € I makoe, umox € A;}.
il

MBI IPUXOAUM K CIEAYIOMIEMY MPUHIUIY (COMIAIIEHUO).

IIpunyun cywecmeosarnus 06vedunenus cemeticme mroxicecms. 06b-
edunenue A100020 CEMETCMBA MHONCECME CYULECMBYEM.

fAcro, ¥T0 oOBerUHEeHME NBYX MHOXKECTB A m B MOXHO paccMaTpUBaTh KakK
00beIMHEHNE CEMENCTBA

(Ai)icr, roe I = {1,2},A; = A Ay, = B.

Ounpepenenne 1.1.7. Ilepeceuenuem cemeticmaa (A;);c; MHONCECTNE HA3LIGA-
EMCA MHOHCECTLB0

ﬂAi = {x | das wmoboeoi € T x € A;}.

i€l
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§1.1 MuoxecTBa u onepanuu Ha I HAMA

Mox#HO ObLTO OB TOAYMATh, ITO HEOOXOAUM MPUHIINI, NaPAHTUPYIONINN CYIIIe-
CTBOBaHUE IepecevdeHns J00r0 CeMEeNCTBa MHOXKECTB, OTHAKO MBI He OymeM BBO-
IUTH COOTBETCTBYIONINU IIPHUHINI, TaK KaK BCKOpe OyaeT c(opMyInpoBaH (oJee
OOIINY MPUHINI, KOTOPBIA, BIPOIEM He HEPEKPOLT NPUHYUN CYULECTMB0B8AHUIL 00~
edunenUs A100020 CEMETCMBA MHONCECTNE.

Omnpenenenne 1.1.8. Ilepeceuenuem mnoxcecms A u B nazvisaemes mmuodxce-
cmeo

AﬂB:{x|x6A/\xEB}.
flcuo, uTo A (| B — T0 mepecedeHne ceMencTBa
(A;)i € I, rme I = {1,2}, Ay = A, A, = B.
Onpenenenune 1.1.9. Paznocmuio muoxcecms A u B naszvieaemea muoxcecmso
A\B ={z |z € ANz ¢ B}.

Ecan MHOX)eCTBO B ABIAETCA MOIMHOKECTBOM MHOXKeCTBa A, To pasHocTs A \ B
HasbIBaeTcAa donoanenuem B do A m ob6oznadaercs depes Cy B nan gepes CB, ecin
JACHO, O KAKOM MHOXeCTBe A maeT peds.

ITpunyun evideaeHus NOOMHONCECTMEA.
Aas npouzeoavnozo muosxcecmea X u ycaosus P(x) cywecmesyem muosxcecmeo

{z | x€ X&P(x)}.

IIpunyun evideserHus MOOMHONCECTNBA TAPAHTUDPYET A NPOU3BOJILHOIO
MHOXKeCTBa X CYIIeCTBOBAHUE B HEM IIO0IMHOXKECTBA, COCTOAIIErO M3 BCEX DJIEMEH-
TOB &, I KOTOPHIX BHIMOAHEHO ycaosue P(x). Tlpu 5ToM MBI TIOKA He YTOTHAEM,
Kakue ycaosusa P(x) IOmycTHMO paccMaTPUBATD.

s mr06e1x MuOKECTB A, B, C' BepHBI ClIeaynine paBeHCTBa:
NAUA=ANA=42)AUB=BJAunvA B = B[4
HAUBUC) = (AUB UC,

ANBNC) =ANB)NC

HYANBUC) =ANBUMNC),
AUBNC) = (AU B) NAUC);
HAUBNA=AAUBNA) = A,
JTOKa3aTeIbCTBO KOTOPHIX MPEI0CTABIAETCA YNTATETIO.

Ecan (A;)ie 1 — CeMEUCTBO MHOXKECTB TaKOe, 9TO Kax10e A; ABIAETCS MOJIMHO-
’KeCTBOM MHOXkecTBa U, HA3BIBAEMOI'O B JAHHOM CIydae YHUBEPCAAbHbIM MHO-
Jcecmeom, TO TOBOPAT, UTO 3a0aH0 cemelicmeo nodmuoxrcecme muoxcecmea U n
B orom cay4dae CA; —oro Cy A;.

Teopema 1.1.1. Huerom mecmo caedyrowue pasencmea, Hocawue nassanue @Hop-
Mmya deoticmeennocmu ( 3axonsvt de Mopzaana):

meJa) = e, @c)4) = |Jea

iel 1€l 1el 1el
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

Hdoxasameawvcms o [Jokaxem paserncrso (1). Ilycrs
xr € (C( U Az);
iel

rorga ¥ ¢ U, Ai, mosTomy A mo6oro i: v ¢ A;, TaK KaK B MIPOTUBHOM CIydae
v € U;erAi- Bmamur, nia moboro it € CAj, mostomy x € [),o; CA;. Tem
CaMBIM TOKA3aHO BKIIOUCHUE

1€l

c(|J4) c Neca. (%)

1 €1 i€l
[aa poxazaTeabcTBa 0OPATHOO BKIIOUEHU MPEIIOJ0KNAM, ITO
v € [)CA;,
teT

rorga mpu awoom i: & € CA;, a smauur, x ¢ A;, mosromy x € |J
Breder ¥ € C(J; . Ai). Tem campiv 10Ka3aHO BKIOYUEHIE

(A c (|4,

i€l 1el

i1 Ai, 9TO

410 BMecTe ¢ (*) B cuiy nmpuHImMna o0BEMHOCTH HaeT paBeHCTBO (1).
s moxkazareabcTBa paBeHcTBa (2) 3amerum, 4To u3 (1) cregyeT paBeHCTBO

c(lJc4;) = [ ceca).

Kpowme Toro, mis mo6srx MuOkecTB A u B u3 paBenctBa A = B cienyeT paBeHCTBO

CA = CB, 3uauwur,
ce(Jean) = c()cca),
iel iel
HO Toraa, ucnoab3ys pasenctBo C(CA) = A, noaydaem
Jca = c()4).
iel iel

Tem camMbIM JOKa3aHO, 9TO PaBEeHCTBO (2) caexyer u3 paBeHcTBa (1). O

1.2. CooTBeTCcTBUsA, OTHOINEHUA U PYyHKIIUNA

HOK&)KGM, 9TO MHOr'me MaTeMaTUIeCKue MOHATUusI MOryT OBITH BBEIPDA2KE€HBL 1e-
pe3 IMOHATHUEe MHOMHCECTBa, IIPUIEM STHU BBIDAXKCHUA 6yrZ[y’I‘ HaXOIUTHCA B IIOJTHOM
COIVIaCUM C HAIUMHU MHTYUTUBHBIMU IIPEACTABJICHUAMUN O COOTBETCTBYIOIINUX MaTe-
MAaTHUYIECKUX IMOHATUAX.
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§1.2 CooTBeTCcTBUSA, OTHOIIEHUA U (DYHKIIAT

[1s TPOM3BOIBLHBIX 00BEKTOB a u b depes {a, b} 0603HAIAETCS MHOKECTBO, DJIe-
MeHTaM# KOTOPOT'O ABIAIOTCA ¢ U b U TOJBKO OHM. DTO MHOXKECTBO HA3BIBAETCSA
HeYnopadoueHnot napoti >1eMeHTOoB a u b.

Ecmu meynmopsgodennas mapa 0O6BEKTOB CYIIECTBYET, TO B CHIY MPUHYUUNG
06 beMHOCNU OHA eTUHCTBEHHA.

ITpunyun cywecmeosarus HEYnopadoueHHoti napovl 34eMeHMOo8s.

Lasn npouzsoavuvir 06vekmos a u b cywecmeyem ur HeYnopAdoUeHHaA Na-

pa {a, b}.

Onpenenenue 1.2.1. ITycmv a u b — nexomopwvie o6vexmbl. Qbo3nauum uepes
(a,b) muoacecmso {{a,b},{b}}, komopoe 6ydem nasvisamv ynopadouwennod na-
pot daemenmos a u b.

To, aTo Takum 06pa3oM ONpeeJeHHOe TIOHATHE YNOPAJOUEHHOT NAPbL die-
MEHTOB OTBEYAET HAIIMM WHTYUTUBHBIM MPEICTABICHUAM 00 YIOPALOYEHHOU Mape
00BEKTOB, MOKA3BIBAET CJACTYIOMAA TeOpeMa.

Teopema 1.2.1. [as arobvix a, b, ¢, d
(a,b) = (c,d) <= a=c&b=d.
HJoxaszameabcmeo Ecma=c b=d,To

{a,b} = {c,d}, {b} = {d},
HOPTOMY I
{{a,0}, {0}} = {{c.d}, {d}}.
O6patHo, ycts (a,b) = (c¢,d), T. e.

{{a,b}, {b}} = {{e,d}, {d}}.

Bsenem ob6o3natienus
Ty = {Cl, b}a T — {b}a Y1 — {CJ d}a Yo — {d}a

A= {{aa b}v {b}} = {xlv 1‘2}7 B = {{Cv d}a {d}} = {yla y2}'

Bosmoxusr gBa cryuas: (1) a = b, (2) a # b.
PaceMoTpuM KaKIbIi U3 HUX.
(1) @ = b. B sTom cay4dae

A = {{a, 0}, {b}} = {{a},{a}} = {{a}},

no>romy u3 pasenctBa B = {yi,y2} = {{a}} caenyer, uro y; = y» = {a}, T.
e. {¢,d} = {a}, novtomy ¢ = d = a, 9TO BMecTe ¢ paBeHCTBOM ¢ = b maer
paBeHcTBO @ = b = ¢ = d.
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

(2) @ # b. Ecain GBI BBINOJHATOCH PABEHCTBO ¢ = d, TO, HPOBOsA PACCY K IEHUS,
Kak ¥ B ImyHKTe (1), MBI OXy9Imin OB paBeHCTBa ¢ = d = a = b, 9TO HEBO3MOKHO,
nosTomy ¢ # d.

Ty € A, 3HauuT, T € B, orkya xs = {d} mubo xy = {c,d}.

Ho BTOpOe HEBO3BMOXHO, TaK KaK TOTAa MBI uMenn ObI PABEHCTBO ¢ = b = d,
YTO MPOTUBOPEUIUT HEPABEHCTBY ¢ # d. SHAYHAT, Ty = Y.

AHAJOrMYHO MOJydIaeM, 9TO Ty = ¥q, T. €.

{0} = {d}, {a,0} = {c,d}.

Ho Torga b = d. U3 pasencrsa {a,b} = {¢,d} B cuny Toro, uroa # bub = d
clIenyeT, 9TO 4 = C. U

3amedanue. [IpuBegennoe ompegereHne yoopsaI09eHHON HAPHL DJIEMEHTOB OBLIO
npennoxeno Hopbeprom Bunepom n Kazumupom KyparToBekmm.

Teneps unyKIMeN o 1 (N > 2) BBeAeM IOHATHE YNOPAOOUEHHO20 HAbOPaQ
u3 n daemenmos (Win NoHATHE YNOPAIOUEHHOT N-KU IAEMEHINOB).

[Ipu n = 2 >T0 yXe caeraHo.

[Tepexon oT n K n + 1 ocymecTBIgIeTCA CIeIYIOMAM 00Pa3oM

(A1, ey gy Q1) = (A1, ey @), Qpyr),

rae (aj, ..., a,) 0603HAYACT YnoPAJOUEHHbLT HAOOP U3 N IAEMEHMOB.
Nuaykuuen mo n 10Ka3bIBACTCA CICAYIONIAA TeOpeMa, ABIAIIMAACT 0000meHneM
Teopembr 1.2.1.

Teopema 1.2.2. Ilpu awbom n 0aa 410061 a1, ... , Gy, b1, ... , b, evinoansemCA
IKBUBANEHTIHOCITD

(a1,...,an) = (by,...,b,) <= a1 =0 & ... a, = by.

Ounpepenenne 1.2.2. IIpambim (dexapmosvim) npo3eedeHuem MHoxcecms
Ay, ..., A, Hasvisaemca caedyrowee MHONCECMBO:

{{(x1,ce,zp) | z1 € AL A ... Ay € AL,
o6o3nauaemoe uepes Ay X, ..., x A, uau [, A;.
B ciayuae, korga Ay = ... = A, = A, mHOoXecTtBO A; X ... X A, HaswpIBaeTCA
npamoti (dexapmoseoii) cmenenvio mroxcecmea A u 0003HATACTCA Yepe3

A™.

Omnpegenenne 1.2.3. Jliwboe nodmnoxrcecmeo R npamozo npouseedenus Ay X ... X A,
mmosncecme Ay, ..., A, (R C Ay X ... X Ap) nasvisaemcs n-mecmubim omuouse-
Huem Ha mroxucecmeaxr A, ..., A,.
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§1.2 CooTBeTCcTBUSA, OTHOIIEHUA U (DYHKIIAT

Ecmu (ai,...,a,) € R, TO rOBOPAT, 9TO DIEMEHTHI (1, ..., (; HATOOAMNCA 8
omuowenuy R u numyt R(aq, ..., ay,).
B cayuae, korga Ay = ... = A, = Au RC A" = A x ... Xx A, R HaspsiBaercsa

N-MECTHBEIM OTMHOUWEHUEM HA MHOoHNcecmsee A.

B sTom moco6um ocHOBHOe BHUMaHUE OyIeT YIEICHO IBYMECTHBIM WIU OWHAP-
HBIM OTHOIIEHUAM, T. €. CIydaio n = 2. B »Toum curTyanum HECKOIBKO PACIIMPUM
MOHATHE IBYMECTHOT'O OTHOIIEHUA, HE ONMpeneaaa 3apaHee MHOXKECTBA, HA KOTOPBIX
OHO OMpeNeneHo.

Omnpepenenne 1.2.4. Jliwboe mnoxcecmso R ynopadouenubix nap naszvisaemcs 08y-
MECTHBIM UAlU OUHAPHBIM OMHOWEHUEM UAY COOMBEMCMEUEM.

Taxum ob6pazom, R — 6unapnoe omnowenue (coomeemcmaeue), eciu
mis moboro € R maugyTea Takue u M v, 9T0 & = (U, v).

Ecan gia 6unapnozo omrwowenus (coomeemcmeus) R muoxecrsa A n
B TakoBwbI, 4TO

R C A x B,

To R HasbBaeTCaA OUHAPHBIM OMHOULEHUEM MEHCOY IAECMEHMAMU MHO-
ascecme A u B (UMEHHO B TaKOM TOpAIKE) WIn coomeememeuem u3 A 6 B,
IpU >TOM MHOXKECTBO A Ha3wIBaeTCa 06.4aCMbI0 OMNPABAEHUA COOTBETCTBUA
R, a B — ero o6aacmbio npubvimus; ecim xe R C A x A, To R HaswpiBaeTCsa
6unaprblm omuowenuem Ha A nm coomseemcmeuem u3 A 8 A.

Ecau (u,v) € R, TO TOBOPAT, UTO DIEMEHTHL U U U HALOOAMCA 6 OMHOULE-
Huu R win baeMeHTy u coomeememeyem dieMeHT v (Ipu cooTBeTcTBUU R),
nutnyT u Rv.

C KaxIbIM COOTBeTCTBHEM (OGMHADHBIM OTHOIIeHHEeM) R eCcTeCTBeHHBIM 06pa-
30M CBA3AHLI IBAa MHOXKECTBA, HA3LIBAEMLIE 06.4acmbio onpedesenus U COOT-
BETCTBEHHO 00.4aCcMb10 3Hauenuti (06IACTbI0 U3MEHEHUs) COOTBeTCTBUA (Ou-
HAPHOI'O OTHOmIeHus) R.

Omnpenenenune 1.2.5. O6aacmvio onpedeaenus coomsememsus (OuHapHO20
omnowenus) R nazvieaemca caedyouee mnoicecmeo:

{z | cywecmsyem v maxoe, umo (x,v) € R},
ob6oznauaemoe uepes D(R), a 6 nexomopwir cayuasz — uepes 6(R).

Omnpeapenenue 1.2.6. O6uaacmeio 3nauenuti coomsememsus (Ounapro2o om-
nowenus) R nasvisaemes caedyoujee mmorcecmeo:

{y | cyweecmsyem x maxoe, umo (x,y) € R},

ob6osnauaemoe wepez E(R), a 6 nexomopuir cayuaar — uepes p(R).

flcuo, uTo LA MOGOrO COOTBETCTBUA (OMHAPHOrO OTHOIICHU:) R:

R C D(R) x E(R)
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

u MHOXKecTBa D(R) n E(R) MUHAMAJIBLHEL B TOM CMBICIE, 9TO €CIN
R C A x B,
to D(R) C Au F(R) C B

Omnpegenenne 1.2.7. C kaxcdom coomsememsuem R ecmecmsennvim 06pasom
ceazvisaemcs coomeememeue R°, nasvigaemoe 06paujeHuem COOMEemcmeus
R (uau o6pamubim coomeememeuem dis coomsememeus R)

R* = {(z,y) | (y,x) € R}.
Acuo, 4TO
D(R°) = E(R), E(R°) = D(R), (R°)° = R.

Han coorercTBusvu (GMHAPHBIMEM OTHOIIEHUAMY ), KAK W HAT JIOOBIME MHOXKE-
CTBAMHI, MOXKHO IPOU3BOIUTH TEOPETUKO-MHOKECTBEHHBIE OMEePANN O0beIMHEHN
U, mepecedeHusd (M, BEBIYUTAHUA U T. 1.

OaHAaKO MOXKHO BBECTH 60J€€ BAXKHYIO ONEPAIMIO HAJ COOTBETCTBUAMM (GUHAD-
HBIMI OTHOLICHUSMH), HABBIBAEMYIO YMHONCEHUEeM coomeemcemeuti (ommuo-
wenuti), a UIMEHHO MO COOTBETCTBUAM (OTHOmEHUAM) R 1 S MOXKHO CIeIyIONUM
06pa30M OIpereInTh HOBOE OTHOIIEHNE, HA3biBaeMoe npou3eedenuem (Komno-
3uyueti) coomeemcmeuti (omuowenuti) R u S.

Onpepenenune 1.2.8. IIpou3sedenuem (Komnosuyuet) coomsememsui (om-
nowenut) R u S nasvisaemesn caedyiowee coomsememsue (omuowenue)

RoS = {(x,y) | cywecmeyem v makoe, umo xSv u vRy }.

Acwo, aTo

D(RoS) C D(S), E(RoS)C E(R).

Ounpepenenune 1.2.9. Coomsememsue (bunaproe ommouwenue) R nazvisaemes omo-
6padrcenuem uiu PHyrwryueld, eciu 0aa 40ObIT T, Y U Z U3 M0O20, YIMO

xRy U TRz
caedyem, umo y = z.

Nrak, mo Hamen TepMmuHoIorun omobpaxcenue ( Gynryus) — 510 1060€e
OMHAPHOE OTHOIICHHE, O0JIaalollee YKA3BAHHBIM B ONPEJeJeHHN CBOMCTBOM. OTO
CBOUCTBO HA3HIBAETCA PYHKUUOHAALBHOCTMBIO coomsememeus (omuouenus) R.

Ecaun R — omobpaswcenue, A = D(R), B O FE(R), To Gyjiem ropoputh, 9to R —
omob6paxcenue A 6 B.

3amnmch

R: A— B
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§1.2 CooTBeTCcTBUSA, OTHOIIEHUA U (DYHKIIAT

OyJeT CIyXKUThH COKpaIleHneM IasA yTBepxkaenus "R — omob6paxcenue A 6 B”.
Muoocecmeo acex omobparxcenuti A 8 B o6o3naqaerca depes B,

Ecin R — oro6paxkenue A B B, To mia moboro © € A = D(R) mangercs
eIUHCTBEHHBIN HIeMeHT y € B rmakon, 9ro (r,y) € R (mmm B apyrux o6o3Hade-
HuAX £ Ry), 5TOT daeMeHT y o6o3HaYaeTcsa Yepes R(r) n HasbiBaeTCAs 3HauEHUeM
omobpaixcenus R na saemenme r win 8 moukxe .

PaccMoTpuM Temeps CIeIVIOMIIU BOIPOC: 6 KakoMm cayuae obpaujenue RE dynk-
yuu R camo asasemea Pymwryued?

[ln1s oTBeTa Ha D>TOT BOIPOC BBeAeM BaxkKHOe HoHATHE 1-1-omobpacerus.

Omnpeapenenue 1.2.10. Omobpasxcenue (Pynryus) R nazvieaemes 1-1-omobpa-
scenuem (1-1-gynryued), ecau das wobviz r1 u x2 uz D(R) pasencmeo

R(x1) = R(xs)
B8/AEYETN paeeHcmGO Tr1 = To.

3amMe e HU e. l-l-orobpaxkenne HA3BIBAETCA €IIe UHDEKIMUBHLIM
omobpadcenuem i UHbeKyuet.

Teopema 1.2.3. Jas mozo umobvr obpawenue RC omobpancenus (Pywkyuu) camo
Oviao omobpasxcenuem (Pynryuet), neobrodumo u docmamouno, 4mobvl omoopa-
acenue (Pywkyua) R 6viao 1-1-pynkyued.

doxaszameanvcme o Illycts R® — ¢pyakuua. [lokaxem, auro R — 1-1-0mo6-
pascenue. Ecin xy, 29 € D(R) u

R(z1) = R(x2) = v,

TO 1 Ry n 9 Ry, 3uauuTr, y R°xy n y R° 9, HO, IO peamoaoxenno, R — pyHKIus,
MOPTOMY T1 = X9, BHAUUT, R — uHbeKyuA.
O6parno, nyctb R — unvexyua. [Mokaxem, aro R¢ — ¢pynkyus. Ecam y, x4 n x9
— TaKWe DJIEMEHTBI, 9TO
yR°xy m yRxo,
TO
1Ry u xRy,

YTO B CUIy MHBEKTUBHOCTU R BI€YeT PaBeHCTBO Ty = To, T. €. R — dynryus. [

Teopema 1.2.4. Ecau R u S — omobpaxcenusn (Pynkyuu), mo R o S — omobpa-
acenue (Pynkyua).

doxaszameanvcmeo Ecmmx, ywuz— Takue 3IeMEHTHI, 9TO
z(Ro Sy,  x(RoS)z
TO HAUIYTCA TAKUAE DIEMEHTHI U U U, ITO

xS u, uRy,
xSwv, v Rz

Tak xak S — omobpanxcenue, To u3 x Su u xSV creayer, 9ToO U = v.
Torma, Tak kak R — omob6pascenue, To u3 u Ry n u R z cregyer, aroy = z. [0
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Bameuganuel Ecum E(S) C D(R), o D(R o S) = D(S). Ecin xe
E(S) = D(R), 0o E(R o S) = E(R).

3Jameudanue 2. Ecit Ru S —orobpaxenus, To, KAK TOJIBLKO 9TO TOKA3aHO,
R o S Toxe aBaserca orobpaxkenuem. [Iycts © € D(R o S), paccMOTpUM BOIPOC
o Berauciaennn 3Hadenus (R o S)(x). Tak kax

(z,(R o S)(z)) € Ro S,
TO HAUAETCA DJAEMEHT U, TAKOU UTO
(x,v) € Su(v,(R o S)(x)) € R,
Ho Torga v = S(x) u (R o S)(r) = R(v), mosToMy moxydaeM paBeHCTBO
(R o S)(x) = R(S(x)),

KOTOpOE MOKa3bIBAELT, 9TO B caydae, korga R u S — pyukuun, R o S —5>T0 XOpoIo
U3BECTHAA U3 KyPCa MAaTEeMAaTHUIECKOrO aHAIN3a UX CYNEePHO3WIUA WM, KaK IacTO
rOBOPAT, CIOXKHAasA (PYHKINUA.

Teopema 1.2.5. Fcau R u S — unvexmusuvie omoobpaxcenus, mo R o S — unbek-
MusKoe 0mobpaNcenue.

Adoxaszameanbcmeo. [lo Treopeme 1.2.3 R o S — orobpaxenue, 3HAYUUT,
OCTAeTCs JOKA3aTh €0 MHBbeKTUBHOCTD. Kcim u u v — Takue saemenTsl u3 D(R o S),
9T0

(R o S)(u) = (R o 95)(v).
ITo 3amedanmio 2 HOCICIHEE PABCHCTBO MOXKHO HePENuCaTh B CIeLyIOIeM BUIe
R(S(u)) = R(S(v)).
Tak kak R — MHBEKINA, TO U3 MOCIEIHET0 PABEHCTBA MOAYIaeM PABEHCTBO
S(u) = S(v),
KOTOPOE€ B CBOIO O4YepeIb AT HYyKHOE HAM PABEHCTBO

u = v.

Paccmorpum Hambomee BaxKHBIE NI JAJbHEUIIErO BUILI OTOOPAKEHUN.

Onpeneneune 1.2.11. Omobpasxcenue f mnoxncecmea A 8o muoxcecmeo B nasvi-
BALMNCA UHDBEKMUBHBIM 0MObGpadcenuem (unsberyuet, 8.40HceHUEM), eCal
daa mo0biz u u v uz A uz mozo, umo u # v, caedyem, umo f(u) # f(v).

YacTo 6bIBaeT yIOOHO UCIOIB30BATH OIPEIEICHIE UHBEKMUBH020 omobpa-
HCeHUA B caeqyiomen (popmMe, KOHETHO, PABHOCUILHOW MPEABIAYIIEN (pOpMe.
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Onpenenenune 1.2.12. Omobpanxcenue f muoxncecmea A 60 mmuoxcecmso B nasbi-
8AEMCA UHDBEKMUBHBIM 0mobpadcenuem (unsveryuet, 8a0xucenuem), eciu
das wo6vir w uw v uz A uz mozo, umo f(u) = f(v), caedyem, umo u = v.

B ganpmenmem 3amuck f : A — B OyleT CIyXKHUTH IJIA COKPAIIEHHOrO 0003Ha-
YeHUA YTBepXKIeHUA ”f — unbexmusnoe omobpadxcenue mroxrcecmea A 60
MHOodHCECMBO B”.

Omnpegenenne 1.2.13. Omobpaxcenue f mmoncecmea A 60 muoxcecmso B nasvi-
8AEMCA  CIOPBERMUBHBIM 0mobGpadxcenuem | cropvbexyuet, omobparce-
Huem Ha), ecau E(f) = B, m. e. ecau das 4106020 saemenma y € B natidemes
makot saemenm x 6 A, umoy = f(x).

B manbmenmewm s3anuce f : A — B Oyger CIyXWUTh IS COKPAIIEHHOrO 0003Ha-
YeHUs YTBEpXKIeHUs [ — clopwbekmusHnoe omobpaxcenue mmoxcecmea A
Ha MHOHCECMBO B.

Teopema 1.2.6. Ecau S — clopvexmusnoe omobpaxcenue muorcecmsa A na muo-
acecmeo B, a R — clopwbekmusubie omoobpaxcenue mmoxcecmsea B na muoxrcecmso
C, mo R o S - ciopvexmusnoe omobpaxcenue muoxcecmsa A na mmwoxcecmeo C.

Adorxaszameawvcmse o. fAcuo, aro R o S — orobpaxkenne MHOXKecTBa A BO
MHOXKecTBO C'. OcTaeTcsa T0Ka3aTh €ro CIOPBHEKTUBHOCTD.

[IycTb 2z — mpousBoabHBIN daeMeHT MHOXKecTBa C. Tak kak R — CIOpBEKTHUBHOE
oTobpaxkenune MHOX)ecTBa B Ha MHOXecTBO (', TO BO MHOXKecTBe B Hammercs sie-

MeHT y Takou, 4ro z = R(y). Ho S — ciopbexTuBHOE 0TOOpaXKeHUe MHOXKECTBA
A Ha MHOXeCTBO B, mM0>TOMYy BO MHOXKECTBe A HAUZeTCA TAKOU >JIEMEHT I, UTO
y = S(x).

OxoHYaTEIbHO TOJTYYaeM
z = R(y) = R(S(x)) = (R o 5)(x).
O

Onpeneneuune 1.2.14. Omobpasxcenue f mmoncecmsea A 60 mmoxcecmso B na-
3bl8aEMCA  OUEKIMUBHBIM, ECAU OHO 00HOBPEMEHHO ABAACMCA UHDEKMUBHbIM U
CIOP B EKMUBHBIM 0MOOPANCEHUEM MHONCECMEa A na mHuoxcecmeo B.

B manbmenmem sanuce f : A — B Oyaer CIyXWUTh IS COKPAIIEHHOrO 0003Ha-
YeHUS yTBepXKIeHus [ — Guekmusnoe omobpadxenue muoixcecmsa A na
mHoHcecmeo B.

3damMeuamunwue. Ecim R — OuekTuBHOe oToOpaxkeHne MHOXKecTBa A Ha
MHOXKECTBO B, To 6yeM IOBOPUTE, ITO R OCYIIEeCTBIACT 83aAUMHO0IHO3HAUHOE
coomeemcmaeue Mex iy MuoxecTBamu A u B.

Teopema 1.2.7. Ecau S — 6uexkmusnoe omobpaxcenue muoxcecmsa A na mmoxce-
cmso B, a R — 6uexmusnbie omobpanxcenue muoxcecmsa B na muoxrcecmeo C, mo
R o S — 6uexkmusnoe omobpasxcenue muoxcecmsa A wa mmoxcecmso C.
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Adoxazameavbcmso. cpady cregyer u3 TeopeMbl 1.2.4 u Teopembr 1.2.5.
0

Tenepb MBI pACCMOTPHUM BAXKHBII 80NPOC 06 00pamumocmu omobpaxcenut (@ymk-

Omnpegenenne 1.2.15. Jas npouzsoasvnoz2o muoxcecmsea X 0603nauum uepes idx
caedyrouee omoobpaxrcenue

idy + X — X, idx(u) = u npumaoobomu € X.

JIerko moHATD, 9TO idx — Obuexmusroe omobpaxcenue MHOKecTBa X Ha cebA.
idx HA3BIBAETCA MOHNCIECMBEHHBIM 0MOOpaicerHuem mrorcecmea X Ha
cebs.

Onpegenenne 1.2.16. Omobpaxrcenue R : A — B wmmnoxcecmea A 60 MHo-
scecmso B naszvieaemces 06pamumbim, e€CAl CYUECMYEm MaKkoe 0moOpaAHNCeHUE
S : B — A mnoocecmea B 60 mmoncecmso A, umo

SoR=idy, RoS =idg.

3amedaHue. HerpyaHo gokasars, 9To ecan aisg oroopaxenuas R : A — B
MHOXKecTBa A BO MHOXKeCTBO B cymecTByeT Takoe orobpaxenune S : B — A MHO-
XKecTBa B Bo MHOXecTBO A, 9TO

SoR =1idy, RoS = idg,

TO oTOOpaxkeHue S OMPEIeJeHO OTHO3HATHO, OHO HA3LIBAETCI O0O0PAIMHbIM 0MO-
6paxcenuem 1A oTobpaxkenus R u o6o3HadaeTca depes R L.

Teopema 1.2.8. Omoobpasxcenue R : A — B mmnoxcecmsa A 60 mmoxcecmeo B
ABafAEMCs  06pamumblm moz2da u moavko mozada, koeda R — O6uexyus muodxce-
cmea A na mmoxcecmso B u 6 cayuae obpamumocmu omobpaxcenus R ob6pammubim
daa ne2o omobpaxcenuem asasemea RS, m. e. R~ = R°.

Adoxaszameawvcmso. [lyctb orobpaxenne R : A — B muoxectBa A
BO MHOXeCTBO B saBageTca obpamumbim u S — Takoe oToOpaxkenme S : B — A
MHOXKeCTBa B BO MHOXKeCTBO A, 4TO

SoR=1dy, RoS =idg.

[Toxkaxewm, 1o R — 6uexyus.

[Ipex e Bcero ybemumcea B UHBEKTUBHOCTH K.

Ecan u m v — Takue saemenThl u3 MHOXKecTBa A, uro R(u) = R(v).

[Tpumensas k ob6erM YacTAM MOCTIETHETO PABEHCTBA OTOOpaxKeHHe S, MOJYINM
PaBEHCTBO
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3 KOTOPOTro Mmoay4vdaeM paBE€HCTBa

(S o R)(u) = (S o R)(v), ida(u) = ida(v), u

I
=

SuauuT, R — UHBEKTUBHOE O0TOOpaXKeHue.

Y1061 yOEIUTHCA B CIOPBEKTUBHOCTHU 0TOOpakeHus [, BO3bMeM MPOU3BOJbHBIN
DIEMEHT Y BO MHOXKeCTBe B, a depes x o603HadnM dieMenT S(y) u3 MHOXKecTBa A.
Torma moryamm

R(z) = R(S(y)) = (R o S)(y) = udp(y) =y,

mosToMmy R — ciopbeknus, a 3Ha4uT R — OuekTuBHOE 0TOOpaKeHue MHOKecTBa A
Ha MHOXecTBO B.
[ moKazaTeIbCTBa OOPATHOTO YTBEPKACHUS IIPEAMOJ0KIM, ITO

R : A — B — OumekTuBHOE 0TOOpaxKeHue

MHOXKeCTBa A Ha MHOXKeCTBO B.
Paccmorpum coorBercTBue RS m3 MHOXecTBa B BO MHOXKeCTBO A.
[To Teopeme 1.2.2 R® — omobpaxcenue, a TaK Kak

D(R%) = E(R) = B,

To R° — oTobpaxkenune MHOXKecTBa B Bo MHOX)ecTBO A. IIpoBepKa BHIIOIHEMOCTH
PaBEHCTB

R o S = idp, SoR =1idy
IPEIOCTABIACTCA INTATEIA B KAIeCTBE IPOCTOrO YIIPAXKHEHUS. O

B kadecTBe HEKOTOPOrO IOMOJHEHHA K TOJIBKO UTO TOKA3aHHOU Teopeme 1.2.7
MOXKEeT PAacCMaTPUBATHLCA CACAYIONIAA TeopeMa.

Teopema 1.2.9. [as mozo, umobbl ommuowenue R mexncoy saemenmam, MHo#cecms
A u B ocywecmsannio 63auMH000H0O3HAUHOE coomeemcemeue mexcdy A u B
He0OLoUMO U JOCTAMOUHO, YOObL BbINOAHAAUCH PABEHCTEE

RORC:idB, RCOR:idA.

doxaszameanvcme o. Ecmm ornomenne R Mexay siaeMeHTaMu MHOXKeCTB A
u B ocymecTBaseT 83auMH000HO3HAUHOE coomeemcemeue Mexay A u B, T.
e. R aprsgercsa 6uexmusmbim OTOOPaKEHNEeM MHOXKecTBa A Ha MHOXKecTBO B, TO
JIEMKO TOKA3aTh, IYTO BHEIMOJHAIOTCA PABEHCTBA

Ro R =idg, R°oR = idy.

YT0o6B TOKa3aTh 0OpaTHOE YTBEPXK ICHUE, MPEATOJ0KNM, ITO BEITOJHAIOTCA pa-
BEHCTBA

Ro R =idg, R°oR = idy.
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[Tokaxewm, aTo R — OuekTUBHOE OTOOpaKeHWe MHOXKeCTBa A HAa MHOXKECTBO B.
Ecmmu € A,v,w € Bnu
uRv, uRw,

TO

vRu, wR"u.
B gacTHOCTH,

vR°u, uRw,
O2TOMY

vR o R°w,

Ho R o R® = ipg, sHauur, vigw, T. e. ig(v) = w. Ho ig(v) = v, cregoBarenpuo
v =w,T.e. R~ omobpadcenue.

Tak xkak D(R. o R) C D(R), to D(ida) C D(R). Ho D(ids) = A, 3uaunr,
A C D(R), aro Bmecte ¢ D(R) C A nmaer pasenctso D(R) = A.

[TosTromy R — omob6paxrcenue vuOXecTBa A BO MHOXKECTBO B.

CoBepIleHHO aHAJIOTMYHO NOKA3bIBAETCA, 9TO R® — omobparcenue MHOXKe-
crBa B BOo MHOXecTBO A.

Tak Kak Mo MpeanoJ0KeHNI0 BEIIOIHAIOTCA PABEHCTBA

R o R° = idp, R o R = idy,
o R — o6pamumoe omobpaxcenue MuOKeCTBA A BO MHOXKeCTBO B, mosTomy
mo Teopeme 1.2.7 R — 6uexyus. 0

Teopema 1.2.10. Jas a06b1x bunapuviz omuowenut R, S u U svinoansomes cae-

dyruue pagencmea
(1) (RoS)oU = Ro (SoU),
(2) (R o S)* = S°o R

Hdoxazameabcms o [okaxkem paBeHcTBO (1).

z((Ro S)o Uy < (v)(xUv&v(R o S)y) <
<= () (2Uv & (Jw)vSw & wRy)) <~
<— ()(Fw)(zUv & vSw & wRy) <~
<— (FJw)(Fv)(zUv & vSw & wRy) <~
<~ (Jw)((Fv)(zUv & vSw) & wRy) <=
<— (Jw)((z(U o S)w) & wRy) <=
< z(Ro (S ol))y.
MoxaxeM paBeHCTBO (2).
(R o S)y < y(Ro S)x <
<~ (v)(ySv&vRr) —
< (v)(zRv&vS%Y) —
<= z(R° o S%y.
U
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Omnpepenenue 1.2.17. [Tycmv R — coomsemcemeue (Ounapnoe omuowenue), a X
— npousdsoavroe muoxcecmso. OQ6pazom mnoxcecmsa X omuocumensvbro R nasvi-
BAEMCA CACOYIOULEE MHOHCECTLBO

R(X) = {y | cyweemsyem x € X maxoi, wmo xRy }.

ITpoob6pazom mrosxcecmsa X omuocumenvno R nasvisaemes caedyowee mmo-
HCECNBO

R YX) = {2 | cywecmeyemy € X maxoti, umo xRy }.

3damMedaHnue HeTpyaHo moHATh, 1TO mpoobpa3 MHOKeCTBA X OTHOCH-
TelbHO R — 5TO mpocTo 06pa3 MHOXKecTBa X, HO OTHOCUTEIbHO RS, T. e. nuMeeT
MeCTO PaBEHCTBO

R Y(X) = R(X).

Teopema 1.2.11. Jas awbozo omuowenus R umerom mecmo caedyouwjue pasen-

| W R 4 = | R4,

(2) R(ﬂ 4;) C ﬂ R(A;);
@) R (U 4) = U 77 (A
(4) ecau R — @ ynruua, mo R’l(n A;) = ﬂ R7Y(A);

(5) ecau A C B, mo R(A) C R(B);
(6) ecau A C B, mo R '(A) C R '(B).

Adowazameavcmeo. (1) BEemx € R(UJ,c; Ai), To B ;o Ai HalizeTcsa
sIeMeHT v Takol, 9To vRw. Tak kak v € J;¢;

A;, To HamgeTca Takoe i € I, 9TO
v € A;, nooromy x € R(A4;), a sHauur, z € |

R(A;).
CJIe,/IOBaTeJH)HO, nMeeT MeCTO BKJAKYEHUE

R(lJ 4) ¢ U R(4. (+)

i€l 1el

i€l

[ycts z € |J R(A;), Toraa mpu mekoTopom i & € R(A;), 3HAYAT, €CTh Takon

iET
saeMeHT v B A;, uro vRx, HO Torga v € |J A;, smaunr, © € R(|J A;), mosTomy
T icl
U R4 € R(Y 4. (%)
il ieT

3 sraodennn (*) u (**) B cuy npusunna o6bemMuOCTH CregyeT paBeHCTBO (1).
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(2) Ectw x € R( () A;), To Hamgercs saemeHT v € (| A; Takon, 4ro vRx.
icl iel

Tak kax mpu mo6oMm i@ € I: v € A;, TO MOXHO YTBEPKIATH, 9TO IIA JHOOOTO

i € I mamgercsa saemenT v B A; Takon, uro vRx, 3Haunt, © € R(A;) mas mao6oro

i, mosromy = € (| R(4;).
el
(3) cpasy caenyer uz (1), ecan BemomuuTh, uTo R™(X) = R(X).
(4) Braouenne
R A) € (R '(4)
ieT iel

cpasy caeayer m3 (2), Tak xkak R™'(X) = R¢(X).

lokaxem obpaTHOE BKIOUYeHUE. [IycTh

v e [ R4,
iel
Torga npu.tobom i € I:x € R™Y(A;), smauur, R(z) € A;, nosromy R(z) € (] A,
iel
aT0 BMecTe ¢ © R R(x) Baeder

r € R[] A

1€l

Bkuouenne (6) cpasy caexyet us (3).
(5) Ecm x € R(A), To HamgeTcs saeMeHT v Takon, 4To v € A, vRx, HO Torga
B cuty Bkaouenus A C B v € B, suauur, x € R(B).
U

Kak yxe orMeva1och Bellle, urosxcecmeo ecex gynkyut ud A 6 B o6o3HaIaeTCS
1epes BA.
[Iycts (A;)ic 7 — IPOU3BOIBLHOE CEMEUCTBO MHOXKECTB.

Onpenenenne 1.2.18. Jexapmosvim npou3eedeHuem cemeticmsa MHONCECTLE
A;)icr masvisaemes caedyrouee MHONCECMBO:
1)1 €

H A=Af|f:1— UAZ'I/I,Z[./IHK&)K,Z[OI’Oi eI f(i)e A}

iel 1el

B kadecTBe OJHOTO M3 BaXXHBIX IIPUHIMIIOB KAHTOPOBCKOW TEOPUU MHOXKECTB

IpUMeEM CJIeIYIOIIH.
Axcuoma MYAbMUNAUKAGMUBHOCMU.

Aexapmoso npoussedenue HENYCMO20 CEMETCMBA HENYCMBLL MHOHCECTNE HENY-

cmo, m. e. ecau I # O u npu arobomi € T A; # 0, mo u [ A; # 0.
iel

3awmeuaH u e. [[anHOE BBHIIIE ONpeIETICHUE HOHHTEI/I}I CeMeunCTBa DJeMeH-
TOB ABIAECTCA HETOCTATOYHO Y€TKUM, OTHAKO €0 MOXKHO YTOYHUTD, UCIOJIb3YA YKe
BBEJICHHOE NMOHATHE (PYHKIINH.

[IycTs I — 110606 MHOXKECTBO, HA3BIBAEMOE MHONCECTBOM UHIEKCo6, a X — I000e

MHOXKECTBO.

30



§1.3 HekoTopsie crenuaibHbIe OTHOIIEHUS

Onpeneneuune 1.2.19. Cemeticmeom aaemenmos muoxcecmsa X ¢ MHOMCE-
cmeom undexcos I nasvisaemesn awoas gynwkyus [ I — X.

HamomuuM, 9TO N-MeCTHOe OTHOUIeHne Ha MHOXecTBe A — >To m11060€ moaMHO-
KeCTBO MHOXKecTBa A”.

Jliobas ¢pyukuus f : A" — B HazweiBaeTCsa n-mecmuoti Gynrkyuet u3z A 8
B. Tlpu stom nutuyT b = f(ay, ..., a,) BMecTo b = f({ai, ..., a,)), b HA3BIBAIOT 3Ha-
yenuem PynKyu f npu 3HAUEHUAT APRYMENMOB A1,..., Gy WAL 8 MOUKE (A1, ..., Ay ).

OHUM M3 OCHOBHBIX MOHATUU MATEMATUIECKOW JOTMKU SBIACTCS MOHATUE N-
MECTHOIO MPEeIUKATA.

Onpenenenune 1.2.20. n-mecmubim nPeduKamMom, onpedeicnnom Ha, MHOMNCe-
cmee A, Ha3vi8aemcesa A100a48 N-Mecmuas GYHKYUa U3 Muoxcecmsa A 60 muoxcecmaso
{M,JI}, cocmoawee uz dsyz saemenmos I — "uemuna”, JI — "aooxncw”.

Mex a1y n-MecTHBIMEU TpeIWKaTaMU, ONpEeIeJeHHBIMEU Ha MHOXKecTBe A, m n-
MECTHBLIMI OTHOIIEHUAME HAa A eCTeCTBeHHBLIM 00pa30M YCTAHABINBAECTCS B3aUMHO
OJHO3HAYHOE COOTBETCTBHUE, €CIU KaXKIOMY N-MECTHOMY HpelukaTy P mocTaBUTh
B COOTBETCTBHUE OTHOIIEHUE

Rp = {(a1,....,an) | a1,...;a, € Au P(ay,...,a,) = N}

1.3. HekoTopble crnenuaibHble OTHOINIEHUA

OnHUM 13 BaXXKHEUIINX IBYMECTHBIX OTHOIICHUH ABIACTCA OMHOULEHUE IKEU-
8AAEHITIHOCTNU.

Omnpegenenne 1.3.1. OmHuoweHUEM IKBUBAAECHIMHOCTNU UAU NPOCMO IKEU-
8AAEHMHOCTMBIO Ha MHONCECmEe A nasvisaemes Kaxcdoe J8YMECTNHOE OMHOULE-
nue R na mmoncecmee A, m. e. R C A X A, ydosaemeopaowee caedyouwum mpem
YCAOBUAM:

(1) pedaercusrnocms: das awboz0 saemenma a € A: aRa;

(2) cummempuunocms: das 4100bLE daemenmos a,b € A:

ecau aRb, mo bRa;

(3) mpanzumuernocms: das 410661L saemenmos a,b,c € A:

ecau aRb u bRc, mo aRc.

3ameuanme. O6o3HaIMM 4depe3 A4 TaK HALIBAEMYIO JUGZOHAAb MHOHNCECTNEA
A, monoxus

Ay = {{a,a) | a€ A}.

Torga pedaekcusnocms omuowenus R oznauaem, wmo Ay C R.
Cummempuurnocms ommuowenus R oznauaem, umo R = R.
Tpanzumusrnocms omuowenus R o3nauaem, ymo Ro R C R.
[IpuBegem HamboIee PaCIpOCTPAHEHHBIE 0O03HAYMEHNA IJIA OTHOIIEHUN SKBUBA-
JEHTHOCTH: =, =, ~, .
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B ,l(&JII)HGIﬁHIGM npou360A4bHOE OMHOWEHUE IKBUBAACHIMHOCITNU Mbl 00bIUNHO 6@/(9&/%
0603Hauamb yepes =.

HyCTI) = — OMHowernue 3K6UBAAEHMHOCTU Ha MHOXKECTBE A, a a4 — DJIEeMEHT
2TOr'0 MHO2KeCTBaA.

Onpepgenenne 1.3.2. Kaaccom 3K8UBAALEHMHOCTIU (CMEHCHBIM KAACCOM)
AEMENMNA A NO OMHOULEHUIO IKEUBAACHMHOCNY = HA3bI6ALMCA MHOHCECTNEO

laz = {z |z € A&ka=1}.

OOGBbIMHO MHIEKC = OMyCKAETCA, T. €. BMECTO 3AlUCH [a]= MCIOIB3YeTCA 3aIuCh

[a].

Onpe,z(eJIeHne 1.3.3. Muoaxcecmso 8cex Kaaccos IKBUBAACHIMHOCTNU NO OTMHOULE-
HU 3KBUBAAEHIMHOCTNUY =, 0np6a6JL6HHOMy HA MHOMHCECTNBE A, Ha3bl8AEMCA gﬁa’n-
TMOPMHOHCECTIIBOM MHOHCECTNBA A no omHOWEHUI IKBUBAACHMHOCTNUY =.

PDaKTOPMHOKECTBO MHOXKECTBA A 10 OTHOLIEHUIO YKBUBAJICHTHOCTH = 0003HA-
qaerca depes A/ =.

Caenyromas TeopeMa yCTaHABINBAET BaXKHEHUIINEe CBOUCTBA KJIACCOB DKBUBAJEHT-
HOCTH.

Teopema 1.3.1. (1) Aas aw06020 a € A: a € [a].

(2) Ecau b € [a], mo [a] = [b].

(3) Ecau [a]N[b] # 0, mo [a] = [b], m. e. a100bie 064 PABAUNHMIT CMEHCHDIT KAGCCA
HE NEPECERAMCA.

(4) A= U [a]

Mdoxaszameavcmso. (1) B cury pedaexcuprOCTH MMeeM a = a, 3HAYWT,
a € [al.

(2) ycrs b € [a], Torga a = b, HO3TOMY B CHIy CUMMETPUIHOCTH b = @, 3HAYUT,
a € [b].

Ecin z € [b], To b = x, oTkyaa, ucnonb3ys a = b, B CUIy TPAH3UTUBHOCTU
nory4daeM b = x, sHauur, [b] C [a].

Ananornaneiv o6paszoM u3 a € [b] caegyer, uro [a] C [b]. Buauur, [a] = [b].
(3) Ecau [a] N [b] # 0, To mycrs ¢ € [a] N [b]. Torga B cuny (2) [a] = [¢] = [b].
(4) cpasy caenyer u3 (1). O

B onpenenenuu ki1acca SKBUBAJEHTHOCTH ydacTBOBaJ daemMeHT a. Ciexyromas
TeopeMa MOKa3BkIBAET, ITO 03 DTOr0 MOKHO OOOUTHUCH.

Teopema 1.3.2. Henycmoe nodmmnosxcecmso B muoxcecmsa A A8AAEMCA KAACCOM
IKEUBAAEHMHOCTIU NO OMHOWEHUIO IKEUBAAEHMHOCNU = M0200 U MOAbKO M0o20a,
Ko2da

(1) das wobbix saemenmos a ub uz B a =,

(2) das aobbiz saemenmos a u b uz ycaosuia € B ua = b caedyem, umo b € B.
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Hdoxaszameanbcmso. Ilyctb B — K1acc SKBUBAJIEHTHOCTHU IO OTHOIIEHUIO
SKBUBAJIEHTHOCTH =, TOTa HAUIETCA TAKOW IEMEHT ¢, 9T0 B = [c].

Eciu a u b uz B =[], T0 a = ¢, b = ¢, 3uavur, a = b.

Eciu a € B = [¢], 1o [a] = [c]. Ecim k Tomy xe a = b, To [a] = [b]. [losTomy
be[b] =B.

Teneps mpenmosokuM, 9TO HEMYCTOE MOAMHOXKECTBO B MHOXecTBa A ymoBie-
TBOPAET YCJIOBUAM:

(1) mnsa m06LIX daemeHToB a u b uz B a = b,

(2) mas moOBIX BaeMeHTOB @ u b u3 yeaosun a € B u a = b caegyer, uro b € B.

[Iycrs a € B. Hokaxkem, uro [a] = B. Eci © € [a], To @ = 2, 4T0 B™ecTe ¢
a € B naer x € B, snauur, [a] C B.

Eciu x € B, To u3 a € B caegyer, 4To a = &, 3Ha4uT, & € [a], mosromy B C [al.

3uauur, [a] = B. O

Onpenpenenne 1.3.4. Henycmoe mnosncecmeo U nenycmuviz nonapro Henepecerao-
wuzcs nodmmoxcecms mnoxcecmsa A, 06vedunenue Komopo20 cosnadaem co 6cem
A, nasvisaemces pazbuenuem mroxcecmea A.

B CAeIYIOIINX TeopeMaX NOKa3bIBa€TCA, ITO U3YIaTh OTHOIICHUA SKBUBAJCHT-
HOCTH Ha MHOXecTBe A TO xe caMoe, 9TO U3yvdaThb pa36I/IeHI/IH 3TOr'0 MHO2KECTBaA.

Teopema 1.3.3. Fcau U — pazbuenue muosxcecmsa A, mo omuowenue Ry, onpe-
deasemoe caedyouwum 00pas3om

r Ryy < cywecmeyem mmoxcecmso X € U maxoe, umo x,y € X,

ABAACTNCA OMHOUWEHUEM IKBUBALECHMHOCTIU Ha A.

doxaszameanvcme o Ilycrs U — paszbuenne muoxecTBa A. [Tokaxem, 410
ompeneseHHOe B (pOPMYIUPOBKE TEOPEMBI OTHOIIeHue [t ABIAeTCI OTHOIIEHUEM
DKBUBAJEHTHOCTH, T. €. 00J31aeT CBOUCTBAMU Pe(IEeKCUBHOCTH, CAMMETPUITHOCTH
1 TPAH3UTUBHOCTH.

(1) Pedaekcusnocts. Ecau a € A, To B cuny paBencTBa A = XLEJUX, HAUIeTCA

Takoe MHOxkecTBO X € U, uto a € X, 3HauuT, alya.

(2) CummeTpuIHOCTH OTHOWIEHUs Ry, cpasy CleayeT u3 ero ornpeIeleHus.

(3) TpamsutusuoCTh. [IycTh aRyb u bRy c. Torga nangyres B U Takue MHOXKe-
ctBa X n Y, uro a,b € X ub,ce€ Y. Torna b € X NY. Orciona mo onpeneneHno
pas3buenus noaydaem, aro X =Y, 3uaqur, a,c € X, nosromy alyc. U

Teopema 1.3.4. Fcau U, V — pazauunvie pazbuenus muwoxcecmsea A, mo Ry u Ry
— PA3AUYHBLE OTHOULEHUS IKBUBAACHITIHOCTU.

doxaszameanvcme o Ilycrs U, V — pasmudaubie pa3OueHns MHOXKeCTBa, A,
mokaxem, 910 Ry m Ry — pasaudHble OTHOIIEHUS >KBUBaIeHTHOCTH. [[1s >TOTO
MMOKaXkKeM, ITO paBeHCTBO Ry = Ry Baeder paBerHcTBo U = V.

[Iycts X € U. Bosemem x € X. Tak kak A = lL/Jg]//, TO HAUJETCA TAKOe MHOXKE-

ctBo Y € V,utor € Y.

33



[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

[Mokaxem, uro X =Y. Ecin u € X, to xRyu, 3saqur, u xtRyu. Ho x € Y,
nostomy u € Y. 3unauur, X C Y.

[To Tou ke cxeme yCTaHABIMBAETCA CIPaBelINBOCTE BKIIOUeHns Y C X, 3HAYMAT,
X=YulUUCV.

Tak xak pazbuenus U u )V paBHOIPABHBI, TO UMeEeT MeCcTO U BKaodeHue V C U,
3HauutT, U = V. O

Teopema 1.3.5. Jas xaxcdozo omuowenus skeusasenmuocmu R nwa mmuoxcecmase
A cywecmeyem makoe pazbuenue U amozo muoxrcecmsa, umo Ry = R.

doxaszameadvpcms o PaccMoTpuMm BBemeHHOe BhINE pa3OueHme
U= {a] |ae A}

Ha KJaCChbI DKBUBAJEHTHOCTHN IIO OTHOIIECHNIO 3KBUBAJEHTHOCTH R HOKa)KeM, 9T0
Ry = R.

Hoxaxem Bkaouenne R C Ry. Ecau (a,b) € R, To aRb, mosTomy a,b € [a]g.
Suauut, aRyb, nostomy (a,b) € Ry. Crenosarensno, R C Ry,.

[Iycrs {(a,b) € Ry. Torga wangercs rakoe muoxkectso Y € U, uro a,b € Y. Ho
110 onmpeaeJeHUIO pa36I/IeHI/IH Z/[ €ro 3JeMeHTaMU ABJIAIOTCA KJaCChl SKBUBAJIECHTHOCTH,
3HAYUT, HageTcs saeMeHT ¢ € A Takon, uro Y = [¢|g. [osTomy a, b € [¢|. 3naunr,
aRb, T. e. {a,b) € R. Tem cambiM nokaszano, 9to Ry C R.

OxkoHuaTenbHO moay4daeM, uto Ry = R. U

[lokazaHHBIE TEOPEMBI YTBEPXKJAIOT, ITO MEHCOY OMHOUEHUAMY IKBUBAACHIN -
HOCMU MG MHONcecmee A U Pa30UEHUAMU IMO20 MHONCECTBA CYWECTEYEM ECIme-
CMBEHHOE B3AUMHO 00HOZHAYHOE COOMBEMCMBUE.

OTHOIIEHNA YKBUBAJIEHTHOCTH BCTPEIAIOTCA BO BCEX pasaeax MaTeMaTuku. [1pu-
BeJeM HEKOTOPHBIE TPUMEPHI.

OO6BIYHOE OTHOIIEHNE PABEHCTBA Ha MPOU3BOJILHOM MHOXKECTBE ABAACTCA OTHO-
IIIeHNeM YKBUBAJEHTHOCTH.

OrHomrenne mog00usA (pUIyp — BaXKHLIM MIPUMED OTHOIIEHNA SKBUBAJICHTHOCTH B
PeOMEeTPHUN eBKJINJOBOU MIOCKOCTU. OTHOIIEHNE MapaLIeTbHOCTH TIPAMBIX Ha, ILIOC-
KOCTH — JAPYTON BAXKHBIN MPUMED OTHOUIEHUS DKBUBAJIEHTHOCTU B DEOMETPUU IIPU
VCJIOBUM, ITO MBI CIATAEM KaXKIVIO MPAMYIO Mapa/IelbHON caMou cebe.

O6o3maanMm depes R mmoscecmso scer deticmsumenbubls wuceq, a depes Q —
MHOHNCECTNBO BCEL PAYUOHAADHBIT UUCEL.

Onpexeanm Ha MHOX)eCTBe R IeMCTBUTEIBHBIX YUCET CAEAVIOMEe BAXKHOE OTHO-
[IEeHNe SKBUBAJCHTHOCTH: IJsA MPOU3BOJIBHEIX , 3 € R moraraem

a=pf mod (Q <<= a-peQ

YuraTe o B Ka4eCcTBE YIPaKHEHUA MTPEIOCTABIACTCA TPOBEPKA, BHITIOJIHUMOCTH
ycaoBUM PedIEKCUBHOCTH, CAMMETPUYHOCTU U TpaH3uTUBHOCTH. [locTpoennoe ot-
HOITIEHWE DKBUBAJEHTHOCTH UCTIOJB3YETCA B MATEMATUIECKOM aHAJN3E MTPUA TOCTPO-
eHuy npumMepa Hemsmepumoro no A. Jlebery MHOXKeCTBA.
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[Tycts 7Z — MHOXeCTBO Becex meabix dumcen. Ompegenum Ha MHOXKecTBe R men-
CTBUTEIBHLIX UHCEI elle OJHO OTHOIIEHWE DKBUBAJICHTHOCTH: 044 NPOU3E0.AbHbLT
a, 3 € R nosazaem

a=pf mod(Z) <= a-p€l.

U BHOBBL YMTATEIIO B KAYeCTBE VIPaXKHEHUA IMPeIIaraeTCsa IPOBEPUTD, ITO MBI
TeMCTBUTEIbHO IMOIyIaeM OTHOIIEHNE DKBUBAJEHTHOCTH.

BaxxHyI0 poIb OTHOLIEHNA DKBUBAJICHTHOCTH U (PAKTOPMHOXKECTBA 110 HIM UIpa-
0T B airebpe — Ha X UCIOJIBL30BAHUKM OCHOBAHO MOCTPOEHME BCeX ~ Phakmopobvek-
mo8”: darxmopepynn, daxmoproaey, daxmopmodysei u T. 1.

He MeHee BaxkHA POJIb DTUX MOHATHHA U IPU MOCTPOEHUN TUCAOBBIX CHCTEM.

[TycTs

N={1,2,..n,...}—

MHOYKECTBO HATYPAJbHBIX TUCE.

[Tokaxkewm, KaK, OTIPABIAACH, OT MHOXKeCTBa N HATYypaJbHBIX UHCeJT, MOXKHO IO-
CTPOUTH MHOXKECTBO 7 TEIbIX YUCET.

[l mocTpoeHusA MHOXKECTBA Z HeTbIX ducea paccMoTpuM Ha MHOXKecTBe N X N
caefyioliee OTHOIIEHNe =

(a,b) = (¢,d) <= a+d=c+b.

YuraTento mperoCcTaBIgeTCa B KA9eCTBe YIIPaXXKHEHUs MPOBEPUTH, ITO OTHOIIE-
HUE = ABJAETCA OTHOUIEHUEM SKBUBAJEHTHOCTHU.

O6osnaunm 1epes Z dpaxTopmuoxkecTso N X N/ =. Onpegeinm Ha MHOXeCTBe
7, oniepalliyl CIOKEHUSA + U YMHOXKEHUA -

[{a, )] + [(¢,d)] = [{a+c,b+d)],
[{a,b)] - [{c,d)] = [(ac+ bd,bc+ ad)].

Yurareno npegoCTaBIAeTCA B KAYeCTBe YIPAXKHCHNA IPOBEPUTH, 9TO MHOXKE-
CTBO 7Z BMECTe ¢ TaK OIPEJeJeHHBIMU OICPANUAME CIOKCHUA + ¥ YMHOXKCHUA
ABIACTCA KOAbYOM, TIpTIeM oToOpaxenue f : a — [(a + 1,1)] 3agaer uzomopduoe
BJIOKEHIE MHOXKECTBA HATYPAIbLHLIX IUCET ¢ ONePALNAMHA CAOKCHIA U YMHOXKECHIA B
5TO KOIbLO. [Ipw 5TOM 414 10600 dIeMEeHTa 2 € Z HAUIYTCA TAKue HATYpAJIbHEBIE
qucraa a u b, aro z = f(a) — f(b), rze — — omepamusa BHYUTAHUA B KOAbLE Z.

Cucrema (Z, +,-) HA3BIBACTCA KOALYOM UYEABIT UUCEL.

HOKa)KeM, KaK, OTHpaBJIHHCB OT MHOXeCTBa Z IeabIxX ‘II/ICGJI, MO2KHO HOCTpOI/ITI)
MHOXKeCTBO (Q panMoOHAILHLIX THCE.

[lna mocrpoennsa MHOXKecTBa Q panMOHAILHBIX YHCET PACCMOTPUM HA MHOMKE-
ctBe Z X N ciaenyolinee OTHOIIEHHE =

(a,b) = (¢,d) <= ad=cb.

YuraTento mperocTaBIgeTCA B Ka9eCTBe YIIPaXXHEHUA MPOBEPUTH, ITO OTHOIIE-
HUE = SIBJAAETCA OTHOIIEHNEM DKBUBAJIEHTHOCTM.
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O6osuaanm 1epes Q ¢paxkropmuoxkecTBo Z X N/ =. Onpeneaum Ha MHOXKECTBE
Q omepamnuu CIOKEHUSA + U YMHOKEHUS -

[{a,b)] + [{c,d)] = [(ad + cb,bd)],

[(a, )] - [{¢,d)] = [(ac,bd)].

YuraTenio MpegocTaBIsgeTCsA B Ka9eCTBe VIIPaXKHEHWS TPOBEPUTH, ITO MHOXKE-
CTBO Q BMeCTe C TaK OIpedeJeHHBIMU OolepaluuAMM CJIO0XKEHUs + u YMHOXK€HUuA -
ABIACTCA nosem, mpudeM oTobpaxkenue [ : a — [(a,1)] 3agaer mzomopdHOe BIO-
KeHme KOJbIIAa IeIbIX 9Ucel B DTO moje. Ilpu »ToM aaa Jao6oro sreMenTa r € Q
HAIIYTCA Takue neisle dncaa a u b, aro r = f(a)/f(b), roe / — omepamusa neneHus
B mose Q.

Cucrema (Q, +, ) HA3BIBACTCA NOAEM PAYUOHAALHBLL UUCEA.

[TocTtpoenne moa R IeHCTBUTEILHBIX YUCET MOXKHO IPOBECTH IO CJAETYIOMIeN
cxeMe. Hpeﬂ;BapHTeJleO HallOMHUMM [Ba ONpeaeJcHusa n3 MaTeMaTUIeCKOTI'O0 aHaJal-
3a — NOHATUA PYHIAMEHMAALHOT NOCACA0B8AMEABHOCTNU U CLOOAUWETLCA K
HYAI0 NOCAEA0BAIMEALHOCTNU.

Ounpepenenne 1.3.5. IHocaedosameavnocmyv (Ty)pnen PAYUOHAALHOIL UUCES HA3bI-
saemcsa HYHIamMeHmaabHot, eciu 044 4100020 NOAOHCUMEALHO20 PAYUOHAALHOZO
YUCAG E CYULLCMBYEM MAKOE HAMNYPAALHOE YUCAO Ng, YMO 045 410 ObIT HAMYDP QAL HBLL
wucea n u M 60AbWUT, UEM Ny, BLINOAHAECMCA HEPABEHCMBO [Ty — T | < .

Onpegpenenne 1.3.6. [Tocaedosameavnocmyv (Th)nen PAYUOHAALHOIT UUCES HA3bI-
8GEMCA CLOOAWETUCA K HYAMO, eCat 044 100020 NOAOHCUMEADHO20 DAYUOHAADHO-
20 YUCAG € CYWECTNBYEM MAKOE HAMYPAALHOE YUCAO Ng, UMO 048 4100020 HAMY-
PAALHOZO UUCAG T GOADULER0, UeM N, BbINOAHACTNCA HEPABEHCMEO |1y| < £.

dyHIaMeHTAIbLHbBIE TOCIeI0BATEILHOCTH e HA3BIBAIOTCA I0CIeI0BATEIHLHOCTA-
MU, cXOAAmuMuca B cede. CxomAmmecs K HY. IO TOCIEI0BATEILHOCTH UHOT I HA3bI-
BaIOTCA OECKOHEYHO MAJBIME MOCIEI0BATEILHOCTAMI.

O6o3naunm depes F(Q) MHOKECTBO BCeX (HYHIAMEHTAILHEIX MOCIETOBATEILHO-
cTen pannoHaJIbHBIX 4dncen, a depe3 O(Q) — MHOKeCTBO BCEX CXOIAMMXCA K HYJIIO
OCAeJOBATEILHOCTEN PAIMOHAILHBIX TUCE.

Omnpenenrnm ua mMuOXKecTBe F(Q) oTHOMEHME

(an)nEN = (bn)nEN — (an - bn)nEN € O(Q)

YuraTenio mperocTaBIIeTCA B KAYeCTBe YIIPaXKHEHUs MPOBEPUTH, ITO OTHOIIIE-
HIE = ABIACTCA OTHOLUICHUEM DKBUBAJICHTHOCTH.

O6o3naunm gepes R dpakropmuokectso F(Q),/ =. D10 MHOKECTBO 0603HAYA-
erca eme 1epes F(Q),/O(Q).

Onpenenrum Ha MHOXKecTBe R ecTeCTBEHHBIM 00Pa30M OMEPANNN CJIOKEHUSI + 1
YMHOXKCHHA -

(an)nEN + (bn)neN = (an+bn)n€N7
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(an)nGN ) (bn)nEN = (anbn)HGN-

YuraTenio mpeIocTaBIgeTCA B KAYeCTBe YIPAXKHEHUA MPOBEPUTH, UTO MHOKE-
cTBO R BMecTe ¢ Tak onpenereHHBIMYU OIIePAIMAMY CAOKEHUA + U YMHOXKEHUS - ABJISA-
eTcs noaem, npudeM orobpaxenue f : 1 +— (r),en 3a1aeT U30MOP()HOE BIOKEHUE
MOJIA PAIMOHANBHBEIX YUCEJA B DTO TOJe, rie depes (1),cy 0003HAUeHA MOCTOAHHAA
MOCJIE0BATEIHLHOCTD, BCE WIEHBI KOTOPOU PABHEI T.

[Ipu sToM 0601 HIeMeHT v € R GymeT mpemesoM HEKOTOPOU MOCIeI0BATEILHO-
cru Buga (f(7n))nen-

Cucrema (R, +, -) HaspIBaeTcsa noaem deticmeumenvubir wuced. Kpome Toro, 5To
oJe MOXKHO YIOPAZOYUTH, T. €. ONPEeIeTUTh IBYMECTHOE OTHOUIeHWe < IOPsAIKa
TakuM 00pa3oM, 9T0 R cTaHeT wenpepvisno aprumedoscry ynopadouertbim noiem.
ApxumeroBOCTh O3HAYAET, YTO MHOKECTBO HATYPAILHBIX TUCET HEOTPAHUICHO B R,
a HEMPEPBIBHOCTDH — JM00ad (DyHIaMEHTAJTbHAA MOCICI0BATEIFHOCTD TEUCTBATEIb-
HBIX YuCea, T. e. saeMeHTOB u3 R, mmeer B R mpemen. [leramn MoxHO HAUTH B
KHUATAX MO0 MaTeMaTUIeCKOMY AHAJIU3Y.

[locTpoenue mo MO0 AEUCTBUTEABHBIX umcen R mois kommaekcHbix wucen C
OCYIIECTB/ISETCSA elle MPOIIE.

Oo6o3uaanm yepe3 C muOkecTBO R X R ymopsgodeHHbIX map IeMCTBUTEIBHBIX
qUCEI.

Omnpenennm Ha MuOKecTBe C omepanuu CI0XKeHUusA + U YMHOXKEHUS -

(a,by + (c,d) = (a+c,b+d),
(a,b) - {¢,d) = (ac— bd,ad+ bc).

YuraTenro nperocTaBaseTCA B Ka9eCTBE YIPAXKHEHUSA MPOBEPUTH, 9TO MHOMXKE-
crBo C BMecTe ¢ Tak ONpeNeNIeHHBIMYU ONMEPANMUIMA CIOKEHUSI + W YMHOKEHUs
ABIACTCA nodem, mpudeM orobpaxenue [ : a — (a,0) 3a1aeT ©30MOPOHOE BIOKE-
HUe TOJS TeMCTBUTEIBLHBIX ducea R B 5To moe.

Cucrema (C, +, ) HABBIBACTCA NOAEM KOMNACKCHBIE YUCEN.

B Teopunm uucen BaxHyo poab UTPAIOT CJACAYIONINE OTHOUICHUA DKBUBAJICHTHO-
CTHU Ha MHOXKECTBe 7 MeJbIX ducen. PukcupyeM HATypaabHOe Iucao m. 1 meabix
qucea a u b moraraem

a=b (modm) <= a— b gerurca va m.

Hapsany ¢ TpaguumoHHbIM o603HadeHuneM a = b (mod m) Gygem uCmoOaB30BATL U
000O3HAUCHE a =,, b.

Jlerko mpoBepuTH, YTO 3TO OTHOIIEHUE =,, ABIAETCA OTHOIIEHNEM DKBUBAJEHT-
HocTu. OHO HABBIBAETCA OMHOULEHUECM CPABHUMOCMU WA PABHOOCMAMOYHOCNU NO
Mmody.a0 m. [Las IPOU3BOIBHOIO LEJIOro YucIa a depes rem(a, m) 0603HaAYUM 0Cma-
MoK IPHU JeJIeHUN a HA M, T. €. TO TaKOe HeOTPpUIATeIbHOe Iucao 1, ITo 0 < r < m
1 119 HEKOTOPOI'O IEJIOT0 YKCIA ¢ BLEIIOJHACTCA PABEHCTBO a = Mg + T.

ﬂﬂﬂ MIPOU3BOJBHBIX OEJBIX YUCEI a 1 b BBITIOJHAECTCA SKBUBAJEHTHOCTH

a=b (modm) <= rem(a,m) = rem(bm).
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dakropmHOKECTBO Z / =), MHOXKECTBA [EJbIX INCe] 7 10 OTHOIIEHWIO DKBUBAJIEHT-
HOCTH =,, OOLIYHO 0603HAYAETCA Yepe3 Z,, uiu Z(m) u Ha3BIBAeTCA MHOKECTBOM
KJACCOB BBIYETOB 110 MOIYIIO M.

Ha muoxectBe 7Z,, KJIaCCOB BBIYETOB IO MOIY.JIIO M €CTECTBEHHBIM 00pa3zom
OTIPEIENAIOTCSA OMEPAINY CJAOKEHUA + U YMHOXKEHUSA -

[a] + [b] = [a+0b], [a] - [b] = [ab].

YuraTeno IperocTaBIAeTCA B KaUeCTBe VIPaXKHEHUA IPOBEPUTH, ITO MHOXKECTBO
Z.,, KI1aCCOB BBIYETOB BMECTE C TaK OMpPeAeJeHHBIMU OMePAIMIMEU CIOKEHUS + U
YMHOXKEHUSA - ABIAETC KO0AbYoM, TpUieM oTobpaxkenue f : a — [a] 3amaeT romo-
MOP(MU3M KOJBIIA MEJABIX YUCET Ha DTO KOJBIO.

[To xaxmgomy OuHapHOMY OTHOIIeHWIO R Ha MHOXKecTBe A, T.e. R C A X A,
eCTeCTBEHHBIM 00pPa3oM CTPOUTCA ero pedaexcusnoe 3amvikanue RefCI(R)

RefCI(R) = R U {(a,a) | a€ A}
u ero cummempuunoe 3amvirarue SimCI(R)
SimCI(R) = R U R

fcuo, uro RefCI(R) — MUHUMAALHOE OMHOCUMEALHO BKAOUEHUA OURAPHOE PePaer-
cusnoe omuoulenue na mroxrcecmae A, codepacawee R.

SimCI(R) — MUHUMAGALHOE OMHOCUMEABHO BKANOUEHUA OUKADPHOE CUMMEMPUUHOE
omwuowenue na muoxcecmse A, codepacawee R.

Heckomnpko caoxmee onpenenseTcs mpaH3umusHroe 3amMblKaGHUE

TrCIl(R)

oTHomIeHnsa K.
[l11 TpOM3BOJIBLHOrO HATYPATBLHOTO YUCTIA N OMPENeIUM N-Yio CTEeHb OTHOIIe-
HuA R, monaras

R' =R, R2 = RoR, R""' = R"oR.
Torga
TrCI(R) = OL_le”.

fAcuo, aro TrCIl(R) — MUHUMAIbHOE OMHOCUMEADHO BKANVUEHUA OUHAPHOE MPaH-
aumusnoe omuowenue na muoxcecmse A, codepacawee R. Tosromy TrCIl(R) —
MO nepeceuenue 8Cer OUHAPHLIT MPAH3UMUBHLLL OMHOWeHUl na mHuoxcecmee A,
codeparcauyur R.

B HEKOTOpBIX cuTyanuax mpandumusnoe 3amvikarwue 1TrCIl(R) orHOMmeHUA
R onpenensieTcs caenyromumM 00pa3oMm:
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[JIsI TPOU3BOJBHBIX 3JEMEHTOB a U b maoxecTBa A momararoT

aTrCl(R)b moeda u moavko mozda, ko2da
CYWECTNBYEM MAKOE HEOMPUYANEALHOE YEAOE YUCAO N
U MAKUE IAEMENNBL A1y A2, ...y 1, Oy MHOKHCECMBA A, UMO

aRa,, a1Ras, ..., a, 1Ra,, a,Rb.

Torga TrCI(SimCI((R)) — cummempuurnoe, Mpar3umMueHoe 3amMblKAHUE
OTHOWIEHUsA R, T. €. MUHUMGALHOE OMHOCUMEABHO BKANOUECHUS OUHAPHOE CUMME-
mpuuKoe, MPAH3UMUBHOE OMHOWeENRUE Ha MHoxcecmee A, codepacawee R,

TrCIl(RefCI(R)) — pedaercuenoe, mpan3umueHoe 3amblKaHUE OTHOIIE-
HUA R, T. €. — MUHUMAALHOE OTMHOCUMEABHO BKANVUEHUS OURapPHOE pedrercusroe,
MPaAn3uMuUBHOe Omuowenue na mroxcecmee A, codepacawee R.

Torga TrCl(SimCIl(RefCI(R))) — pepaercusnoe, cummempuurnoe, mpam-
3UMUBHOE 3AMbIKAHUE OTHOMWEHUA R, T. €. — MUHUMAALHOE OMHOCUMEADHO BK.A10-
uenua Ounaproe pedaekcusnoe, CUMMEMPUUHOE, MPAHIUMUBHOE OMHOWEHUE HA
muoxncecmse A, codeparcauee R.

[lpyrou BaKHBIN KJACC ABYMECTHBIX OTHOIIEHHN OOpPa3yOT OTHOIICHUA 4acC-
MUYH020 NOPAIKG.

Onpegenenne 1.3.7. Omrowenuem uwacmuuno2o NOPAOKA UL NPOCMO
YACTNUYHBIM NOPATKOM Ha MHoKHcecmee A nasvisaemes awboe dsymecmmuoe om-
nowenue R na amom muoxcecmee, ydos.iemeopaiouwee Yciosuim

(1) pedaercusnocms: das awbo2o ssemenma a u3 A: aRa,

(2) anmucummempuunocms: das A00bIT daemenmos a u b uz A: ecau aRb
u bRa, mo a = b,

(3) mpan3dumuenocmo: das 400biL daemenmos a,b,c € A: ecau aRb u bRc,
mo aRc.

OOBIMHO OTHOIIEHNE TACTUIHOTO MOPSIIKA 0003HAYaeTCsa deped <, U B TAKOM
cay4dae BMecto (a,b) €< mumyr a < b.

Cucrema (A, <), cocTosmas u3 HEMYCTOrO MHOXKECTBA A U OTHOIMIEHUS TaCTHY-
HOIO mOpAAKa < HAa HEM, HA3BIBACTCA YACMUYHO YNOPAJOUEHHBIM MHOACE-
CMBOM 1 OOBITHO TOXKE 0003HATAETCA depes A.

[IpumepaMu OTHOMIEHHN TACTUIHOTO MOPSAIKA ABIAIOTCA OOBIMHBIE OTHOIIEHUS
NMOpAIKa Ha MHOXKECTBaX HATYPaJbHBIX, IIEJbIX, PAIXOHAJIBHBIX 1 rl[eI;}ICTBHTeJIbeIX
qucen. BaXXHBIN mpuMep 9aCcTUYHO YIOPSITOIEHHOTO MHOXKECTBA JaeT MHOXKECTBO
P(A) Bcex mMOAMHOXKECTB MPOU3BOJIBHOIO (PUKCUPOBAHHOT'O MHOXKECTBAa A ¢ OTHO-
meHreM BKIIOUeHAA C KaK OTHOLIEHWEeM YaCTUIHOIO MOPAIKA.

Ecan (A, <) — 9acTu4HO yIOPSI04eHHOE MHOXKECTBO, TO Ha MHOXecTBe A™ ToX)e
MOXKHO BBECTHU OTHOIIEHHE YACTUIHOIO MOPALKa, KOTOpOoe MBI OyieM 0003HAYaTh
TeM ke cuMBoaoMm <. [loraraem

<Cl1, an> < <b1, bn> — a4 <b &..& a, < b,.
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HeTpyano nmpoBepuTh, 9TO Tak OMPEIEJIEHHOE OTHOIIEHUE ABIACTCA OTHOIIEHUEM
JACTUIHOTO TMOPSAIKA.

Ecan a u b — bIeMeHTH 9acTUYHO YIOPALOYeHHOr0 MHOXKecTBa (A, <) u aubo
a <b, m60 b < a, TO BIEMEHTHI @ ¥ b Ha3LIBAIOTCA CPABHUMbBLMU.

PaccmoTpenHOe BBIIIIe OTHOIIIEHNE TaCTUTHOTO MOPAIKa < ellle HA3bIBAIOT OTHO-
[IEHIEM HeCcmpo2020 4acmuuHo20 NoPpaAdKa, TaK KaK OHO 00Ja1aeT CBOUCTBOM
pedrexcuunocTn. [loraras

a<b <= a<b&a#hb,

MBI TIOJIYIIM OTHOIIEHIE < CMPO2020 YaACMUYHO20 NOPAIKAE. 3aMETUM, BCETIa
a £ a, TO CBOUCTBO MOXKHO HA3BATb aHmupepdaercusrnocmbio. Kpome TOro, eciu
a < b, to b £ a. [lna OTHOUIEHUS CTPOrOr0 YACTUIHOTO MOPSAAKA BBITOJHAETCS
CBOWCTBO TPAH3UTUBHOCTH.

MoxHO HaYMHATH PACCMOTPEHUS C OTHOIIEHUsS CTPOrOr0 YACTUIHOTO MOPSIKA,
< KaK MPOU3BOJLHOIO IBYMECTHOT'O OTHOIIEHHUsA, 0018 JalOIIer0 CBOUCTBOM TPAH3M-
TUBHOCTHU W aHTHUPEMIEKCUBHOCTH, U MOJYIANTEH OTHOIIEHNe < HECTPOrOro IacThd-
HOT'O HOPSAIKA MyTeM OIpeIeJeHNsI

a<b <= a<bVa=h

Baxxubim npuMepoOM OTHOLICHUA CTPOTOTr0 TaCTUIHOI'O MOPAOKa ABAAECTCA OTHO-
e¢]

IeHue Aencuno:—:pagﬁuuecnoeo nop.n,dna Ha MHOXeCTBe UlAn BCeX KOHCYHBIX
n=

HOCIE0BATEILHOCTEN, COCTABICHHBIX M3 DJIEMEHTOB YIOPAJLOYEHHOIO MHOXKECTBA,
A. OHO BBOAUTCA CAEAYIOMIAM OIMPEnETeHIEM

(a1, .cyap) < (by,...;bp) <= n<mV
V (n = m & nangercs rakoe uucao k, aro0) < k < nu
a =b &..& ap = by, &a;,H_l < bk+1).

Onpepgenenne 1.3.8. Jaemenm a wacmuuno ynopadouennoeo mroxrcecmea (A, <)
HA3LIBALTNCA MAKCUMAALHBIM (MUHUMAALHBIM), €Cat 044 4100020 aemenma b
muoxcecmea A uz nepasencmsa b > a (coomsememeenno us nepasencmsa b < a)
caedyem pasencmeo a = b.

YacTuIHO yHOPATOIEHHOE MHOXKECTBO MOXKET BOOOIIE He UMEeTh MaKCUMAJIbHBIX
(MEHUMAJBHBIX) DJIEMEHTOB, a MOXKET MMEThb W HECKOJIbKO MAKCHMAJIBHBIX (MUHU-
MAJIBHBIX) DJIEMEHTOB. [I0CTpOeHNe COOTBETCBYIOMIUX MPUMEPOB IIPEIOCTABIAETCA
YUTATENI0 B KAUEeCTBEe YIIPaXKHEHMU.

Onpegenenne 1.3.9. aemenm a wacmuuno ynopadouennozo muoxrcecmsa (A, <)
Ha3bLBAEMCA HAUOOABUWLUM (HAUMEHBULUM), ecal 04k 4100020 daemenma b amoeo
MHONCECNBA BLINOANACTNCA HEpasdencmeo b < a (coomeememeenno Hepasencmeo

a<b).
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flcHOo, 9TO ecaim B 4aCTUYHO YIIOPATOYCHHOM MHOXKECTBE eCTh HanbOAbIINI (HaY-
MEHBIINN) DJIEMEHT, TO OH OyJeT eJMHCTBEHHBIM MAKCUMAJIbHBIM (MUHUMAIbLHBIM)
2JIeMEHTOM 2TOr'0 MHOXKECTBA.

Onpeapenenune 1.3.10. Jaemenm a wacmuuno ynopadouennozo mnoxrcecmsa (A, <)
nasvisaemcs eeprrets (Huxenet) epanbio nodunoxcecmesa B mnoncecmea A, ec-
AU das A106020 saemenma b uz B evinoansemcs nepasencmso b < a (coomsem-
cmeenno a < b).

Onpepenenne 1.3.11. Tounoti eeprreti (HudcHet) 2panbio NodmHoNCECMBA
B uacmuuno ynopadouenno2o muoxrcecmsa A na3bi8GEMCA HAUMEHbULASL 6CPIHANL
(HAUOOALULGA HUHCHAR) 2PaHb Das 9MO020 Nodmuodcecmea B.

Tounaa BepxHAA I'paHb MOIMHOXKECTBa B, eciu OHA CYIIECTBYET, OIpeIeneHa
O/THO3HAYHO U 0OO3Ha"aeTcA depes sup B.

AHaIOrn4HO TOYHAA HUXKHAA IPaHb MOJIMHOXKECTBa B, eClIu OHa CYIIECTBYET,
ompeneJeHa OTHO3HAYHO U 0OO3HAUYaeTcsa depes inf B.

Omnpeapenenue 1.3.12. Yacmuuno ynopadouennoe muoxncecmso (A, <) nasvisaems-
ca pewemmrol usu Cmpyrmypot, ecau 0is 41006z ee J8yxr daemenmos a u b
muoxcecmeo B = {a, b} umeem mounyio 6epruiot u mMouny0 HUICHIONW 2DAHU.

Tpaguuuonno sup{a, b} obosuagaercsa yepes a U b, a inf{a, b} — gepes a N b.

BaxHbII TpUMep pemeTKu JaeT MHOXecTBO P(A) Bcex MOAMHOXKECTB MPOM3-
BOJIBHOIO MHOXKECTBa A, 9aCTUIHO ymoOpsAmodeHHOe OoTHOmeHneM C BKIIOUYeHHs. B
pTOM caydae aas 100bx ¢ u b w3 P(A), 7. e. nogmuoxecTB MHOXKecTBa A, a U b —
2TO 0OBITHOE OOBeIUHEHNEe MHOXKECTB, a a ()b — uX mepecedeHue.

HOHHTI/IG TaCTUIHO YHOOPALOYECHHOI'O MHOXKECTBa ABJACTCA CAUIIKOM O6IIIPIM,
9ITOOBI MOXHO OBLIO HAMEeATHCA MOKA3aTh KaKue-Tuho rayboKme TeopeMbl OTHOCH-
TeJIbHO KJIACCA BCEX YACTUYHO YIOPATOYEHHBIX MHOXKECTB. Jlrob6oe MHOXKecTBO A
MOXKHO YaCTUIHO YIOPAIAIUTE, MOJOXKUB IIS IPOU3BOILHBIX €€ DJIeMEHTOB a U b

a<b <= a=0b

U Bce xe ecTh OTHO OYEHb BaXKHOE YTBEPXK IEHUE, CIIPABEIINBOE A IIPOU3BOIb-
HOT'O YACTUIHO YIOPATOIEHHOIO MHOXKECTBA, OHO HOCUT HasBaHue Jlemma Llopha.
[l1s ero popMyIUpPOBKU HAM MOHATOOUTCA MOHATHE UENn.

Omnpepenenne 1.3.13. [lodmnoxncecmeo B uacmuuno ynopadouennoz2o MHO*CECTEA
(A, <) nasvisaemea yenvro, ecau 04a 40ObIL J8YT daemenmos a u b uz B aubo
a <b, aubo b < a.

Jlemma IMopua. Yacmuuno ynopadouennoe muoxrcecmeo (A, <), kaxcdas yenv ko-
MOP020 UMEEM, BEPTHION 2PAHb, COOEPHCUM MAKCUMAALHBIT IAEMEHM.

[TokazarenbcTBo Jlemmbr [lopHa Mo paxy mpuyduH OyaeT TaHO HECKOABKO MO3XKe.
3aMeTHM, UTO B 3TOM JOKa3aTeJbCTBe OyIeT MCIOAB30BAaH IOKAa eIle He BBeIeH-
HBI HAMW TIPUHIIAI TEOPUN MHOXKeCTB — Axcuoma ewvib6opa. Boree Toro, Oyger
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nokazano, 9to Jemma Ilopra sksusasenmua Axcuome ebibopa, TOITOMY ee
MOXHO OBLIO OBl IPUHATH B KadeCTBE OTHOTO W3 TPUHIIUIIOB TEOPUU MHOXKECTB.
OmHaKO MO PAIY TIPUIUH YACTO MPEAMOIUTAIOT OPATh B KavdeCTBE OTHOTO U3 MPUH-
OB TeOpuu MHOXKeCTB Axcuomy swvibopa, a Jemmy I[opra u pax apyrux
el DKBUBAJEHTHBLIX YTBEPXKJIEHUN BBHIBOAUTHL U3 HEE.

Onpegenenne 1.3.14. Omuowenue < uacmuuno20 nopadka wa mmoxcecmee A
HA3bIBGEMCA AUHETUHBIM NOPAIKOM UAU NPOCMO TLOPATKOM, €CAu A100bie 080
anemenma a u b amozo muoxcecmsa cpasnumvl, m. e. aubo a < b, aubo b < a.

Cucrema (A, <), cocrosmas m3 MHOKECTBAa A M JMHEHHOTO HOPAAKA < HA HEM,
HA3BIBAETCA AUHETUHO YNOPACOUECHHBIM MHONCECTMEOM WIN TPOCTO YNOPA-
JOUEHHBIM MHONHCECTILEOM.

B Ka1deCTBe IIPpUMepoOB ﬂHHeﬁHO YIOOPpAOAOICHHBIX MHOXKECTB MOXKHO HIpPpUBECTHU
MHO2K€CTBa HAaTYPaJbHBIX, HEJBIX, DalNOHAJbHBIX U r[[eflCTBHTeJIbeIX quceJa C O6BI‘I—
HBIMU OTHOIIEHUAMEI MOPsAIKA Ha HUX. [pyryio cepuio mpuMepoB Tal0T MHOXKECTBA
KOHEYHLIX MOCJICI0BATEILHOCTEN, COCTABICHHBEIX W3 »JIEMEHTOB JIMHENHO YIOPAIO-
YEHHOT'0 MHOXKECTBA, ¢ OTHOIICHIEM JEKCHKOrPA(pUIECKOrO MOPAIKA.

1.4. PaBHOMOIIHOCTHL MHOXECTB

Ilonamue PABHOMOUHOCTNU MHOHCECTNE ABAACNCA 0OHUM U3 BAHCHETUUL
NOHATUL, MEOPUL MHOHCECTNE.

[l1s1 TOro 9TOOBI OTBETUTDL HA BOIIPOC, COMAEPKAT JU ABA KOHETHBIX MHOXKECTBA
OAMHAKOBO€ IMUCJI0 3JIEMEHTOB, TOCTATOYHO IMepeCIYuTaTh 3JEMEHTHI 3TUX MHOXKECTB
n CPaBHUTH IMOJYYCHHBIE TUCIA. HCHO, 9T0 OJId OECKOHCYHBIX MHOXKECTB TaKOfI Me-
TOJI MIPUHIMINAATLHO He ToauTca. . KaHTopoM OBLI IIPeIIoKeH CJaeyIOMn MeTO 1
”cpaBHEHMA II0 BeandnHe IPOM3BOJLHBIX MHOXKECTB, B TOM HHCIE U O€CKOHEIHEIX.

Onpegenenne 1.4.1. Muooxcecmsa A u B na3vi8a10mca pasHoOMOWHBIMY, CCAU
cywecmeyem OGuekmusnoe omoobpaxcenue muoxrcecmsa A na mnoxcecmseo B.

3amucy A = B Gyger cIy:XKuTh 0603HAMEHUEM YTBEpPXKICHIA ~ MmHosncecmea A u
B pasnomowmsr” . Ilpu sToMm, ecan f — 6uekmusa MHOXKecTBa A Ha MHOXKecTBO B, TO
OyIeM TOBOPUTH, ITO [ ycmanasausaem pasHoMOwHocmb mruoxcecms A u B.

Ecim A u B — KoHeYHBIE MHOXKECTBA, TO OHU PABHOMOUHbL M020a U MOAbKO
moeada, K02da cocmosm U3 00H020 U MO20 Hee YUCAGL dsemenmos. Takum o6pa3om,
MOHATHE PABHOMOIIHOCTHU MOXKHO PACCMAaTPUBATH KAK €CTECTBeHHOE 0000IIeHne HaA
IPOU3BOJIBHBIE MHOXKECTBA, MOHATHUA PABHOYUCIEHHOCTH KOHEIHBIX MHOXKECTB.

ITpumep. IIycte N — MHOXECTBO BceX HATypaJbHBIX duCeld, a B — MHOXeCTBO
BCEX YETHBIX HATYDATbHBIX dmcen. Torjga ¢yHkuus f(zr) = 2r ycrTaHaBiuBaeT paB-
HOMOIIHOCTEL MHOXecTB N u B. I3 sToro mpumepa BUIHO, IYTO O6ECKOHETHOE MHO-
JKECTBO MOXKeT OBITH PAaBHOMOIIHO CBOEMY COOCTBEHHOMY IMOAMHOXKECTBY. UTO He-
BO3MOXKHO /I KOHETHBIX MHOXKECTB.
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Teopema 1.4.1. Jas awobviz muoxcecms A u B sbinoanaomes caedyouwue ymeep-
acoenun:

(1) A=A (pedaexcusnocmn);

(2) Ecau A= B, mo B= A (cummempuunocms);

(3) Ecau A= B uB=C, moA=C (mpan3umuenocmp 0omuouienus pasHo-
MOWHOCTN,).

Adoxaszameavbcms o (1) PaBHOMOmHOCTH MEHOKeCTBa A camomy cebe ycTa-
HaBIUBACT (DYHKIUA id 4.

(2) Ecam paBroMomHOCTh MHOXKecTB A n B ycranasiuBaeT GyHKuus f, To pas-
HOMOITHOCTH MHOXKecTB B n A ycramasmmBaer dpynakmua f L.

(3) Ecan paBromommHOCTh MHOXKeCTB A n B ycranaBiuBaer ¢yHkuus f, a pas-
HOMOITHOCTB MHOXeCTB B u C' — QyHKIUA ¢, TO paBHOMOUTHOCTE MHOXecTB A u C
ycTaHaBIuBaeT (pyHKIUA g o f. U

Ecau muoxecrBa A u B paBHOMOIIHEL, TO OyaeM roBoputh, 9To A u B nmeior
00UHAKO0BYI0 MOWHOCING WIN OTHO U TO XKe KAPOUHAAbHOE UUCAO. SAMETHM,
ITO MBI He OIpeIenseM HU IMOHATHE MOUHOCMU MHOKECTBA, H IIOHATHS €TI0 Kap0u-
HAALHO20 YUCAG, & TOJHKO JHUIIb BBOIUM HOBLIM TEPMUH IJIA MOHATHA PABHOMOIIHO-
cru. Cam I'. KarTop onpemensn mowmocms WA Kapouratbroe 4uci0 MHOXKecTBa A
KaK TaKOe ero CBOUCTBO, KOTOPOE OCTAETCA MOCTe abCTPAruPOBAHUA OT KadeCTBa
DJIEMEHTOB MHOXKECTBA W OT WX MOPAAKA. ITOOBI MOIYEPKHYTH 3TOT IBOUHOUW aKT
a6crparnposanua, . KanTop BBer cuMBor A 11 0603HAMEHMUA MOIIHOCTH MHO-
kecTBa. KOHEYHO, TPUBEIEHHOE TOJBKO UTO MOACHEHWE TOHATUI MOUHOCITLY MHO-
KEeCTBa HEe MOXKET PacCMaTPUBATBHCA B KAIECTBE MATEMATHICCKOTO OIPEIeJeHMUA.
MO2KHO HONBITATHCA AaTh U 0OJee TOYHOE OMpeeJeHne MOHATHI MOUHOCITIY MHO-
’KecTBa. Hampumep, mOI MOIIHOCTBIO MHOXKECTBA A MOXHO MOHMMATH KAGCC BCEX
MHOYKECTB, PABHOMOIIHBIX MHOXKeCTBY A. OQnHAKO TaKOW MOAXOM K MOHATHUIO MOII-
HOCTY HATAJKUBALTCS HA PAT MPUHIUNUATHHBIX TPYIHOCTENW, HAPUMED, KaK [OKa-
3aTh, ITO JI000€ MHOXKECTBO MMEET MOIIHOCTH, T. €. 9TO I JIOOr0 MHOKECTBA
A cymecTByeT KJIacC MHOXKECTB, eMy PaBHOMOIIHBIX. Kpome Toro, paccmorpenue
7 cIMIKOM OOJBIINX S MHOXKECTB MOXKET IPUBECTH K IPOTHBOPETUAM.

C gpyrou CTOpOHBI, TEDMUH MOITHOCTH HE 00A3aTEIHLHO UCIOIb30BATh, TAK KaK
TEOPEeMbl TEOPUU MHOXKECTB MOXKHO (POPMYJIMPOBATH TaK, YTOOBI B HUX PEYb ILIA
HE O CBOUCTBAX MOITHOCTEN WJIN KAPJIUHATHHBIX YUCEJT, & O COOTHOIICHUAX MEXK Ty
HUMU, CIIPABEIJINBOCTD K€ DTUX COOTHOIIEHUN MOXKHO TOKA3aTh IIPU TOMOIIN MTOHSI-
TuA paBHOMOIIHOCTH. OTHAKO (DOPMYJINPOBKA MHOIHX TEOPEM TEOPUU MHOXKECTB
CTAHOBATCA OOJIee JAKOHUIHBIME, €CIN UX (POPMYIUPOBATH KAK TEOPEMBI O MOIITHO-
CTAX WIN O KAPIUHAJBHBIX UUCIAX. JTO CIYKUT ONPABIAHUEM BBEIEHUS B TEOPUIO
MHOXKECTB KapJIUHAILHBIX duced. Bydem cuumamb, umo ¢ Ka#cobim MHOHICECTNEOM

A cea3an nexkomopvit 06vekm A, na3vi8aembll KaPOUHAALHDIM YUCAOM UAU MOUHO-
cmuio muoxdcecmsa A, npuuem muoxrcecmsa A u B pasnomowmubt moz2da v moabko

moeda, koeda A = B.
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Ecmn A — 6eckonednoe MHOXKECTBO, TO A Ha3LIBACTCA OECKOHEUNbIM KAPOUHAAD-
HbIM YUCAOM, & €CIU A — KOHETHOE MHOXKECTBO, TO A HA3BIBAETCA KOMEUHbIM KAP-
OUHAADHBLM YUCAOM.

Onpeneneune 1.4.2. Mowmnocmv muoxcecmsa A ne 60abwe MOUWHOCTU MHONCE-
cmea B, ecau cywecmsyem unvexmusnoe omobpaxcenue mroxcecmsa A 60 muo-
acecmso B.

Sanuce A < B Oyger CIyXUTh COKPAIEHUEM [IIA YTBEPKICHUA ~ MOUHOCMb
mHoxHcecmea A ne boavwe mowrocmu mroxcecmea B .

=l
VAN
=l
3
S

Teopema KanTopa — Illpesepa — Bepumrenna. Fcau A<Bu
A=B.

Adoxaszameanvcmso. [lycts f — nHBEeKTUBHOE OTOOpaKeHne MHOKecTBa A
BO MHOXECTBO B, a ¢ — HHBEKTUBHOE OTOOpaKeHMe MHOXKECTBa B BO MHOXKECTBO
A. [lokaxkeM, 9TO CYIIECTBYeT HEKOTOPOe OMeKTUBHOE OTOOpaxKkeHne h MHOXKECTBA
A Ba MHOXKecTBO B.

IToraraem

Ay = A\g(B), By = f(4o),
An—l—l = g(Bn)a Bn+1 = f(An—l—l)

ToxaxkeM, aro npu i # j A;NA; =0 u B;N Bj = . JokazaTeabCTBO IPOBELEM
nHyKnuen 1o ¢ + j. flcwo, aro 1 + j > 1. Moxuo caurars, 9T0 | < j.
(1) TTycrb i+ j = 1. Torga i = 0, j = 1 u HAZO AOKA3aTh, YTO

AgNA =0, Byn B, =40.
[okaxem, aTo mpu j > 1
AgNA; =0, BynBj=0.
Hompu j > 1 A; = g(Bj_1) C g(B), a Ay = A\g(B), mosromy
AN A; =0.
TMoxaxkeM, uro By N B; = (. [Ipenonoxum npoTUBHOE U MyCTh
be BynB; = f(Ay) N f(A;).

Torga HangyTCsa Takme dBIEMEHTH ag € Ay, a; € A;, aro b = f(ag) = f(a;). Tak
KaK [ — IHBEKTUBHOE OTOGPaXKeHne, TO (g = a;, 3HAUHT,

CLOEAgﬂAj:@.

[Toxyuennoe mpoTuBOpedre moKaseBaer, 4To By N B; = ().
(2) CrenaeM MHIYKTUBHOE MPEINOIOKEHNE:
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npu J00bIX 1 #£ J i+ ] < k

(3) Mlyctb i+ j =k >2mui < j. Caygan i = 0 yKe pacCMOTPEH BHIIIE, TI0OITOMY
MOXKHO cumTarh, 4To 1 < i < j < k. Jomycrum, aro A;NA; # 0. Ilycrs a € A;NA;.
Tak xax A; = g(B;_1), A; = ¢g(B;_1), TO HAUAYTCA TaKUe HIEMEHTHL b, € B;_i,
bj—l S Bj—la 9TO

a=g(bi-1) = g(bj-1)-

Tak Kak g — UHBEKTUBHOE OTOOpaKeHue, TO b;_1 = bj_;, mosTOMY
bi—l = b]‘_l € B,_ 1N Bj—l-

Ho (i— 1)+ (j — 1) < i+ j = k, nodTOMy N0 MHIYKTUBHOMY IIPEIIOJOKEHUIO
B;_y N Bj_; = (. Moxyuennoe nporusopedne mokasbsaer, 4ro A; N A; = ().

TNomycrum, aro B;NB; # 0. [lycte b € B;NB;. Tax xax B; = f(4;), B; = f(4;),
TO HAUAYTCA DIEMEHTHL a; € A;, a; € A; Takue, ITO

b= fla:) = f(ay).
B cuny nabekTuBHOCTH f 0; = @, 3HAYINT,
a; € A; N A]‘ = 0.

[Moxy4ennoe nporuBopedne nokaseBaer, 4ro B; N B; = (.
[Toraraem

Cc = GA"’ D = GBn'
n=0 n=0

Onpegennm oro6paxenue huz As B: h(z) = f(z),ecmx € Cuh(z) = g (z),
ecn x € A\C.

Tax xax A\g(B) = Ay C C, ro A\C C ¢(B), 3Ha4uT, oupejeleHne oToopaxkKe-
HIA h KOPPEKTHO.

[Tokaxkem, aTo h — ciopbekTuBHOE oTOOpaxkenue. [lycts b € B.

Ecau b € D, To maugerca takoe n, aro b € B,. Ho B, = f(A,). 3uaunr,
HaugeTca dnaeMeHT a € A, rakou, uro b = f(a,). Tak xax a € A, C C, 1o
h(an) = f(an) = b.

Ecau b ¢ D, to g(b) ¢ C, Tak Kak B IPOTUBHOM CIydae IIPU HEKOTOPOM n > 1
g(b) € A, m rorna b € g *(A,) = B,_y C D. 3maunr, h(g(b)) =g '(g(b)) = b.

[ToxkaxeM, 9T0 h — uHBEKTUBHOE OTOOpakenue. IlycTs x1, 1o € Au h(xy) = h(xs).
Ecin 21,29 € C umu xy, 15 € A\C, To u3 unbekTUBHOCTH f U ¢~' cpasy cIeayer,
9TO Ty = To.

Ocraercsa nokasars, 4ro caydan h(xy) = h(zy), 1 € C u xy € A\C HeBO3MO-
KEH.

[Ipeanonsoxum nporusHoe, mycthb h(zy) = h(xs), ©1 € C u x5 € A\C. Torga
f(x1) = g~ (w2), smasnr, g(f(21)) = zo. Myers 21 € Ay, Toraa f(21) € f(A,) = By,
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g(f(z1)) € g(Bn) = Apyq. 3uaunT, x5 € A, 1 € C, 9TO IPOTUBOPEIUT MPEAIIOIO-
xeHuio o € A\C.
Tewm caMBIM JOKA3AHO, ITO h — GHEKTUBHOE OTOOPAKEHHe MHOKECTBA A Ha MHO-

xecTBO B, mosTomy A = B. 0

PaccMoTpuM eme 01HO J0Ka3aTeIbCTBO DTOM BaXKHOU TEOPEMBI CACIYA MOCOOUIO
E. U. Topaona u I'. M. IToasorosckoro [7]. [IpeaBapurensHo gokaxeM WHTEPeCHOE
1 Ba)XXHOE yTBepXKIeHue, Hocamee HasBanue Jlemma A. Tapcrozo.

Onpegpenenne 1.4.3. Omobpaxcenue ¢ 6 ceba muoncecmea P(X) ecex nodmmuo-
HCECTNE NPOUBBOALHOR0 MHONCECTNEA X HA3bIEALTNCA MOHOTMOHHBIM, €CAU 044 A10-

61z dsyr nodmmoxcecms A u B muoxncecmsea X exarwuenue A C B saeuem skarnue-
nue p(A) C o(B).

Omnpegenenne 1.4.4. Ecau ¢ — omobpadxcenue 6 ceOs Npou3soavHo2o MHONCECMEA
W, a A* — maxot saemenm smozo muoxrcecmsa, umo p(A*) = A*, mo A* naswisa-
emcsa HenoodsuUHCHOT MoUKOU 0moOparcenus p.

Jlemma A. Tapckoro o HemoABMAKHOU TOUKe. J060e MOHOMOHHOE 0MOobODPaXce-
nue @ 8 cebs mnoncecmea P(X) ecer nodmuorcecms npoussospbrozo MHONCECMEa
X umeem wenodsuMcHyO mMouKy.

Adoxaszameawvcms o ObosHaumm depes M caegyrolnee ceMerCTBO IO IMHO-
JKECTB MHOXKECTBa X :

{UIUCX A o(U) C U}

Acuo, ¥To camo MmMHOXecTBOo X BxoauT B M. Ecim B € M, To mo ompegene-
uuio p(B) C B, 9TO0 B CWIy MOHOTOHHOCTH OTOODAXKEHUS ( NaeT BKIYEHUE

©(p(B)) C ¢(B). 3nauur, p(B) € M.

TToraraem
AY = ﬂ B.

BeM

[Mokaxewm, aTo A* — nenodsudcnas moura omoodpaxcenus . Ecim B — npous-
BOJIbHOE MHOXKeCTBO u3 M, To A* C B, 0TKy1a B CHIy MOHOTOHHOCTH OTOOPAKEHUS
p MOoMyIaeM

p(A*) C o(B).

U3 onpenenenus cemencrsa M umeem Braoderue ¢(B) C B, 4To BMecTe ¢ mpebl-
nayumM BKaodenneM paet ¢(A*) C B. Ho toraga

p(A") C (1 B=4",

BeM

T. e. A* € M. Ho Torga u ¢(A*) € M. Tlocaegsee B cuy onpegeeHns MHOKECTBA
A* Breder Bkaouenme A* C p(A*). [Mocregnee BMecTe ¢ paHee YCTaHOBICHHBIM
BKJIIOYEHUEM TaeT HyX)HOe paBeHCTBO p(A*) = A*. Jlemma mokasaHa. O
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Loxazameavcmeo meopemvt Kanmopa — Ilpedepa — Bepnwmedina. Ilycrs
f:A— B u g: B— A — uUHbEKTHUBHBIE OTOOPAKEHUS.

Ham meoOxoamMo mocTpouTh OMEKTHUBHOE oToOpaxkenue h : A — B. [lokaxewm,
9TO CYIIECTBYET TaKOe MOAMHOXKeCTBO A* MHOXKecTBa X, 4TO

A=A\ g(B\ f(A7)).

PacemoTpuMm oro6paxkenue ¢ B ceba MuOkecTBa P(X) BeeX MOIMHOXKECTB MHOKE-
cTBa X, 3aaHHOE PABEHCTBOM

p(U) = A\g(B\ f(U)).

Herpyauo nmpoBepuTh, 9T0O ¢ — MOHOTOHHOE oToOpaxkenue. [To memme A. Tapcxoro
0 HEIOIBUKHOM TOYKE CYIIECTBYeT IIOIMHOXKeCTBO A* MHOKecTBa A, yIOBIETBO-
psmomee paBeHcTBY A* = p(A*) = A\ g(B\ f(A*)). fAcno, uTo f GueKTUBHO OTO-
Opaxkaer muHOkecTBo A* Ha f(A*). Kpome Toro, Tak kak A\ A* = g(B\ f(A")),
TO g GUeKTUBHO 0TOOpaxkaeT MHOKecTBO B\ f(A*) ma A\ A*, nosTomy ¢g~' Guex-
THBHO OTOOpaxkaeT MHO)ecTBo A \ A* Ha B\ f(A*). 3maunr, f U g~' GuekTuBHO
oTobpaxaeT MHOXecTBO A Ha B. O

Onpegnerenue 1.4.5. Mownocmo A mmoocecmea A menvwe mowpnocmu B mno-
acecmea B, ecau A < B u A+ B.

3anuce A < B Oyer CIyXUTb COKPAIIeHUeM I YTBePXKIeHUA ~mowmnocmy A
mHoNcecmea A menvwe mowrocmu B muoxncecmea B,
3aMeTHM, YTO B COOTBETCTBHUHM C OIpeIeJIeHHeM MOIIHOCTL A MHOXKecTBa A

MEHBIIe MOMHOCTH B MHOXecTBa B, ecIm CymecTByeT MHBEKTHBHOE OTOOpaXKe-
HIIe MHOXKeCTBa A BO MHOXKeCTBO B, HO He CyIIecTBYeT OMEKTUBHOIO 0TOOPAKECHIU
MHOXeCTBa A Ha MHOXKecTBO B, T. €. MHOXKeCTBO A PaAaBHOMOITHO HEKOTOPOMY MO/I-
MHOXECTBY MHOXKeCTBa B, HO HePaBHOMOILIHO BCEMY MHOXKECTBY B.

B kagecTBe yIpaXHEeHNA IUTATEIO IPeIIaraeTCa IPOBEePUTh, 9TO CIIPABE IINBLL
CACIYIOIIAE YTBEePK JCHNA:

(1) mrs mo6oro muokecTsa A: A £ A (amTudeprekcuBHOCTD <);

(2) maa mro6sx MEOXKecTB A, Bu C:ectt A< Bu B < C, 10 A < C (Tpamsu-
TUBHOCTb <).

I'. KanTOpy HpMHALICKUT 3aCIyra OTKPHITHA CYIIECTBOBAHUA OECKOHECTHBIX
MHOKECTB, IMEIOIINX PA3INIHYI0 MOIIHOCT.

Teopema Kauropa. Ecau A — npouzsoavnoe muoxcecmso, a P(A) — mmoxcecmeso

scer e2o nodmmoxcecms, mo A (A).
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Adokxaszameadvcms o Orobpaxenue

f:a— {a}

ABJAETCA UHBEKTUBHBIM BIOXKeHHeM MHOX)ecTBa A BO MHOXecTBO P(A), mosromy

A < P(A). Ocraerca mokasats, ar0 A # P(A), T. e. 910 He cymecTByeT Gu-
eKTUBHOTO oTOOpakeHus MHOX)ecTBa A Ha MHOX)ecTBO P(A). MBI m0Kax)keMm, 9TO
JajKe He CYIIECTBYeT CIOPBEKTUBHOIO OTOODAXKEHHA MHOXKeCTBa A Ha MHOXKECTBO
P(A). TlycTh ¢ — mpomsBoabHOE 0TOOpakenne MHOKecTBa A Bo MHOXKecTBO P(A).
PacemoTpum cremytomee noaMuOoX)ecTBO D, MHOKecTBa A:

D, = {z|zecA&kz¢p)}

[Tokaxem, 9TO He cymecTByeT Takoro sremenra a € A, aro D, = ¢(a). IIpex-
TIOJIOKWUM IPOTHUBHOE, IyCTh HANIETCA TAaKOu aaeMeHT a € A, 1aro D, = ¢(a).

NomyctuMm, 1To a € ¢(a), Torga a € D, OTKyga 1m0 OmpefeeHni0 MHOKECTBA
D, moxy4aem a ¢ p(a). A Tak Kak 1O MPEIIOIOKEHNIO a € ¢(a), TO MOIyIeHHOe
IPOTUBOPEYME MOKA3BIBAET, 9TO a & ¢(a).

13 mocaegrero mo ompefeleHnio MHOXkecTBa D, moxydaem, 9Tto a € D, HO
Torga a € ¢(a).

Urak, Mbl gokaszamm, 9to a ¢ ¢(a) n a € ¢(a). loxydernoe mpoTuBopetne
MOKA3BIBAET, ITO HE CYIECTBYET TAKoro srementa a € A, aro D, = ¢(a). 3Ha4nr,
oToOpaXKeHue ¢ He ABIACTCA CIOPBEKTUBHBIM.

DTO 3aBeplIaeT J0Ka3aTeabLCcTBO TeopeMbl 1. KanTopa. ]

3ameuanue. Ecim A — KOHEYHOE MHOXKECTBO, COCTOSAIIEE U3 N DJIEMEHTOB, TO
P(A) — KOHEYHOE MHOXKECTBO, COCTOsMIIEe U3 2" HIEMEHTOB. DTO JeIaeT OIPABIAH-
HBIM BBeJleHHe CJIeYIOMEero 0003HaeHHA: I0IaraeM

24 = P(A).

Torga, mo Teopeme I'. KanTopa, A < 24.
[1a mpoM3BOILHOIO MHOXKECTBa A onpeneanM 6eCKOHEIHY0 BO3PACTAIOILYIO 10
CIe1OBATEIBbHOCTh KAapANMHAJIBHBIX YHUCET, IoJaras

ay = A, Qpy1 = 297,
IIo Teopeme I'. KanTopa
ap < a1 <...<o0oy < Opgy < ...

BSHB B Ka4deCTBE UCXOOTHOI'O MHOXKECTBa A MHOXKECTBO HATYPaJbHBIX YUCEI WNJIN
a060e Ipyroe 6eCKOHETHOE MHOXKECTBO, MOTYINM O€CKOHETHYIO BO3PACTAOIIYIO MO~
CIe0BATEIbHOCTh OECKOHEYHBIX KapAWHATBHBIX YUCET. YKe DTO CBUIETEIbCTBYET
0 TLIOIOTBOPHOCTH mpertoxkenHoro ['. KanTopom crocoba cpaBHeHUA 6€CKOHETHBIX
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MHOXKECTB TI0 MOITHOCTH. /laIbHenIee n3ydenne Mupa Kap IMHAIBLHBIX IUCET He BXO-
JIUT B HAIIN ILIAHGL. JIMIIB 3aMeTUM, 9TO DTOT MHUP IPE3BLIYAMHO OGOraT M TAJEKO
He Ha BCe CBA3AHHBIE C HAM BOMPOCHI MOJIYIEHBI OKOHYATEIbHBIE OTBETHI.

B mampHenmem Oyger moJae3Ha CIeIYIONIAs, WHTYUTUBHO OYEBUIHASA, TEOPEMa,
JTOKa3aTeIbCTBO KOTOPOH, OJHAKO, UCIOIL3YeT AKcuomy evib6opa.

Teopema 1.4.2. Fcau cyuwecmsyem copbekmusHoe omopaxcenue muoxcecmsa A
na muoxcecmseo B, mo mowmocms B ne npesocxodum mowmocmu A.

Adoxaszameawvcmeo. [lycrs f : A — B — CIOpBEKTUBHOE O0TOOpaKEHUE
MHOKecTBa A Ha MHOXKecTBO B. [l1a mpou3BoabHOTO dieMenTa b € B momaraem

Ap = {alf(a) = b}.

[Tpu b # ¢ mHOXKECcTBA A, U A, He IepeceKalOTCsa U Bce OHU HemycThI. /1 Kax 1oro
b € B BeIGEpeM BO MHOXKeCTBEe Ay HEKOTOPBIU HJIEMEHT ap U 3a(pUKCAPYEM STOT BbI-
6op (akcmoMa BBIGOpA MApaHTUPYeT BO3MOKHOCTH TAKOTO BHIOOpa). Torga Jaerko
MOHATH, 9TO OTOOPAKEHHE p, 3aJaHHOE PaBeHCTBOM ¢(b) = ap, ABIACTCA BIOKEHU-
eM MHOXKeCTBa B BO MHOXKeCTBO A. DTO 3aBepiiaeT JOKA3aTeIbCTBO T€OPeMbl. [

1.5. KoHeuHbIe 1 cUeTHbIE MHOXKECTBAa

[l1s mpoM3BOIBLHOIO HATYPAJBHOTO YUCTIa M 0003HAa4IMM depe3 N, crexyioiiee
MHOXKECTBO HATypalIbHbIX dncen {1,2,...,m}. Herpyauo gokaszarTs, 4T0 npu m # n
MHOXKecTBa N, n N,, HepaBHOMOIITHHI.

Onpenenenune 1.5.1. Muoawcecmeo A nasvieaemcs KOHEUHbIM, €CAl Hatidemcs
MaKoe Hamypasbroe yucao n, umo A pasnomowmno mmoxcecmey N, . IIpu smom n
HaA3bIBAEMCA YUCAOM IACMEHITLOB MHONCECTNEA A.

Crenymomme yTBepXKICHUS JErKO CJAEAVIOT U3 OIPEJIeNeHNs KOHETHOTO MHOXKEe-
cTBa.

Teopema 1.5.1. ITodmHoxncecmeo KOHEUH020 MHONCECTNBA CAMO ABAACMCA KOHEU-
HOIM MHOMNCECTNLBOM.

Teopema 1.5.2. O6bedunenue KOHEUH020 YUCAL KOHEUHIT MHONCECTE CAMO ABAA-
EMCA KOHEUHDIM MHOHCECTLEOM.

Teopema 1.5.3. Fcau A — Koweunoe muoxncecmeo u3 n asaemenmos, a B — Ko-
HEUHOE MHONCECMB0 U3 M, dAeMENMOo8, Mo A X B — Koneunoe MHONCECTNBO U3 MM
ANEMEHMOB.

Teopema 1.5.4. Ecau A — KoHEUHOE MHOHCECMBO U3 N IAEMEHMOB U CYUWECMEY-
em cypvLeKmusHoe 0MmobPaNCERUE IMO20 MHOHNCECBA HG MHOHCEcmEo B, mo B —
KOHEUHOE MHOHNCECTNE0 U3 M IALMEHMOE U M < N.
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Onpeneneuune 1.5.2. Muooxcecmso A, He ABAANOUWEECA KOHEUHbIM, HA3bIBAEMCA
6ecroOHeuHbIM.

[Tpocrenmum npuMepoM GECKOHETHOO MHOXKECTBA ABIAETCI MHOXKeCTBO N Ha-
TypaJbHBIX duceg. Ero MomHoCTh 0603HaTaeTcA depe3 Ng.

Omnpegenenne 1.5.3. Muowcecmseo A, pasnomowmnoe muoxcecmsy N namypasbrvls
wuced, Ha3vl8aemcs cuemubim. 2o mowmocms obo3nauaemces uepes V.

Teopema 1.5.5. Muoaxcecmseo N X N nap namypasvnviz wuces — cuemmoe mmo-
acecmso. Ilpu arobom namypasvrnom n muoxrcecmseo N n-ok namypaibmvle wuces —
CUEMHOE MHOHCECTNBO.

doxaszameanvpcms o Paccmorpum oTobpaxenune
co(n,m) = 2""'(2m — 1).

AcwHo, 9T0 ¢y — 6ueknua muoxectsa N X N ma N.
Wunykmuen mo n crpoum OMEKTUBHOE O0TOOpaXkKeHue ¢, MHOX)ecTBa N' n-0K Ha-
TYPATbHBIX IUCeT HA MHOXKeCTBO N HaTypaJbHbIX udncer. [loraraem

ci(ar) = a1, Cpy1(Q1y ey Gy apyr) = ca(cpar, .oy @p), Qngt).
O

Caencraue 1.5.5.1. IIpamoe npoussedenue KOHEUH020 YUCAL CUCTNHBLL MHONCECITLE
Camo ABAAEMCA CUEMHBIM MHOHCECTEOM.

Teopema 1.5.6. Jlw6oe Geckoneunoe MHONCECTNBO COOEPHCUM CUEMHOE NLOOMHO-
HCECMB0.

doxaszamedsabcme o 3aMeTHM, BO-IEPBBIX, ITO OECKOHETHOE MHOXKECTBO
HEIyCTO, & BO-BTOPHIX, UYTO MPU YAaJeHUU U3 OECKOHETHOTO MHOXKECTBA KOHETHO-
o MOIMHOXKECTBA MBI HOJAydIaeM OGECKOHEeTHOe MHOXKECTBO. DTO MO3BOIIET HAM IO
MHIYKIUY ONPEeIeTuTh CIeTHYIO MOCAeT0BATEABHOCTD G, A9, ...., COCTOAIILYIO U3 IMO-
HAPHO PA3JUIHBIX DJIEMEHTOB 0ECKOHEYHOT'O MHOXKeCTBa, A:

a € A, Ani1 c A \ {al,...,an}.

fleno, uro {ai,...,an,...} — CY€THOE MOAMHOKECTBO GECKOHEYHOIO MHOXKeCTBa A.
U

Teopelvra 1.5.7. Beckoneunoe noomMmo#cecmeo CUemno20 MHOHCECMEA Camo A6As-
emcsa CHEMHHBIM MHOMHCECITNBOM.

Mdorxaszameavncmso. Ilycts B — 6eckoHETHOE TTOIMHOXKECTBO CIETHOTO MHO-
xkecrBa A. B cuny npenbiayinen TeopemMbl B mMeeT HEKOTOPOE CIETHOE 10 IMHOXKE-
crso C'. Toraa

N=C<B<A=N

B cuny Teopembr Kanropa — [llpexepa — BepHinrenna u3 >TuX HEPaBEHCTB CICIYET

pasenctBo A = N. O
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CaeacrBue 1.5.7.1. ITodmnodxcecmeo cuemmno2o MHONCECMBA ABAAEMCA KOHEUHBIM
UAU CUEMHBIM MHONCECTNBOM.

Teopema 1.5.8. Fcau A — 6eckoneunoe mnosxcecmso, a B — koneunoe uau cuemmoe
muoxHcecmso, mo AU B = A.

doxaszamedanbcme o [locTaTouHO TOKA3aTh TEOPEMY MIA CAydad, KOTIa
ANB =0. Ilycrs C' — c1eTHOE MOAMHOKECTBO GeckoredHOr0 MEOXKecTBa A. [Toka-
wxeM, aro O U B = C. Ilycts f — 6umexnua N ua C. Eciu B — KOHEHOE MHOXKECTBO,
coCcTosAIIee W3 DAEMEHTOB by, ..., b,, To (yHKIUA h, ompemencHHas paBEeHCTBAMUI
h(t) = b, opu 1 <t <n, h(n+ k) = f(k), sagaer 6uexuuto N va C'U B, 3uaunr,
CuB=N=C.

Ecmu B — cyeTHOe MHOXKECTBO, a ¢ — bmeknusa N Ha B, To ¢yHKIuA h, onpeme-
nenHas pasercTsamu h(2n —1) = f(n), h(2n) = g(n), 3agaer 6uexnuio N ua C'U B,
spaunt, C UB = N = C. IlosToMy 114 3aBeplIeHna TOKA3ATEIbLCTBA JOCTATOTHO
BOCIIOJIb30BATHLCSA PABEHCTBAMU

A= (A\C)uC, AUB = (A\C)U(CUB,).
O

Caegcreue 1.5.8.1. Ob6vedunenue KOHEUH020 UUCAL CUEMHBIL MHONCECNE CAMO
ABAAECMNCA CUETVHBIM MHOHNCECTNBOM.

Teopema 1.5.9. Jlio6oe Geckoneunoe MuoNcecmso codeprcum cobcmeennoe nood-
MHONCECMBO, MY PABHOMOUHOE.

Hdoxaszameanvcme o Ilycre A — 6eckonednoe muoxectso u a € A. To-
rIa MHOXECTBO A paBHOMOIIHO, HAIIPUMED, CBOEMY COOCTBEHHOMY IIOIMHOXKECTBY

A\ {a). 0

3ameuyanme. Tak kKak HUKaKoe KOHEYHOE MHOXKECTBO HE MOXKeT OBITh paB-
HOMOIIHO HUKAKOMY CBOeMy COOCTBEHHOMY MOJIMHOXKECTBY, TO yCTAHOBIEHHOE B
TeopemMe CBOUCTBO OECKOHETHBIX MHOXKECTB MOTVIO Obl OBITH MOJOXKEHO B OCHOBY
omnpenenreHus GECKOHEYHBIX MHOXECTB, & UMEHHO OECKOHEUMbIM MONCHO Oblio Obl
HA3BAMb MHONCECTMBO, COOEPHCAUWEE COOCMBENHOE TOIMHONCECTNBO, DABHOMOULHOE
BCEMY MHOHCECTNEY.

Teopema 1.5.10. Fcau cywecmsyem ciopbekmusHoe omobpaicenue MHoHIcecmsa
HAMYPAIbHbIT YUCes Ha MmHoxcecmeo A, mo A — KoOWeuHoe uau cuemmoe MHONHCE-
cmeo.

Adoxaszameawvcmeo. [lycrs f : N — A — cioppekTuBHOE 0TOOpaKEHUE
MHOX)ecTBa [N HATypalIbHBIX 4dncea Ha MHOXecTBO A. Ecaim A — komednoe MHOXKe-
CTBO, TO YTBepXKJCHHE TeOpeMbl HoKazaHo. IlycTe A — GeckOHeYHOEe MHOXKECTBO.
[l1a IpOU3BOILHOTO BAEMEHTA ¢ MHOXKeCTBa A moraraem

No = {n[f(n) = a}.
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

Acuo, uTo N, — HEemycThIe, TOTTAPHO HEMepeCeKAIMNecs M0 IMHOXKECTBA MHOXKECTBA
N, o6benuHeHNe KOTOPHIX coBmamaeT co BceM N. IlycTs mpm amo60oM a n, — Hau-
mermvuwut, aaemenm mMuoxkectsa N,. ITomaraem ¢(a) = n,. HeTpyaHo mpoBepuTs,
YTO ¢ — HHBEKTUBHOE OTOOpaxeHne MHOkKecTBa A Bo mHOXkecTBO N. U ocraercs
BOCIIOIB30BATHCA OJHOU U3 MPEABILIYIINX TEOPEM. O

Teopema 1.5.11. Ob6bedunenue cuemmo2o MHONCECMEA CUETMHBLIT MHONCECME CAMO
ABAACNCA CUEMHDIM MHOHCECTNEOM.

Adoxaszameawvcms o. [lycrs mpu mobom n € N A, — cieTHOE MHOXKECTBO I

A= UA,.

neN

[Tpu m060Mm n € N cymecTByeT CIOPBbEKTUBHOE O0TOOpaxkenue f,, MHOXKecTBa N Ha,
A,,. llocTpoum ciopbekTuBHOE O0TOOpaX)eHne MHOX)ecTBa N Ha A.

[Moraraem f(n,k) = f,(k). flcHo, uTo f — ClOpBEKTUBHOE OTOOPAKEHNE MHOXKE-
crBa Nx N na A. Ecan 02_1 — clopbeKTuBHOE oToOpaxkenue MHOKecTBa N HA N X N,
To fc, ' — clopbekTuBHOE 0TOGpaxkenume MuOKecTBa N Ha A. 3mamr, A < N. [l1a
3aBepIIeHns TOKA3aTeIbCTBA OCTACTCA 3aMeTuTh, 9To N = A; < A u BOCHOIB30-
BaThcsa Teopemon Kanropa — llpenepa — Bepumrenna. O

Teopema 1.5.12. Mruosxcecmso 6cer KOHEUHIT NOCALIOBAMEADHOCTEN, COCTNABACH-
HBIT U3 IAEMEHMOB CUEMHO20 MHOHCECTNBA, CAMO ABAACNCA CUETIHBIM MHOHCECTLEOM.

dorxaszameavbcms o. [JocTaTOIHO TOKA3aTh CIETHOCTH MHOXKECTBA

N'= UN".
neN
A sTo cpasy crenyer u3 Teopem 1.5.5 m 1.5.11. O

Caencraue 1.5.12.1. Muoxcecmeso 6cex KOHEUHBIE NOOMHOHNCECTNE CUETNHO20 MHO-
HCECMBA CAMO ABAACMCA CUEMMHBIM MHONCECTNBOM.

3akoH4InM maparpad I0Ka3aTeIbCTBOM OTHOW MHTEPECHOW TEeOPEMbI U3 TeOPUN
qHCe.

Onpenenenne 1.5.4. Komnaekcrnoe 4ucao Ha3vi8aemces aa2e0paudeckum, ecat 0Ho
ABAAEMCA KOPHEM HEKOMOPO20 HEHYACB020 MHOLOUAEHE C YEALIMU KOIPPUYyUEHMa-
Mmu. B npomusnom cayuae ono na3vi8aemca mpancyeHoenmmubim.

Kax1oe pangoHaIbHOE YUCAO M /N ABIAETCS aarebpamdecKuM, Tak KaK OHO —
KOpeHb MHOTOUIeHa nx — m. MuoxkecTBO A airebpandeckux 9ucen Mo CBOUM aare-
OpamdecKuM CBOUCTBAM He oTam4daeTcsa oT MHoxkecTBa C kommaekcubix qmcen: A —
aarebpamieckn 3aMKHYTOe TOJe.

Eme B XVIII Bexe JI. Durep BBICKA3aJI TPeIIOIOKEHIE O CYIIECTBOBAHIY TPAHC-
meHAeHTHBIX ducesa. Ho Torpko B 1844 1. 2K. JImyBmatio yaagoch >TO MIPEINONo-
2KEHHnE MTOKa3aTh. BOJII)IIII/IM MaTeMAaTUICCKIM MJOCTUXKCHUEM OBLIO JOKa3aTeJabCTBO
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§1.5 Konewnsie n caeTHBIE MHOXKECTBA

[I. ODpmurom B 1873 r. TpaHCIEHIEHTHOCTH YUCTA €. BBIIAIOMUMCA MaTeMaTuIe-
CKUM pe3yJbTaTOM CTaJo mokazaTeabcTBO P. Jlmmmemanom B 1882 r. TpaHCIeH-
TEHTHOCTHU YHUCIA T, OTKYZAa CJAeIOBaJa HEBO3ZMOXHOCTBH MOCTPOEHUA C MOMOIILIO
IUPKYJIS W JUHENKHM KBAIPaTa, PABHOTO IO IUIOMAIN JAHHOMY Kpyry (3amada o

KBaIpaType Kpyra).
Teopema 1.5.13. Muoacecmeo 8cex aa2e0pauuecKuT Yuces Cuemmo.

Joxazameavbcms o CUeTHOCTH MHOKECTBA Z HEIBIX HUUCET CIELyeT W3
pasercrBa Z = NU {0} U (—N), rze —N = {—n|n € N}. Conocrasus kaxjgomy He-
HYJEeBOMY MHOTOWIEHY C IeJbIMu Koddduiumentamu f = ag+ax+...+a,z”, a, # 0
IOCIEI0BATENBHOCTE ((g, (1, ..., Q) LEIBIX TUCET, MOIYIMM BIOKEHHE MHOKECTBA
(Z[x])" HeHyIeBBIX MHOTOWIEHOB C HEJABIME KOX(D(DUIUEHTAMI BO MHOXKeCTBO (Z)*
BCEX KOHEYHBIX MOCIEIOBATEIBHOCTEN HENBIX 9ucel. A Tak Kak MOCTIeTHEe MHO-
KeCTBO CYeTHO, TO CYeTHO M MHOXKecTBO (Z[r])" Bcex HEHyJIeBBIX MHOTOWIEHOB C
ueabivu Kodddunmenramu. [lias vemysesoro muorowreHa f depes C; o6o3nadmm
MHOXKECTBO €r0 KOMILIEKCHBIX KOpHen. VI3 Kypca aareOGpsl XOPOIIO W3BECTHO, UTO
C; — KOHeYHOE MHOXKECTBO, IHCIO IEMEHTOB KOTOPOTO HE IPEBOCXOIUT CTEINeHN
muorowrena f. Tenepb cueTHOCTH MHOXKECTBA A CleyeT 3 paBeHCTBa

A == U (Cf.
fE@z])*

O

Teopema 1.5.14. Muooscecmaso scexr deticmsumesvubls Yuces He ABAALMCA CUEM-
HbIM.

Hdoxaszameanvbcms o [lokaxem, 9T0 HE ABIAETCI CICTHBIM TayKe MHOXKE-

cTBO uncen u3 unrepsaaa (0, 1). Orcioga B cuity caegcTsus TeopeMsr 1.5.7 MBI mo-

JYIUM, 9TO MHOXKECTBO BCEX TEMCTBUTEIBHBIX UUCET TOXKE He ABIAECTCA CIeTHBIM.
[Tokazkem, 9TO Aad JOOOW CICTHOU MOCIETOBATEILHOCTH

A1y...,0p,y... (*)

MEUCTBUTENLHBIX quces w3 uarepsana (0,1) B 5TOM mHTepBaJe CyIECTBYET TUCIIO,
KOTOPOE HE BXOAUT B OTY MOCACIOBATEIBHOCTE, T. €. HUKAKAA NOCACO06ATNEALHOCTNL
(*) ne moacem codepacamp sce wucaa unmepsana (0,1). IlpeacraBum Kax 10e IUCIO
nocaenoBaTenbHoCTH (*) B BUgE GECKOHEYHOU TeCATUIHOU APOOU, HE COJTEpIKAIICH
9 B mepuoe, 414 00eCHedeHnsa OTHOZHATHOCTH MIPEeICTABICHIA

Oén:O,Cl,nlCLTLQ...CLnk....

[Toraraem a, paBHbIM 0, ecau a,, OoTIUIHO OT 0, ¥ paBHLIM 1, ecau a,, paBHO 0.
fAcHo, 9TO @, He PaBHO Ay, TOITOMY HHUCJIO

a=0,a1as...0a,...

u3 uaTepsana (0, 1) He comepxkuTcs B mocaegoBaTeasHocT (*). O
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

3amedanue. MeTo 1, HCIOABb30BAHHBI HAMU /I MOCTPOEHUS TUCAA (v, OBLT U30-
operen I'. KanTopoMm n HOCUT HazBaHue duazonasvubiti memod I'. KanTopa. On mo-
3BOJIAET, [0 KPAWHEeH Mepe B IPUHIUIE, [0 JI000U HOCIeI0BATEILHOCTH, COAEePKA-
e Bce alrebpamdecKkue 9nucia, MOCTPOUTH TEMCTBUTENIBHOE THUCIO U3 MHTEpBaIa
(0,1), He BXOAsAIIEe B BTY MOCAEAOBATEIBHOCTD. SHAYUT, DTO YUCIO OYIET MPaHC-
yendenmmuvim. OTHAKO, 9TOOBI MOCTPOUTH MO DTOW CXEMe KOHKPETHOE TPAHCIIEH-
JTEeHTHOE YHUCJI0, HATO UMETh B PACIOPSKEHUN (CUATATH YiKe MOCTPOCHHOU) MOCIe-
TOBATEIbHOCTD BCeX aarebpamdeckux ducen. He 6ymzem moka »Ty TeMy pa3BUBATh,
TaK KaK DTO YBeJao OBl HAC CAMIIKOM TaJeKO OT OCHOBHOW meau. /luaroHaibHBIN
METOq F KaHTopa HaXOAUT MHOI'OYMCJCHHBIC NMPUMCHEHUA IIPpU NOKa3aTeaIbCTBE
(pyHIaAMEHTAIBLHBIX TEOPEM MATEMATUIeCKOU JOT UK.

Teopema 1.5.15. Ecau R — amo mnoscecmaso ecexr deticmsumenvubir wucea, a A
— amo muodcecmeo scex aneebpauveckur wucer, mo R\ A =R.

3ameruM, 9T0 R\ A — 5T0 MHOoMCECMB0 8CEL MPANCYEHIEHMHBIE UUCEA.

Hdoxasameawvcmso Tak kak R = (R\ A)UA, to muoxkecrso R\ A Gec-

KOHEYHO B cu1y TeopeM 1.5.13, 1.5.8 u 1.5.14, mosTOMy HYXKHOE PaBEHCTBO CJIEIyeT
n3 Teopem 1.5.13 m 1.5.8. ]

1.6. MHoxXecTBa MONTHOCTU KOHTUHYYM

Onpegenenne 1.6.1. Mnoxwcecmso A, pasmomowmoe mmoxcecmsy R ecer deti-
CMBUMEADHBIT YUCEA, HA3BIBAEMCA KOHMUHYAALHBIM MHoKHcecmEoMm. 2o mowy-
HOCMb 0003HAUGEMCA Uepe3 € U HA3bIBAEMCA MOULHOCTBIO KOHMUHYYMA.

Teopema 1.6.1. (0,1) = c. Jaa wo6viz deticmeumeavbubix wucea a u b, ecau a < b,

[}

mo (a,b) = ¢ u [a,b] = c.
Hdoxazameavbcmso Pyakuusa f(xr) = tg(rer — 7/2) 3amaeT GUEKTUBHOE
orobpaxenue uaTepsana (0,1) va MHOKecTBO R BCeX IeNCTBUTENBHBIX YUCEL.
Dyuxuusa g(r) = (b—a)x+a 3agaer 6uekTuBHOE 0TOOpakenue nurepsata (0, 1)
Ha uHTepBal (a,b).
Ocraercsa 3amerurs, 910 [a,b] = (a,b) U {a, b}, u cocrarbes na Teopemy 1.5.8.
U

Teopema 1.6.2. /[aa 4100020 HamypaibHo20 YUCAG N BbINOAHANMCA PABEHCMEE

0,1)"=cuRr =c.

Mas aobbiz deticmeumenvubis wuced a u b, ecau a < b, mo (a,b)* = ¢ u

[a,b]” = c.

Jokxasameavpcmso. [okazarerbcTBo mposegeM HHIyKnuen mo n. Ode-
BuHO, 9T0 ¢ = (0,1) < (0,1)2.
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§1.6 MuOXecTBa MONTHOCTH KOHTUHYYM

I'. KauTop npuayMan BecbMa OCTPOYMHBIA crioco6 Baoxkenus ksagpara (0,1)? B
unrepsaa (0, 1). HamoMuauM, 9T0 Kax10e TeUCTBUTEABHOE TUCAO OJHO3HAYHO TPE]-
CTAaBUMO B BHAe OECKOHEYHOUW MECATUIHOU ApOoOHU, He comepkaiien 9 B Imepuoe.
Touxe (a,b) xkBaapata (0,1)% rae

a =0,a,a9a3...ay..., b =0,b1bybs...0,...
['. KaaTop comocTaBmI JeUCTBATEILHOE UUCIO0
<p(a, b) — 0, a1biasbrasbs...anb,...

u moxyaun Baoxenue ¢ kpaaparta (0,1)? B marepsar (0, 1). 3gaduT,

(0,1)2 < (0,1).

[Tosromy (0,1)2 = (0,1). Tenepb MHAYKIHEH MO N JEMKO MOAYIUTH DABEHCTBO
(0,1)» = (0, 1).
OTkyga cpasy CIeIyIT OCTAIbHBEIE YTBEPKICHAA TEOPEMEL O

CaeacrBue 1.6.2.1. Ecau npu aobom i (i =1,....,n) A; — mnoxrcecmeo moumocmu
¢, Mo U uxr npamoe npouseedenue Ay X .... X A, umeem mowmocmo c.

Teopema 1.6.3. Muoacecmso P(N) scer nodmmnoscecms muoxcecmsa namypaio-
nir wuces N umeem mowHocms ¢, m. e. 6bINOAHACTNCA PAEEHCME0 ¢ = 2N,

doxaszameanbcmso. Ilycth x4 — XapakTepucTudeckas (PYHKIIUI 10 IMHO-
xkectBa A muOX)ecTBa N HaTyparbHBIX duCen, T. e.

xXa =1 ecmzr € Au0, ectu xz € N\ A.

ComocTaBus POU3BOILHOMY MOAMHOKECTBY A MHOXecTBa N HaTypanrbHbIX qucen
IeUCTBUTEIbHOE Yucao u3 uarepsana (0, 1)

0, Ixa(1)xa(2)xa(3)...xa(n)...,

noxryanM Broxkenune MHoxkecTBa P(N) Bcex moamuOokecTB MHOXKecTBa N B HHTEPBAT

(0,1). 3uaunr,

P(N) < (0,1).

Kaxgoe qucao o w3 uarepsana (0, 1) npeacraBumo B Buge GECKOHETHON TBOMYHON
npobu
(0,a1a3...a,...)2, Tae a, € {0,1},

a=a1/2+ay/2® +a3/2° + ... +a,/2"+....

[Tpuvem ecanm UCKIIOYUTH U3 PACCMOTPEHUsA ABOUYHBIE Npo0HU, comepx)amine 1 B mme-
puoje, TO YKa3aHHOE NPeACTABICHNE O THO3HATHO. JTO HO3BOJIAET 3a,1aTh BIOXKEHUE
unrepsana (0,1) B P(N), comocrasass qucry

a=a,/2+ay/2* +as/2> + ... +a, /2" + ...
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

10 TMHOXKECTBO
{1-a1,2-a9,3-az,...n-an,...}.
SHAYUT,
(0,1) < P(N).
U1 ocraercs cocrarsea Ha Teopemy Kanropa — [lpexepa — Bepumrrenna. ]

U3 mokaszamuou Teopemsr u Teopembr . KanTopa 0 MOITHOCTH MHOXECTBa BCEX
MOMHOKECTB JTaHHOTO MHOXKECTBa CPa3y MOJyYIaeM

Caencreue 1.6.3.1. N < c.

Teopema 1.6.4. Mwnoscecmaso 6cer OECKOHEUHBIT NocAedosamenbrhocmet, cocma-
gaeHubly u3 dsyr wucea 0 u 1, umeem mowmocms .

Mmnoxcecmeo ecex nocaedosamenbrocmeti, cocmasaernbis u3 08yr wucea 0 u 1,
UMEEM, MOUHOCTND C.

Hdoxasameawvcms o Hokaxkewm, aro maoxkecrso S(0,1) Bcex GECKOHETHBIX
OCJAe JOBATEILHOCTEN, COCTABICHHBIX 13 ABYX umcen 0 m 1, paBHOMOIIHO MHOZKe-
crBy P(N) Bcex moaMHOKECTB MHOXKECTBA HATYPAIbHBIX ducen N, KOTOpOe UMeeT
MOIIIHOCTD C.

ComocTaBuM IIPOU3BOILHOMY MOIMHOXKeCTBY A MHOXKecTBa N HATYPATbHBIX H-
cel MOCJIeI0BATEIbHOCTD

Xa(1),x4(2),xa(3), ..., xa(n), ...,

rae X4 — Xapakrepucrudeckas pyHKIusa moaMuoxecTBa A muoxkecrsa N HaTypaab-
HBIX 9UCET, T. €.

Xa =1 ecmz € Au0, ectuxz € N\ A.

[Tonyunm 6uekTuBHOE 0TOOpaxkenue MHOKecTBa P(N) Beex moaMHOXKECTB MHO-
xecrsa N Ha S(0,1). 3aunr,

P(N) = 5(0, 1).

[l1s1 3aBepIIeHns T0Ka3aTeIbCTBA HEePBOM IACTH TEOPEMBI OCTAETCA BOCIOIb30-
BaThCA Teopemon 1.6.3. 1 mokasaTeabCTBa BTOPOU IaCTH TEOPEMBI JOCTATOYHO
BOCIOJIB30BaTHCA Teopemamu 1.6.2 n 1.6.6.

O

Teopema 1.6.5. Muoocecmeo 6cer OeCKOHEUHBIT NOCACIOBAMEALHOCTEN HAMY-
DAALHDIT YUCEA UMELT MOUHOCTD C.
Mmnoacecmeo scex nociedosamesbrnocmets HamypaibHblL YUces UMeem MOUHO CMb
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§1.6 MuOXecTBa MONTHOCTH KOHTUHYYM

Joxazameanvcmse o Ilokaxem, aTo MHOKecTBO N Bcex GeCKOHETHBIX TT0-
CJeOBATENLHOCTEN HATYPAIBHBIX YHCET PABHOMOITHO MHOXKecTBY S(0, 1) Beex Gec-
KOHEYHBIX MOCAeI0BATEILHOCTEN, COCTABICHHBIX 13 AByX uncen 0 u 1.

[l mpOM3BOILHOTO HATYPATBLHOT'O THUCIa 1 0003HATUM Tepe3 0" mocaenoBaTe b
mocts 0, 0,..., 0, cocTosAmyo u3 n HyJIeu.

ComnocTaBuB TPOU3BOILHON OECKOHEYHON TOCAeI0BATEIEHOCTH

A1, A2, ..., Apy ...
HaTYPaJbHBIX YHCET IMOCAeT10BATECIBHOCTD
ai a2 a
0,1,0°,1,...,1,0%, 1, ...,

IIOJIYYINM HEPAaBEHCTBO

N < S(0,1).
A Tak kak 00paTHOE HEPABEHCTBO OYEBUIHO, TO MOIYIAEM PABEHCTBO

N = 5(0, 1).

[l1s 3aBepireHns NOKa3aTEIbCTBA OCTAETCA BOCIOAB30BATHLCA Teopemon 1.6.4.
]

Teopema 1.6.6. Ob6bedunenue cuemmoz20 MHONCECMBG MHOHNCECME MOUMOCTU C
CAMO UMEEM MOUHOCTID C.

Adorxaszameuawvcmse o. [lycrs mpu mo6om n € N MHOXKECTBO A,, ©MeeT MOIII-
HOCTB C.
[Toraraem

B, = Al, Bn+1 — An+1\(A1UA2UUAn)
Torga mpu ao6om n: B, C A, u npu n # m MHOXecTBa B, u B,, He IepecekanTcsa

UA, = UB,.
neN " nen "

[Tpu xaxmom n € N cymecTByeT BIOXKeHUE ¢, MHOXKeCTBa 3, B cermeHT
[1/n+1,1/n).
Torga
o= Y Pn

CIYy2KUT BJOXKEHUEM MHOXKECTBa

UA, = UB
neN ' neN "

B unrepsarx (0,1). [TosTomy

< .
nLGJNAn - (0, 1)
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

DTO BMECTE C HEPABEHCTBOM

neN
IaeT HYyXHOe paBEeHCTBO
nLGJNAn - (0, 1)

O

Teopema 1.6.7. O6bedunenue KOHMUHYAALHOZO0 MHONCECTNEA MHONCECTTLE MOUHO-
CMU € CaMo UMeem MOUHOCMb C.

Adoxazameavcmso. [lycrs npu mobom a € (0,1) mHOKecTBO A, mMMe-
eT MOmHOCTH ¢. O603HAYUM 4epes ¢, HEKOTOpPOe OMeKTHBHOE OTOOPaKeHWe WH-
repsaaa (0,1) HA MHOXKeCTBO A,, UMeWOIIEe MO YCIOBUIO MOIIHOCTDL ¢. ITomaraem
o(a,t) = @uft). Torga ¢ — CIOPBEKTUBHOE OTOOpPAXKEHUE eIUHUIHOTO KBAIPATA
(0,1) x (0,1) Ha MHOXKECTBO

U A,.

a€(0,1)

DTO JTaeT HePaBEHCTBO

U A, <00 x(01)=01)
a€(0,1)

O6paTHOE HEPABEHCTBO OYEBUIHO. O

Teopema 1.6.8. Mnoxcecmeso scex Geckoneunvls nociedosamenbrocmet deticmeu-
MEALHDIT YUCEA UMEET, MOUFHOCTD C.

Mmnoxcecmeo ecex nocaedosamensprocmeti deticmsumesbHbly YUuCes UmMeem Mmouy-
HOCMD C.

Aoxaszameabcms o IlokamkeMm, 970 MHOXKecTBO R Beex 6eCKOHETHBIX IIO-
CIeIOBATEILHOCTEN AeUCTBATENBHBIX YMCE] MMEEeT MOIIHOCTE €. Vcmoms3ys Teope-
MBI 1.6.4 n 1.5.5, morydaemM paBeHCTBA

RY = ({0, L} = {0, L}'™N = {0, 1}V = R.
]

PaccmarpuBas GecKoHeYIHBIE IIOIMHOXKECTBA MHOXKECTBA JEeUCTBATEIHHBIX YH-
cel, MBI TIO3HAKOMUINCH CO CIeTHBIMU MHOXKECTBaMM, T. €. MHOXKECTBAMU, PABHO-
MOIDHBIMU MHOXKECTBY HaTYPaJbHBIX YUCEJI, I MHOXK€CTBaMU MOIIHOCTU KOHTUHY-
¥M, T. €. MHOXKECTBaM, PaBHOMOIITHBEIMN MHO2KECTBY BCEX ﬂeﬁCTBHTeHbeIX quce..
[TonbITKM MOCTPOUTH MHOXKECTBO MOIIHOCTU MPOMEXKYTOIHOU MEXKIy CIETHOU U
KOHTHUHyaIbHOU mpuBean B kKoHne XIX Beka I'. KanTopa K ¢popMyInpoBKe mpeamno-
JIOXKEHUS, TOJYIUBIIEr0 HAZBAHUE

Konwmunyym-2unomesa I'. Kanvmopa:

=l

”

? Beau muoxrcecmso A maxoso, umo N C A C R, mo aubo A =N, aubo A =
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§1.7 Onepanuu Ha I KapIUHAILHBIMEA TUCIAMUA

Konmunyym-2unomesa I'. Kanwmopa sxiotena /[I. ['mabbepTom mox HO-
MepoM 1 B ero 3HAMEHUTHIN CIUCOK m3 23 mpobaeM, npegacTasieHHbin uM 11 Mex-
IYHAPOTHOMY MaTeMaTUIeCKOMY KOHT'peccy, mpoxomuBiiemy B aBrycte 1900 roga
B [lapmxe. [loneiTku mokasarenbcTBa Kowmunyym-2unomedvr I'. Kanwmopa
B XX BEKE IpUBEJIN K IMMOCTaHOBKE M UCCJACAJOBAHUIO JOCTATOYIHO TOHKHUX BOIPOCOB
TEeOpUuUn MHO2KECTB 1 MaTEMaTUKN B IE€J0M, OJHAKO Y HaC HET BOBMOXKHOCTU Y ICINTH
ATOMY TOCTATOYHOE BHUMAHUE.

1.7. Oneparmu Hag KapAUHAIbLHBIMYA YUCJIaAMU

Kak yxke OBLTO CKa3aHO BBIIIE, MBI CIATAEM, 9TO KaxKIOMY MHOXKeCTBY A como-
CTaBIEHO KaAPOUHAALHOE YUCAO N, KOTOPOe 0603HATAETCA TacTo uepes A, Hasb-
BaeMOe MOUHOCmbIo MHOKecTBa A, mpuiem A = B moeda u moavko mozda,
Koeda mmoxcecmea A u B pasmomowmbl, T. €. CyIIeCTBYeT OHEKTUBHOE OTOGpaKe-
HUEe OJHOTO U3 HuX Ha aApyroe. [Ipm >ToM ecam cOOTBETCTBYIOIIEE MHOKECTBO A —
KOHEYHO, TO U KapAMHAILHOE YHCIO HABBIBAETCA KOHEUHBIM, a €CAU OECKOHEIHO —
TO GECKOHEIHBIM KapIUHAILHEIM YHCJIOM.

Omnpepenenne 1.7.1. Cymmoti xkapounaibHbiT wuces Ny U No HA3bIBGEMCA KaPIU-
naabroe wucao n = Ay U Ag, 2de Ay u Ay — makue nenepecexanuuecs Mmuoxrcecmsa,
umon; = A; (i=1,2).

Herpyano mpoBepuTh, 9TO OmpemeIeHne CyMMbI IBYX KapAMHAJBHBEIX UHCET He
3aBUCHAT OT BBIOOpaA MHOXKeCTB A; m As.

CymMa KapAMHAJIBHBIX YUCET Ny U Ny 0003HAYAETCA Yepe3 Ny + No.

YuraTero B KadecTBe YIPaxKHEHNS MpeaIaraeTcs 0Ka3aTh, YTO JIA OMepalnn
CITOXKEHUA KAPIUMHAJIBHBIX YHCEJI BBIIOJTHAIOTCA CBOUCTBA KOMMYMAMUESHOCTIU, (C-

coyuamusrHocmu 1 KapainuHaJdbHOE INCJI0 Q) urpaeT poJb Hedmpa/szoao INEMEHA.

AHagoruaHEIM 06pa30M MOXKHO ONpENeJuTh CyMMYy JIOO0T0 CEMEUCTBA, KapIu-
HAJbHBIX YUCET.

Omnpeapenenue 1.7.2. Cymmoti cemeiicmsa Kapunasvunir wucea (0;)er Ha3bi8a-

emeca xapdunaabroe wucao n = UjerA;, 20e (A;)ier — makoe cemeticmeo nonapmo

HENEPECERANOULULCA MHONCECTE, Ym0 Npu abom it € I:n; = A;.

HeTpyaHO mpOBEpPUTH, UTO ONpEIEIEHNE CYMMBL CEMEMCTBA KAp INHAJIBHBIX Td-
CeJl He 3aBUCHUT OT BHIOODA CeMeNCcTBA MHOKECTB (A;)icr.

Cymma ceMercTBa KapAMHAIBHBIX TuCeT (N;)jc; 0003HATACTCA Tepes » . . 1.

AHaIOrmIHEIM 06PA30OM ONPEIENAETCA TPOU3BEICHUE IBYX KAP INHATLHBIX THCET
U TPOU3BEICHNE CeMEeNCTBA KapIUHAIBHBIX THCE.

Omnpenenenne 1.7.3. IIpou3sedenuem KapounasbHblL wuces Ny U Ny HA3bIBA-

emea kapdunaavroe wucao n = Ay X Ay, 2de Ay u Ay — makxue mmuoxcecmesa, umo
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HeTpyauo nmpoBepuTsh, 9TO onpeaeieHne MpouM3BeIeHUA IBYX KapIUHAJIbHBIX TH-
Cel He 3aBUCHUT OT BLIOOpa MHOXKecTB A, u A,.

[Ipoussenenne KapIMHAILHBIX YUCET Ny U Ny 0003HAYACTCA depes Ny - Ny.

Huraremo B Ka4eCTBE VIPaKHEHUA IPeIIaraeTca J0KA3aTh, 9TO 114 ONepaIin
YMHOXKEHUS KaPINHAILHBIX YUCEI BBIIOJHAIOTCA CBOUCTBA KOMMYMAMUBHOCNU, AC-

coyuamuerocmu u kKap auHaabaoe 1ucao {0} urpaet poas nedmpaivnozo saemenma.
AHAJOrMYHBEIM 00Pa30M MOXKHO ONpPEIeJUTh MPOU3BEJIEHNE JTIO0r0 CeMenCTBa
KapIMHAJbHBIX IHCE.

Onpegenenne 1.7.4. IIpoussedenuem cemelicmsa kKapounasbublr wuces (N;)ier
nasvisaemcs wapounasbnoe wucao n = [, A;, ede (A;)ier — maxoe cemeticmeo

MHOKHCECTNB, wmo npu Aobom i € I n; = A;.

HeTpyaso mpoBepuTh, 9TO ONpegeIeHne OPOU3BEICHAA CEMEMCTBA KapJNHAIbL-
HBIX 9YHCeJ He 3aBUCUT OT BHIOOPA ceMencTBa MHOXKECTB (A;)icr.
[IpousBeeHne ceMencTBA KAPAUHAJIBHBIX IUCET (N;);c; 0O03HATAETCA Uepes

[T

el

Beegem o6osmadenns 0 = (), 1 = {0}.

XOTH IS KapAHHaﬂbeIX qYnuces BBIIIOJHAKTCA paBeHCTBa
1.1) ny + ny = ny + ny,

(ny +ny) +1n3 =ny + (ny + n3),

(111 '112) ‘Nz =M1y - (ﬂQ : n3),
n -1 =ny,

3.1) (ng +1ny) - n3g =ny - nz + ny - ng,

KaK 1 JJIA HATYPAJIbHBEIX TUCEI, HO Ha DTOM aHAJOIHA C HATYPAJIbHBIME IUCIAMHA,
HOXKAIYU, U 3aKAHINBALTCA.

W3 Teopemsr 1.5.8 caenyer, 9TO mad J060T0 O€CKOHETHOT'O KapINHAILHOTO TH-
cJIa N BBIIOJHAETCA PABEHCTBO N+ N = n, B YacTHOCTH, Ng + Ng = Ny 1 Ry +¢ = ¢.

Tak kax [0,1) U[1,2] =[0,2], To c +c=rc.

W3 Teopembr 1.5.5 ciaemyer, 9TO BBINOTHAETCA PABEHCTBO Nj - Ny = Ny, a u3
Teopembr 1.6.6 — paBeHCTBO Nj - ¢ = .

[To Teopeme 1.6.7 ¢- ¢ =c.

Bouee Toro, B crexyiomem maparpade 6y1eT TOKa3aHO, 9TO 044 4100020 becko-
HEUH020 KapOIUHAALHO20 YUCAG N BHIIOJTHAIOTCA PAaBEHCTBA No-n=n,n+n=nmn
n-n=n.

)
)
2.1) ny - ng = ny - ny,
)
)

HamoMHIM, 9TO 114 IPOM3BOILHEIX MHOKeCTB A u B uepes B? o6o3masaercs
MHOXKECTBO BCEX 0TOOpaXKeHurn MHOKecTBa B Bo MHOXecTBO A. YuTarerio mperia-
raeTcsa B KaYeCTBe YIPAXKHEHUA TOKA3ATh, 9TO ecAu mHoxcecmsea A u B koneunbie,
npuvem muoxHcecmeo A cocmoum u3 a asemenmos, a mwoxcecmeo B — uz b, mo
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§1.8 BrotHe ynopsgovueHHbIE MHOKECTBA

muoxrcecmeo BA cocmoum uz b* ssemenmos. DTO gelaeT ONpaBIaHHBIM CIEIVIO-
1ee ompeneaeHne.

Omnpegenenne 1.7.5. Cmenensro Kapounaibnbls wuces Ny u Ny HA3bIBAEMCA Kap-

JUHAALHOE YUCAO N = AfQ, ede Ay u Ay — maxue mmoxwcecmsa, umo n; = A;
(i=1,2).

Crenenb KapINHAJIBHBIX YHCET Ny U Ny 0003HAYALTCA depe3 nj2.
YuraTento mpegocTaBIsgeTCsa B KadeCcTBe VIPAXKHEHWUSI M0Ka3aTh, ITO IS CTe-
meHel KapIMHAJIBHBIX YMCET BBIMOJHAIOTCA OOBIYHLIE DABEHCTA!

1.8. BriosHe ymnopsaaodeHHbIe MHOXK€ECTBa

CrangapTHOE OTHOIIEHNE TOPAAKA Ha MHOXKeCTBe N HATYpPAIbLHBIX YuCeT 00aa-
JaeT OOHUM INPpUHIUNINAJIBHO Ba2KHBIM CBOfICTBOM, TaCTO MCHOJB3YEMBIM B HOKa3ad-
TeIBCTBAX BMECTO METO1a MaTeMaTUIeCKON WHAYKIIUN, — 41000 HENYCMoe noodmHo-
HCECTNBO MHONCECCMBA HAMYPAALHBIL Yuces umeem Haumenbwut ssemenm. CTaH-
JTapTHBIE YIOPAIOYNBAHUA MHOXKECTBA PAIMOHAILHBIX U MHOXKECTBA TeNCTBUTEIb-
HBIX 9HCET MOJTOOHBIM CBOMCTBOM YiKe He 00.IaIafoT.

Omnpepenenne 1.8.1. Jlunedinviti nopadok < wa mmoxcecmse A mazvisaemcsa noa-
HBIM, 0 CAMO MHONcECmBo A emecme ¢ Imum nopadkom — 6NOAHE YNOPAOJOUEH-
HBIM, €CAU A1000€ HENYCMOe NOOMHONCECTNBO MHONCEcmEa A umeem waumenbuiud
DACMENH.

3ameqaunmne. aorga Mer 6y1eM 0603HAMATH BIOJHE YIOPAIOTEHHOE MHOXKECTBO
qepes (A, <), 9TOOBI NOTIEPKHYTH, 9TO STO MOHATHE BKIYAET B CeOS HE TOIBKO
MHOX€ECTBO A, HO 1 OTHOIIEHUE IMOJHOT'O MOPAIKaA S Ha HEM.

He merravTech mOCTPOUTH TPUMED OTHOIIEHUs MOJHOTO MOPSAIKA TayKe HA MHO-
KECTBe MEUCTBUTEIbHBIX THUCET — CAeJaTh TO Tpyauo. OmHAKO B DTOM maparpa-
(e OyreT MOKa3aHO, ITO TAKOe OTHOIIEHWE CYMIECTBYeT, TOUHee, GYIeT TOKA3aHO,
ITO A1000€ MHONCECTEO MOHCHO 6noane ynopadovums. Ho moxasareabcTBo OyaeT
HEKOHCMPYKMUBHDIM U HE TIO3BOJIUT B ~ABHOM BUAe’ MOCTPOUTH MPUMEP TOTHOTO
MOPAAKA Ha MHOXKECTBE JIENCTBUTENBHBIX 4ncel. bojaee Toro, u3 gaibHEnIero oy-
JeT BUIHO, 9TO YTBEPXKACHNE O BOBMOXKHOCTU BIIOJHE YIIOPATZOYUTH IIPOU3BOJBHOE
MHOXKECTBO M0 CYTH JeJa TOJKHO PACCMATPUBATHCA B KAUECTBE OTHOU M3 aKCHOM
TEOPUU MHOXKECTB, XOTA MO PALY MPUYINH, MPEXKTe BCEI'O UCTOPUIECKOTO XapaKTe-
pa, MOCTYMaiOT MO-IPYTrOMY.
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

Onpegpenenne 1.8.2. Jluneino ynopadouennoe muosxcecmeo (A, <4) nasvisaems-
cA nodo6HbiM (u3omopPubim) auneiino ynopadouennomy muoxcecmsy (B, <pg),
ecau cyuecmsyem maxoe buexkmuenoe omobpaxcenue f muorcecmea A na mrorce-
cmeo B, umo das a0bviz saemenmos T,y € A:

ecau v <ay, mo f(x) <p f(y).

Orobpaxkenue f w3 NPEIBIAYIIETO OMPEAETICHUS HA3BIBAETCA TaKkKe U30MOP-
dbusmom muHenHO ynopsanodeHHBIX MHOKeCTB (A, <) u (B, <p).

Bamucey A ~ B GyaeT CIyXKATL COKPAIIeHueM I YTBepXKICHUA: ~ aunetno yno-
padouennoe muoxcecmso A nodobuo aunetino ynopadouennomy mmoxcecmsy B .

fAcHo, 910 ecau aunetino ynopadouennvie muoxcecmea A u B nodobuvl, mo onu
PABHOMOUSHDI.

B xagecTBe ynpaxXHeHIA YUTATEIO IPEIOCTABIACTCA BO3MOKHOCTE IPOBEPUTh,
YTO TaK ONpeIeJeHHOe OTHOIIeHHE ~ MOA00MA 06.1aTaeT CBOUCTBAMU pediekcus-
HOCMAU, CUMMEMPUYHOCTU U TPAH3UMUEHO CINU.

KaxX 10My JIHHEHHO yIOPALOIeHHOMY MHOXKECTBY A COMOCTABIM CHMBOI A, KO-
TOPBLIN HA30BEM TLOPACKOBLIM MUNOM DTOTO MHOKECTBA, IIPU DTOM MPEAIoIa-
raem, 9To AuHelno ynopadouenuvie muoxcecmsa A u B nodobmv, mozda u moavko
moeda, Koeda A = B.

[IycTs MHOXKECTBO A aumnetino ynopadoueno omuouwenuem <.

Onpenenenue 1.8.3. HauaabHubim ompe3rom, 0mcekaembim dAEMEHMOM G MHO-
scecmsa A, nasvleaemcs MHoIcecmeo

A, = {2z |reA&kr<al.

3amernm, 90 a ¢ A, mw A, = () TOrga ¥ TOIBLKO TONIA, KOTAA ¢ — HAMMEHBIIAK
paemeHT MHOXecTBa A. Ecmm a,b € Auwa <b, To A, C A,.

Kax b orpesok A,, Kak 1 1000€ HeIyCToe 110 IMHOXKECTBO JUHENHO YIIOPSI0-
YeHHOI'O MHOXeCTBa, CaM ﬂHHeﬁHO YIIoOpAI0OvY€eH OI'paHMYICHUEM Ha HEeM OTHOIICHUA
nopaaka < Ha MHOXKeCTBe A.

[Mokaxem, 9To eciu a,b € A u a < b, 10 (Ap)g = A,. lyers x € A,. Torga
r < a, Tak Kak a < b, To x < b, 3Haunr, r € Ay. Ho a € A, u © < a, mosTomy
x € (Ap)g. Buauur, A, C (Ap),. Obparno, nycrs = € (Ap), TOrga r < a, 3HAYUT,
x € A,. Tlosromy (Ap), C A,. Tem cambiv gokazano, 4to (Ap), = A,.

Ecin a,b € Auna<b, 1o A, C Ay, TK. a € Ay, HO a ¢ A,

Omnpepgenenne 1.8.4. Muojcecmso scexr ompesros Aunelino ynopadouennozo mro-
acecmea A 6ydem obosnauams uepes W(A).

Teopema 1.8.1. Jas a106020 aunetino ynopadouenno2o muoxcecmsa A mmogice-
cmeo W (A), ynopadouennoe omuowenuem sriouerus C, nodobro camomy mmo-
scecmey A.

doxazameanbcme o EcrecTBeHHBIM 00pa3oM ompeneanM OTOOpaXKeHUe @
muO)kecTBa A Bo MHOKecTBO W (A), noraras

ola) = A,.
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§1.8 BrotHe ynopsgovueHHbIE MHOKECTBA

flcuo, uro ¢ — 6Guekumsa MHOKecTBa A Ha MHOKecTBO W (A).

[Ipu sTom ecan a < b, to A, C Ap. 3HAUUT, © — U30MOP(PU3M JUHEHHO YIIOPs-
TOYEHHOT'O MHOXKeCTBa A Ha JUHENHO ymopsgodenHoe MuOxkecTBo W (A). 3uaunr,
JUHEVHO YIOPAIOIeHHOE MHOXKECTBO A MOT00OHO JUHEMHO YIOPS IOIeHHOMY MHOXKE-

crBy W (A). O

Omnpepenenne 1.8.5. [Todmnoscecmeo B aunetino ynopadouenno2o mmoxcecmsa
A nasvisaemca wawaaom A, ecau 044 410061 34eMENMO8 T U Y MHONCECTBA A U3
moezo, umo y € B ux <y, caedyem v € B.

Teopema 1.8.2. Fcau A — snoane ynopadouennoe muo#cecmso, mo e20 nodmuo-
acecmeo B sasasemcesa wauasom A moeda u moavko moeda, Ko2da aubo B = A,
aubo 6 A cywecmsyem markot ssemenm a, umo B = A,.

Adorxazameanbcmso. flcno, uTon A, u A, ABIAIOTCA HAYAJIAMI MHOXKECTBA
A.

[Iycte B — magano muoxkectBa A m B # A. O603Ha4uM depe3 ¢ HAWMEHBIINN
saemenT MuoxkecTBa A\B. Herpynuo nokasars, uro B = A,. O

B manbuenmem depes <, <4, < U T. 1. OyaeM 0603HAYATH OTHOLIEHUSA CTPOTrOro
MOJHOTO TOpAIKa, T. €. a < b <= a < b& a # b. B gacTtaoctn, a £ a.

Omnpepenenue 1.8.6. Omobpascenue [ auneino ynopadouennozo muoxcecmsa (A, < 4)
6 aunetino ynopadouennoe mruoxcecmso (B, <g) na3visaemcs MOHOMOHHBIM, €C-
AU 08 A00BIT daeMenmos T,y € A Hepasencmeo T <4 Y BACUETM HEPABEHCIMBO

f(@) <8 f(y).

Jlerxo moHsATH, 9TO JM1060€ MOHOTOHHOE OTOOPAKEHNE JUHEWHO YIIOPAI0IeHHOTO
MHOXKECTBA B IMHEWHO YIOPAJOIEHHOE MHOXKECTBO ABIAETCA NHBEKTUBHBIM 0TOOPa-
JKEHUEM.

Teopema 1.8.3. IIycmv f: A — A — monomonnoe omobpaxcenue 6noaHe Ynopi-
douennoz2o muoxcecmsa A 8 ceba. He cywecmsyem aaemenma a € A makxozo, wmo

f(a) < a.

Adoxaszameadvcms o IIpeanoroxuM IpoTUBHOE: IyCTh HAXLYTCA MOHOTOH-
Hoe oToOpaxenue [ : A — A HEKOTOPOro BIOJIHE YIOPATOIEHHOTO MHOXKECTBA A B
cebs u paeMenT a € A Takue, uro f(a) < a. Torga HemycTo ciaemyomiee MHOKECTBO

B
B={z|zxzecA&f(z)<zx}.

[IycTh a — HanMeHbIIUE daeMeHT MHOXKecTBa B. Tak kak a € B, to f(a) < a,
OTKyJa B CHIYy MOHOTOHHOCTH OTOOpaxkKeHnA f IOXydIaeM

f(f(a)) < f(a),

suauut, f(a) € B. Ho f(a) < a, a 5TO NPOTUBOPEYUT MPEANOJIOKEHUIO O MUHU-
MaJBHOCTHA 3J€EMEHTA a4 BO MHOXKECTBE B l:‘
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CaeacTue 1.8.3.1. Bnoane ynopadouennoe mMmoxcecmso me moxcem Obimb no-
doOHO cB0EMY OMPEIKY UAU €20 YACTU.

Adorxazameavcms o Ecium 661 HEKOTOPOE BIOJHE YIOPSIOIEHHOE MHOXKE-
cTBO A 6BLIO TOTOOHO CBOEMY OTpPe3Ky A, Wium ero JacTu, TO HAILIOCH OBl MOHO-
TouHoe orobpaxenue f : A — A,. Torma f(a) € A,, a smaunr, f(a) < a. Iro
IPOTUBOPEYUT TeopeMe. U

Caeacrue 1.8.3.2. /80 pasauunbls ompeska BNOAHE YNOPAIOUEHHO20 MHOHCE-
cmea ne Mo2ym Obimb noJdoOHbL.

Adoxaszameawvcms o. [Ipeqmosoxum, 970 1Ba Pa3IuIHBIX OTpe3ka A, u Ay
HEKOTOPOr'O BIOJHE yHopsgodeHHOro MHOX)ecTBa A momo6uwl. Torma a # b. Bes
OrpaHUIeHUsA OOIMIHOCTHA MOXKHO CINTATh, 9TO ¢ < b. Torma BHoaHE yHOpsAIOUIeHHOE
MHOKeCTBO Ay mog06HO cBoeMy oTpe3Ky (Ap), = Ay. UTO IPOTUBOPEYUT TEOpeMe.

O

CaeacrBue 1.8.3.3. Cywecmsyem we 6oaee 00n020 u30MOpPuama 06YL BNOAHE
YNOPAIOUEHHDIL MHOHCECT.

Adoxaszameanbcme o [lonycrum, aTo f m g — 1Ba Pa3IuIHBIX MOHOTOHHBIX
0TOOPAXKEHHsA BIOJIHE YIOPAJOICHHOTO MHOXKECTBA A Ha BIOMHE YHODAIOYEHHOE
muO%kecTBO B. Torma B A mamgercs Takou daement a, 9to f(a) # g(a). Bes orpa-
HIYeHnA OOMHOCTH MOXKHO cauTaTh, 910 f(a) <p g(a). Torga (¢! o f)(a) <a a,
HO DTO HEBO3MOXKHO, TaK Kak ¢~ ' o f — MOHOTOHHOE 0TOGPakKeHUe BIOJIHE YIIOPAIO0-
YeHHOT'0 MHOXecTBa A B cebs. O

Onpegenenne 1.8.7. OpdunasbHbiMU U4U NOPAIKOBLIMU UUCAAMU HA3bLE -
omea nopadkosvie munbt A enoane ynopadouennbiz muoxcecms A. IIpu smom ecau
MHoJNCECMmE0 A KOHeuno, mo A Ha3bI6AEMCA KOHEUNDIM 0POUHAALHBIM YUCAOM,
ecau 6ecKoHeuno — Mo OECKOHEUHbIM OPOUHAALHBIM YUCAOM.

OpauHaIbHBIE YUCAA TACTO HABBIBAIOTCA MPOCTO 0P OUHAAAMY.
Bsemewm cremyiomme o603HAMEHUA

0=0,n=N,, w=N,

rae muoxectBo N, = {1,2,...,n} u MmaoxecTBo N Bcex HATYPATLHBIX THUCET YIIOPA-
MOYeHBI eCTeCTBEHHBIM 0Opa3oM B MOPAIKE BO3PACTAHUA HJIEMEHTOB.

0 m n matoT mpUMeEpPHl KOHEYHBIX OPJAMHATBHBIX YUCET, & W — IMpuMep OGecKoHed-
HOT'O OPIUHAJBHOTO 4ucIa. [Ipyrux mpuMepoB O€CKOHEYHBIX OPIUHAIBHBIX TUCET Y
HaC MOKa HeT, OHU OyIyT MPUBEIEHBI MO3XKeE.

[l.1s1 OpAMHAJIBHBIX YUCET BBEIEM OTHOIIECHUE CTPOrOro MOPAAKA <.

Onpegenenne 1.8.8. /[asa opdunasvubix yuces « = A u f = B noaaeaem o < 3,
ecau MHosxcecmeo A nodobno (u30MopPHO) HEKOMOPOMY HAUAALHOMY OMPESKY MHO-
scecmea B.
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flcHo, aT0 onmpegenenne oTHOMEHUA @ < [ HE 3aBUCUT OT BBIOOpa MHOXKecTB A
u B.
[Moraraem o < f <= (a < f V a=f).

Teopema 1.8.4. Omuowenue < 0064a06eM 8CEMU OCHOBHBIMY CBOUCMBAMYU OMHO-
WeHUA AUHETH020 NOPAJKG:

1) uppedaercusnocmo: o £ «;

2) mpanzumuerocmsv: ecau o < 3 u B <7y, mo a < 7y;

3) epasnumocmp: ecau o # 3, mo aubo o < 3, aubo f < «.

Adoxaszameavbcms o 1) ppedaekcuBHOCT OTHOWIEHNs < yCTAHOBIEHA B
caegcreun 1.

2) Ilyctb @ < 1 B < 7. Bosemem Taxue mEoxectBa A, B u C, uto o = A,
B =B,y = C. Illycts f — momopdusm A Ha By, g — msomopdusm B Ha C..
[Tokaxem, 1To g o f — mzomoppumsm A ma Cy).

fAcuo, uro g o f — monoronnoe oroopaxkenue A B C. Ilpu sTom ecim a € A,
ro f(a) < b, suauur, g(f(a)) < g(b). [looTomy g o f — MOHOTOHHOE OTOGpaKe-
e A B Cyp). OcTaeTca 1oxkazaTh CIOPBEKTUBHOCTL DTOr0 oTobpaxenns. Tak xak
g(B) = C¢, To g(b) < c. Ilycts e € Cypy, TOraa € < g(b), a 3HauUT, e < c. [losTomy
e € C. = g(B), 3aaunT, HaugeTca Takou saemedT d € B, aro e = g(d). [Tokaxem,
910 d < b. Ecau 6B BHIMOMHATOCH HepaBeHCTBO b < d, TO M3 MOHOTOHHOCTH OTO-
Opaxenus g mMbl noayumin 661 g(b) < g(d) = e, 9TO IPOTUBOPEUUT HEPABEHCTBY
e < g(b). Tax kax B, = f(A), To Haugercs B A Takon sreMeHT a, 4T0 d = f(a).
Torga e = g(d) = g(f(a)) = (go f)(a). 3wauur, g o f — usomopdusm MuHOKecTBa A
Ha oTpe3ok Cyp) mEOXKecTBa C.

OcraeTca mOKazaTh CAMYI0 CIOXKHYIO M HambOJee BAXKHYIO JIA NAJbLHEUIIEro
U3J0XKEHUs TaCTh TEOPEMBL.

3) CpasuumocTs. [Iycts A u B — BoJHe ynopsgodeHubie MEOXKecTBa. [[okaxe,
4T0 160 OHU MO 0OHBI, MO0 OMHO U3 HUX TMOTOOHO OTPE3KY Apyroro. Paccmorpum
MHOYKECTBO

D = {{(a,b) | ac A&be B& A, ~ By }.

[Mokaxkem, 9o D — (PyHKIMOHAIBHOE, NMHHEKTUBHOE, MOHOTOHHOE OTHOIIECHHE.
Ecau (a,b) € D, To 1epes f,;, 0603Ha1mM u3oMopdusm orpeska A, Ha 0Tpe3ok By,
B cuty caegcrBus 3 1is kaxaon napst (a, b) mzomopdusM f, , OIpeneneH oqHO3HAY-
HO.

a) OYHKINOHATLHOCTD.

Ecau {(a,b) € D u {(a,c) € D, 0 A, ~ B, u A, ~ B,, 3uauut, B, ~ B.. OTkyaa
0 CJeJACTBUIO 2 moay4daeM b = c.

6) VIHbeKTUBHOCTS.

Ecmu (a,b) € D u (¢,b) € D, to A, ~ By u A, ~ By, 3uaqur, A, ~ A.. Orxyna
0 CICJCTBUIO 2 IMOIYIAeM d = C.

B) MOHOTOHHOCTE.

[ycrs (a1,b1) € D u {as, by) € D, npudem a; < ay. [Tokaxem, 410 by < by. fo, s,
— m3omopdusm orpeska A, Ha orpe3ok By,. Tax kak a; < ay, To 4, C A,,.
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O6o3naunM vepe3 f orpanmdenue Ha A, mzomopdusma f,,p,. fcHO, uTO f —
MOHOTOHHOE 0TOGpaxkeHue oTpeska A, B orpesok By,. Ilomaraem b = f,, 5, (a1).
[Mokaxem, aro f(A,,) = By.

Ecm © € A, 10 © < a1, 103TOMY [ (%) = fay5,(T) < fapp,(a1) = b. BHaunr,
f(Aal) g Bb-

[ycts z € By. Torga 2z < b = fu,p,(a1) < by, 3HA"UT, 2 € By, = fo,p,(Aay)-
[TosToMy B A,, HAUZETCS SIEMEHT ¢ TAKOU, ITO 2 = fq, p,(¢). [Toxazkem, 110 ¢ < .
[Ipeamonoxkum nporuBHOe a; < ¢. Torga mpoTUBOPEYIUBYIO CUCTEMY HEDABEHCTB

b= faz,b2 (al) S faz,bz(c) =z <b.

Suaanr, By C fo, 5, (Aa,) = f(As)-

Nrax, fq, 5 — m3omopdHOe oTobOpaxkeHme oTpeska A, Ha orpesok B, a f
— u30MOp(hHOE 0TOOpaXKEHUEe TOTO Ke oTpeska A, Ha orpe3ok Bj. Orcioma cie-
IyeT, 9TO OTpe3Ku By, u Bj, momzoOHBI. 3HAYUT, MO CIEACTBUIO 2 TeopeMbl 1.8.3,
by = b = fap(a1). BHAUT, by € By, T. €. by < by. Kpome Toro, acuo, 4ro
f = fa b, T €. orpammIenue fo,p, |4, Ha A m3omopdmsMa f,,p, COBmamaeT c
fa1,b1'

13 BBIIE CKa3aHHOTO CaAegyeT, 9To DD — m30MOp(pU3M CBOeR 00JaCcTh Omperee-
uus 0(D) Ha cBow obxacTh 3HadeHun o(D). OcTaercsa BHIACHATD, YTO COOOU Ipe[-
CTABIAIOT 06J1acTh onpepeaenus 6(D) u obaacts 3uadenun o(D) orobpaxkenus D.

Nokaxewm, aro ecan (a,b) € D, to fop C D. Illycts (c,d) € f,p, 3HAUHT,
fap(c) = d. Tlokaxewm, 9To f,p |4, — m30MOpDU3M OTpeska A, Ha 0Tpe3ok By.

3ameTnM, 9TO f,p |4, — MOHOTOHHOe OTOOpaxKeHume orpeska A, B oTpe3ok B,.
[Tpu sTom ecim m € A, To m < ¢, 3HAYIAT,

fap la. (M) = fap(m) < fap(c) = d.

CregoBarensHo, fop |4, (Ac) € By. Ilycrs 2z € By. Torga z < d < b. B orpeske A,
HAIJETCA DIEMEHT 1 TAKOH, 9T0 2z = f,;(n). Kak u Beimme yoex aemcs, 9410 n € A..
3uaanr, fup |4, (Ac) = By, nosromy (c,d) € D. CregoBarensro, f,, C D.

[Tokaxem, 4To obaacTb onpegerenus (D) orHomenus D ABIAETCS HAYAIOM
muoxkecTBa A. Ilycte 7,y € A, v < ymny € §(D). [lokaxewm, uro x € §(D). Orpesok
A, m3oMmopden oTpesky By, npu HekoropoM b u3 B. IlycTs f — m3omopdusm oTpeska
A, Ha orpesok By. ITokaxewm, aro orpanmdenue f |4, usomopdusma f m30MOpHHO
otobpaxaer A, = (Ay), Ha (By)f2) = By(s) (Tax xax x < y, T0 & € Ay, 3HAINT,
f(z) € By, 1. e. f(x) <b). Tlonaraem ¢ = f |a,. Ecim z € A, 10 2z < x, 3Ha9UT,
©o(z) = f(z) < f(x). HosTOMY © — MOHOTOHHOE OTOOPAXKEHHE OTPe3Ka A, B OTpe3oK
By(g). Ocraerca yoequTbesa B CIOPBEKTUBHOCTH OTOOpaxeHusa ¢. IlycTe ¢ € Bj(y),
Torga ¢ € By, mosTomy B A, HAUTETCA TAKOW »aeMeHT a, 910 ¢ = f(a). [lokaxkem,
aro a € A,. lpexnonoxum, uro x < a, Torga f(x) < f(a), r. e. f(z) < ¢. Ho
nocreHee HePaBeHCTBO MPOTUBOPETUT BBHIOOPY ¢ — ¢ € Byy). SHauut, a € A,
nosromy ¢ = f(a) = ¢(a). Ilosromy ¢ — msomopdusm orpeska A, Ha OTPE3OK
Bz, 3uaunt, (z, f(x)) € D, v € D.

CoBepIIeHHO aHATOTUYHO OKA3BIBAETCA, YTO 00aacTh 3HadeHun o(D) oToGpa-
xeuus [ sABasgeTcs HadaI0M MHOXKecTBa B.
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[To Teopeme 1.8.2 Bo3MOXKEH OWH U3 CICIYIOMINX Y€THIPEX CIYTaeB.

1) §(D) = A, o(D) = B. B arom caydae A ~ B.

2) §(D) = A, o(D) = By mas mekoroporo b € B. B srom cayuae A ~ B,,.

3) §(D) = A, mas wexkoroporo a € A, o(D) = B. B sTom cayudae A, ~

4) 6(D) = A,, 0o(D) = By nas HekoTopwix a € A, b € B.

[ToxkaxewMm, 4To ciydan 4) HeBo3MOXKeH. B camom gene, B caydae 4) D — uzomop-
dusm orpeska A, Ha orpesok By. 3uaunt, (a,b) € D, o Torga a € §(D) = A,
9TO HEBO3MOXKHO. DTO 3aBEPIIAET JOKA3ATEIHCTBO TEOPEMEL. O

Eciu A u B — Bnosme ynopsigodenusre MaOX)ecTBa 1 A < B
[TosToMy momydaem caepyromee BaXKHOE CIeACTBUE.

S|

TOZS

Y

CaeacrBue 1.8.4.1. Fcau A u B — 8noane ynopsadouennvie MHONCECMEA, MO AUOO

A< B, aubo B < A, m. e. ar06bie dea 8noare YynopadoueHHblr MHOHNCECMEa
CPABHUMbBL TLO MOULHOCTIIU.

[ ycTaHOBIEHHA MaJbHEUIINX CBOWCTB OIEPAIud HAL KapIUHAJIBLHBIMU M-
cIaMi HaM MOTpebyeTcs MPUBIEKATH OpAWHAJILHBIE Uucaa. CBA3b MeXKIY DTUMHI
YUCIAMU YCTAHAIUBAETCSA C MOMOIIBI0 meopembl Llepmeno 0 603moHcHoCmU N0~
ne ynopadouumsv woboe muoxcecmso. OTHAKO TOKA3ATETHCTBO DTOU TEOPEMBI OIIN-
paeTcsa Ha CHEIUATBLHOE YTBEPXKIEeHUHEe TEOPUM MHOXKECTB, HA3BIBAEMOE (KCUOMOT
svibopa. [IpeacraBafeTca eCTECTBEHHBIM PACCMOTPETb HEKOTOPHIE YTBEPKICHMU,
DKBUBAJEHTHEIE aKCHOME BBIOOPA.

1. Axcuoma evib6opa. Ecau f — omobpanxcenue muoxcecmsa X 60 MHONCECNBO
Y u npu arobom v € X f(x) — nenyecmoe mnoxcecmso, mo cywecmsyem @Gynr-
yua evtbopa g, onpedeaennas na mruoxcecmse X co ZHAGUEHUAMY 80 MHONCECMBE

UXf(x) makas, umo das sobozo x uz X g(x) € f(x).
TE

2. JIemma ILopra. Yacmuurno ynopadouennoe muoxrcecmeo, Kaxcdoe uz Aunet-
HO YNOPAJOUEHHBIT NOOMHONCECTNE KOMOPO20 UMEETM, BEPIHIONN 2PAHb, COOEPHCUIM
MAKCUMAALHBL DACMENT.

3. IIpunyun marcumaasvrnocmu Kypamoesckrxozo — Xaycdopda. Kaxdas
YENb UGCTNUUHO YNOPAIOUEHHO20 MHOHNCECMBG COJEPHCUMCA 8 HEKOMOPOT MAKCU-
MAAbHOT yenu.

4. Axcuoma Ilepmeno. s awbo2o muoxcecmea X Henycmvir nonapHo we-
NEPecekaOUULCA MHONCECTNE CYULECMBYEM MaAKoe MHoKcecmeo B, umo daa w6020
muoxcecmsa A uz X mmoxncecmseo AN B cocmoum posno uz 00n020 daeMenma.

5. Teopema Ilepmeno. Kaxcdoe mruoxrcecmso moxcno 6noane ynopsoouums.

[nst (pOPMYTUPOBKHU CAEAVIOIMIETO YTBEPXK IEHUS HAM MOTPEeOYeTCA MOHATHUE Ce-
MEUCTBA MMOIMHOXKECTB, UMEIOIIEr0 KOHeuhbll Taparmep.

Onpeneneuune 1.8.9. Cemeticmeo nodmuoxrcecmse X mmuoncecmsa FE umeem wo-
HeuHbLl Taparmep, ecau dis Kaxcdoz2o nodmnoxrcecmsea A muoxcecmea E umeem
MECmOo IKEUBAAEHIHOCTb!

A npunadaencum X mozda u moavko mozda, koz2da KaHcdoe KOHEUHOe NoOMHO-
acecmeo muoxcecmsea A npunadaencum X .
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6. JJemma Tetixmioasepa — Tororu. Kaxcdoe cemeticmso nodmmoxncecms X
muodxcecmea E, umernwee kKoneunbili raparmep, 004a0a€mM MAKCUMAADHBIM IAEMEH-
MOM.

7. s a06020 omobpaxcenus [ muoncecmea A na menycmoe mmoxrcecmso B
cywecmsyem gynkyus g uz B 6 A makxas, umo fo g =idp.

3ameTuMm, 9T0 PYHKIUA ¢ OyIeT UHBbEKYUET.

8. Akcmoma MyJIbTHUILIMKATUBHOCTH. /ekapmoso npoudsedenue Henycmozo
cemMeticmea HenYCmbix MHONCECTE HENYCIMO.

Teopema 1.8.5. Chopmyauposanmubie 8biuse 60cCemb YmeepHcoeHnuti 3K6UBGAEHIHDL.

Adoxaszameadbcms o [JokazaTelbCTBO MPOBEIEM IO CACTYIOMEN CXEMe

(2) = (1).

[Tycts f — oTobpaxenue MHOXKecTBa X BO MHOXKecTBO Y u mpu Jao6oM x € X
f(z) — menycroe muoxecTBO. Vcmoabsysa Jdemmy ILlopra mokaxem, 9TO Cylie-
cTByeT PynKyuA 6bl60pa ¢, ONpeNeIeHHAS HA MHOXKECTBe X CO 3HAYCHUAME BO
MHOXKECTBE mng(x) Takas, 94To s aodoro x uz X g(z) € f(x).

O6o3uatMuM depes T’ caeayioliee MHOXKECTBO

{p| pC X x UXf(!E) & ¢ — QpyHKUMOHAIBHO &
Te

mia moboror uzd(p)  o(x) € f(x)},

T. €. 5TO MHOXKECTBO BCEX OTO6pa)KeHPII>i, OonpeneJeHHBIX Ha MOJAMHOXKECTBaX MHO-
xkecrBa X €O 3HaYeHWAME BO MHOxecTBe U f(2), 0OIagaromux CBONCTBOM: €CIH
reX

x € X u p(z) onpexeneno, To p(z) € f(x).

Muoxecrso T HemycTo, Tak Kak, Hanpumep, {(a,b)} € T, rae a — HEKOTOPBIN
saemenT 3 X (X #0Q)ub € f(a) (f(x) # 0). Muoxkecrso T 4acTHIHO YHOPALOUECHO
oTHOMmerneM BK.IodeHnsa C. [TokaxkeMm, 9T0 MHOXKECTBO 1 ¢ OTHONICHNEM BKIIOTCHEA
C yaosaerBopsaeT ycaoBuio Jemmot I[opHa.

[lycte A — JWHENHO YNOPALOYECHHOE TMOAMHOKECTBO MHOXKECTBa 1, T. €. 1A

a06bix ¢ uy u3 A wim x C y, wmm iy C . [loraraem z = U . O4eBuHO, ITO 111
€A

ao6oro x m3 A: x C z. UT0o6BI MOKa3aTh, YTO 2 — BepxHisa rpanb A B T, ocTaercs
JUIIb T0Ka3aTh, 4TO 2 € T

Tax kak musa moborov 3 Av C X x UXf(x), To 2 C X X UXf(x). [Toxaxem,
PSS TE

9TO 2 (PYHKYUOHAALHO.
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[Iycrs (a,b) € z u (a,c¢) € z. B A HaugyTcsa takue IBa MHOXKECTBA T W Y, 9TO
(a,b) € z, {a,c) € y. Tak kax A auHEWHO yHnopagodeHo, To au6o x C y, au6o
y C z. [locTaTovHO paccMOTpeTh auinb caydan © C y. B sTom cayudae (a,b) € y u
(a,c) € y, 970 B cUIy QYHKIMOHAJILHOCTH Yy AaeT b = ¢, T. €. z QYHKIUOHAIBHO.

[Iycrs a € §(z). Hamgercs rakoe u, uro {(a,u) € z. 3HaunuT, B A CymecTByeT
raxoe x, 9T0 (a,u) € x. [losromy a € §(x), a smauur, x(a) € f(a). Ho z(a) — sTo
u, 3Ha4uT, u € f(a). C gpyrou cTopoHsl, u — 510 z(a), 3Ha4uT, 2(a) € f(a).

Taxkum o6pasom, Bce yeaousa Jemmor I[opra BBITOIHEHBI, 3HAYUT, 1 comep-
KAT MAKCUMAALHOITE JACMENT, ©.

[TokaxkeMm, 9TO  MOXKHO B3ATH B KadecTBe (Gynkyuu 6bi6opa (3ameTumm, 9TO
(byHKIIUA (0 ompemeleHa, KOHEYHO, HEOTHO3HAYHO, TaK KakK 1 MOXKeT COXepkKaTh
GoJiee 0THOrO MAKCUMAIBHOIO DIEMEHTA).

Tax xak ¢ € T, TO ¢ — QYHKIMOHAIBHO U 11 d060r0 = u3 0(p): ¢(x) € f(x).
Ocraercs nokaszaTs, 910 0(p) = X.

Ecaun 661 5T0 6bLI0 He Tak, TO cymecTBoBal Obl daemeHT ¢ € X \ 0(p). [IycTs
be fla)mug=pU{{a,b)}.

[Toxaxewm, 1To g € T

C C .
pC X x ngf(:z:) u (a,b) € X X ngf(l‘), sHaquT, g C X X xé,le(x)

[Iposepum, uTo ¢ pyHKIUOHATLHO. Ecau (x,y) € g, (x,z) € g, To mu6o (1)
(z,y) € ¢, (z,2) € p, mbo (2) (z,y) € {{a,0)}, (x,2) € {{a,0)} (caysau (z,y) € ¢
u (z,2) € {(a,b)} HeBO3MOKEH, TaK KAaK TOrAa W3 BTOPOrO YCJIOBUS CIEIYET, ITO
(x,y) = (a,b), 7. e. £ = a, y = b, a w3 mepBoro ycioBus noaydaeMm r € d(p), T. e.
a € §(p), 9TO MPOTUBOPEIUT BHIOOPY «).

B caygae (1) u3 QyHKIUMOHATILHOCTH  CAELYET, 9TO Y = Z.

B caygae (2) moaygaem y = b = 2.

Eciun © € §(¢p), To HamgeTcsa saeMeHT y = ¢(X) TaKoH, ITO

(z,y) € U{{a,0)}.

Ecau (z,y) € ¢, 10 g(z) =y = p(x) € f(z). Ecm xe (z,y) € {{a,b)}, TOx =au
y = b. Mosromy g(z) =y =b € f(a) = f(x). Bmaunr, g € T. OxHaKO >TO BMecTe ¢
yeaoBusaMu ¢ C g U # ¢ IPOTUBOPEYNT MakcuMaibHOCTH . [Tosromy 0(p) = X.

(1) = (4).

[Iycte X' — NpOM3BOMBLHOE MHOXKECTBO HEMYCTHIX MOIMAPHO HEIEePeCeKAIOMMUXCA
MHOXKECTB. VICIoab3ya cymecTBoBanne (pyHKINE BEIOOPA, MOKAXKEM, ITO CYIIeCTBY-
eT TaKoe MHOXeCTBO B, 4ro mis Jqro6oro MaoxectBa A m3 X' MHOXKecTBO A N B
COCTOUT POBHO W3 OTHOTO DJIEMEHTA.

Pacemorpum muoxkecrso f = {(a,a) | a € X }, 3aaiomee TOXIeCTBEHHOE
orobpaxenune MHOKecTBa X Ha ceba. Tak kak mpu ao6oM x w3 X f(z) — HemycToe

MHOXKECTBO, TO 10 aKCUOME 68blO0Pa CYIIECTBYeT (dynryus evibopa g @ X — U x.
zeX

O6osnaunm uwepes B g(X) = {g(z) | = € X }. llokaxem, uro B — TpeGyemoe
muoKecTBO. Ilycte A € X. Torga g(A) € f(A) = A, . e. g(A) € AN B. Ecan,
Kpome Toro, ¢ € AN B, To naugerca muoxkectso C' € X rakoe, uro ¢(C) = ¢,
nosromy ¢ = g(C) € f(C) = C, snaunr, ¢ € AN C. Ho muOX)ecTBa u3 X momapso
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He nepecekatorcs, sHaduT, A = C u ¢ = g(C) = g(A). 3naunr, nepecevenue A N B
COCTOUT W3 eIUHCTBEHHOTO dieMenTa g(A).

(4) = (1).

[Tycts f — oTobpaxenue MHOXKecTBa X BO MHOXKecTBO Y u mpu Jao6oM x € X
f(z) — memycroe muoxkectso. [Moabsysacs Axcuomoti I[epmeno, mokaxem, 9To
CymecTByeT ByHKUyus 66160pa ¢, ONpeIeIeHHaA Ha, MHOKECTBE X CO 3HATCHUAME
BO MHOXKECTBE ng(x) Takas, 9To 1ag aoboro x w3 X g(x) € f(x).

T

Pacemorpum muOoxkecrBo U = { {z} X f(z) | © € X}. DaemenTamu MHOXKecTBA
U cayxar Hemycrsie MHOXecTBa {r} X f(z). [Tokaxem, 9T0 OHE mOIADHO HE Iie-
pecekatorca. Ecan (a,b) € ({z} x f(z)) N ({y} x f(y)), To © = a = y, nosTomy
{2} x f(x) ={y} x f(y). llycTeb B — MHOXeCTBO, UMEIOIIEE POBHO 1O OTHOMY 00-
IeMy DJIEeMEeHTY € KaXKIbIM MHOXKeCTBOM u3 U, CyllecTByOlee B COOTBETCTBHUU C
Axcuomoti Ilepmeano.

[Tokaxem, 9TO B KadecTBe (DYHKIMHM BHIGOpDA ¢ MOXKHO B3fATb MHOXKECTBO B.
3aMeTHuM, ITO

B=Bn U ({z} x f(2)) ={{z,y) | z € X&(z,y) € BN ({2} x f(2)) }-
Ecaun (z,y) € g u (z,2) € g, TO
(r,y) € BN ({a} x f(x)) m (z,2) € BN ({z} x ().

Orcoga mo BeIGOpy MHOXKecTBa B noaydaem (z,y) = (x, z), 3Ha4ur, y = z. raxk,
g — Pynkyua. Ecm z € X uy = g(x), 7o {x,y) € BN ({x} x f(r)), mosTomy
(z,y) e {z} x f(z) mg(z) =y € ().

(1) = (5).

[Moabsysice Axcuomoti 8bt60pa, TOKAKEM, ITO KAHCOOE MHOHCECTNBO MONCHO
snoare ynopadouums. VIMEHHO M moxasaTelbcTBa >Toro (akrta llepmeno u wuc-
OJB30BAI B ABHOM Buae Axcuomy ewvib6opa. Ilo yreepxkaennto Ppenkens, Bap-
Xuirena u JleBu mepBas ABHAA cChLIKA Ha AKcuomy evib6opa OwLia caerana [leano
B padore o auddepenHnnaibabIM ypapaeruaM. O gaako 10 sToro KanTop yxe npu-
MeHsT HessBHO AKxcuomy evibopa.

[Tycte M — mpom3BOIbHOE MHOXKECTBO, [ — TOXKIECTBEHHAsA (DYHKIWS HA MHO-
xectee X = P(M) \ {0} Bcex memycTeix mogmuoxkecTB MuOKecTBa M. Yepes
g obo3HAMUM PYHKYUIO 6bl6Oopa, COOTBETCTBYIONIYIO oToOpaxenuio f. Paccmo-
TPUM CJAeqyIOIIee CeMENCTBO S HEMyCTHIX I10IMHOXKECTB MHOXKecTBa M:

S={A|ACM&A #0&
A MOXKHO BIIOJHE YIOPATOUIUTH TaK, ITO I JOOO0

a€A: g(M\A,) =a}.

CemetnictBo S Hemycro, Tak kKak {g(M)} € S (3amernmm, 4TO B 5TOM CIydae, ecIn

a€A={g(M)}, toa=g(M)u A, =0, nostomy g(M \ 4,) = g(M) = a).
[Tokaxem, 9TO A1g JTIOOBIX 1BYX MHOXKeCTB A m B w3 S 0JHO U3 HUX ABIACTCA

HavaIo0M Apyroro. /s sroro 3ameruM, 9ro MHOXKecTBO {¢(M)} ABrgerca HadamioM
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u 11 A, u s B. B camom nene, myctsb a u b — HauMmenbIue dieMeHTH B A u B B co-
oTBeTCTBeHHO, Toraa A, = () = By, snaqur, a = g(M\A,) = g(M) = g(M\By) = b,
T.e.a =b=g(M), suauur, g(M) — HAUMEHBIINN >IEMEHT B JIOOOM MHOXKecTBe A
u3 S, nosromy {g(M)} — obmee matano gis A u B. Ilycts C' — obuiee HAYAIO 1715
A m B. flcno, uto C' # (). TlokaxeMm, 9T0 06beguHeHEE TIOO0TO MHOKeCTBa [ Ha-
Ta.1 JTF0O0T0 YIOPAI0vUeHHOT0 MHOXKecTBa F apiasercsa Hadatom F. Ilycts x € ugDu,

y € Fuy <z, rorga Haugercsa z € D Takoe, 9To = € z. Ho z — Havamo F, mosTomy
Yy € 2z, a BHAYUT, Yy € UDu. [TosTomy C — obmee madamo gas A u B. [lo Teopeme
ue

1.8.2 Bo3MOXKeH OIUH W3 CAENYVIOMWX YeTHIPEX CayYIaeB:

(1) C = A, C = B. B srom cayuae A = B.

(2) C = A, C = By nas uekoroporo b € B. B arom caydae A — nagano B.

(3) C = B, C = A, nus vekoroporo a € A. B sTom cayuae B — vagano A.

(4) C = A,, C = By nus HekoTopwix a € A, b € B.

Ocraercsa nokasarh, 4To ciydan (4) HeBosMmoxkeHn. B camom nere, B ciydae (4)
a=g(M\A,)=gM\C)=g(M\ By) =b, 7.e. C = A, C = B,, HO ACHO, 9TO
CU{a} — obmee navano mis A u B, o C' — o6beuHenne Bcex o6mux Hadam ais A
u B, nostomy C' U {a} C C. 3uauur, a € C' A,, 9T0 HEBO3MOKHO.

[Tycts L = AUSA. [Tokaxewm, uro L € S. B camom mene, oueBuguo, aro L C M,
€

L # 0 (¢g(M) € L). Oupegeanm Ha L oTHOmeEHHE < CAAYIOMIMM OODPA3OM: €CIH
x,y € L, to maugyrca muoxecrBa A, B € S rmakwme, uto v € A, y € B. Tak
kak 6o A = B, 160 0JHO M3 HUX ABIAECTCA OTPE3KOM APYrOro, modTOMY JUOO
x,y € A, mbo x,y € B.

Bes orpanmdenns obmuocTu cauraeMm, 4to z,y € A. Ilomaraem x < y mozda u
moavko moeda, kozda x <, y. Ecau, kpome Toro, z,y € C, To Tak kak au60 A = C,
au60 OHO W3 HUX SABJIAETCA OTPE3KOM TPYTOT0, TOJIYIaeM T <4 Y mo20a U moabko
moeda, koeda x <¢ y. [looToMy oTHOIIEHNE < ONpexeIeH0 KOPpPeKTHO. JIlerko mpo-
BEPUTH, ITO OTHOIIEeHWe < BHoaHe yrnopsgouuBaer L. IIposepum, mampumep, €T
JM1000€ HeIyCToe MOAMHOKEeCTBO K MHOXKecTBa L mMeeT HAMMEHBIINK »JIeMeHT. Tak
kak K # (), To mangerca saement ¢ € K C L. Ho Torga aaa mexoroporo A ms S
¢ € A. Bumaanr, AN K # (). Tlycts d — manvmensumin saemenT B8 A N K oTHOCH-
TeJAbHO IOpAIKa < (I/IJII/I 9TO TO ke caMO€, OTHOCUTEIbHO IIOPAIKA <A)- [Toxaxewm,
970 d — HauMeHbIun daeMeHT u B K. Ecan 661 570 6bLT0 HEe Tak, TO B K Hareacs
6bI DaeMenT b Takou, uTo b < d. Ilyctes b,d € B € S, Torma b <p d. Ilo panee
nokaszanHoMy 6o A = B, mmu6o A — oTpe3ok B, mu6o B — orpesok A. B mepsrix
IBYX CIydasx m3 Toro, 9to d € A u b <p d crexyer, aurob € ANK u b <, d, ¥ro
IPOTUBOPEINT MUHUMAIBHOCTHU daemenTa d B A N K.

B tperbem ciaydae m3 Toro, uto d € A u b <p d cregyer, uto b € ANK n
b <4 d, 9TO BHOBb MPOTUBOPEINT MUHUMAJILHOCTH daemenTa d B AN K.

Urak, L € S. 3uauuT, L MOXKHO BIOJHE YIOPATOIUTE.

[Toxaxewm, uto L = M. Ecau 5To He Tak, TO paCCMOTPUM MHOXKECTBO

A=LU{g(M\L)}

u BBegeM Ha A oTHOmeHme mopsaaka <: ecau T,y € L, mox <y <= x <y 6 L,
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ecau oce x € L,y € {g(M\ L}, mo x < y.

[Tokaxewm, aro A € S. 3amernm, uro A C M. [lanee, Jerko IpOBEPUTH, ITO
BBEJIEHHOE OTHOIIEHWE < SABIAETCA OTHOIIEHWEeM IOJHOTO mopsaaka. Kpome Toro,
ectma € L, 10 Ay = L, uw g(M\ A,) = g(M\ L,) =a,aecm a € {g(M\ L}, To
A, =Lug(M\ A,) =¢g(M\ L) =a. Urak, A € S. Ho 5T0 HEBO3MOXKHO, TaK Kak
torga A C L C A. IloryuenHoe nmpoTuBopedne nokaseiBaeT, 9To L = M. 3uadur,
M moxcno enoane ynopadouums.

(5) = (3).

[Toxaxewm, uTo u3 Teopembr Ilepmeno o BIOTHE YIOPATOIUBAEMOCTH JTHOOOTO
MHOXecTBa caenyeT IIpunyun marcumaasvrnocmu Kypamoeckozo — Xayc-
dopda: Kaxncdas yensb YACMUUHO YNOPAIOUEHHO20 MHONCECTNEA CODEPHCUMCA 8 He-
KOMOPot MAKCUMAADHOU Yeni.

[MomycTuM, ITO MHOXKECTBO M YaCTUIHO YIOPATOUEHHO OTHOIeHWeM <, a L —
ek B M, T. . MOAMHOXECTBO MHOXKeCTBa M, IMHEUHO YIOPAITOYEHHOE OTHOIIE-
HueMm <.

Ecmu L = M, To nens L MakcumaJabHa, T. €. HE COAEPKUTCI HU B KAKOW OTJIUI-
HOU OT Hee IeINNu.

Ecan L # M, To Buoare ynopsgouum MHOKecTBO A = M \ L orHOmeHneM <.

Teneps kax oMy dremMeHTy @ u3 A comocTaBuM caeayomuM 06pa3oM HEKOTOPOe
MHOX€eCTBO L,, KOTOpOe ABIIETCA PACIIIpeHreM OTHOCHTEeIbHO < nenu L. Ecan gaa
JI060T0 daeMeHTa b < a MHOXKECTBO L, yxe ompeeneHo, TO mojgaraeM L, paBHBIM
bgaLb U {a}, ecim a cpaBauM 110 < €O BCEMU DIEMEHTAMU U3 bgaLb’ 1 PaBHBIM bgaLb
B IMIPOTUBHOM CJIy4ae.

IIpoBepum, 9TO EAL“ ABIACTCA MAKCUMAALHOT yenblo, codepaucaueti L.
a

W3 mocTpoenuns muoxectB L, crenyer, uro L C L, n ectu b < a, To Ly C L,.

Suauur, L C U L,.
acA

Ecmu ¢, b € UAL“’ TO
ac
6o (1) ¢,b € L u, 3Ha4uT, ¢ cpaBHUMO € b o <,
au6o (2) c € L, b ¢ L, vo Torga Ly = UbLa U {b} (unaue b ¢ UAL“) 1 TOTOMY
a< ac

b cpaBHEM 10 < CO BCEMU DJIEMEHTAMHU U3 UbL“’ B 9aCTHOCTH C ¢,
a<
6o (3) ¢ ¢ L, b ¢ L. Ilycts B pTOoM caydae ¢ < b. Torma Ly, = UbL“ U {b}
a<
u b cpaBanM no < co Bcemu daeMenTamu w3 U L, u ¢ € U L, (unave ¢ ¢ U L),
a<b a<b acA

3HAYUT, B YACTHOCTH, b cpaBHUM MO < C C.
Urax, U L, — yenv. Ecm 661 nens U L, He ObLIa MAKCHIMAJIBLHOU, TO HAIIEIC
a€EA acA
OBI DIEMEHT b Takou, 4To b ¢ UAL“ 1 b cpaBHEM 10 < CO BCEMU dJIeMEHTaMU W3
ac

UAL“' Ho B »ToMm cay4dae b ¢ L, smaaut, b € A = M\ L u b cpaBaum mo < co BceMn
ac

saementamu w3 U L, (UL, € U L,), nosromy L, = UL, U {b} u, 3naunr,
aEA a<b ac€A a<b

b€ U L,, 9T0 IPOTUBOPEYUT NpeANoIokKenuo b ¢ U L,.
acA a€EA

Nraxk, LEJALa — MaKCUMaJIbHAas Ielb, comepkaliasi mensb L.
a

(3) = (2)-
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[Toxaxewm, uro u3 IIpunyuna maxcumasbrnocmu Kypamoascrozo — Xayc-
dopda (kaxcdas yenb wacmuuro YnopadoueHn020 MHONCECTNEA COOEPHCUMCA 6 He-
Komopot marcumamwnot yenu) crenyer Jdemma I[opra: wacmuuno ynopadoue-
HOE MHONCECTNBO, KAHCOOE U3 AUHETHO YNOPAJOUEHHBIT MOOMHONCECCME KOMOPO20
UMEEM, BEPTHION 2PAHb, COOEPHCUM MAKCUMAALHLIT IAEMEHM.

[IycTh 9acTUYHO YIOPAIOYEHHOE OTHOIeHHeM < MHOXKecTBO M ymoBieTBOpseT
ycaosuio Jlemmor I[lopra, T. e. Kaxgoe u3 ero JUHENHO YHOPATLOYEHHBIX T10IMHO-
’KeCTB MMeeT BEpPXHIOK I'paHb. BosbMeMm B M mpom3BoJabHBIN daemeHT b. B cumry
IIpunyuna maxcumasvrnocmu Kypamosecrozo — Xaycdopga MHOXKECTBO
{b}, 6y ayu membio, COMEPEKUTCA B HEKOTOPOU MAKCUMATBHON HEenmn L, KOTOpas uMe-
eT B M BepxXHIOI I'DaHb ¢ (3aMeTHM, 9TO ¢ € L, Tak KaK B IPOTUBHOM CIydae [elb
L comepxanach 661 B oTaimaHou oT Hee uenu L U {¢}, 9410 mporuBopeunT ee Max-
cumMaabHOCTH). [loKaxeM, 9TO ¢ — makcumaibubil daemenT B M. [lomycTum, 910
»To He Tak. Tormga B M HammeTcsa »JIeMEHT a Takou, 9To ¢ < a. [lokaxem, 9TO a
CPABHUM C JI00BIM daeMeHToM d menu L. DTo caexyer u3 HepaseHCTB d < ¢ (¢ —
BepxHss rpadb uenu L B M), ¢ < a, d < a. Tak xax L — uenb, To L U {a} — Toxe
[eTb, HO DTO MPOTUBOPEIUT MAKCUMAJIBLHOCTH menu L.

SHAUUT, ¢ — MAKCUMAAbHIG DaeMeHT B M.

(2) = (6).

[Toxaxewm, uro u3 Jemmobr I[opra MoxuO BhiBecTu Jlemmy Tetixmioane-
pa — Twvroru: kaxcdoe cemeticmeo nodmmonrcecme X muoxncecmsa E, umewuee
KOHeunblll Tapaxmep, 004a0aem MAKCUMAAbHIM IACMEHTLOM.

[IycTs cemencTBo moaMHOXKECTB X MHOXKeCTBa E mMmeeT KOHEUHBIN XapakTep.
MuoxkectBo X dacTuano ynopsamodeHo otHomrenmeMm C. [lokaxkem, 4TO 111 HEro
BeIMOTHEHO ycaoBue Jlemmovt Ilopra. Ilycts L — mob6as nens B X. [Tokaxem, 1To

MHOXKeCTBO A = U y aBagerca seprueti 2panvio g1 L B X.
yeL

Bo-neperix, ecan y € L, o y C A.

Bo-Bropeix, mokaxem, ato A € X. [Ilycts C' — KOHEIHOE MOIMHOXKECTBO MHO-
excTBa A, cocTosInee m3 DIEMEHTOB Ci, ..., C,. B L HaUIyTCA TaKue DIeMEeHTEHI
Y1, -y Yny ITO € € Yy, ooy Cp € Yp. Tak Kak L — memb, TO MOXKHO CIUTATH, UTO
11 C Y2 C ... C y,. HooTomy ¢ € yp,y ..., ¢ € Yp, T. €. C' C y,,. Tak kaxk y, € X,
a C' — KOHEIHOe TOAMHOXKECTBO ¥, To C' € X. 3Ha9uT, Kaxk 10€ KOHETHOE 10 IMHO-
KeCcTBO MHOXKecTBa A mpuaamiexut X, mosromy u A € X.

Urax, A — seprnas epany nenu L B X. Ilo Jlemme I[opra B X ecTh marcu-
MAAbHBIY DIEMEHT.

(6) = (2).

[onyctum, aTro mMHOXKecTBO E ymoBaerBopsier ycaoBuio Jlemmor Ilopmna: .
e. Kancdoe u3 e20 AUNEUHO YNOPAJOUEHHDIT NOJMHONCECTE UMEET, BEPIHION 2P GHD.
[Tokaxewm, aT0 E comepxKuT MaKCUMGAbHbIY DICMEHT.

O603HaunM depes X MHOXKECTBO Beex menen MHOx)ecTBa F. [lokaxkem, 9T0 MHO-
XKecTBO X UMEET KOHEUHbltl TapaKmep.

Ecm A € X, 1. e. A aBaserca nenbio B E, TO u 11060€ MOIMHOXKECTBO MHOMKE-
cTBa A ABIAETCA NENbIO, a 3HAYUT, TPUHALICKUT X, B 9ACTHOCTHU, DTO BEPHO I
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KOHEYHBIX MOIMHOXKECTB MHOKECTBA A.

[Iycts Tenepy A C E u Kaxkg0e ero KOHETHOe MOAMHOXKECTBO B MpuHA ITeXKNUT
X, 1. e. apagerca nenblo. [TokaxeMm, 4To u A npuHa11e:kuT X, T. €. ABIACTCA [IENbIO.
[IycTh & U iy — IPOM3BOIbHBIE DEIEMEHTH MHOXKECTBA A, TOT1a MOAMHOKEeCTBO {1z, y}
MHOXKeCcTBa A mpuHapIex)kuT X, T. €. ABIAECTCA HeNbl0. SHAYAT, T U Y CPABHUMBL. Tax
KaK CPaBHUMBI JIOOBIE 1BA DaeMeHTa MHOKecTBa A, To A — nens, 3uadur, A € X.

Nrak, maoxecTBO X mMeeT koneunviti rapaxmep. [lo Jemme Tetixmioaaepa
— Tovroxru B X ecTh maxcumasbubii daemesT A, T. e. A — makcumasvras nennb. Ilo
yeaoBuio JeMMbl Llopaa Haumgercsa sepruas 2panb ¢ nua A B E.

[Mokaxewm, aT0 ¢ — MaKcumaabHbil daemenT. Ecam 5To He Tak, To B F Haumercs
Takou daeMeHT b, uTo ¢ < b. A Tak kak ¢ Goabire a000T0 daeMeHTa U3 A, TO DTO
BepHO u mias b. 3HauuT, MEHOKecTBO A U {b} sABIAETCA LENBIO, YTO TPOTUBOPEUUT
MAaKCUMAJbHOCTH ey A.

(1) = (8).

[Iycrs (A;)ier — HemycToe CeMencTBO HEMyCTHIX MHOXKECTB, f — QYHKIWI, OIpe-
nenennas Ha [ Takas, 9ro f(i) = A;. [lo Akcuome evibopa cymecTByer Gynryus
ebibopa g, onpenenennas Ha [, Takas, uro npu Jawo6om i € I: g(i) € f(i) = A;. Ho
toraa g € [[A;, smaqur, [[A; # 0.

iel il

(8) = (1).

[Tycte Qpyuknus f ymosrerBopsier yciaoBuio Arxcuombl 8btbopa. Paccmorpum
cemencTBO (f(x))zex MuOXecTB. [lo AKCcuome mysbmuniuramueHocmuy Cy-

wecrByer Gyukuus g € [ f(z). Ho roraa g — oana uz gynryuid evibopa.

zeX

(4) = (7).

[Iycte f — ooTobpaxkenue MHOXKecTBa A Ha HemycToe MHOXKecTBO B. [I1a Ka-
xJ0ro y € B o6o3naunm qepes W, muoxectso {y} x {z | x € A& f(x) = y}. fAcno,
9TO HeIycThle MHOXKecTBa W, nomapuo He nepecexatorcs. [lo Axcuome Ilepmeno
CyHIIecTByeT MHOXKecTBO [), mmeromiee ¢ KaxJbIM u3 MHOXecTB W, B ToOYHOCTH 1O
oxHOMY 00mIEeMy daeMeHTy. [lycThb

g=D=(UW,)NnD.
yeB
[Tokaxewm, aro g — Pynryus u3z B B A.
fcuo, aro §(g) C B. Ecan z € B, To mycTb v, — TAKOU IEMEHT, ITO

(z,v,) e W,ND.

Torga (z,v,) € g, mosTomy z € 6(g), 3uaqur, 0(g) = B.

Ecau (z,y) € gu (x,z) € g, TO HAUAYTCA TAKUE DIEMEHTHL U U v, ITO (x,y) € W,
u (x,z) € W,. Ho rorga v = 2 w v = y. 3nauur, (z,y) € W, u (z,2) € W,. Tax
Kak, kpome Toro, (z,y) € D u (z,2) € D, 1o (z,y) = (z,2), snauur, y = 2. T. e. g
— ¢yukmus uz B B A.

[Mokaxem, uto f o g = ig. Ecan (x,y) € f o g, TO HAUIETCA DIEMEHT 2 TaKOH,
aro (z,z) € g, (z,y) € f. Ho Toraa (z,z) € W, N D, suauur, f(z) = z. Kpome
Toro, us (z,y) € f crenyer, uro f(z) =y. [losromy = = y. 3naunr, fog=ip.
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3aMeTuM, 9TO (PYHKIUA ¢ ABAACTCA UHDEKYyUel, TaK KaK

9(y1) = g(y2) = f(g(n)) = f(9(y2)) =
(fog)n) = (fog) ) = i(y) =is(y2) = y1 = Y2

[Tosromy (7) MOKHO CHOPMYIUPOBATL TAK: M THOOOT0 MHOXKeCTBA A 1 M0601
OIIpeneIeHHON HA HeM (PYHKINUK [ BBIMOJIHHAETCS HEPABEHCTBO

f(4) <

ol

(7) = (4).

[IycTs MHOKECTBO X COCTOUT M3 HEMYCTHIX IOMAPHO HEMEPEeCeKAIOMNXCA MHO-
xecTB. Paccmorpum muoxkecrso f = {(a,b) | b € X&a € b}. flcro, uro f -
(byHKIUA, 0TOOPAKAIOIIAIL IgXx Ha X.

B cuny (7) cymecTByeT mHBEKTHBHOe oToOpaxkenume g X B U x Takoe, 4TO
zeX

ix = fog. Ilycts B = p(g).

[Tokazkem, 9TO MHOXKECTBO B nMeeT ¢ Kaxk ILIM MHOKecTBOM A n3 X eIuHCTBeH-
HBIM OOIIUU SJEMeHT.

[Iycrs € X, rorga g(z) € p(g) u x = f(g(x)), 7. e. (g(z),z) € f, nosromy
g(x) € x N B. 3uauur, £ N B # ().

[Tycrs Teneps y € x N B. Torga y € p(g). 3naunr, nHangercsa z € X Takom, 9T0
y = g(z). Torma, kak 6bLIO OKa3aHO Bhime, y = ¢(z) € z N B. osTomy y € x N 2.
Ho Ttorga x = z u y = g(x). O

Teopema 1.8.6. /.14 npou3sospbrvix mowrocmetd « u 3 8bINOAHACMCA 0OHO U MOAL-
KO 0010 U3 YCca08ul

MHa=p 2a<p, B)F<a

Mdoxaszameanbcme o Hamomauwm, aTo
a<f = a<pf&ka#p.

Buaunr, (1) HecoBmecTHO HU ¢ (2), HE ¢ (3).

(2) m (3) ToXke HECOBMECTHBI, TaK KaK W3 HUX caegyer, 9to o < f3, f < «
u a #* [3, omHako o Teopeme Kauropa — BepHmrrenna ms HepaBeHCTB @ < [ u
£ < « caemyer paBeHCTBO o = [3.

YT0o6B 10OKA3aTh, 9TO IO KpaWHEH Mepe ONUH M3 DTHUX CAYIaeB UMEET MeCTO,
Bocnoabzyemca Teopemot Ilepmeno. [lycte X m Y — Takme MHOXKeCTBa, ITO
a = X B =Y. Ilo Teopeme llepmeno muOxkecTBa X 1 Y MOXKHO 6n0.4HE Yynopado-
yumb. Ilyctb <x m <y — COOTBETCTBYIOIINE OTHOIIEHUA TOJTHOT'O MOPIIKA.

B cuny nmyukra 3) Teopemsr 1.8.4 umeer MeCTO OIWH M3 CAEIYIOMINX ABYX CJIy-
TaeB:

()X <Y, (Y < X.
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Ho Torma L o
mo6o ()X <Y, mbo (2)Y < X,

T. e. 60 @ < [ ambo f < (. 3HAYUT, UMEET MECTO OJHA U3 BO3MOKHOCTEN

Ma=75 2a<p, B)F<a
0

CaeacrBue 1.8.6.1. Kapdunasvnvie wucaa sunetino ynopadouenbl ommouenuem <
(v ommowenuem <).

M5 TPOM3BOIBLHOTO TOPAAKOBOrO uncaa « depes W(a) o6o3Hamm mmogicecmeo
6cer NOPAJKOBHIT UUCEA, MEHDULUT (L.

Teopema 1.8.7. Jas a106020 nopadkosozo uucaa o mnoscecmeo Wa) — noane
Ynopadouennoe MHoIcecmeo nopadkoso20 Muna .

Adoxaszameanbcmeo. Ilycte A — BHoIHE yHOPAZOYEHHOE MHOXKECTBO IO-
psaakosoro tumna «. Torga A uzomopduo muoxkectBy W(A) = {4, | a € A}, ynops-
JTOYEHHOMY OTHOUIeHueM BKIoodeHus C. B cBowo odepens muoxkectso {A, | a € A},
YIIOPAIOYEHHOE OTHOIIEHIeM BK.IIOUeHns, m30MopdHo MHOXKecTBY {A, | a € A}. B
camoM fene, ecain A, m Ay — pasInvHBIE OTPE3KH, TO OHE HE MOTYT OBITH IMOJOOHEL,
smaauT, A, # Ap.

Ecmm we A, C Ay, To A, = (Ay),, sradmur, A, < A,

[oxaxem, uto {4, | a € A} = W(a)}. Ecn a € A, To A, < A = a, nosTomy
A, € W(a). Ecm xe B € W(a), To 8 < a. [IycTs B — BIOTHE YIOPAIOTEHHOE MHO-
xectBo tuma (. Torga HaigeTca oTpesok A, momobubit B, sHauut, f = B = A,.

B e {A,|ac A}. Tlosromy W(a) = a. O

CaencrBue 1.8.7.1. Bceakoe muoxcecmso 0pOuHGAbHBIL YUCEA BTOAHE YNOPAJO-
YEHHO.

Adoxazameawvcms o IlycTh A — NPOU3BOIBLHOE MHOXKECTBO OPAUHAJILHBIX
aucen, B — ero memycroe moamuoxkectso. [lycrs o € B. Ecim W(a) N B =), To «
— manvenbmmi daemedT B B. Ecan xe W(a) N B # (), To mycTh [ — HANMEHBIINMN
saeMeHT noamuoKecTBa W ()N B muoxkecTBa W (). Torga [ 6y1er u HaMMeHbIINM
DIEMEHTOM IIOAMHOXKecTBa B MHOX)ecTBa A. [

CaegcrBue 1.8.7.2. /las m06020 muoxrcecmea A nopadkoswvir wuces cyuecmsyem
nopadKosoe uucto, boavuiee scer wuced ud A.

Hdoxaszameadvcme o MHOXKecTBO A caMO BIOMHE YHOPATOUEHO U B Kade-
CTBe HCKOMOT'O YHCJIa MOXKHO B3ATb NOPAJKOBHIU THI B MHOXecTBa B = UAW(a).
ac

B camom mene, MEHOXecTBO B, Oyayyun MHOXKECTBOM MOPAIKOBBIX YUCET, CAMO BIIOJ-
He ynopsagodeno. [Iycrs = B. Ecin o € A, ro W () = a u B, = W(a). Tak kak
BIIOJTHE YIIOPAI0IEeHHOE MHOXKECTBO B He MOXKeT GBITH IOT00HO CBOEMY OTDe3Ky By,

10 =B > B, =W(a) =a. O
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CaencrBue 1.8.7.3. He cywecmeyem mnoxcecmea, codeprcause2o 6ce nopadkosvle
YUCAQ.

Hdoxaszamedanbcme o Cpasy crenyerT u3 NpeablIyIIEro CAeICTBUA. 0

CaeacrBue 1.8.7.4. Cpedu nopadkosbix uuce, ne NPUHaOLEHCAUUT OGHHOMY MHO-
scecmey A nopadkoevis uuced, ecmb HAUMEHbULEE.

Hdoxaszameanvcms o IlycTh o — HOPATKOBOE TUCAO GOMBIICE BCEX TUCET 3
A, a 8 — nanvensbuee B W (o) U{a} aucao uz (W(a)U{a})\ A, Torga f — uckomoe
IHCIO. 0

Onpenenenune 1.8.10. a4 nopadko8o2o wucia o HAUMEHbULEE NOPAIKOBOE UUCAO
B, ne npunadaexncawee W) U {a}, nasvisaemes nenocpedcmeenno caedyro-
WUM 30 @ U 0003HAUAEMCA uepe3 o .

[TokaxkeMm, uTo o = a + 1. B camom gere, Bo-mepBuIX, o < « + 1. Bo-BTOpHIX,
ectm o < 3, ro W(a) C W(B), mosromy Wi(a) U {a} C W(p). 3naunur, 1u6co
W(a) U {a} = W(B), mbo W(a) U {a} asrserca nasarsubiv orpeskom W(J3),
nosromy a = W(a)U{a} < W(B), r.e.a+1 < B.

CaencrBue 1.8.7.5. Bearxoe muoxicecmeo Kapounasbhbll Yuces 8noane ynopsdo-
YEHHO.

Hdoxaszameanbcms o Ilycts X — mpon3BoibHOE MHOXKECTBO Kap IUHATBHBIX
ancer. Jlasg kaxgoro y € X BoibepeM MHOKeCTBO Y Takoe, ¥To Y = y. Ilo Teope-
me Ilepameno MHOKeCTBO Y MOXKHO BIOIHE yHOPAZ0unTh. OG03HAMMM Y epe3 Q.
[Iycrs V = {ay, | y € X. Pacemorpum oTobpaxkernue f @y — «, MHOXecTBa X
Ha MHOXecTBO V. Ecom y,2 € X,y # 2, Y = vy, Z = z, To 1o Teopeme 1.8.6
6o Y < Z, mb0o Z <Y.Ecm Y < Z, To HEBO3MOXKHO, 4TOOB Z < Y, Tak Kak
unate Z < Y, suaunt, Y < Z. Ilosromy f — monoTonHas 6mekiusa X ua V. Tak
KakK J11000€e MHOXKECTBO OpAWHAJIBHBIX YMCEJ BIIOJHE YIOPAOOYEHHO, TO M MHOXE-

c¢TBO V OpAMHAJBLHBLIX MHUCET BIOJHE YIIOPATOUEHHO, 3HAMUAT, BIOJIHE YIOPAIOTEHHO
nX. O

Caeacrue 1.8.7.6. [as 1100020 KapOounaibho20 YUCAG N CYWECTNEYEM HENOCPEO-
CMBENNO CALOYIOWEE 34 HUM KAPOUNAALHOE Wuca0 N, m. e. makoe KapIunaphoe
yucao nt, umo (1) n < nt, (2)ecau m — kapdunaavroe wucao un < m, mo nt < m.

Adoxazameanbcmso. [IycTth T — HaMeHBIIIEe YUCIO0 U3 MHOXKECTBA
{a | a— xkapauHaabHOE UnCIO, N < a < 2",

O4eBuaHO, 9TO N — HEIOCPEACTBEHHO CIeAyIOMmee 3a N KapIUHAILHOE IUCIO. [

Sameuanne. Popmyaa 28 = Ry BEIpaxKaeT 3HAMEHUTYIO KOMMUHYYM-2UNOMEIY
['. KanTopa.
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IIpunyun MUHUMAALHOCTNU OASL OPOUHAALHBLL YUCEL.

Ecau @QQ — npoussoavroe c60ticmeo opounaibHbls wuce, KOmopoe 6binoAHACMCA
Toma Obl das 001020 0POUHAALHO20 YUCAL, TO CYULLCMBYem HaUuMeHbULEE OPOU-
HAAbHOE YUCA0, ob6aadarousee ceoticmeom ().

[TycTh a1 OpAMHAJIBLHOTO YUCAA (¢ BBIIOJHACTCA CBOUCTBO (), TOrJa B KAIeCTBe
MCKOMOT'0 HAMMEHBIIIEr0 OPAMHAILHOIO YUCAA MOXKHO B3ATH HAMMEHbIIeE OP INHAIb-
HOE YHCIO B MHOXKECTBE

{~ | 7 opaunambuoe uuco uz W(«a) U {a}, obragatomee cBoucTsoM () }.

ITpunyun mpancPurnummot urHdyryuu 0as O0poUHAALHBIL YUCEe.

ITyemy ) — maxoe c60tGcme0o 0pOUHAALHBIT YUCEA, YMO 048 4106020 0POUHGADHO-
20 YUCAA O U3 M020, YUMo 6ce opdunabuble yucaa § < a obaadatom ceoticmeom @,
caedyem umo u « obaadaem ceoticmseom Q. Toeda ece opdunasvrvie yucia 004a-
datom ceoticmeom ().

doxaszameanbcme o IlpeqmomroxumM NpoTUBHOE, U MYCTh 3 — OMAHO U3 OP-
IUHAJIBHBIX, He obJamaiomux ¢BoucTBoM (). IlycTh o — HamMeHbImee OpIUHATLHOE
aucao uz W(5)U{f}, we obaanaromee cBoucTBOM () (10606 MHOKECTOB Op TUHATb-
HBIX 9HCEJ BIOJHE yIopsAnodeHo). Torga Bce opauHaibuble uncia u3 W(a) obaa-
JTAI0T CBOMCTBOM (), a 3HAYUT, >TUM CBONCTBOM 00JaJaeT U v. ITO IPOTUBOPEIUT
BHIOODY . U

B sakmouenne ycraHoBEM Pl HAKTOB apUPMETUKN OECKOHEIHBIX KaPINHAIb-
HBIX 9HCeN, CYIIeCTBEHHO OTINIAIONINX ee OT apU(PMETUKN HATYPAIbHBIX THCeT (KO-
HEYHBIX KapIWHAJIBHBIX dncen). [Ipu 5ToM OyeT mOKa3aHO, KaK IPY YCTAHOBICHIN
CBOWCTB KapIMHAIBHBIX 4uce] (MOIIHOCTEN MHOXKECTB) IPUXOINTCA HCIOIB30BATD
CBOUCTBA OPAMHAIBHBIX YHUCEI (MOPAJKOBBIX THUIIOB BIOIHE YIOPAJOYCHHBIX MHO-
KECTB).

Teopema 1.8.8. /[as npous6oavnoeo 6eCKoneun020 KapounaIbhoe0 Yucaq N Bbi-
NOAHAIOMCA PABENCTNBA

I)n+n=n,

2)n-k=n, 2de k — Koneunoe nenyiesoe KapIUHAILHOE UUCAO,

3)n-N0:n.

Adoxaszameanbcms o. [lokaxkeMm, 9T0 HANIETCA TAKOE KAPIMHAILHOE THCJIO
Ny, 9TO N = NO ' Ng.

[Iycts n = A. BroiHe yoopsaIodmM MHOXKECTBO A HEKOTOPBIM OTHOIICHHEM < 4
OJHOrO TopsAaka. Beegem Ha MHOXKecTBe N X A OTHOIIEHEME <:

(n,a) < (m,b) <= (a <4 b) V (a=b&n < m).

HerpyaHo mpoBepuTs, 9TO OTHOIIEHNE < BIOJHE YIOPSIIOIMBAET MHOKECTBO NX A.
MuoxecTBo A MOI0GHO TOIMHOXKECTBY

{1} x A = {{1,a) | a € A}
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§1.8 BrotHe ynopsgovueHHbIE MHOKECTBA

muOkecTBa N X A. Tlooromy m3 caencrBus Teopembr 1.8.3 momydaem, 9TO MHOXKE-
ctBo N X A He MOXeT OBITH TOJOOHO HAYATHLHOMY OTpPe3Ky MHOX)ecTBa A. 3HavuT,
MHOXKeCTBO A momo6uo mu60 MuOKeCTBY N X A, 1160 HEKOTOPOMY €ro HA9aIbHOMY
oTpe3Ky (N X A)ing.q0)- B mepBoM ciydae moxydaem

j:NxA.

SHa4UT, n - Xg = n. Bo BTopom caydae

A= (N X A)(no,a()}-

Tak Kak

(N X A)tnga0) = (N X Agg) U (Nyg X {ao})

u N,, x {ap} — koHeuHoe MHOX)KeECTBO, TO N = Ny - Ny, rge n = A,
PaBencTBo 1) crenyer u3 CAefyOInX PABEHCTB

0*

n+n==N-n5+Ny-nyg =Ny +Ng)-nyg =Ny-nyg =n.
PaBeHcTBO 2) creqyeT u3 CAefyOMUX DABEHCTB
n-k=Ng-ng) - k=Ng-k)-ng =" -ny=n.
PaBencTBo 3) n- Ny = n moaydaeM u3 CJAeAYIONMX DABEHCTB
Ng-n=Ng:-p-nyg =Ny -ng =n.
U

Crenyromas Teopema caenyer us Jlemmvr I[opna m naxe Ha caMoM Teje en
IKBUBAAEHNHA.

Teopema 1.8.9. /[aa npou3soavno2o 6eCKoOHeun020 KaPOUHAALHOZO YUCAQ N Bbi-
NOAHACICA PABEHCTIE0 N+ N = N,

doxaszameanvcme o. [J1gampou3sBoibHOr0 MHOXKECTBA A Takoro, 4o A = n,
OJAraeM

M(A) = {f | f— 6uekTuBHOe OTOGpaKenne MHOXKecTBa B X B Ha B

IJI HEKOTOPOTr'o GECKOHeYHOro MoAMHOXKecTBa B MHO)ecTBa A }.

Tak kak 11060€e 6€CKOHEIHOE MHOXKECTBO A COIEPX)UT CIETHOE IOAMHOKECTBO

B u B Taxom crydae B X B = B, To mEoxecTBo M (A) Hemycto. MuoxecTso M (A)
TaCTUIHO YIIOPATOYIECHO OTHOMICHUEM BKJIIOYCHUS g N HETPYOHO MPOBEPUTH BHIMOJI-
HUMOCTE ycaoBusa Jlemmor I[opra. 3uaqur, no Jemme I[opra, 6o muosxcecmese
M(A) ecmv makcumanvubiti saemenm g : C x C — C.

[Tyctes m = C. 3amernm, uto C' x C = C, mosroMy m-m =m, T. e. m?> = m.
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Acro, aTo m < n. Ectm m = n, To Teopema T0Ka3aHA.
[Ipegmomoxum m < n.

[TokaxeM, 9TO BHIMOIHEHO HepaBeHCTBO A\C > m.

[pexnonoxum nporusaoe A\C' < m.
Torga B cuIy mpeabIIyIied TeOpeMbl

n=A=CUA\C)=C+A\C<m+m=m,

9YTO MPOTUBOPEUUT CIEJAHHOMY BBIIIE TIPEIION0KEHNI0 M < n.
[Mycrs C} — noamuOKecTBO MomHocTH M MHOKecTBa A\C.
[st momyvyenus mporuBopedus paccmorpum muaoX)ectBo D = C'U (. Toraa

DxD=(CxC)U(CxC)U(Cy xC)U(Cy x CY).

[TycTe
E:‘(C’XCl)U(Cl><C’)U(Cl><C’1)

Torga F = m? +m? +m? = m+m+m = m. [losToMy cymecTByeT GHEeKTHBHOE
oTrobpaxenue h mHOXecTBa E Ha MHOXecTBO (.
[Tonaraem f = g U h. Tormga

f: (CUCl)X (C’UC’I)—»(C’UCl),

HO DTO IPOTUBOPEYNUT IPEIHIOJI0KEHNI0 O TOM, IT0 oTobpaxenue g : C' x C' — C
ABJACTCA MAKCUMATBHBIM dIeMeHTOM Bo MHOkecTBe M (A). [lorydennoe mpoTuBo-
pedne 3aBepiiaeT JOKa3aTelIbCTBO TEOPEMBI. O

CaencrBue 1.8.9.1. /a4 npou3sosvnbil 6€CKOREUNBIT KAPOIUHAADHBIT YUCEA N U T
BHINOAHAIOMCA PABEHCNEA

1) n + m = max{n, m},

2) n - m = max{n, m}.

doxazameanvcmso B cury Teopemsr 1.8.6 MoxkHO cumTaTh, N < m, a
3HAYUT, max{n, m} = m.
Pasenctsa 1) u 2) HOIyYar0OTCA U3 HEPABEHCTB
m<nt+m<m+m=m
m<nm<mm=m

Ha ocHoBaHuu TeopeMbl Kauropa — Illpexepa — Bepumrenna. U

B kadecTse eme ognoro npuioxenns Axcuomvt Ilepmeao n Teopemor Ilep-
Me0, 8 3HAYAT, U SKBUBAJTCHTHBIX UM YTBEPKICHUN, PACCMOTPUM BOIPOC O CYIIe-
CTBOBAaHNM 0A3MCOB B BEKTOPHBLIX MPOCTPAHCTBAX.

Onpeneneune 1.8.11. Muooxcecmso sexmopos £ sexmopnoz2o npocmpancmea V.
nad nosem K masvisaemcs 6a3ucCom 3mo20 Npocmpancmsea, ecat 410001 6eKmop
u3 V' odnoznauno npedcmasum 6 sude Aunelinoli KOMOUHAYUYU KOHEUHO20 MHONCE-
cmea sexkmopos u3 &.
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§1.8 BrotHe ynopsgovueHHbIE MHOKECTBA

Teopema 1.8.10. B awbom sexmoprom npocmparwmcse V. nad npoussonsbmubim no-
aem K cywecmsyem basuc.

Adoxaszamedanbcme o HamomuauMm, 9T0 mpom3BoJabHAA cUCTEeMa S BEKTOPOB
BEKTOPHOI'O IPOCTPAHCTBA HA3BBIBACTCA AUHEUHO He3a8UCUMOU, €CIN JTUHENHO
HE3aBUCHUMOU ABIACTCA JTI00AA KOHEUHAA TOICUCTEMA CUCTEMEL S.

O6o3uaunM 4depes X ceMENCTBO BCEX AUHEHHO HE3A8UCUMbIL CUCTEM BEKTOPOB
BEKTOPHOI'O mpocTpaHcTBa V.

3 onpeneneHns TMHETHO HE3ABUCUMBIX CUCTEM BEKTOPOB CPa3y CJAEAYET, ITO Ce-
MEHCTBO MOAMHOXKECTB X MHOXKecTBa V mMeeT koweuwbvit raparmep. [lodToMy 1mo
Jdemme Tetixmioasepa — Tvi0Ku ceMENCTBO MOAMHOXKECTB X 00JaTaeT MAKCU-
MAALHDIM IAEMEHMOM, T.€ B V CYIIECTBYET MAKCUMAALHASL £ OTHOCUTEIHHO OTHO-
[IeHNsA BKIIOYeHnsa C JUHENHO He3aBUCUMAas CUCTEMa BEKTOPOB.

[Tokaxkem, 4To £ — 6a3mMc BEKTOPHOrO MpOCTpaHCTBa V.

Ecan HeKOTOpBIN BEKTOP v He MPeICTABIAICA OBl B BIIe JUHENHON KOMOMHAIINN
BEKTOPOB U3 &, TO JErKo yOemauThess, 9To cucrteMa BekTopoB £ U {v} ObL1a ObI
JUHEMHO HEe3aBUCUMA. UTO MPOTHBOPEYMIO ObI MAKCUMAJIBLHOCTH CHCTEMBI &.

OIHO3HAYHOCTH TPEACTABICHAS BEKTOPOB B BU € JUHEMHBIX KOMOWHAIINNA BEKTO-
pOB 13 cucTeMbl £ JErKO CAeAyeT W3 JUHENHOU HE3aBUCUMOCTHU CUCTEMBI BEKTOPOB

€. 0

3ameuganne. MOXHO T0KA3aTh, ITO 4100bie 080 6A3UCA NPOU3BOALHO20 BEKMOP-
no2o npocmpancmsa V. pasromMoumbl.

B kadecTBe BeCbMa HETPUBWIBHOI'O CJICACTBUSA NOKA3AHHOU TEOPEMBI MOJLY UM
OTBET Ha CJAEAYIOMINNA WHTEPECHBIN BOnpoc. OYeBUIHO, 9TO I/ TMHENHON (DYHKINN
f(x) = ax Bemoauserca Toxnectso f(r+ u) = f(x) + f(u). Moxcro au npusecmu
npumep weaunetinot gynkyuu f, onpedeaennoti na 6cem mrorcecmse Jeticmeumens-
HBIT wuces U Yyooe.aemsopaowet moxcdecmsy

[l +u) = f(e)+ f(w)?

OTBeT OKa3BIBAETCA MOJTOKUTENBHBIM, HO ~SIBHBIM NPUMED TaKOU (PYHKIUU He U3-
BECTEH, OJHAKO MBI CEMYIAC MOKAXKEM, ITO TaKue (PYHKIIMU CYIIeCTBYIOT.

PaccmoTpum MHOXKECTBO R 1eMCTBATENBHBIX YHCET KAK BEKTOPHOE MPOCTPAHT-
cBo Ham moteM Q panvoOHATBLHBIX YUCET.

B cmny Beime ckasamnoro B R mamgerca 6asuc £ max Q. 3adukcupyem Heko-
Topbil BeKTOp € B Oasuce E. [as npoumssoabHoro x € R wepes f(z) o6osHaumm
Kod(ppunmeHT TpU GAZUCHOM BEKTOPE € B PA3I0KeHWN BeKTopa x 1o basucy &. fc-
HO, 9TO 1A GYHKIuU f () BEIIOIHAECTCA TOXKTECTBO

[l +u) = f(z) + fu).

Omuako »Ta QYHKIUA HEe ABIIETCA JUHEMHOU (yHKImen Buga f(xr) = ar, Tak Kak
OHA MPUHUMAET TOJBKO PAYUOHAALHBIE 3HAYEHUA.

B xadecTBe elie 0THOTO KIACCUIECKOTO TPUMEHEHUS aAKCHOMBI BBIOOPA PACCMO-
TpuMm Teopemy X. Xana — C. Banaxa o npomomkennn TUHENHBIX (DYHKIINOHATIOR.
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[TycTes L — nuHenHOE MPOCTPAHCTBO HAI [TOJeM TeCTBUTeIbHBIX uncer K. Jlio6oe
oTrob6paxkenue u3 L B R HaswBaeTca (ywkyuonasom Ha L. Pykumonas f HasbBa-
eTCa AUHEUHbIM, eCIU JIIA JIOOBIX ABYX 4Yucea o u § u3 R u J00bIX IBYX BEKTOPOB
v 1 u u3 L BBIMOMHAETCA PABEHCTBO

flav+ pu) = af(v) + B f(u).

OTO yCIOBUE PABHOCUIBHO ABYM YCJIOBUAM

1) addumusrocmb: mas MOOBIX IBYX BEKTOPOB U U U W3 L BBHIMOTHAETCS DABEH-
crBo f(v+u) = f(v) + f(u),

2) odnopodnocmy: maA M0O60ro Uncaa o w3 R u BekTOpa v U3 L BBIIOJHAETCA
paBercTBo f(av) = af(v).

DyHKIMOHAI P HA3BIBACTCA 00KOPOOHO BLINYK.AbIM, €CIU LI HETO BHIIOIHAIOTCS
CIeIYIOIINE [BA YCJIOBUS

1) noayaddumusrocmy: mis MTOOLIX IBYX BEKTOPOB U W U4 W3 L BBIMTOIHAETCS
HepaBeHCTBO p(v + u) < p(v) + p(u),

2) noayodnopodnocmy: LI 060r0 HEOTPUIATEIHHONO TeMCTBUTEILHOIO TUCIA
@ 7 J11060r0 BeKTOpa v U3 L BhmoxHAeTcs paBeHCTBO p(av) = ap(v).

Teopema 1.8.11. IIycmv na aunetinom npocmparcmee L nad nosem deticmeu-
MEALHDIT YUces 3a0an 00HOPOOHO BLINYKALIT PYHKUYUOHAA P, G HG NOONPOCTDAH-
cmee U 3adan aunetinvit pynxyuonan f, npuuem daa 41006020 sexmopa v u3 noo-
npocmpancmea U suinoansemesn nepasencmso f(v) < p(v). Toeda cywecmeyem
aunetinbit pynkyuonan F, onpedeaennviii na ecem npocmpancmee L, asasowutics
npodoaxcenuem aunetinoeo Gyrwkyuonaa f, npuuem das 4106020 86eKMoOpa v Npo-
cmpancmsa L evinoansemes nepasencmeo F(v) < p(v).

Hdoxasameawvcms o Iycrs w € L\ U. Oboznaunm depes U(w) auHenHOe
IO ATIPOCTPAHCTBO, MOLYYeHHOE IpucoeinaenneM Bekropa w k U, T.e U(w) cocront
U3 BCEBO3MOXKHBIX BEKTODOB BHIa U + tw, rge ¢ — NPOU3BOIBHOE JEUCTBUTEIBHOE
YUCA0, & U — TPOU3BOJIBHBIN BeKTOp m3 U. [l mpom3BOJIBLHOTO (PUKCHPOBAHHOTO
JTeHNCTBUTEIBHOIO HYUCIA ¢ PABEHCTBO

fe(v+tw) = f(v) +te

ompeenseT MPOIOJKEHNe JUHENHOTO (pyHKnmoHata [ ¢ moampocTpancTBa U Ha
nognpoctpancTso U(w). OcraeTcs nogo6paTh TaKOe YUCIO ¢, YTOOI IPH JHOO00M t
BBIOMHAIOCH HepaBeHCTBO f.(v + tw) < p(v+tw), 1. e. f(v) +tc < p(v + tw). lpu
t = 0 HepaBeHCTBO BBIMOJHEHO MO ycaoBuio. [Ipu ¢ > 0 0HO PaBHOCHIBLHO HEpAaBEH-
crBy f(v/t)+c < p(v/t+w),anput < 0— uepaBeuctsy f(—v/t)—c < p(—v/t—w).
Takum 06pa3oM, TOCTATOYHO TOKA3aTh CYIIECTBOBAHNE UUCIA C, YIOBICTBOPAIONIE-
IO IpH JIOOBIX MOJOKUTEIHHBIX § U t' HepaBeHCTBAM

f/t) —p/t' —w) < ¢ < plo/t+w) — f(v/t).

A 5T0 GygeT BepHO, eCau MBI YCTAaHOBUM, 9TO IpH JOOLX v’ 1 v” u3 U BLIIOJIHAETCA
HEepaBeHCTBO

f() =p(v' —w) < p(v" +w) - f(v").
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[TocaeqHee HEPABEHCTBO TOKA3BIBACTCA CACAYIOMMM 00pa3oM: npu J00bX v’ u v u3

U

f)+ ") = f0' +0") < po' +0") =
p(v' —w+v"+w) < p —w) + p(v" +w).

SHAYNT,
!/ !/ . n n

sup{f(v') —p(v' —w)} < inf {p(v" +w) — f(").

v'eL v"el
PaccmoTpuMm vacTuvHO ymopsgodeHHOE OTHOIIeHHeM < MHOXecTBO P, nieMeHTa-
ME KOTOPOTO ABIAITCA BCeBO3MOXKHbIe mapel (W, Fy), rae W — moanpocTpas-
c¢TBO mpocTpancTBa L, cogepxkamiee U, a Fjy — Takoe JIUHETHOE MPOLO0TKEHIE
¢yukumonasa f ¢ U wa W, aro npu mob6om w u3 W BBEINOIHAETCS HEPABEHCTBO
Fy (w) < p(w). Tlpu 5TOM cauTaeM, 9To

<Wa FW> < <W17FW1>

TOTJa M TOJIBKO Torjaa, korna W C Wy u Fy, — npogomxkenue dyukunonata Fyy.
HeTpyaHo mpoBepuTh, 9TO OTHOIIEHNE < ABAAETCA OTHOIIEHUHEM YaCTUIHOTO MOPS I-
Ka, T. €. OHO pe(IeKCUBHO, TPAH3UTUBHO U AHTUCAUMMETPUIHO U A1 HET'O BBITOTHE-
HO ycaoBue JeMMbI [[JopHa — 11 KaxK 1070 THHENHO YIOPAJOIeHHOTO 0 IMHOKECTBA
¥ muoxkecrsa ¢ cymecrsyer BepxHsas rpaub: ecan L = {(W;, Fy,) |i € I}, To noxa-
raeM W = U;e/W;, Fiy = UjerFw,. Torga napa (W, Fyy) npunagiexur ® u ssiser-
ca BepxHen rpaubio 4ad Y. 1o memme Hopua B ¢ uMeeTca MaKCUMAILHLIN SJIEMEHT
(W, Fy). Ocraerca mokaszathb, uto W = L. B mporuszoM cayuae 6epem w € L\ W
M ONMCAHHBIM BBIIIE CIIOCOOOM CTPOMM HpofonxeHue Fip ) dbyHKumOHATa [y Ha

W (w). Toraa mapa (W(w),FW( )) mpuHAaTIeRUT P 1 (W, F) < (W(w),FW(w)>,
wT0 mpoTEBOpednT MaxcmmatbrocTn (W, Fir). O

w

B sakaiovenue maparpada mpuBegeM mpuMep mpocTo (GOPMYyIAPYEMOU 33 JaTn
Yiaama m3 TeOpuu MHOXKECTB, TIONBITKA PENeHus KOTOPOU HATAJKUBAIOTCSI HA He-
IPEOOJUMbIE HA CerOTHANIHUN JeHb TPYIHOCTH.

Moxcno au npusecmu npumep Henycmozo muoxcecmsa X u PyHKyuY [, onpede-
aennoti na muoxcecmse P(X) acex e2o nodmmoncecms u npunumarowed auwp 06a
anavenus 0 u 1, maxot, wmo 3nauenue PYHKYUU [ Ha KGHCOOM 00HOIAEMEHMHOM
nodmmoxcecmse muosxcecmea X pasno nyao, p(X) =1 u das aoboeo cuemmnoeo
mruoscecmsa (Ap)nen NONAPHO HENEPECEKAOUUTCA NOOMHONCECTNE MHOHcecmEa X
BbINOAHAETNCA PABEHCTNE0

+o00o

Kaxgas Takas QYHKIUA HA3BIBAETCA CICTHO-AIATUBHON IBY3HAYHOU MEpPOU HA
MHOXKeECTBe BCEX IIOJMHOXKECTB MHOXKECTBaA X

83



[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

3aMeTuM, 9TO eCau B YUCI0 TPeOOBAHUU HE BKIYATH YCJIOBHE PABEHCTBA HY-
JITO 3HAYEHUA (PYHKIIUM 4 HA KAXKIOM OTHODJIEMEHTHOM IMOIMHOXECTBe, TO MpUMep
Takou (PYHKIIWH JerKO HPUBECTH: IS MPOU3BOJILHOIO MHOXKECTBA X U (PUKCHPO-
BAHHOT'O B HEM DJIEMEHTA @ ToJaraeM

ecm AC X,ro pu(Ad) =1 <= a€A

Takue GYHKINU HABBIBAIOTCA 0-MEPAMU.

fAcuo, a0 MHOXKECTBO X HE MOXKET OBITH KOHEYHBIM WM CIETHBIM. Bosee riy-
60KOe m3ydeHne 3TOr0 BOMPOCa MOKA3BIBALT, ITO €CJIU TAKOE MHOXKECTBO CYIIECTBY-
eT, TO ero MOIIHOCTE ~ 04YeHb 6oabimas’ . ) THAKO BOMPOC O CYIIECTBOBAHUU TAKOTO
MHOXeCTBA X', TAK XKe KaK U MOMBITKA PEIIeHNs KOHTUHYYM-TUIOTE3bI, Hem30exKHO
MPUBOIUT HAC K HEOOXOTUMOCTH TOTHOU (hOPMYJIUPOBKY AKCUOM TEOPUE MHOXKECTB,
YTO B CBOIO Ovepenb BefeT K HeOOXOANMOCTY MTOCTPOCHUA COOTBETCTBYIOMEro (hop-
MAJBHOT'O SA3BIKA, TIEPBOTO MOPSAIKA, OJHAKO 3TO HEe BXOAWT B [EIN HACTOAIMIETO IO~
COOUS U COCTABIAECT MPEAMET OTIEIBHOTO PA3rOBOPA.

1.9. Harypaababie uucaa. Cucremnol Ilearno
BbIIHe OBLIO IMOKa3aHO, KaK OTIPaBAAACH OT CUCTEMbI HATYPAJIbHBIX YUCE
<N7 ]-7 =+, >

MO2KHO IMMOCTPOUTH BCE€ OCTaJbHBIC YUCJIO0OBbBIC CUCTEMBI — IIeJbIC, PAIIMUOHAJIBHBIC, ﬂeﬁ—
CTBUTEJABHBIC 1 KOMILIECKCHBIE YUCJIA. HpI/I 9TOM MBI paCcCMaTpuBaJ/JInl HATYPaJbHBIE
qucia, Kak JaHHBIE HaM. T €. B OHpeﬂeﬂeHHOﬁ Mepe nocrynaam ¢ COOTBETCTBUU C
BeIcKaseIBaHueM JI. Kpounekepa: "HaTrypaabHble qmcaa co3man rocmols bor, a Bce
OCTAJbHOE — ME10 YeJ0BEIECKUX PYK .

B sTom maparpade OyayT pacCMOTpPEHBI ABa TMOAXOMA MJIS OMPEIETCHUS MHO-
XKeCTBa HATYPaAJbHBIX YHUCET: aKCHOMaTH‘IeCKHﬁ n FeHeTH‘IeCKHﬁ. HepBbeI n3 HUX
ocuoBaH Ha mpemnroxkennon [Ix. Ileano B 1889 romy cucreme axcmom i apud-
METHUKHN HATYPAJbHBIX YUCET, CXOAHYIO CHCTEMY aKCHOM MIA HATYPAJbHBIX HTHCET
HesaBucuMo mpentoxua B 1888 roxy P. Jemexkung. Bropoum moaxon ocHoBaH Ha
npepaoxennom [[xomom gor Hermmanom ompenereHnn HATYpPAJbLHBIX YHCEJT B paM-
KaX TeOpumn MHOXKECTB.

1.9.1. Cucremsnl Ileano
Onpenenenne 1.9.1. Cucmemot Ileano nasvisaemcs
<P7 87 C>7

ede P — nenycmoe mmosxcecmso, s : P — P — odnomecmmas Pynkyus ma MHONCE-
cmee P, nasvisaeman gynryueti caedosanus, a ¢ — evideaenmnviti anemenm 6 P, npu
YCAOBUU BLINOAHEHUSA CACOYIOUUT GKCUOM, HA3bI8AEMbIT aKcuomamy [leano:
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§1.9.1 Cucrembr [leano

I) das wmob6o20 a € P svinoansemes nepasencmso ¢ # s(a);

II) s — unvekmusnas Pynwryus, m. e. daa wobbix a,b € P us pasencmesa s(a) = s(b)
caedyem pasencmo a = b;

III) axcuoma undykyuu: nycmv B C P — npouzsoavhoe noommonrcecmeo muo-
acecmea P makoe, umo ¢ € B, u das awbo2o ssemenma a € P: ecau a € B, mo
s(a) € B, moeda B = P.

Samevanne. Kaxgoe nonvuoxecrso B muoxkecTsBa P Takoe, uto ¢ € B, u mis
106010 daemMenTa a € P: ecin a € B, 1o s(a) € B, 6y1eM Ha3bIBATb UHIYKMUBHbIM.

Bompoc o cymecrBoBanuu cuctem [leamo mbr o6cyaum mo3sxke. A cemdac pac-
CMOTPHUM BOIPOC 00 OMHO3HATHOCTU XapaKTepucTuku cucteM [leano yxazaHHBIMEI
AKCIOMAaMI.

Onpenenenne 1.9.2. Cucmemwvt Ilearo
(P,s,c) u (P s )
HaA3bIBAOMCS UBOMOPPHBIMU, ECAU CYULLCMBYEM OUEKMUBHOE 0MOODANCEHUE
f:P— P
maxoe, umo f(c) =c u daa 106020  u3 P 601N0AHAEMCA PABEHCNBO

fs(x)) = §'(f(2)).
Teopema 1.9.1. Jlioovie dse cucmemvt Ilearo uzomopgpubi.

Mdoxaszamedanbcme o [lokaxkem, 94TO CymecTByeT OMEKTUBHOE OTOOpaKe-
uue f: P — P' takoe, uto f(c) = ¢ u gisa 1106000 & u3 P BHIIOIHIETCA DABEHCTBO
fs(x)) = s'(f(x))

3ameruM, 4TO ecam Takas (pyHKIuA [ CymiecTByeT, TO OHA B COOTBETCTBUU
C MAaHHBIM BBIIIE ONpPereTeHueM MOHATHSA (PYHKIUU SBIIAETCA TMOAMHOKECTBOM U
MHOKecTBa P X P’ 1 yIOBIeTBOPAET CICAYIONIMM JIBYM YCIOBUAM:

I) (¢,d) € U,

" s JI00BIX a u b:

IT) ecan (a,b) € U, To (s(a),s'(b)) € U.

O6osmauuM depes W MHOXKeCTBO Bcex moaMuoxkecTs U mHOXKecTBa P X P,
yaosaeTsopsaomux ycaosuam 1) u IT). fcwo, awro W # (), Tax kax, mampumep,
PxPecW.

[Toraraem

f= n U

vew

Jlerko BugeTh, 4TO [ ABAAETCA MOAMHOXKECTBOM MHOXKecTBa P X P’ u ynosie-
rBopsier yeaosusam 1) u IT), . e. f € W.

Buauut, f — coomsemcemeue ¢ obaacThio onpepeserusa 0(f) C P u MHOXKECTBOM
saadenun p(f) C P'.
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

[Mokaxem, ato f — Pynryus ¢ obaacmuio onpedeaenus 6(f) = P u MHOKeCTBOM
suadenunt p(f) C P', yI0BIeTBOPAIONIAA YCIOBUAAM

1) fe) = ¢,

2) f(s(a)) = §'(f(a)).

Ob6o3rauum wepes B muoxecTBO d(f), T. €.
B={al]laeP&()(be P &{a,b) € [}

U3 ycnosus 1) caegyer, aro ¢ € B. Yeaosus II) gaer: ecin a € B, To s(a) € P'.
3HaunT, B — undykmusHoe MHON#CECME0, TTOITOMY II0 TpeThell akcuoMe IleaHo
B=P, 1 e 6(f)=P.

[Tposepum, 910 a1 f BBHINOJIHAECTCA CBOUCTBO (PYHKIMOHAILHOCTH, T. €.
(V) (Vz1)(Va2) (((y, 21) € f&(y, 22) € f) = 21 = 2).
O6o3uaquMm wepe3 () MHOXKECTBO
{a | (V21)(V22)(({a,2z1) € f&{a,20) € [) = 21 = 2z2).

[Tokaxkem, 9T0 () — UHIYKMUBHOE MHONCECTNEO.

HoxaxeMm, uto ¢ € . Tak kak (c,c/) € U, T0O HEOOXOAUMO MOKA3ATH, ITO
s 106oro z, ecan (¢, z) € f, o z = . IpeanosoxuM TPOTUBHOE, T. €. ITO
CyLIeCTBYeT Takoe e, 4To (c,e) € f, HO e # (.

Pacemorpum muoxkecrso U = f\{(c,e)}.

Tax xak e # ¢, ro (¢,c'y € U, 7. e. musa muoxkecrsa U Beinoaneno ycaosue I).

[IpoBepuM BLIMOJIHUMOCTH 11 MHOX)ecTBa U yeaosus IT).

Ecaun (a,b) € U, 1o {(a,b) € f, rorga (s(a),s'(b)) € f. Taxk xax s'(b) # ¢, To
(s(a),s(b)) € U.

SHAYUT, I1A IOCTPOEHHOT0 MHOKecTBa U BhImoaHeHs! yeaosus 1) u 1), mosromy
[ CU = f\{(c,e)}. Hoay4uernoe npoTuBOpetne MOKa3bIBAET, ITO ¢ € ().

[Tokaxewm, uro ecim a € @, To s(a) € Q.

YeranosuM, uro ecan (s(a),e) € f, To HangTETCS TAKOU BAeMeHT b, uTo (a,b) € f

ue=s'(b).
[IpeamonoKuM IPpOTUBHOE, T. €. 9TO CYIIECTBYET DJIEMEHT € TaKOU, ITO
(s(a),e) € f,
HO HeT TakKoro dJeMeHTa b, 9To
(a,0) € f

ue=s'(b).
Pacemorpum muoxkecrBo U = f\{(s(a),e)}.
[IpoBepuM BHIMOIHUMOCTH 1 MHOXKecTBa U yeaosun 1) u IT).
Tax kak s(a) # ¢, 7o (¢,c') € U, 7. e. nas muoxecrsBa U BbImonHeHO ycaosue I).
[IpoBepuM BHIMOJIHUMOCTH 1 MHOX)ecTBa U yeaosus IT).

Mycrs (d,l) € U, Torga ((d,l) € f, smauur, (s(d),s (1)) € f.
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§1.9.1 Cucrembr [leano

Ecau d # a, To no Bropoun akcuome Ileano s(d) # s(a), mosromy

(s(d), s'(1)) & {(s(a),e}}.

Buauur, (s(d),s'(l)) € U. Ecma d = a, To {a,b) € f. Torga (s(a),s'(b)) € f.

Tax kak HeT Takoro siaemenTa b, ¥to (a,b) € f u e = s'(b), To e # s'(b).

MosTomy (s(a), s'(b)) € U.

3HaYUT, 111 TOCTPOeHHOro MEHOKecTBa U Bhimonuens! yeaosus 1) u IT), mosromy
FCU = A\{{s(a), )}

[TosydeHHOE MPOTUBOpEYNE MOKA3BIBAET, UTO ecau (s(a),e) € f, mo naidemes
makot aaemenm b, umo (a,b) € f ue=s'(b).

[Iycrs a € Q. UTobsl goKa3aTh, 9T0 s(a) € (Q, NPEAIOIOKIM, UTO

(s(a),er) € f&(s(a), eq) € f.

Torga maugyTcs Takue dieMeHTsl b; (i = 1,2), arto (a,b;) € f ue; = §'(by).

Tax xak a € @, 70 by = by, 3HAUUT, €1 = e5. [lodTOMY $(a) € Q.

SHauuT, () — UHIYKMUBHOE MHONCECMB0, TIODTOMY 10 TpeThen akcuome [leamo
Q=P.

SHauuT, [ — PyHKYUA.

Tem caMbIM [0Ka3aHO cymecTBoBanue Gpyukuuu f takou, 1to (f) = P, p(f) C P,

1) fle)=¢

u s 100010 @ € P BBIIOIHACTCS PABEHCTBO

2) f(s(a)) = s'(f(a)).

Ocraerca nokazaThb, [ — 6uekmusenoe omobpaxcenue, T. e. ato p(f) =P’ u f —
MHBEKIINA.

[MoxaxeMm, 910 p(f) — undyxmuenoe MO IMHOKECTBO MHOXKeCTBa P,

1) ¢ = f(c) € p(f)

2) Ecim b € p(f), To b = f(a) musa wekoroporo a us P. Ho Toraa

s'(b) = $'(f(a)) = f(s(a)) € p(f)-

Buauur, p(f) = P'.
Yrober mokasars, uTo f — WHBEKIUA, 0003HAYMM |depe3 B cremyromee moqMHO-
XKeCcTBO MHOXKecTBa P’

B = {b| (Vu)(vo)(b=f(u)& (b= flv) = u=10)}.

[Tokaxem, 9To B — undyxmuernoe nodmmoxcecmeso Muoxecrna P’

CHavaga yCTAHOBUM TOJE3HBIN IS TATbHEUIIero hakT: 044 4100020 AeMEHMA
a omauuno2o om ¢ saemenma u3 P natidemes makot saemenm e, umo a = s(e).
OTO Cpasy CIeayeT U3 WHIYKTUBHOCTH MHOXKECTBA

{c}U{s(e) | ec A}.

3aMeTuM, 9TO U3 AKCUOMEI 2) CJIEAYeT, 9TO IIA JH0O0T0 DIEMEHTA ¢ OTIXIHOTO OT
¢ COOTBETCTBYIOIINU DIEMEHT € ONPeneseH OTIHO3HATHO.
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

[Tokaxem, uro ¢ € B. ¢ = f(c¢). Ecin, xpome toro, ¢ = f(a)&a # ¢, To
HaugeTca e Takou, 4ro a = s(e), o rorga ¢ = f(a) = f(s(e)) = s'(f(e)), aro
IPOTUBOPEIUT aKCHOMe 1).

[ycrs b € B. Ecan s'(b) = f(u) u s'(b) = f(v), To u # ¢ u v # c¢. 3Haunr,
u = s(z) mv = s(y), rorga §'(b) = §'(f(x)) u §'(b) = s'(f(y)). [lo akcuome 2)
b= f(zr) ub= f(y). Tak xkaxk b € B, To x = y. 3uauur, s(b) € B. [losromy B
— undyxmusroe nodmuoxcecmso muoxcecmea P'. 3maunt, B = P’ nostomy [ —
MHBEKIINA.

Urax, f — uzomopduzm cucmem Ileano P u P'.

MoXkHO I0Ka3aTh, 9TO ycaoBuAME 1) u 2) GyHKIUA f OompeeneHa OJHO3HAYHO.

B camoMm gene, mpeamosokuM, UTO CYMIECTBYIOT (GYHKIUH fi; U fr Takme, ITO
6(fi) =P, p(fi) S P'n

1) fi(e) = ¢,

U U 100010 a € P BBINOIHAETCA PABEHCTBO

2) fi(s(a)) = §'(fi(a)) i =1,2.

O6o3ua4duMm depes B MHOXKECTBO

{a | fi(a) = fola)}.

Tak kax fi(c) = ¢ = fa(c), To ¢ € B.
Ecau a € B, To fi(a) = f(a), 3Haunr,

fi(s(a)) = 5'(f1(a) = 5'(f2(a) = fa(s(a)).

Caegosarensno, s(a) € B.
3HaunT, B — UHIYKTUBHOE MHOXKECTBO, [OITOMY IO TpeThen akcrmoMe IleaHo

B = P. Tllootomy f; = fs. O
PaccmoTpum Bompoc o cymectBoBanuu cucrem [leano.
Onpeneneune 1.9.3. /Jas npouzsosvnozo muoxrcecmsea U nosazaem
U'=UuU{U}.
Mmnooxceecmeo U' nasvisaemes nocaedosameaem mnoxcecmea U.

Onpegeneune 1.9.4. Muoocecmso S nazo8em UHOYKMUBHDIM, ECAU €20 IAECMEH-
mom asasemces nycmoe muoxcecmeo O u emecme ¢ Kancovim daemenmon a a’ mosxice
ABAALTNCH IACMEHTNOM MO0 MHOHCECTNBGE.

Caenyromee yTBepK IeHNE IPUHUMAEM B KAYeCTBe eIlle OJHOU I3 aKCHOM TeOPUI
MHOXKECTB.
Axcuoma 6ecroneunocmu. Cyuecmsyem undykmusHoe MHo*cecmeo S.

Onpegenenne 1.9.5. Muoxcecmsom namypasbubir wuces N nazvieaemcea nepece-
YEHUE BCET UHOYKMUBHBIT NOOMHONCECTNE MHONCECMEBa S.
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§1.9.2 PexypcuBubie onpemnereHus

MuoxecTBo HaTypatbHbIX uducen N 006JagaeT CIeIVIONIIMA TPeMs BaKHBIMU
CBOUCTBAMU:

H0eN;

2) ecim a € N, 10 a' € N

3) maa mo6oro noamuoKecTBa L MHOKecTBa N Takoro, 1to ) € L n ecmm a € L,
To a' € L, Bemnoauserca pasenctso L = N.

3ameuanue. Cpouctsa 1) u 2) ozHadaor, 970 N — UHIYKTUBHOE MHOKECTBO,
a B cury cBoucTBa 3) N He umeeT COGCTBEHHBIX MHIYKTUBHBIX IOJMHOXKECTB, T. €.
M10060€ MHIYKTUBHOE II0IMHOKECTBO MHOXKECTBa N COBIAIaeT CO BCEM DTUM MHO-
KECTBOM.

3ameduanme. PaccMOTpeHHBIN CTOCOO ONPeNeTeHus TMOHATHA HATYPAJIbHOTO -
cJa depe3 MoHATHEe MHOXKecTBa npuHaamexut [[xouy ¢pou Henmamy:

0=0, n' =nuU{n}.

['orTn06 Ppere B 1884 roay mpeaIoXut Ipyroe onpeneneHne HATYPAJIbHBIX TU-
cer:

0 — »ro kaacc {0},

1- I9TO KJaCC BCEX MHOXKECTB, KOTOPBIE CTAHOBATCA IMYCTBIMU MPpU Y IAJCHUN U3
HUX OJHOTO DJIEMEHTa,

n' —BTO KIACC BCEX MHOXKECTB, KOTOPbIE MONAIAI0T B KIACC 7 DU YIATCHUY U3
HUX OJHOI'O 3JEMECHTaA.

1.9.2. PekypcuBHbIe onpeaegeHus B cucremax Ileano

Teopema 1.9.2. /Jas w06z dsys gynryui g u h maxuz, wmo 6(g) = N*, p(g) C N,
6(h) = N2 4 p(h) C N cywecmeyem eduncmeennas Pynxyus [ maxas, 4mo
§(f) = N**1 p(h) C N u daa 4060z a1, ..., a,,b € N evinoanaromes caedyroujue
PABEHCTEA

1) flay,....;an,1) = g(aq, ..., a,),

2) flar,...,an,s(b)) = h(ay, ...,an,b, f(ay, ..., a,,b)).

3ameuanue. [Ipo GyHKIUIO [ TOBOPAT, YTO OHA MOMYIAETCA C IOMOUILIO MPHU-
MUTHBHOU pekypcunu u3 GyHkuun g u h, u mumyr f = PR(g; h).

doxaszamedanbcme o Hadaem ¢ foxkazaTeabcTBa CyIIeCTBOBAHUA (DYHKITAN
f. 3amerum, ITO ecau Takas (PpYHKIUA CYIIECTBYET, TO OHA B COOTBETCTBUM C JTaH-
HBIM BBIIIE OIpeIeIeHneM MOHATUA (PYHKIUYM ABIAETCA MOAMHOX)ecTBOM U MHOXKe-
ctBa N**! x N u gra 106X @y, ..., 0y, b, ¢ € N yI0BIETBOpPAET CIEIYIOMNM IBYM
YCJIOBUAM

D) (ay,...,an,1),9(a1,...,a,)) € U,

IT) ecu ({(@1, ..., an, b),cy € U, T0 {{ay, ..., an, (b)), h(a1,...,an,b,c)) € U.

O6o3raaum depes W MHOXKecTBO Bcex moaMHoxkecTB U mHOXKecTBa N'T! x N,
yaosieTsopaomux yeaosuam 1) m II). fcwo, awro W # (), Tax kax, mampumep,

Nt x Ne .
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

TToraraem
f = ﬂUeW U.

Jlerko BuJeTh, UTO f ABIAeTCA IOAMHOKecTBOM MHOXKecTBa N'T! x N 1 yrosie-
rBopsier yeaosusam 1) u IT), . e. f € W.

Suauut, f — coomsemcmsue ¢ obracteio onpeaereruna §(f) C N**1 u muoxe-
creom 3Hadenun p(h) C N.

Mokawxem, ato f — Pynryus ¢ obractoio onpetetenus 6(f) = N1 u muoxe-
creom 3Hadernil p(f) C N, yxosrerBopsiomas ycIoBusam

1) flay,...,an,1) = g(ay, ..., a,),

2) flay,...,an,s(b)) = h(ay, ..., an, b, f(ay, ..., a,,b)).

[lns cokparenus o6o3HaIaeM HAOOP @q,..., A, Iepe3 a.

[1s1 TPOU3BOJIBHOrO (PUKCUPOBAHHOTO HAGOpa (aj, ..., a,) 0603HAIUM 4epes Py
MHOXKECTBO

{b ] beN&(Je)(c € N& (a1, ...,an,b,),¢) € f}

U3 ycaosus I) crenyer, uro 1 € P;. Yeaosus II) gaer: ecaim b € Py, To s(b) € P.

SuaunT, P; — MHIYKTHBHOE MHOXECTBO, TOJTOMY MO TpeThen akcuome [lea-
Ho P, = N, 1. e. mua mo6oro uabopa (ay, ..., a,,b) {(a,...,a,,b) € 6(f), mooromy
6(f) = Noft,

[Tposepum, 9T0 A1 f BBINOJIHAECTCA CBOUCTBO (PYHKIMOHAILHOCTH, T. €.

(Var)...(Van) (Vy) (V21) (Va2 ) (((21 s Ty 5 ), 21) € [ &
<<$1,---,$n,y,>,22> S f) — 21 = ZQ).

[1s1 TPOM3BOIBLHOIO (PUKCUPOBAHHOIO HAbOPa (A, ..., G,) 0603HAIUM Uepe3 Yz
MHOXK€ECTBO

{b | (V21)(V22) (a1, ..., Gy b, ), 21) € f&((a1, ...,y b, ), 22) € f) —

21 = ZQ).

[Tokaxkem, 9T0 Q7 — UHOYKMUBHOE MHOHNCECMEO.

Hoxaxewm, uro 1 € Q5. Tak kax ({(ay, ..., a,, 1), g(a1,...,a,)) € U, TO HEOOXOAUMO
MOKA3aTh, 9TO A JI000T0 2z, ecan ({(ay, ..., ay, 1,),2) € f, 10 2 = g(ay, ..., a,). lpexn-
IOJOKUM MPOTUBHOE, T. €. 9TO CYMECTBYET Takoe e, 910 ({(ai, ..., a,,1,),e) € f, HO
e# glay,...,an).

Pacemorpum muoxkecrso U = f\{({(a1,...,an, 1,),€)}.

Tak xak ¢ # g(ay,...,a,), 10 ((a1,...,an,1), g(ay,...,a,)) € U, T. e. naa MHOKE-
crBa U BeInOMHEHO ycaoBue I).

[IpoBepum BbImoIHUMOCTH 1t MHOX)ecTBa U yeaosus I1).

Ecan ((aq, ..., an, b),cy € U, T0 {{ay,...,a,,b),c) € f, Toraa

({ay, ..., an, s(b)), h(ay,...,an,b,c)) € f.

Tax kak s(b) # 1, To ({ay, ..., a,, s(b)), h(ay, ..., an, b,c)) € U.
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§1.9.2 PexypcuBubie onpemnereHus

3HAYUT, AA MOCTPOEHHOro MHOXKecTBa U BhInoaHenbl yeaosus 1) u II), mosro-
vy fCU = f\{{a1,..., an, 1,),€) }. Tlorydenrnoe npoTuBopetdne MOKa3BIBAET, ITO

1 € Q.

[MoxkaxeMm, 4To ecau b € Qg, T0 s(b) € Qg.

Yeranosum, urto ecan ((ay, ..., an, S(b)),€) € f, TO HANIETCA TAKOU DJIEMEHT C,
aro ((ay, ..., an,b),c) € f ue=h(ay,...,an,b,c).

[IpeAmoIoKIM IPOTUBHOE, T. €. YTO CYMIECTBYET DICMEHT € TaKOW, ITO

({a1, ..., an, s(b)),€) € f,

HO HET TaKOro dJACMEHTa ¢, ITO
((a1y...,ap, by, ¢y € fue=h(ay,..,a,,b,c).

Pacemorpum muoxkectBo U = f\{((a1, ..., an, s(b), ), e} }.

[Tposepum BeimoTHUMOCTD 11 MEOXKecTBa U ycaosun 1) u IT).

Tax kak s(b) # 1, To {{(a1,...,an, 1), g(ay,...,a,)) € U, 7. e. musa muoxecrBa U
BBITIOTHEHO ycaoBue ).

[IpoBepuM BHIMOIHUMOCTD 148 MHOXKecTBa U yeaosus IT).

ycrs ({ay, ..., a,,d),c) € U, toraa ({(ay, ..., a,,d), c) € f, 3Ha4uT,

{{ay, ..., an, s(d)), h(ay, ...,an,d, c)) € f.

Ecau d # b, To no Bropoun akcuome Ileano s(d) # s(b), nosromy

({ar,...,an, s(d)), h(ay,...,an, d,c)) & {{{ar, ..., an, s(b)),e)}.

Buaunr, ((ay, ..., a,, s(d)), h(ay, ..., an,d, c)) € U.
Ecmu d = b, o {{ay, ..., an,b),c) € f. Torga

((a1y ..., An, s(D)), h(ay, ...,an, b,¢)) € f.

Tax Kak HET TaKoro »reMeHTa ¢, ITo ((ay,...,a,,b),c) € f u e = h(ay, ..., an, b, c),
To € # h(ay, ..., a,,b,c).

Mostomy {({a1, ..., an, $(b)), h(ay, ..., an, b,¢)) € U.

3HaYUT, 111 TOCTPOeHHOro MEHOKecTBa U Bbimonuens! yeaosus 1) u IT), mosromy

JCU= f\{<<a17 -eey Gn, S(b)a >76>}'

[ToryderHOE TPOTUBOpETNE MOKA3KLIBAET, ITO €CJIN

({a1, ..., an, s(b)),€) € f,

TO HAWAETCS TAKOU DJIEMEHT ¢, 9T0 ((aq, ..., ay,b),c) € f u e = h(ay,...,an, b, c).
[Iycrs b € Q5. UTo6w 10Ka3aTh, uTO S(b) € (Q7, NPEAMOTOKAM, ITO

({(ay,...,an,s(b),),e1) € f& ({ar, ..., an, s(b), ), €2) € f.
Toraga HamgyTcs Takue sieMeHTH ¢; (i = 1,2), 9o

((a1y ...y an, by, ¢;) € fue; = h(ay, ..., an, b, ¢;).
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[TABA 1. DJIEMEHTHEI TEOPUU MHOZKECTB

Tax kak b € @z, TO ¢ = ¢, 3HAYUT, €1 = ey. [looTomy s(b) € Q.
3HaunT, ()3 — MHAYKTUBHOE MHOXKECTBO, IOXTOMY IO TpeTheln axcmome Ileano

Qa - N
CaenoBaTenbno, [ — Pynryus.
Tem cambim dokazano cyuecmsosanue gyrwkyuu f makxot, umo

0(f)=N"" p(f) N

U 04 A00bIT A1, ..., Gy, b € N 8bInOANAIOMCA CACIYIOUUE PABEHCMBA

1) flay, ...,an,1) = g(ay, ..., a,),

2) flay,...;an,s(b)) = h(ay, ..., an, b, f(ay, ..., an,b)).

[l mOKa3aTeIbCTBa €IUHCTBEHHOCTH IMPEAION0KNAM, 9TO CYIIEeCTBYIOT (DYHK-
unn fi u fo Taxue, aro §(f;) = N** p(f;) C N u gna mo6bix

A1y ey A,y beN

BBLIMOTHAIOTCA CIeAYIOIINe PABEHCTBA

1) filar, ..., an, 1) = g(ay, ..., a),

2) filai,...,an,8(b)) = h(ay, ..., an, b, fi(ay, ...,an, b)) i = 1,2.

[ MTPOU3BOIBLHOTO (PUKCUPOBAHHOTO Habopa (ay, ..., a,) 0603HAYNM 4epes Ry
MHOXK€ECTBO

{b | fl(al,...,an,b) :fQ(al,...,an,b)}.
Tak Kak
filar, ...,an, 1) = g(ay, ..., an) = folar, ..., an, 1),

T0 1 € Rﬁ.
Ecau b € Ry, 1o fi(aq, ..., an,b) = fo(ay, ..., an, b), 3HAYHT,

filay, ..., an, s(b)) = h(ay, ..., an, b, fi(as, ..., an, b) =
h(ay, ..., an, b, fo(ay, ..., an, b) =
fQ(CI,I, ...,an,s(b)).

Caegosarensno, s(b) € R,.
3HaunT, R; — HHIYKTUBHOE MHOXKECTBO, MODTOMY IO TpeThell akcmoMme Ileano
R; = N. ITostomy fi; = fo. O

1.9.3. OnpegeneHus CIOXKEHUA M yMHOXKEHUS HATYPATbHBIX
JUCeJI

U3 moxasamuou Teopemsr 1.9.2 cremyer, 9TO CyIecTByeT eIMHCTBEHHAS (DYHK-
una + rakag, ato 6(+) = N?) p(+) € N u aaa mo6bix a,b € N BemomnaoTcs
ClefyiolIze PaBeHCTBA

1) a+1=s(a),

2) a+ s(b) = s(a+0b).

DyHKINUA + HABBIBAETCA CAOHCEHUEM HATYPATBHBIX UHCE.
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§1.9.3 Onpenenenne CIOXKEHUA W YMHOXKEHUS HATYPAIBHBIX TUCET

B HNXe CIeOYIOIINX TeopeMaX, C JOKa3aTeJlbCTBaMM KOTOPBIX YUTaTeEJIb MO-
KeT 0O3HAKOMUTKCS, HanpuMep, mo kuure C. Pedepmana ” Hucaoswie cucremsr” [36],
YCTaHABINBACTCSA, ITO A BBEICHHOU OIEPAINN CIOKEHNA HATYPAJIbHBIX THCE]T BHI-
MOJHAIOTCA XOPOIIO M3BECTHBIE U3 MIKOJILHOIO KypCa MaTeMATHKN CBOUCTBA.

CJIO}KeHI/Ie HaTYPaJbHBIX 9IUCEJT YIOBJCTBOPACT aCCOUATUBHOMY 3aKOHY.

Teopema 1.9.3. i 4100612 HaMypasbHble wuces a, b u ¢ 8bINOAHAEMCA PABEHCMBEO
a+(b+c)=(a+b)+ec.

KoMMyTaTUBHOCTE ONlepallni CIOKEHUA HATYPAJIBLHBIX TUCET YCTAHABINBAECT CJIe-
IyIoas TeopeMa.

Teopema 1.9.4. /as 410061 HAMYPAALHLIT YUCeA G U D 6LINOAHAECMCA PABEHCTNEO
a+b=">b+a.

ﬂ.ﬂﬂ ornepanuun CJIO0KEHNA HaTYPaJbHBIX YHUCEI BBEIIIOJIHACTCA 3aKOH COKPaIlleHUA.

Teopema 1.9.5. a4 4100612 Hamypasbrbiz wuces a, b u ¢ ud pasencmsa a+c = b+c
caedyem pasencmso a = b.

Teopema 1.9.6. s 4100b1x HAMYPAALHBIL YUCEA G U b BLINOAHACTCA HEPABEHCTNEO
b#a+b.

Crenyrolas TeopeMa yCTAHABINBAET 3aKOH TPUXOTOMUHU IS OMEPAINH CJI0KE-
HUS HATYPATbHBIX YUCE.

Teopema 1.9.7. Jas 4106612 HGMYPaALHHIT wUCEA G U b 6bIN0AHACTCA 00HO U3 MPET
ycao6ul

I)a="b;

II) natidemes ¢ maxoe, wmo a = b+ ¢;

II1) watidemesa ¢ makoe, wmo b = a + c.

IIpunem nurarue dea uz smus ymeeprcdenuti He Mo2ym 6bINOAHAMLCA 00H0BDe-
menno. daemenm ¢ 6 cayuaszr I1) w IT1T) onpedeaen 0dnoznauno.

13 mokaszamHou BhIIe TeopeMmbl 1.9.2 ciemyer, 9TO CYIIECTBYeT eIWHCTBEHHASA
bynxuua - Takasa, 9o 6(-) = N2, p(-) C N n g1a mo6wex a,b € N BEIOIHAIOTCA
CJeTYIOIIe PAaBEHCTBA

)a-1=a,

2)a-s(b)=a-b+a.

DYHKINA + HABBIBACTCA YMHONCEHUEM HATYPATbHBIX THCE.

B mumxke cregyiommx TeopeMax, ¢ I0Ka3aTeIbCTBAMU KOTOPBIX UUTATEIb MO-
KeT O3HAKOMUTHCA, Hampumep, mo kuure C. Pedepmana ”Yucaossie cucremsr’,
YCTAHABANBAETCA, 9TO 1A BBEIEHHOU ONEpPAIlN YMHOXKEHUS HATYPAIbHBIX YHCE]T
BBITIOJTHAIOTCA XOPOIIO W3BECTHBIE M3 MIKOJILHOTO KypCa MaTEeMaTUKN CBOUCTBA.

JleBas mucTpuOGYTUBHOCTDL OMEPAINN YMHOXKEHUA OTHOCUTEIBLHO CIOKEHU.

Teopema 1.9.8. .44 4100biz HAMYPAALHBIL YUCEA A, D U C BLINOAHACNCA PABEHCTNEO
a-(b+c)=(a-b)+ (a-c).
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

HpaBaﬂ rZ[I/ICTpI/IﬁyTI/IBHOCTI) onepanuym YMHOXEHUSA OTHOCUTEIBbHO CJIO2KEHUA.

Teopema 1.9.9. Ja4 410661 HAMYPAALHBIT wUCEA A, b U € GLINOAHACINCA PAGENCTNEO
(b+c)-a=(b-a)+ (c-a).

KOMMYTaTHBHOCTb onepanyun YMHOXKEHUA HATYPaJbHBIX YUCE.I.

Teopema 1.9.10. Jis 4100612 HAMYPAADHDIT YUCEA G U b BLINOAHAENCA PGAEEHCMEBO

a-b=">b-a.
AcconnaTuBHOCTE ONEpAIMY YMHOXKEHHUSA HATYPAJbLHBIX THCE.

Teopema 1.9.11. /a4 4106612 HAMYPAALHLIT YUCEA G, b U ¢ BBINOAHAECTNCA PABEH-
emeo a-(b-c)=(a-b)-c.

3aKOH COKPAIIEHUS [ OTEePANNN YMHOKEHUS HATYPAIbHBIX TUCE.

Teopema 1.9.12. [as 4100661z wamypaibublx wuces a, b u ¢ u3 pasencmsa a-¢c = b-c
caedyem pagencmso a = b.

N3 Teopembr 1.9.2 caenyer, 9TO cymecTByeT eInHCTBeHHas (PpyHKIMS T Takas,
aro 6(1) = N2, p(1) € Nu a1s 100661X @, b € N BRINOTHAIOTCA CIeAyOMuIe PABEHCTBA,

1)atl=a,

2)ats(b)=(ath)-a.

Dyuknma T HA3BIBACTCA 6036€JEHUEM 6 CMENEHb HATYPAJbHBEIX dncea. BmecTo
a1 b mumem a.

HeTpyano moxasaTh CaemyIONIyI0 TEOPEMY.

Teopema 1.9.13. /s 41006bix HaMYPAALHBIL YUCEA G, b U ¢ BLINOANAIOMCA CAELIY-
0ULUE PGBEHCMBE

1)1°=1;

II) al - at = ab+c’.

III) (ab)c — CLb'C,'

IV) (a-b)° = a® - b°.

1.10. HekoTophle MPMIOKEHUA aKCUOMBbI BbIOOPA

Y106 TPOEMOHCTPUPOBATH MPUMEHEHUsT aKCUOMBI BEIOOPA, PACCMOTPUM He-
KOTOPBIE 3aa49M U3 TEOPUN U3MEPEHUs ILIOMA e u 0OHEMOB.

Omnpegenenne 1.10.1. [IBuxenueM wuci080t npamot R nazvisaemes aoboe omo-
bpaxcenue f : R — R, corpansmowee paccmosnue, m. e. daa awbvix o, € R
suinoansemes pasencmso |f(a) — f(B)| = |a— 3.

[Tpumepsbl IBUKEHUN TUCTOBOU MPAMOU:

1) fo(x) =  + a, rge a — PuUKCUPOBAHHOE NENCTBUTEIBHOE YWUCIO; TAKUE [BY-
KEeHUA f, HA3BIBAIOTCA CABUTAMU;

2) f(x) = —r — cuMMeTpUA OTHOCUTEJIBHO HAYALA KOOPAUHAT;

3) fé_)(x) = —x + a, rae a — PUKCAPOBAHHOE IeUCTBUTEILHOE TUCIO.

Oka3piBaeTCs, ITO IPYTUX ABUKEHUU TUCIOBOU TPSMOU HET.
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§1.10 HexoTopble mpuaoxkeHus aKCHOMBI BEIOOPA,

Teopema 1.10.1. Fcau g — dsuscenue wucaosot npamoti, mo watidemcs makxoe
deticmeumenbproe yucao a, umo aubo g = f,, aubo g = fé_).

Adorxaszameawvcmse o. [lycte g — aBmxkennme ducioBou mnpamon. [lomaraem
a = ¢(0). Torga us onpegeneHns IBUKEHUS CAAYeT, YTO I JIOOOTO X BHIIOJIHSI-
IOTCSI PABEHCTBA

l9(x) —a| = |g(z) — g(0)| = |z — 0] = |«].

Smaut, g(7) = (—1)"@x+a, r1e GyEKINA 0 (7) IPUHTMAET JINITL TBA 3HATEHIA
0 u 1. TTokaxkewm, uTo QyHKIUA 0(T) HOCTOAHHA.

[IycTs o m 3 — ABa PA3AMIHBIX TEMCTBATENBHBIX TUCAA, TIPUIEM (¢ OTIMIHO OT
Hyaa. Torga

9(a) = g(8) = (-1)"Va — (-1)7@ 5.
9(a) = g(8) = (1) (a = (=1)"B),
rae p = o(f) — o(«). 3ameTum, 9TO p MOKET TIPUHUMATH OTHO U3 TPEX 3HAYCHUN
-1, 0, 1. Tak kak g gBuxkenue, To |o — (—1)?3| = | — .
3uaunt, a—(—1)"f = £(a—p). Ecm a—(—1)"3 = —(a—f), To 2a = [(—1)"+1].
[Tpu p = £+1 monyuaem o = 0, 9TO IpOTUBOPEYIUT BHIGOPY v, & pu p = () mosydaeM,
9TO @ = [3, & >TO TIPOTUBOPEIUT BHIOOPY v 1 [3.
Caenoarensuo, a — (—1)?3 = a — 3, a 3nauur, p = 0.
TeM caMBIM JOKA3aHO, YTO AIA JOOLIX ABYX PA3IMYHBEIX IeUCTBATEILHBIX “IH-
cell o 1 3, M3 KOTOPHIX XOTA OBl OMHO OTJIMYIHO OT HYJs, BEINOJIHACTCA PABEHCTBO
o(a) = o(B) = o. Hosromy s aoboro x g(x) = (—=1)7x + a. O

Onpenpenenne 1.10.2. Iodmmnoncecmsa A u B uucaosoti npamoti R naswisaromes
KOHI'PYSHTHBIMHU, €CAU CYwecmsyem makoe deuxcenue [ uucaosoti npamot R,

umo f(A) = B.

ﬂeFKO IIPpOBEPUTH, ITO OTHOIIEHNE KOHT'DYSHTHOCTHU ABAACTCA OTHOIIIEHUEM SKBU-
BAJIEHTHOCTH HA MHOXKECTBE BCEX MOAMHOXKECTB UUCJIOBOM MpsAMou R.

Caenys W. II. Haraucony [29] paccMOTpuM ABe 3a1adu — Mpyonyo U Ae2Kyio
3a0a4U Meopul uU3Meperus B IpocTpaHcTee R™.

TpyAHas 3a4a4a TEOPUU U3MePEeHUA. Tpebyemcs conocmasums Karcdomy o2pa-
Huuennomy nodmmoxcecmey A npocmpancmsa R neompuyameavroe detdemseumens-
noe uucao (A), nasvisaemoe mepoti muosxcecnea A, max, umobbl BLINOAHAIUCD
CACOYIOUUE YCAOBUA:

1) u((0,1]") = 1,

2) Ecau mnoncecmea A u B ronepyswmuwi, mo p(A) = p(B);

3) Ecau (A;)ier — KOHeunoe uau cuemmoe cemeticmso 02panuuenubls nonapro
HE NEPECEKAOUWULTCA MHONCECS U UT 00bedunenue UierA; oepanuueno, mo

(Uierdi) = Sierpp(A;).

Teopema 1.10.2. Tpyouas 3adaua meopuu usameperus Hepa3peuwuma daxce 0
yuca080tU npamot R.
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doxazameanbcme o llpermonoxum MpoOTUBHOE U MYCTh jL — Mepa, OTpeIe-
JEeHHAS HA BCEX OIPAHUYIEHHBIX TOAMHOXKECTBAX IUCIOBOU mpsAMou. PaccmMoTpum Ha
orpeske [0, 1] aucaoBon mpaMon R BBeIEHHOE PAHBIIE 0MHOULEHUE CPABHUMOCTIU NO
MHONCECTNBY PAYUOHAALHBIL Yuceq (Q: HATTOMHUM, ITO MJIA TeUCTBUTEIHHBIX THUCET
a u ( Bemoaneno a = [ mod (Q) Torga m TOIBLKO TOrAa, KOUIa PasHOCTH o — [
aexuT B Q. DTO OTHOIIEHNE ABIAETCS OTHOUIEHNEM DKBUBAJEHTHOCTH. 110 akxcuome
8b100Pa CYMIECTBYET MHOXKECTBO V', comepikaliee B TOYHOCTH MO OTHOMY DJIEMEHTY
13 Kaxk 00 KJIACCa DKBUBATIEHTHOCTH oTpeska [0, 1] 1o 5ToMy OTHOIIeHUO.
PaccMoTpuM HEKOTOPYIO HYMEpPAIHO

ro=0,71,...,7n, ...

BCEX DAIMOHAJIBHBIX 4mcen orpeska [—1,1]. Homaraem A, = f. (A4), rae f,, -
COBUD HA 9YUCIO Tp. Kaxkmoe MHOKECTBO A, KOHIDYSHTHO MHOXKECTBY A, MO3TO-
My ((Ap) = u(A). Pacemorpum cemenctBo (A, )peny OPDAHUYEHHBIX IOHAPHO HE
IepeCceKaoNMXCs MHOXKeCTB. Bee oHu cogepxkarcs B orpeske [—1, 2], mosTomy mx
o0berHEHEe OT'DAHNYIEHO U

[07 1] g UnGN An g [_17 2]
3HAYUT, B CULY MYHKTA 3) BBIIOIHIAIOTCA PABEHCTBA

M([Oal]) < EneN/l/(An) < M([_172])'

©(0,1]) = 1. Kaxmgoe u3 MHOXKeCTB A,, KOHIDYSHTHO MHOXeCTBY A, M0O3TOMY
p(A,) = p(A) = o. llorygaem TpOTUBOPEUUBYIO CUCTEMY HEPABEHCTB

1 < Swenvo < u([—3/2,3/2).
OTO 3aBepIIaeT T0Ka3aTeIbCTBO TEOPEMEI. O

ECTGCTBGHHO, BO3HUKaET BOINPOC, HACKOJBKO CYHIECTBEHHO MCIOJBb30BaHME aK-
CHOMBI BBIOOpA B IOKA3aTEILCTBE MPEABIAVIIEH TEeOPEMBI, T. €. MOXHO JU IOKa-
3aTh DTy TeopeMy 0e3 HCIOIL30BAHUA AKCHMOMBI BHIOOpA WIM IPYTUX AKCHOM, €’
DKBUBAJEHTHEIX. OKa3BIBAETCA, YTO B OINpEIeJeHHOM CMBICIE Oe3 aKCHOMBI BEIOODA,
oboutuck Heab3sa. Ho kak 5TO MOXKHO MOKa3aTh, T. €. KAK MOXKHO TOKa3aTbh, ITO
HEYITO HEJIb3A JOKa3aTb. HOHBITKI/I JaTh OTBET Ha 3TOT BOIPOC MpUBEAYT HaC K
HEOOXOIMMOCTH YTOYHEHUS, Ka3aJI0Ch ObI BCEM XOPOIIO W3BECTHOTO, MOHATHAS =~ Ma-
memamuueckoe dokaszamesbcmso” . ITo OBLIO CAEIAHO B IePBOU HOJOBIUHE XX BeKa
B paMKaX MaTeMaTHIeCKOU JOTUKN, HEKOTOPBEIM BBEIEHINEM B KOTOPYIO CIYKUT CJe-
IVIOMIasA TJIaBa MOCOOMA.

Jlerkas 3agaua Teopun usmepeHus. Tpebdyemcs conocmasums KarcIomy oepa-
HUYEHHOMY Nodmuoxcecmey A npocmpancmea R™ neompuyamenvroe deticmeumenn-
noe wucao ji(A), nazvieaemoe mepotli muoxcecmsa A, mak, umobbl 6bINOAHAAUCH
CACOYIOWUE YCAOBUA:
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§1.10 HexoTopble mpuaoxkeHus aKCHOMBI BEIOOPA,

1) u([0,1]") = 1,

2) Ecau muoncecmea A u B kowepyawmuol, mo u(A) = p(B);

3) Ecau (A;)ien,, — KOHEUHOE CEMETCTMBO 02PAHUUEHHIT NOTAPHO He NEPECera-
WOUWUTCA MHONCECTNE, MO

w(Uien,, Ai) = Zien,, (4;).

Teopema 1.10.3 (P. Xaycgopd). IIpun > 3 aezkas 3adaua meopuy usmepenus
nepaspewuma das npocmparcmsa R,

[lokazaTenbCcTBO DTOW TEOPEMBI HE ABAAETCA CIUIIKOM CJIOXKHBIM, OIHAKO €ro
aKKypaTHOE M3JI0XKEHUEe ¢ MOAPOOHON MPOBEPKOU BCEX AeTaTel YBEIO ObI HAC CJIWIII-
KOM [JAJeKO OT OCHOBHOU JuHUU. II0>TOMY MBI OrpaHHYMMCA JIUIIL OOCYKIEHIEM
OCHOBHBIX MJeU TOKA3aTeIbCTBA.

MuoxkecrTBa To4vek npocTpancTBa R”, coBmagaoye mpu HEKOTOPOM JIBUKEHUN
DTOTO MPOCTPAHCTBA, HA3BIBAIOTCI KOM2PYI HIMHbILMU.

MuoxkecrBa A u B Ha3bIBAIOTCA KOH2PYIHMHBIMU NPU KOHEUHOM PA3OUEHUL,
eCaM HAUAEeTCA TaKoe HATypalbHOE UHUCIO 1M, TaKhe MOMAPHO HEIepeCeKaIInecs
MHOXKeCTBa Aj,..., A, 1 Takue mOMapHO HeMepeCeKAMINecs MHOKeCTBa By ,..., By,
ITO

Ay xoHrpysHTHO Bjy,..., A, KOHDPYSHTHO B,),.

3anuce A =~ B OygeT 0603HAYATE, 9TO MHoHMcecmea A u B KowepysHmmbimu npu
KOHEUHOM PaA30UEHUL.

KoHrpysHTHBIE TIPU KOHEYHOM Pa3OMeHUN MHOXKECTBA, HA3BIBAIOTCA €Ile PaBHO-
coctapaeHHbIME. O THAKO B T€OMETPUH TOCIEIHUN TEPMUH 3aKPEILIEH 38 (PUIYpPaMHU,
KOTOPBIE MOXKHO Pa3OUTh HA OJMHAKOBOE THCJIO HE MMEIOIINX OOIINX TOYeK MomA(pu-
I'yp, COOTBETCTBEHHO KOHI'DYDHTHBIX.

[lokazaHo, 9TO MPAMOYTOJILHBIN PABHOOEIPEHHLIN TPEYrOJIbHUK KOHIPYIHTEH
Ipy KOHEYHOM pa3OMeHnu KBaApaTy, HO TOKa3aTeILCTBO HempocToe. MOXHO moKa-
3aTh, YTO OTHOIIEHNE PABHOCOCTABJIEHHOCTU TPAH3UTUBHO.

Credan Banax u Anbdppen Tapckun 1okasanm CIeyoMMa 3aMedaTeIbHBIN (DAKT:
048 Mo20 wmobbl 064 MHO20Y20AbHUKA KA NAOCKOCTIU UMEAYU DABHBIE NAOUWGOU, He-
00L00UMO U AOCTAMOUHO, UMOObL OHU ObLAYU KOH2ZPYIHIMHBL NPU HEKOTMOPLIL KOHEYU-
HBIT PA30UEHUAL.

B 1924 roxy C. Banmax n A. Tapckun gokasanu caegyioliee, Ha TEPBBIA B3DVIAL
BECbMa MapaJOKCAJILHOE, YTBEPXKICHHUE: 4100ble 064 02PGHUYEHHbIL MeAd 6 Npo-
cmpancmee R konepysnmuvr npu koneurnom pazbuenuu. Jobot wap moxrcro pas-
Oumv Ha 5 HenepeceranuUTCcas MHONCECTNE, U3 KOMOPLIT NYMEM NOBOPOMOS U Ne-
PEHOCOB MONCHO NOAYUUMb 080 HENEPECERAOWULCA WaAPQ, KAHCIbIT U3 KOMOPLIL
KOHZPYIHMEH UCTOOHOMY WaPY. SHAUUM, 6 3aMKHYMOoM F-meprom wape D cywe-
cmeyrom dea maxuz nodmuoxcecmea X vY, wumo D=XUY, XNY =0, X ~ D
uY ~ D. B mo sce apema dasa kpyaa 3mo nedozmoxrcno. OTcoona CIeayeT, B IaCT-
HOCTH, HEPa3PEINMOCTDb IIPK 1 > 3 I IpOocTpaHcTBa R" Jerkon 3aIa<u TeOPUn
U3MepeHUs.
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O HAKO HE U3BECTHO, KOHPYIHMEN AU KPY2 NPU KOHEUHOM PA30UEnuy Keadpamy
¢ mot ace naowadvio. B aToM cMmbicae mpobaema " KBaapaTypsl Kpyra’ OCTaeTCs
OTKPBLITOM.

B craree T. [Ix. Mexa [41] mpuBeseH TOCTYMHBLIN [/ MOHUMAHUSA BAPUAHT J0-
kazareabcTBa Teopembl C. Bamaxa m A. Tapckoro, m3 KOTOpOro Jerko moIy<uuThb
TOKa3aTeTbCTBO TeopeMbl Xaycaopda. OCHOBHBIE UIer >TOT0 T0KA3aTeaAbCTBa Oy-
IyT W3M0XKEHBI HUXKeE.

B npocrpancTse R® paccMaTpuBaloTCA IBE OCH G, U Gy, PACTIONOKEHHBIE B ILIOC-
koctu XOY, mpuiueMm a,, — 310 ock OX, a ock a, cocTaBageT ¢ Hen yroxa . Yepes
Y 0603HaIUM TIOBOPOT Ha yroa 120° OTHOCHTEIBHO OCH Gy, & epe3 ¢ — MOBOPOT
Ha yroa 180° oTHocHTeIbHO OCH a4y fIcHO, wTO ¢* = 1 1 ¢? = 1, rae wepes 1 060-
3HAMEHO TOXKJECTBEHHOe 0TOOpakeHme mpocTpancTBa R® Ha ce6sa. B rpymme Bcex
JBUXKEHUH mpocTpaHcTBa R? paceMOTpUM HOATPYIILY, HOPOXKICHHYIO BPAIIeHIAME
Y u . Ilpusedennvim ca080M HAZOBEM MI000E BHIPAXKEHUE BUIA

@ WP P2 s L opPron®

ruet >0, €{0,1}, 5 €{0,1,2} u 31,..., 05 € {1,2}.

Boinuca MaTpHUIBL STUX MPeOOPA3OBAHUEA B CTAHIAPTHOM Oa3MCE, MOKHO 3a-
METUTB, 9TO €CJIU IPUBEICHHOE CJIOBO OMpemeaseT TOXKIECTBEHHOE OTOOpakKeHue,
TO TAHTEHC COOTBETCTBYIOIMIErO yIia /2 ABIsgeTCA KOPHEM HEKOTOPOT'O HEHYJIEBOTO
nonruroma Hag motem Q[v/3]. Tak xak muoxkecTBo moaunoMoB Q[v/3][z] cieTno, a
Yy KayKJIOTrO MOJIMHOMA MHOXKECTBO KOPHEH KOHEYHO, TO CYUECMBYEM Y204 MENCIY
ocamu 0, daa KOMOPO20 HUKAKOE HEMPUBUAALHOE NPUBEIENHOE CA0B0 He daem mo-
scdecmsennoe npeobpazosanue. Ilyctb § — OIMH U3 TAKUX YIVIOB, TOTJA JTIOOBIM
JIBYM PA3JUIHBIM MPUBEICHHBIM CJIOBAM COOTBETCTBYIOT Pa3IMYHBIE IIPeoOpa3oBa-
aus. O6o3uaaum depes G rpynmy, mopox geHHyo0 npeobOpasoBanuamMu ¢ u @. Torma
BBIIIE CKA3aHHOE O3HavaeT, 9To rpynna G umeer 3amanue (reHETHYECKUN KOT)

(v, pllv* =1, ¢* = 1))

n ABJAETCA CBO60;[HBIM IIpou3BeIeHNEM IUKJINYIECKUX I'PYIIIT

(ellv® =1)) nl(ell¢® =1))

TPeThEero U BTOPOTO MOPSIKOB.

CrenuanbaeiM 06pa3oM pazobbem MHOKecTBO G Ha Tpm MOMAPHO HeEmepeceka-
fommuxcsa MaoxkecTsa A, B u C. [I1g 5TOro ynopsAmgoduM BCe HpUBEIEHHBIE CJIOBA, B
HOPSIKE BO3PACTAHUA WX JJIUHBI, 8 CJIOBA OJMHAKOBOU JJUHBLI YIIOPATOINM, HAIPH-
Mep, JeKCUKOTpa(puIeCKN, CIUTasA, ITO ( MPEIIIeCTBYET ), TOAYIUM CIUCOK

Wy =€, W) = Q,Wo = P, W3, ..., W, ..

[Momaraem wyg =e € A, wy = € B, wo =19 € B, pp € A, o € Cup? € C.
[IycTs mus moboro t < m CIOBO w; OTHECEHO K OTHOMY u3 MHOXKecTB A, B miu C.
PacemoTpum ctoBo w,. MOXHO cIATaTh, IYTO €r0 IJINHA He MeHbIe 3. Bo3MOXHBI

Tpu caydads: 1) w, = ppu, 2) w, = Ypu n 3) w, = Phu.
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§1.10 HexoTopble mpuaoxkeHus aKCHOMBI BEIOOPA,

Pacemorpum cayuan 1) w, = piu.

Ecan ¢u € A, To w,, = pipu € B.

Ecan ¢u € B, To w, = pyu € A.

Ecmu Yu € C, o w, = pyu € A.

Pacemorpum cayuan 2) w, = pu.

Ecmu pu € A, To w, = Ypu € B.

Ecau pu € B, To w,, = Ypu € C.

Ecan pu € C, To w, = Ypu € A.

Pacemorpum cayyan 3) w, = iu.

Ecmu u € A, o w, = 1) € C.

Ecm u € B, To w, = 1) € A.

Ecau v € C, To w, = Y € B.

B urore monryvaem pazéuenue MHOXKecTBa G Ha TpU MOMAPHO HEIEPECEKAIOITIX-
ca muoxectsa A, Bu C.

Mokaxem, aro *(A) = C, ¥?(B) = A, ¢¥*(C) = B, v(A) = B, ¢(B) = C,
PY(C)=An p(A)=BUC.

[Iycts w € A.

Ecaun w — »10 pu, T0o w = ou € B u *w € C.

Ecar w — 310 ¢ou, To pu € C, moaromy hw = 2pu € B u

V*w = pu € C.

Ecmr w — 310 ¢?pu, To pu € B, nosromy Yw = ou € B un *w = ¢ou € C.

Urax, ¢(A) C B u ¢*(A) C C.

[Mokaxewm, aro ¢(A) = B.

Honycrum, 9to (A) # B u nycTh w — CI0BO MEHEMAIBHOU AIuHEL 13 B\ 1 (A).
Ecin giuna w pasHa 1, TO w MOXKeT OBITH JHUIIL CIOBOM o, HO Toraa Y2p € (A),
nosromy o = (%) € (A). lomryuernoe TpOTUBOPEYME MOKA3LIBACT, ITO IIHHA
w He MeHbIme 2. 14 HEKOTOPOTO U BO3MOXKEH OJUH U3 TPeX CIyvaesn

1) w — »T0 You,

2) w — »T0 PYu,

3) w — a0 *u.

B cryqae 1) pu € A n w = ¢(pu) € ¢(A). lIporusopeune.

B cayuae 2) 2pyu € Au w = P (p*pu) € (A). [iporusopeune.

B cayqae 3) u € C, Yu € A n w = p*u € (A). lIpoTuopeune.

Tem caMbBIM T0KazaHO, 9T0 ) (A) = B.

[To ToW e cXeme JOKa3BIBAIOTCA U BCEe OCTATbHBIC PABEHCTBA.

Tax kax npeobpasoBauus u3 rpynnel G COXpaHAIOT PACCTOAHUA, TO >TA TPYIIA
delicmeyem Ha Kax 10U 2-MepHou cdepe S PUKCUPOBAHHOTO PAIUYyCa IPOCTPAHCTBA,
R?. [na saemenTa g rpynnsl G u Touku v cepsl S depes ¢ - v 6y1eM 0603HaYATh
TOUKY cepbl, B KOTOPYIO MePeXOIuT TOUYKa v Ipu mosopoTe ¢. [loaywgaem oTo6pa-
xkeune - : S X G — G, 114 KOTOPOro BBHIMOJIHAIOTCA CAEAVIONINE CBONCTBA:

1)(gh)-v=g-(h-v), 2)1-v=nu.
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

Ha cdepe S mpocTpancTsa R? BBegeM oTHOmEHWE SKBUBATCHTHOCTH
v=gu <= (JgeG)(u=g-v).

HeTpyaHO NPOBEPUTH, YTO BBEACHHOE OTHOMICHUE =g AEUCTBATEILHO ABIACTCA
OTHOIIEHNEM DKBUBAICHTHOCTH, T. €. A HETO BBIMOJIHAITCA CBOUCTBA PeDICKCUB-
HOCTHU, CHMMETPUIHOCTH ¥ TPAH3UTUBHOCTH. /I IPOM3BOILHON TOYKM v Chephl S
depe3 G(v) 0603HAYUM COOTBETCTBYIOMINN KAGCC IKBUBAACHIMHOCU, T. €. MHOXKE-
crBo { g-v|g € G}, KoTOpoe HABBLIBAETCA 0pOUMOT TOUKH V.

Kax1oe HemycToe MpUBEJeHHOE CIOBO OMPEAEIACT HETOXKICCTBEHHOE, COXPAHA-
folllee PACCTOAHAA U OpUeHTAIMIO JTHHeHOe IpeoOpa3oBaHue IpocTpancTBa R?, 6u-
eKTUBHO OTOOpaxalee eInHUIHYI0 chepy Ha ceba. [To Teopeme JI. Duaepa oHO
ABJIACTCA MOBOPOTOM OTHOCUTEILHO HEKOTOPOU OCH, MODTOMY Yy HEero Ha cdepe B
TOYHOCTHU [IBE HEMOABIKHBIC TOYKH. SHAYUT, €CAW ABA PA3MUIHBIX MPUBEIEHHBIX
cioBa W (1, p) u U(1, p) nepeBogar Touky & cdepbl B OLHY U TY K€ TOYKY, T.
e. W(,¢)(x) = U(¢h, p)(x), TO 5Ta TOUKA T ABIAETCA HEN0IBUNCHOUT MOuKOl He-
edunuunozo npusedennozo caosa W (1, 0)U(1h, p). Takume Toukm HAzOBEM ~1IH-
kamaeckumu” . VI3 CIeTHOCTH MHOXKECTBA NPUBEICHHBIX CJIOB M KOHEIHOCTH HUCIA
HETIOIBUKHBIX TOYCK Y KAz IOT0 TAKOT0 MpeoOpa3OBaHMA CACTYyeT CIeTHOCTH MHO-
KeCTBA ~MUKJINIECKUX TOYEK. SJAMETUM, ITO €CJIU B OPOUTE MMeeTCs XOTS OBl O THA
IUKIAIeCKas TOYKA, TO BCe TOYKM OpOUTH — nukamdeckue: ecau W(p, )(v) = v
uu = Ulp, ) (), To Ulp, Y)W (0, V)U e, ¥)(u) = u. OpbuTs, coxepxammme
IUKIAICCKAE TOYKU, HA30BEM YUKAUUECKUMU. B CHIy CKA3aHHOTO BBIIE MHOXKE-
CTBO MUKJIMIECKUX OPOMT CIeTHO. A Tak Kak Kaxkaag OpOUTa CICTHA, TO CICTHBIM
Oyaer u oObeauHenue ()7 Bcex HMuKAMIecKux opour. Vcnonawsys axcuomy svibopa,
"mocTpoum” MHOXKeCTBO M, comepxkaliee 3 KaxKJIOU HEIUKJIXICCKON OPOUTHL IO
ogHOM TouKe. [IJ1a Mpou3BOIbLHOrO moaMHOXKecTBa H rpynner G u moaMHOXKeCTBA
X coepnr S gepes H - X obozHavMM caegyolee MHOXKECTBO

{h-vlhe HANveEX}.

TToraraem

A=A-M,B=B-M,C=C-M.
TorraS=AUBUCUQ u ¢2(A) = C, y*(B) = A, v2(C) = Bu p(A) = BUC.

O6o3raauM gepes D wap npocTpancTa R? ¢ meETpoMm B Hadale KoOpIWHAT.
[lna npousBoabHOro moaMHOXKecTBa F cdeprl S, orpannausalomien map D, depes E
0003HAYMM TIOJMHOXKECTBO DTOTO IIapa, COCTOANIEe W3 BCEX OTAMIHBIX OT Hadaaa
KOODAMHAT TOYEK BCEX OTPE3KOB, COEAMHAMIINX HAYaI0 KOOpAuHAT () ¢ TOIKAMU
MHOXecTBa F.

Torza

D=AUuBUCUQ, U{O}
u 2(A) = C, v*(B) = A, ¥*(C) =B u p(A) =B UC. Hycrs Q — »ro Q, U {O}.
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§1.10 HexoTopble mpuaoxkeHus aKCHOMBI BEIOOPA,

[omycTum, 9T0 Jerkas 3agada TEOPUU U3MEDPEHUS paspemnMa [Iisd TPOCTPAH-
crBa R® w mycTs p1 — cooTBeTcTByIomasa Mepa. Torma

=
E
[
:i
>
+
=
=
+

1(C) + u(Q),
1(A) = p(C), u(B)

I
=
=
e

I
=
&

=
=
Z

I
E
C
_l’_
=
o

SHAYUT,

oaromy p(D) = p(Q).
[ns aBYyX pa3iwvHBIX TOYEK c(epbl v W U CYMIECBYIOT JWIIb IBa TOBOPOTA,

nmepeBogAINX ¥ B U. 3Ha‘II/IT, CylueCTByeT JUIIb CYeTHOE YUCIO Oceﬁ, IMOBOPOTHL
OTHOCUTEJIBHO KOTOPBIX IEPEBOAAT XOTH 6])1 OOHY TOYKY CYeTHOI'O MHOXKECTBa B
KAKYIO-I00 TOYKY STOr0 MHOXKECTBa. [103TOMy CylIecTByeT Takol MOBOPOT [, I
koroporo f(Q)NQ = &. TorgaD = QU f(Q)UU u 5Ty Tpu MHOKECTBA MOMAPHO He
nepecekatorcs, mosromy p(D) > 2u(Q), aro Bmecre ¢ paserctBom p(D) = p(Q)
maet pasencTBo (D) = 0. 3mauur, Mepa I0O60r0 MOAMHOKECTBAa mapa ) paBHA
0, moaTOMYy Mepa JTI000ro OrpaHNYeHHOT O MHOXKecTBa paBHa (), T. e. i — HyJIeBad
Mepa, 9TO poTuBopeduT Tpebdosanuio u([0, 1)) = 1.

B kadgecTBe eme 0JHOrO NPUMEHEHHA AKCHOMEI BEIOOPA PACCMOTPHM TEOPEMY
A. H. TuUXOHOBA 0 KOMNAKMHOCTMU NPOUIEEOEHUA KOMNAKIMHIT MONOA0ULECKUT
npocmparcms. Ho B Hava e HAMOMHIM OCHOBHBIE, HEOOXOIUMBIE I JAJIbHEHNIIero,
OmpeeNeHus 13 TOMOJOTUN.

Onpeapenenne 1.10.3. Tonoaoeuueckoe npocmpancmeo — amo napa { U, T ), 2de
U — mmoxcecmso, a T — cucmema e2o nodmmoxcecms, m. e. 7 C P(U), ydosaemeso-
PAULAA CACIYOUUM YCAOBUAM — GKCUOMAM MONOAOLUYECKO20 NPOCMPAHCMBA:

1)Per, Uer,

2) ecau A,B€T, mo ANBE€ T,

3) das npouzsoavrozo cemeticmea (A;)icr muoncecme A; us T

UiEIAi cT.

Muoxcecmsa u3 T HA3bIBANMCA OMEPLIMBIMU MHONCECNBAMU, G CAMA CUCTEMA
T — monoaozuet na U.

ﬂOHOﬂHeHHH OTKPBITBIX MHOXECTB HA3BIBAIOTCA 3AMKHYIMbIMU MHOXKECTBaAMU.
CI/ICTeMa F 3aMKHYTBIX IMOAMHOXECTB TOIOJOTUIECKOT'O NPCTPAaHCTBa yIOBJIECTBO-
pAeT CJeQYIOMNM YCIOBHAM, KOTOPBIE MOTYT BBICTYIATh B KAdeCTBE AKCHOM TO-
IIOJOTHYECKOr0 TPOCTPAHCTBA TIPH €U0 ONpeIeTeHUN 4Yepe3 MOHATHE 3aMKHYTOrO
MHOXKECTBA!

)peF,UEeF,

2)ecim A, B€ F,to AUBEF,

3) 11 mpom3BOABHOTO ceMencTna (A;);c; MHOKecTB A; u3 F

NicrA; € F.
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

Tax kak TomOJIOrMU — >TO MOAMHOKecTBa MHOKecTBa P (U), TO MX MOXKHO cpaB-
HUBATL: TOIIOJIOTUA T; CIabee TOIOJOTUH Ty, €CIH Ti C To, P DTOM TOIOJIOTHA Ty
CIIbHEE TOIOJOTHHA T.

Tak Kaxk mepeceveHue MpOU3BOJIBHOIO CEMENCTBA (7;);c; TOMOJOTHN HA MHOXKE-
crBe U ABISeTCA TOIOJOTHEN Ha >TOM MHOXKECTBE, TO IIA IPOX3BOILHOIO MOIMHO-
xecrBa X MHOX)ecTBa P(U) mepecedenne Bcex cogepxkamux X TOMNOJOTHN OyAeT
" crabenten” Tomomoruen Ha U, mopoxaeHHOU X, KOTOPYIO MBI OyaemM 0003HAYAThH
depe3 7(X). DTa TONOJIOrUA YAOBIETBOPAET CJIEIYIOMIUM YCIOBUAM:

1) X € r(X),

2) ecim 7 — Tononorus Ha U u X C 7y, 7(X) C 7.

Moxkuo maTh ”"6oaee koHCTpykTUBHOE® omucanue Tomotoruu 7(X). U3 axcu-
OM I OTKPBITHIX MHOKECTB TOMOJOTHIECKOTO TPOCTPAHCTBA CPa3y CIeAyeT, ITO
IPOM3BOIBHOE OOBEIMHEHNE KOHETHBIX TIePeCeTeHI MHOXKECTB 13 X TPUHAIICKAT
7(X). HeTpyiHO MOKa3aTh, YTO MHOXKECTBO, COCTOAIIEE U3 MPOU3BOILHBIX 00HeI1-
HEHIH KOHEYHBLIX IIepeCedeHri MHOXKECTB u3 X, yAOBICTBOPACT aKCHOMAM IIA OT-
KPBITEIX MHOXKECTB, €CIM CINTATh, 9T0 00LeJUHEHAE ITyCTONO CEMEICTBA MHOKECTB
IyCTO, a mepecevdeHne myCToro CeMencTBa, MHOXKECTB eCTh Bee . 3HAYIMT, TOIOI0-
rus 7(X) — 5TO 6ce803MONCHBIE 00bEIUNENUA KOHEUNHBLT NePeceuenuli MHOHCECTS
u3 X.

[ycrs (U,7) u (U, 1) — aBa Tonosormdeckux mnpocrpascrBa. OTobpaxkenue
f : U — U, Ha3BIBAETCA HenpepbléHblm OTOOPaKeHTeM TOMOJOTTIeCKOT0 IPOCTPAH-
crBa (U, 7) B Tononormieckoe mpoctpanctso (Up, 1), eciu mpoobpas f1(X) mo-
60T0 OTKPHITOr0O MOAMHOXKecTBa X mpocTpaHcTBa Uy OTKPHIT B mpocTpancTBe U.

[na npoussenenus [ [,., U; cemerictna (U;);er MEOXKecTB U; 1epes pry 0603HaMHM
IPOEKTUPOBAHNE DTOIO IPOU3BENEHUA HA {-bIl COMHOKUTENb, T. €. pri((u;)icr) = Uy

Ecan ((U;, 7;))ier — CEMEUCTBO TOMOMOTMYECKUX MPOCTPAHCTB, TO HA WX MPOU3-
Begenun | [, , U; cymecTByeT caabetiuias monoao2us T, B KOTOPOH HEIPEPHIBHEI BCE
¢yuxuun npoexTuposanua pry. Muoxecrso [[,.; U; BMecTe ¢ aTol Tomomoruen 7
HaseiBaeTcs npouzsedenuem cemencrsa ((U;, 7;))icr TOMOIOMrMYECKUX TPOCTPAHCTB
u o6o3madaerca 1epes | [..,(U;, ;). Paau mexoropoit kpaTkocTu OyzeMm 0603HAYAT
ero 1epes U, ecm 5TO He IPUBEICT K HEJOPA3YMEHHAM.

[amgum ”6oee KOHCTPYKTUBHOE OMUCAHUE >TOU TOMOJOTHH.

[l1a mpowsBoabHOTO t € I 1 MpOU3BOALHOIO OTKpEITOro B U; MHOXKecTBa (G ero
npoobpas

th_I(Gt) = H Uz X Gt
eI\{t}

OTHOCUTEIBHO OTOOPAXKEHUA MPOEKTUPOBAHUA Pry MOMKEH OBITH OTKPBITHIM MHO-
xkectBoM B U, a 3HauuT, OTKPBITEIME B U OyIyT W KOHEYHBIE MEPECETEHUs DTUX
MHOXKECTB, T. e. MHOXecTBa Buga I' Buga [[,., Gy, rae npu mo6om t € I: Gy — ot-
KPBITOE MHOXKeCTBO B U; 1 JUIIb 1/ KOHETHOT'O MHOXKECTBA WHIEKCOB ¢ MHOKECTBO
G orau4aHO OT Beero U, MOATOMY OTKDPHITHIMU GYIYT NPOU3BOIbHBEIE O0BeTNHEHUS
MHOXECTB YKa3aHHOTO BHAa. HeTpyaHO MpPOBEPUTH, ITO CEMEUCTBO TOIMHOXKECTB
B U, cocrosmiee u3 mMpOM3BOIBHBIX 00beuHenni MHOkecTB Buga [ Buga [],., Gy,
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rae npu aobom t € I: Gy — oTKpBITOE MHOXKECTBO B Uy U U 1 KOHETHOTO MHO-
XKeCTBa WHIEKCOB ¢ MHOXKeCTBO (Gy OTIMIHO OT Bcero Uy, yIOBIETPOPIET aKCHOMaM
TOMOJOTHIECKOTO TPOCTPAHCTBA, & 3HAYUT, DTO U €CTh CEMEUCTBO BCEX OTKPHI-
TBIX MHOXKeCTB B U. Takum o6pasom, Kaxaoe OTKpeITOe MHOXKecTBO W u3 U ecTh
obBeauEeHne OTKPHITHIX MHOXKeCTB I' Buga [[,.; Gy, rae mpu mobom t € It Gy —
OTKPBITOE MHOXKECTBO B U; W Wb M1 KOHEYHOT'O MHOYXKECTBA WHIEKCOB  MHOXKe-
c¢TBO (G; OTIMYHO OT Bcero Uy, MO3TOMY OTKDBITBIE MHOXKECTBa [ yKazaHHOrO BHUIA
obpasytoT 6a3y Tonogoruu Ha U. DTa 6a3a HocuT Haspauume 6a3a A. H. Tuxonosa.

Omnpeaenenue 1.10.4. Tonoaozuuecroe npocmpancmeo (U, T) nasvisaemes Kom-
NAKMMHBIM, ECAU U3 4100020 €20 NOKPLIMUA OMEPLIMBIMU MHOHCECNEAMU MOHNCHO
svideaums Koweunoe nodnokpvimue, m. e. das awbo20 cemeticmea (V;)ier omrpo-
muiz mmoxcecms u3 pasencmsea U = U;efV; caedyem, umo cywecmsyem maroe
Koneunoe nodmmosrcecmso Iy muoxcecmea I, umo U = Uer, V;.

OKBUBAJCHTHOE OIpeaeIeHre Uepe3 MOHATHE 3aMKHYTOT'O MHOXKECTBA CJAeIYIo-
mee. CeMencTBO R MOAMHOXKECTB MHOXKECTBA U HA3BLIBAETCA YEHMPUPOEAHHbIM, €C-
JU TepecedeHne J000r0 KOHETHOr0 YMCIa MHOXKECTB m3 R HemycTo. Uurarenio B
KaveCTBe YIPaXHEHUA MPerIaraeTcsa TO0Ka3aTb, UTO MONOA0UUECKOE NPOCTPGH-
CMBO ABAAETCA KOMNAKMHbIM M0206 U MOoAbKO moz2da, K020a HEenycmo nepeceye-
Hue 4100020 YEHMPUPOBARHO20 CEMETCMBA 3AMKHYBIE TO0OMHONCECME.

Teopema 1.10.4 (A. H. Tuxouos). IIpouzsedenue ||

(<Ui,Ti>)ieI

(Ui, i) cemeticmea

KOMNAKIMKELIT MON0AOSUUYECKUT NPOCMPARCING KOMNAKITIHO.

Jlemma 1.10.1. Jas 406020 yenmpuposannozo cemeticmsea Ry noomMHo#cecms muo-
acecmea U cywecmsyem makcumaivnoe yewmpuposannoe cemeticmeo R C P(U),
codeparcauiee Ry.

doxaszameannbcms o Hamomuum, 970 MHOXKECTBO P MOIMHOKECTB MHOXKE-
crBa U (1. e. & C P(U)) masweBaerca guapbmpom 8 P(U), ecin 0HO ygoBIETBODSET
CACYIOINM YCJIOBUAM, aKCHOMaM (PUIBTPA:

1) 0 ¢,

2)ecm AcPuBed o ANB € P,

3)ecin Ac Pu AC B, 10 B € d.

Tak Kak o0beIUHEHHE 0600 JJHHENHO YIOPAJOYEHHOT'0 OTHOUICHUEM BKIIOTE-
uusa C MHOXKecTBa puabTpos u3 P(U) camo 6yaer uasrpom B P(U), To mia mo6ou
nenu puabrpos B P(U) cymecrByer Bo MHOXKecTBe Beex duabTpos B P(U) Bepx-
Hss TpaHb, nosromy 1o Jemme Ilopua w60t gusmp ¢ P(U) codepacumes 6
HEKOMOPOM MAKCUMAALHOM Pusbmpe.

[To meHTPUPOBAHHOMY CEMEUCTBY R MOCTPOUM COIEPIKAIIUU ero (PUILTD

B(Ro) 2 Ro,
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

moJaaras

P(Ry) ={Y | (3Xy,...,Xn € Ry) (N, X; CTY)}.

[Tposepka BeinomanmocTu i P(Ry) akcrnom GuIbTpa MpesoCTaABIACTCA TNTATENIO
B Ka4ecTBe MPOCTOro ynpaxuenus. fcuo, uro $(Ry) O Ry.

[Mycte & — makcumasvubiii guivmp, conepxamuin P(Ry).

[TokaxkeM, 9TO KaHcbIl MAKCUMAALHBLT GUADTD ABAACTNCA MAKCUMAALHBIM UYEH~
MPUPOBAHHBIM CEMETCTNBOM, G KAHCAOE MAKCUMAALHOE YEHMPUPOBAHOE CEMETCMBO
— MAKCUMAALHBIM HUALMPOM.

[Tycts R — MmakcuMaJabHOE HEHTPUPOBAHHOE ceMencTBO. CTPoOuM COmepKaIInn
R ¢unerp ®(R). Tak xkak ¢uabrp $(R) ABIAETCA UEHTPUPOBAHHBIM CEMENCTBOM,
TO U3 MAKCUMAILHOCTH ceMencTBa R cienyer pasencTBo ®(R) = R. 3uauut, R —
¢uasTp. Ecin puisTp @ cogepxut R, TO Tak Kak P — MeHTPUPOBAHHOE CEMENCTBO,
BeImoaHsAeTCA paBeHCTBO ¢ = R. TlosTomy R - MakCUMaIbHBIN (PUIBTP.

[Tycte R — makcumaababiu puabTp. [lokaxem, 910 R — MakCUMAaTbHOE TEHTPU-
POBaHHOE CEMENCTBO.

Tak Kak Kax el GUILTP ABAACTCA MEHTPUPOBAHHLIM CEMENCTBOM, TO OCTAETCA
TOKa3aTh MAKCUMAJIBHOCTE ceMerncTsa R. Ilycrs R’ — HeHTpUPOBAHHOE CEMEUCTBO,
cogepxamee R. Crpoum ¢puabtp $(R'). Torma

R C R C ®(R).

N3 makcumaabocTH GuibTpa R caenyer pasenctso R = ®(R'), a 3uauur, u
pasercTBo R = R'. [looTomy R — makcumasvroe yewmpuposannoe cemeticmeso. [

[uaa mro6oro ¢puibTpa ® mMeeT MeCTO DKBHBAIEHTHOCTD
(AEePABe®)+— ANBeE .

ITokaxxeMm, 9TO Iad JI0O0T0 MaKCUMAaJbLHOrO (GuabTpa P mmeeT MeCTO DKBUBA-
JEHTHOCTb
(AedVBed®)+— AUB€ Q.

Ecmm A € ® wm B € @, To, koneuno, AU B € .
[na gokasaTelbcTBa 0OpATHON MMILIUKAIMY, IPEIIOJ0KAM, ITO

AUBe®, o A¢duB¢ d.

Torga B CIIy MAKCUMAILHOCTH IEHTPUPOBAHHOTO ceMencTBa P cemencrea PU{A} u
®U{B} He ABIAIOTCA NEHTPUPOBAHHBIME, TOXTOMY B P HAUIYTCS TAKHE MHOKECTBA
CuD,ato ANC=0u BND =0, nosromy ) = (AU B)N (CN D) € P, no sro
IPOTUBOPEYUT MYHKTY 1) 3 ompegeseHus GpuibTpa.

[Tokaxkem, 910 das 4106020 makrcumasbro2o Puasvmpa ® u awb6020 nodmmosxnce-
emea A mmoncecmsa U aubo A € ®, aubo A € .

Tak kax AUA = U € ®, To u3 MmakcumaapHOCTH QuibTpa ® crenyer, uro A € @
6o A € .
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§1.10 HexoTopble mpuaoxkeHus aKCHOMBI BEIOOPA,

[lokaxkem, 9T0 BEPHO M 0OpaTHOE: ecal 0as 4100020 nodmuoxcecmsea A muodxnce-
emea U aubo A € ®, aubo A € &, mo & — marcumaspubiii Guibmp.

[Iycrs puabTp @ comepxur ¢uistp ¢. Ecim &' # &, To mangerca takoe A,
aro A€ ® u A ¢ ®. Torga A € ®, a 3maunr, A € &', mosTomy

D=ANAed,

9YTO HEBO3MOXKHO.

Ecin & — makcuMaabHBI PUIBTP, a A — Takoe MOIMHOXKECTBO MHOXKecTBa U,
q10 aaa moboro X m3 ® ANX # 0, o A € ®.

Pacemorpum cemencrso @ = & U {A}. HeTpyaHno mokazaTb, 9TO CEMEUCTBO

@' AB1ACTCA HEHTPUPOBAHHBIM, IO3TOMY U3 MaKCuMaIbHOCTH P clreqyeT paBeHCTBO
®' = ®. TTooromy A € ' = .

Horazameavcmeo meopemvr A. H. Tuzonosa. Ilycrs U = [[U; — npsamoe npowns-
iel
BeeHUE KOMNAKMHLLL TOMOJOTTIECKIX MPOCTPAHCTB, C onpee;;e.neHHoﬁ BBIIIIE TOTIO-
goruen Ha HeM. [Tokaxem, aro U — Komnaxmmoe TOMOJOITIECKOE MPOCTPAHCTBO.
[Iycts Ry — mMeHTPUPOBAHHOE CEMEUCTBO 3aMKHYTHIX moaMHOXkecTB B U, a R — co-
nepxaiee Ry MaKCHMAaIbHOE [IEHTPUPOBAHHOE CEMEMCTBO MO IMHOXKECTB MPOCTPAH-
crBa U. [I14 mpon3BOILHOTO HOAMHOXKECTBa Y mpocTpancTBa U depe3 Y 0603HAIIM
3ambikanue Y, T. e. mepecedeHne BCeX 3aMKHYTBIX MOIMHOXKECTB B U, comepxKaiimx
Y. Tak xak mas X u3 Ry BBIIOIHAETCA PABEHCTBO X = X, TO

NYC n X.
YER XERo

[To3TOMY JOCTATOYHO JOKA3aTh, 9TO NycrY # (). 14 mpoM3BOIBHOIO MOIMHO-
xectBa Z C U u moboro t € I oboznadum [epes Z' o6pa3 MHOKeCTBa Z TNpH
OTOOPaKEHUM MPOEKTUPOBAHUA Py, T. €. L' = pry(Z).

IIycts R! o603mataer muoxkecTso {Y | Y € R}. [lokaxewm, ato cemeiicmeo R
3aMEHYMBIE N0dMHONCECTNE 6 Uy ABAAECMCA YEHMPUPOE AHHBIM.

Mycts (Y7)1<jcp — KOHETHOE COMEHCTRO DaeMeHTOB 13 R,

j
Torxa (Yj)i1<j<n — KOHETHOE CEMENCTBO 3/1eMeHTOB U3 R. B cmiy menrpuposas-

moctu R: N Y;#0. HoY; C[[Y} u

1<j<n tel

NnY,c n Y = n Y/
0# 1<j<n 1<g<nH o 1<jgn J )
€

BHAYWT, ﬂ Yt # (), Ho ToOTAA m ﬂ Yt # 0.

SHatmT Rt - ueHTpI/IpOBaHHoe CeMENCTBO 3aMKHYTHIX MHOX)ecTB B U;. B cury
xommaxTHOCTH Uy Torga N Y # 0.
YER

[Toxaxem, 1TO

[[(n x)Cc nY.

XeR! YER
tel
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[MycTs
_ ¢
rell(.o,x=11(0Y"
tel el
Torga npu awobom t € 1
Vit
f(t) € YQRY :

[Iycrs YV € R. Iokaxewm, uaro f € Y. [lasg aroro gocrarodno (1 HeOOGX0IMMO) yCTa-
HOBUTb, 9TO JJ11 JI0O0T0 OTKPEITOr0 MHOXKecTBa W, cogepxkamero f, W NY # ().
Kaxmoe orkpeiToe muOXkecTBO W m3 U ecThb 00beInHeHNEe OTKPBLITHIX MHOXKECTB

[ suga [[Gy, rae npu aobom t € I: Gy — OTKPLITOE MHOXKECTBO B Uy U JUIIb 1A
tel
KOHEYHOIO MHOXKeCTBA MHIEKCOB ¢ MHOXecTBO Gy oTam4dHO OT Beero U; (OTKpBITHIE

mHOX)kecTBa [ ykazaHHOTO Buga 06pasyior 6a3y ronosoruu Ha U). [losromy HamgeT-
¢ TakKoe OTKPHITOe MHOXKeCTBO ' ykazanuoro Buga, aro f € I' C W. [locraTrodno

nokazath, 9To ' NY # (). Urak, f € ', ' = [[G,. llycts S — Takoe komeunoe
tel
IOIMHOXKECTBO MHOXKecTBa [, aro npu ¢t ¢ S: Gy = Uj.

[l1s1 mpou3BOMBHOTO S € S moaaraem

Iy=( [ X)x@..
teI\{s}

Torga I' = ﬂSFS u mpu JdoboMm s € St f € I'y. [lokaxewm, aro I'; € R.
sE

[t 5>TOr0, KaK OBLIO MOKA3AHO BHIIIE, TOCTATOYHO (1 HEOOXOIUMO) YCTAHOBUTD,
910 14 moboro Z us R: Z NI, # (). Utak, nycts Z € R. Torga npu mo6oMm t € I:
f(t) € Zt, B wactuoctn, npu s € S: f(s) € Z°. Ho f(s) € G, u G, — oTKpwITOE
MHOXeCTBO, mosromy Z° N G, # (). Ilycts npu axobom s € S: my € Z° NG, # ().
Haunerca Takas ¢pyukuusa g € Z, aro ¢(s) = m,. Ho Torma ¢(s) € Gy, 3Hauur,
g €'y, mosromy g € I'; N Z. Caegoateasno I'y N Z # (). Ceblika Ha OTHO W3 BBIIIE
TOKa3aHHBIX CBONCTB MAKCHUMAJBHLIX MEHTPUPOBAHHBIX CEMEUCTB MHOXKECTB JaeT
I'y € R. Ho Torga B cmiy KOoHeYHOCTH MHOXkKecTBa S moaydaem ' = Ngegl'y € R
(mamommmmM, 110 R - duabTp). A Tax kak Y € R, To Y NT # (). Smaunr, f € Y,
ODTOMY

t _ Nt N
[[(x erinX) = H(YQRY ) Y.
tel tel

3maanT, N Y # (). Bemme yxe 0TMeIaI0Ch, 9TO U3 HOCACIHETO CIeIyeT
YeR

N X #0.

XeERy
Teopema A. H. Tuxomosa mgoxasama. O

[IpuBeseM HECKOABLKO YCOBEPIICHCTBOBAHHBLIM BapUAHT NOKa3aTeIbCTBA TEOPe-
Mel A.H. Tuxonosa.

Tak xkak oO0beguHeHNEe TI000r0 JMHENHO YIOPAIOIEeHHOT'0 OTHOUICHNEM BKIIOYe-
Huss C MHOXECTBA, [MEHTPUPOBAHHBIX CEMEUCTB 3aMKHYTHIX MHOXKecTB B U camo
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§1.10 HexoTopble mpuaoxkeHus aKCHOMBI BEIOOPA,

OyIeT HeHTPUPOBAHHBIM CEMEHCTBOM 3aMKHYTBIX MHOXECTB, TO IIA JIOOOW IENn
[eHTPUPOBAHHBIX CEMEUCTB 3aMKHYTHIX MHOX)ecTB B P(U) cymecTByeT BO MHO-
KeCTBe BCEX MEHTPUPOBAHHBIX CEMEUCTB 3aMKHYTHIX MHOXKecTB B P(U) BepxHas
rpanb, nosromy, mo Jdemme Ifopua, swoboe yenmpuposanmnoe cemeticmeo 3amkmy-
muix muoscecms 8 P(U) codepacumces 8 HeKOMOPOM MAKCUMAALHOM YEHMPUP O 6 -
HOM CeMEetCBe 3aMKRYMBLL MHONCECTNE.

[To HeHTPUPOBAHHOMY CEMEHCTBY 3AMKHYTHIX MHOXKECTB Ry HOCTPOUM COAEp-
KaIlee ero MaKCUMAJIbHOe IeHTPUPOBAHHOE CeMEHCTBO 3aMKHYTHIX MHOXKECTB R.

YeTanoBIM HEKOTOpLIE HEOOXOIMMEIE IIA JAJLHEHIIEr0 CBOMCTBA MAKCAMAIb-
HOI'O HEHTPUPOBAHHOIO CEMENCTBA R 3aMKHYTHIX MHOXECTB.

1) ¢ R.

2) Mokaxewm, uro eciu A u B — 3amkuyTsie muoxecrBa B U, A € R, A C B,
To B € R. Paccmorpum comepxkamee R cemenctso R’ = R U {B} 3aMKHyTBIX
MHOXKeCTB. [IoKaxKeM, 9TO OHO ABIACTCA INEHTPUPOBAHHBEIM. Ecam ObI 5TO OGBLIO He

Tak, TO B R HaILIMCh OBl TakKme MHOKeCTBA X1, ..., X,, 970 BN N X; =, vo
1<i<n

Torga m AN 1<O< X; = (), 9T0 IPOTUBOPEINT IEHTPUPOBAHHOCTHU ceMenicTBa R. 13
Stsn

MaKCUMaJIBLHOCTH ceMencTBa R monydaem paBeHcTBo R U {B} = R’ = R, 3naunr,

B eR.

3) [lokaxkeM, 9TO UMEET MEeCTO SKBUBAICHTHOCTD
(AERABER)+— (ANB) € R.

Ecmun (AN B) € R, To B cuny nynkra 2) A € R u B € R.

[l 10oKa3aTelIbCTBa 06PATHOrNO MpeAnosoxuM, 9To A € R u B € R, u nmoxy-
qum (A N B) € R. Pacemorpum comepxkamee R cemerncreo R = R U {(AN B)}
3aMKHYTBIX MHOXKECTB. HOKa)KeM, 9ITO OHO ABJAAECTCA HEHTPUPOBAHHBIM. ECJII/I OBI
ATO OBLTO HE TaK, TO B R HaILIUCL OB TakKme MHOXecTBa Xy, ..., X,, ITO

(AnB)Nn n X; =10,
1<i<n

HO DTO NMPOTUBOPEYUT IIEHTPUPOBAHHOCTH ceMercTBa R. 3 MaKcMMAILHOCTH Ce-
mencTBa R moxyaem pasernctso R U {(AN B)} = R' = R, suaunr, (AN B) € R.

4) Mokaxem, ectu A u B — 3aMKHyThle MHOXeCTBa B U, TO UMeeT MeCTO DKBU-
BATCHTHOCTE

(Ae RVER)+— (AUB) € R.

Ecim A € R wiu B € R, To B cuny nyskra 2) (AU B) € R.

Iia mokasaTeabcTBa 0OpaTHOrO mpeanosoxuM, 9to (AU B) € R, vo A ¢ R
u B ¢ R u noayduMm mpoTHBOpedne. B CHIy MaKCHMAJIBHOCTH HEHTPUPOBAHHOTO
cemenctBa R cemencrsa R U {A} u R U {B} 3aMKHYTBIX MHOXKECTB HE ABIAOTCA

neHTpupoBanabiME. [losTOMY B R HaWgyTCs Takme MHOXKECTBA X1, ..., X, 1 Y7, ...,
YVi,aro AN N X;=0uB N N Y;=0.Hororga
1<i<n 1<j<m

(AuUB)Nn n X,Nn N Y;=

1<i<n 1<j<m

(An n X;Nn N Y)u(Bn n X;Nn n Y;=0,

1<i<n 1<j<m 1<i<n 1<j<m
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

9T0 IpOoTUBOpednT npeamnonokennio (AU B) € R u uenrpuposansoctu R.

5) Hoxaxewm, ecin A — 3aMKHYTOe MHOXKeCTBO B U, R - MAKCUMAJIBHOE [EHTPH-
POBAaHHOE CEMEeHCTBO 3aMKHYTBEIX MHOXKeCTB 1 114 1o6oro X w3 R AN X # 0, To
AeR.

Pacemorpum cemenicteo R' = R U {A}. Ilokaxkem, aro cemencrso R’ aBisercs
[EHTPUPOBAHHBIM CEMEMCTBOM 3aMKHYTHIX MHOXECTB, TOIIA U3 MAKCUMAJILHOCTH
R noayuum paenctBo R' = R. [ostomy A € R' = R. Ecom X, ..., X, u3 R, 10
B CUIy MyHKTA 3) L X; € R, mosToMmy

AN N X, #0.

1<i<n

[Tycts R — MakcuMaJabHOE MEHTPUPOBAHHOE CEMENCTBO 3aMKHYTHIX MHOXKECTB,
comepIKaliee UCXOTHOE IEHTPUPOBAHHOE CEMENCTBO 3aMKHYTHIX MHOXKECTB Ry.

EcmY € R, to CY = U( )V, rae V — mHOXecTBa u3 6a3el TuxonoBa. Torma
Vel(y
Y= NV, ssauur, Y C CV, nosromy B cuny nyukra 2) CV € R. Iosromy
CVel(Y)
nY = N CcV.
YeER {CVER,V — u3 6a3er Tononorun TuxoHOBA}

Ecau V' u3 6a3br Tonoaorun Tuxomnosa, To V = N Vi, rae S — KOHETHOE MHOXKECTBO,
seS

aVy=teI\{s}[]U; x G, rae Gy — orkpbiToe MHOKecTBO B Us. [TosTomy

cVv

U v, CV, = [T x ca.

seES
ter\{s}

Suauant, (CV;)' = Uy npu t # s u (CV;)® = CGy. Tlosromy (CV;)t — 3amknymoe
MHOXKecTBO B U;. 3HaunT, 3aMkuHyTO 1 MHOKecTBo (CV)! = U (CVj)!, rak xak S
— KOHEYIHOE MHOXKECTBO.

U
seS
TToraraem

R = {(CV)' | CV€R AV — u3 6a3er Tonorormn TuxornoBa}.

[Tokaxkewm, 9To R! — HeHTPUPOBAHHOE CEMENCTBO 3aMKHYTHIX MHOXKecTB B U;. IlycTh
)¢ _ i 13 ) , _
(CVj)i<j<n — xOHETHOE CemericTBO MHOKeCTB 13 R'. Torma (C'V;)i<j<n — KoHETHOE
CeMencTBO MHOXecTB u3 R, sHauur, N CV; # (. Ho
1<j<n

b # 0 CV c n ey = [I( . @vi.

1<j<n - 1<j<n 1<j<n

tel tel

Mosromy Ni<j<n(CV;)" # 0. Bratur, R' — neHTPUPOBAHHOE CEMEHCTBO 3aMKHY THIX
MuOxkecTB B U;. B cuny komnakTaOCTH Uy ory4daem

N (CV)E £ 0.

{CVER AV — u3 6a3sl Tononoruu TuxoHOBa }
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[TycTs

felll N (V).

o1 {CVERAV —13 6a3bl TOMOJIOI UK Tuxonosa}

Torga npu ao6oMm t u3 I:

ft) e N (cvy.

{CVER AV — u3 6a3nbl Tononoruu TuxoHOBa }

[Iycts CV € R u V u3 6a3wr Tonomoruu Tuxonosa. [Tokaxem, aro f € C'V. Tax
Kak V = ﬂ Vs, CV = U CVs; € R, To B cuiy myHKTa 4 HaugeTcsa Takoe s € S,

aro C'Vj E R [Iycrs V = [I U x Gs. Hokaxkem, 910
tel\{s}

fecv,= [] Ui xCG,.
teI\{s}

Ho »To crexyer us

f(s) € N (CV)t C
{CVER AV — u3 6a3sbl Tononoruu TuxoHOBa }
(CV,) = CG,.
SHAYUT,
0 N CV)h C
7£ g({CVGRA V — u3 6Gaswl Tononorun TuxoHoBa} ( ) ) -
N CV=nNnYC n X
{CVER AV — u3 6a3sl Tomosoruun TuxoHoBa} YeR X€eRo
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I'JIABA 2.

JIOTUKA N NCYIYNCJIEHUNE
BBICKASBIBAHUUAU

7 MAMEMAMUYECKAS A02UKA ABAACTCA

HE COOPAHUEM PA3POSHEHHBIL PE3YAbIMAMOS,

a deticmeennbim MemodoM U3YUEHUA

HEKOMOPBLIT HAUbOAEE UHMEPECHBIT NPOLAEM,

CMoAWULT Neped mamemamuramu.”

([Ix. MMenpuasa. ”Maremarudeckas aoruka.” M.: Hayka, 1975.)

7 T'ayborue u onycmowumenbHuble PE3YAbMAMbL

I'edens, Tapcroeo, Uepua, Poccepa, Kaunu u mmo2ur dpyeux
Obiau 6o2amoti naz2padoti 3a 8A0HceHHbIT MPYO

U 3a460€6aAYU 048 MATMEMAMUYECKOT A0UKY

NOAOHCEHUE HE3ABUCUMOT, BEMBEU MAMEMAUKY.”

(9. Mengenscon. "Baegenne B MaTeMaTHIECKYIO JTOTUKY.”
M.: Hayxka, 1971.)

2.1. AadaBursl. CioBa

Omnpepenenne 2.1.1. Aagasumom naszvisaemcs 41000e HENYCMOE MHOHCECTEO
Y cuMB0406. IaeMEHMbL MHOHCECMBA X HA3LIBANOMCA CUMBOAAMU UYL OYKEaAMU
danno20 aadasuma.

Hukaxux orpaHuvdeHuy Ha TPUPOIY DIEMEHTOB MHOXKECTBA Y. (CUMBOJIOB auda-
BUTA) MBI He HAKJIAIbLIBAEM, € IMHCTBEHHOE MPEINOI0KEHIe OTHOCATEIBHO Y. COCTO-
UT B TOM, 9TO MBI TOJKHBI YMEMb PACNO3HABAMb KAHCObIL CUMBOA U3 Y
KaK mom dce camblli npu KaHcdom u3 e20 8xroHcdeHull U OMAUUAMDb
e2o0 om ecer JPY2uxr CuMB0.408 U3 X, T. €. MPEINOJATALTCA, 9TO PA3AUUUA
HE0OUHAKOBLIL CUMBOMA08 3HAUUMEALHO NPEBOCLOOAM MEAKUE PaA3AU-
YyUuA 00UHAKOBLIX CUMB0.4068. CUMBOJIBL U3 Y. PACCMATPUBAIOTCA KAK IPOCTHIE
3HAKMU, a He KaK CHMBOJBI, KOTOpPBIE 4TO-T00 O3Ha4aoT. CUMBOJILI aadaBuTa X
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TJIABA II. JIOTUKA 1 UCHYUCJEHUE BHICKA3BIBAHNI

CIUTAIOTCA IAEMEHMAPHLIMY 3HAKAMU, Tatee HegeruMmbiMu. Hampumep, eciu W un
V BxomaT B X, TO MBI cumTaeM, 910 W — BTO dIeMeHTapHBIN OOBEKT, HaJdee Hele-
JUMBIN, B 9aCTHOCTH, He camTaeM, 9To W — 5To nBa pasa moBTopeHHoe V.

Onpeneneune 2.1.2. Cao60Mm uilu 8bipadcenHuem 8 aspasume > HA3bIBAEMN-
CA NPOUZBOALHAA KOHEUHAA (B03MONCHO NYCMAA) NOCACIOBAMEALHOCTD W1 Ws... Wy,
cumeonos uz X, m. e.n > 0 u npu aobom i (1 < i < n) w; € 3. Qucao n
HA3bLBACTNCA OAUHOT CA0BA Wi Ws... W,,.

Mauay mpousBogbHOrO caoBa X Gyaem o6osHadarh depes |X|. Ilycroe caoso
— 570 cja0BO mamHEL 0, OygeM ero o603Ha4YaThH depe3 A mim depes 1, ecam BTO He
npuBegeT K MyTAaHUIE.

[Mycte X — 5T0 €I0BO wiws...w, (w; € X, i = 1,..,n), a Y — 5T0 cI0BO
V1V U (v € 3,0 = 1,...,m).

Onpenenenne 2.1.3. Caosa X u'Y wnasvisaromes spauuecku pasHbimu, €Cii
n = m unpu mobomi (i = 1,...,n)w; uv;, 0dun u Mom KHee cumMos u3 %.

YrBepxkaeuue “caoea X u Y pasuwvr epaduuecku” OGymeM 3aluCHIBATL B
BUE
X =Y.

Onpepenenne 2.1.4. IIpou3zeedenuem (coedunenuem, couaeHeHUuem, KOH-
ramenayuet) cios X u'Y wnazvisaemca caoso XY, m. e. ecau X — amo ci060
WiWs... Wy, 6 Y — 3MO CAOBO V1Vs...Upm, Mo XY — amo ca060

W1W2... WrUV1V2... Uy, .-

Ouesugro, uro |[XY| = |X|+ Y|z XA = AX = X.
OTMeTnM caegyroliee OYeBHIHOE CBOUCTBO: ecim X = Y, a Z — m060e CIOBO,
TO

XZ =YZ u ZX = 7Y,

u 06paTHO, ecan
XZ =YZ wm ZX = 7Y,

0 X =Y.

Onpegenenne 2.1.5. Caoso X nasvisaemcesa nodcaosom ciosa Y , ecau natioym-
ca maxue caosa U u 'V, wmo evinoansemea pasencmso Y = UXV. IIpu amom ecau
caoso U nycmo, m. e. svinoansemcs pasencmso Y = XV, mo caoso X na3visa-
emca HawaaoMm c106a Y. Ecau xce nycmo caoso V', m. e. 8binoanaemca pasencmaeo
Y = UX, mo caoso X nasvieaemcs KOHYOM c108a Y .

Jemma 2.1.1. Fcau XY, Z,V — caosa 6 aadasume ¥ u XY = ZV, mo das
nexomopozo cao8a P aubo X = ZP vV = PY, aubo Z = XPuY = PV.
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§2.2 Jloruka BrickaseiBanun

Adoxaszameavcmso Ecm |Z| < |X|, To, 0ueBUIHO, HANIETCA TAKOE CIO-
Bo P (BosamoxHO myctoe), uro X = ZP, uo torga ZPY = ZV wu, 3Ha4ur,
V = PY. B cay4ae, korga |X| < |Z|, coBepmeHHO AHAJOTUYHO MOKA3BIBAEM,
4TO IS HEKOTOPOro cjaoBa P

4 =XP uY = PV
U

Onpepenenune 2.1.6. IIycmp x ¢ Y. Broscdenuem caosa Y 8 caoso X wa-
avisaemes caoso Vo euda X1 xY * Xo npu yeaosuu, umo X = XY Xs.

Onpenenenne 2.1.7. Peayabmamom 3amenbl 0aHHO20 8TOHCOCHUA
V = X1xY x Xo
c106a Y 6 ca060 X na ca080 Z wasvisaemca ca080 X124 Xs.

fcHO, 9TO OTHO U TO XKe CJI0BO Y MOXeT uMeTh 60/1ee 0 THOT'O BXOXK IeHUA B CIOBO
X, OOTOMY CJIeIyeT TOBOPUTEL O 3ameHe dannozo 8roxcdenus V cioBa Y B CJIOBO
X Ha cI0BO Z, a He IPOCTO O 3aMeHe caoBa Y B caoBe X Ha cioBo Z. B wacTHOCTH,
ecan Y — mycToe ca0BO, TO BXoxaeHue V' ciaoBa Y B ctoBo X mmeer Bug X x xXo, u
TOT A Pe3yabTaT 3aMeHbI BXOXK eHua V caoBa Y B c10BO X Ha CIOBO Z — 3TO CJOBO
X1 7X,.

Ecau cioBo Y cocTout u3 ogHOro cumBoaa, T. . Y — 5T0 HeKOTOpoe v (v € X),
70 BXOXK 1eHue V cioBa Y B c10B0 X HA3BIBACTCA 8T0HCAEHUEM CumB0aa (6YKebL)
a B ¢JI0BO X.

Ecan a — cumBor andasura Y, a X u Z — cioBa B aadasuTe X, TO pe3yabmam
00HO0BPEMEHHOT 3aMEHBL KAHCI020 8TOHCIEHUA CUMBOAA (! 8 CA080 X HA

c10680 7 00603HAYAECTCA depes
X, [Z].

AHaJoru4dHoO, €can «j,...,q, — OOINAPHO PAa3IMIHLIE CUMBOJL U3 X, a X, Zq, ...,
Z, — cIoBa B aapaBUTE Y, TO Pe3yabmam 00HO8PEMEHHOT 3aMeHbl 6CEeX
sxroxncoenut oy, ..., a; COOMBEMCMBEHHO HA CA08QA L1, ..., Z, HA3LIBACTCA
pe3yabmamom nodcmanosru i, ..., Z, BMECTO Q, ..., O U 0003HATAETCA

qaepes Xo, o an [Z1s s Zn)-

2.2. Jloruka Boicka3bIiBaHUN

B sTom maparpade 6ygeT paccMOTPEH OQUH U3 IIPOCTEUIINX A3BIKOB MaTeMaTH-
qeCcKOu JOruku — A3k Jloeuku Bwvicka3biearnuts.

[TpousBoabHBIN to2UUECKUT A3bLK L cuumaemcsa 3a0arHblM, €CITU BHITOJ-
HEHBI Cjaeayroumme yCJIOBUA:

(1) sagan aagasum X a3vika, T. €. HEKOTOPOE MHOXKECTBO CUMBOJIOB — CUMBO-
J0B a3eika L. CroBa B axdaBuTe X, T. €. KOHEUIHBIE MMOCJIeI0BATEILHOCTH CHIMBOJIOB
73 Y, HAa3BIBAIOTCA BbIPAHCEHUAMU A3bIKG L;
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(2) ompeneneno moaMHOXKeCTBO F' MHOXeCTBa BCeX BBIDaKEHWN sA3bIKa L; die-
MEHTBI DTOT'0 MHOXKeCTBa F' Ha3LIBAIOTCA (HOPMYAAMU.

Ecan umeercs sdpdexTuBHas mporeaypa, mo3BOIAIONIAA 10 TPOU3BOIEHOMY BbI-
PAXKEHUIO I3BIKA L OMpenenuTh, ABIACTCA JU OHO (POPMYJIOU, TO TOBOPAT, 9TO L —
A3bLK ¢ IPPermusubim noHamuem Hopmyaot.

Aagasum Y ;5 azvika L Jloeuku Bbicka3biéanuts ABIseTcs 00beINHe-
HIEeM TPeX MHOXKECTB CHMBOJOB: X, Yo, X3.

(i) MuoxkectBo X1 = { Ay, As, ...} — C4eTHOE MHOXKECTBO MPONO3UYUUOHAAb-
HbLT NEPeMEHHBIT.

Kax e saemenT A; MHOXKeECTBa Y| HA3BIBACTCA NPONO3UYUUOHAALHOU Ne-
pemMerHnot UK IepeMeHHBIM BhICKa3biBaHreM. CMBICT DTOT0 Ha3BaHUA OyIeT ACEH
13 JAJbHEHIIero YIoTPeOIeH IEMEHTOB MHOKECTBA Y1 .

(ii) MuoxecTBo Xy = {—, V, &, —} cocTout u3 dernipex cuMBOJIOB —, V, & 1
—.

CuMBOJI — HA3BIBACTCA OMPUYAGHUEM, CUMBOI \V — du3broukyuet:, cuMBoI &
— KOHBIOHKYUEL, & CUMBOTI — — UMNAUKAYUET.

OTHU YeTHIPe CHUMBOJA HA3BIBAIOTCA MPONO3UUUOHAALHBIMU UAYU A0SUUE-
CKUMU C8A3KAMU, TPUIEM — — OTHOMECTHOU CBA3KON, a V, & 1 — — IBYMECTHBIMU
CBA3KAMU.

(iii) MHOXECTBO X3 COCTOUT U3 ABYX METHUUECKUT CUMB0.406: ( — Ae8as cKOO-
Ka 1) - npasas cKob6Ka.

Urak, anpasur X ;5 a3vika L g Jloeuku Buicka3vieanull — 5T0

Y1 U Yo U 3.

Dopmyavt azvika L. llonatue gpopmyqant a3vika L g onpenenseTcs cle-
OVIOMIUMHA T€THIPbMA ITYHKTAMHU:

(i) kaxgasa mpono3uIuoHATbHAA epeMeHHas A; — gopmyaa a3vika L g, HA3LI-
BaeMasg GMOMHON NI IAEMEHMAPHOU HOoPMYA0L;

(ii) ectn A u B — popmyasl a3sika L g, TO U CAIYIONINE BHIPAKEHUA ABIAOTCA
dopmyramu a3bika Lrg:

(= A), (AV B), (A&B), (A — B).

(iil) BeIpaxenue B andasuTe A3bKa L g ABIATCA GOPMYJION STOrO S3bIKA TOLIA
¥ TOJBKO TOLJa, KOra HTO caepyeT w3 myHKToB (i) m (ii).

Dopmyna (—.A) waseBaercs ompuyanuem dopmyast A u unraerca ” ne A”
wim " ompuyanue A7, dopmyna (A V B) maswBaerca ” duzwionkyueti A, B” u
anraerca ” Juzwvionkyua A, B” wm 7 A uau B”, dopmyra (A& B) masbiBaercs
" konwronwkyuet A, B” u anraerca ” konwvronkyus A, B” wm " A u B”, popmyaa
(A — B) massBaerca ” umnaurayuet A, B” un auraerca ” A saeuem B” win 7 u3
A caedyem B”.

Mmnoocecmeo ecex popmya ssvika L g Oynem o603Ha4daTh depes Fip.
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[IpuBenenHOe ONpeIeIeHne TOHATHA (GPOPMY.IBI JaeT CAeAYIOMUI CIoco0 JoKa3a-
TeIbCTBA TeopeM 0 (hopMyJdax a3bika Lp — dokazameabcmeo unHdyKyuet no
dopmyaam.

CyTb ero 3akI09aeTca B CIEIVIONEM: ITOOLI JOKA3aTh, IYTO Kaxaad GpopMy.Ia
aseika L7 o6dagaeT cBoucTBOM D, 10CTATOTHO MOKA3aTh, 9TO

(1) kaxgas saemeHTapHas dpopmy.aa a3bika Lyp obramaer coucTBoM D;

(ii) ecam popmyast A u B obaanaroT cBoucTBoM D, TO u (popMy.IBI

(—A), (AV B), (A& B), (A — B)
0061a1a10T CBOUCTBOM D.

Onpenennm Ternepb OIHO W3 OCHOBHBIX MOHATHNA MaTeMaTHIeCKON JOTUKA — IO-
HATHE UHMEPNPEeMmayuls.

Omnpegenenne 2.2.1. Humepnpemayuetl s3vika L g Haszvisaemca awboe omo-
OPAAHCEHUE O MHOHCECTNEA NPONOBUYUOHAADHDLL NEDEMEHHDLE

21 — {Al, AQ, }
IM0o20 A3bIKaG LJIB B0 MHONCECTMBO UCTMUHHOCTMHBIL 3HAUEHUT {H, ﬂ}

Bymem roBopuTh, YTO MHTEpIpeTAns © 3a0aem UucCmuHHOCTHbLE 3HaUe-
HUA OAR NPONO3UYUOHAALHBIE NEPEMEHHBIT S3bIKA L 1p.

[TycTb (¢ — mpouwsBobHAA WHTepupeTanus A3blKa Ljp. PacmpocTpanuMm ¢ Ha
MHOXKeCTBO F;p Beex (popmya sa3bika L g Jlo2euxu Beicka3vieanuti, T. e. Kax 101
dbopmyne A m3 MEOXKecTBa F' conocrasum nctuaHOCTHOE 3Havenue o(A) € {4, JI}.

Kax1oi n-MecTHOU JOrn4ecKo (Mpono3uunoHaIbHOn) cBsaske o (n = 1,2) co-
IIOCTABAM HEKOTOPYIO N-MECTHYIO GYHKUUO H,, ONpeneIeHHy 0 HA MHOKECTBE UC-
TUHHOCTHBIX 3HadeHuu {#, JI} u NPpUHUMAOIIYIO 3HAYEHUA B TOM K€ MHOXKECTBE.

Tpamunumonno ¢pyukiun H, 3a1a0Tcsa ¢ TOMOIIBI0 TabJINI, KOTOPhIE HA3BIBAIOT-
CA UCTNUHHOCTIHBIMY NAGAUYAMU.

| A [ H-(A1) ]

|7 a1

[ | /|
| Ar | Ax || Hy(Ar, Ag) ]
| 7 | "7 | n |
|7 | Ja n |
|1 | a7 n |
|| J JI |
| Ar | As || He(Ar, Ag) ||
| 7 | 7 | n |
| u | J J |
| | a J |
|| J J |



TJIABA II. JIOTUKA 1 UCHYUCJEHUE BHICKA3BIBAHNI

| A | Ay | Ho(ALAr)
| u | a | u |
| Z A I/ | JI |
|1 | a7 | n |
|7 A /| n |

OnpegennM 3HaYeHNE (© IS IPOU3BOABLHON (DOPMYJIEL U3 MHOXKECTBa, Fp A3BIKa,
L jjp MHIYKIITEN 10 TOCTPOEHUIO (POPMY.I.

3ameruM, 9To X C Fyp.

(i) Amomnas nin saemenmapuasn gopmyaa ¢ ssvika L g —5T0 IpocTo JI0-
6as MPOMOBUIIMOHAIBHASA ITepeMeHHas A;, mod>TOMY LI JI0O00U daeMeHTapHOUu (hop-
Myasl @ ucTUHHOCTHOE 3HadeHUe p(P) yKe OmpegeneHo.

(ii) Ecau popmynaa ® s3bika Ljp uMeeT OQWH U3 CJAEAYIOMUX BUIOB:

(—A), (AV B), (A& B), (A — B),

rae A u B — dopmyast a3bika L, TO nCTUHHOCTHOE 3HadYenue ¢(P) ompemensem
CAeTYIONIAMU PABEHCTBAMHA

p(-A) = H( (A)),
p(A Vv B) = Hy(p(A),¢(B)),
p(A&B) = He(o(A), (B)),

p(A — B) = H_(p(A),¢(B)).

Hrak, m00yio mHTepIpeTanuio ¢ a3blKa L g, T. e. 1060e 0oToOpax)eHne
2 Z:1 - {HJ ﬂ}a

MHOXKEeCTBA MPOMO3UINOHAILHBIX TepPeMeHHBIX A3BIKa L ;p BO MHOXKECTBO UCTUH-
HOCTHBIX 3HAYEHUU, MOXKHO eCTECTBEHHBIM 00Pa3oM MPOJOMKUTE 10 OTOOPAKEHUs

@ FJ]B — {H,ﬂ}

MHOXKecTBa Frp Beex dopmya a3wbika Ljp BO MHOXKeCTBO { M, JI} MCTUHHOCTHBIX
3HAYECHUN.

Onpegenenne 2.2.2. /s npouzeoavproti uwmepnpemayut © u 41060t Gopmy.av
A azvika Ljp ucmunnocmuoe snauenue o(A) 6ydem na3vieamp uCmMunHOCTIHbIM
anauenuem gGopmyavt A 6 unmepnpemavuu . Ecau npu smom o(A) = U, mo
6ydem 2060pumv, umo Gopmysia A UCTMUHHG 6 UHMEPNPEMAYUUU ©, 4 eCAl
©(A) = JI, mo 6ydem 2060pumb, umo fopmysa A aodAcHa 8 uHMeEpPNPeMaAYUL
Q.

Onpegenenne 2.2.3. Popmysa A asvika L g masvisaemcs 8binoAHUMOU, €CAlU
cyu,ecmeyem uHmMepnpemayus, 6 KoOmopot sma Gopmyae UCMUHHA.
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Onpeneneunne 2.2.4. Muosxcecmso gopmya ' azvika L g nasvisaemces coemecm-
HBIM, €CAU CYULLCMBYEM UNMEPNPEMAYUA, 6 KOmopotl 8ce Popmyabl U3 3mMo2o MHO-
HCECTNBA UCTNUHHDI.

3ameuanwue. [[aa npousBobHOr0 MHOXKecTBa popmya [ a3eika L g u aus Jio-
60U WHTEPIPEeTANNN (0 3AMUCH

p(l) = 1

OyJIeT CIyXKUTH COKPAIIEHNEM A YTBepKAeHus ~6ce dopmyavlt muoxcecmea I' uc-
TUHHBI B UHTEpOpeTanun ¢.”

Omnpepenenne 2.2.5. @opmysa A asvika Ljp wasvisaemces moicdecmeenHo
UCTNUHHON, ECAU OHG UCTNUHHG 68 A1000T UHMEPNPEMAYUL IMO20 A3bIKA.

3ameuanue. 3amuck = A OGyger CIyXKUTH COKPALICHWEM A YTBEPXK TCHU
?hopmyaa A asasemes moixicdecmeeHHo UCMUHHONU. ”

s npoussoababix popmyt A, Bu C Jloeuku Buicka3wvieanut 1o6as Gpop-
MyJa YKa3aHHOIO HUXKE BUIA ABIAETCA TOXICCTBEHHO UCTUHHON

1.
1. (A= (B— A).
2. (A= (B—C)) = (A= B) = (A—=0))).

IIg,.

I1.1. ((A&B) — A).

I1.2. ((A&B) — B).

I1.3. (A — (B — (A&B))).

4. (A—B) = (A—=C) — (A — (B&C)))).
II1,,.

II.1. (A— (AV B)).
11.2. (B — (AV B)).
I1.3. (A —=C) = (B—=C) = ((AV B) = (0))).

V..
V.1 (A= (-B)) = (B — (mA))).
IV.2. ((=(=A)) — A).
IV.3. (AV (mA)).

Omnpepenenne 2.2.6. Popmyavt A u B azvika Ljp na3vi8aomces pasHocusbHbl-
MU UAU  IKBUBAAECHMHBIMU, €CAU 048 A1000T UHMEPNPEMAYUY O IMO20 AZLIKA
BbINOAHACTNCA DABEHCTNEO0

p(A) = ¢(B).

3ameyauue. 3anuch A = B Oyger CAyKUTH COKPALIEHUEM 1A YTBEPK IEHU
"hopmyaa A u B axeusasenmmupr.”

Crenyolnne >KBUBAJICHTHOCTH UIPAIOT BaXHYIO poaib B JIo2uke Buvicka3biga-
HUU.
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la) A& (B&C) = (A&B)&C, 1b) (A&B) = (B&A);

2a) AV (BVC) = (AVB)VC, 2b) (AV B) = (BV A).

3a) AV (B&C) = (AV B)&(AVC), 3b) (AV A) = A;

4a) A&(BVC) = (A&B)V (AVC), 4b) (A&A) = A.
ba) (=(AV B)) = ((nA)&(=B)),

Bsegem ogno u3 ocHoBHBIX noHATHN Jlo2uku Bbicka3biéanull — MOHATHE A0-
2uuecroz20 caedcmeus.

Onpegenenne 2.2.7. Qopmysa A asvika Lypg nasvieaemces ao2uueckum caeo-
cmeuem muoxcecmsa gopmyas I amoeo azvika Lyp, ecau das moboti unmepnpe-
mayuu @, 6 Komopot 6ce Gopmyavt u3 3Mo20 MHoNcecmea I uCTIUNHbL, UCTNUHKA U
Gopmyaa A.

3ameuanue. 3anuck [' = A Gyner clIyKuTh COKDAIIEHUEM A YTBEDK TCHUA
Ydopmyaa A ssasemca aocuueckum caedcmsuem muoxcecmsea gopmya I.”

OTMeTHM OJHO MOJE3HOE B JAJILHEHIIEM CBOUCTBO JOMHMIECKOrO CICICTBUA:

ecml' = Aul = (A= B), ol E B.

Kpome Toro, cipaBeqimBa DKBUBAJIEHTHOCTH

E A Torga m ToIbKO TOrma, korga ) = A.

Caenyroriee MOHATHE UT'PAET 0COO0 BAXKHYIO POJIb B MPUIOKEHUAX MATEMATUHIE-
CKOU JIOTWKW, HATIPUMED, K aaredpe.

Onpenenenne 2.2.8. Muoaxcecmso gopmya I sazvika L g nazosem JOKAIBLHO CO-
BMECTHBIM, €CAU A1000€ €20 KOHEUHOE NOOMHONCECTBO COBMECTHO.

Bsegem B ompeneeHHON Mepe TeXHUYECKHWe [Ba TOHATUA, HEOOXOIMMBIE HAM
npex e BCero A1A J0KA3aTeIbCTBA TEOPpEeMbl KOMIAKTHOCTH.

Onpegenenne 2.2.9. @opmysa A sasvika Ljp na3bi6aemcs A0KAABHLIM A02U-
yecrum caedcmeuem muoxcecmsa gopmya I amoeo asvika L g, ecau ona A645-
EMCA AORUYECKUM CACOCTNBUEM HEKOMOPO20 KOHEUH020 nodmuoxcecmea 'y mmosce-
cmea I
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3ameuanme. 3amuch [ =y, A Oyger CIyknTh COKpAIIeHHeM IIA yTBEpXKJe-
ausat “gopmysa A seasemcis A0KAALHBIM AO2UUECKUM CAEOCMBUEM MHONCE-
cmea popmya I'.”

Onpenenenne 2.2.10. Muoxcecmso gopmya I asvika Ljp Ha306em A0KAABHO
NOAHBIM, CCAU OHO AOKAABHO COBMECTHO U 04s 410001 dopmyavt A asvika L g

aubo ' f=rin A, aubo T' =i (0A).

3ameuanme. Ecin [ — 10KaibHO COBMECTHOE MHOXKECTBO (POPMYJI, TO HE CY-
mecTByeT Takon dopmyrsr A, uto I' =pp, A u T E=py (0A). B camom gere,
IPEIIOIOKNM, ITO cymecTByeT Takas popmyra A, aro I' =py Aul =py (HA).
B coorBeTcTBUE ¢ ompegeleHMeM HAUIYTCA TaKhe KOHEeYHBIE IMOAMHOXKECTBA ') m
[y muoxkecrBa [, uro Iy = Auly | (mA). Torga T Ul = (A&(—-A)). Baaunr,
MHOKecTBO [y UT'y He ABIAeTCA COBMECTHBIM, 9TO IIPOTHBOPEIHUT IIPEAITOI0KECHIIO
0 JOKAJILHOW COBMECTHOCTH MHOXKeCTBa | .

Teopema 0 JIOKaJIBHOM HOIOJIHEHUH. /a4 4106020 A0KAADHO COBMECTNHO20 MHO-
acecmsa dopmya I asvika Lgp Jloeuku Bwicka3dvieanull cyuecmsyem maroe
AOKAALHO NoAHOE MHoHcecm8o dopmyas [ azvika Lyg, wmo

rcr.

doxaszameannbcms o Tak kak axpaButr a3vika L g Jloeuku Bbicka3bi-
8aHUI CICTEH, TO CUETHBIM ABIAETCA U MHOXecTBO Frp Bcex dopmyn Jlozurku
Buvicka3vie anuii.
[Mycte Frp = ( Py Jnen-
Omupenernm nocaegosareabHocTh (I'),eny MHOKECTB HOPMY.TL.
[Toraraem
Iy =1T.

Ecan muoxecTso I'), yxe onpemeneHo, To moaaraem

r . L,u{®,}, ecm T, =, D,
AT, U{(=®,)), ectm T, Fpim @

Nugykuuen mo n Jo0KaxeM, 9TO KaxK I0e U3 MHOXKecTB (popmya [, ABIsgeTCS 40Ka1b-
HO COBMECTHbIM.

Tak xak ['y = I', To MmHOXecTBO popmy.1 ['] ABIAETCA JOKATBHO COBMECTHBIM
IO YCJOBUIO TEOPEMHI.

[TpeamomoxuM, ITO yiKe TOKa3aHa JOKAJIbHAA COBMECTHOCTH MHOXKECTBA (DOPMY.T
[',. [lokaxkem JTOKATBHYIO COBMECTHOCTH MHOXKeCTBa (opMy.T [, 1.

Ecm T, E=pin @, 10 Iy =T, U{D,}.

fcHO, 9TO MOCTATOYHO HOKA3aTh COBMECTHOCTH JIO00OT0 KOHETHOT'O MHOXKECTBA
suga [YU{®,}, roe " — xoneunoe moamuoxkecTBo MHOKecTBA [, [TycTh I — rakoe
KOHEYHOE [OIMHOKECTBO MHOXKecTBa [y, uro [ E ®@,. [ KOHEIHOTO MO IMHOXKE-
crBa [V U T 10KaaIbHO COBMECTHOTO MHOXKeCTBa (opmy.a [, cymecTByeT mHTEp-
nperanusa ¢ takad, 4vo p(I' UT") = H. Torga ¢(®,) = U u o(I" U {D,}) = U.
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Suaqur, maoxkecTso [V U {®,} cosmecmno, mosromy B paccMaTpuBaeMoOM CIydae
MHOXKecTBO [, 11 noKasbro cosmecmmuo.

Ecmu Ty, Wpin @, 10 [y =1 U {—@), }.

Eciu muoxkecTso popmy.r [, 41 HE ABISETCA JOKATHHO COBMECTHBIM, TO HAUIET-
¢ Takoe KOHeIHoe moaMHOxkecTBO [V muoxkecTBa Iy, uTo muOXKecTBO [V U {=®,}
HECOBMeCTHO, 3HauuT, I = &, nosromy I',, f=fin @,. Ho mocaeguee mporusope-
quT npegmonoxkenuto ', g, @, M creTaHHOMY BBIIE 3aMeYaHMIO. SHAUAT, U B
DTOM CJIydae MHOXKECTBO (popMmya [, 1 ABIAETCA A40KAALHO COBMECTIHDIM.

Tem cambiM TOKa3aHO, 9TO NPu 4060M N Muoxcecmso dopmys L'y sasasemes
AOKAALHO COBMECTHBIM.

[Toraraem

r = [j r,.
n=1

[Tokaxem, uro ['* — soraabHO Noanoe mroracecmeo gopmya n
r cr-.
[Tocreanee oveBUIHO, TAK KaK
r=r, Cr-.

Ecaun 661 MHOXKECTBO popmy.a ['* He OLLTO JOKAIBHO COBMECTHBIM, TO HAILIOCH
OB KOHEUHOE HEeCOBMECTHOE MHOXKecTBO (popmya 1T C ',
Tak kak
LCech,c..cl,Cly €.y

TO HaugeTCA Takoe ducao n, 4ro 1’ C I',,. Ho 5To mpoTuBopednT yxKe yCTaHOBICHHON
JOKAJBHOU COBMECTHOCTH MHOX)eCTBa (popmy.a [,.

Suauut, [ — goKaabHO cosmecmuoe MEOKECTBO (POPMY.IL.

[IycTs A — npousBoabHas ¢popMmy.ia. Torga HaugeTcsa Takoe 9ucio n, 4ro A = P,.

Ecm T, E=jin @, To T =i @y, a 3maumr, I'* =y, A.

Ecm xe Iy, Wi @pn, TO (7®),) € I'ypq, mostomy L'y Efin (0®,), 3HAUHT,
r+ ):fin —|(I)n, T.e. I'* ):fin -A.

Urak, gokazauno, uro ['* — snoraabmo noanoe MuOX)KecTBO (hopmy.T A3bIKa Lyp
takoe, yro [' C I'™. O

Teopema KommakTaHOCTU. Muoswcecmso dopmyas I azvika Ljgp asasemca co-
BMECTHBIM M0200 U MOAbKO M020a, K0204 0HO ABAAEMCA AOKAALHO COBMECTIHbIM,
M. €. COBMECMHO A0O0E €20 KOHEUHOE NOOMHONCECTEO.

doxazameavncms o EciumwvaoxecTBo popmyn [ s3bika L g ABIseTCSa co-
B8MECMHbIM, TO, OYEBUIHO, ABIAETCA COBMECTHLIM U JIOOOE €ro IIOIMHOXKEeCTBO. B
JAaCTHOCTH, SABJIAETCA COBMECTHBIM M JI000€ KOHEYHOE II0AMHOXKECTBO MHOXKECTBA
dopmya I'. Suaunr, I sokaavro cosmecmmo.

120
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O6paTHO, MPEANoIOKIM, 9TO MHOKECTBO [ 10KaAbHO COBMECMHO, T. €. JIO-
60€e ero KOHeIHOe TOIMHOXKECTBO ABIAETCA COBMEeCTHRIM. [[okaxkeMm, ITO Torma co-
smecmuo u 6ce muoxcecmso I'. Mbl magmM mBa JOKa3aTEIbCTBA DTOT'O0 BaXXKHOIO
(pakTa, 9TOOLI B OTOU JOCTATOIHO MIPOCTON CATYAINN PO IeMOHCTPUPOBATE O0IITe
MeTO/IbI, paboTatomue B 601ee CIOKHBIX JOTMIeCKUX UCUuCIeHusnx, yem Hcuucae-
nue Buvicka3wvieanuii.

IIepsoe dokazameabcmaeo.

[To Teopeme 0 JTOKATBHOM MOTOTHEHAN CYIIECTBYET AO0KAALHO TLOAHOE MHOKE-
cTBO dopmya I'* takoe, uto I' C ™.

[Tokaxkem, 910 MHOKeCTBO popmy.r ['* apirsgerca cosmecmuvim. OTCIOna, KOHEY-
HO, Cpa3y OyIeT CaeJoBaTh COBMECTHOCTH W MHOXKecTBa (opmy. .

[TocTpouM mHTEpIpeTANuio ¢ Takyo, uto (™) = H.

[Toraraem s MpOU3BOJBHON MPOMO3UIIMOHAJILHOU MEpeMeHHon A,

. , ecan I Erin An,
p(dn) = {JI, ecm I =gy (0AL).

Hamomuum, ato [ — nokaabro noarnoe mrorcecmeo Gopmy.r, TOITOMY s
mo6on gpopmyasr A
I Efin A mmn T =pin (2A),

HO HE TO W IPYroe OJHOBPEMEHHO, B YaCTHOCTH, DTO BEPHO W s MPOU3BOJBHOU
MPOMO3UINOHAIBHOU TepeMenuon A,,. [looTomy wHTEpUpeTanus ¢ onpeneseHa KOp-
PEKTHO.

OO6BrIHBIM 06pPa30M MPOTOIKAEM OTOOPAXKEHUE (O, 33 TaHHOE HA MHOKECTBE .
MPOTO3UIUOHATBHBIX TIEPEMEHHBIX, 10 0TOOPaKeHns, 33, IaHHOT0 HA MHOXKecTBe F g
Bcex (popmya a3bika L Jloruku BeickasbiBaHum.

Wugykuuwen mo mocTpoeHnto (pOPMYJI JOKAKEM, ITO IS MPOU3BOJILHOU (POPMY.IBI
A umeer MeCTO DKBUBAJIEHTHOCTS:

r* ):fin A — cp(A) = N.

(i) M saemerTapHBIX (HOpMYT A yKazaHHAS SKBUBAJICHTHOCTb UMEET MECTO IO
OTpeIeeHNI0 NHTEPIPETAIINN (.

(ii) [Mpeamonoxkum, 9T0 yKasaHHAS DKBUBAIEHTHOCTb UMEET MECTO s (POpMy.I
A u B 1 gokaxeM, YTO TOTJa OHA BBHINOJIHACTCA U IJIA (POPMY.I

(mA),  (A&B),

(AV B), (A— B).

Tak Kak

re ):fz'n (_'./4) — I b&fm A

p(A) =1 = p((-A) =1
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TO

" Epin (0A) = w((0A) = I
HeTpymao mokasaThb, 9TO
' Epn (A&B) = TI" Epu A n T = B
Kpowme Toro, mo onpenereHno MHTEPIPETALAA
p(A) =T u pB) =1 <= (ALB) = IL.

SHAYUT,

T* g (A&B) <=  (A&B) = II.

[Tokaxkem, ITO 0aA A0KGALHO NOAHO20 MHOXKECTBA, (popmy.t [ u mpom3BoIBHBIX
dopmya A u B umeer MecTo SKBUBAJIEHTHOCTH

r ):fin (A\/B) — I ):fz'n A wmwm I ):fz'n B.

B camom gene, ecin

' Epn A wm I =gy B,

TO, KOHETHO,

I Ern (AV B).
O6paTHO, TPEANOIOKIM, ITO
I Ern (AV B).
ITokaxxem, 4TO TOrIa
I' Epp A nm T =g, B
[TpeanonoxxuM NpOTUBHOE, T. €. UTO
I W A n T7 Wp B
Tak xak ['* — voxaabHO Noaroe MHOXKECTBO (POPMYJTI, TO TOT'IA
I Epin (0A) n T =g (0B),

a 3HAYUT,

I b (RA) & (-B),

IO2TOMY

I Epn —(AV B).

Tak xax BBIIIe MBI TPEITOTOXKMIINA, TTO
" Egin (AVB),
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§2.2 Jloruka BrickaseiBanun

TO IMOJYyYaeM IMPOTUBOpEYNe C MPEAIOJOXKEHUEeM O JIOKaJII)HOfI COBMECTHOCTU MHO-
x)ecTBa dpopmy.a [,
B uTore moaxy1aem

re ):fin (A\/B) — I ):fin A nwm I ):fin B

o(A) =1 mwm ¢B) =" <<= ¢(AVDB) =1,

IO2TOMY

I'" En (AVB) <= ¢p(AVDB) =1

,[[OK&S&TGJIBCTBO SKBUBaJEHTHOCTH
I'" Efn (A= B) <= oA—=DB) =1

MPOBOAUTCA TI0 TOU YK€ CXeMe C MCIOAb30BAHNEM JOKAJTLHOU TOJHOTHL U JOKAJLHON
COBMECTHOCTH MHOXKecTBa (opmya [,

B urore mokaszaHo, YTO IIA IPOU3BOJIBLHON (POPMYJIEl A mMeeT MecTo >KBUBa-
JEHTHOCT!

I'"Empm A = oA =1L

Ecmu A — npousBoabHas ¢popMy.a u3 MHOXKecTBa ['*, To, oueBngno, ['* =y A,
nostomy (A) = N.
Buauur, ¢(I'*) = M, nooromy muOKecTBO dopmya [ aBiseTcs cosmecmubim.

0

Bmopoe dokazameabcmeo HUCIOIL3YeT MOHATHE YIbTpadguibTpa Ha Oy.e-
Bou asire6pe. /s aurarens, He 3HAKOMOTO C 3TUM MOHATHEM, DEKOMEHIYeTCsS 00pa-
TUThCA K MaTepuany u3 [lomonnenus.

Tax kak andaBuT A3bIKA L g ABIAETCA CUEMHbIM MHOXKECTBOM, TO CIETHBIM
ABIAETCA M MHOXKeCTBO Flyp Bcex (popmya s3blKa L g, TODTOMY CIETHO U JIH060€
MHOXeCcTBO dhopmy.r [

CyeTHbIM OyIeT MHOXKECTBO BCEX KOHEUHBbLEL IOIMHOXKECTB MHOXKECTBA (POP-
mya [

[Iycrs (I')ieny — CEMENCTBO BCEX KOHEUHBLL MOIMHOXKECTB MHOXKeCTBa (hOPMY.T
I.

Tak kak Kaxm10e MHOXKeCTBO (popMy.I ['; o mpeamnoIokenno ABIAeTCsS COBMECT-
HBIM, TO HaWIeTCsA Takasd uHTepuperanus ¢;, 1ro p;(I;) = L.

3axaauM CIeyomuM 00pa3oM CIeTHOE CEMENCTBO TOIMHOXKECTB MHOKeCTBa [N
HATYPATbHBIX YUCET

Iy = {ilie N, ¢i(ly) = HU}.

[TokaxkeMm, ITO nepeceuenue A1006020 KOHEUH020 wucsa mroxcecms I wenycmo.
IIycts I, ..., Iy, — IPOU3BOJbHBIE MHOXKECTBA.
[Toraraem

Ly = (JTw.
t=1

123



TJIABA II. JIOTUKA 1 UCHYUCJEHUE BHICKA3BIBAHNI

Tax kax MHOXeCTBO [y ABIAETCA KOHEIHBIM, TO HAUIETCSI WHTEPIPETANA (D4
Takas, 910 ¢4(I) = 1.
Ho Torga mpu mwobom t (t = 1,...,n) @s(TCg,) = U, mosTomy

n
S € ﬂjkw
t=1
3HAYUT,

t=1

[Iycrs D — yavmpaguavmp, noposcdennviti cemeticmsom muoxcecms (Ir)ren.
Onpedeaum unmepnpemayuio ©, noaaz2as 04 Npou3oabHot NpPono3UYUOHALb-
not nepemennoti A;

o(A;) = U = {i|pi(A;) =U} e D.
[TokaxkeM, ITO AT TPOU3BOILHON (POPMYILI A HMeeT MEeCTO DKBUBAJEHTHOCTD
p(A) = N <= {ilp;(A) =1} € D.

MoKa3aTeJbCTBO IPOBeIeM UHIYKYuetd no nocmpoenuio Hopmya.
(i) [das snemenTapHbIX GOPMYI (MIPOMO3UINOHAIBHBIX MEPEMEHHBIX) YKa3aHHAS
DKBUBAJIEHTHOCTH MMEET MECTO 110 ONPEICICHNI0 MHTEPIPETAINE (.

(i) Hpexnosoxum, 9To aasa popmy.a A u B 5Ta SKBUBATIEHTHOCTD BHINOJIHAETCA.
[Tokaxkem, ITO OHA BBITOJHAETCA U I (DOPMY.T

(=A), (AV B), (A&B), (A — B).

[Ipu >TOM CymecTBEHHO OyIeT UCIOIB30BATHCA TOT (BhakT, 9T0 D — yabmpa-
Puabmp, a 3HAIUT, 1AA TOOBIX MOAMHOKECTB A U B MHOXECTBA HATYPATbHBIX
qucen N BBIMTOJHAIOTCA SKBABAJIEHTHOCTH

1) A e D < (N\A) ¢ D,

2) (AUB) € D <= A€ D wm B € D,

3)(ANB) e D <= A€ D u BEe€eD.

3aMeTuM, ITO MOCIeIHee BEPHO U A JI000r0 (GUIbLTPA.

OrmeTnMm, 91O

p((mA) = N <= ¢(A) = L.
[Tpennoroxum, 910

p(A) = I <= {ilpi(A) =W} € D.

SHAYNT,
p(A) = 1 < {ilpi(A) =1} ¢ D.

Tak xkax D — yavmpagpuabmp, T
{i|pi(A) = U} ¢ D <= N\{i|p;(A) = 1} € D.
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§2.2 Jloruka BrickaseiBanun

Ho
N\{ipi(A) = U} = {ilp;(A) =TI} = {i[pi(~A) = U}.

OxoHYATEIbHO TOJTYYaeM
p((-A) = U <= {iei((—A)) =1} € D.
[Tpexmomoxum, ITO

p(A) =N <= {ilpi(A)=U} €D

n
p(B) = I <= {ilp;(B) =W} € D.
[Toxaxxem, ITO TOTIA
o(AVB) =11 < {i|p;(AV B) =1} € D,
P(A&B) = I <= {i|p;(A&B) = U} € D,
o(A— B) =1 < {i|lp;(A— B)=U} € D.
HamomuumMm, 9T0
P(AVB) =1 < p(A) = U wm ¢B) =N
[Io mpenmoaoxeHmo
p(A) = N < {i|lp;(A)=U} e D
n

p(B) = U <= {ilp;(B) = U} € D.

Tak xkak D — yavmpagduabmp, 10

{ilpi(A) =N} e D wnm {i|p;(B) =U} €D <~
{ilei(A) = U} U {i|p;(B) = U} € D.

OxoHYaTEIbHO TOJYYaeM

P(AVB) =1 <= p(A) = U nm ¢B) =1 <=
{ilpi(A) =N} e D mmm {i[pi(B) =N} € D <=
{tlpi(A) = U} U {i]@i(B) = U} € D.

Ocraercsa 3aMeTUTh, ITO
{ilpi(A) = U} U {ilpi(B) = U} = {ilpi(AV B) = I}.
HOJIy‘IeHHaﬂ IernovIKa SKBI/IBaJIeHTHOCTef/)I JaeT 5KBUBAJICHTHOCTDH

o(AVB) =1 < {i|p;(AV B) =1} € D.
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DKBUBAJIEHTHOCTD

P(A&B) = U <= {i|p:i(A&B) =W} € D

MOJYIaeTCS IO TOU XKe CXeMe.
HamomuuwMm, ¥T0

(ALB) =1 = p(A) =T u o(B) = I

IIo mpeamoaoxeHunio

0(A) =N <= {ilpi(A) ="} €D

p(B) = U < {ilp;(B) =1} € D.
[aa mro6oro ¢puabTpa [ BHINOJIHAETCA YKBUBAJICHTHOCTH

{ilpi(A) = U} € D u {ilps(B) =N} € D <=
{ilpi(A) =1} N {i]pi(B) = U} € D.

OKoHYATEABbHO TOIYyYIaeM

P(A&B) =1 <= p(A) =N u ¢B) =1 <
(oA =T} €D w {ilg(B) =T} € D
{ilpi(A) = U} N {i]p:(B) = U} € D.

OcraeTcs 3aMeTUTh, ITO
{tlpi(A) = U} 0 {ilei(B) = N} = {ilpi(A&B) = 1}.
[TonydeHHas memovYKka SKBUBAJICHTHOCTEH MAET DKBUBAJEHTHOCTD

o(A&B) = N <= {i|p;(A&B) =1} € D.

JKBUABAJICHTHOCTD
(A= B) =1 < {i|lp;(A—B)=U}eD

MOXKeT OBITh MOJIYYeHA aHAJOTUIHBIM 00pPa3oM. DTO MPEIOCTABIALTCA CAeIaTh Th-
TaTeTI0 B Ka¥eCTBE MPOCTOT0 YIPaXKHEHU.
[Tokaxkem, 9TO 68 UHMEPNPEMAUUL © UCTNUHHG 410005 HOPMYAG U3 MHOHCECTNEQ

dopmya I
B camom gene, nycts A — npousBoabHas Gopmy.ia u3 MHOKeCTBa dpopmya .

PacemorpnM komednoe muoxkectso [y = {A}.

HamomuuMm, 90
I. = {i|ie N, p;(A)=U}.
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§2.2 Jloruka BrickaseiBanun

Tak kak I, € D, to {i]i € N, ¢;(A) =1} € D.
[TosToMy B cmay HOKa3aHHOU DKBUBAJIEHTHOCTHU

p(A) = U <= {ilps(A)=U} € D

noxydaeM, ¥to ¢(A) = 1.
3uaunT, MHOKecTBO (opmya ' ABaserca cosmecmubim.
DTO 3aBepIIaeT BTOPOE T0Ka3aTelbCTBO Teopemblt Komnaxmmocmu. O

CaeacrBue 2.2.0.1. Jasn w060t gopmyavt A a3vika Lgp u das 4106020 MmHoxce-
cmea gopmya I' amozo A3bika umeem mecmo caedyouas 3K6UBAALEHMHOCTIb:

dopmyaa A asasemes socuneckum caedcmeuem muoxcecmea gopmya I' moeda
U MoAbKO M020a, K020a 0HG ABAAEMCA AOLUUECKUM CACICTBUEM HEKOTOPO2O KO-
neuno2o nodmuoxcecmsa I'y muoxcecmsa dopmya I', m. e.

reA <= T Em A

Adoxaszameanvcme o. Ecm popmyra A ABiseTcsa JOTHIECKAM CIeICTBICM
HEKOTOPOT'0 KOHEIHOTO TOAMHOXKeCTBa 'y MHOxKecTBa dhopMmya I, TO, 09eBHIHO,
dopmyaa A ABrgeTcsa JOIMYECKAM CICICTBEEM U MHOXkKecTBa dopmy. L.

[IpeAmoIoKuM Teneps, 9To0 ¢popMya A aBigeTcsa JOrnIecKuM CIeCTBIEM MHO-
x)ecTBa dopmy.a .

Torga muOXkecTBO popmya I' U {(—.A)} He ABIgETCA COBMECTHBIM, 3HAYUT, 10
Teopeme KomMNaAKMHOCTIU HANIETCA TaKoe KOHETHOE IIOAMHOXKECTBO 1) MHO-
xectBa Gopmya ') uro muoxkecTBO dhopmya ['gU{(—.A)} He aBrseTcs coBMeCTHBIM.

3HauwuT, 1A a060u umHTepnperanuu ¢ uz toro, 4ro ¢(Iy) = U cregyer, uro
p(=A) = JI, 1. e. uto (A) = U, nosromy dopmyna A ABigeTca Ja02uueCKUM
caedemeuem KOHETHOrO MoAMHOKecTBa ['g MHOKecTBa hopmy.r [ [

CraemraeM HEKOTOPBIE MOACHEHUS IO MOBOIY UCIOAb30BAHUA TEPMUHA ~ KOMNAKIM -
Hnocmsw.”

HamoMHIM HEKOTOpPBIE TOMOJOTTYeCKHUe IIOHATHA U ONPeAeIeHUsA, TACTUIHO YKe
paccMaTpHUBABIINECS B IIEPBOU IVIABE.

Omnpegenenune 2.2.11. Tonoso2uueckoe npocmpancmseo #a3vi8aemca KOMNAKIM-
HBIM, ECAU A1000€ €20 NOKPLIMUE OMKEPLIMbLMY MHONCECTEAMU COOEPHCUTN, KOHEU-
Hoe nodnoxpvimue.

OTO OmpeeNeHrne KOMIAKTHOCTHA PABHOCHIBHO CIEYIOMIEMY OMPeIeIeHnI0, OCHO-
BaHHOMY Ha WCIMOJIb30BAHUU BMECTO OTKPBITHIX MHOXKECTB 3aMKHYTBIX MHOXKECTB.

Omnpepenenne 2.2.12. Cemeiicmeo R nodmmoxrcecms mmuoxcecmsa X Ha3vbi6aemcs
YEHMPUPOBAHHBIM, ECAU HENYCMO NEPECEUEHUE 400020 KOHEUHO20 UUCAGL MHO-
scecme u3 cemeticmsa R.
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Onpegenenne 2.2.13. Tonoso2uueckoe npocmpancmso Ha3bl8AEMCA KOMNAKIT-
HBIM, €CAU 41000 YEHMPUPOBAHHOE CEMEUCMBO €20 3AMKHYMBIE NOOMHONCCCME
UMEEM, HENYCMOE NEPECEUCHUE.

O6o3uatuMm depes U mHuoducecmaeo acex unmepnpemayutl a3uika L p.

Hageaum muox)ecTBO U CTPYKTYPOU TOIOJIOTHYIECKOrO IpocTpaHcTBa. Kak m3-
BECTHO, /s DTOTO0 JOCTATOYHO OMPENETUTh MOHATHE 3AMKHYIMO20 MHOXKECTBA.
Torma omkpwimbie nodmmodcecmsa onpedessromes Kak 00NOAHMEHUS 3AMKHYMbLE
NOOMHONCECNB.

HamomuuM, 9T0 11 IPOM3BOILHON HHTEPIPETAINA A3BIKA L 75 1 IPOX3BOJBLHO-
ro muoxkecTBa [' popmy sToro s3eika 3anucek ¢(I') = U o3nadaer, 9T0 111 10601
dopmyasr & uz muoxkecrsa [ BeimoanHsercsa paserncro p(P) = .

Omnpegenenne 2.2.14. [Hodmnoncecmso X muoxcecmsa U nazosem 3amMKHYmMbLM,
ecau natidemes maxoe nodmmoxcecmso I mmoxcecmea dopmya Fpp aszvika L g,
wmo

X ={¢ |l = u.

[TpoBepum, 9TO TpU TAKOM OTPEIETCHUN TMOHATHUA 3AMKHYTOTO MHOXKECTBA BbI-
HMOJTHAIOTCA aKCUOMBI TOMOJOTTYIEeCKOTO MPOCTPAHCTBA!

1) mycToe MHOXKECTBO U BCEe MPOCTPAHCTBO ABIAIOTCA 3AMKHYTBIMEA MHOXKECTBA-
MU;

2) mepecedenue JOOOr0 CeMENCTBA 3AMKHYTHIX MHOXKECTB 3aMKHYTO;

3) oOBeqMHEeHNe IBYX 3aMKHYTHIX MHOXKECTB 3aMKHYTO.

Jlerko IMOHATH, YTO BHIIIOJHAIOTCA paBEHCTBa

1.
D ={¢ | p({(A&(-4))}) = U},

U={¢l»{(AV(=A))}) = U}
2. Ecin (X;)jer — IPOM3BOIBHOE CeMENCTBO 3AMKHYTBIX MHOXKECTB U

Xi ={p | o) = 1},

TO

X = {¢ | () = 1},

el i€l

3. llycts X; (i = 1,2) — ABa NPOU3BOIBHBIX 3AMKHYTHIX MHOXKECTBA U
Xi ={o| i) =1}
O6o3uatnm depes 'y V 'y crenyromee MHOX)KeCTBO (hopMyT A3bIKa L g

{(PyVDy) | Py eTy,Pyely}.
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HeTpyaHO MOHATH, YTO BBIMOIHAETCA PABEHCTBO

[TosTomy muoxcecmeo U emecme ¢ onpedesennoti eviure cucmemoti 3amxnymls
NOOMHONCECTNE ABAACTMCA MONOAOUYECKUM NPOCTPGHCMEOM.

[Tokaxkem, uT0 oKazaHHasd Bhile Teopema kKomnaxmuocmu aid a3uika L g
YCTAHABAUBAECT KOMNAKIMHOCTMb DTOTO TOMOJIOTHIECKOTO TPOCTPAHCTBA.

B camom nene, myctb R = (X;)ic7) — IPOM3BOIBLHOE YEHMPUPOBAHHOE CEMEN-
CTBO 3aMKHYTBIX MMOIMHOXKeCTB mpocTpancTsa U.

Torma mpum m060M ¢ IIA4 TOIXOIAIIET0 MHOXecTBa ['; ¢popmyn a3bika L g BBI-
MOJHAETCSA PABEHCTBO

Xi ={¢| ol = N1},
[l1sa ycTaHOBIEHUA KOMIIAKTHOCTH pocTpancTBa U HE0O6XOIMMO TTOKA3aTh, 9TO
el

T. €. 9TO
{o ] Jr) =1u}+#0.
i€l
[pyruMu croBamMu, TpebyeTca yCTAaHOBATH COBMECTHOCTh MHOXKECTBA (DOPMY.I
Ur.
el

[Iycts [' — mpousBoIbHOE KOHEUHOE TTOIMHOKECTBO STOI'0 MHOXKECTBA.
Torga HamgeTca Takoe KOHeuHOoe IOIMHOXKeCTBO Iy MHOXKecTBa, I, 9TO

Tax xak (X;)icr) — UEHMPUPOBAHHOE CEMENCTBO MHOKECTB, TO

X # 0.

S0
Ho
N Xi={¢ |1y =nu}.
ielp i€l
[TosTomy
{o eIy =nu}#0,
S0
T. €. MHOX€eCTBO (popMy.a
Ur
i€lp
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COBMECTHO.
[TopToMy coBMeCTHO m MHOXKeCTBO (opmya [
Tax Kak MBI YCTAHOBUIN COBMECTHOCTBH JIO0OT0 KOHEYHOT'O TMOAMHOXKeCTBa [’

MHOXKeCTBa (POPMYI
U Fia

el
TO IIO Teope./ne romMnaxrmHocmu COBMECTHO U CaMO 3T0O MHOXKECTBO Cl)OpMyJI

Jr..

i€l
SHAYNT,
{o]e(Jr) =1} #0,
el
MORTOMY
() X: # 0.
el

TpaauuuoHHO B OmpeeqeHne KOMIAKTHOIO MPOCTPAHTCTBA BKIIIAETCA aKCU-
oma omdeaumocmu Xaycaopda:

Oas A00bIT JBYT MOUEK MONOAOUUECKO20 NPOCMPAHCMEA HATIYMCAs codeprca-
wue ur HENEPeCcerOUUECS OMEPLIMbLE MHOHNCECMBA.

[TokaxkeMm, 9TO M1 MPOCTPAHCTBA MHTEPIPETAINN BLIIOJTHACTCA aKCHOMA OTIe-
JUMOCTH.

[TycTs 01, Yo — ABE pA3IUYIHBIE UHTEPIPETANNN, TOT1a, HAMJIETCA TUCTO | TAKOE,
9TO

e1(Ai) # pa(4)).
[Ipeamomoxum, ITO
p1(Ai)) = U, po(Ai) = JL.

PaCCMOTpI/IM 3aMKHYTBEIE MHOXKECTBa

Fr={¢|p((-A)=1}, Fr = {¢| p(A) =0}

Ilomaraem
U, = U\Fl, U, = U\FQ

Torma Uy, Us — omkpbimbie mMHoxicecmea n

©1 EU1, ©2 EUQ, UlmU2:®.

TeMm caMbIM YCTaHOBJIEHA KOMIIAKTHOCTBH IIPOCTPaHCTBA U I/IHTepHpeTaHI/Iﬁ A3BI-
Ka LJIB.

3aMeTumM, ITo III J000u (POpMYJIl A BHIIOJIHAECTCA PABEHCTBO
{olp(A) =1} = U\{¢|p((mA)) = 1},
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HOBTOMy MHOXKEeCTBO
{olp(A) = 1}

ABAAENCA 0OHOBPEMEHHO 3AMKHYMBIM U OMKPLIMBIM.
13 mocregrero, o4eBUIHO, CICAYET, UITO IPOCTPAHCTBO MHTepuperanun U we
ABAAECMNCA CBA3HDIM.

2.3. Ucuncaeuue Boicka3bIiBaHUM

Aagasum Hcuucaenus Buicka3vieanuti Y yyp coBnagaer ¢ Aagdasumom
Jloeuxu Buicka3vieanutl X ;5.

[Touatue gopmyavt Hcuucaenus Bvicka3wvieanutl coBIATaeT ¢ MOHATHEM
dopmyavt Jo2uru Bwvicka3wvieanuti, T. e. a3vik Lyp Hcuucaenus Buvicka-
3vteanuti cosnadaem ¢ asvikom L g Jloeurku Buvicka3dvieanuti.

Temeps MBI HmpHCTymaeM K ONpeIeJeHHIO IBYX BayKHeWmnxX mnoHaTun Mcuu-
caenus Buickaswvieanut — nouatus BBIBOJAA u noustus BBIBOAUMOH
DPOPMYJIBI.

Axcumomsblr Ucuncienusa Bricka3biBaHUN

s npousBoabubix (popmya A, B, C Hcuucaenus Bovicka3wviéanuti nob6as
(popmy.aa TI060T0 YKA3AHHOTO HUXKe BUIA ABIAeTCA Jlo2uueckotli Axcuomoti Uc-
yucaenus Bovicka3swvieanuil.

L.

Ll. (A— (B— A)).
[2 (A= (B—=C)—=(A—=B)—=(A=0)).

[T, .
IL1. ((A&B) — A).
I1.2. ((A&B) — B).
I1.3. (C = A) = ((C = B) = (C = (A&B)))).

II1,,.
L.1. (A— (AV B)).
I11.2. (B — (A V B)).
3. (A—=C) = ((B—C) = ((AVvB) = (C))).

V..
IV.1. (A= (-B)) = (B — (=A))).
IV.2. ((~(=A)) = A).

IIpasuaa Brisoga Ucuncaenua BrickazbpiBanuu
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B Ucuucaenuu Bwicka3vieanutl ucnoab3yercs auiib oga0 IIpasuao Bui-
6oda — ITpasuao Omdeaenus (Modus Ponens).
Kpatko »To mpaBmio 6ygem o6o3HaYaTh epe3 MP:

A, (A — B)
B

DTa 3amuch o3HAYaeT, 9To no npasusy MP uz gopmys A u (A — B) noayua-
emca gopmyaa B. Ipu sTom dpopmyast A u (A — B) HasLIBAIOTCA NOCLIAKAMU
npasuaa MP, a popmyaa B — ero 3axarouenuem.

BriBog u BeIBOJ M3 MHOXKeCTBa (popmy.a

Onpeneneunne 2.3.1. Bvisodom 6 Hcuucaenuu Boicka3vieanutl 1na3vis8aemcs
400058 KOHEUNAS NOCAELI06AMEALHOCTD

B, ..., B,

Popmys Ucuucaenus Bovickasviganut, ydosiemeopaowas ciedyouemy ycaio-
8UI0:

das moboeo i (i=1,..,n)

AU60

1) gopmyaa B; aeasemes Joeuueckoti Axcuomotli Ucuucaenus Bovicka-
3bl8 aH U,

AU60

2) natidymea wucaa j u k mewvwue, wem i, maxue, umo gopmyaa B; noaywaemes
u3 gopmya B; u By no npasuay MP.

Onpeneneune 2.3.2. @opmysa B nasvisaemcs evisodumoti 6 Hcuucaenuu
Buvickasvieanuti, ecau cyuecmsyem Boieod 6 Hcuucaenuu Bovicka3vieanuti

Bla Ly Bna

oxanuusarwulica gopmysot B.

Breipaxenue Fyp A CIyXKUT COKpAIEHHOU 3aMUCHI0 YTBEPXKIEHUA ~ hopmyaa
A evisoduma 6 Hcuucaenuu Bwickasvieanul’. B garpHenmeMm mis cokpa-
meHns uHIeKc MB OymeM omyckaTb, T. €. BMeCTO Fyp A OygeM mumcaThb MpoCcTO

- A.

Teopema 2.3.1. Jas awobot gopmyavt A gopmyaa (A — A) swsoduma 6 Ucuu-
caenuu Buickasvieanuil.

HJoxaszameawvcms o Urobe mokasars, uro popmyaa (A — A) ébieodu-
ma 8 Ucuucaenuu Bwvickaswviearutl, HeoOX0IUMO TOCTPOUTEL BHIBOJ, OKAHIN-
BAIOIINUCA >TOou (pOPMY.JIoH. B KadecTBe TAKOrO BHIBOAA MPEAJAraeTCA CIeIYIOMAs
MIOCIeT0BATEIbHOCTE (POPMY.I:
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62.3 Ucuncrenne BrickaszsiBanun

(A= (A=A > A)) > (A—>(A—>A) = (A — A))) - aoruueckas
akcuoma, [.2,

2) (A— ((A— A) — A)) — moruveckas akcuoma 1.1,

3) (A= (A— A) - (A— A))) — moryuaerca u3 2) u 1) no npasuty MP,

4) (A— (A — A)) — normueckas akcuoma 1.1,

5) (A — A) — noayaaercs u3 4) u 3) no npasury MP. O

[TpuBeenHOE MOKA3aTEIBCTBO MOKA3BIBAET, UTO YCTAHOBIEHUE BBIBOIMMOCTH
Jaxke TOCTATOYHO MPOCTHIX (hOPMYJT — mporece BecbMa Tpygoemkui. C meabio 06-
JervdeHns M3ydeHus oTHoumeHusa — A BBemeM n m3ydum 6ogee oOInee MOHATHE, TeM
nouaTue Boieoda 6 Hcuucaenuu Bovickasvieanuti — nouarue Bovieoda 6 Hc-
yucaenuu Bvicka3visanuti u3 MmHoMcecmesa 2unomes.

[Tycts [' — mpousBorbHOE MHOXKECTBO (hopMy.T. POPMY.IBI 13 MHOXKeCTBa [’ 6y 1em
Ha3BIBATH 2unome3amu. CMBICT DTOr0 HA3BAHUA MPOACHUTCA MO3KE.

Onpenenenune 2.3.3. Bvisodom 6 Hcuucaenuu Bwicka3wvieanuti u3 mmo-
acecmea opmya I’ nasvieaemcs 410004 KOHEUHAA NOCACIOBAMEALHOCTTID

B, ..., B,

Popmys Ucuucaenus Bovickaswvieanut, ydosiemeopaowas caedyouemy ycao-
BUI0:

das mobozo i (i=1,...,n)

AU60

0) B, €T,

AU60

1) gopmyaa B; asasemes Jocuueckoti Axcuomotli Ucuucaenus Bovicka-
3bl8an U,

AU60

2) natidymes wucaa j u k mewvuwiue, wem i, makue, umo gopmyaa B; noayuaemca
u3 gopmya B; u By no npasuay MP.

Omnpepenenne 2.3.4. Popmysa B wnasvisaemcs evisodumoti 8 Hcuucaenuu
Buicka3wvieanuti u3 muoacecmea gopmya ', ecau cywecmsyem Bwuieod e
Hcuucaenuu Bovicka3vieanuti u3z mrosxicecmea gopmya I’

Bla ) Bna

oxanuusawutica gopmyasoi B.

Breipaxenne I' Fjyp A CIyKUT COKpAIIEHHON 3aINCHI0 YTBePXK IeHuA ~ fopmyaa
A sbieoduma 6 Hcuucaenuu Bouicka3vieanuti u3 muoxrcecmaa gopmya 1.
U BHOBB mHIeKC M B He OyaeM MUCATD.

Eciu ' w A — gBa mpom3BOJBHBEIX MHOXKeCTBa (popmya, To 3amuck [ A o3Ha-
YaeT, ITO 4100a4 Popmyia u3z muoxcecmaa A svisoduma 6 Ucuucaenuu Bovicka-
3vt8anutl u3 muoxcecmsa gopmya L.
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Teopema 2.3.2. FcaulT'F Aul C Ty, mo'} F A
EcauT'y F A, mo natidemea woneurnoe noomuoxcecmeso I' mnoscecmea I'y ma-
xoe, umo ' F A.

Adoxaszameawvcmeo EcmID CI'y, To mobon ebisod uz muoxcecmsa gop-
mya I 6yger svisodom u uz muoxcecmsa gopmya I'y.

Ecmmu I'y = A u By, ..., B, — BeBoa popMmyant A u3 MHOXKecTBa dhopmya [y, To B
kadecTse [ MoxkHO B3aTh [y N {By, ..., B, }. O

Jlemma 2.3.1. Ecau Ty FBulyU{B} A moTy Uy - A

Adoxaszameawvcmso. [lycte Dy: By, By, ..., B, = B — BeBOox popmyasr B
u3 MHOXKecTBa (popmy. ['.

[lo mpomsBoabaOMy BhiBOay D: Ay, A, ..., Ay = A dopmyasr A u3 MHOXKE-
crBa popmya I'y U {B} mocrponmm BriBox D*: Af, A3, ..., Ay = A dopmyrsr A u3
MHOX)ecTBa dopmy.a 'y U s,

s mpousBoabrOro i (i = 1,...,n) 3amMenuMm B BbiBoje D BXox nenue Gpopmy.st A;
HEKOTOPOH MOCICIOBATEIBHOCTHIO (POPMY.T ¢ COOTBETCTBYIOMIMMI KOMMEHTAPUAME
0 CIeAYIOMIEeMY IPABILILY

ecan

0) A; € Ty U{B}, To B cayuae A; € T's Bxoxkaenue gpopmyast A; He MeHIETCA,
a B ciyaae A; € {B}, 1. e. A; = {B}, 3amensem Bxoxgenue dopmy.abl A; Ha

nocaeoBaTeIbHOCTE Gopmya By, B, ..., B, = B = A;, ABIAIOMYIOCA BBIBOLOM
dopmyast B = A; uz Mmuoxecrsa ¢popmya ['1, ¢ COOTBETCTBYIOMIMM KOMMEHTAPUEM,
ecan

1) popmyaa A; asaserca Jlo2uueckotl Axcuomoti Ucuucaenus Buvicka-
3vt8 aHutl, TO BXOXKgeHne Gopmyabl A; 1 COOTBETCTBYIOIMEA € KOMMEHTApPUU He
MEHAIOTCA,

ecaIu

2) HAMAYTCA YUCaa j U Kk MeHbIIWe, 9eM i, Takue, 9To popmyaa A; morydaercsa
u3 dopmya A; u Ay, mo npasury MP, To Bxoxaenue ¢popMy.sl A; He MeHAeTCA, a B
COOTBETCTBYIONIEM €l KOMMEHTAPUN MEHAIOTCA JUIIL HOMepa (pOPMYJI, 13 KOTOPBIX
noxygaerca gpopmyaa A;. O]

Teopema 2.3.3. FcauT' FA uloyUAFA mo 'y Uy - A.

Adoxaszameanbcme o B cury npegblayinern TeOpeMbl MOXKHO CIATATH, ITO
MHOXKECTBO A KOHEYHOE, MOITOMY I0KA3aTEAbCTBO JErKO MOIYYACHTCA U3 TPeIbi-
IYIIEN JeMMbI MHIVKIIIEN 10 IUCIy (GOpMYyJa B MHOXKeCTBe A. O

3amedanue. B ganbHenmeM mo CI0XUBIIENCA TPAJALAA BMECTO 3alUCH
Hul,FA

6y,z(eM HCIIOJABb30BaTh 3aIlllCh

FI;F2 - Aa
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d BMECTO 3allucCu

I, {B}+A-

3aIINUCh

I',BF A.

Temepb MBI TOKaXeM TeOpeMy, KOTOpas 3HAYUTENIbHO 00Ier1aeT u3ydeHne OTHO-
menus [' - A. Or1a Teopema HOCHT crnenuanbHoe HasBanue Teopema dedyruyuu.

Teopema [Mexykuuu. Ecau T, A+ B, moTF (A — B).
O6pamno, ecau T'+ (A — B), mo ', A+ B.

doxaszameanbcme o Ilpegmoroxum, uro I', A F B. ITokaxem, 910
I'-(A—B).

ycte By, ..., B, — BeBox dopmyasr B uz muoxecrsa I' U {A}.

Nuaykiuen no @ nokaxem, uro I' - (A — B;).

B coorBercTBUN C ompexereHneM HOHATHA ~ Bwuieod u3 muodicecmea gdop-
MYa” BO3ZMONKHBI CAEAVIONINE TPU CIYIAs:

0) B;eTU{A}.

Ecm B, € I', ro I' - B;.

Kpowme Toro,

F(B; — (A— B;)).

Tak Kak

TO o Teopeme 2.3.3 moaydaeM

Ecmm xe B; € {A}, To B; = A.
Torga mo Teopeme 2.3.1

3HAYUT,

1) B; — normdeckas akCuoMa.
Torga I' - B;.
Kpowme Toro,

F(B; — (A— B;)).

Tak Kak

TO o Teopeme 2.3.3 moaydaeM
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2) Hanmgyrcs qucia j u k, Menbmme i, Takue, 9To dpopmyaa B; morydaercsa u3
dbopmya B; u By, mo npasuty BeiBoga MP.
Torza
Bk = (B] — Bz)

[To vHAYKTUBHOMY MPEANOIOKEHUIO UMEEM

'+ (A — Bj),
I'E(A— B,
T. €
Tak xKak

F((A—= (B = B;)) = (A= B;j)) = (A—B)

(A= (B = By)), (A= Bj) = (A= By))),
TO O TeopeMe 2.3.3 moaydaemM

[Tpu ¢ = n mony4uaem

I'-(A— B).

[l1s1 mOKa3aTeabCTBA BTOPOU ACTH TEOPEMBI MPEAMOJ0KIM, ITO

I'(A— B).
Tak xak
AFA
n
A, (A— B) F B,
TO IO TeopeMe 2.3.3 moJayvIaeM
A - B
DTO 3aBepIIaeT J0KA3aTEIbCTBO TEOPEMHI. O

Teopema 2.3.4. [Jas mobviz gopmys A u B

A, B - (A&B).
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Hdoxaszameanvcme o Wcmonesys akcuomy I1.3.
(C—=A) — ((C—B) = (C— (A&B))))
u BTopyio 1acte Teopemwvt Jedyryuu, noryiaem
C, (C— A, (C— B)F (A&B).

Tak Kak

AF(C—A), BF (C—B),

TO, BOCITOJIb30BABIINCH TeopeMon 2.3.3, MOoIyIuM
C, A B+ (A&B).

Bzas B kadecTse popmyast C 1100yi0 8b1800umyio B Ucuucaenuu Boicka3bvieanut
(GopMy.Iy 1 BOCIOIB30BABIINCH TEOPEMON 2.3.3, TOLYIUM

A, B F (A&%B).

[Tpumenus nBa pasa Teopemy dedyxyuu, moayanm
Caeacrue 2.3.4.1. Jas mobvix Gopmyas A u B
F (A — (B — (A&B))).

Teopema 2.3.5. Jas awovix gopmys A u B u awboeo mmuoxncecmea dopmyas T
UMEEM. MECTNO IKEUBAACHIMHOCTD:

r-A « I'B
moeda u moavko moada, ko2da
'+ (A&B).
Hdoxaszameavcms o Ecmm
'-A u I'F B,
TO, IPUMEHUB TeopeMbl 2.3.3 n 2.3.4, moxydnMm
'+ (A&B).
[lnsa nokazaTeabcTBa 0OPATHOTO YTBEPKACHUA MPEIIONOKUM, ITO
'+ (A&B).
Ucnoabsys sorudeckue akcuoMer 11.1 u I1.2 u Teopemy dedyryuu, noryiaem
(A&B) H A un (A&B) + B,
MOPTOMY TIPUMEHUB TeopeMy 2.3.3, TOJyInM

'rA u '+ B
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Teopema 2.3.6. Jas 060t Gopmyav, A
F (A= (=(=A))).
Joxasameanscmso. Jormaeckas akcnoma IV.1 gaer
F((0A) = (2A) = (A= (=(=A)))).
Otkyza no Teopeme Jedyryuu norydaen
(2A) = (2A) B (A= (2(=A))).

[To Teopeme 2.3.1

[Tpumenus Teopemy 2.3.3, noaydum

O

[ mob6sx 1Byx dopmya A u B sanucek A <> B GyaeT CIyXHUTb COKPAIIEHHBIM
oOo3HaveHNEM (POPMYJIBI

(A= B)&(B— A)).

CaeacrBue 2.3.6.1. Jas aw6oi gopmyavt A u awboeco mmoxcecmea dopmys T
uMeeM

1) At (=(=A)),
2) (~(=A)) F A,
) THFATF (=(-A4),
4) F (A& (=(=A)).
Hdoxazameavcmso. 1)B cury npegpiaymen reopemsr 2.3.6
F (A= (=(=A)),
nostomy o Teopeme [edyrkuyuu moaydaem
2) Bocmoap30BaBmuCH JTOrmdecKon akcuomon 1V.2, moaydaem
F((=(=A4) = A),
npumenerne Teopembt Jedyryuu naer

(—~(—A)) F A.
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3) ycts T' - A.
Tax xak At (=(=.A)), To mo Teopeme 2.3.3 moaydaem

L' (=(-A)).

AHAIOIMYHO TOKA3BIBACTCA OOPATHOE YTBEPK ICHNE.
4) Tax xak

= (A= (=(=4),
= ((=(=A4) = A),

TO 1o Teopeme 2.3.2 moaydaeMm, 9TO

= (A= (2(0A)&(((mA) = A),

= (A & (=(=A4).

Teopema 2.3.7. s mobviz gopmya A u B
A, (-A) F B.
Mdoxaszameanncms o Jlormieckas akcmoma [.1 maer
F((=A) = ((=B) = (=A))),
mo Teopeme [dedyryuu moryiaem
(=A) E((=B) = (=A)).
Jlorndeckas akcumoma IV.1 gaer
= (((=B) = (=A)) = (A = (=(=8)))),
mo Teopeme [dedyryuu moryiaem
((=B) = (=A)) F (A = (=(=B))).
[Tpumenasa Teopemy 2.3.3, moaydaeM
(=A) F (A= (=(=B))).
[To Teopeme edyryuu norydaem
A, (=A) F (=(=B)).
B cuiy myHKTa 3) ONpeaBlAyIIero CJAeJCTBUA MOTYIaeM

A, (~A)F B.
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Omnpegenenne 2.3.5. Muoxwcecmso gopmya ' nasvisaemes npomueopeuussvim,
ecau natidemes maxas Gopmyaa A, umo

r-A u TF(-A),

68 NPOMUBHOM CAYUYAE MHOHCECITLEO gﬁOp.MyJL I' naswvisaemceas HENPpOMUBOPDEUUBDLIM.

CaeacrBue 2.3.7.1. Ecau I' — npomusopeuusoe muoxcecmso dopmya, mo 0as
000t popmyavt B
I' - B.

dorxazameavcmso Ecm[' — nporuBopedmBoe MHOXECTBO (POPMYJI, TO
HauaeTcs Takas gpopmy.aa A, 910

[Tycte B — mpousBoasuas gopmyaa. [To npensraymen Teopeme 2.3.7
A, (-mA) - B.

[TosTomy mo Teopeme 2.3.3
'+~ B.

Caeacrsue 2.3.7.2. Jas mobvix Gopmyas A u B

DE A= (=4 =B),  2)F (A = (A= D)),
3)(AL(-A) F B, 4)F ((A&(-A)) = B).

Hdoxasameawvcmso. 1) Tak kax
A, (mA) + B,
TO, mpuMeHaAsa 1Ba pasa Teopemy Jedyryuu, moaydaem
- (A— ((nA) — B)).
2) AHaTOrmYHEIM 06PAa30M yCTAHABIUBAETCA, ITO
= ((mA) — (A — B)).

3) Tax kax

(AL(-A) F A, (AL(=A)) F (0A),
TO U3 MpeaBIIyIIen TeopeMbl 2.3.7 1 TeopeMsl 2.3.3 moaydaeM
(A&(—A)) - B.
4) lpnmvensas Teopemy Jdedyryuu, n3 OpeIbIIYIIEr0 YTBEPK TCHUA MOTYIAeM

F ((A&(—A)) — B).
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Crenyromas TeopeMa anasorndna Teopeme komnarxmuocmu nis Uecuucae-
Hus Bvickasbieanutl.

Teopema 2.3.8. Muosxcecmeo popmya I' azvika Lgp sasasemces wenpomusopeuu-
8blM M020G U MOALKO M0206, K024 ABAAEMC HENPOMUBOPELUUBHIM A1000€ €20 KO-
HEUHOE NOOMHONCECNBO.

doxaszameanbcms o EcammHekoTopoe moaMHOX)ecTBO ['1 MHOXKecTBaA dop-
myn [N s3vika Ljp ABIAETCA NPOTUBOPEYUBBIM, TO BO3bMEM Takyio (gopmy.ay A,
9To

Fl l_ A n Fl l_ (_‘A),

HO TOT'1a

TFA n Tk (mA),

T. €. ¥ caMO MHOXKecTBO (opmy. [ aBIsgeTcsa mIpOTUBOPEINBEIM.
Ecan nmporuBopevnBbiM sABAseTCA caMoO MHOXKecTBO dopwmy.a [ asweika L g, TO
BO3BMEM TaKyio (popmy.ry A, 9To

[Iycts D — BuiBox m3 MHOXKecTBa gopmya I ¢popmyast A, a Dy — BHBOI U3
MEOKecTBa popmya I popmyasr (—A).

Ecmu 'y — 5170 MHOXECTBO Bcex (popmy.t u3 MHOXKecTBa [, Bxoaamux B D uin B
D+, TO, 0EBUIHO,

Fl l_ A u Fl l_ (_'A)

Ocraercsa 3ameTuTsh, 910 ['| — KOHEIHOE MHOXKECTBO (POPMY.I. U

Teopema 2.3.9. Jas amobviz gopmyas A, B u C
(A= B), (B—=C)F (A—C).
Hdoxaszameadvbcms o Ilokaxem, IT0
A (A= B), (B—C)FC,

a 3arem npumenum Teopemy Jedyruyuu.
O6o3uaanm wepes [ MHOKECTBO (hopMyT

{A, (A— B), (B—=0C)}.

Tak Kak

r-A n I'- (A— B),

TO

'+ B.
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A Tak kak, Kpome TOTO,

'+ (B—C),

TO

'+ C.

Kak yxe oTmedanoch BbIIE, 118 3aBEPIICHUS T0KA3aTEIbCTBA OCTAETCA BOC-
noas30BaThCsa Teopemot edyryuu. [

Caeacrsue 2.3.9.1. Jas aooviz gopmya A, B, C u a06020 mnoxcecmsa Gopmya
I': ecau

'rA—-B) v 'k (B—>C),

'+ (A—20).

Adoxazameavcmso. [ra gokazaTeaibCTBa JOCTATOYHO BOCIOJIb30BATHCS
TOJBKO UTO TOKa3aHHOU Teopemon 2.3.9 u Teopemon 2.3.3. O

Caenytomas TeopeMa MO3BOIAET MePECTABIATH MOCHLIKH.

Teopema 2.3.10. Jas awoviz gopmyas A, B u C
A= (B—=C)F (B—(A—=C().
doxazameancmse o llokaxkem, 9T0
A B (A= (B—=C)) F C,

a 3areM nBa pasa npumenuMm Teopemy edyryuu.
O60o3na1nM 1epe3 A MHOXKECTBO GOpPMY.T

{A, B, (A— (B—=C())}.

Torga
AFA n AF (A— (B—0(),
O TOMY
AF (B—=C).
Tak kak, KpoMe TOTO,
A+ B,
TO
AFC.

Nrak, tokazaHo, 9TO

A B (A= (B—=C)) F C,
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nosromy o Teopeme [Jedyryuu
B, (A= (B—=C)) F (A—C).
Eme pas npumenss Teopemy Jdedyryuu, moaydaem
(A— (B—=C)F (B—=(A-=0()).
O

CaeacrBue 2.3.10.1. /Jas ao6vix popmyas A, B v C u 4106020 muoxcecmea Gopmya

I': ecau
' (A— (B—20(C)),

' (B— (A—=0C)).

doxaszameanbcme o crenyer u3 upegbiayinen Teopemsl 2.3.10 1 TeopeMsr
2.3.3. O

Crenyolee CIeICTBUE MO3BOIAET 00BEIUHATH MOCHLTKH.

CaeacrBue 2.3.10.2. Jas aobviz gopmyas A, B, C u arwbozo mmoxrcecmea dopmyn

I': ecau
' (A— (B—20()),

'+ ((A&B) — C).
Hdoxaszameavcms o Ecmm
' (A— (B—2()),

To no Teopeme [dedyruyuu
I, A BFEC.

Tak xak, kpome TOrO,
AB A n A&B F B,
TO, MpUMeHAA Teopemy 2.3.3, moIyIaeM
I, (A%B) I C.
[Tpumenus Teopemy /[edyryuu, moayInm

I F ((A&B) = C).

CJIG,Z[yIOIIIee CJlIeJCTBUE MO3BOJAECT Pa3beINHATH IMOCHLIKA.
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Caeacrsue 2.3.10.3. Jas awbvix gopmya A, B, C u ar06020 muoxcecmsea dopmya
I': ecau

I F ((A&B) = C),

' (A— (B—C)).
Hdoxazameandvcmso Ecin
'+ ((A&B) — C),
To o Teopeme [edyruyuu
I, (A&B) + C.

Tak kak, KpoMe TOTO,

A, B F (A&B),

TO, IpUMeHAA TeopeMy 2.3.3, moaydaem
I, A B C.
[Ipumenus Teopemy /edyryuu, mOIyIIM

r-(A—-(B-=0).

Teopema 2.3.11. Jas awobviz gopmyas A u B
1. ((=B) = (=A4)) F (A= B),
2. (A= B) F ((=B) = (—A)).
Adoxaszameanvcmeo. 1. Ucmoapsya dorudeckyto akcuomy [V.1, moaygaem
= ((=B) = (mA)) = (A = (=(=B))))-
[Ipumenus nBa pasza Teopemy /[edyryuu, MOIyIIM
(=B) = (= A)), A F (=(=B)).
Torga B cuny caemcTBus Teopembl 2.3.6 moay4daem
(-B) = (mA)), A - B.
Ucnonbsys Teopemy Adedyxyuu, monydaem

(=B) = (=A)) F (A= B).
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2. Tak kak, 04eBUIHO, ITO
(A= B), A+ B,
TO B CIJIY CIEICTBUA TeopeMbl 2.3.6, moaydaem
(A= B), At (=(=B)).
[lo Teopeme [dedyryuu moryiaem
(A— B) F (A— (=(=B))).
Wcnos3ys morudeckyio akcuomy [1.1, morygaem
= (A= (=(=B))) = ((=B) = (=A))).
[To Teopeme Adedyryuu
(A= (=(=B))) £ (=B) = (-A)).
SHaYUT, Mo Teopeme 2.3.3

(A= B) £ ((=B) = (-A)).

Caeacreue 2.3.11.1. Jas wmobvix Gopmyas A u B
1.E (((=B) = (=A)) = (A — B)),
2. (A= B) = ((-B) = (—A))).

dorxaszameuawvcmse o. [lorydaerca npumenennem Teopemwut Jedyryuu.
O

CaeacrBue 2.3.11.2. Jas aobviz gpopmys A, B u a06020 muoxrcecmea gopmya I
UMEIOM. MECTNO IKEUBAACHITIHO CINU

1.T F (A — B) moeda u moavko moeda, xoeda I' = ((-B) — (—.A)).
2. T, A+ B mozda u moavko mozda, ko2da ', (-B) + (=A).

Teopema 2.3.12. Jas awbviz opmys A u B
A, (=B) F (=(A — B)).
Hdoxaszameuasvbcms o Tak kak
A, (A— B) - B,
TO 110 BTOPOMY CJIEJICTBUIO MPeILIIyInen Teopembr 2.3.11

A, (=B) F (=(A — B)).
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Caeacrsue 2.3.12.1. Jas awovix gopmys A u B
F (A= ((=B) = (=(A = B)))).

Adoxaszameanbcmse o [locrarouno nsa pasa npumenutsh Teopemy /edyk-
Yyuu. O

Teopema 2.3.13. Jas awbviz gopmys A u B
(A— B), (nA) —» B) - B.
Mdowrxazameancms o. [lo Teopeme 2.3.11 morydaem
((=A) = B) F ((=B) = (=(=A)))-
[To Teopeme fAdedyruyuu u3 >Toro ciegyer, 9To
((=A) = B), (=B) F (=(=A)).
[Ipumensasa caegcTBue TeopeMbl 2.3.6, moIydaemM
((mA) = B), (-B) F A.
[IpumenuB Teopemy 2.3.12 m Teopemy 2.3.3, moIyIuM
((mA) = B), (=B) F (=(A = B)).
[Tpumenus BTOpOE caegcTBue TeopeMsbr 2.3.11, moayunm

(mA) = B), (A— B) - B.

CaencrBue 2.3.13.1. Jaa amobvix popmys A u B
F ((A— B)— (((mA) — B) — B)).

Adoxaszameanbcmse o [locrarouno nsa pasa npumenutsh Teopemy /edyk-
Yyuu. O

Dopmyaa (A V (—A)) HOCHT HasBaHUNE 3AKOH UCKAOUEHHOZ0 MPEMbESO.
Caeacrsue 2.3.13.2. Jas wmoboti Gopmyavt A

- (AV (=A)).
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Mdoxazameawcm e o Ecmskatecrse popmyst B B3ars popmyay (AV (—A)),
TO MOTYHIIM

(A= (AV (2A4), (FA) = (A V (RA)) F (A V (2A).
3aMeTumM, ITo
F A=AV (2A)), F (A = (AV (RA))).
[TosTomy o Teopeme 2.3.3 moaydaem

- (A V (=A)).

CaeacrBue 2.3.13.3. Fcau ', B AuT,(-B)F A, moT - A.

Adoxasameavcmeo EcmD,BFAuTl, (-B)F A, tono Teopeme Ae-
dykyuu '+ (B — A) u T+ ((-B) — A). I ocraercsa BOCIOIb30BATHCA TEOPEMOK
2.3.4. U

[l1s1 TpOM3BONBHON MHTEPIPETAINN Y A3BIKA L g W 1A TPOU3BOJBLHOU (POPMY-
a6 A DTOro sS3BIKa MOJIaraeM

A= A, ecmm p(A) = U,
T (= A), ecm @(A) = JL

Teopema Kanabmapa. Ecau sce nponosuyuonasbmubie nepemenubie, 6Lodaujue 6
gopmyay A, codeprcames 8 cnucke Ay, ..., A,, mo

AL AL A

Hdoxaszameanbcms o llpoBegeM MHIYKINWIO O YUCTY k JOTHIECKUX CBA3OK,
BXOAAMUX B Gopmy.Iy A.

Eciu k=0, To A — 5T0 HEKOTOpasA MPOMO3UINOHAILHAA TepeMeHHas A;.

Ho Ttorga A’ = A u mokasbiBaeMoe yTBepXKIeHWE CIeIyeT U3 TOrO, ITO

A F A

CaeraeM MHIYKTUBHOE MPEANOJIOKEHNE, YTO TOKA3BIBAEMOE YTBEPXKICHNUE BhI-
MOMHAETCA MIA (POPMYJI, COMEPKAIIUX MeHee deM k JOTUIeCKUX CBA3O0K.

[IycTs Temepb gopmynaa A comepKuT k TOrT9IecKUX CBA30K, mpudem k > 0.

Torga ¢popmy.a A nuMeeT OAWH U3 CAETYIOMINX BUIOB:

1. (—lB), 2. (B V C),
3. (B&C), 4. (B = C).

[l1s coxparnenus 0003HAYEHUN TOJATAEM

I = {A],... A4}
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1. IIycrs dpopmyaa A nmeer sug (- B).
Ecan p(A) =1, To A’ = A.
Torga ¢(B) = JI, mosromy B' = (-B) = A.

[To vHAYKTUBHOMY MPEANOIOKEHUIO

r+ B,

THA T A

Ecmn o(A) =JI, o A" = (-A).
Torga ¢(B) = U, nosromy B' = B.
I[To MHAYKTUBHOMY MPEAION0KEHHIO

I+ B,

I' - B.
Torma mo caegcTBUio TeopeMbr 2.3.6
' F (=(-B)).
Ho A’ = (—=(—B)), snaunr,
r+-A.

2. A= (B—20C).
Jist GobIIeN HANIAIHOCTH [OCTPOUM CJIeIYIONUIYI0 TabIUIy, B KOTOPOH A CO-
kparmenus BMecTo (—D) numem D.

| B | ¢ | A | B | ¢ | A | Hwlykmuenoe | Hdorxazamv |
| | | | | | | npednoaorcenue | |
lu | u|uu|B|Cc| A| THEBTHC | THB=C |
|1 | U | W | B|C| A| THEBTHC | THMB-=C |
| u | 1| Ja| B|C| A| I+BILHC | T-B=0) |
||| u | B|C| A| IEBIHC | TH(B-C0) |

B cayuaax 2.1 u 2.2 no ungykTuBHOMY npeanonoxenuto ' - C. Tak kak
= (C — (B—C(C)),

To CH (B —C).
[TosTomy mo Teopeme 2.3.3 morydaeM,

'+ (B—0C).
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B caydae 2.3, Bocmoab3oBaBImcs Teopemon 2.3.12
B, (=€) = (=(B —=()),
WHIYKTUBHBIM TPEIIOI0KEHITEM
=B, Tk (=C)

u Teopemon 2.3.3 moIyIuM

' (=(B—C)).
B caygae 2.4 o uHAYKTHBHOMY mpeanoaoxkenuto I' - (=B), 4To BMecTe ¢
= ((=B) = (=€) — (=B)))

naer
L'E ((=C) = (—B)).

Orcioga mo cregcTuio 2 Teopemsr 2.3.11 moryaaem

't (B—C).

3. A= (B&C).

BHOBB paccMOTpUM BCIOMOTaTeJIbHYIO TaOJUILY

| B | C || A | B | C || A || Hnlykmusnoe | Hoxazamo
I I I | I | npednoaoacenue ||

| m ||y BJ|]C| A TEBTEC | TtH(B&C
|||y Bl cCc| A| TEBTEC | T'F(B&C)
| 1|y Bl C| A| THBTEC | TF(B&C)
L) r )y Bl C || AJ| TEBTEC | T'F(B&C)

B caydae 3.1 mo nHIYKTUBHOMY TP€IMOJOXKEHIIO
=B, TI'FC,

mo Teopeme 2.3.5 moaydaeM

I - (B&C).

B cay4dae 3.2 u3 Toro, 1To
F ((B&C) — B)
o caeacTBuio 1 Teopembr 2.3.11 moay4uaem
= ((=B) = (=(B&C))),
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9TO BMECTE C MHAYKTUBHBIM mpeanonokenneM [ F (=B) maer
' E (=(B&C)).
B caygasx 3.3 u 3.4 u3 Toro, ¥To
F ((B&C) — C)
o caencTBuio 1 Teopembr 2.3.11 morydaem
= (=€) = (=(B&C))),
9TO BMECTE C MHAYKTUBHBIM npeanonokenueM [ F (=C) maer

I - (~(B&C)).

4. A= (BVvC().

[TocTpoum BcmoMoraTenbHYIO TAOJIUILY

| B | C || A B | C || A || HAndyxmuenoe || Adorxazamv |
| | l l | l | npednoaoxcenue || |
| m || | B C | A | TEBTEC || THBVC |
|1 | m | nuj B| ¢ | A ]| TrBTFC | ITH(BVQC |
| m || | B|C | A TEFEBTIKC | I'F(BVC |
|| ot x| B|C | A TEFEBTFC | I'F(BVC |

B cryvasx 4.1 u 4.2 u3
F(C— (BVC())

no Teopeme [dedyryuu moryiaem
CH (BVC).

Omrcrona o nHAYKTUBHOMY npeamnoaoxenuio [ F C ¢ ucnoab3oBaHreM TEOPEMbI

2.3.3 nmoayvaem
I' - (BVC).

B cay4qae 4.3 u3
F(B— (BVC())

U UHIYKTUBHOTO TIpeamnoaoxenusa I F B aHAIOrTIHBIM 06pa3oM MoaydaemM
'+ (BVC).

Paccmorpuwm cayvan 4.4. Bocmoab3oBasmmucsk Jgormaeckon akcuomon 111.3, momry-
UM

F({(B—D)— ((C—D)— ((BvC)—D))).
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[To Teopeme edyryuu norydaem
(B—1D),(C—>D)F (BVC)— D).

[To Teopeme 2.3.7 (—=B), B F D, 9To BMecTe ¢ UHIYKTUBHBIM PEITOI0KEHTEM
I' F (=B) mo Teopeme 2.3.3 gaer

B+ D.
[lo Teopeme [dedyryuu moryiaem
'+ (B—D).
AHaTOrM9IHO TOKA3BIBALTCA, 9TO
'+ (C—D).
[TooTomy o Teopeme 2.3.3 moaydaem
't ((BvC)— D).
Orciona mo caeacTBuio 2 TeopeMsl 2.3.11 moarydaem
' (D) — (=(BVC(C))).
Bzas B kavecTBe ¢popmyast D ¢popmyay B, momyanm
I ((=B) = (=(BV())),
[, (=B) F (=(BVC(C))).

[To mugykTusHOMY Tpeanonoxkenuto [ = (—B), mosromy B cury Teopemsr 2.3.3
MOJTy 1aeM

'k (=(BVC(C)).

OTO 3aBepIIaeT T0KA3aTeIbLCTBO TEOPEMEL. 0

Teopema 3. IMocra. Jas a060t Gopmyavt A asvika ao2uku evickazvisanut L g
UMEET, MECTNO IKBUBAACHMHOCTND

FA < FA

Adoxaszameabcms o [permorokum, 9to = A.
[IycTh BCe mMpoOmO3MIMOHAILHBIE HMepeMeHHbIe, BXogammue B ¢popmyay A, cogep-
x)arcs cpean Ay, ..., A,.
[To textbfTeopeme Kaabmapa ais J0O60U MHTEPIPETAAA (O
Al A AR A AL AL (RAL) B A

n—1» n—1»
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Orkyga mo caegcTBuio 3 Teopembl 2.3.13 moaydaem
Al LA E A
[Tpomomxkas paccyxkaeHue aHAJIOTHIHBEIM 00Pa30M, MBI Yepe3 7 MIAr0B IOJYTAM
F A
Tem camMbIM ycTaHOBJIEHO, ITO

FA = F A
Y106k MOKA3aTh, ITO
FA = E A,

IOCTATOYHO IMPOBEPUTH, 9TO [ JIOOOU JOIMIeCKON aKCunoMbl A

= A

u, 9TO eCJau

A F(A-=DB),

TO
= B.

[TpoBenenmre yka3aHBIX PACCYXKIEHUU MPETOCTABIAETCA IUTATETIO B KATECTBE
IPOCTOr0, HO MOJE3HOIO YIPAaKHEHUA. U

2.4. [omomHuTeabHbIe Bompochl Jloruku u Ucku-
caeHusa BrickasniBanun

Teopema A nekBaTHOCTH. /44 4100020 MHoKcecmaa gopmya ' u 410601 dopmyab
A umeem mecmo IK8UBAAECHMHOCTIL:

'ed < T'FA

Adorxaszameawvcms o Wagyknuen no gaumse BuiBoga (GopMyasl A m3 MHO-
xecrBa popmya [N ybexgaemes B Tom, uyro ecim I = A, o I' = A.

[l1s mokazaTelbCTBa OOPATHOIO YTBEPXKIEHUA PACCMOTPHUM CHAYAAA CIYTaH,
korga ' — koHewHOE MHOXKeCcTBO. [IycTh 0HO cocToUT U3 HOpPMY.T

B,...B,

ul = A . e
By,....B, = A,
Torga
E (B — (B = (...(B, = A)...))).
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Orkyga mo Teopeme J. [locra moryuaem
(B = (By = (..(B, = A)...))).
[Tpumenssa n pa3z Teopemy [edyryuu, norydaem
By, ....B, F A,

r.e. [ H A

Ecan T’ — 6eckonednoe MHOKeCTBO dopmya u [T = A, TO Bocmoab3yeMcs cen-
creueM Teopembr Komnaxmmocmu, B COOTBETCTBUAN ¢ KOTOPBIM HAUIETCA KO-
HeYHOe MOJAMHOXKecTBO [y MHOXecTBa [' Takoe, uro 'y = A. Torga B cuiy yxe
nokaszanHon dactu Teopemel [y F A, a saauur, u I' F A. Do 3aBepmaer gokasa-
TEJIBCTBO TEOPEMBL. O

Mur gaguMm eme gBa JokazaTeabcTBa Teopembt Adexseammocmu, ITOOBI
B PAacCMATPUBAEMOHN MPOCTOU CHTYAIMM IIPOJAEMOHCTPUPOBATHL MPUMEHEHHE IBYX
Ba2KHBIX IIPpUEeMOB, UCIIOJb3YEMBIX IIPU U3YYIC€HUU CYIIECCTBECHHO 60./'166 CJIO2XKHBIX A3bI-
KOB, 1eM s13bIK Lyp Ucuucaenus Bovicka3wvieanuil.

Hawnem ¢ 60see TpaauIImOHHOIO TTOAXO0IA.

Onpeneneunne 2.4.1. Muoxcecmso gopmya I ssvika Lyp Ucuucaenus Buicka-
3b18 AHUTL HA3BIBAECTNCA TLOAHBIM, ECAU OHO HENPOTMUBOPEUUBO U Oas 410001 Pop-
myavt A azvika Lyp

' A aubo T F (-A).

[TpenBapuTenbHO TOKaXKEM BCIIOMOTaTEJIbHYIO TEOpeMy.

Teopema 2.4.1. Ecau das mmoncecmsa dgopmys I' u dopmya A u B svinoamnenvt
YCAOBUA

LA FB u T, (-A) F (0B),

r+ A
Hdoxaszameavbcms o Ecmm
I-cA)FB u T, (-A) F (=B),
TO 1o caexacTBuio 1 Teopemsr 2.3.7 mas ao6ou (popmyast C nveem
T, (~A) F (=C).
Torma mo nyukTy 2 cregctBus 2 Teopembr 2.3.11 moay<aaem

ICF A
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Bsas B kauecTse ¢popmyabt C m00yi0 Takyio GOPMYIy, 9TO
'+ ¢,

HampuMep, B KadecTBe Takou Gpopmyabl C MOXKHO B3ATH JMHOOYIO JOIMIECKYIO aKCHU-
OMY, TIOIYYUM 1O TeopeMme 2.3.4

I' - A

Teopema o momoaneuun. /15 4106020 HENPOMUBOPEUUBO20 MHONCECTNBG HOPMYA
I' szvika Lyp Ucuucaenus Bouicka3wvieanull cywecmsyem makoe noaAHoe MHo-
scecmeo dopmya I'* asvika Lypg, wmo

rcr.

doxazameanbcme o. Brie yxe 0TMEIATIOCH, 9TO TaK KaK aa(paBUT A3BIKA
Lyp Ucuucaenus Bovicka3wviearull cieTeH, TO CIeTHBIM ABISETCA U MHOXKECTBO
Fyp Bcex popmyn Acuucaenus Buvicka3wvieanutl.

HYCTB F[/[B = ((I)n )nEN-

Omnpenenum nocaegoBaTedbHOCTb (I'y) ey MHOKECTB hOPMY.I.

IToraraem I'y = T

Ecan muoxecTBO I'), yKe ompemeneHo, TO moaaraeM

r . r,u{e,}, em T,F &,
T, U{(=®,)), ectm T, i @,

WNugykmuen mo n JOKaXKeM, 9TO Kaxkjgoe U3 MHOXecTB (opmya [, sBisercs
HEITPOTUBOPEYUBLIM.

Tak xax I'y = [', To mo ycaoBuiO TeopeMbl MHOXKecTBO (opmya [y aBrgercs
HEITPOTUBOPEYUBLIM.

[Ipeanonoxum, 9TO ykKe AOKa3aHA HEIPOTUBOPEYUBOCTH MHOXKECTBa (GOPMY.T
|

[omycTum, 1T0 MHOXKecTBO (opmya [, ABIgeTCA TPOTUBOpEdIUBBIM. Torma
s m6on gpopmyast A

Fn+1 - -’4

Ecm '), - @, To
Chir = T U{9,},

IO2TOMY

I, A

Tak kak A — mo6asg popMyaa, TO 3TO IPOTUBOPEIUT MIPEAIOIOKEHAID O HEIPOTH-
BOPEYMBOCTU MHOXKeCTBa (popmya [,.
Buaqur, [, I/ &, nooromy 'y =T, U{(=D,)}.
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U3 nporuBopeunBocTu MHOXKecTBa popmya [, crexyer, aTo mis arobou Gpop-

Myabr B
Fn+1 FB n Fn+1 F (_‘B),

Ty, (=®,) B u T, (=, F (-B),

HO ToTaa o TeopeMme 2.4.1
r, - o,.

Ho nocaenunee nmporusopedut ycaosuio [, I P,,.

Tem caMbIM HOKa3aHO, ITO npu A060M N MmHuo*cecmeo dopmya Iy, asasemces
HENPOMUBOPEUUBHIM.

[Tonaraem

= QFn.

[Toxaxewm, uTo ['* — noarnoe MHOXKECTBO (POPMYT U
r Ccr-.
[TocregHee oveBUIHO, TAK KaK
r=r, Ccr~-

Ecau 661 MHOXKEeCTBO (popmya [ OBLIO MPOTHBOPEYUBBIM, TO I HEKOTOPOU
dopmyasl B MBI umean ObI

"B u T"F (-B).
Ho torga maumerca womeunoe muOX)ecTBO popmya 1° C [ Takoe, 4T0

T-B u Tk (=B).

Tak kak
1—‘1 g F2 g g 1—‘n g 1—‘n—l—l g ey

TO HAUAETCA Takoe Jucao n, ¥ro 1 C T',.
Ho Torga
I, B u T'yF (=B),
9TO MPOTUBOPEUUT YCTAHOBJICHHOU BHIIIE HEMPOTUBOPEYMBOCTHU KaXKJOT'O MHOMXKE-
ctBa dopmy.a ['y,.
Mokaxem, aTo ['* — moaHOE MHOXKECTBO (HOPMY.T.
[Iycts A — mpousBoabHas ¢popMmyaa. Toraa HaugeTCa TaKOe TUCAO 7, ITO

A=,

Ecan
r, - o,,
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TO
rr o,,
a 3HAYWT,
"+ A.
Ecan xe
L, / ®,,

TO

(_|(I)n) € Fn-l-la
MO2TOMY

Fn—l—l - (_‘(I)n)a
3HAYUT,

| (—@n),
T. €

I F (=A).

Hrak, mokaszano, 4To ['* — noarnoe MHOXeCTBO (GOPMYT A3BIKA L g Takoe, ITO
r Cr.
O

Teopema HenporuBopeuuBocTu. /s aob6o02o0 muoxrcecmsea dopmya I azvika
Lyp Ucuucaenus Bbicka3biearull umeem Mecmo 3K6UBAACHMHOCTD:

muodxrcecmso gpopmya I asasemes nenpomusopeuusvim moz0a u moabko mozda,
K020a 0MO COBMECTNO.

Adoxaszameandvcms o Hadaem ¢ mokazareabcTsa 60Jee MPOCTOU IACTU Te-
OPEMEBL: Ka#cJoe COBMECTIHOE MHONCECTNBO POPMYA ABALETNCA HENDOTUBOPEUUBHIM.
[TpeanosoxuM MPOTUBHOE, T. €. 9TO CYIIECTBYET COBMECTHOE MHOXKECTBO (POp-
Mmy.1 [', ABIgIOMIEECS TPOTUBOPEINBHIM.
Torga mas mexkoropou Gopmy.ast B

'8 un Tk (=B).

WNugykmuen mo IIMHE BHIBOAA M3 MHOXKECTBa (G OPMYJ YCTAHABINBAEM, UTO A
JI060r0 MHOXKeCTBa (opmya ' u ao6ou popmyasr A u3

A

cregyeT

I E A

Tak kak 1Mo mpeamoaoxennio I' — COBMeCTHOE MHOXKECTBO (hOPMY.JI, TO HAUJETCA
TaKad WHTepPIpeTanus , ITO



§2.4 [TonorauTensubie Bonpock Jloruku u Vcauciaenus BoickasbiBanun

Ho Torga
p(B) =U u o((-B) = U,

YTO HEBO3MOZXKHO.

Teneps mokaxkem GoJee CIOKHYIO TaCTh TEOPEMBIL: KaHcJ0e HENPOMUBOPEUUBOE
mHoxcecmso dopmya I asasemes cosmecmmvim.
[To Teopeme 0 MOMOJTHEHUY CYIIECTBYET NOAHOE MHOXKeCTBO (popmya [ Takoe,

ITO
rcre.

[Tokaxem, aTo muoncecmseo dopmyas I seasemes cosmecmuvim. OTciona, Ko-
HEYHO, cpa3y OyIeT clefoBaTh COBMECTHOCTb M MHOXkKecTBa (opmyn [
[TocTpouM mHTEpIpeTANNIO (© TaKYI0, ITO

(") = 1.
[Tosraraem s MpOU3BOJBHON MPOMO3UIIMOHAJILHON MepeMeHHoun A,

(4,) = U, ecm T*F A,,
PR =\, ecmm TF F (—4,).

Hamomuum, aro I'* — noanoe MHOXKeCTBO (POPMY.I, TOITOMY IS JHOO0U (HOp-
myaer A
"+A wm I'E (-A),

HO HE TO W IPYroe OJHOBPEMEHHO, B YACTHOCTH, DTO BEPHO W I MPOU3BOJBLHON
MPOTO3UINOHATBHON TIePEMEeHHON A, TO3TOMY WHTEpPIpPeTaIns ( ONpenereHa Kop-
PEKTHO.

O6bI9HBIM 06pa30M MPOTOMKAEM OTOOpaXKeHrne ¢, 3aJaHHOe Ha MHOXKECTBE X
MPOTO3UINOHAJBHBIX TIEPEMEHHBIX, T0 OTOOPaXKeHN, 38 TAHHOTO Ha MHOXKeCcTBe Fiyp
Bcex opmya a3bika Lyp Hecuucaenus Bovicka3vieanut.

W aykumen mo mocTpoeHuio (hOPMYI JOKAXKEM, 9TO I IPOU3BOJLHON (POPMY.IBI
A nmMeeT MecTo SKBUBAJICHTHOCTD:

"FA = ¢A =1

(i) s saemerTapHBIX HOpMYT A yKazaHHAS SKBUBAJICHTHOCTb UMEET MECTO IO
OIpeJeeHUI0 NHTEPIPeTAIun .

(ii) [Mpeamonoxkum, 9To yKa3aHHAS DKBUBAIEHTHOCTb UMEET MECTO s (POpMy.I
A u B u gokaxem, 9T0 TOrAa OHA BBHINOAHACTCA U I (POPMY.T

(=A), (A&B),
(AV B), (A— B).

Tak Kak

Ik (-A) <= I'"FA,
" A <= A =1
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TJIABA II. JIOTUKA 1 UCHYUCJEHUE BHICKA3BIBAHNI

p(A) =1 = ¢((-A) =1,

TO

(A = ol(-A) = 1

Tak xak mo Teopeme 2.3.5

"+ (A&B) <— TI"+FA u T"FB

p(A) =W n oB) =N <= @(ALB) =1,

TO

I F (A&B) <= @(A&B) = 1.

[Toxaxem, ITO a4 MOJHOO MHOXKecTBa (GopMmya ['* m mpom3BOJBHBEIX (HOPMY.I
A un B umeeT MeCTO SKBUBAJIEHTHOCTD

"+ (AVB) <~ T"FA wm I"FB

B camowm gene, ecan

'+ Auwm ' + B,

TO, UCIIOJIb3Ys

At (AV B)
TIH
BF (AVB),
OJydaeM, 9TO
'+ (AvV B).
O6paTHO, TPEIIOIOKUM, ITO
'+ (AvV B).

ITokaxxem, 4TO TOrIa

A wm T*F B.

[Tpeanoroxum NpoTUBHOE, T. €. 9TO
A o I't/B.
Tak xak ['* — moarnoe MHOKECTBO HOPMYJI, TO TOTIA
"kF (A u T F (2B).
Bocnoap3oBasimcs gorudeckon akcuomon 1.3, moayanm
F({(A—=A) = (B—=A) — ((AVB)— A)).
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§2.4 [TonorauTensubie Bonpock Jloruku u Vcauciaenus BoickasbiBanun

[Tpumenssa asa paza Teopemy [edyryuu, moryaunm
A—=A), B=A) F (AvB)— A).
[TpumenuB Teopemy 2.3.1 u Teopemy 2.3.4, moIyInM
(B—A) - (AVB)— A).

Tak xak mo Teopeme 2.3.7

(=B), B+ A,
To npuMmenus Teopemy [ edyxyuu, moryIum
(=B) - (B — A).

Tak Kak

'+ (=B),
TO 1O TeopeMe 2.3.3 moaydaeM
I+ (B— A,

9TO BMecCTe C

(B—=A) F (AVB)— A)

mo Teopeme 2.3.3 maer

T* - ((AV B) — A).

[To crepcTBuio 2 Teopemur 2.3.12 morydaem
'+ ((=A4) — (-(AVB))).
[To Teopeme [edyryuu norydaem
I, (2A)  (=(AV B)).

Tak Kak

"+ (=A),

TO 1Mo Teopeme 2.3.3 moaydaem
T F (=(AV B)).
A TaK KaK BBIIIEC MBI IIPEANOJI0XKMAIN, ITO
I+ (AVB),

TO MOJyYIaeM IPOTUBOPEUNE C MPEIIOJIOKEHIEM O HeIPOTUBOPEYUBOCTH MHOXKECTBA
dopmy.r ',
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TJIABA II. JIOTUKA 1 UCHYUCJEHUE BHICKA3BIBAHNI

B utore moaywaaem

"+ (AvB) < I"FA wm I"FB

p(A) =W mm @(B) =1 <= ¢((AVB)) =1,

OXTOMY

" (AVB) <= o¢((AvB) =1
OCTaeTCH JOKa3aTh SKBUBAJECHTHOCTD

"t A—=B) <= ¢(A—B) =1L

B cury morHOTHI M HEMPOTUBOPEYMBOCTH MHOXKeCTBa (opmya [ »Ta >kBuUBa-
JIEHTHOCTH PAaBHOCUJIBbHA 3KBUBAJECHTHOCTHN

Ik (-(A—=B) <= ¢(A—B) =

[Tpexnomoxum, ITO

I'"F (=(A—B)).
ITokaxxem, 9TO TOrIa
IF =B v T F A
Vcnoab3ya mormdeckyio akcuomy [.1, moryaaem
- (B— (A— B)).
[Ipumenus Teopemy /[edyryuu, moryIum
B+ (A— B).
[To myskTy 2 caexgcTBua 2 Teopemsl 2.3.11 noxydaem
(=(A = B)) F (=B),

9TO BMeECTEe C

I F (=(A = B))

mo Teopeme 2.3.4 maer
' + (=B).

[To Teopeme 2.3.7
(~A), A - B.

[Ipumenuns Teopemy /[edyryuu, moryIum
(-A) - (A — B).
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§2.4 [TonorauTensubie Bonpock Jloruku u Vcauciaenus BoickasbiBanun

Tormga mo myukTy 2 crexctBusa 2 TeopeMmsr 2.3.11 mony4uaem
(=(A = B)) F (=(=A)),

9TO BMecCTe C

'+ (=(A— B))

mo Teopeme 2.3.4 maetr

I F (=(=A)).
Torma mo caegcTBuio TeopeMsl 2.3.6 moayvdaem
"+ A

Uraxk, ecin

'+ (-(A— B)),
TO
"+ A
I F (-B).
[To vHAYKTUBHOMY TPEANONOKEHUIO TOT A MOIYIaeM
p(A) =W n B) = JL

SHAMUT,

o((A— B)) = JL.

TeMm caMBIM MOKAa3aHO, ITO

"k (-A—=B8) = ¢(A—=DB) =
YTo0BI TOKA3ATH, 9TO

p(A—=B) =1 = I+ (-(A—DB)),

MIPEeINnOIOXKUM, ITO

o((A— B)) = JL

Ho Torga
pA) =T 1 oB) =L

OTCIO,/I& IO MHAYKTUBHOMY IIPEAIIOJOXKEHUIO ITOJIY1IaeM

"+ A

I* - (=B).
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TJIABA II. JIOTUKA 1 UCHYUCJEHUE BHICKA3BIBAHNI

[To Teopeme 2.3.12
A, (=B) - (=(A — B)),

YTO BMECTE C ABYMS NMpeabraymuMu pakTaMu mo Teopeme 2.3.4 maeT
I'"F (=(A—B)).
Tem cambIiM mOKa3aHO, 9TO
((A—=DB) =1 = TI*F (=-(A-=8)).
B urore gokaszaHo, 9TO A1 OPOM3BOJILHOM (popMyasl A mMeeT MeCcTO HKBUBa-

JEHTHOCTb:

"FA = ¢pA =1

Ecin A — mpousBoibHas (popMmyaa m3 MHOXKeCTBa [, To, oueBUIHO,

™+ A,
IO3TOMY
p(A) = I
SHAYUT,
p(I™) =1,
MOXTOMY MHOXKECTBO (hopMy.T ['* ABIAETCA COBMECTHBIM. 0

Teopema A gexkBaTHOocTH. /Jaa a10601 popmyavt A azvika Lgp u das awboeo

muoxRcecmaa gopmya I' amo2o a3vika umeem mecmo caedyouan IK6UEAAEHIMHOCTb,
Ppopmyaa A asasemcs ao2uueckum caedemeuem muoxcecmsa gopmyas I' moeada

u moavko moezda, koeda gopmyaa A evieoduma uz amozo muoxcecmsa popmya L.

Hdoxazameadvcmso B xome gokazareabcTBa Teopemwvrt Henpomuso-
peuusocmu OLLTO TIOKA3AHO, 9TO ecan ¢popMy.a A BEIBOIIMA U3 MHOXKECTBa (pOp-
mya I', To popmyaa A aBrgeTcs JOrMIeCKUM CIeICTBIEM DTOI0 MHOXKECTBA (DOPMY.I
I.

[lokaxem, 9TO BepHO 1 OOpaTHOE:

ecau gopmyaa A asasemcea ao2uueckum caedcmeuem mmoxcecmsea gopmya I,
mo gopmyaa A svisoduma u3 amoz0 muoxrcecmsa popmya L.

[Tycrs popmyaa A aBigeTcs JOrMUecKnM CIACTBUEM MHOXKeCTBa (opmy. .

Torga muOkecTBO dopmyn ['U {(—A)} e asasercsa copmectrbiM. [TosTomy mo
Teopeme Henpomusopeuusocmu >TO MHOXKECTBO (POPMY.T ABIACTCA NPOMU-
80PEUUBBIM, 3HAINT, II1 HEKOTOPOU (GOpMYy.Isl B nMeeMm

D, (~A) F B u T, (~A) - (=B).

Ho Torga mo Teopeme 2.4.1
r-A 0O
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§2.5 Anre6pa Jlungenbayma mis Ucaucaenus BoickasbiBanun

2.5. Aare6pa JImagenbayma miasa Ucumciaenus Boi-
CKa3bIBAHUN

B sToMm maparpade paccMaTpuBaeTCs €Iie OuH MOIX01 K J0Ka3aTeabcTBy Teo-
pembt Henpomusopeuusocmu. DTOT 10 IXO0T MOXKHO OBLIO OB YCIOBHO Ha3BATH
an2ebpausuecrum.

Ha muoxecTBe Fiypg Bcex hopmya HMcuucaenus Bouicka3wvieanull ompeneanm
OTHOIIEHNE =, moJaras

A=B +— + (A+— B).

Ucnoab3ys BBINIE JOKA3AHHBIE TEOPEMBI (KDOME TEOPEeM HEeMpOTUBOPEUUBOCTH
1 aeKBATHOCTHU), HETPYAHO MOKA3aTh, YTO OTHOUICHHE = ABIACTCA OTHOUICHUEM
DKBUBAJEHTHOCTH U (PAKTOPMHOXKECTBO MHOXecTBa Fyp Beex (opmyn Hcuucae-
Hus Bbicka3vieanuti 10 D>TOMY OTHOIIEHUIO DKBUBAJEHTHOCTHU MPEBPAIIAETCA B
OyeBy areOpy, koTopas HaseBaeTcsa Aazebpot Jundenbayma das Ucuucae-
Hus Bbickaswvieanuil, ecin MOJI0OXKUTH

[AJU[B] = [AV B,
[A] N [B] = [A&B],

[A] = [(=A)],
= [(=(Ar v (=40))];
L= [(AV (=A))]:

[1s mpousBobHOTO MHOXKecTBa popmya [ moraraem
Cl={[Al[ AeTl}
Jlemma agexBaTHOCTH. Feau I' — nenpomusopeuusoe mnoxcecmeo gopmys u
Arel, ..., A, el,
mo [Ai]N...N[A,] #0.

Jdorxaszameanvcmso. Ilycrs [A] € [T],...,[A,] € [[']. [Ipeamonoxum, 910

A Nn..Nn[A,] =0. Torga [A&..&A,] =0 =[(-(A; V (=4;)))], mosTomy
F((A&...&A,) «— (—(A1 V (0A)))).

SHAMUT,

F((A1&...&A,) — (7(A V (0AL)))).

Torma mo cregcrBuio 2 Teopemsr 2.3.11
I'F((AV(m4)) = (0(A&...&A))).
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TJIABA II. JIOTUKA 1 UCHYUCJEHUE BHICKA3BIBAHNI

A no Teopeme edyryuu
[, (A V (mA) B (H(A&...&A,).

I[To crencreuio 2 Teopemer 2.3.13 ' = (A, V (—A4;)), mosTomy mo Teopeme 2.3.3
IOJIy 9aeM

T (~(A ke &A).

Tax xak npu so6om ¢ (i =1,...,n): A; € T, ro I' - A;, 3Haqur,
I'E (Ai&...&A,).

Ho »sT0 npomusopevum npe&nonoofcemwo 0 HENPOMUBOPEYUBOCTNU MHOMNCECIBA
r. O

[lokaxeM cosmecmuocmy 4100020 HENPOMUBOPEUUBO20 MHoxcecmsea Popmya L,
YTO COCTaBIAET OCHOBHYIO YacThb Teopembt Henpomusopeuusocmu.

[Mycte D — yavmpaguavmp, codeparcawyuti muoxcecmso [L].

[Momaraem p(A4;) = U mozda u moavko moeda, koz2da [A;] € D.

CrangapTHEIM 00pa30M MPOTOIKAEM OTOOpaXKeHne Y HA MHOKECTBO Fyp BCex
dbopmynr Ucuucaenus Bwvicka3viearuii.

ITo Tou xke cxeme, ITO U BHIIIE, TOKA3LIBAEM CIPABEIINBOCTEH SKBUBAICHTHOCTH

¢(A) = U mozda u moavko mozda, koeda [A] € D,

rae A — npoussoabHas ¢gopMmy.aa. [IpoBemgeHne COOTBETCTBYIOMIMX PACCYKICHAN
IPEeIOCTABIIETCS IUTATETI0 B KAYECTBE HECJIOKHOTO MOJE3HOTO YIPAKHEHUS.

[ycts A € T, rorga [A] € [['] C D. 3uauur, p(A) = U, nostomy ¢(I') = L.
CaemoBaTensHO, MHOKECTBO popMmya [ coemecmuo.

2.6. MeToJ pe3oJOLUUA AJA JOIMKUA BBLICKA3bIBa-
HUN

B »ToM pasmene MBI BEpHEMCA K YK€ PACCMOTPEHHOMY HAMH BOIPOCY O 402U-
YeCcKOM CaAedCMEUU MHOKECTBA (POPMY.I.

Hanomuuwm, aro mana awobwix popmyra Fi, Fo, ..., F, u F Jloecuku Buvicka3vi-
8aHUl NMeeT MEeCTO SKBUBAJCHTHOCTD:

Popmyaa F ABAACMCA AOUUECCKUM CACOCTNBUECM MHONCECTNEA HOPMYA

{Fi, Foy..., Fu}
Jlo2uxu Bwicka3wvieanuti mozda u moavko moada, ko02da MHONCECMEO HOPMYA
{f17f27"'7fn7(_'f)}

HEBBINOAHUMO (HECOBMECTIVHO).
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62.6 Merox pesoaonnn

[To>ToMy BOTpPOC O JTOTWIECKHUX CJAEACTBUIAX MHOXKECTB (pOPMYJT PABHOCUIEH BO-
IIPOCY O BBIIOIHUMOCTH (COBMECTHOCTH) MHOKECTB (hopMmy.t. Memod pezoaroyui
~ OJIMH W3 XOPOIIO M3BECTHBLIX MOAXOA0B K M3YICHUIO MOCACIHEr0 BOMpoca. Mbl He
OyneM 0OCYyXKJIaTh JOCTOMHCTBA U HemocTarku Memoda pesoatoyutl ¢ TOUKA
3pEeHUsA BPEMeHM, HeOOXOAUMOr0 MJIA MOTYHYeHWUsS OTBETA MO MPOW3BOJBHBIM BXO-
HBIM JAHHBIM.

Jlumepaaamu Ha3LIBAIOTCA MPONO3UINOHAILHEIE TEpeMeHHbIe A, I UX 0Tpu-
nanus (—A,), koropbie Gyaem o603HadaTh depes —A,. IIpu sToM auTepannt A, u
—A,, O6yIyT HABLIBATLCA MPOMUEONOAOHCHBIMU.

Ju3svronkmom HaspBaeTca 10060e BeIpaxkenue suga A, V...V A,, rae A,
oy Ap — npouszsoavnvie aumepaavt (n > 0). [Ipu n = 1 noayvaem npocTo auTepar,
anpu n = 0 — nycmotl IM3BIOHKT, KOTOPHIM NPUHATO 0003Ha4aTh Yepes [|. Cun-
TaeTcA, 9To nycmot dusdvionkm [| aosxcen 6 410007 unmenpemayuu (HeBLINOAHUM),
nosToMy dopmyaa A&|[| ToxaecTBEHHO M0XKHA (HEBBIIOIHAMA, PABHOCHIBHA ||), a
dopmyaa AV [| pasHocuibHa hopmye A.

[Tpu paboTe ¢ IU3BIOHKTaAME UX yI0OHO PACCMaTPUBATH MPOCTO KaK MHOXKECTBA
JUTEepaJaoB, T. €. HE Pa3JNIal0T AU3'BIOHKTHI, HIOJAYyYIaeMbIe APy U3 APYyra C IIOMO-
mpio 3ak0HOB accoumarusaocTn ((AV B)VC = AV (BV (C)), KOMMyTaTUBHOCTH
(AV B =BV A) n ngemnorentroctu (AV A= A).

IIpasuaom pe3zoarwyut B Jlo2zuke Bbicka3wbieanull Ha3bIBaeTCA CIEIYIO-
maree 1mpaBUJI0 BBEIBO A

UVLVV, WV-LVZ

UVVVWVZ
Samerum, 910 w3 opmyr UV LVV u WV LV Z aoeuuecku caedyem gopmyia
UVVVIWVZ.

Omnpepgenenue 2.6.1. Boigodom u3 mroxacecmea dudbvronkmos I nasvisaem-
ca a0bas Koneunas nocaedosamenvrocmy Judvionkmos Dy, ..., D, makxaa, wmo
dan awboeo i (1 <i<n)aubo 1) D; € T, aubo 2) natidymca j, k < i marue, umo
D; noayuwaemcsa uz D; u Dy no npasuay pesoaroyui.

Auzvionkm D nasvieaemca 8b1800uMblm U3 mHoxcecmea dudvionkmos [, ecau
cywecmsyem 6vi800 U3 IMO20 MHOHCECMBA U3 BIOHKIMOE, OKAHUUBAOUWULCA U3 -
tonkmom D.

Teopema 2.6.1. Fcau dusvionkm D evisodum u3 muoxcecmsa dusvonkmos L', mo
O ABAAEMCA AOUUECKUM CACICTNBUEM IM020 MHoHcecmsea [ .

Adoxaszameannbcms o Jlerko BugeTh, ITO ecau IU3BIOHKT [); moaydaeTcs
U3 In3bIOHKTOB D; u D) IO mpaBUIy Pe30JIONUU, TO OH ABIACTCA WX JOTHICCKIM
crepcTBueM. [1oaTOMY T0Ka3aTeIbCTBO TEOPEMEI JEIKO MOMYYIACTCA UHIYKINEH IO
IIWHE BBIBOIA. ]

Caenyiomas TeopeMa, HOCANIAS HA3BAHUE MEOPEMA O NMOAHOME Memoda
Pe30aYUl, CIyKUT OCHOBOU METOIA PE3OJIONNN.

Teopema 2.6.2. Muoxcecmso duszvionkmos I' HesbinoaAHUMO Mo20a U MOALKO
moeda, K02da u3 He2o 8b1800UM NYCcMOYT JU3BIOHKM [].
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TJIABA II. JIOTUKA 1 UCHYUCJEHUE BHICKA3BIBAHNI

doxaszameanbcme o Eciumus MHOXKECTBA IN3BIOHKTOB [ BEIBOAUM IyCTON
JIU3BIOHKT ||, TO MO OPeIBIIYIIeN TeopeMe OH ABIACTCA JOTUIeCKUM CJIeICTBUEM
HTOr0 MHOXKeCTBa MU3BIOHKTOB . Tak Kak mMycTOUW AU3BIOHKT [| JOXKEeH B J060U
HHTEPIPETAINN, TO MHOXKECTBO TU3BIOHKTOB [ HEBBITOIHUMO.

[l1s1 mokazaTeabCBTa 0OPATHOTO YTBEPK IEHUI NPEJNOA0HCUM, UMO MHOHCECTLE0
duswronkmos I' nesvinoanumo. [Tokaxkem, 970 TOrga M3 STOr0 MHOXKECTBA, BBIBO UM
IyCTOW TU3BIOHKT [|.

Ecau [| € T', To yTBepk 1eHre OYEBU THO.

[Iycrs [| ¢ T'. okasarenbcTBo mposeaem uuayknumen no napamerpy d(I'), pas-
HOMY CYMMAPHOMY UUCAY BLONCOEHUT AUMEPAA0E 8 OUBDIOHKMbL U3 MHOHNCECTNEA
[ munyc uwucao saemenmos 6 I' (wucao duzwionkmos). Tak Kak B KaxkK bl TU3b-
IOHKT IO MPEIOJ0OKEeHNI0 BXOAUT XOTs Obl oau aurepan (B [ He BxoauT mycron
1u3bioHKT), TO d(I') > 0.

Ecan d(T') = 0, To Bce qu3bioHKTH u3 [ — 510 aurepansl. Tak Kak MHOXKECTBO
[ HecoBmecTHO, TO B [’ BXOUT mMapa mpoTUBONOJOXKHBIX JuTepatoB L u —L. Tormaa
nocrenoBarenbHocTh L, - L, [| sBaserca seiBogom u3 [T mycroro aurepadna.

[Tycrs d(T") > 0. Torga B [’ BXOANT AU3BIOHKT, OTIXYHEIN OT JuTepana. [lycTs

I'={Dy,Ds,...,Dy_1,D,}, Dy =LV D:.

Bsenem ob6o3natenus

Fl = {D17D27 N '7Dn—17L}7
FQ = {D17D27 s '7Dn—17D;k7,}'

AcHo, ¥TO 06a MHOXKecTBa TU3BIOHKTOB [y m ['s mecosmecmupvl, TaK Kak B MPO-
TUBHOM CJIyYae COBMECTHBIM OBLIO ObI U MHOXKeCTBO nu3bOHKTOB ['. Kpome Toro,
d(T'y),d(Ty) < d(T). Tlosromy, Mo MHAYKTUBHOMY MPEAIOJOKEHUIO, U3 KakKIOr0
MHOXecTBa Au3bOHKTOB '] u [’y BeIBOgMM mycTonm nu3bioHKT [|. Pacemorpuwm co-
OTBETCTBYIOIIE BHIBOIBI

A, Asy oo A, Ay =[] — BeiBog w3y,
Bi,Bs, ..., Byn_1,B, =] — BeBog u3zls.

Eciu B mepBoM BBIBOZE OTCYTCTBYET MUIBIOHKT (JauTepan) L, TO 3TOT BBIBOI ABJIA-
eTCs BBIBOJOM U3 MHOXKECTBA IM3BIOHKTOB [ MycTOro Iu3bIOHKTA [].

AnanorunvHo, ecm BO BTOPOM BBIBOJE OTCYTCTBYET AU3BIOHKT D, TO 3TOT BHI-
BO/I ABIAETCA BBHIBOJOM U3 MHOXKECTBA MU3BIOHKTOB [ MyCcTOr0 AU3BIOHKTA [].

[TosTOMy OCTaeTCsa pacCMOTPETh CIydal, KOUAa B IIEPBOM BBIBOIE IIPUCYTCTBYET
IU3BIOHKT (muTepat) L u 060CHOBAHUEM TPABOMOYHOCTH €0 TIPUCYTCTBUA B BBIBO-
1e cIyKuT yrBepxaenue L € 'y, a BO BTOpOM BBIBO e IPUCYTCTBYET TU3BIOHKT D
1 000CHOBAHUEM MPABOMOYHOCTH €0 MPUCYTCTBUS B BBIBOJIE CAYKUT YTBEPK ICHUE
D € T'y. Bes orpanwyenns o6ImHOCTE MOXKHO cauTaTh, 9T0o L = A u D} = B;.

[Ipex e yeM mpeoOpa3OBLIBATEL DTU IBA BLIBOAA B BBEIBOJI W3 MHOXKECTBA, U3 -
IOHKTOB [ MyCTOr0 AU3BIOHKTA [|, BBEEM TOHATHE 3a68UCUMOCTIU 8 6bl60Je OTHOTO
IU3BIOHKTA OT IPYrOro.
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Ecm gu3bioHKT S monydaerca m3 AU3BIOHKTOB S7 UM S; MO NMPaBUIY PE3O0.II0-
IIIU, TO TOBOPAT, YTO AUIBIOHKT S Henocpedcmeenno 3G8Ucumm OT TU3BIOHKTA S
U IU3BIOHKT S Henocpedcmseenno 3a6ucum OT IU3BIOHKTASy. TpaH3uTHBHOE 3a-
MBIKAQHIE OTHOIIEHUS HENnocpedcmeennoti 366UCuMOCMU HaA3BIBACTCA OTHOIIEHIEM
3G8UCUMOCMU.

[Ipeo6pasyem BuiBox By, Bs, . .., By_1, By = [| u3 MHOXecTBa TU3BIOHKTOB ['5 B
BuiBOA B, B, ..., B}, _,, B, u3 mHO)ecTBa Au3bIOHKTOB ['. [loraraem B paBHBIM
LVB,,tr.e. LVD}, aupui > 2 B pasusim LV B;, ecin B; 3aBucut ot By, 1. e. oT D},
U paBHLIM B; B IPOTUBHOM cay4dae. HeTpyaHO NpOBEPUTH, 9TO MOCIEI0BATETHLHOCTE

By, ... By, B, aB1geTca 8bi6000M u3 MHOKHcECMBA JU3BIOHKMOS L.
Ecan musvionkt B, He 3aBucun or By, To B = [|, 1 MBI moxy4uin BeIBOJ

IyCTOr0 TU3BIOHKTA M3 MHOXeCcTBa Mu3bIOHKTOB ['. B nmporuBrOM ciay4ae B = L.
PaccMoTpuM mocae1oBaTeIbHOCTD TU3BIOHKTOB

I’ ;7"'78:,17173:,11LIAI;AZP"aAlfl;AZI H

JIerko moHATDH, 9TO HTa MOCJIEIOBATEILHOCTE OYAeT BBIBOAOM IYCTOT'O IU3BIOHKTA
13 MHOXKECTBA TU3BIOHKTOB [ (momensacsa ”craryc” ¢popmyast A; — B mepBOM BBIBO-
e 000CHOBAHUEM ee MPUCYTCTBUA CIyKMIO yrBepxkaenue A; € ['1, a B moaydeHHOM
BBIBOJI€ OHQ TMOJIYYaeTCs U3 HEKOTOPBIX MPEIIIeCTBYIONUX el (POPMY.T MO TPABIIY
pe3oaonun). I

2.7. HezaBucuMoCThb cucTEeM aKCHUOM

B sTom pasjgene MBI MOKAXKeM, ITO PACCMOMPEHHAA CUCTNEMA CTEM AKCUOM OAA
Hcuucaenusa Boicka3bleaHul A84A5eMCA 8 HEKOMOPOM CMBLCAC MUHUMAADHOU.

3aHyMepyeM CXeMbl aKCHOM A UCYUCACHUS BBICKasbIBaHUU Ui, ..., Aig. O6GO-
suaduMm depes A; (i = 1,...,10) MHOXKeCTBO Bcex (OPMYI, MOIYICHHBIX IO BCEM
cxemaM 2y, ..., Ay, KpoMme cxeMbl ;.

Omnpegenenne 2.7.1. Crema axcuom 2A; 3asucum om ocmasvhbiz crem Ay, ...,
A1, i1, oo Wy, ecau das 410601 popmyavt B, noayuennot no cxeme U;, cyuje-
cmeyem makas Koneunas nocaedosameavrnocms gopmya By, ..., B,, umo B, ecmp
B u npu awbom j (j = 1,...,n) aubo B; € A;, aubo cywecmsyiom wucaa t u s
mewbuwue j marue, wmo gopmyaa B; noaywaemea uz gopmya By u Bs no npasuay
evi60da (npasuay omdeaenus) MP. B npomusnom cayuae crema 2A; ne 3asucum
om ocmaavublr crem Ay, ..., A1, Wiy, .., Ui

CraeraeM HEKOTOpBIE MOICHEHUS.
O6o3naunm vepe3 VIB; ncuncirenne BHICKa3bIBAHUN C MHOXKECTBOM JOTMYECKIX

akcuoMm A; (i =1,...,10) u eauHCcTBeHHBIM TpaBUIOM BhBOa — ITpasusom Om-
deaenus MP. Torga neszasucumocmyv cremovl axcuom 2A; om ocmanbubix cxem Ay,
v Wiy, Ainq, -, Ay 03Hauaem, umo cywecmeyem dopmyaa B, nosyuennas no

creme A;, KOMopas neevieoduma 6 ucuucienuy evickasvieanut VIB;.
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Teopema 2.7.1. IIpu aobom i (i = 1,...,10) cxema axcuom A; ne 3a8ucum om
ocmanbuir crem axcuwom Ay, ..., Wi_q, Ay, ..., Ao

Paccmorpum cucremy
M = (M, F, = p1, Aty Vi, = ),

rae M — memycToe MHOXKeCTBO, F' — ero moaMHOXKeCTBO, —1p, — OTHOMeCTHasA (PyHK-
mud Ha M, a Ay, Vapg 1 —p — AByMecTHBIe (yuKun Ha M. Cucremy M 6yaem
HA3LIBATEL NPONO3UYUOHAALHOT CUCTLEMOT WIX MHO203HAYHOT A02UK0U, TIPA DTOM
M Ha3BIBAETCA MHOKECTBOM UCTMUHHOCTHLIT 3Hauenut, a F — MHOXeCTBOM 6bide-
AEHHDIT UCTVUHHOCTIHBIE 3HAY%EHUT.

[TycTh BCe MPOMO3UIMOHAILHBIE TepeMeHHbIe (popMyabl A comepkaTcsa B CIUCKEe
Ay, ..., A,. 1A IPpOU3BOIBHBIX DJIEMEHTOB a1, ..., O, U3 MHOXecTBa M WHIYKIWEn
110 nocTpoeruio Gpopmyast A onpenenum saemenT Apq(ag, .. ., a,) u3 MEOXKecTBa M,
KOTOPBIA OyIeT HAa3BIBATLCA 3nauenuem @dopmyavt A mnpm 3Hadenusx A, = aq, ...,
A, = a, ee TPOMO3UINOHATLHBIX TIEPEMEHHBIX.

Eciu A — nponosunuonanbuas nepemennas A;, To nosaraem

AM(CLI, .. .,an) = ;.

Ecan popmyra A umveer ogny us dopm —(B), (B&C), (BV C), (B — C), To
suadenue Ay (aq,. .., a,) ONPeIeIseTca COOTBETCTBYIONUM PABEHCTBOM

(B mlar, ...y an) = ~m(Bumlar, ..., an)),
(B&C)pm(aq, ... ya,) = Byp(ar, ..y an) Ay Calar, ...y an),

(BV C)pm(a, ..., an) = Bplar, ... a,) Vo Caqlan, ..., ay),
(B — C)M(al, cey Cbn) = BM(al, cey Cbn) —M CM(CLI, .. .,an).
Ecau npu 100BIX 3HAYCHUAX A1, ... , 0, U3 MHOXKecTBa M TPOMO3UIMOHAIBLHEIX
nepeMeHHBIX Aq, ..., A, dopmyast A ona mpurumaer 3uadenue Ap(aq,. .., a,) 13

F, to popmyna A maseiBaeTca obujeanauumot B M.

[Iponosunmonanbuyio cucremy M (MHOTO3HAYHYIO JIOTUKY) HA30BEM CO24GCO-
sannotl ¢ npasuiom BuiBoga M P, ecau u3 toro, 1ro dhopmyast A u (A — B) npu-
MUHAIOT 3HadeHus u3 F, creqyer, ¥ro u B npumunaer 3HaveHue u3 F.

Adoxaszameadvcmso. [Jra 1oKkazaTeaibCTBa TEOPEMBI MBI A4 KaXKJIOLO i
(1=1,...,10) mocTpouM HPONO3UIUOHATBLHYIO cucTeMy M; (MHOMO3HAYHYIO JOTH-
KY), COMVIACOBAHHYIO € MPaBUIOM BbiBOga M P, B KOTOpOU 00Ie3HaIuMbl BCe (Hop-
Myabl 13 A;, a 3HAYUT, OOME3HAYUMBI U BCE (POPMYJIBI, BHIBOAUMBIE B UCIUCICHUN
BeickasbiBaHuu VIB;, HO cymecTByer dopmyrna B, morydennas mo cxeme 2;, KOTO-
pas He ABIAeTCA OOWIE3HAYNMON B M;, a 3HAYUT, OHA HE BLIBOAMMA B UCUUCICHUN
BEICKa3bIBaHUU VIB;.

HamomunwMm, 1ro Jlo2zuueckoti Axcuomoti Ucuucaenus Bovickasvieanut
ABIAETCA J00as (popMyaa KaxKaoro m3 caepyiommx Buaos, rae A, B, C — mpous-
BOJBHBIE (DOPMY.IBI
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L.

L1 (A— (B— A)).
[2. (A= (B—=C) = (A= B)— (A—0))).

ITg..
IL1. ((A&B) — A).
I1.2. ((A&B) — B).
I1.3. (C = A) = ((C = B) = (C = (A&B)))).

I11,.
II.1. (A— (AV B)).
[1.2. (B— (AV B)).
I1.3. (A —=C) = (B—C) = ((AV B) = (0))).

V..
IV.1. (A= (=B)) = (B — (=A))).
IV.2. (=(=A)) = A).

ﬂ.ﬂﬂ JOKa3aTeJbCTBa HE3aBUCUMOCTHN aKCHMOMBI
LI.(A—= (B— A))
OT OCTAJBHBIX aKCMOM PAaCCMOTPUM JOI''MYIECKYIO MaTPHUIY
My = (M, F,~, A\, V,—)),

rge M = {0,1,2}, F = {2}, v =2 -z, v Ay = min(z,y), * Vy = max(z,y) u
r—=y=2mpur<yuxr—y=0n0pux>y.

Hemocpencreennasa mpoBepKa IOKa3BIBaeT, UYTO MOCTPOEHHAA JOMMYECKad Ma-
Tpuna M, coraacosana ¢ IIpasuaom Bvieoda MP u B Heu OOIIE3HAYUMEL BCE
YACTHBIE CIydYaul JOTHIeCKUX aKCHOM, KpOMe ToaydaeMbrx mo cxeme [.1. Axcmoma
(A; — (Ay — A))) npurumaer 3uadenue 0 npu A; passom 1, Ay — 2.

ﬂ.ﬂﬂ JOKa3aTeJbCTBa HE3aBUCUMOCTHN aKCHMOMBI
[2. (A= (B—=C) = ((A—=B)—=(A—10)))
OT OCTaJBbHBIX aKCMOM PaCCMOTPUM IPOIMO3UINOHAJIBHYIO CUCTEMY
My = ((M,F,=, A\, V, =),

rre M = {0,1,2}, F = {0}, -~ =2 —x, v Ay = max(z,y), * Vy = min(z,y) u
r — y =max(0,y — x).

Hemocpencreennas mposepka MOKa3bIBAET, YTO MOCTPOCHHASA MPOMO3UINOHAIb-
Has cucrema My cornacoBana ¢ IIpasuaom Bvieoda MP u B Hen 001Ie3HATUMBI
BCe YACTHBIE CAYYay JOMMIECKUX aKCHOM, KPOMe IOIydaeMbIX mo cxeme 1.2. Akcu-
oMa

(A1 — (A2 = A3)) = (A1 — Ag) — (A1 — A)))
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npuanMaeT 3HaveHue | mpu A; paBaom 1, Ay — 1w Az — 2.
[l1s1 moOKa3aTeabCTBA HE3ABUCUMOCTH aKCHOMBI
IL1. ((A&B) — A)
OT OCTAJIBHBIX AKCHOM PACCMOTPUM MPOMO3UINOHAILHYIO CUCTEMY
Ms = ((M,F,=,A,V,—)),

rae M = {0,1}, F = {1}, Ay =y, a Gyakuuu x V y, £ — y U — ONPEALITIOTCA
OOBIIHBEIM 00pPa30M.

HemocpencrBennas mpoBepKa MOKa3BIBAET, ITO MOCTPOEHHASA MPOMO3UINOHAIb-
Hasg cucrema Mz cornacoBana ¢ IIlpasuaom Bvieoda MP u B Helr 001Ie3HAINMBL
BCE JaCTHBIE CAydan JOTMIeCKUX aKCMOM, KpOMe moaydaeMbrx 1mo cxeme 11.1. Akcu-
oMa,

((Al&AQ) — Al)

npuanmaeT 3Havenue 0 mpu A; pasuom 0 uw Ay — 1.
[l1s1 moOKa3aTeabCTBA HE3ABUCUMOCTH aKCHOMBI
I1.2. ((A&B) — B)
OT OCTAIBHBIX AKCUOM PACCMOTPUM MPOMO3UINOHATHLHYIO CUCTEMY
M4 = <<M7 Fa_'a/\ava_>>>a

rue M ={0,1}, F = {1}, x Ay =z, a yskuum x V y, £ — Yy ¥ —T ONPEAJIAI0OTCA
OOBITHBIM 00PA30OM.

Henocpencrennas nposepka MOKa3bBIBAeT, YTO MOCTPOEHHAA IPOMNO3UINOHAID-
Hag cucremMa M, cornacosana ¢ IIpasuaom Bvieoda MP u B Hen 00IIe3HAINMEL
BCE YACTHBIE CAyYan JOTMIeCKHX aKCHOM, KpoMe moaydaeMblx mo cxeme 11.2. Akcn-
oMa,

((A1&Ag) — As)

npuanMaeT 3HadeHne 0 mpu A; pasmom 1 u Ay — 0.
[na 1oKa3aTelbCTBa He3aBUCUMOCTH aKCHOMBL
I1.3. (C = A) = ((C = B) = (C — (A&B))))
OT OCTAIBHBLIX AKCHOM PACCMOTPUM MPOIO3UINOHAILHYIO CHCTEMY
Ms = ((M,F,~,A,V,—)),

rie M = {0,1}, F = {1}, 2 Ay =0, a pyukunu x V y, T — y U — ONPEILIAIOTCA
OOBITHBIM 00PA30OM.
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Hemocpencreennas mposepka MOKa3bIBAET, YTO MOCTPOCHHASA HPOMO3UINOHAIb-
Hasa cucremMa My cornacoBauna ¢ IIpasuaom Boieoda MP u B Hen 00LIIE3HATNMEI
BCE YACTHBIE CIyYaM JOTHIECKIX aKCHOM, KpOMe MoIydaeMbIX 1mo cxeme 11.3. Akcn-
oMa

(A1 — Ay) = (A1 = A3) = (A1 = (A2&43))))

npuanMaeT 3Hadenne 0 mpu A, Ay u A3 paBHBIX 1.
[na 1oKa3zaTelbCTBa HE3ABUCAMOCTH AKCHOMBL
I1.1. (A — (AV B))
OT OCTAJLHLIX AKCHOM PACCMOTPUM HPOIMO3UINOHAILHYIO CUCTEMY
Me = ((M,F, =, A, V, =),

rge M = {0,1}, F = {1}, 2 Vy =y, a yskuuu x A y, £ — y U —2 ONPEIJIAIOTCA
OOBITHBEIM 0OpPa3OoOM.

Hemocpencreennas mpoBepka MOKa3bIBAET, ITO MOCTPOSHHAS TPOTO3UINOHATH-
Has cucrema Mg cornacoBana ¢ IIpasuaom Bvieoda MP u B Hen 001Ie3HATIMBI
BCE JACTHBIE CIydYal JOTUIECKUX aKCHOM, Kpome moay+daembrx mo cxeme [11.1. Ak-
cuoMa

(A1 — (A1 V Ag))

npuauMaeT 3uadenue () mpu A; paBaom 1 u Ay — 0.
[lns moKa3aTerbCTBA HE3ABUCUMOCTH AKCHOMBI
II1.2. (B— (AV B))
OT OCTAJBHBIX AKCHOM PACCMOTPUM MPOMO3UINOHAJIBLHYIO CUCTEMY
Mz = ((M,F, =, AV, =),

rge M ={0,1}, F ={1}, x Vy =z, a Gyskuuu & Ay, £ — y U T ONPEAEJIAIOTCA
OOBITHBEIM 0OpPa3OoOM.

HenmocpencTBenHas mpoBepKa MOKA3BIBAET, ITO HOCTPOEHHAS MPOMO3UINOHATD-
Hasa cucreMa My, cormacoBana ¢ IIpasuaom Boieoda MP u B Hen 00UIe3HATNMEI
BCE YACTHBIE CIydYal JOTUIECKUX aKCHOM, KpoMme moay+daeMmbrx mo cxeme [11.2. Ak-
CuoMa,

(Ay — (A1 V Ay))

npuauMaeT 3uadenue () mpu A; paBaom 0 m Ay — 1.
[lns moKa3aTerbCTBA HE3ABUCUMOCTH AKCHOMBI

I1.3. (A—=C)— (B—=C)— ((AVB) = ()))
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OT OCTAJBHBIX aKCHMOM paCCMOTpI/IM HpOHO3I/IHI/IOHaJI])HyIO CI/ICTeMy
M8 = <<M7 Fi_'i/\iva_>>>7

rue M = {0,1}, F = {1}, 2 Vy =1, a pyukunu = A y, T — y U — ONPEILIAIOTCA
OOBITHBEIM 00pPa30M.

Hemocpencreennas mpoBepka MOKa3bIBAET, ITO MOCTPOSHHAS MPOMO3UITNOHATh-
Hasg cucrema Mg cornacoBana ¢ IIpasuaom Bvieoda MP u B Herr 00me3HAINMBL
BCE YACTHBIE CIyYaW JOTHIECKUX aKCHOM, KpoMe moaydaeMbrx mo cxeme [11.3. Ak-
cruoMa

((Al — Ag) — ((A2 — Ag) — ((Al V AQ) — Ag)))

npuanMaeT 3Hadenue 0 mpu A;, Ay u Az paBubix 0.
[l TOKa3aTeabCTBA HE3aBUCUMOCTH AKCHOMBI
IV.1. (A— (-B)) = (B— (0A)))
OT OCTAJIBHBIX AKCHOM PACCMOTPUM IIPOMO3UINOHAILHYIO CUCTEMY
Mg = ((M,F, =, A\, V, =),

rge M = {0,1}, FF = {1}, ~x =0, a pyukunm x Ay, £ — y u & V Y ONPEAJIAIOTCA
OOBITHBIM 00Pa3OM.

HenocpencreenHas npoBepka MOKa3bIBAET, YTO MOCTPOEHHAA IPOMO3UIINOHATb-
Hasa cucTeMa My cornacoBana ¢ IIpasuaom Boieoda MP u B Hen 0OIIe3HAINMEI
BCe YaCTHBIE CIyYad JOTMIeCKHX aKCHOM, KPOMe MoaydaeMbIX mo cxeme IV.1. Ak-
cuoma

(A1 = (742)) = (A2 = (0A41)))

npuanMaeT 3HadeHne 0 mpu A; pasuom 0 u Ay pasmowm 1.
[l1a moKa3aTeabCTBa HE3aBUCUMOCTH aKCHOMBI
IV.2. (=(—=A)) = A)
OT OCTAJBHBIX aKCHMOM PAaCCMOTPpUM IPOMNO3UINOHAJIBHYIO CUCTEMY
My = <<M7 F,=, AV, _>>>7

rie M ={0,1,2}, F = {2}, 2 Ay = min(z,y), x Vy = max(x,y) u x — y = 2 npu
r<yuxr—y=yupux >y, 0=2u -2 =0n0puzx>0.

HemocpencrBennas mpoBepKa MOKa3BIBAET, ITO MOCTPOEHHAA MPOMO3UINOHAIb-
Hasg cucrema Mg cornacoBana ¢ IIpasuaom Beieoda MP u B Hen 001Ie3HAINMBL
BCE YaCTHBIE CAy9ad JOTMIeCKUX aKCHOM, KPOMe MoaydaeMbix mo cxeme 1V.2. Ak-
cuoma ((—(—A41)) — A;) npuanmaer 3Hauenue 1 npu A; pasHOM 1.

WuTepecHo 3aMeTUTh, 9TO Ka3aI0Ch OBl ~caMas mpocTasa’ akcuoma V.2 moTpe-
60BaJIa MOCTPOEHUA ~ CAMOU CIOKHOW MPOMO3UIMOHATIEHON cucTeMbl. OKa3bIBAETCA
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»1o He caydanno! "IIpocrora” akcmombr IV.2 kaxymascsa. CymecrByeT menoe ma-
TeMaTHIeCKOe HAIIPABJICHNE, HA3BIBAEMOE UNMYUYUOHUSMOM, TTPEICTABATEIN KOTO-
pOro, B YaCTHOCTH, He MPUHUMAIOT DTY aKCHOMy. B HacTosmeM mocobuu He mpen-
CTABIAECTCA BO3MOXKHBIM JIaTh CKOJIBKO-HHOYIbL IOAPOOHOE MpeIcTaBIeHne 00 DTOM
BaYKHOM HAIPABJIEHUN MAaTEMATHIECKUX MCCIETOBAHHUM. O

2.8. Ucuucaenue CekBeHIIUU

[nst yray6aeHHOTO u3ydeHus ABYX OCHOBHBIX mousatuu Mcuucaenus Bwicka-
3bl8aHUTL — TIOHATHUA 8b1800a U TOHATHUA 8b1800UMOUT HOPMYAbL — MBI BBEIN
IBa OoJee OOHMINX MOHATHUA — MOHATHE 8bi80daA U3 MHoHcecmea dopmya [ u
noHsaTe @PHopmyavt, 6616800UMOU U3 MHOHCECBG Popmya ' 1 1ocTaToIHO
HOAPOOHO M3YUWIN CBOUCTBA oTHOmeHua [ F A.

B macTosmeM pasjene MBI paCCMOTPUM HECKOJBKO APYTOU MOAXOM K H3YICHUIO
Jo2uxku Buicka3vieanuti — Ucuucaenue Cexsenyuti.

Andasur Yo — 5T0 00BEIUHEHNE YETHIPEX MHOXKECTB Y1, Yo, 3 U Y.

Y1 = {A, Ay, .. AL, L} — cuemnoe MHodHCECMBO NPONOUYUOHAALHOIL NEPe-
MEHHDLT,

Yo = {7, &,V, =} — muoocecmso npono3uyuonaIbHbIL C8AZOK,

Y3 ={(,),,} — muooucecmso mernuueckur cumeoa08 - " aesasn crobra’, " npa-
sas cxobka’, ” 3anaman’,

[Touatue gpopmyaa Ucuucaenus Cersenyut onpenenseTcsa B TOTHOCTH TaK-
XKe, Kak u nouatue gopmyaa Hcuucaenus Buvicka3wvieanui.

Cexeenyueti Ha3BIBAETCA BBIPAJKEHUE OJTHOTO U3 Tpex Buaos, rae A, As, ...,
A, B — npoussoasubie popmyasl Hcuucaenus Cereenyuti:

1) Ay, Ay, ..., A, B B (auraerca "us Ay, As, ..., A, caedyem B7),

2) b B (auraercs "B dokazyema’),

3) A1, Ay, ..., A, E (auraercsa ”cucrema A, As, ... , A, nporusopeudnsa”).

IIpasuaom svieoda HUcuucaenus Cereenyuli Ha3bIBAETCA BEIPAKEHUE BU-

a
517527---75n
S Y
rae Si, Sa, .y Sy, S — cexBenmuu. CexkBennusa S HA3BIBAETCSI HETLOCPEDCMEEHHBIM
caedcmeuem cexksenyuti Si, Sz, ..., S, N0 JAHHOMY NPABUAY 6bLEOIA.

Kak u B ciyvae Mcuucaenus Bovicka3dwvieanuil, onpenesnM TOHATUA AKCUO-
Mbl U npasuaa ebisoda Hcuucaenus Cereenyu.

Arcuomovr Ucuucaenus Cersenyuli 3adarwomcs 0odnol cremott aKCuUoMm:
A A

Axcuoma Ucuucaenus Cexeenyuti moryIaeTCsa U3 YKA3AHHOU CXeMBI aKCH-
oM moacTaHoBKou BMecTO A mpouwssoisuoun dpopmyasl F Hceuucaenus Cexeen-
YU .
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[Tycrs A, B u C — nupoussoababie popmyasl Mcuucaenus Cexeenyuti, a Iy,
[y, I's u ' — mpou3BoJbHBIE KOHEUHBIE TOCIENOBATEILHOCTH (BO3MOKHO, IIyCTHIE)
dbopmyr Ucuucaenus Cereenyu.

IIpasuaa evieoda HUcuucaenus Cexsenyuti — >TO BEIPAKEHUSA OTHOTO U3
CJAEMYIOIIUX BUIOB:
1) Bsedenue &
[T F (A&B)

2) Yoanenue &
I - (A&B)
r=A4 "’

3) Ydaaenue &
I' - (A&B)
r-B "’

4) Bsedenue V
r-A

T+ (AVB)

5) Beedenue V
-8B

T+ (AVB)
6) Ydasenue V

Ly (AVB); Ty, A C; T5,BFC
T, T, 3 F C !

7) Bsedewue —
I A-B

T (A= B)’
8) Yoasenue —
ILFA—=B), T, - A
Iy, 'y - B ’

9) Bsedenue —
r, Ar

T F —(A)’

10) Csedenue x npomusopeuuio

Fl l_ A, PQ l_ _‘(A)
I, I', - ’

11) Ydaaenue —
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12) Ymounenue
I+

TFA
13) Pacwupenue
r=A
rBEA
14) Ilepecmanoska
Fla Aa Ba 1—‘2 = C
Iy, B, ATy - C’

15) Cokpawenue
Fla Aa Aa 1—‘2 l_ B

r, A TI's - B
Bvisodom 6 Hcuucaenuu Cexeenyuti Ha3bIBACTCA J00ad KOHCIHAA IIOCIE-
TOBATEABHOCTE S1, S, ..., S, CeKBeHmUM Takasd, 4T0 aad Jo6oro i (1 < i < n)

160 S; — akcuoma, 60 S; HEMOCPEICTBEHHOE CJAeICTBUE HEKOTOPBIX MPEeIBI IYIINX
CeKBEHINNU TI0 OMHOMY U3 TpaBua BbiBoga 1 - 15.

Cexpennus S HasweBaeTCA 8b18600uMol B Ucuucaenuu Cexsenyuli, ecin
cymecTByeT BbBOL B Mcuucaenuu Cexeenyuli, OKAaHINBAOMNNACA CEKBEHIINEN

S.

Teopema 2.8.1. 1) Ecau swisoduma cexsenyus Ai, As, ..., A, = B, mo gopmyaa
(A1&AK .. . &A,) — B) moacdecmsenno ucmunna.
2) Ecau svigoduma cexeenyus = B, mo gopmyaa B mosxcdecmeenno ucmunna.
3) Ecau svigoduma cexeenyus Ay, As, ..., A, b, mo gopmyaa

(A& A . & A
moofcaecme EHHO UCTMUHHA.

Adorxaszameuawvcms o. [JokazaTeIbCTBO MPOBOIUTCA WHAYKINEX IO JIAHE
BBIBOJA U TPEIOCTABIACTCA IATATEIIO0 B KAIeCTBE TOJE3HOTO YIIPaKHEHMS. ]

[na Acuucaenus Cexsenyutl cipaBenimBa CIeqyIOMas TeOpeMa O MOJTHOTE,
AHAJOIMIHASA COOTBETCTBYMIOImEN TeopeMe mid Mcuucaenus Bovickasvieanuti.

Teopema 2.8.2. Cexsenyus = A svisoduma 6 Heuwucaenuu Cerxeenyuti mozda
u moavko moeda, Koeda gopmyaa A moxcdecmsenno ucmunta.

Adorxaszameawvcmse o Ecm popmyra A TOXIECTBEHHO MCTHHHA, TO OHA
BeIBOUMA B U cuucaenuu Buickasvieanuti. Ungykuren mo maune BeIBoga (hop-
myasl A B Hecuucaenuu Buvicka3wvieanuti nokaxeMm, 9To cekBennus - A BBIBO-
muma B Mcuucaenuu Cexsenyuti.

[Ipex e Bcero mokaxkem, 9To ecau Gopmyaa A ABIACTCA JOTIECKON aKCHTOMOU
Hcuucaenus Buvickasvieanuti, To ceksennusa - A BeiBoguma B Mcuucaenuu
Cersenyuii.
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Hanmomunwm, uro akcuomavmu M cuucaenun Bovickadvie anuti ciyxar popMy.Ibt
CJIEeTYIONIEro BUIA
I,.

I[1. (A— (B— A)).

[2. (A= (B—=C)— (A—B)— (A—=0))).

[Ty,
I1.1. ((A&B) — A).
I1.2. ((A&B) — B).
I1.3. (C = A) = ((C — B) = (C — (A&DB)))).

III,.
IML.1. (A — (AV B)).
I1.2. (B— (AV B)).
I1.3. (A —=C) = ((B—C) = ((AV B) = ())).

IvV_.
IV.1. (A — (=B)) = (B — (—A))).
IV.2. (=(=A)) — A).
YcTraHoBUM BBIBOJAMMOCTH COOTBETCTBYOmNX cekBeHnnn B Hcuucaenuu Ce-
K8 EeHUUT.
[,.
L1.F (A= (B— A)).
- A (rormueckas akcmoma),
, B = A (upasuio pacmupenns 13),
- (B — A) (mpasuio BBemeHus — 7),
(A — (B — A)) (upaBuio BBegerus — 7).

A
A
A

Ucnonssysa axcuomy u npasuta pacuupenus 13 u nepecmanosky 14, 1erko mo-
Ka3aTh, 94T0 ecau A € I', mo svisoduma cexsenyus I' F A. DTum mpocTsiM dhakTOM
MBI Oy €M YaCTO MOJb30BATHLCA B JAJbHEUIIEM.

[2F (A= (B—=C)— (A= B)— (A—0())).

Beegem ob6o3uavenne

r={(A—= (B—=C), (A— B), A}.

Torza

' (A— (B—0C));

(A — B);

[IpuMenuB Tpu pasza npasuso 68edenus —, MOJIYIAM BBIBOIUMOCTD HYKHOU Ce-
KBEHIIUU.

Iy,
L1 F ((A&B) — A).
(A&B) - (A&B);
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(A&B) + A,
F ((A&B) — A);

I1.2. - ((A&B) — B).
(A&B) - (A&B);
(A&B) F B;

- ((A&B) = B);

II3.F (A= B) = (A—=C) = (A — (B&C)))).
Beexem o6o3uadenne

r :ﬂ{(A — B), (A—=C), A}.

Torga

'+ (A— B);

(A — C);

’

P

’

e B B B
=

l_
l_
l_
l_

)

;

'+ (B&C).

[Ipumenus Tpu pasza npasu.io 68edenus —, MOIYIUM BBIBOIUMOCTE HYKHOU Ce-
KBEHIIUN.

II1,,.
II.1. - (A — (AV B)).
A A
A+ (AV B);
F(A— (AVDB)).

1.2, F (B — (AV B)).
B F B;

B+ (AvV B);

F (B— (AVB)).

3.+ (A—=C)—= ((B=C)— (AVB)—=0))).

Bsemem ob6o3natienue

' ={(A4—-0C),(B—C),(AVB)}.

Torga

r, AF C;

I, B+ C,

' (AVB);

I' = C.

[IpuMeHuB Tpu pasa npasuso 66edenus —, MOIYINM BBEIBOIUMOCTE HYKHOU Ce-
KBEHITUN.
IvV_.
V1. F (A= (=B) = (B— (—A)).
Benem o6o3uadenne
' ={B, (A— (-B))}.
Torga
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I+ B;

I, AF (-B).

[TosTomy I', A +.

[To mpasury 9 g6edenue - moryaaem I' F (2A).

[IpuMeHUB IBa pasa npasulo 66e0denus —, TOIyIIM BBEIBOIUMOCTE HYXKHOU Ce-
KBCHIIUN.

IV.2. F ((=(=A) — A).

Bsenem ob6o3unatenue

I' = {(=(=A)), =A)}.

Torga

I = (=(=A4));

['E (—A).

[To mpaBuy 10 moxygdaem

rE,

T. €.

(=(=A), (=A) F.

[To mpasury 11 ydasenue — momydaem
(=(=A) F A

[To mpaButy 7 8sedenue — momydaem

= ((=(=A) = A).

Ecan ¢popmynra B noxygena uz ¢opmya A u (A — B) no IIpasuay Omde-
aenus MP, npudem nokasyemsr cekpenunu - A u = (A — B), To, npuvenus
IpaBmIo 8 ydasenue —, MOTYIUM TOKA3yeMOCTh CeKBeHun H 1. O

2.9. [Ipyrue akcmoMaTu3alMu AJsA JOTUKU BbICKa-
3LIBAHUN

B sToM pasgere MBI pacCMOTPUM HEKOTOPBIE IPYIHe HOAXOABI K aKCHOMATH3a-
UK JOTUKU BLICKA3LIBAHMN. 1aK KaK OJHM HPOINO3UIMOHAILHBEIE CBA3KH OTHOCH-
TEeILHO JOTMKHA BBHICKA3BIBAHUU MOIYT OBITH BBIPAXKEHBI Y€pe3 HEKOTOPBIE ApYTHe,
TO MMeeTCAd BO3MOXHOCTH BKJKYATH B aJIq)aBPIT NCYUCJICHUA BbICKaBbIBaHI/Iﬁ JIUIITH
9aCTh CBA30K 3 —, V, &, —.

PacemorpuMm Heckoabko Teopuu, 0m3kux Kk Meuucaenuro Buicka3vieanuti.
Anpasurer 3Tux Teopuu OyayT oTamdaThcsa oT aapasuta Mcuucaenus Buicka-
3bl8 aHUY UL HAOOPOM TPOMO3UINOHATHLHBIX CBA30K.

Teopusa L,. B anpasur Teopum L; B KadecTBe MPOMO3ZUIMUOHAIBHBIX CBA30K
BKJIIOYAOTCA Juib — u V. [loarue gopmyas B Teopun L; BBOIUTCA IO TOHU Ke
cxeMe, 9TO u B caydae Ucuucaenus Bovicka3vieanul.

Bripaxenue (A& B) cayxcum cokpawenvem mas HpOPMYJIb

(=((=A) v (=B))),
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a (A — B) — pua popmyasr
((-=A) Vv B).

Cucmema A02uueckus arxcuom meopuy L, onpedeisemca 4emvipbma CTemami
aKCUOM.

L (AV A — A).

2. (A= (A V B)).

3. (AV B)— (BV A).

4. ((B—=C) — ((AV B)— (A V().

B Teopun L, kak u B Ucuucaenuu Bwicra3vie anutl, TOTHKO OTHO MTPABUIO
BeiBO1a — IIpasuao Omodeaenus MP (Modus Ponens):

A, (A — B)
B

Kak u B ciydae Acuucaenus Buicka3vie anuti, onpenersoTcsa NOHATHA 6b16800,
sbisodumasn Popmyaa, 6b1600 U3 MHOICECMBA 2UNOME3, TOKAZHIBAIOTCA
TeopeMa MACeAYKIINU U pAd BCIIOMOI'aTEJIbHBIX TEOpEM. STO IMO3BOJIACT OJOKa3aTh,
Kak 1 B ciyiae Mcuucaenus Bovicka3vié anutl, OCHOBHYIO TeopeMy O Teopuu L.

Teopema 2.9.1. @opmyaa A meopuu Ly 8visoduma 6 amoti meopuu mozda u moab-
Ko moada, Ko20a 0Ha MoAHIeCMBeHHo UCMUHNHA.

Teopus L,. B anpaButr Teopuu L, B KadecTBe MPOMNO3UIMUOHAIBHBIX CBA30K
BKIIOYat0TCA Juits — u &. [lonaTue (opmyaer B Teopun Ly BBOAUTCA TO TOU Ke
cxeMe, 9T0 u B caydae HMcuucaenus Bvicka3vieanuti.

Bripaxenue (A V B) caysrcum coxpaweruem 1is GOPMYILI

(=((=A) & (=8))),

a (A — B) — mia Gopmyasr
(—(A& (=B)).
Cucmema no2uueckus axcuom meopuu Ly onpedesemcs mpems cTemamu arxcu-
oM.
L. (A — (A& A)).
2. (A&B) — A).
3. (A= B) = (0(B&C) = =(C&A))).

B Teopun Lo, kak u B Hcuucaenuu Bbvicka3wvieanutl, TOILKO OTHO IPABIIO
BeiBO1a — IIpasuao Omodeaenus MP (Modus Ponens):

A, (A — B)
B

Kak u B ciydae Acuucaenus Buicka3vie anutl, onpenersoTcsa NOHATHA 6b16800,
sbisodumasn Popmyaa, 6b1600 U3 MHOICECMBA 2UNOME3, NOKAZBIBAIOTCA
TeopeMa MeAYKIUU W PAI BCOIOMOTaTeIbHBIX TeOpeM. JTO MO3BOIIET NOKA3aTh,
Kak u B ciydae Mcuucaenus Buicka3wvie anutl, OCHOBHYIO TeopeMy O Teopuu Ls.

179



TJIABA II. JIOTUKA 1 UCHYUCJEHUE BHICKA3BIBAHNI

Teopema 2.9.2. @opmyaa A meopuu Ly 6bisoduma 6 2moti meopuu moz2da u moab-
K0 mo2da, K020a OHA MONCIECTNEEHHO UCTNUHNHA.

Teopus L3. B andasutr Teopum L3 B KadecTBe MPOMO3UIUOHAIBHBIX CBA30K
BKJIIOYAIOTCA JUIIL — 1 —. [lorarue gopmyasl B Teopun L3 BBOIUTCA MO TOU Ke
cxeme, ITO 1 B cayidae Mcuucaenus Buvicka3wvieanutl.

Bripaxenue (A V B) caysrcum coxpawenuem 1 GOPMYIBI

(A) = B),

a (A& B) — psa popmyast
(=(A = (=B))).

C’ucme.Ma A02UYECKUTL AKCUOM TMEOPUU L3 OHPBaGAﬂBmCﬂ mpema CTEMAMU AGKCU-
oM.

I.(A—= (B—= A).

2 (A—-(B—=C)— (A—=B) —(A—=0C)).

3. (=B) = (nA)) = ((=B) — A) — B))).

B Teopun L3, kak u B Ucuucaenuu Bwicka3wvieanut, TOTHKO OTHO MTPABUIO
BeIBOIA — IIpasuao Omodeaenus MP (Modus Ponens):

A, (A — B)
B

Kaxk u B ciyuae Hcuucaenus Bovickasvieanuti, onpenensoTcsa IOHATHA 8bl80J,
svieoduman Popmyaa, 6b1600 U3 MHOHCECMBA 2UNOME3, TOKAZBIBAIOTCA
TeoOpeMa MOeAYKINNU W pPAd BCIOMOT'aTEJIbHBIX TEOpEeM. STO IMO3BOJIAECT NOKa3aTh,
Kak u B ciyuae Mcuucaenus Bvicka3vie anHull, OCHOBHYIO TeopeMy o Teopun Ls.

Teopema 2.9.3. @opmyaa A meopuu L3 8bis60duma 6 3moti meopuu, mozda u moab-
K0 Mmo2da, K020a 0OHA MONCIECTNEEHHO UCTNUHNHA.

Paccmorpennnie Teopun Ly, Lo u L3 MOXHO HECKOIBKO MOIN(MDUINPOBATE, 3aMe-
HUB CXeMBI aKCHOM KOHKDPETHBIMU aKCHOMAaMU, HO 100aBuB mpu >ToM K IIpasuay
Buvieoda MP IIpasusao ITodemanosru:

ecau 8ce NPoNo3UYUOHAALHBLE Nepemennbie dopmyavt F codepacames cpedu Ay,
Ag, ooy Ay, a Ay, Ao, ., Ay — npoussoavhbie Gopmyabt, mo

f
]:Al,Ag,...,An [-’41; A?a s aAn]

[Toryanm Teopun L7, L5 m Lj ¢ cucTemamMn aKCmoM

Teopusa Li. Cucmema ao2uveckur axcuom meopuu L cocmoum u3 wemwviper
aKCUOM.

1. ((Al V Al) — Al)

2. (A — (A V Ay)).
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3. (A1 V Ag) — (A2 vV Ay)).

B reopun L nBa npasumia BeiBoga — IIpasuao Omdeaenus MP (Modus
Ponens) u IIpasuao IModecmanosku. EcTecTBEHHBIM 06pa30M ONpPENeIAI0TCA
MOHATHUA 861800, 8bL800UMAA HOPMYAA, 861800 U3 MHOHCECTNBA 2UNOMES,
TOKA3BIBAIOTCA TeOpeMa TeYKIIUU U PSAT BCIIOMOTaTeIbLHBIX TEOPeM. DTO MO3BOIAET
TOKa3aTh, Kak u B caydae Ucuucaenus Bvicka3vieanull, OCHOBHYIO TEOPEMY O
Teopun Lj.

Teopema 2.9.4. Popuyaa A meopuu L evieoduma 6 9moti meopuu moeda u moab-
Ko moada, Ko20a 0Ha MoAHcIeCm8enno UCMUHHQ.

Teopusa Lj. Cucmema aocuueckur axcuom meopuu Ly cocmoum u3 mpexr ax-
CUOM.

1. (Al — (Al&Al))

2. (A1 & Ay) — Ay).

3. ((Al — AQ) — (ﬁ(AQ&Ag) — _l(Ag&Al)))

B reopun L} nBa npasumia BeiBoga — IIpasuao Omdeaenus MP (Modus
Ponens) u IIpasuao IModcmanoskru. EcrecTBeHHBIM 06pa3oM ONpenetsaioTCsa
MOHATHUA 861800, 8bL800UMAA HOPMYAA, 861800 U3 MHOHCECTNBA 2UNOMES,
TOKA3BIBAIOTCA TeOpeMa TeIYKIIUU U P I BCIIOMOTaTeIbLHBIX TEOPeM. DTO MO3BOIAET
T0Ka3aTh, Kak 1 B caydae Mcuucaenus Bvicka3dvieanuil, OCHOBHYIO TEOpEMY O
Teopun Lj.

Teopema 2.9.5. @opmyaa A meopuu L svisoduma 6 amoti meopuu moa2da u moab-
Ko moada, ko206 0Ha MoAHCIECMBEHHO UCNUHNA.

Teopusa Lj. Cucmema aocuueckur axcuom meopuu L cocmoum u3 mpex ax-
CUOM.

L. (A — (A2 — Ay)).

2. (A = (A3 = A3)) = (A1 = Ay — (A1 = Ay))).

3. (m42) = (mA1)) = ((042) = A1) = Ay))).

B reopun Lj nBa npasumia BeiBoga — IIpasuao Omdeaenus MP (Modus
Ponens) u IIpasuao IModcmanosku. EcrecTBeHHBIM 06pa3oM ONpenetsaioTCsa
MOHATHUA 6861600, 8bL800UMAA HOPMYAG, 6bI600 U3 MHONCECTNBA 2UNOMES,
JTOKA3BIBAIOTCA TEOPEeMa IeIYKIIUU U P BCIOMOTaTEIbLHBIX TEOPEM. DTO MO3BOIAET
T0Ka3aTh, Kak 1 B caydae Mcuucaenus Bvicka3dvieanuil, OCHOBHYIO TEOpEMY O
Teopuu Lj.

Teopema 2.9.6. Popuyaa A meopuu L} svieoduma 6 9moti meopuy moe2da u moib-
Ko moe2da, Ko2da 0Ha MmoHcIeCmBenno UCMUHKA.
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PaccmoTrpennbie moaxonb!l K akcuomarusannu Jlo2uku Buicka3bieanut mpe-
CTABJIAIOTCA TOCTATOYHO ecTeCTBeHHBIMEU. CYIIeCTBYIOT U HECKOJIBLKO ~MeHee ecTe-
cTBeHHBIe” MOAXOaBI. Hampumep, MpemIoXeHBl CUCTEMBI aKCHOM, COCTOAIIAE JIIO0
13 OJHOUM CXEeMBI aKCHOM, JUOO M3 OJHOU aKCHOMBI, HO ~CMBICI” DTOU aKCHOMBI HE
CTOJb NMPO3padeH, KaK B PACCMOTPEHHBIX CIydasgx.

2.10. "HTYUIIMOHUCTCKOE UCUYUCIEeHNE BbICKa3bIBa-
HUN

[Tpr manmucanuum >Toro maparpada Mbl UCHOAB30BAIN, B YACTHOCTH, MaTepUAI
13 BocbMoro maparpada nocobus B. E. Iliucko ”Marematnueckas goruka” [31].

B xonne XIX — magaje XX B. B MaTeMaTHKe 1 IPEXK e BCEIO B TEOPUU MHOXKECTB
OBLT OOHAPYXKEH PAM TaK HA3BIBAEMBIX MApPaI0KCOB, ITO MPUHATO PACCMATPUBATH
kak Hadauao [11 kpusuca ocrnosanuti mamemamuru. B Xome MONBITOK HAUTY BBIXO U3
CO3JABIIEUCS TOCTATOIHO CJIOKHOU CATYAINN BBIACHUIOCH, 9TO CYIMIECTBYIOT TPUH-
ANAATHLHO pa3Hble TOYKM 3PEHMSI KaK HA MCTOKMA U MPUYIUHBI KPU3UCA, TaK U Ha
BO3MOXKHEIE TTYTH BBIXOAA M3 HEro. DTO MpUBEIO K (GOPMUPOBAHUIO PA3HBIX HAY Y-
HBIX IIKOJ B 00JACTH OCHOBAHME MaTeMaTuKu. Boaee moapo6HO 06 5TOM MOBOPUTCA
B KOHIIE TOCOOUs. 31eCh K€ MBI KPATKO 00CYINM HEKOTOPBIE MOOYANTEIbHBIE MOTH-
BBI BBeIeHUsA BaxXHOro BapuanTa Mcuucaenus Buicka3vieanut — Unmyuyuo-
nucmcerozo Ucuucaenus Bovicka3wvieanuil.

Mamemamuyueckulli uHMYUYUOHU3M — OTHO U3 OCHOBHBEIX HAIIPABICHUN KC-
CleMOBaHUN B 00.acTH OCHOBAHWU MaTeMmaTuku. (JCHOBHOU MOCTYJAT WHTYWUIIWO-
HU3Ma — "MHTYUINAS — € IUHCTBEHHBIN UCTOYHUK MAaTEMATUKYU U TVIABHBIM KPUTEPUN
cTporocTu ee nmocrpoenunt’” . IHTYHIMOHUCTCKAA WAEOJONMA BOCXOAAT K AHTUIHON
MaTeMaTHKe, ee OCHOBHBLIE IIOJIOXKEHWSA B TOU WM WHOU Mepe pa3Helsinch TaKu-
M BBIZatormumucsa mMaremarukamu, kak K.P. [Mayce, JI. Kponekep, A. Ilyankape,
A. Jle6er, 9. Bopean, I'. Beuns. B 1880-x romax JI. Kponekep yTBepxgaa, ITo
nponserasmme Torga metonsl K. Benepmrpacca, P. [lerekunga u I'. KanTopa me-
HAIEXKHBI, 9YTO UCHOJAb3yeMble MU (PYHIAMEHTAIbLHBIE TOHATHAI — IPOCTO CJAOBA, TaK
KaK OHHU He JAl0T BO3MOXHOCTDH IIPOBEPUTH, YIOBICTBOPAET JU PACCMATPUBACMBIN
00BEKT OIpeaeaeHnIo.

Ho ocHOBHBIM 11€0J0M0M MHTYUIIMOHI3MA 110 IpaBy cauraerca JI. O. f. Bpaysp,
KOTOPBIA B HAYaJe X X BeKa BHICTYNMI C PA3BEPHYTON KPUTUKOU OCHOBHBIX MOJOXKE-
HUU KJIACCHIECKOW MATEMATHKN W PAJIUKAJILHOU WHTYUIMOHUCTCKOU MPOTPAMMON
HepPeCTPOUKN MATEMATHIECKOTO 3 IaHUA.

Jleutzen Oroepr fAu Bpaysp (27.2.1881, Oepcxu — 2.12.1966, Amcrepaam),
ro/tagckun Maremaruk, ¢ 1908 roga mocaegoBaTeIbHO MPOBOANI KPUTHUKY TaK
HA3BIBAEMBIX YHMCTHIX MOKA3ATEIbCTB CYNIECTBOBAHUSI, OMMPAIOIINXCSI HA 3aKOH UC-
KJTIOUEHHOTO TPEThero, 9TO B UTOre MOJOXKUIO HAYAJIO 0COOOMY HAIMPABICHUIO B
06IACTU OCHOBAHNU MATEMATHKHA — MAMEMATMUYECKOMY UHMYUYUOHU3MY . Oco-
Oy10 meHHOCTH uMeeT nposedenuwm JI. D. f. BpayspoMm anaims maTeMaTmIeckKmx
TOKA3aTeIbCTB CYIIECTBOBAHNUA OOBEKTOB C TOYKM 3PEHUS BO3MOKHOCTH MOCTPOE-
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HUS COOTBETCTBYIONINN OOHEKTOB.

B crarbe "HenocToBepHOCTS JOrndecknx npuHIUNOB” , omybaukoBanuou B 1908
roay, JI. 9. fI. Bpaysp mocrasma mo comMHeHnE a0COMIOTHYIO BEPY B IIPABUIA KJIAC-
CUYIECKOU JIOTUKM, KOTOPbIe OCTABAINCH HEM3MEHHBIMU €O BpeMeH Apucrorens (384-
322 rr. go u. ».). ['. Beins Tak uznaran Touky speuus JI. J. . Bpayspa ” Coeaacwo
€20 832440aM U MOHUMAHUIO UCTMOPUL, KAACCUYECKAA A02UKA Oblaa abCmpazupo-
8AMA OM MAMEMAMUKY KOHEUHDIT MHONCECTNE U UL NOOMHONCECTE... 3a0bi8ai 00
IMOM 02PAHUYEHHOM NPOUCTOHCOEHUU, BNOCACICTNBUL IMY A0UKY NPUHAAU OULU-
60uHO 3G HEWMO BbICULEE U NEPBUUHOE NO OMHOWEHUN KO BCE MAMEMAMUKE U 6
KOHYE KONUYOB CMAAU NPUMEHAMb ee 03 KaK020-Aub0 Onpasianus K Mamemami-
ke Oeckoneunbls muoxcecms” . MOKHO IPUBECTH MPOCTHIE MPUMEPHI Y TBePK IeHIH,
UCTUHHBIX M1 KOHEIHBIX MHOXKECTB HATYPAJIbHBIX IUCET, HO JOXHBIE MIA OeCKO-
HeIHBIX. POPMUPOBAHNE UHTYUIUOHUCTCKOW UIEOJOTUH MLTO B JOCTATOYHO OCTPON
moJeMuke ¢ Bo3raasasgeMmbiM /. T'uarb6epTom elre oqHUM U3 OCHOBHBIX HATPABICHUN
HCCAeTOBAHNE B 0OJACTH OCHOBAHUYI MATEMATHKN — MAMEMAMUYECKUM Hopma-
audmom. JI. 3. fI. Bpaysp He mpuHEUMAT TEOPETUKO-MHOXKECTBEHHBIE OCHOBAHMUSI
MaTeMaTHKN, Bepy B aKTYaJbHBIM XapaKTep OECKOHEYHBIX MHOXKECTB, IIPaBOMEp-
HOCTH MEePeHoca B 06JaCTh 6€CKOHETHOrO JOTHIEeCKUX MPUHIIUIOB, BEIPAOOTAHHBIX
npu paboTe ¢ KOHEYHBIMEI MHOXeCTBaMu. B dacTHOCTH, UM OTBepraJficsa 3akKoH uc-
KAUEeH020 mpembez2o. C TOUKM 3PEHus WHTYUIMOHUCTOB, MPEIMETOM HCCIe-
TOBAHUA B MATEMATHUKeE ABIAIOTCA YMCMBEHHBLE NOCMPOEHUA, KOTOPBIE paccMaTpH-
BalOTCA ”6E30THOCUTEIHHO K TAKUM BOMPOCAM O HPUPOAE KOHCTPYUPYEMBIX O00D-
€KTOB, KaK BOTPOC, CYIIECTBYIOT JU 3TO OOBEKTHI HE3ABUCUMO OT HAIIEr0 3HAHUA
o Hux” (A. Denrunr). Maremarudeckue yTBEPKIEHUS, [0 MHEHUIO WHTYUIUOHU-
CTOB, JAIOT HEKOTOPYIO WH(MOPMAIINIO O BEIMOJIHEHHBIX TOCTpoeHusax. Kaaccuaeckas
1 UHTYUIUOHUCTCKASA MATEMATHUKU MPUIEPKUBAIOTCA CYIIECTBEHHO PA3HBIX TOYEK
3peHus Ha GeCKOHEYHbIe MHOXKecTBa. Kiaccumieckas MaTeMaTHKa pPacCMAaTPUBAET
6ECKOHETHOCTh KaK GKMYasbHY10, IK3UCTEHYUAALHYIO TN 3as8epuleHHnyt. becko-
HEYHBIE MHOXKECTBA PACCMATPUBAIOTCSA KAaK 3aBEPIIEHHBIE O0BEKTHI, C KOTOPBIMU
MOYKHO BBHITIOJHATH TAJbHEUINe MOCTPOEHUs, B 9aCTHOCTU, OHU MOTYT OBITH DJe-
MeHTaMI APYTUX MHOXKeCTB. UHTYUIIMOHUCTCKAA MaTeMaTHKa pACCMAaTPUBaeT Gec-
KOHETHOCTB KaK NOMEHYUAALHYIO WIA CMAHOBAWYIOCA. ITA TOIKA 3PEHUI Ha O€CKO-
HEIHOCTH BocxoquT K ['. @. [ayccy, koTopuin yrBepxaan ” A eo3paxcain... npomus
ynompebaenus OECKOHEUHOU BeAUNUHL, KAK Ue20-A4UD0 3a6EPULEHHO20, UMO HUKO-
2da ne nossoaumenvno 6 mamemamure’ . . Bewrs cauran, aro ”Bpaysp Bersacamwa
1, KaK MHe KaXXeTCs, He OCTABUJI COMHEHUA B TOM, ITO HE CYIIIECTBYeT AOBOJOB, 3a-
IIAIIAOIINX BEPY B DK3UCTEHINAJBHBIA XapaTep COBOKYIHOCTHU BCEX HATYPAJbHBIX
YUCeNd... DTOT PAJ IUCeJ, KOTOPLIM PAacTeT, He OCTAHABANBAACHL HU HA KAKOHU CTa-
IUW, 33 CIeT Mmepexona K CAeAYIONeMy 9HCIy, TpeacTaBiseT cobou MHOT00Opasue
BO3MOXKHOCTEHN, OTKPBITHIX [ O€CKOHEIHOCTH, OH BEYHO OCTAETCA B COCTOSHUM
CTAHOB/IEHUs, & HE SABISETCS 3aMKHYTHIM IIAPCTBOM BeIer, CYMIECTBYIOMNX B cebe.
To, 9TO MBI cJIemo mpeBpallaeM OTHO B APyroe, ABIAETCA UCTUHHBIM UCTOIYHUKOM
HAILIIX TPYJIHOCTEN, B TOM YHCJIe AHTHHOMUU, — HCTOIHUKOM 6oJee TIyOOKOU HIpH-
POJIBI, TeM YKa3aHHBIU PacceroM MPUHIWIT MOPOYHOrO Kpyra. Bpaysp OTKPBLT HaM
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r1as3a u MOoKa3agd, KaK JaJeKO KJIACCHIeCKas MaTeMAaTHKa, BCKOPMJIEHHAS TPEBOC-
XOIAIIEN BCAKYIO YeJ0BEYECKYIO CIOCOOHOCTH PeAJU3alui Bepon B ~abCcoI0THOE”
nIeT JaJbllle TaKUX YTBEPKIEHWH, KOTOPBIE MOT'YT HPEeTEHIOBATH HA peaJbHBIN
CMBICA ¥ UCTUHHOCTH, OCHOBAHHYIO HA JOKA3aTeIbCTBaX .

WNHTYUIIUIOHNCTCKAA W KIACCHYEeCKAasd MATEeMATHKH HECKOABKO MO Pa3HOMY IIO-
HUMAIOT (TPAKTYIOT) JOTHYECKUe CBI3KU. Hampumep, ¢ TOYKYM 3pEHUA UHTYUIIA-
OHUCTCKOU MATEMATHKHN JTOKA3aTeIbCTBO YTBEPXKICHUI ~ cywecmeyem obwbexm a,
obaadarowut ceoticmeom A”, TOIKHO 1aBaTh MEMOO (AAZOPUMM) NOCMPOEHUSA KOH-
Kpemmnoz2o 0bwvexma a, obaadarouezo ceoticmeom A. OIHAKO B KJIACCUYIECKOU Ma-
TeMATHKe TOCTATOYHO IMUPOKO PACIPOCTPAHEHBI KOCBEHHEIE JOKA3ATEILCTBA CYIIIe-
CTBOBaHUA, B KOTOPHIX u3 npeanonoxkenus (Vi)(—.A) BLHBOAUTCA IPOTUBOpEYHE, HA
OCHOBAHUU Uero neraeTcsa BeBOA, 4To —(Vr)(—A), a sarem moay4aror, aro (Iz)A.
Hepenko 3 Takoro 10ka3aTeabCTBa He BUIHO, KAK MOCTPOUTH KOHKPETHBIN OO BEKT
a, obmagaromun csouctBoM A. fIpkum mpuMepoM MOXKeT CIyXKUThH TPaJUIIOHHOE
TOKa3aTeIbCTBO METOI0M OT MIPOTUBHOIO YACTHOrO cay4as Teopemul JI. . f. Bpay-
Dpa 0 HemoIBMKHOU To4uke ~Jiwboe Henpepvisroe 0mobpaxcenue eQuRUuYH020 Kpyea
D 6 cebs umem menodsuxcnyio mouky’, KOTOpoe IMPUBOAUTCA B KOHIE MOCOOHUA.
[Tomo6HOE wucmoe dokazameabcmso CYWECMBOBAHUSA He TPUHUMAETCA WHTYUIINO-
HUCTCKOW MaTeMaTHKOMN.

CymecTByer cruenuduka U B HOHIMAHAN UHTYAIXOHUCTAME JOTMIECKOU CBA3ZKI
TU3BIOHKIMK \V — UX TOHUMaHUe TUB3IHKINN AV B 0TIn4aercsa 0T KIacCuIeckoro,
HO 006 »TOM OyIeT CKa3aHO MO3XKe.

JI. 9. fI. Bpaysp u ero eqmHoMBIILIEHHUKY B cepun paboT Hadwaas ¢ 1918 ro-
[1a BBITMIOJHIIN TOCTPOEHNE OCHOBHBIX Pa3Ael0B MHTYUIMOHUCTCKON MATEMATHKN —
TEOPUM MHOXKECTB, M€OMETPUM, TOMOJOIWH, MaTeMaTHICKOrO aHaim3a. B Teopun
YUCe] HeMHTYUIIMOHUCTCKIE MEeTOIbI He UCPAIT CYIIECTBEHHOU POJM, TaK KAaK BO
MHOTHX CIyYaAX HeKOHCTPYKTHUBHBIE JOKA3aTEeIbCTBA CYIIeCTBOBAHUA MOXKHO 3aMe-
HUTH KOHCTPYKTUBHBIME, XOTA, KAK IPABIIO, CYIIECTBEHHO Goee IIMHHBIMEA. B To
JKe BpeMs B MATeMAaTUIECKOM aHAJIN3e HEMHTYUIIUOHUCTCKIE METOIbI UT'PAIOT OYeHb
BAXHYIO POJb, HAYUHASA C MOCTPOEHUS JEMCTBUTENBHBIX JUCEJT, KOTOPBIE TPAKTY-
I0TCA KaK 0€CKOHEYHbIE MHOXKECTBA PAIMOHAJLHEIX dncent. T. e. yxKe Ha HAYAILHOM
DTalle MCIOAb3YeTCA aKTyaJdbHas OECKOHEIHOCTh. JAKOH UCKAOUEHHO20 mpe-
Mbe20 TakxkKe UI'PAeT CYIIECTBEHHYIO POJIb IPHU OIPeIeIeHNN OTHOIICHUA MOPSIKA,
o gencTBUTENbHBIX dnced. K konmy XX Beka MHTYUIMOHUCTCKAA MaTeMaThUKa
ObLIA YK€ JOCTATOYHO rIyboko paspaborana. OTKas OT PacCMOTPEHUA B KAIeCTBE
00BEKTa MCCICTOBAHNA OECKOHEYHBIX MHOXKECTB KaK aKTYaJbHO 3aJaHHBIX U Tpe-
6oBaune >PpGHEKTUBHOCTH BCEX OCYIIECTBIAEMBIX MOCTPOEHUN IPUBEIH K TOMY, ITO
PAI UHTYUIUOHUCTCKAX BAPHAHTOB TPATUIMOHHBEIX Pa3aeI0B MATEeMATHKNA MMEIT
C TOYKHU 3PEHUSI KIACCUIeCKOW MATEeMATUKM JOCTATOYHO CBOEOOpasHbin BuI. [Ipu-
BegeM B majoxkeHnun ['enTurra mHexkoropwie B3nuagsr JI. O. fI. Bpayspa ”Coraacuo
Bpayspy, MmaTemaTnka TOXIeCTBEHHA C TOYHOW YACTBHIO HAIIErO MBINLIeHUA... Hu-
KaKasd HayKa - B YaCTHOCTH, HU (PUIOCODUS, HA JOTUKA - HE MOKET CAYKUTDH IPe]-
HOCBLIKON I MATeMATHKH. BBLIO ObI MOPOYHBIM KPYT'OM HPUMEHATH B KAIeCTBE
CPEICTB I J0KA3ATeIbCTBA KaKMe-Tu0O0 (PraocopCKue Wi JOrnaeCKue MIPUHITUIIEI,
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MOTOMY YTO B (POPMYJIUPOBKE DTUX MNPUHIAIOB YyiKe MPeanoaaralTci MaTeMaTH-
qeckue MOHATUA . [I1a MaTeMaTuKu He OCTAaeTCA ~HUKAKOrO APYTOr0 MCTOYHUKA,
KpOMe MHTYHUIIUN, KOTOPasd ¢ HEIMOCPEeICTBEHHON SCHOCTBIO MOMEIIAET Mepe HAaIln-
MH [JIa3aMHi MaTeMaTUIeCKHUe MOHATUA U BBIBOABI . DTAa WHTYUIUA ~ ABIAETCA HE
YeM MHBIM, KaK CIIOCOOHOCTBIO pacCMaTpuBaTh B OTAEIbHOCTUA PA3JIUIHBIC IIOHATUA
U BBIBO/IbI, PETYIAPHO BCTPEYAIONINECA B OOBITHOM MbITLIeHUu . ” B MHTYUIIMOHnCT-
CKOM MaTeMAaTHKe BBLIBOIBI HE M3BAEKAIOTCA 110 (PUKCUPOBAHHBIM IIPABIIAM, KOTOPEIE
MOXKHO OOBEIUHUTE B JOIHUKY, & KAXKIBIM BHIBOJ B OTAEILHOCTH HEIMOCPEICTBEHHO
O TBEPK JACTCA CBOEU OYeBUIHOCTRLIO . Kpome Toro, "umMerorca oOmme mpaBmia,
IIOCpeaACTBOM KOTOPBIX U3 NAaHHBIX MaTeMaTUICeCKUX TeOpeM MOXHO MHTYUTUBHO
SACHBIM 00pa30M MOAyYaTh IPYTHUE; TEOPUIO DTUX COOTHOIIEHUN MOXKHO PacCMaTpH-
BaTh B HEKOTOPOU ~MaTeMaTUYIECKON JOruKe” , KOTOpas MPU >TOM ABIAECTCA OTPAC-
JBI0 MATEMATUKN U HE UMeeT OLIYTUMBIX HPUMEHEHU! BHE MATEeMATHKH .

JI. 9. f1. Bpaysp Bozpaxkaa npoTHUB MONBITOK (POPMAIU3ANNN UHTYUITAOHUCTCKON
MaTeMaTUKN 1 JIOTUKU, TaK KaK CINTaJ KpUuTepueM BEPpHOCTU HOCTpOGHI/Iﬁ mnmpexnge
Bcero mHTyunuio. OTHAKO 3HAYMTEILHLIE YCIEXH B M3YYeHUM WHTYUIXOHUCTCKOU
JOTWKHU OBLTA TOCTUTCHYTHI MOCTE TOTO, KAK €e OCHOBHBIE 3aKOHBI OBLTA C(HOMY.IH-
POBaHBI B B I€ COOTBETCTBYIOIINX I/IC‘IPICJIGHPII?I, KOTOpPBIE OBLIN ucciaeagoBaHbBLl METO-
JTaMMn MaTeMaTH‘IeCKOfI JOT'UKHN. STO IMO3BOJMIJIO IOHATHL 3HAYEHUE M OCOOEHHOCTH
HHTYHHHOHHCTCKOfI JIOTUKHU IO CPABHEHUIO C TpaﬂHHHOHHOfI, 9YT0O HEBO3MOXKHO OBLIO
caenaThb 6e3 TOYHBIX (popMmyaupoBok. JI. I. fI. Bpaysp u ero etMHOMBINLIEHHUKY B
CBOUX WCCJAETOBAHUAX BBIACHUIN, KaKasd MOIYIAeTCA MaTeMaTHKa MU MOCTeI0Ba-
TeIHHOM MPOBEJIEHWN TeHeTWYEeCKOW TOYKU 3DEHUs Ha 00pa3OBaHWE MATEeMaTHIe-
CKUX MOHATUMN.

Or™MeTuMm eme oxHy 0coGeHHOCTH. [Ipu maydenun Jo2uku Bwicka3vieanui
u Ucuucaenus Bovicka3vieanutl vbl HavuHa i uMeHHO ¢ Jlo2uku Buicka3bi-
sanuti, T. e. ¢ cemantuku. Cpencrsavmu Jlo2uku Bouicka3wuieanuti 66110 ompee-
neno noustue Jlo2uueckoz2o 3arxorna Jlo2uku Bwuickasvieanut nin Toxcde-
cmeenno Hecmunnotu Dopmyasvt Jlo2uxu Buicka3vieanut, a Ucuucaenue
Buicka3bieanuti naBaJo Ipyroe ommcanme MHOX)ecTBa Toxwcdecmeenno Hc-
murubtr Popmya Jozuxu Bwvicka3wvieanuil.

B caygae xe Hunmyuyuonucmerozo Ucuucaenus Bvicka3dvie anut HaIn-
HalOT UMeHHO ¢ Uumyuyuonucmcerozo Ucuucaenus Bouicka3wvieanuii, ompe-
IeJIAIT B €ero paMKax nouaTue Boigodumas @opmyaa Hnmyuyuornucmerozo
Hcuucaenun Buvicka3vieanutl, a 3aTeM moAOUpPAIOT MOAXOIANIYI0 CEMAHTUKY,
HANpUMep, B TepMuHax Mmodeqeti Kpunxe.

Andpasur nmyuyuornucmerozo HUcuucaenus Bovicka3vieanuti copnama-
et ¢ andasurom Ucuucaenus Bouicka3dvieanuii.

[Touarue popmyast Anmyuyuonucmcerozo Ucuucaenus Bovicka3dvieanuil
cOBMaTaeT ¢ MoHATHEeM (popMmyabsl Ucuucaenus Bvicka3dvieanui.

Axcuomamu Unmyuyuonucmerxozo Ucuucaenus Boickasvieanut ciy-
XKaT (POPMY.IBI CICTYIOMIET0 BUIA

L.

L1. (A= (B— A)).
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[2. (A= (B—=C) = (A—=B)—=(A—=0))).

[T,

IL.1. ((A&B) — A).

I1.2. ((A&B) — B).

I1.3. (€ — A) = ((C — B) = (C — (A&DB)))).
I11,,.

II1.1. (A — (A V B)).

[I1.2. (B — (AV B)).

I1.3. (A—=C) = ((B—=C)— ((AVB) = ())).
IV,

V.1 (A= (<B) = (B = (~A))).
IV.2. (=A) = (A = B)).

IIpasuaom evieoda Unmyuyuonucmerozo Hcuucaenus Buicka3viea-
Hut cryxur ITpasuao Omdeaenus MP (Modus Ponens)

A, (A — B)
B

[lonarus evteoda u 8vieodumoti opmyavt B Hnmyuyuornucmcerom Hc-
yucaenut Bouicka3dvieanuil onpeaenaioTcsa aHAIOTITHO TOMY, KaK 3TO OBLIO Ce-
pauo B Mcuucaenuu Bovicka3vie anul.

Jlerko moHATH, YTO At0bas Popmyaa, bisodumas 6 Humyuyuorucmcrom
Ucuucaenuu Bouicka3vieanut, svisoduma u 6 Ucuucaenuu Buicka3vieanuti.
O6paTHOe yTBepXKJIeHHEe HeBepHO, Hampumep, B Uumyuyuonucmcrom HUcuu-
caenuu Bouickasvieanuti nesssoauMbl Gopmyas ((—(—A4)) — A) u ((-A) V A).
B To xe Bpemsa crnpaBemauBa CIegyoomas TeopeMa,

Teopewma 2.10.1. Ecau gopmyaa A svisoduma 6 Hcuucaenuu Bouicka3vieanud,
mo 6 Hnmyuyuornucmcerom Ucuucaenuu Buicka3wvieanut svisoduma popmy-

aa (2 (=A)).

IIpono3uyuoraavubie cucmemovt das Unmyuyuonucmerozo
Hcuucaenus Buicka3vieanuti

[TpousBoabHOU 6y.1e801 as2ebpe B ¢ OCHOBHBIM MHOXKECTBOM B, ¢ omepamusamMu
N, Un —, ¢ eIMHUIHBIM 3JeMeHTOM | m HyJIeBBIM d1eMeHTOM () COTmoCcTaBUM npono-
BUYUOHAABHYIO CUCTIEMY

MB = <<B7 {1}7 Mg /\Mga \/Mga _>MB>>7

rle Tz = G — Jonoanenue dIeMeHTa a OyaeBou aare6pel B, a Ay, b = a N,
aVpyb =aUbua —p, b = aUb Cucremy Mp Oyzem Ha3®BIBaTBH npono-
BUYUOHAALHOT CUCTNEMOT WA MHO203HAUHOT A02UK0T, COOTBETCTBYIOMEN OyIeBON
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anre6pe B, npu »Tom B OyaeT MHOXKECTBOM UCTMUHHOCMHBLT 3HAUeNUt, 8 MHOXKe-
ctBo F' = {1} suideaennbis ucmumnocmubls 3nauenuti COCTOUT JUIITL U3 €TUHITTHOTO
paeMeHTa OyaeBou aire6Gpor B.

[TycTh BCe MPOMO3MIMOHAIBLHEIC TIepeMeHHbIe GOopMY.Ibl A comepKaTca B CIICKe
Ai, ..., A,. [l1a IpOM3BOILHEIX 31EMEHTOB @, ..., O, W3 MHOXeCTBa B WHIyKIu-
ell IO MOCTPOeHUIO (GOPMYIbl A eCTeCTBEHHBEIM 00pa3OM ONPEIEIACTCA DICMEHT
Apmg(ar, ..., a,) 13 MEHOXKecTBa B, KOTOPBII HA3BIBACTCA 3HaueHuem @opmyav A
npu 3HaveHuaAx A, = aq, ..., A, = a, ee IPONO3UINOHATLHEIX MepeMeHHBIX.

Ecan A — nponosunnoHaIbHAS HepeMeHHas A;, TO moaraem

Apg(ar, ... an) = a;.

Ecmu dopmyra A mmeer oxny uz dopm —(C), (C&D), (C VvV D), (C — D), To
sHadenne Apy,(ay,...,a,) onpererseTcsa COOTBETCTBYIOMNM PABEHCTBOM

(_'(C))Mg(ala - 'aan) = _'MB(CMB(GD S an))a
(C&D)MB(al,. . .,Cl,n) = CMB(ala . .,an) /\MB DMB(GJI;- . .,an),
(CVD)pmglar,...,an) =Crmglar,...,an) Vg Dymglar, ... a,),

(C — D)MB(al, cey an) = CMB(G/I; cey an) — Mg DMB(GJI; . ,an).
FEcau npu A100bIL 3HAYCHUAT ay, ... , Qp U3 MHOHCECTMBQ B npono3ulyUuoHasbHbll
nepemenuviz Ay, ... , A, dopmyav A ona npurnumaem snauenue Ap(ar, ..., a,),

pasnoe edunuye 1 6yaesoti aqzebpor B, mo gopmysa A nasvieaemces ob6ue3nauu-
MOT 68 NPONo3uYUOHaIbHot cucmeme Mp, coomeememeyweid 6yie6ot arseebpe
B.

Jlerko mpoBepuTh, 9TO M1106ad IPONO3UIUOHAILHAL cucTeMa Mg, COOTBETCTBY-
IOIasg MPOW3BOJAbHOU Oy/ieBou aaredbpe B, coeaacosana ¢ IIpasuaom Bwvisoda
MP, m. e. uz mozo, umo gopmyavt A u (A — B) npumunatom snauenue 1 caedyem,
umo u B npumumnaem suauenue 1.

Teopema 2.10.2. @opmysa A svisoduma 6 Ucuucaenuu Bovickasvieanuti mo-
2da u moabko mozada, Koeda OHa 0OWEIHAUUMA 8 KANCAOT NPONOUYUOHAALHOT CU-
cmeme Mg, coomsememsyrowet npoudsosbroti 6yiesot aszebpe B.

Adoxaszamedancme o HemocpeacrBennas mpoBepka MOKa3bIBaeT, UTO Ka-
xkpas gorudeckas akcuoma Mcuucaenusn Bouicka3wvieanut obiesHadnva B JIIO-
60U MPOMO3UINOHATHEHON cucTeMe Mpg, COOTBETCTBYIONIEN MPOU3BOJBHOU Oy.I€BOU
aareope B. A Tak Kak Kax7Ias IIPONO3UIMOHAIBHAA cucTeMa Mg, COOTBETCTBYIO-
s MpoM3BOJAbHOU OyaeBon aaredpe B, coeaacosana ¢ IIpasusom Bvieoda MP,
To a06aa popmyaa A, seiBoauvas Hcuucaenuu Buickadvieanut, obuesnadn-
Ma B KayKJOW MPOMO3UINOHAILHOU cucTeMe Mg, COOTBETCTBYIOMEN TPOU3BOJILHON
OymeBou aarebpe B.
[lna moxazaTerbCTBa 0OPATHOTO YTBEPXKACHUA PAacCMOTPUM GyJIeBY aareopy

B, = <<{071}1 n, u, _>>7
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rae a Nb=min{a, b}, aUb=max{a,b},0=1u1=0.

3amMeTum, 4To moxcdecmaennas ucmurnocmy Gopmyavt A Ueuucaenus Boi-
CKA3bL8AHUL PABHOCUALHA €€ 00UWEHAUUMOCTNY 8 NPONOSUYUOHAALHOT CuCmeme
Mp,, coomeememsyrowet 6yaesot arseebpe Bsy.

Ecm dpopmynra A Hcuucaenus Bovicka3wvieanuti o0mesHaYMMa B KaxXJIOU
IPOMO3UIUOHATLHOU cucTeMe Mpg, COOTBETCTBYIONEN MPOU3BOIBHON OYJIEBOU AJ-
re6pe B, To OHa, B YaCTHOCTH, OOIIE3HAYNMA B IPOMO3UIMOHAILHOU cucTeMe Mg, ,
COOTBeTCTBYyOIIeH OyaeBon aarebpe By, 3HaduT, popmyaa A TOXIeCTBEHHO UCTHH-
Ha B JIo2uke Buvicka3wvieanull, a cieroBaTenbHO, OHA BeIBOANMA B Mcuucaenuu
Buvicka3vie anull. O

Ecan nazBaTe MHOXECTBO Beex popmyn Jlo2uku Buicka3bieanuti, ICTUHHBIX
HA KaXK IOU IIPOMO3UIIMOHAILHON CHCTeMe U3 KJIacca K, npono3uyuonasbroti meopu-
eti kaacca K, TO TOKa3aHHAA TeOpeMa MOXKeT OBITh C(hOpMY.IHpPOBaHa H0Iee KPATKO:

NPONOZUYUOHAALHAA MEOPUS KAACCA BCET NPONOSUUUOHAALHBIL CUCTILEM

MB = <<B? {1}7 Mg /\/\/lga \/MB; _>MB>>;

COOMBEMCMBYOUSUL BCEBOZMONCHVIM OYaesbim aseebpam B, cosnadaem ¢ Ucuu-
caenuem Buvicra3wvieanuii.

CaegcrBue 2.10.2.1. @opmysa A svisoduma 6 Ucuucaenuu Bovicka3vieanut
mozda U moavbko moeda, K020a 0HG 00UWEIHAUUMA 8 NPONOSUYUOHAALHOT cucmeme
Mp,, coomeemcemeyrowet byaesot aszebpe Bs.

CaencrBue Takike TOIIYCKAeT 00Jee KPATKYIO (DOPMYIHPOBKY

NPONO3UYUOHAALHAL MEOPUA NPONOIUUUOHAALHOT cucmembl Mp,, coomeemcemsy-
oweti 6yaesoti aneedpe By, cosnadaem ¢ Heuucaenuem Buicka3wvieanuti.

3aMeTuM, 9TO CAeJCTBIE XapaKTepu3yeT BeIBOAUMEBIE B M cuucaenuu Bouicka-
3bt8 aHUtl GOPMYJIBI KaK (POPMYJIBI, OOIIE3HAMNMEIE B IPOIO3UIINOHAILHON CHCTEME
Mg, , COOTBETCTBYIOIIEN TBY IeMeHTHOU GyaeBou aarebpe By. OHa xe maer paspe-
wWauwutl ai20pumm, TO3BOIAIOIMEA 111 IPou3BoIbHON (popmyasl A Heuucaernus
Buicka3vieanuti OTBETUTHL Ha BOIPOC, BEIBOAUMA, 1 (hopmy.ia A B Hcuucaenuu
Buvicka3vie anul.

CaenpcrBue 2.10.2.2. /[asa 10601 Henyaesol 6yaesot aseebpvr B umeem mecmo
IKBUBAAEHINHOCTD !

popmyaa A svisoduma 6 Hcuucaenuu Boickadvieanut mo20a u moabko mo-
eda, Ko2da oHa 00UWE3HANUME 8 NPONOUYUOHAALHOT cucmeme Mg, coomeemcemey-
owet byaesoti areedbpe B.

[loka3aTenabCTBO CACACTBUA CPA3Y MOIYIACTCA U3 MPEABIAYIIET0 CACICTBUSA, €CaN
3aMEeTUTDb, UYTO Ji00ad HeHyIeBasa OyaeBa aareobpa B comep:KuT B KadeCcTBe MO aare-
OpHBI IBYDJIeMEeHTHYIO OyaeBy aiare6py Bs.

[Tocregnee crencTBUe TakXke MOMycKaeT HoJee KPATKYIO (pOPMYTIUPOBKY
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NP ONOZUUUOHAALHAA MEOPUL NPONOUYUOHAALHOT cucmembl Mg, coomsemcmsy-
wet npou3soabnoti nenyaesoti byaesoti aseebpe B, cosnadaem ¢ Meuucaenuem
Buvicka3vie anuil.

B cayvae Hunmyuyuonucmerozo Ucuucaenus Bvicka3bi8 aHul CUTYyAIINA
HECKOJIBKO HoJiee CIOXKHAA. XOTA pa3peuaouuti as2opumm nis Anmyuyuornucm-
cxo020 Ucuucaenus Boicka3vieanuti cymecTByeT, HO OH HE CTOIb IPOCTON, KaK
B cayiae Hcuucaenus Buvicka3vieanut. Iia Humyuyuornucmexozao HUcuu-
caenusn Buicka3wvieanuill cupaBemiuBa TeopeMa, aHaJormdHas Teopeme 2.10.2,
OMHAKO B HEW BMECTO OyJeBBIX aareOp OyaeT HCIOIb30BAHO GoJee 00IIee MOHATHEe —
mOHATHE Ncesdobyaesoti aazebpbol.

Ha wmuoxkectBe Fypp Beex dopvyn Unmyuyuonucmcerxozo Hcuucaernusn
Buvicka3vieanutll onpeneauM OTHOIIEHUE =, TMOJarast

A=B — Funn (AMB)

[Tokaxkem, 9TO OTHOIUIEHUE = ABIACTCA OMHOUEHUEM IKBUBALEHMHOCTU. Pedaek-
CUBHOCTH OTHOIIIEHUS = CaeIyeT u3 gokaszyemoctu B Unmyuyuonucmcrom Hc-
yucaenuu Buicka3vieanuti 110601 GOPMYILI BIIA

(A(_)A)a

A — mpousBoIbHAA (POPMYJIA, 9TO YCTAHABINBAETCA TaK XKe, Kak 1 B Mcuucaenuu
Buvickasbieanutl.
CUMMETPUIHOCTD ATOI0 OTHOWIEHUS CJAEAYeT U3 TOTO, ITO

ecan I_I/II/IB (C&D), TO l_I/IFIB (D&C)

[Tokaxkem, 4T0 »TO OTHOIIeHHe TpaH3uTuBHO. Ilycte A = B u B = C. Toraa
Funs (A — B) u bgyp (B — C). Ucnoassysa akcuomser 1.1 u 1.2, mHerpyaHo mo-
ayauth Fypp (A — C). Anamormuso noayvaem, 9to Fypp (C — A). Tosromy
A=C.

Yepes [A] Gynem 0603HAYATD KAGCC IKBUBAACHIMHOCTNU IO OTHOMIEHUIO =, OTIPe-
nexseMbrn popMyaon A. MHOXKeCTBO KIACCOB DKBUBAJICHTHOCTH, T. €. (PAKTOPM-
HOXKeCTBO Fjyyp/ =, BO3bMEM B KadeCTBe OCHOBHOT'O MHOXKecTBa M cremyromien
OPOMO3UINOHAILHON CUCTEMbL

MHHB — <<M; F; _'Ma/\MavMJ_>M>>'

B panbuenmem pis cokpamenus nagekc UNB B zamucu M g Oygem onyckars, T.
e. Oymzem mpocto nucath M. [loraraem

“Mm([A]) = (AL Au(ALB]) = [(A&B)],
Va ([AL [B]) = [(AV B)l, —wm ([A][B]) = [(A— B)],
=m ([, [B]) = [(A=B)].
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Eciu ¢opmyast A u B takossl, 910 Fyyp Au Fyyp B, To
l_HHB (A — B),

nosromy A = B. O6o3uadum depes 1y kaacc sksuBazenTHoctu [(A; — Ap)]. 3a-
METHUM, UTO HTOT KJIACC DKBUBAJEHTHOCTU COCTOMT B TOYHOCTH U3 BCEX (OPMY.,
nokasyembrx B MB.

F = {[(A — Ay)]}.

HeTpyaHo mpoBepuTh, 9TO MOCTPOEHHAA MPOMO3UIMOHAILHAA cucTeMa Mg
cozaacosana ¢ npaBuioMm Beioga M P, 7. e. u3 Toro, uro ¢opmyast A u (A — B)
mnpu JIIO6]>IX 3HAYECHUAX U3 MHOXKECTBA M CBOUX NPONO3UIUOHAJIBHBIX IIEPEMEHHBIX
NpUMUHAIOT 3HadeHus u3 F' crexyer, aTo u popmy.nia B npu JIOOBX 3HATEHUAX U3
MHOXKECTBaA M CBOUX IIPOIIO3UIIMOHAJIBHBIX IIEPEMEHHBIX MIPUMUHACT 3HAICHUE U3 F

B nanpmenmem gacTo g1 1:060d Onepalun

sm € {A M, Vo, =}

BMECTO 3aMUCH * (@, b) OyIeM UCIOIB30BATD 3AMUCH G * pq b.

OTMmeTruM Ba TPOCTHIX, HO BAYXKHBIX I JAJIbHEUIIEr0 CBOMCTBA MOCTPOEHHON
IPOMO3UIINOHATBLHON cucTeMbl M yrpp. Bo-nepBbix, mis moboro siementa a us M
a—>pma=1ym

a\/M lM = IMVMQZ lM
[TepBoe yrBepxkaenue cieayer u3 jgokazyemoctu B UVB dopmyast (4; — A;), a
Bropoe u3 gokasyemocru B B dopmyr (A — (A3 V A)), (A — (AV A))) u
IoKaszyeMocTu Iis Jarobou gokaszyemon B UUB gopmyasr A popmy.a

(AVA)—=A)u((4, VA — A).

YT06B MOTYEPKHYTH, 9TO BCE MPOMO3UIMOHAJILHEIE IepeMeHHbIe Gopmyabl A
comepkarca B cmucke Aq, ..., A,, OyJeM HCIOIb30BAThL N1 Hee 00603HAYMEHNe

A(Aq, ..., Ap).
B Takon curyanum aas npouwsBoabHBIX opmya Aj,..., A, pesyabrar
AAl,...,An [-’417 seey An]

OIHOBPEMEHHOU 3aMeHbI B (popmy.ie A mpono3ununonasHon nepemMennon A; va gpop-
myay Ajp, ..., IpOIO3UINOHAILHON HepeMmennon A, Ha gopmyay A, 6yzem o603Ha-
JaTh Yepes

A(Ar, ) Ay).

Nupykumen mo mauue (Hopmyasl A JTerko TOKa3bIBAETCA, YTO TPU CAETAHHBIX
IPeANOJOXKEHUAX BBINOJHACTCA PABEHCTBO

AM([Al]a ) [ATL]) = [A(Al, ey An)]

[lJ1s1 TOCTPOEHHON MPOMO3UINOHAILHOU CUCTEMBI My p CIpaBeIInBa, CJIeIYIOMAA
TeopeMa.
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Teopema 2.10.3. @opmyaa A npu a06bix 3nauenuar u3 muoxcecmea M ceour npo-
NO3UYUOHAADHBLT NEPEMEHHBIT NPUHUMaEm 3navenue 1 g moada u moavko mozda,
koeda gpopmysa A evisoduma 8 Hnmyuyuonuecmerom Hcuucaenuu Bwicka-
3bl8 aHUL.

Adoxaszameanbcms o Ecim popmyra A npu IoOLIX 3HAYCHUAX O, ... , Oy
3 MHOXKecTBa M CBOMX IPOINO3UIMOHAILHLIX MEPeMEeHHBIX Aj, ... , A, OpuHIMaeT
suadenue Apq(ay, ..., a,) U3 MHOKecTBa F, T. e.

AM(al, ...,an) = 1/\/17
TO, B IaCTHOCTH,
Am([Ad]s oy [An]) = T

Ho
Am([Ar], - [An]) = [A(As, .., An)] = [A]

IIO3TOMY l_HHB A
O6parHo, eciu Fyyp A, To u 11 npousBoabHBIX Gopmya Aj, ..., A,

I_I/H/IB A(A1, ceny An)

Buaunt, [A(A, ..., A,)] = 1y Hostomy A ([A1], ..., [An]) = 1 € F. O

[lokaszaHHas TeopeMa MOXKeT OLITH C(POPMYIHPOBaHA 60Jee KPaTKO:
NPONOZUYUOHAADHAA MEOPUA NPONOUYUOHAALHOT cucmembt. M cosnadaem c
Hrumyuyuonucmerum Hcuucaenuem Buvicka3vieanut.

Caenytomee caencTBre OBLTO JOKA3AHO B XOI€ TOKA3ATETbCTBA MPEIBIIYIICN Te-
OpEeMBI.

CaeacrBue 2.10.3.1. @opmysa A npu snauenuaz [A1], ... , [A,] csouxr nponozu-
UYUOHAALHBIT nepemennblr Ay, ... , A, npunumaem snauenue

Angy (A, [An]) = Layy

moeda u moavko mozda, xkoz2da ama gopmyia A evisoduma 6 Inmyuyuornucm-
cxkom Hcuucaenuu Bwvicka3swvieanudil.

[Tocrpoennas cucrema My, , ABIgeTCA Nce6dob6yaesot ar2eb6pot.

Tak xax muOXecTBO Fypp BCcex popmynr Humyuyuornucmcerxozo Ucuucae-
nua Boicka3vieanuli cieTHO u npu TIOOBIX HEPABHBIX MEXK Y cOO0M ¢ 1 § (popMy-
Abl A; 1 A; HeSKBUBAJIEHTHBI, TO MHOXKeCTBO M cuemuo. K. I'egers ycTanoBmI, 1TO
i1 Anmyuyuonucmerozo Ucuucaenus Bvicka3dbié aHuti TOCTPOUTH KOHE-
HYIO IIPOMO3NINOHAJBHYIO CUCTEMY C aHAJOTUIHBIM CBOI?ICTBOM HEJIb3d.
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Teopema 2.10.4. Ecau npono3uyuonaivmas Cucmema
M = <<M7 Fa M, /\Ma \/Ma _>M>>

ydosaemsopaem ycaosuio: das aobot gopmyavt A Aumyuyuonucmcerozo Hc-
yucaenus Bovickasvieanuill cnpasediusa 3K6UEAACHMHOCTD:

Popmyaa A npu 410061 3nauenusr u3 muoxcecmea M ceouxr npono3uuuoOHaLb-
HHIT NepemenHbls npurumaem 3uauenue u3 F mozada u moavko mozda, ko2da dop-
myaa A svisoduma 6 Hnmyuyuonucmerom Hcuucaenuu Bouicka3wvieanudl,

mo muoxHcecmso M beckoneuno.

Adoxaszameadvcms o. [JomycTum, 9T0 CyIIECTBYET MPOMO3UINOHATLHAS CH-
creMa
M = <<Ma Fa M /\/\/la v/\/la _>M>>;

Y IOBJIETBOPAIOIAL YCIOBUIO: 114 ai060u popmyasl A Hnmyuyuonucmcerozo Hc-
yucaenus Boickasvieanutl crpasenmBa DKBUBAJIEHTHOCTE!

Popmyaa A npu 4106b61T 3HAUEHUAT U3 MHONCECBa M €80UL NPONO3UYUOHAAL-
HbIT MEPEMERHBIT npurumaem 3xnavenue u3 F' mozda u moavko moeda, xoz2da dop-
myaa A svisoduma 6 Anmyuyuonucmcerom Ucuucaenuu Buicka3vieanui,

npudaeM muoxHcecmso M Koneuno u cocmoum u3 m IAEMERMOB.

Paccmorpum dpopmyry

1<i<j<m+1
Ecan [Ay], ..., [Amy1] — npousBoabHBIN HAGOD 3HAYeHUN U3 MHOXKecTBa M mpomo-
BUIUOHAIBHEIX mmepeMeHHbX Aj, ..., A4 popmyasr F,,, TO Ipu HEKOTOPHIX t < S

[A] = [A].
3uaqur, Fyps A = A,.
HOBTOMy l_HI/IB fm(Al, e ;Am-i—l)-
PaccmoTpuM mpomno3unnoHaIbHYIO CHCTEMY

Mm = <<Mma Fma M /\Mm7 \/Mm7 M >>,

rae My, = {0,1,...,m}, F,, = {0}, a Anp,, b = max(a,b), a Vo, b = min(a,b),
a —n,, b paBro O mpu @ > b m paBHo b ipu a < b, =oq,,a paBHO 0 Ip @ = M ©
PABHO M B IPOTUBHOM CJIydae.

HeTpyauno npoBeputs, uTo Bce BeiBOguMbIe B UUB dopmy.asr, obwesnauumb B
nponosunuonaabaon cucreme M,,. B To xe Bpemsa ¢opmyna F,, npu 3HAUEHUAX
A =0, Ay =1, ..., A,,;1 = M CBOUX TPONMOBUIUOHAILHBIX TEPEMEHHBIX TPUMAET
3HadYeHUe 1, 3HAYUT, OHA He BRIBOAUMA B Unmyuyuonucmcrom Hcuucaenuu
Buvicka3bviearuti. ITo TpOTUBOPETIUT YCIOBUIO TEOPEMEL. ]

[TpousBoasHOU Ncesdobyaesoti areebpe B ¢ OCHOBHBIM MHOXKECTBOM B, ¢ omepa-
muaMu N, U = U ~, C e IUHAIHBIM >JIeMEeHTOM 1 1 Hy/IeBBIM dj1eMeHTOM () COOCTaBUM
NPONOUYUOHAABLHYIO CUCTNEMY

MB = <<B? {1}7 /\MBa \/MB; :>/\/l37 _'MB>>;
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rIe “amg0 = ~ a — nce6dodonoanenue dIeMeHTa ¢ HceBHo0yneBon aaredper B,
aApmgb=anb aVyyb=aUbua =, b=a= b Cucremy My Oyzem Ha-
3BIBATL NPONO3UUYUOHAALHOT cucmemott WIn MHO203HaUHOT A02UKO0T, COOTBETCTBY-
I0IIeN TICeB 00y IeBon aaredpe B, mpu >ToM B 6yIeT MHOXKECTBOM UCMUHHOCIHbIE
anavenut, a MHOXecTBO F' = {1} 8videaenubls ucmunnocmubis 3nauenuti COCTOUT
JIUIIb U3 €JUHUIHODO DJIEMEHTa, MCeB 00y IeBOn aireopsr 5.

[IycTs Bce mMpOMO3UIMOHAIBHEIE MepeMeHHLIe (popMYIbl A coaepKaTca B CIIUCKe
Ay, ..., A,. [l1a IpOU3BOJIBHBIX DIEMEHTOB d1, ..., O, U3 MHOXeCTBa B uHIyKIu-
e 1o mocTpoenuio Gopmyasl A ecTecTBEHHBIM 00Pa30M ONPEIEIAETCS DIEMEHT
Apmg(ar, ..., a,) 13 MEHOXKecTBa B, KOTOPBII HA3BIBACTCA 3HaueHuem @opmyav A
npu 3HadeHnax A; = ay, ..., A, = a, ee IpPOIO3UINOHAILHEIX ePEMEHHBIX.

Ecin A — nponosunuonaabHas nmepemennas A;, To mozaraem

Apg(ar, ... an) = a;.

Ecan ¢popmynra A nmeer oguy uz dopm —(C), (C&D), (CV D), (C — D), o

sHadenne Apq,(ai,...,a,) onpererseTcsa COOTBETCTBYIOMNM PABEHCTBOM
(=(C))mglas, ... an) = g (Crgla, ..., an)) =~ Cppglas, ..., an),
(C&D)pmg(ar, ... an) = Crglar, ..y an) Aatg Daglan, ... an) =
Camg(ar, ..., a,) NDpglan, ..., a,),
(CV D) pglar, .- an) =Cumglay,...,an) Varg Daglar, - .. a,) =
Cumg(ar, ..., a,) UDpg(ar, ... a,),
(C = D)pglar, ... an) =Cpplar, .., an) =g Dymglar, .., a,) =
Cumglar, ... ,an) = Dapglar, ... ap).
Eciu npu mMo6LIX 3HAMCHUAX 41, ... , O, U3 MHOXKECTBA B MpOHO3MINOHAILHBIX
nepeMenubX Aq, ... , A, dopmyas A ona mpunumaer sHavenue Ap(ay,...,a,),

paBHOe equHUIE 1 IceB 100y IeBOM aIre6psr B, To popmyaa A HA3BIBAETCA 00Ue3Ha-
YUMOT B MPOMO3UIUOHAILHON cucTeMe Mpg, COOTBETCTBYIOMIEN TICEBI00YIEBON all-
reope B.

Ucnoab3ys wepaBeHcTBO (7) Teopemsl 4.3.1 u3 [JOMOMHEHUS, JETKO MOTYYAEM,
ITO 410005 NPONO3UYUOHAALHASA cucmema Mg, coomeememasyowas Npou3soabroT
nceedobyaesoti anszebpe B, coeaacosana ¢ IIpasuaom Borteoda MP, . e. u3 Toro,
aro ¢opmyasl A u (A — B) npumuHAOT 3HaYeHue 1 cieayeT, 9To U /3 mpUHUMAET
3raverue 1.

Teopema 2.10.5. @opmyaa A svisoduma 6 Hnmyuyuornucmexom Hcuucae-
Huu Boiekaswvieanuti mozda u moavko mozada, k0206 0Ha 00ULEIHANUMA 8 KaHCAOT
nPono3uUYUOHAALHOT cucmeme Mg, coomeemcemsyouet npoussospnot ncesdoby-
aesot anzebpe B.

dowrxaszameuadvcme o HemocpencTBeHHas MpoBepKa C UCIOIL30BAHUEM Te-
opembl 4.3.1 3 /lOmOMTHEHUA MOKA3BIBAET, UTO KaXaasd Jormdeckas akcmoma Mu-
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myuyuonucmcrozo Ucuucaenus Bovicka3wvie anuti o6mesnasiuMa B 10001 TPO-
HO3UIINOHAILHOU cucTeMe Mg, COOTBETCTBYOMEN MPOU3BOJBHOU IICEBI00YIeBON
aareope B.

Tax xak g06as Tpono3uMIUOHATRHAA cucTeMa Mpg, COOTBETCTBYIOMIAS MTPOU3-
BOJBLHOU IICBen00y.1eBou aaredpe B, cormacosana ¢ IIpasuaom Bvisoda MP, To
MHIYKIWEN [0 IJIWHE BLIBOA JErKO YCTAHABINBAETCS, 9TO J0bas ¢popmyaa A, BbI-
BoauMasa B Unmyuyuonucmcerom Ucuucaenuu Bouicka3wvieanuti, oOme3HaIn-
Ma B KaXXJOU MPOMO3UIMOHAILHON cucTeMe Mg, COOTBETCTBYIOMEN MPOU3BOIEHON
nces 100y reBon aareope B.

CrpaBe1muBocTh 0OPATHOrO YTBEPKIEHUA caenyeT u3 TeopeMbr 2.10.3. ]

[loka3zanHasa TeopeMa He MaeT pas3pemaioniero aaroputMma mia Uwnmyuyuo-
nucmcexozo Ucuucaenus Bvicka3vieanuti. U3 crenyiomen 6osee oOmen Teo-
PeMBI TAKOU AJTOPUTM OYIeT HETPYIHO MOJYIUTH.

Teopema 2.10.6. s npouzsoavroti opmyavt A 6 azvike Hnmyuyuornucmcero-
20 Ucuucaenus Buicka3vie aHull K6UBAAEHTIHbL CACOYIOULUE YMEEPHCOECHUA:

1) gopmyaa A svisoduma 6 Unmyuyuornucmerom Hcuucaenuu Buicka-
3bl8 AU,

2) popmyaa A obwesnauuma 8 kaxncAol npono3uyuonaibnotl cucmeme Mg, co-
omeememeyowet npoussoabhoti ncesdobyaesoti anzebpe B;

3) gopmyaa A npu s3navenusz [Aq], ... , [An] ceour nponosuyuornaibubir nepe-
mennbir Ay, ..., A, npunumaem 3nauenue

AMHI/IB ([Al]’ s [An]) = 1/‘/11/11/13

8 NPONO3UYUOHAALHOT cucmeme Myyp;

4) Popmyaa A obwesnavuma 6 kaxrcdot nponozuyuonawrot cucmeme Mg, co-
omeememeyowet Npoussoabroti Koneunot ncesdobyaesoti aneebpe B;

5) Popmyaa A obwesnauuma 8 KaxncAol nponos3uyuoraibkot cucmeme Mg, co-
omsemcmeylouwet npoudsoabHot kKonmeunoti ncesdobyaesoti aqzebpe B ¢ uucaom
aaemenmos e boaee, uem 22, 20e m — wucao ecex nodpopmya gopmyav, A.

HJoxasameawvcms o Tak Kak yxke yCTaHOBICHO, 9TO 1) U 2) SKBUBATCHT-
HbI, 1) 1 3) DKBUBATEHTHEI, U3 2) caenyeT 4), a u3 4) caegyer 5), TO I 3aBepIIeHU
JOKA3aTeIBLCTBA TEOPEMBI TOCTATOYHO MOKA3aTh, 9TO U3 5) caeayer 3).

[Ipeanonoxum, aro dpopmyra A npu snadenusx [A], ... , [A,] B nponosunu-
OHAJILHOU cucTeMe Mg CBOMX HPOMNO3UIMOHAILHBEIX IepeMeHHBIX Aq, ... , A,
npunuMaeT 3Hadenue A, . ([A1], . [An]) # 1y s [Lokaxkem, aro gopmyaa A
Heobwe3HauUMa 6 Hexomopoti npono3uyuonammnot cucmeme Mg, coomeememey-
oweti nodrodawet Koneunoti nceedobyaesoti aqszebpe B ¢ uucaom s4emenmos we
6oaee, uem 22", 20e m — wucao ecex noddopmya dopmyat A.

O603paanM 9epes X mOIMHOKECTBO

{[B]|B — nodgopmysa Fopmyavr A}

194



§2.10 MHTYynIImoHNCTCKOE UCIUCTEHNE BHICKA3BIBAHUN

nceB 100y 1eBoN anreopsl Myryrp.

Tak Kak IMOAMHOXKECTBO X COCTOUT U3 He 60Jee, 9eM m 3JIeMEeHTOB, TO II0 Teo-
peme 4.3.2 nogaare6pa My p(X) ncesnoGyaeson aare6psl My, TOPOK IeHHAS
IIOIMHOXKECTBOM X COCTOHT ;3 He Goxee, deM 22 3IeMEHTOB.

Henocpencreennas npoBepka nokaseiBaer, 9To ¢popmyaa A npu snadennsax [A;],

., [A,] B nponosunmonansueix cucremax Mpyyp 1 Mygyp(X) cBoux nponosuunn-
OHAJIBHBIX IMEPEMEHHBIX Al; cee ATL NMIpUHUMAECT OAUMHAKOBEIEC 3HAYCHUA, T. €. BBIIIOJI-
HACTCA PABEHCTBO

A () ([Ar]s oo [An]) = Antys ([Ad], -0, [An]).

Tak Kak TMmpns(x) = IMmpupp, TO

AMHHB(X)([A1]7 e [An]) = AMHHB([A1]7 e [An]) # Iiyns = 1MI/II/IB(X)'

3uaquT, popMyaa A HeoOIIe3HAYNMA B IPOIO3UINOHAILHON CUCTEMe, COOTBET-
CTBYIOIIEN KOHEYHOU TceB1o0yaeBon anreope Mpyyp(X) ¢ 4uciaom srieMeHTOB He
6oaee, uem 22", rae m — 4mcno Beex moadopmya GpopMy.Ier A.

Tem caMbIM yCTaHOB/IEHO, 9TO U3 5) caeayeT 3). DTO 3aBepIIaeT T0KA3aTeIbCTBO
TEeOpPEMEIL. [

13 mokaszaHHOU TeOpeMBl JErKO MOJYYIUTH Pa3pelIaloliu alroput™ mia HMw-
myuyuorucmcrozo Ucuucaenus Bvicka3dvie anui.

Y1068 0 MpOU3BOILHOU (popMy.Ie A ompeneanTb, BEIBOAUMA Ju OHA B Mumy-
uyuonucmerom Hcuucaenuu Buicka3vieanutl, 3amyckaem airoputm 2.

Anropurm 20 CTPOUT BCEBO3MOXKHBIE KOHEYHBIE MCEBAO0OYIEBBI aareOphl C -
CJIOM 2J1eMEeHTOB He Goaee, weM 22, e m — umcao Beex mogdopmy.r Gopmy.s A.
[Ipudem B KavecTBe OCHOBHBIX MHOXKECTB DTHUX MCEBI00YIEBLIX alre6p BLHICTYIAIOT
HAYAJBLHBIE OTPE3KN MHOXKECTBA HATYPAJIbHBIX uncena. VI 1aa Kax 1ol moCTPOEeHHON
nceB 100y IeBON aarebpsl 3TOT AINOPUTM IpOBepsAeT, aBaAeTca au gopmyaa A o6-
MIe3HAYUMOU B HEW.

Ecin ¢popmyrna A obmesHadnMa Ha KaxKIOW U3 MOCTPOCHHBIX KOHEYHBIX IICEB-
106y IeBBIX aarebp, TO OHA BhIBoAUMa B Mumyuyuonucmcrom Hcuucaenuu
Buvicka3vie anuii.

Ecmu xe B mpomecce paboTel aaroputMma 2 yaacTca oOHAPYXKUTH KOHETHYIO
nceB o0y 1eBy aare6py ¢ IMCIOM 31eMeHTOB He Goxee, deMm 22", rae m — 9mUCIO BCex
noadgopmy.r popmyasl A, Ha koTopou popmy.ia A He aBageTcsa obme3sHaInMon, pop-
myaa A #esbiBoguma B Hnmyuyuonucmerom Ucuucaenuu Buicka3vieanuti.

Teopemsr 2.10.5 u 2.10.6 moka3bIBalOT, 9TO HA OCHOBE TCEBIOOYIEBBIX aareop
MOXKHO MOCTPOUTH ceMaHTuky Uumyuyuonucmcrozo Ucuucaenusn Buvicka-
3618 AHU.

B xadecTBe mpuMepa mpuMeHeHu 1IceB 100y IeBBIX aareop Kk #umyuyuonucm-
ckomy HUcuucaenuro Buicka3wvieanull ycTAaHOBUM HEBBHIBOTUMOCTDH B HEM HEKO-
TOPBIX GOpMYyTI.
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TJIABA II. JIOTUKA 1 UCHYUCJEHUE BHICKA3BIBAHNI

Paccmorpum nceBnobyaeBy aaredbpy B ¢ OCHOBHBIM MHOXKECTBOM
B =1{0,1/2,1},

¢ onepauaAMu N, U = U ~, ¢ eIUHUIHBIM IeMEHTOM 1 M HyJIeBBIM daeMeHTOM 0,
ruie:
(a N'b) = min(a,b); (a U b) = max(a,b);

1, ecaua <b, 1, ecaua=0,

(a = b) = (~va) = (a = 0) =

b, ecaua > b; 0, ecaua##D0.
OnucaHHBIM BBIIIE CITIOCOOOM COMOCTABUM TCeBI00yIeBOn aarebpe B nponosu-
YUOHAABHYIO CUCTEMY

MB = <<B7 {1}7 /\Msa nga :>M37 _'M3>>7

rie “pmz0 = ~ a — ncesdodonoanenue dIeMeHTa ¢ ICceBIo0yIeBou aareGper B,
alNpgb=anb, aVayzb=aUbua =, b=a= b Homomumu, 9T0 5Ta cucre-
Ma My Ha3BIBAETCA NPONOUYUOHAALHOT CUCMEMOT WA MHO203HAUHOT A02UKOT,
COOTBETCTBYIOLIEH ICeBA00YIeBON aarebpe B, mpu >ToM B ABIAETCS MHOXKECTBOM
ucmurnocmunr anaverut, a MaEOKecTBO F' = {1} svideaenubls ucmunmo cmmbls 3na-
Yenuli COCTOUT JUIIb U3 eIUHUIHOTO DIEMEHTa MCeBa00y.1eBon aire6per B.

[lokaxem HeBBIBOAUMOCTH B Unmyuyuonucmcrom HUcuucaenuu Bwicka-
3bl8aAHUL CTeIVIOMUX TPexX (popMy.a

A = (A1 V (m41), Az = ((0(041) = A,
((A1 = AQ) = (((_|A1) = AQ) = Ag))

HamomunwMm, 910 mepBas (popMy.ia — 5TO U3BECTHLIN HaM u3 Jlo2uku Bbicka3biea-
HUT 3AKOH UCKAUEHHO20 Mmpembe20, a BTopas (GpOpMy.Ia — 3TO U3BECTHHIN
HaMm u3 Jloeuxu Bwicka3wvieanull 3axon cHamua 0801UH0O20 OMPUYUAHUSA.
OrmeTnMm, 9T0 BTOpas GopMyaa BXOAUT B CHUCOK Jorumdeckux akcuom HMcuucae-
nus Bwvicka3vieanutl, a mepad ¢popmyaa BeiBoguMa B U cuucaenuu Buicka-
36168 AHU.

[lna ycraHoBJIeHUA HEBBIBOAUMOCTU B Mumyuyuonucmcerom Hcuucaenuu
Buvicka3vieanutl >tux Tpex GOpMYJa TOCTATOYHO 3aMETUTh, YTO KaXmasd U3 HUX
npuHUMaeT 3HadeHwe 1/2 npu smadenuax A, = 1/2 u Ay = 1/2, Bxogamux B HuUX
IPOTO3UINOHATLHEIX TIePEMEHHBIX.

Bomee mupokoe pacmpocTpaneHne moayInIa ceMaHTUKa MHMYuyuoHucmcero-
20 Ucuucaenus Buicka3vieanuti, ocHoBaHHaA HA Modeasr Kpunke.
Modeav Kpunxe nis Jloeuxu Bwicka3wvieanuti — >T0

K= (K <, E),

rae ( K, <) — 9aCTUYHO ymopsI09eHHOe MHOXKECTBO, Ha3biBaeMoe wKraaot Kpun-
Ke, a = — HEKOTOPOe COOTBETCTBHUE MEXKIY MHOKECTBOM K 1 MHOXKeCTBOM V BCex
MMPOMO3NINOHAJIBHBIX IIEPEMEHHBIX, YIOBJICTBOPAIOIICE YyCIOBUIO:
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§2.10 MHTYynIImoHNCTCKOE UCIUCTEHNE BHICKA3BIBAHUN

ecau « u f§ — aaemenmul mroxcecmea K, A, — nponozuyuonaibnas npemennas
uwV,aE A, ua <, mofEA,.

[Ipu 5TOM COOTBeTCTBUE |= Ha3HIBaeTCA oyenwrkot Kpunke.

NETYynTUBHLINA cMBICT Modeaett Kpunke oTpaxkaeT MHTYUINOHUCTCKOE MPe/-
CTaBJICHMEe O CTAHOBAMICMCA XapaKTepe MCTUHHOCTHU BhiCKasbiBaHuda. C MO3UIUN 1H-
TYUINOHU3Ma UCTUHHOCTBb BBICKA3bIBaAHUA TECHO CBA3aHa C BO3BMOXHOCTBIO €r'o 10-
KA3aTeJIbCTBA — BLICKA3LIBAHUE CUMTACTCA UCTUHHBIM, €CIM MMEETCA ero JOKa3a-
TEeIbCTBO. DJIeMEHTEL MHOXKECTBA K MOXKHO HHTYUTUBHO TPAKTOBATH KAK MOMEHTEL
BPEMEeHU, TP DTOM eCIu ¢ < (3, TO MBI CINTAEM, 9TO MOMEHT BPEMEHU (v TPe/IIie-
cTByeT MOMeHTy Bpemenu 3. Kpome TOro, kaXgomMy MOMEHTY BPEMEHU COOTBET-
CTBYeT COCTOSIHWE 3HAHUU B >TOM MOMeHT. [lopTomy eciu o m 5 — DIeMEHTHI MHO-
xecTBa K (MOMEHTHI BpeMeHn ), A, — IPONO3UIMOHAILHAA IPeMeHHad u v = A, T.
e. BEICKasbIBaHUe A, TOKa3aHO K MOMEHTY BPEMEHH «, a « < 3, T. €. MOMEHT Bpe-
MeHn [3 o3ke @, To (3 | A,,. DT0 yCI0BUE HA3BIBAETCA NPUHUUTLOM COTLPAHEHUS
UCTNUHHOCTNU:

gce mo, umo ucmunKo (Jokazano) 6 daHHbLL MOMERM, OCMAEMCA UCTRUHHBLM
(dokazannvim) 6 6ydywem.

Moodeav Kpunke K = (K, <, =) ¢ KOHEYHBIM MHOXKeCTBOM K Ha3bIBAaeT-
cs1 koneunou. Mer He Oygem Gosee mMOAPOOHO OCTAHABIMBATHCA HA WHTYUTUBHOM
CMBICJE PACCMATPUBAMBIX TOHATHUH, KOTOPBHIX BO MHOT'OM MPOSCHUTCA TOCTE Pac-
nIimpeHunss COOTBETCTBUA ): JO0 COOTBETCTBUA MEXK Y MHO2XKE€CTBOM K n MHOXKECTBOM
BCeX IPOMNO3UIMOHAILHEIX (POPMY.I, ITO OyIeT CAeJaHO HHIYKINEH IO HOCTPOCHUIO
IPOHO3UINOHAILHEIX (POPMY.I.

Ecmm o — anemenT muoxkecTBa K, a A n B — nponosunumoHaIbHBe (DOPMYIEL, TO
noJaraem

a E (A&B) Torga u TorbKo TOrma, KOraa
aFE Ana E B,
a | (AV B) Torga u TOIbKO TOrIA, KOrAa
a = Awma = B,
a E (A= B) torga u ToisKo Torga, Koria
(V8= a) B Anmn § |- B,

a E (-A) Torga u TOIbKO TOraa, KOraa

(VB = a) B E A

Nugykumen mo mocTpoeHuto GOpMyJa HETPYIHO MOKA3aTh, 9TO NPUHUUN CO-
TPAHEHUA UCTNUHHOCNY BePeH U 111 (POPMY.I:

ecau A — npouzsoavnas gopmyaa, « = A ua < 5, mo B E A.

dopmyaa A HasbiBaeTca ucmurHotli 8 modeav Kpunike

K=(K <, F)
ecau aust moboro o uz K: o = A.
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TJIABA II. JIOTUKA 1 UCHYUCJEHUE BHICKA3BIBAHNI

3amucs K = A o3nagaer, 1yro dpopmyra A ucmunna 6 modeau Kpunke K.

Eciu popmya A ne ucmunna 6 modeau Kpunxe K, To K HaspBalOT KOH-
mpomodeavio nis popmy.asl A.

Caenyromas (pyHIaMeHTAIbLHAA TeopeMa urpaer 1is Uumyuyuonucmcerozo
Ucuucaenus Boicka3vieanuti poib, aHAJIOITIHYIO Teopeme J. [locTa misa kiac-
cuideckoro Ucuucaenus Boicka3dvieanuti, — OHA yCTaHABIMBAET KOPPEKTHOCTH 1
norHOTY MUHumyuyuonucmerxozo Hcuucaenus Bvicka3vié anull OTHOCUTENb-
HO modeaeti Kpunke. .

Teopema 2.10.7. IIponozuyuonasvnas gopmysa evieoduma 6 Humyuyuonucm-
ckom Hcuucaenuu Buvickasvieanuti mozda u moabko moeda, Ko2da oG UC-
munra 6 410001 Koneunot modeau Kpunke.

Ncnoawsys aTy Teopemy, emie pas mokaxkem, 9To B Aumyuyuonucmexom Uc-
yucaenuu Bovickasvieanuti HEBLIBOIUM 3aKOH UCKAOUEHHO20 MPembezo,
T. e. HeBBIBOAUMA (hopmyaa (A; V (—A;)). Tloctpoum mas >Tou GOpMYJIEl KOHTPO-
mogaens Kpunke. TToraraem K = {0,1},0 50,0 < 1,1 g 1 nawmms 1 E A;. A
snaunt, 0 & A;.

[Mokaxem, aro 0 = (A V (0A))).

Homycrum, aro 0 = (A; V (=A4)). Torga qm6o 0 = Ay, au6o 0 = (—A4,).
OmHako mepBoe He BHINOJIHEHO 10 ompenenenuio. 3 sroporo caenyer, aro 0 FE A,
u 1 = A;. Ho nocregsee HEBO3MOKHO, Tak Kak 10 onpegenernio 1 = A;. Tlooromy
npenmnonoxkenue 0 = (A;V(—A;)) meBepro, 3uaunt, 0 = (A;V(—A;)) u mocTpoerHas
Mogens Kpumnke CIyKuT KOHTPOMOAENBIO LIS DTOU (POPMY.IBL.
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I''IABA 3.

JOTUKA Y UCUUCJEHUE
IPEANKATOB

3.1. SI3bIKu mepBOro mopsaaka

[Tycts N — MHOXECTBO HaTypaJbHBIX YUCE.

Onpenenenne 3.1.1. Cusnamypot na3vieaemcsa nAMeEPKa
T = <C’F7P70780>7
2de C, F u P — mnoncecmea, a @ : F - N, o : P - N.

Muoxectsa C, F wiun P MOTyT OBITH, B YACTHOCTH, IYCTHIMH.

(' HA3BIBAETCA MHOXKECTBOM CHUMBOJIOB UHOUBUIHBIL KOHCMAHIM, & €r0 DJe-
MEHTHI — CUMBO0AAMU UHOUBUIHBIT KOHCMAHM NI TIPOCTO KOHCITNAHIMAMU..

F Ha3bIBaeTCS MHOXKECTBOM HYHKYUOHAALHBIL CUMB0408, u ecin [ € F,
To f HazweBaeTcd 6 (f)-MecTHBIM HYHKYUOHAALHBIM CUMEOAOM.

P HaswpBaeTCS MHOXECTBOM NPedUKGMHBIT CUMB0.4068, u eciu p € P, 1o p
HA3BIBACTCA @ (P)-MECTHBIM NPedUKAMHBIM CUMEOAOM.

fAsbik L camTaeTcs 3aJaHHBIM, €CIM BBITIOJTHEHBI CJIETYIONINe YCIOBUA:

(1) 3agan anpaBuT X A3BIKA, T. €. HEKOTOPOE MHOXKECTBO CHMBOJOB — CHMBOJIOB
a3pika L. CroBa B aadasuTe X, T. €. KOHETIHBIE MOCJIEI0BATEILHOCTH CHMBOJIOB U3
Y}, Ha3BIBAIOTCA BbIPAHCEHUAMY A3bIKG L

(2) ompemenreHo MOAMHOKECTBO F MHOXKECTBA BCEX BBIPAKEHWN A3BIKA L; die-
MEHTBI DTOI'0 MHOXKECTBA F HABBIBAIOTCA (POPMYALMU.

Ecaun nmeeTcs appexkTuBHAA TPOIEIYPA, MO3BOIAONIAL IO TAHHOMY BBIPAKEHUIO
A3pIKa L ompenenuTsb, SBISETCSA U OHO (DOPMYJOU, TO TOBOPAT, ITO L — A3biK C
apPexmusnbim NOHAMUEM HOPMYAbL.

Kaxpgon curmarype 7 = (C, F, P, 0, ¢) cregyomum 06pa3zoM COMOCTABIACTCS
A3BIK MEPBOTO TOPsaka L.

Aagdasum ¥, asvika L, ABrfeTcsa 00beIUHEHNEM CIEIYIONAX MATH MHOXKECTB
cumBosoB: V', ¥, ¥y, Y3, C) F u P, rue
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[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

(i) V. = {x1,29,...} — cuerHOE MHOXECTBO Npedmemubir ( UHOUBUIHBIT)
nepemennbir. Kax Iu1i BJIeMeHT ; MHOXKeCTBa V Ha3bBaeTCa uHdu8udHot (npeo-
memnoti) nepemennoti. CMBICT HTOr0 HA3BAHUA OYeT ACEH U3 JATbHENIIEro YIo-
TpeOJeHIA DIeMEeHTOB MHOXKeCTBa, V.

(ii) X1 = {—,V, &, =} — MHOXKecTBO U3 YeTHIpeX CUMBOIOB —, V, & u —.
CHUMBOJI — Ha3BIBACTCA OMPUYAHUEM, CUMBOI V — Ju3bronryuet, cuMsoa & —
KOHBIOHKYUEU, 3 CUMBOI — — UMNAUKGUUET.

OTHU YeTHIPpe CUMBOJIA HA3BIBAIOTCA NPONO3UYUUOHAALHLIMYU CEBA3KAMU, TIPH-
qeM - — odnomecmuot ceazkot, a V, & 1 — — dsymecmubimu C6A3KAMU.

(iii) MHOXeCTBO Yy COCTOUT U3 ABYX CUMBOJIOB J ¥ V, HA3BIBAEMBIX COOTBET-
CTBEHHO K8AHIMOPOM CYWLECTMEO08AHUA I KEAHMOPOM 06UHOCTU.

(iv) MHOXKeCTBO Y3 COCTOUT M3 TPEX TEXHUYECKUX CUMBOJIOB: ( — se68afn CKOO-
Ka, ) - npasas ckob6Ka u , — 3aNAMAR.

Urak, aagdasum ¥, sasvika L, — 510

VuX,u¥ U3 UCUFUP.

3aMeTuM, 9TO CUMBOJILI 7, V , &, —, 3 1 V Ha3BIBAIOTCA A02UUECKUMU CUM-
BoIaMu A3BIKA L., a cumBoabl u3 C' U F' U P — Heao2uueckumu.

TepMmbl a3bika L,. C mOMOIIBI0 CIeIYIOMEro MHAYKTABHOTO ONPEIeJeHUI BhI-
IeJTUM HEKOTOPOE MOIMHOXKECTBO 7, MHOXKECTBA BCEX BHIPAXKEHUN A3BIKA L, — MHO-
KEeCTBO BCeX mepmoe curHaTypol 7. [loHATHEe TepMma ompemenseTcs ¢ MOMOIIBLIO
CTeYIOMNUX TPeX MyHKTOB:

(i) kaxkmgas mpegMeTHas mepeMenHas r; (r; € V) u Kaxgag mpeagMeTHas KOH-
crauTa ¢ (¢ € C) ABIATCA TEPMOM;

(ii) ecim f — n-mecrHBI QyHKUMOHAIBHBIE cuMBOI (T. €. O(f) = n) u ty, .., t,
— TepMbI, TO BeIpaxkenue f(ty,...,t,) Toxe Tepm;

(iii) BeIpaxkenue t s3biKa L, ABIAETCA TEPMOM TOJA U TOJIBKO TOTAA, KOTIA STO
caegyer m3 myskToB (i) u (ii).

dopmyabl a3bika L. [lonatue gopmyavt s3vika L, onpemenseTcsa CIegyio-
[IIMI 9eTHIPbMs IIyHKTAMMU:

(i) ecan ty, ..., t, — TepMBI A3bIKA L,, a p — N-MECTHBIN MTPEIAKATHBIN CAMBOI
cursatypel 7 (T. e. p € P u p(p) = n), To Buipaxenue p(ty,...,t,) — Popmyaa
A3bIKa L, , Ha3BIBaeMasg GMOMHONT WIN dAEMEHMAPHOT HOoPMYA0T;

(ii) eciu A u B — popMyasl s3biKa L, TO U CACAYIONME BHIPAKEHUA ABIAOTCH
dbopmynramu sa3bika, L, :

(—A), (AV B), (A&B), (A — B);

(iii) ecim A — popmyna sseika L., a v — uHIMBUIHAS nepeMeHHasA, TO (Fv)A u
(Vo)A — dopmyasr s3eika L;

(iv) BeIpakenme s3bika L, sBaseTcs (GOPMYJION DTOrO fA3BIKA TOTAA W TOJBKO
Torga, Korga sto caegyer u3 mynkros (i) — (iii).

Dopmyaa (—.A) HasbiBaeTca ompuyaruem Gopmyant A u quraerca ” ne A’
w7 ompuyanue A”, popmyna (A V B) naseiBaercs 7 dudwvronwkyued A, B” u
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§3.1 fI3piku mepBOro MOpAIKA

”

auraerca ” Juzvionkyus A, B” nwmn ” A uau B”, popmyna (A& B) nazeisaercs
ronwvionwkyuet A, B” u unraerca ” konwvionkyus A, B” nwm” A u B”, dopmyaa
(A — B) masweBaerca ” umnaurayuet A, B” u qnraerca " A eaevem B” uiu
"uz A caedyem B”, dopmyaa (Vv)A auraerca ” das ecex v A7, popmyaa (Fv).A
quraerca ” cywecmsyem v Takoe, 9o A7,

[IpuBenennoe onpeaeseHne MOHATHA (GOPMYJIB JaeT CIeAYIOMUA crocob JoKa-
3aTeILCTBA TeopeM O GopMyaax A3blka L, — dokasamenbcmeo undykyuet no @Gop-
MYALM.

CyTb €ro B CIeayomeM: 9TO0L JOKA3aTh, ITO Kaxk1ad (popMy.Ia a3bKa L, 061a-
JaeT ¢BOMCTBOM D, JOCTATOYHO MOKa3aTh, ITO

(1) kaxgas saemeHTapHas dopmy.aa a3bika L, obramaer corcTBoM D;

(ii) ecam popmyast A u B obaanaroT coucTBoM D, TO U popMy.IBI

(mA), (AV B), (A&B), (A — A), (Vv)A, (Fv)A

0061a,1a10T cBOUCTBOM D.

Teneps BBegeM NoHATHE C80600H020 U CB8A3AHHO20 BXOXKICHUS EPEMEHHOU
x; B popmyay A. Mel 5T0 creraeM MHAYKIWEH B COOTBETCTBHUHU C ONPEIEJCHUEM
MOHATHUA (POPMY.IBIL:

(i) ecim A — aTomuas (popMya, TO KaxkI0e BXOXKIEHUe KaXKIOW BXOIAmen B A
MepEeMEHHON T; HA3LIBAETCA C80600HbIM BXOXKICHUEM IepeMeHHOU T; B (POPMYIY
A v HEKaKoe BXOX IeHUe HUKAKOW MePEMEHHON B aTOMHYIO (opmy.1y A He ABIgeTCA
CB8A3AHHBIM;

(ii) ecim V' — Bxoxgenue mepemenHon x; B popmyay (A e B), rae

o € {V, &, —},

T.e. V = Xyxx;xXou (A e B) = X;2;X5, TO ACHO, 9TO CYMIECTBYIOT TAKUE CIOBA
Y u Z, aro mm6o: (1) Xi = (Yu A = Yua;Z, moo (2) Xo = Z)u B = Y, Z, 7.
e. paccMaTpuBaeMoe BXoxkjaeHue V mepemenHon x; B popmyay (A e B) undyyupy-
emcs 160 (1) BxoxgenmeM Y * x; * Z nepemenuon z; B A, mmbo (2) BXOXKJeHEEM
Y xx;x Z nepemennon x; B B. B ciyuae (1) Bxoxaenue V nepemenHon z; B Gopmyry
(A o B) HasbiBaeTCA c60600HbIM WU CEA3AHHBIM B 3ABUCAMOCTH OT TOTO0, Oy 1eT
JIU BXOXKeHue Y x x; * Z mepeMeHHon x; B GpopMyay A cBOOGOTHBIM WIN CBA3AHHBIM,
aHAJIOMMYHO B cay4ae (2) Bxoxkaenue V nmepemennon x; B popmyay (A e B) nHazwiBa-
eTcsi c80600HbBIM WIN C8A3AHHBIM B 3aBUCUMOCTHU OT TOTO, OYIeT 1 CBOOO THBIM
IV CBA3AHHBIM BXOXKIeHUe Y * T; * / mepeMeHHou x; B popmy.ry B.

KopoTKO cKa3aHHOE BLIIIE O3HAYAET, ITO CBOOOTHBIME BXOXKTCHUAME II€PEeMeH-
HOU 2; B hopMmyay (A e BB) ABIAIOTCA Té U TOABKO T€ BXOXKIEHUSA DTOU TePEMEHHON
B opmyay A u B B, koTopsie sBiasioTcs cBobogubivu B A (cooTBercTBenHo B B).

Ecan V' — Bxoxkpenue nepemennoun z; B popmyay (—A), To magyres cioBa X
uY rakwe, uro V = (n X x z; * V) u (- A) = (- Xz;Y), snaunr, A = Xuz;Y.
Mauuoe BxoxaeHue V mepemenHoun x; B ¢popmyay (—.A) HaszeiBaeTCA €80600HbIM
WA CB8A3AHMHbIM B 3aBHCHMOCTH OT TOTO, OyJeT Ji CBOOOTHBIM WIN CBA3AHHBIM
BxoxgeHne X *x x; * Y nepemennou x; B ¢popmyay A.
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[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

Ecmm V' — Bxoxenne mepemennon x; B popmyry (Qz;)A, rxe Q € {V,3}, o
aubo ¢ = j, W TOTJa BXOXKJeHue V' HA3BIBACTCA CBA3AHMHbIM BXOXKITECHUEM Tepe-
MEHHOU T;, 1100 CYyIECTBYIOT cioBa X u Y Takue, ITO

V = (Qu;)X xx; %Y,

rorga A = Xu;Y, u Bxoxgennme V mepemennon z; B gopmyry (Qx;)A B sToM
CIy9ae HA3BIBACTCA C800600HbIM WIN C8A3AHHbIM B 3aBIUCUMOCTH OT TOTO, OyIeT
JII CBOOOTHBIM WM CBA3AHHBIM BXOXKJIeHHe X * T; * Y ImepeMeHHOU r; B popmyay A.

M3 cka3aHHOIrO BBIIIE BUAHO, YTO €IMHCTBEHHBIA CIOCO0 M30aBUTLCA OT CBOOOI-
HOI'O BXOXK/IEHUs mepeMeHHON z; B popmyay A — sro nmepentn or A  (Qz;)A, rae
Q € {V,3}. Hoguepkuem, uro nousarus ’ c60600dnoe” nu” ceazannoe” OTHOCATCA
K BXOXKJTEHUAM IIEPEMEHHOU, a He MPOCTO K MEPEMEeHHON: MepeMeHHas MOXKeT NMEeTh
1 CBOOOJHBIE, U CBA3AHHBIE BXOXKIEHUA B OTHY U Ty ke (popMmy.ry. COOTBETCTBYIO-
e TpUMepPBl YUTATEeTh MOCTPOUT caM 6e3 TpyIa.

Onpegenenne 3.1.2. Popmyaa A, ne codeprucawas c80600nnx 8roncdenut ne-
PEMEHHDIT, HA3BIBAEMCA TUPEOAOHCEUUEM, ULl BbICKA3BLE AHUEM, UAU 3AMKHY-
mot gopmyrot.

Tem caMbIM A3BIK L, mEepBOro MOPAAKA OMpeaeTeH MOJHOCTHI0. OTMeTHM, ITO
13 CKA3aHHOTO BBIIIE SCHO, ITO kaxcovil A3vik L, mepsozco nopadka moanocmbio
ONPEIeAAEMCA CBOUMU HEAOLUYECKUMU CUMBOAAMU, M. €. CULHAMYPOT T.

Onpegenenne 3.1.3. Ecaut v a — mepmvl, a v — uHOUBUOHAA NEPEMEHHAL, MO Ye-
pes ay[t] 6ydem obosnauamp svipaxcenue, nOAYUEHHOE U3 4 0OHOBPEMENHOT 3aMmeH 0T
Ka#cd020 8LOHCOCHUA U Ha T.

Onpegenenne 3.1.4. Ilycmv A — gopmyaa, t — mepm, v — uHduBUIHAA NEPEMEH-
nas, moeda uepes A,[t] 6ydem oboznawams svipasncenue, noayuennoe us gopmyav, A
00H0BpEMENHOT 3amMenot Kancd020 600001020 BLONCOCHUA NEPEMERHOT UV HA MEPM
t.

OTMeTHM, 9TO €CIU TEPM @ HE COJAEPKUT BXOKJTCHUU MEPEMEHHOU U, TO dy|t] —
DTO caM TepM a, aHAJOTMYHO, ecau gopmyta A He mMeeT ¢BOOGOTHBIX BXOXKICHUN
nepemenson v, o A,[t] - sTo cama dpopmyaa A.

B kadecTBe HECIOXKHOTO, HO IOJC3HOTO YIPaKHEHUA IpeflaraeTca TOKa3aThb,
9TO TPU CHEJTAHHBIX BHINIE MPEATOJIOKEHUAX a,[t] — Tepm, a A,[t] — dopmyaa.

Onpeneneuune 3.1.5. Bydem 2080pumb, umo mepm t ceoboden das nepemennot
x; 8 gopmyae A (uau mepm t donycmum das nodcmarnosku emecmo x; 6 A), ecau
daa kaxcdot nepemennoti v, exodswetd 6 t, 6 A nmem nodcaosa suda (Qu)B, 2de
Q € {V,3}, B — gopmyaa, codeprucawasn sxoxcdenue x;, komopoe c60600no 6 A.

YeaoBuMes, 9TO €Cau B TaJbHENIIEM BCTpedaeTcs Bhipaxkenue A,[t], To A, v
t TAKOBBI, 9TO TepM t donycmum das nodcmanosku emecmo v 8 A. 3aMeTuM, 9TO
DTO YCJAOBHE 3aBEJOMO BLIMOJHACTCA B KaXKJOM M3 CACAYIOIINX CIyIaeB:
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§3.1 fI3piku mepBOro MOpAIKA

(1) Tepm ¢ He COIEPKUT MEPEMEHHBIX;

(i) HuKakas mepeMeHHaA TepMa t He ABIACTCA CBA3AHHOUN B A;

(iii) popmyna A He mMeeT CBA3AHHBIX BXOXKIEHUW IT€PEMEHHBIX;

(iv) popmyaa A He umeeT cBOGOTHBIX BXOXKIEHUN MEPEMEHHOU 0.

BBegeHHBIC TOHATHA €CTECTBEHHO 0000MAITCA Ha, CIyIail HECKOABKIX TIePEMeH-

Onpegeneune 3.1.6. Ecaut, ay, ..., a, — mepmbvl, Uy, ..., U, — NONAPHO PA3AUUHBLE
nepemenubie, mo wepes ty, o [a, ..., an] 6ydem 0603nauams mepm, noayuennbil u3
mepma t 00HoBpEMENNOT 3aMEHOT 8CET BLONCIEHUT V] HG G, Uy HaA Q2,y..., Uy HG Gyp.

Omnpegenenne 3.1.7. Ecau A — opmyaa, ai, ..., a, — mepmoi, vy, ..., U, — NONAPHO
pasauunbie nepemennvie, mo uepes A, . [a1, ..., a,] 6ydem ob6osnauamv Gopmyay,
noayuernyro u3 popmyavt A oodnospemennoti 3amenoti scex c60000HbT BToNHCIeHUT
V1 Ha Gy, Vg HG A2,..., Uy HA G-

Coruamtenue. Ecau 6 daabuetiuem nam BCIMPETMUIMCA BbIPAHCEHUE

Avl,...,vn [ala seey an]a

mo 6ydem npednoaazame, umo A, vy, ..., Up, G1, ..., G, MAKOBbL, YIMO NPU A0OOM
i (i = 1,...,n) mepm a; donycmum 04s NOJCMAHOBKY BMECO Nepemennots v; 8

Bopmyay A.

Jlemma 3.1.1. ITycmb sce c8o60dnbie nepemennbie mepmos a ut codeprcamcea cpe-
U X, UV, ooy Up, AT, T1, ..., T — At00b1e mepmbi. Toecda svinoansemces caedyrouee
PABEHCMBO

(Clx[t] )CE,Ul,---,Un [Ta T1yeny rn] -

Az 01 senm [E2s00smstm [T Ty ooy Ty T1y oovs T

Mdoxaszameanbcms o llpoBereM MHIYKIINIO IO AIWHE TepMa a.

[l HEKOTOPOTO COKpaleHus 0603HAYeHUN OyIeM BMECTO Ui, ..., U, MHACATH T,
BMECTO 71, ..., 'y, INCATH 7 U T. I.

Ecan Tepm a numeer mimHy 1, TO OO OH ABIAECTCA WHAMBUIHON KOHCTAHTOU U
B DTOM CJIydYae MpaBad UM JeBasd JYacT! JOKA3kIBAEMOI'0 PABEHCTBA — 3TO MPOCTO CaM
TepM @, OO OH ABIAECTCA HEKOTOPOW WHIMBUIHOW IMEPEMEHHON 1.

Ecam y # x, To JeBas 9acTh JOKA3BIBAEMOT'0 PABEHCTBA MPUHAMAET BH

(42lt])z 5 [757);

9TO PABHO Y [T], & HpaBas 4acThb NPUHUMAET BUI Y3|F|, T. €. JOKa3bIBAEMOE DABEH-
CTBO BBIIOJIHACTCA.
Ecan xe y = x, TO 1eBag 9aCTh JOKA3LIBACMOrO PABCHCTBA IPUHUMACT BH]

(2:[1]), 5 [, 7],
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9TO PABHO t,;[r, 7|, a mpaBag 4acTh HPUHUMACT BUJ T, 5|ty [T, 7], 7|, 9T0 paBHO
ty,5(7, 7], T. €. IOKA3BIBAEMOE PABEHCTBO BBIIOIHACTCA.

3aBepmraeTca JOKa3aTeIbCTBO CTAHIAPTHBIM 00pa3oM: MpeAmoaaraeM, 9To 10-
Ka3bIBAEMOE PABEHCTBO BEPHO [IA BCEX TE€PMOB IIUHBLI MeHbinen k (k > 1), u 1oka-
JKeM €ro CIIpaBefInBOCTL IIA TePMOB IINHEL k.

TepMm t umeeT BT

f(tla "'Jtn)a

rae [ — n-MecTHBIN (PYHKIMOHAIBHBIA CAMBOJ, & t1, ..., t;, — TE€PMEL.
[IpeoGpasyem OTAEIBHO JEBYIO U MPABYIO YacTH TOKA3BIBAEMOT'O PABEHCTBA

(aI [t] ):1:,17 [7”, 77] = (f(tla P tn)l‘ [t] ):1;,17 [Ta 77] =
F((#0)e [ [, 7], s ((n)z [E])a [ 7]).-

[IpaBas ke 9acTh TOKA3BIBAEMOT'O PABEHCTBA MpeoOpa3yeTcs CaIeIyomuM oOpa-
30M:

Uz [taplrs T 7] = f(t1, s tn)ap [teplrs 7], 7] =
f((tl)fl?,ﬁ [tI,ﬁ[ra 77]7 77]’ o (tl)l‘ﬂ') [tI,ﬁ[ra 77]7 77])

n OCTaeTCA 3aME€TUTh, YTO IO MHAYKTUBHOMY IPEANOJOXKEHUIO IIPpU JI0O0M ¢ BBITIOJI-
HACETCA PpaBEHCTBO

(E)alt])g 1] = (Ci)ap [t [r, 7], 7).
U

Jemma 3.1.2. IIycmb 6ce ceobodubie nepemennvie gopmyavt A v mepma t codep-
HCAMCA CPEOU T, Vg, ..., Up, G T, T1, ..., Tn — at0bbie mepmwvi. To2da ecau mepm t
donycmum das nodecmanosku emecmo nepemennot r 6 gopmyasy A, mo evinoans-
emca caedyouee Pasencmeo

(Al’[t] ):p,vl,...,vn [7", [STREY Tn] -
A s roon [Ezonson [TsT1s vy Tny 1y ooey T

Adoxaszameabcms o. [IpoBegeM MHIAYKIIIO IO (POPMY.IAM.
1) Ecin A — aromuas gopmyaa, 7o A uMeeT Buf

p(tla "'7tn)7

rae p — N-MEeCTHBIM NPeIUKATHBIA CUMBOJ, & ty, ..., t, — TEPMHL.
Torma, ncmoab3ys BBeIeHHBIE B XOI€ TOKAa3aTeIbCTBA JeMMHI 3.1.1 o603HaYeHnu ,
MOydaeM, ITO JeBasd IacTh TOKA3bIBAEMOT'0 PABEHCTBA paBHA

(p(tla o tn)I [t] )x,z‘; [Ta 77];

204



§3.1 fI3piku mepBOro MOpAIKA

9TO PaBHO
p(((t1)e [)aolr, 7], ooy ((81) 2 [E))a0[r, 71)-

[TpaBas xe JacTb TOKA3BIBAEMOT'O PABEHCTBA PAaBHA

p(te, o tn)wsltesr, 7, 7],
9TO PaBHO
p((t1) 2 s[teslr, 71, 7], ooy (En)wg[teslrs T, 7])-

1 s 3aBepiieHHs PACCMOTPEHUS DTOTO CIyHdas OCTAETCS MPUMEHUTDb JeMMY
3.1.1.

2) TlokaxkeM, 9TO e€CIn YTBepXKACHHE BEpHO M1a (HOpMyJIsl A, TO OHO BEpHO H
s popmyasr (1A).

(DAt )ps [ 7] = = (At [ 7]) =
o (Ax,ﬁ [tév,@ [Ta ’F]v 77] ) - (_'A);p,@ [tév,@ [Ta ’F]a ’F]'
3) CoBepIeHHO AHAJOTMYIHO JOKA3bIBAETCA, YTO €CIU TOKA3BIBAEMOE DABEHCTBO
BepHO 1as popmyt A u B, To oo BepHo u 1s popmya (Ae B), riee € {V, &, — }.
4) Ocraercsa MOKa3aTh, YTO €CAM PABEHCTBO BBHIMOIHACTCA 1S (HOpMy.Ibl A, To
OHO BHIMONHAETCA U 1aa dopmyasl (Qy)A, rae @ € {3,V }.
Paccmorpum Tpu caydas.
i) y ectb z. B aToM ciydae cHadanta nmpeobpasyeM JEBYIO 9acTh TOKA3BIBAEMOrO

paBeHCTBA.

(Aft]) o [r ] = Agplr, 7] = A[r].
Teneps npeobpaszyem mpaByio 9acTh JOKA3bIBAEMOIO PABEHCTBA.
A:B,T) [t:v,@ [’I", 77]7 ,F] - "417 [f]

ii) y ecTh HeKOTOpas mepeMeHHas v;. Be3 orpaHuYeHUs OGMIHOCTU MOXKHO CYUU-
TaTh, 9TO J — DTO MEpPEMeHas V,. 1aK KaK M0 MPearoJokeHuio Tepm t donycmum
das nodemarnosku emecmo T 6 dopmyay A, TO B DTOM caydae MepeMeHHAs v; He
srodum 6 mepm t, TOITOMY

tm,vl,...,vn [7", 1y ey 7"”] == tz,vl,...,vn_l [7", T1yeny Tnfl]-

[Tpeo6Gpa3yem JeBy10 JacThb JOKA3bIBAEMOT'O PABEHCTBA

(Aelt]) gy 1571500y 0] =
( ACE [t] )x,vl,...,vn,l ['I", T1y ey Tn—l]-

3arem mpeobpas3yeM MpaByio 9acTh TOKA3BIBAEMOT'O PABEHCTBA

A:L‘,'Ul,...,vn [tm,vl,...,vn [7", T1yeeny rn]; T1yeeny 7"”] ==

Ax,vl,...,vn,1 I:ta;7vl,___’yn71 ['I", T1yeeny Tn—l]a T1yeeny Tn—l]-
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[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

[TopToMy mOKa3bIBaeMOe paBEHCTBO B PACCMaTPUBAEMOM CJAyUae MPUHUMAET BUT

(Afl?[t] ):p,vl,...,vn_l [7", T1yeeey 7ﬂnfl] ==

Am,vl,...,vn_l [tm,vl,...,vn_l [7", T1yeeny Tnfl]a T1yeeny Tnfl]-

[ToBTOpPUEB 5TO paccyXkIeHNe HYXKHOE IUCIO Pa3, MbI PACCMATPUBAECMBIN CJIYyIan
ii) cBegeM aub0 K yiKe PACCMOTPEHHOMY CAYYalo i), MO0 K CACAYIOMEMY CIydato

iii) mepeMeHHas Yy OTJINIHA OT IEPEMEHHBIX T, U1, ..., Uy. B DTOM CIydae, UCHOTb-
3yA WHIYKTUBHOE TTPEANOIOXKEHNE, TOTYIaeM

(Aslt] ):1:,17 [r, 7] = (((Qy)B), [t] ):1;,17 [r, 7] =
((Qy)B.[t] )x,@ [r,7] = (Qy)B

20 [la
((Qy)B)a,s [ta,

[T r] =
o [ 7], 7] = Agp [tes [r, 7], 7],
U

Yerosumea B ganrbuenmem smecto (A * B), rae x € {V, &, —}, mucars mpocTo
Ax B

BBegem HEKOTOpbIE COMIAIIEHUS, 10 KOTOPBIM MBI Oy €M ONyCKaTh CKOOKH.

(i) OmyckaeMm CkOOKH, KOTZa OHM He SBJIAIOTCA HEOOXOTUMBIME A OMpee-
JEeHWs TPYNIUPOBKYU CUMBOJIOB, Hampumep, OyaeMm mucaTh a = b — ¢ = d BMecTO
((a =b) = (c = d)).

(ii) Cormammenue npago2o couemanus OMCYMemsYOUWUT CKoOOK. ITO O3HATAET,
aro Ax BxC, rue x € {V, &, —}, crenyer unrars kak (A* (B*C)); AxB+C xD
crenyer uuraTh Kak (A x (B * (C*D))) u T. 1.

Bce pPaCcCMOTPEHHBIE BBHIIIE IMOHATHUA COCTAaBAAIOT CUHMAKCUC A3BIKA LT.

3.2. Jloruka npeaukaToB

B sTom maparpadge Ml mpucTynaeM K M3y9IeHWIO TPYTOW CTOPOHBI A3bIKa L, —
ero CemaHmuKy.

Beemem 0HO U3 OCHOBHBIX MOHATHUU DTOTO Pas3aena — MOHATHE UHMEPNPema-
YUY A3bIKa L.

s sananus uwmepnpemayuy [ s3vika L, curnarypst 7 = (C, F, P, 0, @) ne-
00X0IMMO:

(i) 3a1aTh HEmyCcTOE MHOXKECTBO A, HA3BIBAEMOE 0CHOBHbIM MHONCECE0oM (YHY-
BEPCYMOM WM HOCUTEIeM) unmepnpemavuu I;

(i) sagaTe orobpaxkenue I : C — A muoxecTBa C' MHIUBUIHBIX KOHCTAHT BO
MHOXKECTBO A;

(iii) sagars orobpaxenue I MHOXKecTBa F (DYHKIIMOHATIBLHBIX CHMBOJIOB BO MHO-
KEeCTBO aJqrebpamdecKnx omepanuu Ha MHOxecTBe A Takoe, uro ecim f € F, To
I(f) — oo O(f)-mecTHas arrebpandeckas onepamus Ha A;
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§3.2 Jloruka mpeagukaToB

(iv) 3agaTh orobpaxenue I MHOX)ecTBa P IpeuKaTHBIX CHUMBOJIOB BO MHOXKe-
CTBO MPEIUKATOB, ONpeneleHHbIX Ha A, Takoe, ¥To ecim p € P, 1o v2(p) — 51O
©(p)-MecTHBIN TpeauKaT Ha A.

CueraeM HEKOTOpBIE MOACHEHUS.

I(f) — aro oTobpaxenne muoxectna A%) Bo mHOKeCTBO A.
Anre6panteckas omeparusa I(f) unoraa o6ozHataeTca qepes fI.

I(p) — aT0 oTOGpaxkenne MaOKecTBa A?P) Bo MHOKecTBO B = {1, JI}.
Mpeauxat I(p) mHoraa o6os3HavaeTcsa qepes p'.

Ecau ¢ € C, To I(c) HasbIBaeTCA 6bideAeHHbIM IAEMEHMOM MHOKECTBA A.
Daement I(c) MEOXecTBa A mHOrZA 0603HATAaETCA depes ¢ .

YT06B IMETH BO3MOKHOCTE (h)OPMYINPOBATH YTBEPKACHUA 00 DIeMEHTaX MHO-
KecTBa A, pacmmpuM CUTHATYPY T SA3BIKA MEPBOrO mopsaaka L.

s kaxmgoro mHAUBUAA @ € A MBI BHIOEPEM HOBYIO KOHCTAHTY G W Ha30BEM
ee uMeHeM WHIWBHUIA ¢. [IPH DTOM IpHIePKUBAEMCA CONIANICHAA: eCIn @ = b, TO
a=0b, T. e. daa pa3ubix undUBUAOE BLIOUPAIOMCA PAZHBIE UMEHG.

O6o3nauum vepes 7(A) CUTHATYDY, TOAYICHHYIO U3 CATHATYDHL T N0OABICHIEM
K MHOXKecTBY C WHIMBUIHBIX KOHCTAHT CUTHATYDHI T MHOXKeCTBa A BCex umen
undusudos u3 A, T. e.

7(A) = (CUA,F,P,0,p).

Azeik L4y mepBoro nmopaika curaarypsr 7(A) 6yzem o6o3nadaTh depes L, (A) mim
npocto 4depes L(A) u roBOPUTD, 9TO OH noayuer u3 Asvika L dobasaenuem scer
umen urndusudos uz A.

Bynem roBoputTh, 9T0 TepM t c6060den om nepemennbir (WIn t - 3amrnymol
TepM), €CIU OH HE COJTEPKUT MePEMEeHHBIX.

[Iycrs ¢ — ¢BOGOIHBIN OT MepeMeHHBIX TepM s3bika L(A).

HayKkiuwen mo mocTpoeHuio TepMa ¢ onpegeanm naauBug (saement) I(t) uz A,
KOTODBIU 6ydem coomsemcemeosams mepmy t Ipu uHTepupeTanun 1.

Tax kak TepM ¢ CBOOOIEH OT MEPEMEHHUX, TO OH He MOXKET OBITH MePeMeHHOM.

(i) Ecau t — koncranTa curaaTypsl 7(A), To 1160 ¢ — KOHCTAHTA CUTHATYDHI T,

7 TOrga IoJaraem
I(t) = t,

T. €. DTO UHIUBU U3 OCHOBHOTI'O MHOXKeCTBa A cucTeMsl A, KOTOPBI COOTBETCTBYET
t; 60 t — UMA @ HEKOTOPOrO MHAUBUAA @ U3 A, B DTOM CIydae MoJaraem

I(t) = a.

(ii) Ecau Tmepm ¢ meer Bug f(ty,...,t,, vae f — n-MeCTHBIN (DYHKIMOHATILHBIN
CHMBOJI CUTHATYPEL T, TO HOJaraeM

I(t) = FII(1)s s I(t)).

s kaxaou samkuymot; (T. e. He COepKAIIen CBOOOTHBIX BXOXKICHUN MEpe-
MeHHBIX) Gopmyast ¢ s3eika L(A) onpenerum ucmunnocmuoe 3nauenue HGOPMY.IbL

207



[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

® B maTepnperanuu [ wHIyKIuen mo nmocrpoenuio Gpopmyast P (T. e. comocrasum
® suavenue W win JI).

Hcmonb3yeMm 3HaK <> KakK cokpaleHue ¢Gppaswl .

. moz2da u moabko moz2da,

kozeda ...”.
(i) Hycrs ® — aromuas Gopmyaa suga p(ty,...,t,), ae p — N-MECTHBIN NPeIu-
KATHBIM CUMBOJI CUTHATYPHI T, a ti, ..., t,, — CBOOOAHBIE OT MEPEMEHHBIX TEPMBI

curuaTyper 7(A), Torga monraraem
(@) =N <« p*I(t), .., I(t,) = .
(ii) Temeps ecau ® u ¥ — 3aMKHYTBIE (DOPMYJIBI, TO MOJATAEM
I(-®) =N <<= I(®) =]
((@VE) =0 <= (@) =U unm I(T) =1,

I(P&T) =N <« I(@®) =" u I(T) =1,
(@ > 0) =T <« I® =1 n I(V) =]

(iii) Eciu @ — popmy.ia, He comepxkammas cBOGOJHBIX TIEPEMEHHBIX, OTIUIHBIX OT
T, TO TOJaraeM

I(Fz)®) =N <«— I(P,[a]) =N mr1a umenn a

HEKOTOPOr0 MHIUBUIA a U3 A,

I(Vz)®) =N <« I(P,[a]) =N mnia umenn a

JI000T0 MHIMBKUIA a u3 A.

Samerum, 910 ecau popmyaa ¢ Boobe He cogepKUT CBOOOIHBIX MEPEMEHHBIX,
to ®,[a] — aro npocro cama popmyra D.

[Iycte & — mpomsBoabHad dpopmy.a a3eika L, a vy, ..., v, — BCe ee CBOOOTHBLIE
nepeMennsle. Ecau ay, ..., @, — IMeHa IPOU3BOJLHLIX UHIUBUIOB A1, ..., 4, U3 A, TO
dbopmy.ty

(I)vl,...,'un [a_la Ty @]

Oymem HaswpBaTh A-uacmubim cayuaem popmyast P.

Onpeneneuune 3.2.1. Ilpoussoavnas gopmysa ® szvika L nasvisaemcs ucmur-

noti 8 unwmepnpemavyuu I, ecau das a06020 A-uacmuozo cayuas O dopmyavt
o [(D') = M.

B gactrocTH, ectu @ — 3amMkHyTas popmy.a, TO JErKO MOHATH, ITO

® wcrunna B unTepnperamun [ <= [(P) = 1.

Byaem cumTaTb, YTO MHOXKECTBO WHIWBUIHBLIX MEePEMEHHBIX YIOPAIOTEHO, U
DTOT MOPAMOK HAZOBEM aAQPaBUMHbIM.
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Ecan ¢opmyaa & comepxkur auimb cBOGOAHBIE EPEMEHHBIE Uy, ..., U, (B aada-
BuUTHOM mopsagke) (n > 0), To V-zambikanuem dopmyast & Hazoem HopMmy.Ty BuIa
(Vo1)...(Vu,)®.

V-3ampikanue ¢popmyasl  o6o3uauM depes VO.

fAcuo, uTro V@ — 3amkuyTas ¢popmyaa, u eciu ¢ — zamkuyTas ¢popmyaa, To VP
—»T0 mpocto P.

B kadecTBe mpocTOro ympaxXHeHHUSI IpeaIaraeTcsa T0Ka3aTh, ITO

dopmyra @ a3vika L ucmunna 6 unmepnpemayuu I Toraa n TOTLKO TOTIA,
korga [(V®) = 1.

Omnpepenenne 3.2.2. Ecau gopmysa @ asvika L ucmunna 6 xaxcdot unmepnpe-
mayuu I 5mo2o A3biKa, MO 0HA HA3LIBAEMCA MOHCAECTMBEHHO UCTNUHHOUT UAU
o00uw,e3HaYUMOT.

3ameuanue. 3anuchk = @ Gyger CIyKATH COKPALICHUEM A YTBEDXK TCHUA
dopmyaa © sasasemes moxcdecmeenno ucmunnot.”

[Tycte @ — popmyaa Jo2uku Bwicka3dbieanutl, Bce TPOMO3UINOHAILHEIE -
peMeHHLIEe KOTOPOU comxepxkarca cpeau Aq, ..., A,, a &, ..., ®,, — IpousBOILHLIE
dopmyasl Jo2uxu IIpeduxamos. HayKkimen 1Mo moCTPOEHUO (POPMYT HETPY -
HO noKa3aTk, 9T0 ®uq, 4 [Py,...,D,] — dopmynra Joeuku IIpedukamos. Oua
HA3BIBACTC (hopmyao0t, noayuennot us dopmyavt Joeuru Buicka3svieanuti ¢ 3a-
MEHOT NPONO3UYUOHAALHLLE nepemennbir Ay, ..., A, na dopmyavt Jo2uru Ilpe-
duramos P, ..., d,.

Nugykuuen 1mo mocTpoeHuio (pOPMY.I JerkKO NOKA3BIBACTCA CJAEIYIOMAS Teope-
Ma. /lokazaTerbCTBO MPEIOCTABIIETCSA MPOBECTU YMTATEN0 B KadeCTBe TMOJE3HOTO
yIpaXKHEHNA.

Teopema 3.2.1. Ecau ® — moaxcdecmeenno ucmunnas gopmyia Jo2uku Buicka-
3b18AHUTL, 8CE NPONOZUYUOHAAbHBLE NEPEMENHBIE KOMOPOT codepacames cpedu Ay,

, Ay, a @, ..., D, — npoussoabuvie popmyavt Jocuru IIpeduramos, mo
Da, [Py, Py] — moscdecmeenno ucmunnas gopmyaa Jdo2uku IIpedura-
moe.

Omnpegenenue 3.2.3. Popmysa ® s3vika L, naszvisaemcs 8bIMOAHUMOU, ECAU
CyuLecmeyem uHmepnpemayus, 6 Komopot ama Gopmysa uCmUHKA.

Onpenenenne 3.2.4. Mnoncecmso gopmyas I' sasvika L, nasvisaemcs cosmecm-
HBIM, €CAU CYULLCMBYEM UHMEPNPEMAYUA, 68 KOMOopPol 8ce opMy.abl U3 3mo20 MHO-
HCECTNBA UCTNUHHDL.

3ameuanmne. /1A mIpou3BOIbHOrO MHOXKeCTBa (popmya [ a3bika L, n m1s mobou
uHTepupeTanuu | 3amuch

IT)y=1
OyIeT CIYKUTH COKpAIIEHUeM IS YTBePKAeHUuA ~6ce dopmyavt muoxrcecmea I' uc-
munnbl 8 unmepnpemayuu 1.”
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Omnpegenenne 3.2.5. Popmyavt ® u V¥ a3vika L na3visaromcs 3K6U6 aAEHMHBIMU
UAY  PABHOCUALHBIMU, ECAU HOPMYAQ

(@ — )& (¥ — D)
ABAACTNCA MONCOECTNBEHHO UCTNUHHOT.

B kavecTBe ynpaxkHeHUA YUTATENIO MPEIIAraeTCsa T0Ka3aTh, 9TO €CJAU NePEeMeH-
Hadg T He BXOJIUT CBOOOIHO B (popmyay P, TO paBHOCUIBHBI (DOPMY.IBI

(Fz)oud® u (V)P u P;

(F)(T v &) u (Fx)¥ Vv P
(F)(® VvV TU) u &V (T)T,;
Vz)(T vV &) u (Vo)¥ Vv P
Vz)(® vV U) u &V (Vao)U;
(Fz)(¥ - @) u (Vo)U — &;
(Fz)(® > ¥) u & — (Tx)Y;
Vz)(¥ — @) u (J2)¥ — P;
Vz)(® — ¥) u &V (Va)U.

B kadecTBe mOe3HOrO ympaxXHEHUA MpealaraeTcsa TOKa3aTh PaBHOCUILHOCTH
bopmyr

(@ - U) u (=P V V),

(®V VY u (-P&T);

—(®&V) u (=P VvV U);
V) (@& T) u ((Vo)P & (V2)¥);
(Fz)(® vV U) u ((Fz)® V (F2)P).

Onpegenenne 3.2.6. Popmysa A asvika L, nasvisaemcsa ao2udecrkum caeod-
cmeuem mnoxcecmsa gopmya I' amozo asvika L, , ecau dan a0bot unmepnpema-
YUy p, 8 KOMOPol ece Gopmyabt U3 amo2o MHoxcecmsa I ucmunmubl, UCMurHa U
Gopmyaa A.

3ameuanue. 3anuck [' = A Gyner clIyKuTh COKDAIIEHUEM A YTBEDK TCHUA
“popmyaa A asasemca ao2uueckum caedcmeuvem muoxcecmsa gopmya I'.”

Kak cirencrBue 06beIUHEHU W B3AUMHOT'O TPOHUKHOBEHUSA APYT B ApPyra ajre-
OpBI U MATEMATUIECKOU JOTUKKM BO BTOPOU MOJIOBUHE XX BeKa OYPHO Pa3BUBAJIACH
MOTPAHUIHAA MEXKIY aIre6pou U MaTeMATHICCKON JOTUKON TUCIUILIMHA, MOy IUB-
mas HasBaHue meopud modeqset. OTHUM U3 OCHOBHBIX MOHATUU MEOPUU MOOeel
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ABJISIETCS TIOHATHE aA2e0pauyeckoti cucmembl. OHO B ONMpETETIEHHOM CMBICIE PABHO-
CITBHO YK€ BBEJICHHOMY HAMU MOHATHIO uHmepnpemayus. O THAKO B HEKOTOPBIX
CUTYaIUAX A3BIK TEOPUU MOJeNel ABAACTCA Goaee yIOOHBIM, UeM SA3LIK MHTEepIIpe-
Tanun. Ecanm Mbl HaUmHAEM C A3BIKa L, CUTHATYPHI T, TO YIOOHO TOBOPUTEL 006 €ro
unrepuperanun . Ecin e MBI HaYMHAEM ¢ HEKOTOPOU aJarebpamdecKOn CUCTEMBI,
TO CTPOUM A3BIK [ ONUCAHUA €€ CBOUCTB. DTHU JIBa MOAXOAa DKBUBAJEHTHBI, HO
B OJHOM U3 HUX B ONpeNeJIeHHOU Mepe TOMUHHPYET MAaTeMATHIeCKas JOTUKA, a B
IpyroMm — ajarebpa.

Omnpepenenne 3.2.7. Aqzebpauueckoti cucmemoti A cuenamypwvl
T = <OJ F7 P7 07 90>

Ha3bl6aAeMCcA NAMEPKQA
<A7 Ty Y15 V25 V3 >7

ede

(i) A — nenycmoe MHONCECMBO, HAZBIBALMOE OCHOBHBIM MHONCECTNBOM (YHUBED-
CYMOM UAU HOCUMEREM) cucmembl A;

(i) T — cuenamypa;

(111) v1 — omobpasxcenue mnoxcecmea F Gynkyuonaibnbll cumsosos 60 MHoxMce-
cmeo agszebpavueckus onepayut na mnoxcecmse A, npuuem, ecau f € F, mo v1(f)
—amo O(f)-mecmunasn aseedbpauvueckas onepayus na A;

(iv) v2 — omobpasxcenue muoxcecmea P npedukamupil cumeoi06 60 MHOMCECTNB0
npedukamos, onpedesennir wa A, makoe, umo ecau p € P, mo vo(p) — amo ¢(p)-
mecmublld npedurxam wa A;

(v) v3 — omobpaxcenue muoxcecmsa C 6 A.

CrenmaeM HEKOTODBIE TMOACHEHNA.

Y1 (f) — aro oTobpaxenne muoxectsa A’) Bo MEOKecTBO A.

Axre6pamieckyio omeparmio v (f) 6yzem o603HauaTE Tepes fA.

Yo(p) — aT0 oTOGpaxkenme MEOKecTBa APP) Bo MEOKecTBO B = {1, JI}.

[Ipexukat v5(p) Gyaem o6o3HaTaTh Tepes p.

Ecau ¢ € C, 10 v3(c) HA3BIBACTCA 6bIJEAECHHBIM IACMENMOM MHOKECTBA A win
cucrembr A.

DaemeHT v3(c) MEHOXKecTBa A GyaeM 0603HAYATDH qepes cA.

Ecmn muoxkectBo C mycro, To rosopar, 4to A — cucmema 6e3 6videscHuvls
IAEMEHIMOB.

Ecan mycro muOXkecTBO P, TO anrrebpandeckas cucreMa A HasbBaeTCsa yHusep-
CaAbHoTl aa2e6poti WM TTPOCTO as2e6potl.

Ecan xe mycro muoxectBo F', To cucrema A Ha3bIBaeTCA MOJeabio.

[Iycts 7 — curmarypa, L, — A3BIK MEPBOrO MOPAIKA CUTCHATYPHL T, a A — ajare-
Opamdeckas CHCTeMa CUTHATYPHL T, TOraa A Ha3bIBaeTCA TakkKe cmpykmypoti 0as
a3vika L.

211



[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

Kak u B caydae wHTEpnpeTanuu, IId KaxKJI0r0 UHIUBALA ¢ € A MBI BEIOUpaeM
HOBYIO KOHCTAHTY @, HA3BIBACMYIO UMeHeM UHIUBAIA @, OIPA dTOM CIATAEM, UTO
ectn @ =b, To a = b, T. e. 044 pas3ubix unOuU6UI06 6LIOUPAIOMCA PA3HbLE UMENA.

Kax n B ciyuae maTepnperamun, depes 7(A) MBI 0603HAYAEM CUTHATYPY, IO-
JAY9eHHYIO W3 CUTHATYPEL T A00aBIeHHEM K MHOXKeCTBY C' MHIMBHIHEIX KOHCTAHT
cuTHATYPH T MHOKecTBa A Beex umen umousudos ms A, a 1epes L,(A) wim mpo-
cro 1epe3 L(A) — a3bik L (4) mepBOro mopaika curHaTypsl 7(A) roBopum, 4T0 OH
IOIyYeH W3 A3bIKa L no6aBIeHHEeM BCeX UMEH MHIMBUIOB m3 A.

Bynem rosoputsh, uro Tepm t ceoboden om nepemennbir (mam t - 3amrnymoll
TEPM), €CIU OH HE COIEPKUT MePeMEeHHBIX.

[Iycrs ¢ — ¢BOGOIHBIN OT mepeMeHHbIX TepM s3bika L(A).

Nuaykuuen mo nmocrpoenuto tepma t onpenenum uagususg A(t) us A, koropbin
6ydem coomeememeosamov mepmy t.

Tax kak TepMm t cBOOOIEH OT MEPEMEHHUX, TO OH HE MOXKET OBITH TePEeMEHHOM.

(i) Ecim t — koncranTa cursarypsr 7(A), To 160 t — KOHCTAHTA CUTHATYDHI T,
U TOPAa IOJaraeM

A(t) = t4,

T. €. DTO UHIUBU U3 OCHOBHOI'O MHOXKeCTBa A cucTeMsl A, KOTOPBIA COOTBETCTBYET
t; 60 t — UMA G HEKOTOPOro MHAUBUAA @ U3 A, B DTOM CIydae MOJAraeM

At) = a.

(ii) Ecau mepm ¢t meer Bun f(ti,...,tn, A€ f — N-MECTHBIN (DYHKIMOHATILHBIN
CUMBOJI CHTHATYPEL T, TO HOJIAaraeM

At) = fAA(t), ..., Alt,)).

s Kaxaou samkuymoti (T. e. He COJEpKAIIeN CBOOOTHBIX BXOXKIEHUN Mepe-
MeHHBIX) dopmyasl & a3vika L(A) onpegerum uemunrocmuoe 3nauenue A(P) dpop-
myasl @ B cucteme A mHIYKIUERN MO mOCTpoeHuio dhopmyast @ (T. e. comocraBum P
suadenue A(P), pasnoe U wim JI).

YcroBumces nucaTh:

AkE @ ecin AD) =N,
A @, ecin A(P) =T.
Kpome Toro, ncmoab3yeM 3HaK <—> KakK COKpalieHue ¢ppassl ” ... moz2da u moab-
Ko moeada, Ko2da ...”.
(i) Hycrs ® — aromuas Gopmyaa suga p(ty,...,t,), ©ae p — N-MECTHBIN TPeIu-

KATHBI CAMBOJ CUTHATYPHEL T, a tq, ..., {, — CBOOOJTHBEIC OT MEPEMEHHBIX TePMBI
curuartypsel 7(A), Torga moraraem

AE® < pYAt), .., Alt,) = 1.
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(ii) Teneps, eciu ® u ¥ — 3aMKHYTHIE (HOPMYJIBI, TO TOJATAEM

AE () <= AWK 9,
AE(PVVY) <— AE® wm ARV,
AE (2&Y) <— AEP u AEVY,
AFE (P —>V) <— AEP u AF VU

(iii) Eciu ® — popmy.ia, He comepKamas cCBOOGOTHBIX TTEPEMEHHBIX, OTIUIHBIX OT
X, TO TOJaraeMm

AE 32)® < AE ®,la] puauvenn a

HEKOTOPOr0 WMHAWBUIA U3 A,

AlE Vo) <«<— A E ®,a] a1 uvenn a

JI000T0 UHAUBUALA a U3 A.

3ameTum, 410 ecau ¢popmyaa P BooOe He cOgePKUT CBOOOIHBIX TEPEMEHHBIX,
to ®,[a] — aro npocro cama popmyra P.

[Tycte & — mpousBoabHad ¢gpopmy.aa a3blKa L, a vy, ..., U, — BCe ee CBOOOTHBIE
nepeMenusle. Ecan ay, ..., @, — IMeHa IPOU3BOJLHLIX UHAUBUIOB A1, ..., 4, 13 A, TO
bopmy.ry

q)'ul,...,vn [a_la tety ﬁ]

Oynem Has3wbIBaTh A-uacmubim cayuaem popmyast P.

Onpeneneuune 3.2.8. IIpouzsoavnas popmyasa ® azvika L naszvieaemcsa ucmur-
Hnot 6 A, ecau das moboz0 A-uacmmuoeo cayuas @ gopmyanr & A D',

B wacTrOCTH, ecit ® — 3aMKHYyTaa (popMyaa, TO JerKO MOHATDH, ITO

® ucrurma B A = A E @.

Hamomuum, 1To depes VP obo3nauaercsa V-zambikanue Gpopmyast P.
B kadecTBe mpocTOro ympaxXHeHHUSI IpeLIaraeTcsa T0Ka3aTh, ITO
dopmyaa @ aswika L ucmunna B A Torma m Toasko Torga, korga A = VO.

MokaxeM CIeAYIONIYIO BAXHYIO JeMMy, yTBepKaamoulyo, 4To dopmyra P,[t]
”yTBepk aeT’ NpPO WHAUBUI, 0OO3HAYMEHHBIN Yepe3 ¢ TO ke camoe, 9To (popmyaa P
" yTBepxK 1aeT” mpo WHIWBHUI, OOO3HAYEHHBIN depe3 x. TodHee, nuMeeT MecTo

’ ’

Jemma 3.2.1. Ilycms A — cmpyxmypa das sa3vika L, t — c80600ubiii om nepemen-

woir mepm asvika L, A(t) — uma undusuda A(t) uz A, coomsememsyrowezo mepmy
t.
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Ecau r — mepm sazvika L(A), ne codepacawuti nepemennbis, omauuubls om .,
mo

A(ra[t]) = A(r[A#)]). (1)
Ecau gopmyaa ® ne codepacum c60000HbIT nepemennbls, OMAUYHBIT 0M T, MO
A(,[1]) = A(®,[A(1))). (2)

Adoxaszameawvcms o [leppoe yTBepxIeHNEe TOKAXKEM MHIYKIAEHd MO IIO-
CTPOEHUIO TEpPMa 7.

(i) Eciu r — mepeMeHHAs, TO DTO X, TOTJAA

ro[ A1) = A(t),
re[t] = t,
A(A(t)) = A(?),

T. €. paBeHCTBO (1) BBIMOIHEHO.
Ecan r — koucranTa u3 7(A), To

ra[A@)] =7, ] =7,

I03TOMY PaBeHCTBO (1) OIATH BBHIIOIHEHO.

(ii) r mmeer Bug f(t1,...,t,), nae f — n-MecTHBIN (HYHKINOHAJIBHBIN CUMBOJI CUD-
HATYDHL T, & t1, ..., b, — TepMBI a3bika L(A).

Torga, UCIOABL3YA MHIYKTUBHOE MPEINOJOKEHNE U COOTBETCTBYIOIINE OIpeIe-
JIEHUA, 0Ty IaeM

PasencTBo (2) m0Kax)eM MHIYKIWEH 1O TOCTpoeHnu (hopmy.ast P.
(i) Ecim @ — aTomuas dopmy.ia Buga

p(tla "'7tn)7

rae P — N-MECTHBIU MPEeIUKATHBIA CUMBOJ CUTHATYPHI T, OTJIUIHBIA OT =, a ti,
t, — Tepmel a3bika L(A), Torga

P (At [t])
P (At [A®)

seny

, A(tna ﬂ:

[
s Atz A(D)]) =

g aes
g aes
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(ii) Pacemorpum dyHKunm
‘H_'(l‘)a H—)(l‘ay)a H\/(xay)a H&(xay)a

ompegenennsie Ha MuOKecTBe {U, JI} u npuHUMAarOmue 3HAYEHUS B D TOM K€ MHOXKe-
CTBe, TaKue 9TO

[l1s mMpoW3BOILHOTO TepMa © BBITIOJHAETCA PABEHCTBO
(=®)z[t] = ~(Da]t]),

IO3TOMY

[ycrs x € {V, &, —}.
Torga

= A(D,[A(t)]

(iii) Iycrs Teneps popmyaa & uveer Bug (Jy)W.
Tornma, ecan y — »TO X, TO

Doft] = @, Du[A(t)] = @,

U, KOHEYHO, PABEHCTBO (2) BBHINOJIHEHO.
[IycTs Temeps y # x.
Torga

Ecan
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A ((Fy)¥)alt],
a 3HAYUT,

A Gy) el
TO IJIST HEKOTOPOT'O UMeHU 4 WHIuBuAa o € A

A = (V.[t]),[al.

Tax kak TepMbI t U @ CBOOOJIHBI OT MEPEMEHHBIX U X # 1/, TO

(Welt])yla] = (y[a]).[t],

OXTOMY
A = (Yy[a]).[t].

Torga mo MHIYKTUBHOMY MPEATOIOKEHUIO

A | (Ty[a])o[A(D)).

Tak kak
(U, [a])[A(t)], = (V.[A(t)])ylal,
A E (YL [A®),lal.
[TosTomy L
A E (Qy)V[A)],
| A b ((3y)0), (A

A O, [A1)]-

Anajoruvnoe paccyxkIeHne MOKa3bIBaeT, 9TO €CJIN

A E Q. [A1)],
A E ®,[t].

(iv) Ecim popmyna @ umeer Bug (Vy)W, To aHATOMTYHOE PACCYXKAEHUE TOKA3bI-
BaeT, ITO

AE &l = AR A1)

Tem cameiM aemma 3.2.1 1oka3aHa. U
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Hamren 6mxaniien neabio OyaeT u3ydeHue 0JHOTO U3 OCHOBHBIX MOHATUHU JOIH-
KU MPEIUKATOB — MOHATUA A02UUECKO20 CAEACMBUA.

Hamomuum, aTo popmyna @ s3eika L HaA3BIBAETCA A402UUECKUM CAEICMEUEM
MuOXKecTBa (popmya [ a3wika L, ecim ® wuctuHHA B Kaxgou mHTepnperanuu [, B
KOTOPOU MCTUHHBI Bee (popMyasl u3 MHOXKecTBa ['. 3anucs [' = & cayxkur cokpa-
IeHNeM JIIA yTBepxkaeHus ~ dopmysa P seasemea ao2uueckum caedcmeuem
mHoxcecmsa dopmya I'”.

[nsg yray6JIeHHOT O N3yYeHnsA NOHATUA COB8MECTMHOCTNU MHOXKXECTBA POPMYTI 1
OTHOIIEHUS A402U%ECKO20 caedcmeus HaM Gy IyT MOJIE3HBI UX (GPUHUTHLIE AHAJIO-
T'H.

Onpenenenune 3.2.9. Muosxcecmeo gopmya I asvika L, nasvisaemca A0KaAAbHO
COBMECTHBIM, €CAU A1000€ €20 KOHEUHOE TLOOMHOHCECTNBO COBMECTNHO.

Omnpepenenne 3.2.10. Popmyaa A saszvika L, nasvisaemcs 40KAAbHBIM A02UYE-
crum caedcmeuem muoxcecmsa gopmya I amozo azvika L., ecau ona A844emcA
AO2UYECKUM CACOCTNBUEM HEKOMOPO20 KOHEUH020 nodmmuoxcecmsa 'y mHodxce-
cmea I'.

3ameuanmue. 3anuch ' =p;, A Oyger CIyXATb COKpALICHHEM IIA YTBEpPXKIe-
ausat “gopmysa A seasemcis A0KAALHBIM AO2UUECKUM CACOCMBUEM MHONCE-
cmea popmya I'.”

Onpenenenne 3.2.11. Muoxwcecmso opmyal azvika L, nazosem 40KaAbHO NOA-
HBIM, €CAU OHO AOKAALHO COBMECMHO U 048 40001 3amknymot gopmyabt A a3vika

L, aubo T E=pp A, aubo I' =y (0A).

3ameuanme. Ecain [ — 10oKaibHO COBMECTHOE MHOXKECTBO (POPMYyJI, TO HE CY-
mecTByeT Takon 3aMkHyTon dopmynst A, uto I' =pp, Au I =gy (0A). B
CaMOM [eJe, MPEAIOJIOKIM, ITO CYIEeCTBYeT Takad 3aMkHyTas dopmyra A, 910
I' =fpin Aul Epp (0A). B coorBeTcTBrE ¢ OnpenereHneM HARTYTCA TaKAe KO-
Heunble noaMHEOKecTBa 'y m [y muOoxkecTBa I, uro 'y E Au Ty E (—A). Torma
MUy E (A&(—A)). 3uaant, maoxectso [y U Ty He ABIAETCS COBMECTHBIM, ITO
IPOTHUBOPEIUT MPEATONOKEHUIO O JOKAIBHON COBMECTHOCTH MHOKECTBA [ .

Teopema 3.2.2. /a4 4100020 A0KAALHO COBMECHO20 MHoNcecmEa dopmya I a3bi-
ka L, JIoeuku IIpeduramos cyuecmsyem makoe A0Ka4bHO NOAHOE MHONCECMBO
gopmya I azvika L, umo

r cr.

Hdoxaszameuasvbcms o [lamguM gBa BapuaHTa TOKa3aTeIbCTBa. B mepBoM Ba-
pUAHTEe I0KA3aTeIbCTBa OyIeM CINTATh, 9TO CUTHATYPA T cuemuas. lorma cder-
HeIiMu OyayT u andasut sa3eika L, Josuku IIpeduxamos, u muoxkectso F) Bcex
3aMKHYTHIX (popmy1 JJo2uku IIpedurxamos >Tou CUTHATYPHL.

[ycrs Fr = (P )pen-
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Omnpenernm nocregoBarebHocTb (Iy,),ey MHOKECTB GOpMY.L.

Ilomaraem
Iy =1T.

Ecan muoxecTBO I'), yKe ompemeneHo, TO moaaraeM

r . r,u{®,}, ecm T, =, P,
AT, U{(=®,)), ecm T, Fpin @

WNugykmuen mo n IOKaxKeM, YTO KayKJI0e M3 MHOXKeCTB ¢opmya [, sBiagercs
AO0KAABHO COBMECTIIHBIM.

Tak xak I'y = T', To mHOXKeECcTBO popmyn [ ABIIETCA MOKAALHO COBMECT-
HbIM TIO0 YCJIOBUIO TEOPEMBI.

[TpenmonoxuM, ITO yKe TOKa3aHA AO0KAALHAA COBMECTMHOCMb MHOXKECTBA
dopmyx [',. [JokaxeM 40KAAbBHYIO COBMECTMHOCTb MHOXKECTBA GOpMYy.T [ 11.

Ecmu Ty, Efin @, 10 Ty =1, U{D,}.

fAcHO, 9TO MOCTATOYHO MOKA3ATh COBMECTHOCTD JTFOOOT0 KOHETHOTO MHOXKECTBA,
suga ['U{P,}, roe [' — koreuHoe moamuokecTBO MHOKecTBa [, [TycTs I — rakoe
KOHEYHOE O IMHOKECTBO MHOXKecTBa [, aro [ E ®@,. [ KOHETHOTO MO IMHOXKE-
cra [V UTY n1okaabHO COBMECTHOTO MHOXKECTBa GopMmy. [, cylecTByeT MHTEpIIpe-
raua ¢ Takad, 9o p(I"UT") = U. Torga ¢(®,) = U un p(I"U{®P,}) = 1. 3uaunr,
muOKecTBO ['U{®,} coBMecTHO, T05TOMY B paccMaTpUBaeMOM CIydae MHOXKECTBO
Iy t0KaAALHO CcOBMECTIHO.

Ecm Ty, Wpin @, 10 Ty =T, U {(—®y,) }-

Ecau muOXKecTBO hopmya [, 1 He ABIAETCS JOKATHLHO COBMECTHBIM, TO HANIETCSA
Takoe KOHedHOe moaMHOxkecTBO [V muOkecTBa [y, uro muOkecTBO [V U {(=®,)}
HECOBMeCTHO, 3Ha4nT, [’ |= @, mosromy I'), =i, ®,,. Ho mocrexnee mporusopednt
npexnoxoxenmio 'y, Fpy, ®,,. 3HaUnT, 1 B 9TOM Ccaydae MHOKeCTBO dopmya [, 44
ABISETCA AO0KAABHO COBMECTNIHBIM.

Tem caMbIM TOKa3aHO, ITO npu A1000M N MHONcECMB0 Popmys 'y asasemes
AOKAABHO COBMECTNVHBIM.

[Toraraem

o0
* —_—
r* = ..
n=1
[Tokaxem, aTo I'* — rokaALHO NOAHOE MHONCECMBO PopMmYya U
rcr-.
IlocregHee oveBUIHO, TaK KakK
r=r, Cr-.

Ecau 661 MmHOXKECTBO (popMmy. [ He OBLIO OKAALHO COBMECMHBIM, TO Ha-
IILTOCH OBl KOHewuHnoe HecOBMeCTHOe MHOxKecTBO dopmya 1" C I,

Tak kak
LCech,c..Ccrl,Ccly €.y
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TO HAWAeTCA Takoe 9uc.io n, uro I’ C I',,. Ho 5To mpoTuBOpednT yxKe yCTaHOBICHHON
JIOKAJBHOU COBMECTHOCTH MHOXKeCTBa, (popMmy.1 [,.

SuaquT, [ — noKkaabHO cosmecmHoe MHOXKECTBO (hOPMY.I.

[Iycts A — mpomsBoabHas 3aMKHyTas ¢popMmy.aa. Torga HaugeTCsa TaKoe HTUCIO
n, aro A = ®,.

Ecm T, E=pin @, To I =fin O, a, sHaunT, [ =4, A

Ecm xe Iy, Ffin @p, To (=®,) € Ty, mostomy L'y Epin (0®,), 3HAUIHT,
r+ ):fin (_l@n), T.e. ' ):fin (_'.A)

Urax pokazano, ¥To ['* — sokaabro noarnoe MHOKECTBO GHOpMY.T A3bIKA L.,
Takoe, uto [' C T,

B ciaydae mpou3BOJIBLHON CUTHATYPLI T BO3MOXKHO AHAJIOTUIHOE TOKA3ATeAbCTBO,
OMHAKO IPH DTOM BMECTO JOCTATOYHO MPOCTOM MHAYKIIUU IO 7 HEOOXOIUMO WUC-
MOJIL30BATE MpancPurnumuyio undykyuto. MBI He OyleM paccMaTpuUBaThL DTOT Ba-
PUAHT M0KAa3aTeThCTBA, a MPUBEIEM MOKA3aTEIhCTBO C WCIOIB30BAHUEM JeEMMbl
Tetxmioanepa — Tororu.

HamoMmuuM, 9TO0 ceMencTBO HOAMHOXKECTB X MHOXKeCTBa F mMeeT xKoMeumbltl
rapaxmep, ecin 111 KaxkJI0r0 IoAMHOKecTBa A MHOXecTBa F mMeeT MecTO DKBU-
BAJIEHTHOCTb:

A npunadaencum X moeda u moavko moezda, kKo2da Kaxcdoe KoHeunoe noommo-
acecmeo muodxcecmsea A npunadaencum X .

B mepBou niraBe OBLIO YCTAHOBIEHO, 9TO CAEAVIONIEE YTBEPK ICHNE, SDKBUBAJICHT-
Ho Axcuome Bwvibopa.

Jdemma Tetixmoasepa — Tvroru. Kaxcdoe cemeticmso nodmmoxrcecms X
muoxcecmsa E, umernwee koneunbll rapaxmep, 004606EM MAKCUMAALHBIM IAEMEH-
MOoM.

PaccmorpuMm cremyiomee ceMencTBO MOAMHOXKECTB X MHOXecTBa F. Bcex 3a-
MKHYTBIX (pOPMY.T A3BIKA L,

TeX «— T UT — 1okalbHO COBMECTHO.

I3 onpenerennsa ceMeincTBa MOAMHOXKECTB X Cpasy CIeAyeT, ITO OHO UMEeT KOHel-
woith zapaxmep. Ilo aemme Teuxmiomrepa — ThloKM B ceMencTBe MOIMHOXKECTB X
IMeeTCa MAKCUMAAbHBLL daemenm 1. [lokaxem, 94To MEHOXKecTBO [* = ['UT™
ABIACTCA AOKAALHO NOAHIM.

I3 onmpegenennsa ceMencTBa MOAMHOKECTB X cpasy CIefyeT, 9TO MHOXKeCTBO ['*
ABIAETCA AOKAALHO COBMECTVHBIM.

Il1g TOKa3aTelbCTBA €r0 A0KAAbHOU MOAHOMbL TIPEANOIOKAM MPOTUBHOE.
Torga HammeTcsa Takas 3aMKHyTas opmyaa, 9to ' P, A u T Fpy (0A).
Suaunr, A ¢ I'*.

[Mokaxkem, aro ["U{ A} nokaabrno cosmecmno. B nporusrOM ciydae HalgeT-
A Takoe KoHedHoe nogMHoxecTBO ['g muoxkecTBa [, uro 'y U{A} ne aBsercs 1o-
KAJbHO COBMECTHBIM. SHAYUT, I/ JIOOOU MHTEPIPETAINN (0 U3 TOrO, 9TO Bce (hop-
MyJIbl 13 [\ MCTUHHBLL B MHTEPIPETALNNA (©, CIeAYeT, 9T0 (hopMmyaa A J0XKHA B 5TOR
nnTepnperannn. [locreguee osuataer, uro 'y = (—.A), nostomy '™ =y (0A), HO
5TO MPOTHUBOPEUUT CHETAHHOMY BBIIIE TPenosoxennio [ b py, (1A).
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[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

YcTaHoBICHHAA A0KAALHAA COBMECITMHOCIIIL MHOXKCCTBA
u{A} =T uUT U {A}

MPOTUBOPEIUT MAKCUMAALHOCMU MHOXKeCTBa 1.
Urak, I'* — aokaabHo moaroe pacuwuperHue A0KAALHO COBMECMHO20
mHodcecmesa . O

Ha mepBeIM B3M/IAL KayKeTcs, ITO BTOPOW BAapUAHT JOKA3ATEILCTBA ~ HPOIIE”
IepBOr0, OMTHAKO DTO OOMAHYMBOE BIEYATICHHE — BO BTOPOM BapHAaHTE BCA UIEH-
Hasg TPYIHOCTH MOKA3aTEeIbCTBA MEPEHEeCeHa B MOKA3aTEeIbCTBO DKBUBAJICHTHOCTHU
Jdemmor Tetixmwoasepa — Toroxu Axcuome Bwvibopa.

Bymem rosoputhb, 4TO mas MHOXKECTBa (POPMY.T Y A3BIKA MEPBOrO MOpAIKa L,
CUTHATYPHI T BBIMOIHEHO c8olicmeo I'enkuna, ecau aus aobou gpopmyast F'c
OJHOU CBOOOIHOU IEPEMEHHOU U U3 TOrO, 9TO % =y, (Jv)F, crexyer, 9ro HangeTCA
TaKOU 3aMKHYTHIH TepM t, IT0 X =i Fo[t].

Teopema 3.2.3. /Jas 4106020 A0KAALHO COBMECTIHO20 MHONcECMEa dopmya [ A3bi-
ka L, cu2namypbl T MONCHO MOCMPOUMb AOKAADHO COBMECTIHOE MHONCECMBO Hop-
mya T azviwa Lo+ cuenamypor 75 maxoe, wmo I’ C T'T, cuenamypa 7 noayuaemcsa
u3 cuHamypovl T 000ABACHUEM HOBBLL UHOUBUIHBIT KOHCTAHM U 045 MHONCECTNEA
Bopmya Tt svinoaneno ceoticmeo Ienruna.

Adoxaszameadvcms o. [JokazaTelbCTBO NPOBEIEM JUIIL B CAyIae CIETHOU
curuaTypol. O0muN cayvdam pacCMaTPUBACTCA MO AHAJOTUIHOU CXEME.

PaccMOTpUM CHTHATYPY 7, HOTYYeHHYIO M3 CUTHATYPBI T T00ABICHUEM CUEem-
1020 MHOKHcECMBa {C1, Coy. .y Cryy. .} HOBLIT UHOUBUONBIL KOHCTNAHM.

3aMeTuM, 9ITO 4100y UNMEPNPEMAUYUI0 A3bIKG L, cuenamypvl T MOHICHO NpPO-
doascumyv do uwmepnpemayuu A3v1ka Lo+ cuenamypvl T, onpedeaus auwn ee 3na-
uenus 0af HOBLIL UHOUBUOHBLL Koncmanwm {C1,Coy. . Cmy. ..}, G 400Y10 unmep-
npemayuio A3vika L.+ cuenamypor 7T moxcno cysumv 00 UNMEPNPemayul A3biKa
L, cuenamypvr 7, “uenopupys’ ee 3nauenus Oaf HOBLIE UHOUBUIHBIL KOHCMAHM
{e1,¢9,. ., Cm, - - .}

JIokaItbHO cOBMecTHOe MHOXKeCTBO (opmya ' a3eika L, CUTHATYPHI T MBI pac-
CMaTpUBaeM KaK JOKAJIHLHO COBMECTHOE MHOXKECTBO (POPMYJI A3BIKA L, + CHCHATYPHI
7.

Tak kak curHarypa 7 1O NPEIMOJOKEHUIO CYEeMMHAAL, TO CIETHBIMU OyIYT CHT-
HaTypa 7, anpabutT a3eika L.+ Jlo2uku IIpeduramoe >Toil CUTHATYDHLL U MHO-
xKecTBo F,r+ Bcex popmya Jozuku IIpedurxamos >Tol CUTHATYPEL T .

Sanymepyem (Fp)nen 6ce gopmyavt azvika Lo+, codeprcawue 8 mounocmu 00ny
c80000nYy10 nepemennyio. s kancdot Gopmyavt F, wepes v, 6ydem obo3nauams ee
eduncmeenny0 c80000HYI0 NEPEMEHHYIO.

Wunyknuen mo n mocTpouM TMOCIEI0BATETBHOCTE dy, dg, ... , dy, ... 13 HOBBIX
KOHCTAHT {C,C,...,Cp, ...} U JOKATLHO COBMECTHBIE MHOXKECTBA (opmya [y,.

[IycTs dy — »T0 J106as HoBaGA KOHCMaAHMA C;, He sxodawasn 6 dopmyay Fi. Tlo-
maraeMm ['y = TU{((3v,)F — F,,[di])}.
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§3.2 Jloruka mpeagukaToB

[lokaxem JOKaTBHYIO COBMECTHOCTH MHOXKecTBa (opmyn . [lycts [y — mpous-
BOJIBHOE KOHEYHOE MOIMHOXKECTBO MHOKecTBa ['. CyliecTByeT MHTepIpeTanus ¢ ¢
OCHOBHBIM MHOXKeCTBOM A s3bIKa L+, B KOTOPOU BCe (hOPMYIBl U3 MHOXKecTBa [
MCTUHHBL. 3aMETHUM, 9TO €CJIU Mbl I3MEHUM 3HAYEHUA NHTEPIPETAINA  Ha HEKOTO-
PBIX HOBBIX KOHCTAHTAX C;, TO B HOBOM WHTEPHPETAINA ' 3HAYEHUS BCEX (POPMY.I
A3bIKA L, He M3BMEHATCS, B 9aCTHOCTH, BCe (POPMYJIbI U3 MHOXKeCTBa g OyayT mc-
TUHHEL.

Ecan ¢((3vy)Fy) = U u a — Takou dJIeMeHT U3 OCHOBHOT'O MHOXecTBa A, 4To
©(Fy]a]) = U, To uamenum suadenne ¢(d;), OUpeseInB HOBOE 3HAYECHWE DABEH-
crBoM ¢'(dy) = a. Torga ¢'((vy)Fy — Fi,[di]) = 1.

Ecaun xe p((Fvy)Fy) = JI, To ¢o((Jvy)Fy — Fi,,[di]) = U

Tax kak B (pOPMYIBI MHOKECTBA [ ') HE BXOIAT HOBBIE KOHCTAHTHI, TO A JIOOOM
dopmyast F us Ty moayuaem o(F) = ¢ (F) = U.

Buauur, [y U {((Fv))F — F, [d1])} coemeemno, nosromy

[y =TU{((3u)F = F,[d])}

AOKAABHO COBMECTMHO.

[IycTh yxe MOCTpOEHBI HAYAJLHBIN OTPE30K di, ds, ..., d, HOCIeTOBATEIHLHO-
CTU W3 HOBBIX KOHCTAHT M JOKAJBHO COBMECTHOE MHOXKeCTBO (popmy. [, mpudem
L, =T, 1 U{(Bvn)F — F,,[dn])}

[IycTs d, 11 - DTO J106AST HOBAA KOHCTARMG C;, OMAUYHAS O, YHCE ONPEQEACHHIT
Kowemanm dy, ds, ..., d, u ne sxodawan 6 gopmyavt Fy, Fy, ..., F, u Fy, 1. [loraraem

P = Tn U{((Funsa) F = Fo,  [dna])}

ITOKaxKeM A0KAALHYIO COBMECTIHOCTL MHOKECTBA hopMya [y 1.

[Iycts 'y — mpousBoIbHOE KOHEYHOE TOIMHOXKeCTBO MHOXKecTBa ['),. CymecTByet
MHTEPIPETALNA (0 C OCHOBHBIM MHOXKECTBOM A A3BIKa L.+, B KOTOPOU BCe POPMY.IBI
3 MHOXKecTBa [ MCTMHHBL. 3aMeTnM, 9TO0 KOHCTaHTa d, | HE BXOAUT B (POPMY.IbI
u3 MHOXkecTBa [, MOSTOMY €Cau IId MHTEePHPEeTalui (© U3MEHUTH JUIIL 3HATCHUE
©(dpi1), TO IIA MOLYYIeHHOU HOBOU MHTepHperanuu ¢ misa ao6ou ¢popmyast F u3
[, moayuaaem p(F) = ¢'(F). TlosToMy, B 9aCTHOCTH, BCE (DOPMYJIBI U3 MHOKECTBA
[’y OyayT MCTUHHBI B mHTepHpeTamun ¢’ .

Ecan o((3vny1)Fni1) = U m a — Takom sreMeHT U3 OCHOBHOI'O MHOXKecTBa A,
910 P(Fyi1,0,,,(6]) = U, To n3menum 3naenne ¢(dy1), ONpeIeInB HOBOE 3HATEHNE
paBercTBoM ¢’ (d,41) = a. Torga

@,((anH)FnH - Fn+1,vn+1[dn+1]) =1

Ecmn xe @((Jvps1) Fot1) = L 10 0((Fvpr1) Fusr = Fusi,0,[dnia]) = 1.
Tax kak B (OPMyJIsl MHOXKECTBA [g He BXOAUT HOBAsA KOHCTAHTA (41, TO IS
ao6on popmyast F us Ty moayuaaem ¢ (F) = p(F) = U.

Suauut, [y U {((Fvpy1)F — Fo,, [dnt1])} cosmeemuo, mosromy

Fn+1 =r,u {((HUTL+1)F — Fvn+1[dn+1])}
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[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

AOKAALHO COBMECITMHO.
TToraraem

I = G r,.
n=1

[Tokaxem, aro 't — nokaabro cosmecmmnoe muorcecmeo gopmya, obaa-
darwuwee ceoticmeom I'enkuna un

r Ccrt.

ITocregnee oueBuAHO. /19 TOKa3aTEILCTBA A0KAAbHON COBMECTMHOCMU MHOXKE-
cTBa popmya ['M paccMoOTpuM NpoU3BOIBHOE €r'0 KOHEIHOe HoAMHOXKecTBO [y, Tak
kak mpu aiob6om k 'y C ['yyq, To manmgercs takoe n, aro [y C [',. Tak kak BeIme
yiKe I0oKazaHo, 9To [, sokaabno coemecmno, 1o Iy coBmecTHO, mosTomy [
A0KAALHO COBMECTNHO.

MokaxxkemM, 9T0 MHOXKeCTBO ¢popmy.r I'™ obragaer ceoticmeom I'enkuna.

[IycTs F' — mpousBobHaA (pOpMyJIa ¢ OTHOU CBOOOIHON mepeMennon v. Haumercs
Takoe n, 4ro F' —»t0 F),, a v — »T0 v,. Torma

((Fv,)F — F, [d,]) €T, CTF

()F = F,[d,]) €T, CT*.

Eciu T (=g, (3v)F, 10 HalgeTcs Takoe KOHEYHOE IOJIMHOXKeCTBO [y MHOXKe-
crea I't, aro 'y = (3v)F. Ho roraa

LoU{((F)F — Fld])} E Fyld],
swaunr, ['V =g, Fod,)]. O

3ameuanue. [TocTpoennoe MEHOXKecTBO popmy.r [ o61agaeT creyommm BaK-
HBIM I JaJIbHEUIIero CBOUCTBOM: ecan F' — mpou3BoIbHAA (pOPMYIa ¢ OJHOU CBO-
OOMIHOU MEPEMEHHOU ¥, TO HAUAETCA Takasd KOHCTAHTA ¢, ITO

((F)F — Fy[c]) € T .

[Mosromy ecin T — 1:060€ MHOKECTBO (DOPMY.T TOU K€ CUTHATYPHL, 9T0 1 [, mpudem
't CT, o
((Fv)F — F,[c]) € T.

B gacrrocTn, pis T BBIIOJIHEHO CBOUCTBO | eHKMHA.

Teopema KoMnakTHOCTH Win JoKaabHasa TeopeMa K. 'egens — A.U. Maub-
ueBa. Muoocecmso samxnymbix gopmya I’ a3vika L, asasemca coemecmubim mo-
2da u moabko mozda, K0204 0HO ABAAEMCH AOKAABHO COBMECTVHBIM.
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§3.2 Jloruka mpeagukaToB

Hdoxaszameanvbcms o Ecim vuoxecTBo popmya [N a3wika L, aBasgercs co-
8MECTHBIM, TO, OUEBUIHO, ABIAETCI COBMECTHBIM U Ji000€ ero MoIMHOXKeCTBO. B
JACTHOCTH, ABAAETCA COBMECTHBIM U JM000€ KOHEYIHOE MOIMHOXKECTBO MHOXKECTBA
dopmya I'. 3uaqut, I' moxaabro cosmecmno.

O6paTHO, TPEAIONOKIM, ITO MHOKECTBO || #0KAABHO COBMECTHO, T. €. JIO-
60e ero KOHeYHOe TOIMHOXKECTBO ABIAETCA COBMECTHBIM. /[oKaxem, 9TO TOTga CO-
BMECTHO W BCe MHOXKeCTBO ['.

Mul maguM ABa JOKA3aTEIbCTBA ATOTO BaXXHOrO (paKTa, ITOOBI MPOIEMOHCTPH-
pOBaTh HEKOTOPHIE OOIIMe MeTOABl MAaTeMATUIeCKOU JOMUKH, pa0OTAOINe U B 60-
Jiee CJA0XKHBIX CUTYalIUudX.

IlepBoe moka3zaTeabCTBO.

[TpuMmeHUB qBE MpeIbIIYIINE TEOPEMBI, MBI TOIYIUM A0KAAbHO NOAHOE, 06.4a-
darouwee ceoticmeom I'enkura MHOKECTBO (POPMY.I

f — (F+)*

A3BIKA IEepBOTO MOPAAKA L, + CATHATYDHI T, MOAYYEHHOW W3 CATHATYDPHI T H00Aa-
BJIEHIEM HOBBIX MHINBHIHEIX KOHCTAHT Takoe, aro I C T.

[MokaxkeM, 1T0 MHOXKeCTBO Gopmy.1 [ aBrgerca coemecmubim. OTciona, Ko-
HEYHO, cpa3y OygeT CAeJoBaTh COBMECMHOCTb U MHOHcecmea Popmya [ .

I[TocTpouM mHTepIpeTamuio o Takyo, 9to o(I') = I.

Jlas A3BIKA MepBOrO MOPAAKA L.+ CUTHATYPHL T, HCIOAL3YA AOKAADHO NOJ-
noe, obaadarowee ceoticmeom I'enrxuna MHOKeCTBO dopMy.I L, mocTpouM
ecmecmeennyro cmpyrmypy A.+ — arreOGpandeckyio CHCTeMy CUTHATYDPHI T,
0CHOBHBIM MHONHCECMBOM A KOMOPOT bydem muoxcecmeo T + 6CEL 3AMKHYMBLE MeEP-
M08 A3bika L +.

Kaxx 101 MHAUBUTHOM KOHCTAHTE ¢ CACHATYPHL 71 COMMOCTABUM TEPM € — DIEMEHT
OCHOBHOI'O MHOXK€CTBa A eCcTeCTBEHHOU CTPYKTYPHL A, +.

Kax10My n-MeCTHOMY (PYHKIMOHAILHOMY CUMBOLY [ CUTHATYPHI T COMOCTa-
BUM N-MECTHYIO aIre6pamiecKyio omepanuio [+ Ha 0CHOBHOM MHOxKecTBe A ecTe-
CTBEHHOU CTPYKTYPHI A, +, motaras Ijisd IpOM3BOJIBHBIX SJIEMEHTOB ti, ... , t, MHO-

x)ecrBa A, T. e. TepMOB A3BIKA L+,

fAH(t, . otn) = [t .. 1),

Kax10My n-MeCTHOMY TNPEIMKATHOMY CHMBOJIY P CATHATYPBI 7 COMOCTABUM
N-MECTHBIH TMPeIUKaT pr+ Ha OCHOBHOM MHOXKeCTBe A eCTeCTBEHHON CTPYKTYPHI
A+, monaras s NPOU3BOJIBHBIX DJAEMEHTOB ti, ... , 1, MHOXecTBa A, T. e. TePMOB
A3BIKA L+,

Pty t) = T <= T Epin plti, .. 1)

na kaxgoro naguBuga t € A, T. e. TepMma ¢ CATHATYPHBI T, €ro umenem OyaeT
ou cam t. Tormga curmarypa 71 (A), noryvennas u3 curHaTypbl 71 m06aBIeHEEM
K MHOxecTBy C MHINBHUIHBIX KOHCTAHT CHTHATYPHI 71 MHOMKecTBa A Bcex umen
undueudos u3 A, GyIeT COBIATATEH C MCXOTHON CUIHATYPOU T, a A3BIK L +(4) — C
UCXOTHBIM S3BIKOM L +.
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[l KaxX 1010 ¢BOOOIHOrO OT MEPEeMEHHBIX TepMa t A3bIKa, L.+ OOBIMHBIM 00pa-
30M MHIYKIMEH 10 HOCTPOEHUIO TepMa ¢ onpefeasem unausu A(t) uz A, koTropsin
bydem coomsemcmaeosams mepmy t.

HeTpyaHO MOHATL, 9TO B paccMaTpuBaeMoM caydae A(t) — 5To ¢, HO 5TO pa3Hble
t — mepBoe t — 10 TepMm t si3biKa L.+, a BTOpoe t — BTO DaAeMeHT { OCHOBHOT'O
MHOX)eCTBAa A ecTecTBeHHOU CTPYKTYPHL A, + A3bika L, +.

OOBIYHBIM CIIOCOGOM IS KAXKIOU 3aMKHYTOU (T. €. He COMepiKalien cBOGOTHBIX
nepeMeHHbIX) (popMy el ® A3EIKa L +(4) ONpeferseM ee UCMUKKOCTHOE 3HAUEHUE
©(®) B cucreme A, + urgykunen mo nocrpoeruto popmyast P (r. e. conocrasum P
suadenne U wim JI).

YcroBumcsa nmucaTh:

A+ E @, ecan p(P)
A+ [ @, ecan p(D)

b

n
JL.

(i) Ecim @ — aromuas ¢opmyna suga p(ti,...,t,), roe p — N-MECTHBIN NpeIu-
KAQTHBI CHMBOJ CUTHATYDPHL 71, a t1, ..., t, — CBOGOAHBEIE OT TEPEMEHHBIX TEPMBI
curraTyphl 71 (A), To momaraem

A'r"' ): 0] e pAT+ (AT+(t1)a ey AT+(tn) = I/I’

AT+ ): P <~ f ):fm p(tl,. . ,tn)

(ii) Temeps ecau ® u ¥ — 3aMKHYTBIE (DOPMYJIBI, TO MOJATAEM

A | (-0) = A 9,
A+ E(@VY) — U+ S wm A+ U,
A+ E(P&V) «—= A+ EP u A+ VT,
A+ FE (P =T) <—= A+FDP u A+ U

(iii) Eciu @ — hopmy.ia, He comepKaIas cBOOO THBIX TIEPEMEHHBIX, OTJIMIHBIX OT
2, TO TOJAraeM

A+ E ()0 =
A+ E ®,t] nna umenu t mekoroporo uuguBHAA t U3 A, T. e. TepMat,

A+ = (Vo)
A+ E ®,[t] nna umenu ¢t moboro uagusuga t uz A, T. e. Tepmat.

HanomuwuMm, uto [’ — toKAABHO NOAHOE MHOHCECTBO HOPMYA, TIOITOMY 1A
Jao6ou 3aMKHYTOUN (popmyasr P

T Erin ® wm T =rin P,
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HO HE TO M APYroe OJHOBPEMEHHO, B YaCTHOCTH, DTO BEPHO W g MPOU3BOJLHON
aToMHOu (popMyast BUAA P(t1, ..., t,), TA€ P — N-MECTHBIN MPEIUKATHLIN CUMBOJ CUT-
HaTypsl 7. IlosTOMY MHTepnpeTanua ¢ ompegeaeHa KOppeKTHO.

Nuaykiuen mo nocTpoeruto ¢popmya (aubo mo uxX JIAHE, JUOO0 MO TUCIY BXO-
IAMNX B HAX JOTUYECKUX CBA30K M KBAHTOPOB) JOKAaXkKeM, UTO AT HPOU3BOILHON
dopmyas ¢ umeeT MECTO DKBUBAJICHTHOCTh:

T Ein @ <= (@ =1

(i) dus snemenTapubix popmys ¢ ykazaHHas SKBUBAJIEHTHOCTH UMEET MECTO IO
OIpeeTeHNI0 NHTEPIPETAINN (p.

(ii) [Mpegmonoxkum, 9To yKasaHHAS DKBUBAIEHTHOCTb UMEET MECTO Is (POpMy.I
® u ¥V u gokaxkeM, 9TO TOTIA OHA BBIMOJHAETCA U A1 (DOPMYI

(=®), (B&V), (BVT), (), (Vr)d, (I2)d.

Tak Kak

TO

Tl (00) < p((-0) = I
HeTpynuo moka3aThb, 9TO
T Erin (P&T) <= T Efin @ m T E=rin V.
Kpowme Toro, mo onpeneneHno MHTEPIPETALNNT
p(®) = Unp(¥) =N < ¢((2&V)) = I

SHAINT,

T b (B8T) < o((@&T)) = I

[Tokaxem, 9TO IIA AO0KAABHO MOAHO20 MHOXKeCTBa (popMmya ' 1 mpou3BoIb-
HBIX popmyt @ u U uMeeT MeCTO DKBUBAJIEHTHOCThH

T ):fin (q)\/\I/) «— T ):fin ® wm T ):fin L
B camom gene, ecan
T'Ein ®@ wm T Epyy O,

TO, KOHETHO,

T =i (BV D).

O6paTHO, PEANoIOKNAM, ITO

T =i (BV D).
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[Tokaxem, aTo TOT A

T Efin @ wm T =rin V.
[IpexmonoxuM MpOTUBHOE, T. €., ITO
Tak kak [ — 40KaA.AbHO NOAHOE MHOKECTBO (POPMY.I, TO TOLJA,

T Epin (0®) u T g (00),
| T Ep (-®) & (1)),

IO2TOMY

T i (O VD).

Tak Kak BBIIIE MbI IPEIIOJOKUIA, ITO
T Epin (2V V),

TO TOJyYaeM HPOTUBOPEUNE C MPEANOIOKEHTEM O A0KAAbHOT COBMECTMHOCTU
MHOXecTBa dopmy.a [,
B utore moaxy1aem

T ):fin ((I)\/\I’) «— T ):fin ® wm T ):fin \\

p(®) = Unmp(V) = I <=  o(®VV)) =N,

MO2TOMY
T Emn (PVY) = p(®VT) =1

JokasaTelbCTBO DKBUBAICHTHOCTH
T'Em (2—=V¥) < ¢@—-9) =1

IPOBOAUTCA 110 TOU Ke CXeMe C UCIOJbL30BAHKEM JOKAILHOU IMOTHOTEL U JOKAJILHON
COBMECTHOCTH MHOXKeCTBa (GpOpMy.I L.

Ocraerca pacemorpers Gopmyast Buga (3z)® u (Vo)®. NMenHo npu ux pac-
CMOTPEHMM HaM IIOHAJIOOUTCA CBOMCTBO | eHKMHA.

Ecmu ® — ¢popmyaa, He comepxkainas cBOOOTHBIX MEPEMEHHBIX, OTIUYHBIX OT X,
TO IO OIIPEAEICHUIO

A+ E ()0 =
A+ E ®,t] nnsa umenu t mekoroporo uuguBHAA t U3 A, T. e. TepMat.
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§3.2 Jloruka mpeagukaToB

[Tokaxkem, 9TO UMEET MECTO DKBUBAJIEHTHOCT:
T Ein (2)2 <  ¢((B2)®) = .
Ecan

T Epin (32)9,

TO B CIIY CBOMCTBA ['€HKMHA HAMAETCA TAKOUW 3AMKHYTHIN TepM ¢ (1axke KOHCTAHTA
¢), 9TO
(Ax)® — ®,[t]) e T C T,

3HAYUT,

T pin ((32)® — @u[t]),

IODTOMY
T i ®aft]-

[To wnaykTUBHOMY TIpeanonoxkenuto Toraa ¢(P,[t]) = U, nosromy u
o((Fr)®) = 1.

Ecan xe o((Jz)P) = U, To HangeTcs rakon 3aMKHYTHIR TepM ¢, uto (P, [t]) = U.
[To MHIYKTUBHOMY IPEAIOIOKEHUIO TOrIA

T i 2t

Tak Kak

T Efin (®]t] = (F2)0,

TO
T =i (7).

Tem cambiM mOKa3aHO, 9TO
T Ein (32)0 <  ¢((B2)®) = .
[To Tou xe cxeme TOKA3BIBAETCS, ITO

T Epn (V2)® <=  o((V2)®) = I

B urore mokaszaHo, 9TO NI MPOU3BOJLHOU (HOPMYJIB ¢ mMEeT MecTO SKBUBa-
JEHTHOCTD!
I''Ein @ = ¢@) =1

Ecmn ® — npoussoabHas (GopMy.1a u3 MHOXKeCTBa L, TO, 0UeBHIHO, | Erin @,
nosromy p(®) = U.

SuaxuT, ¢(I') = U, mosromy MEOKecTBO hopMya I ABIseTCA coO8MeCMHbIM,
a 3HAYUT, COBMECTNHbIM SABIAECTCA U UCXOAHOE MHOXKecTBO (opmy.a . O
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Bropou BapmanT mokazaTerhCTBA, UCHOJIL3YIOMIAN TOHATHE (PUILTPOBAHHOTO
npousBegeHusd, OyaeT JaH B caeylolleM maparpade.

Teopema 3.2.4. /[aa aw6020 muoxcecmsa gopmys I u zamxnymoti dopmyavr P
UMEET, MECTNO IKBUBAAECHINHOCITIL!

'k =i @ «— T E O

AJoxazameavcmeo EcmD =gy, @, 1o, koneuno, ' = @. lycts I' = O,
[Mokaxewm, aro Torga I' |=p;, @. JomycTuMm mpoTHBHOE, TOTA LA JIOOOT0 KOHEY-
HOr0 moAMHOKecTBa 'y MHOXKecTBa ' coBmecTHO MHOKecTBO ['g U {(—=®)}, mosro-
my muOKecTBO I U {(—=®)} noraabrno cosmecmmno. B cury mpeabiaymen Teope-
Mbl MHOXKecTBO [' U {(=®)} cosmecmmo, HO 5TO TIPOTUBOPEUUT TIPEAIOIOKEHUIO

T E & 0

3.3. PuabTpoBaHHBIE ITPOU3BEIEHUA

M1 mpousBoabHOr0 MEOXKecTBa I MHOXKecTBO P(I) BCex ero moaMHOXKECTB ABIA-
ercs OyJeBou aare6pou OTHOCUTETHLHO onepanuu U u N. B mepBon riase 6b110 BBe-
IeHOo o01Iee MOHATHE (PUABTPA B MIPOU3BOILHON OyaeBou aarebpe. Hamomuum coor-
BETCTBYIOIINE ONpeeIeHns B caydae OyaeBoun anre6psr P(I). PuibTpsl B GyieBon
anre6pe P(I) HasbiBaooTCA GUILTPAMHA HAT MHOXKECTBOM .

Onpenpenenne 3.3.1. Puavmpom nad muoxcecmsom I nasvisaemes npou3eonsb-
HaA Henycmas cucmema nodmmoxcecms D mmoxcecmea I, ydosaemsopaowas cae-
AY0UWUM YCAOBUAM:

1)eciu XeDuY €D, moXNY €D,

2)ecau X €D uXCY,moY €D,

3)0 ¢ D.

N3 nmyHkToB 1) M 2) J€rKO MOIYYATH DKBUBAIEHTHOCTDB: 044 A100bIT NOOMHO-
scecms X u Y mmomcecmea I: X € D u'Y € D mozada u moavko mozada, ko2da
XNY eD.

Ecim X € DumY € D, o XUY € D. ®urbTp, 411 KOTOPOro BEPHO 0OpaTHOE
YTBEPK JEHNE, HABBIBAETCA NP0 CIMbIM.

Omnpegenenne 3.3.2. Quavmp nad mnoxrcecmsom I nasvisaemcs npocmvim, ec-
AU Oas a06vir nodmnoxcecms X u Y mmoswcecmsa I uz mozo, umo X UY € D
caedyem, umo X € D uau Y € D.

[l1st mpocToro ¢puabTpa D MMeeT MeCTO SKBUBAJCHTHOCTD: 0.4 JA100blL N00MHO-

acecms X u 'Y mmooncecmsa [: X € D uau 'Y € D moada u moavko moeda, ko2da
XUY eD.

Onpenenenne 3.3.3. Quabmp nad muoxrcecmeom I naszvisaemca MAKCUMAAL-
HBIM, €CAU OH HE COOEPAHCUMCA HU 8 KAKOM OMAUNHOM 0M He20 dusbmpe.
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3.3 PurbTPOBAHHBIE MPOU3BEICHUS

Onpeneneunne 3.3.4. uabmp nad muoxcecmsom I nazvieaemes yabmpapuab-
mpom, ecau 0aa 4100020 nodmmoxcecmsea X muoncecmsa I aubo X € D, aubo

(I\Y) € D.

Ncnmoabsysa akcumomy BEIGOpa, B [OIMOJIHEHNE TOKA3AHO, UTO NOHAMUAL NPOCMO-
20, MAKCUMAALHOZ0 U Yabmpaduibmpa sKeusasenmmubl mencdy coboti. Kpome Toro,
TOKA3aHO, ITO 410001 Guibmp cOO0EPHCUMCA 8 MAKCUMAALHOM DULbMPE.

PacemoTpum cemencTBo (A;)ic; aare6panveckux CUCTEM CUTHATYPHI T ¢ OCHOB-
ubiMu MHOKecTBaMu A; (i € I). ITOOB HECKOIBKO YIPOCTUTH 00O3HAYMEHUA, Al-
rebpanvIecKylo omeparuio fAi, npeamKaT pAi 7 DJEMEHT cAi, COOTBETCTBYIOIIE B
aarebpamdeckon cucreme A; cOOTBETCTBEHHO (PYHKIMOHAILHOMY CUMBOIY [, TIpe-
TUKATHOMY CHMBOJIY P U KOHCTAHTE ¢ CUTHATYPHI 7, OymeM 0003HAYATHL KOPOTKO
1epe3 f, p U ¢ COOTBETCTBEHHO. DJTO He MPUBEIET K HEIOPA3YMEHUAM.

Beexem mowsTme npamo2o npoussedenus CEMEUCTBA AIreOpPamIecKux CHCTEM
(A;)ier, o6o0maomee X0pomo m3BecTHbIE U3 Kypca ~Aare6pa’ TOHATUA TPAMO-
o MPOM3BENEHNA CeMEeHCTBA TPYIN WX KoJel. IIpaMoe mpomsBegeHme CeMencTBa

aareopamaeckux cucreM (A;);cr Oymem o6o3nadars depes | [A;. OCHOBHBIM MHOKe-
el
cTBoM cucteMHl | [A; ciyxur npamoe npoussetenue | [A; ocHOBHBIX MHOXKeCTB A;
i€l i€l
cucrem A;. HamomuuM, 4TO0 sieMenTamu MHOXKecTBa | [A; ABIAIOTCA BCEBO3MOK-
i€l
Hble (pyHKIUU ¢ U3 MHOXKeCTBa I BO MHOXecTBO U A; Takme, IT0 npu J0O60M | U3
i€l
Kax oMy n-mMecTHOMY (PYHKIMOHAJILHOMY CAMBOJIY f COMOCTABUM N-MECTHYIO
aIreOpanIecKyio OMepalunio, ONpPeIeIeHHY0 Ha MHOXKecTBe |[A;, xoTopyio Oygem

il
0003HaYaThL Yepe3 f, ITO He NpuBeJIeT K HegopasyMeHuio. [I1sg mpon3BOIBHBIX HJe-
MEHTOB (1, §2, ... , §n MHOXKecTBa |[.A; u m060ro i u3 I moraraem

flg1, 92, 90) (1) = f91(2), 92(4), ..., gu(2)).

Kax gomy n-mMecTHOMY MPeIrnKaTHOMY CHMBOJIY P COMOCTABUM 7-MECTHBIN IpPe-
IUKAT, ONpeJeJeHHbIN Ha MHOXKecTBe |[A;, KoTopbi OygeM 0003HAYATDH Yepes p,

icl
9TO HE MPUBEIET K HEIOpasyMeHuto. [l MpOM3BOIBHEIX DJIEMEHTOB (1, 2, - , Un
u3 [[A; noraraem
iel

p(917927"'7gn) =U <~ npn JIOOOM 7 : p(gl(l),QQ(Z),,gn(Z)) = 1.

Kax1oMy KOHCTAHTHOMY CHMBOJIY ¢ COMOCTABHM HIEMEHT M3 MHOXKecTBa | [ A;,
iel
KOTOPBIA OyxeM 0003HAYaTh Yepe3 ¢, YTO He MPUBedeT K HegopasyMennio. [as mpo-
U3BOJLHOTO ¢ U3 I moaaraem



[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

[Ipamoe mpoussenenune |[A; cemencrsa aarebpanmdeckux cucrem (A;);c; 0gHON
icl

¥ TOU K€ CUTHATYPEL T ¢ TOUYKH 3PEHIA MaTeMaTHIeCKOH JJOTIKI 0cO60T0 WHTepeca

He mpejcTaBisgeT. Boablil HHTepec NpejcTaBIseT PuabmposarnHoe NPouU3e6e-

denue cemencTsa aarebpamdecknx cucreM (A;)icr 0 TpousBoIbHOMY GuabTpy D,

KoTOpoe Oyner ob6oszHadaThea depes | [A;/D
ieT
K ompeneseHno 5TOro MOHATHA MBI I II€PEXO TUM.
[Mycrs (A;)ier — ceMENCTBO aare6panvIecKux CUCTEM CUIHATYDBI T ¢ OCHOBHBIMU
muoxkecTBamu A; (i € I), a D — duibTp Ha MHOXKecTBe mHAeKkcoB [. Ha mpamom

npousBeneHuu | [A; OCHOBHBIX MHOXKeCTB A; cucreMm A; BBeIeM OTHOIICHUE DKBHU-
il
BaseHTHOCTH =p. [IycTh g u h — snementsr u3 [ [ A;. [loraraem
icl

9=ph < {ilg(t)=h()} e D.

PedarexcuBHOCTE 1 CUMMETPUIHOCTE OTHOIIEHUA =p OYEBUIHBI, & M0 TPAH3UTUB-
HOCTB CJeIyeT U3 BKIIOTEHU

{ilg() =n@) } N {ilh() =t()} € {ilg(i) =1(d) }.

O6o3na4uM 9epes [g] KIacc SKBUBAJCHTHOCTH C MPEICTABATENEM (, T. €.

l9] = {hlg =p h}.

MHO}KQCTBO KJIaCCOB 5KBUBAJEHTHOCTU, Ha3bIBaceMOeE (baKTOpMHO)KeCTBOM MHOXKeE-
crBa [[A; mo OTHOWIEHUIO DKBUBAJICHTHOCTH =p, obo3Havaerca depes [[A;/ =p.
icl iel
Hanemrum muoxkecTBO [[A;/ =p CTPYKTYPOR arre6pantdecKkoil CACTEMbl CUTHATY DB
icl
T.

Kax momy n-mecTHOMY (DYHKIMOHAILHOMY CUMBOJY f CUTHATYPBL T COTIOCTABUM
N-MECTHYIO0 alreOpantdecKyio Olepaluio, ONpeieIeHHy0 Ha MHOXKecTBe [[A;/ =p,

iel
KOTOpYI0 OygeM 0603HAYATH depe3 f, 4TO He NpUBEIET K Hegopasymenuio. [l
IPOU3BOJIBHBLIX DAEMEHTOB [¢1], (2], .. , [gn] 13 [[Ai/ =p momaraem
icl

f(lgil,[gal, s [gnl) = [f(g1, 92, gn)]-

He3aBrcuMOCTb ONpENeIeHns OT BHIOOPA MPEICTABATENEH B KIACCAX DKBUBAJICHT-
HocTH [g1], [92], -, [gn] clemyeT w3 BrIOUEHUS

{ilg1 (1) = ha (i)} N {ilg2(i) = ha(i)} N -0 {ilgn (i) = hn(i)} €
C {ilf(91(2), 92(4), - -+ gn (i) = f(ha (i), ha(i), -+ hn (i)}

Kax oMy n-mMecTHOMY TpeIMKaTHOMY CHMBOIY P COMOCTABUM N-MECTHBIU TTPe-

JMKAT, ONpefeJeHHbIN Ha MHOXKecTBe | [ A;/ =p, KoTOpHIN Oy 1eM 0603HAYATE Yepes
il
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3.3 PurbTPOBAHHBIE MPOU3BEICHUS

P, 9TO He MPUBEAET K HeaopasyMeHuio. [l MPOU3BOIBHEIX DJIEMEHTOB [¢1], [g2], .-

) [gn] n3 HAl/ =p moJaraem
iel

p([gl]a[g2]a'“a[gn]) = <« {i|p(gl(i)792(i)a"'agn(i)) = I/I} €D.

He3aBucMMOCTB ONpeIeseHns OT BBIOOPA MPEeACTABATENEN B KIACCAX DKBUBAICHT-
HOCTH [g1], [g2], --- , [gn] coemyeT U3 BrIIOUEHUS

{ilg1(8) = hi(9)} N {ilg2(d) = ha(i)} N -+ - N {ilgn (i) = hu(i)}N
m{i|p(gl(i)792(i)7"'agn(i)) = I/I} g {Z|p(h1(2),h2(2),,hn(l)) = I/I}

Kaxk1oMy KOHCTAHTHOMY CHMBOJIY ¢ CUCHATYDPBI 7 COHOCTABUM DJIEMEHT [c| u3
muOXkecTBa |[A;/ =p, KoTopell OGygeM 0603HAYATH 4Yepe3 ¢, YTO He NPUBEIET K

icl
HeJopasyMeHnio. HamoMHnM, 9TO B KBaAPAaTHBIX CKOOKAX CTOUT (DYHKIHA, Opese-
JeHHAs 108 IPOU3BOILHOTO 4 u3 I paBeHCTBOM
c(i) = c.
[TocTpoeHHaa aarebpamdeckas CHCTeMa CATHATYPHI 7 0603HAMACTCA depes
114/ =0
icl
I HA3BLIBACTCA (PUALINPOSAMHBIM NPOU3BEICHUEM CeMelicmea al2ebpaueckus Ccl-
cmem (A;)ier cuenamypwvl T no guavmpy D.

[TycThb Bce cBOGOTHBIE TepeMeHHBIE (hOPMYJILI P comepKaTCA B CIIUCKE Ty, T, ...,
Tpn, TODIA CIPaBeIIUBa CAeIYIOmas TeopeMa Jlocs.

Teopema 3.3.1 (Jlocw). IIycmv (A;)icr — cemelicmso a12e6pauueckus cucmem
cuznamypor T, D — yavmpagduavmp wna mroxncecmee undercos I, a [[A;/ =p

iel
— coomgemcmasywee fuabmposarnrnoe npou3dsedenue. Toz2da das a00biT Iae-
mewmos [g1], [g2], -, [gn] U3 ocnosnozo mmoocecmea [[A;/ =p cucmemn [[A;/ =p
icl icl

umeern, Mecimo cne&ymw(m IKBUBAACHINVHOCITD

H-Az/ =D ): q)wl,m,-.-,xn[[gl]a [92]7 SRR [gn” —

= {ilAi E P 0nma[91(0), 92(4), -, gn ()]} € D.

Adorxaszameuawvcms o. [JokazaTelbCcTBO OyJIeM BECTH MHAYKIUEH IO TUCTY
BXOIAMUX B (popMyay @ JTOrmwdecKux CBA30K U KBAHTOPOB.

(i) Mycrs ® — paemenTapuas popmyaa, T. e. umeeT BUA p(t1, ..., ty,), Tae p — m-
MECTHBIN MPeJUKATHBIN CHMBOJ CUTHATYPHL 7. BMmecTo samucu tj,, 4. [a1,..., a4
Oy ZeM HCIOIB30BATh 3amUCh t;(ay, . .., ay,). Torga BEIIOIHAIOTCA PABEHCTBA

tj([gl]a SR [gn]) = [tj(gla SR gn)]? tj(gla s agn)(i) = tj(gl(i)a s 7gn(i)) u
q)xl,xz,...,xn[[gl]a [92]7 Tty [gn]] - p(tl([gl]a Tty [gn])a s 7tm([gl]7 R [gn]))
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[loka3aTeabCcTBO B DTOM Cay4ae CIeIyeT U3 CAeIVIONNX SKBUBAJICHTHOCTEN

H-Az/ =D ): (I)évl,xz,...,xn[[gl]v [92]7 SR [gn]] —
HAz'/ =p k= p(ti(lgd)s - Lgnl)s - tm([on]s - [on])) =
L[4/ =p E ptilgn gl Tnlgrogn)) - =
{i|lA; E pti(gry--590) @), s tml(gr, .-y 00) (@)} €D <=
{Z|Az ): p(tl(gl(i)a Tt 7gn(i))7 T atm(gl(i)v T 7gn(Z)))} €D —
= {ilAi E Poseal91(i), 92(0), .. gn ()]} € D.

(ii) Mpeanonoxkum, 9T0 yKa3aHHAS DKBUBAJIEHTHOCTb MMEET MECTO I (pOpMY.I
® u ¥V u mokaxeM, 9TO TOTJa OHA BBIMOTHAECTCA U AIA (POPMYI

(=®), (B&V), (®VU), (&), (Vr)d, (Ir)d.

Tax kaxk D — yasmpagpuabmp, 1o 11 10060ro noamuaoKecTBa U MHOXKECTBA
I BHITIOHAETCA DKBUBAJEHTHOCTD

UeD <= (I\U)¢D

Kpowme Toro, mra mwo6ou gopmyabl F, Bce CBOOOMHBIE MEepeMEHHBIE KOTOPOU CO-

JIEPKATCA B CIOUCKE Ty, T3, ..., Lp, U I JOOBIX DJIEMEHTOB [g1], [ga], ..., [gn] u3
0CHOBHOr0 MHOXKecTBa | [A;/ =p cucremst [[A;/ =p BBIIOIHAETCA PABEHCTBO
iel il

{ilAi | (0F)ziwsanl91(0), 92(0), - - gn (D))} =
IN{i]Ai = Foras,an91(0), 92(0), - -5 gn(D)]}-

HOBTOMy ClipaBedInBa 3KBUBaJCHTHOCTDb

il A E (0F)aws,aal91(0): 920, (D]} € D =
{il A F Friesanl91(0); 92(0), .- ()]} ¢ D,

Ha OCHOBaHUU KOTOpOfI IIoJay4vaeM SKBUBAJEHTHOCTHU

<~ HAZ/ =D b& (I)xl,xz,...,xn[[gl]a [9217 R [gn]] —
< {Z|Az ): (I)Il,xz ..... mn[gl(i)afh(i)’"'agn(i)]} ¢ D —
= {ilAE (P wsaal91(9), 92(), -, 9 ()]} € D.
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[ns mo6oro dpursbTpa D u m06brx mogvuokecTB U u V' muoxecTBa [ cpasen-
JUBA DKBUBAJEHTHOCTH

UnvebD <«<=Ue€e€D un V e€D.

Bocnoap3oBaBimcs 5TON SKBUBAJICHTHOCTBIO 1 pPaBEHCTBOM

il A Poy a0 [91(0), 92(0) -5 gn (D]} O
NA{il A | Yo, 0, [91(0), 92(0), - gn(D)]} =
{ilAi F (P&O)a,00,...0,[91(0), 92(0), - -, gu ()]},

IMOJIy9IUM 3KBUBAJCHTHOCTHU

H.AZ/ =D ): (@&\Ij)xl,xz,...,xn[[gl]; [92]7---7[971” —
HAi/ =pF (Purz0anll1] [02)s - - [0a)1& W0, s e ll91]s 2], - [0n]]) =
H.AZ/ =D ): @xl,xg,...,xn[[gl],[9217---7[gn” u
HAZ/ =D ): \I’:pl,xz ..... In[[gl];[QZ];--'a[gn” —
= il A E Pogopzal1(i), 92(), ... gu(i)]} € D m
{ilAi = Vo 000,[01(0),92(0), - gn(D)]} € D <=
= il A FE Cu,nal01(2), 92(0), -, ga(D)]} N
{ilAi = Yo 0m20[91(1), 92(0), ... gn(D)]} € D <=
— {Z|Al ): ((I)&\Ij)xl,mz ..... mn[gl() 92() 7971(2)]} € D.

[lns mo6oro yasTpaduibTpa D un aobbix nogvmuoxectB U u V' muoxecTsBa [
CIIpaBeIINBa YKBUBAJIEHTHOCThH

vuVeD <«<—=Ue€D nm V € D.

Bocnoap3oBaBmucs 5TON SKBUBAJICHTHOCTBIO 1 pPaBEHCTBOM

{ilAi E Doy, [91(3), 92(4), - - gn (D]} U
{ilAi B Yoy ,0.[01(0), 92(4), - - ()]} =
{ilAi B (®V U)uy 0,00, 191(0), 92(4)s - -, gu(0)]},
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IMOJIYyIUM SKBUBAJCHTHOCTHU

HAz'/ =pE PV V)or,mallgn], [02]: - [00]] =
HAl/ =b ): (q)ém,xz,...,xn[[gl]v [92]7 R [gn]] \ \Ij$1,$2,...,xn[[gl]7 [92]7 ) [gn”) —
HAi/ =pF Py o, zalli]s [92], -5 [gn]] wmm
HAZ/ =D ): \ijl,m,---,xn[[gl]a [92]7 R [gn” —
— {i|lAi E Puyaan[01(1), 92(0), ..., ()]} € D wim
{ilAi | Yormm0a91(1), 92(0), ... gu(D)]} € D <=
= {ilAi FE Paesen91(0), 2(9), -, gn ()]} U
{ilAi | Yo 0002,91(0), 02(0), - gn(D)]} € D =
= {ilAiFE (PV V)4 00 w,]91(1), 92(9), ..., gu ()]} € D.

s popmyast (& — U) nokassiBaeMoe yTBEPK IEHHUE JETKO MOLYIaeTCA U3 yKe
JTOKA3aHHOTO, €CAM BCIOMHUTD, YTO OHA DKBUBAIEHTHA Gopmyae ((—P) V ¥).

PacemorpuMm dopmyay (Jx)®, rae © — eauHCTBeHHAA CBOOOIHAA MEPEMEHHAA
dopmy.asr @. Mur Gygem, He oroBapuBas 3TO 0C060, HCIOIL30BATH PABEHCTBA

((Hx)q))ml,zz ..... Tn [ala ag, ..., an] - (Ekv)(q):rl,:rg ..... Tn [afla ag, ..., an])

u
((I):rl,:m ..... Tn [afla Az, ..., an])m[a] - q)m,ml,mz,...,:rn [Cl,, a, g, ..., an]a
rae r, Ty, ..., T — Pa3JIAIHBIC TIEPEMEHHBIE, O, (1, ..., 0 — 3aMKHYTHIe TepMbL. [lycTh
HAl/ =D ): ((Hx)q)xl,m,---,xn[[gl]a [92]7 R [gn”a
i€l

TOrJa MpKU HEKOTOPOM [¢]
HAZ/ =p ): (@xl,m,...,mn[[gl], [92]7 Sy [gn”)w[[g”v

HAZ/ =D ): q)m,ml,mz,...,mn[[g]a [gl]a [92]7 ey [gn]])
el
[To vHAYKTUBHOMY MPEANOIOKEHUIO MOTYyIaeM

{ilAi E Popiam,enl9(i) 91(3), 92(0), ... g (i)]} € D.
Ho

{ilAi F Poy s, [9(2), 91(0), 92(4), - - gn(0)]} €
C {ilAi F (F0) a0y, [91(2), 92(0), -, g (D]},
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MMO3TOMY
{ilAi E (32)Paras,20[91(0), 92(0), - -, g ()]} € D.

[lna moxazaTerbCTBa OOPATHOTO YTBEPXKACHUA MPEIMOTOKIM, ITO

{ilAi E (37) P, 0,020 [91(3), 92(4), - -, gn ()]} € D.

[TycTs
[1 = {Z | Az ): (Elx)q)xl,xz,...,zn [gl(i)a gz(i), te agn(l)]}

Torga I € D u npu ao6om ¢ € I} HaugeTCa BO MHOXKeCTBe A; daemMeHT h; Takowu,
ITO

Ai ): @x,xl,xz,...,xn [hza 51 (Z)a gQ(i)v s 7gn(l)]
Crponm pynkumio h u3 I B 'UIAi Takyio, 9ro npu Jawobom ¢ uz I h(i) € A; u upn
S

mo6om ¢ w3 Iy h(i) = h;. Tak xak

Iy € {ilAi | oy, [P(i), 91(2), 92(0), -, gn ()]},

{Z|Az ): (I)x,xl,m,...,:rn [h,(l), gl(i)a gZ(i)J v 7gn(z)]} € D

[To nHAYKTUBHOMY HPEANONOKEHUIO MOIYIaeM

HAl/ =D ): @x,xl,m,...,xn[[h], [gl]a [92]7 T [gn”v

iel
a 3HAYWUT, I

1[4/ =0 ((2)®)e as...anllon): lg2], - onl].

iel
Jl151 3aBepIIeHNsA JOKA3ATEILCTBA TEOPEMBL OCTAIOCH 3AMeTUTh, 4T0 popmy.a (V)P
pasHOcmIbHA Gopmyte —((Jz)—(P)). O

PaccmoTpuM BTOpOU BapuaHT IOKa3aTeIbCTBa JOKaIbHOU TeopeMbl K. Iexens
— A.1. Manrsuesa

[TycTs MHOXKECTBO 3aMKHYTHIX (Gopmya [' a3bika L, ABIdIeTCA A0KAABHO CO-
8MECTHBIM, T. €. KaXKI0€ ero KOHEeTHOe MO IMHOKECTBO cOBMecTHO. [lokaxkeMm, 9T0
coemecmmo u sce mHoxcecmso gopmya L.

O6o3naanM depes I cemeticmeo 6Cer KOHEUHbLET NoJMHONCECTE MHONCECTBG POD-
mya U, [na xkaxgoro ¢ u3 MaOkecTBa [ mycth $; — 5T0O KOHBIOHKIUA BCEX (POPMY.T
u3 i, a A; — arrebpanveckas cucTreMa, B KOTOPOU MCTUHHBLI BCe (DOPMYJIBLL U3 I, a
3HAYUT, U popmyaa PD;.

[lna mpousBoabHOro t u3 I momaraem

MokaxeM, 9TO CeMeUCTBO (I});e; TOIMHOKECTB MHOKECTBA I 061aJaeT CJIeIYIONIM
CBOUCTBOM: NEPECEUEHUE AH00020 KOHEUHO20 UUCAL MHONCECME 3MO20 CEMEUCMBa
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nenycmo. B camom mene nycrts Iy, Iy, ..., I, — snemenTs cemenctsa, a Py, Py, ...,
®, — coorBeTcTByOmUe hopmyasl. O60o3HauUM Yepe3 ¢ korbloHKINIO hopmya Dy ,
Dy, ..., Dy, . [lo ycaoBuio dpopmyra ¢ swnoanuma. llycts A;, — cooTBeTCTBYOMAL

aarebpamdeckas cucTema. Torga
wel,Nl,Nn..NI,.

Torga, kak mokasano B Jonoanenuu, cyuecmsyem yabvmpaguavmp D, codep-
acawuti sce muoxcecmsa cemetiemsa (Iy)yer. PaceMOTpuM yabTpanpousBeeHue

H.Az/ =p .

el

[TokaxeMm, 49T0 6ce gopmyabt u3 muoxcecmsa I' ucmunmubt wa amot cucmeme. B
camoM mene, ecau ¢, — mpousBorbHAA popMmyaa U3 MHOXKecTBa [, TO

{ilie I&A =} =1 € D.

[TosTomy

[T4:/ =pE 2.

el

3.4. IlouaTue o HecTaHAAPTHOM, NI HeapXUMeI0-
BOM, aHAJIHN3€E

Cosganubie 6o/ee TpexcoT JeT Tomy Haszajg Mcaakom Heioronom u 'ordpugom
Buasrenmom gon Jlenbuumem audepeHnnaIbHoe U THTerpaIbHOe NCIUCJICHUAA B
TedeHne MOYTH ABYX BEKOB OMUPAJUCH HA MHTYUTHUBHBIE MPEACTABICHUI O O€CKO-
HEUHO MAALIL U OCCKOHEUHO OOADULUL 6 EAUUUHAL.

I'. B. Jleubuun paccmaTpuBag 6€CKOHEYHO MAJble BEIMUWHBI KAK MOCTOSHHBIE
BEJUYUHBI 0COO0T0 POa, CPOPMYIMPOBAT OCHOBHBIE MPABUIA UCIUCICHUA DTUX Be-
JUYIAH, CMOTPET HAa HUX KaK Ha ~ aKkmyaibHbie”, a He ~nomenyuaibHble, CMaHo8s-
wueces” . OH paccMaTpuBaI 6€CKOHETHO MaJIble BETMIMHEL KaK ~ TOJe3HY0 (PUKIIIIO”
OBLT 3AHAT M3YIeHHEM MPABII, KOTOPLIM OHU momumusiorca. . B. Jleu6buum cdop-
MyJIAPOBAJ MPUHIIAT, HA3BIBAEMBIN Teneps ~ npunyunom nepenoca . B. Jlenbuuma”
B COOTBETCTBUU C KOTOPBIM ~ udeasvuble wucaa” doaxcubl obaadams memu Hee c8oti-
Cmeamu, 4mo U “KoHeuHble wucaa’ .

Beenenue B maTemaTuky B Koume XVII Beka (paGora I'. B. Jlembuuna GbLia
onmybaukoBana B 1684 rony) 6eckoneuno Maabls u OECKOMEUHO OOAbUWUL BEAUUUH
ABUJIOCH OJTHUM U3 UCTOYHUKOB 8MOP0O20 KPUIUCGL 0CHOBAHUT MAMEMAMUKY, BEI3Ba-
JIO MHOT'OYUCJEHHBIE CIIOPBI U AUCKYCCAU TO BOMPOCY 3aKOHHOCTU 1 0HOCHOBAHHO-
¢ty ucnoab3oBanug >rux nouaTun. Ilocregosarenn . Heorona u I'. B. Jlenbuuna
BeCbMa, CBOOOIHO OOPAIIAINACH C PACILIBIBIATHIMU TOHATAAMI 6ECKOHETHO MAJIBIX U
6eCKOHEIHO OOJBIMNX BETUYINH, TpeoOpa3oBeIBaIN OECKOHETHBIE CYMMBI ClIaraeMbIX
[0 MpaBMJIaM, BEPHBIM 15 KOHEYHBIX CYMM, HampuMmep, CBOOOTHO MOTH30BAINCH
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KOMMYTATUBHOCTBIO M aCCOIMMATUBHOCTHIO I O€CKOHEYHBIX pAnoB. C apyrou cro-
POHBI, OCHOBHBIE TOHATHA (P GHEePEHINATHLHON0 U MHTErPAILHOTO NCIUCICHIA Ka3a-
JHUCh BECbMa TYMaHHBIMI MaTeMaTHKaM, BOCIHTAHHEIM Ha aHTUIHOU CTPOrocTu. B
KadecTBe IpuMepa PacCMOTPHUM BEIMHCICHNE IPOU3BOIHON GYHKINA iy = 22 B TOUKe
x. Jagum x 6eckoneuno masoe npupalierue dr, T. e. IeperugeM OT TOYKHA T K TOYKe
T + dzx, Beraucaum oruotenue dy/dr 6eckoneuno manoeo npupamenns dy GyHKIAI
Y K OECKONEURO Mai0My TIPUPAIIEHUo dr apryMenTa x, noayduM dy/dx = 2x + dx.
Tax kax dr GeCKOHEYHO MaJo, TO, OTO6pocuB ero, moayanM dy/dx = 2z. Kpuruku
DTOrO PACCYXKIEHUsA MOLMIU CKa3aTh, YTO OTOpACBIBAHUE CAATaeMoro dr — >TO IPo-
CTO TPHWPABHUBAHWE ero HyJI, HO Torga u dy PABHO Hy.I0, U oTHoumeHue dy/dx
TepsAeT CMBICA, OTKY/Ia e TOrjJa BO3HUKaeT npomsBogHas! OIHAKO yCIEXud HOBO-
'O NCHUCJICHUA B PEIMICHUU CTAaPBIX, Ka3aBIINXCA HEIPUCTYIIHBIMU, MaTeMaTUIeCKUX
mpo6./IeM 3aCTaBAAIN OTOPACKIBATH COMHEHHA. XapPaKTEPHO B DTOM OTHOIICHUN BhI-
ckaswmiBanue 2Kawa JI’AnambGepa (1717 — 1783 rr.) "W aure Bmepex, u Bepa K Bam
npugetr’ . [IuddepeHnaibHoe 1 UHTErPAIbHOE UCIUCICHNUA TO3BOJMUIN PEIIATH Pa3-
HOO6paBHbIe KaK 9UCTO MaTeMaTU4IeCKne, TakKk U NPpUuKJIadTHbIC 3a a1, B KadecTBe
npuMepOB IMEPBOrO0 THUIIA MOXKHO YKa3aThb Ha 3ada4d, CBA3aHHBIC C HaAXOXICHUEM
DKCTPEMAJIbHLIX 3HAYCeHNN (DYHKINU, BLIYUCACHUEM ILIOMAJed U 00BEMOB, a B Ka-
YeCTBE IPUMEPOB BTOPOr'O THUIIA — PACIET TPACKTOPUN APTULIEPUUCKOrO CHAPAIA,
npeaCKa3aHne ABU2KEHUA IIJIaHEeT W KOMET. Orl[HaKO OCHOBa TOI'JAaIllHEI'O MaTeMa-
TUYECKOTO aHAIU3A — MOHATHUE OECKOHEUHO MAA0T 6EAUUUHD, — KAZATOCH CTOAIINM
Ha rpaHu OBITUA U HEOBITHS, IeM-TO Bpoje Hy./sa, HO He Hy 1. B xoume XVIII Be-
Ka TOABUINCH MEepBbIe MPU3HAKKA HEOJATOMOMYUINsA — HEKOPPEKTHOE MCIOIb30BaHIE
6eCKOHETIHO MaJbIX U OECKOHETHO OOJBIINX BEJAUYUH CTAJI0 MPUBOAUTH K MPOTUBO-
pednaM.

B koume XVIII Beka /I’Anambep masA paspelieHns MIPOTUBOPEYUNN MIPeIIPUHI
MOTBITKY 000CHOBAHUA UCIUCJACHUSA OECKOHETHO MAaJIbIX HA OCHOBE MOHATHA Ipeaena.

B xoume XIX Beka nox sausuuem asropurera K. Bemepmrpacca (1815 — 1897
rr.) Merox "¢ — §” ¢Tax OCHOBHBIM HHCTPYMEHTOM ”B3ATHSA MPeIeIoB” B MaTeMa-
TudeckoM aHaauze. XoTsa B. Boasuano (1781 — 1848 rr.) Ha mATHIECAT J€T paHbIIE
MPEIIOKAI AHAJOTUIHBIA METO, HO eMy He ObLIO B TO BPeMs YAeJeHO TJOCTATOTHO
BHUMAHUA.

K xoumy XIX Beka HOHATHUA GKMYUAbHO OECKOHEIHO OOJIBIION U GECKOHETHO
MaJION BEJWYNH OBLIN 3aMEHEHBI WAeel npedesd W MOHATUAMI NOMEHYUUAALHO OEC-
KOHEUHO 00abwW Ol U OECKOHEUHO MaA0l BeAuuuH. Pa3HOCTOPOHHAA IeSATeTbHOCTh
Ortwocrena Komu (1789 — 1857 rr.), cucTeMaTHIeCK! UCIOJIb30BABIIETO MPEIEILL,
KOTOpBIE OH OMpeeIal Ha OCHOBE 6€CKOHEYHO MAJBIX BEIUIWH, 0OECHIeTImIa Ompe-
IEeJeHHYIO CBA3b MeXKIY IO3UIMEN aBTOPa MepPBOT0 PYKOBOACTBA MO HCIUCJICHUIO
OECKOHEIHO MAaJbIX JIOHI/IT&JIH, TPaKTOBaBUIET'O OECKOHEYHO MaJble BEJIMYNHBI KaK
"mertapusnaeckuu’ pakt, u " — §”-nosunumen K. Bemepmrrpacca. Muorume romgsr
nocaie K. Bemepmrpacca 6e3pasneqbHO MOCHOACTBOBAL € — ¢ -METOI, CJIOKUIOCH
IpeJICTaBICHNE O HEBO3MOXKHOCTHU HEIPOTUBOPEUNBOU TPAKTOBKU OECKOHETHO Ma-
aeix Beamdnd. OgHako B cepenmue XX Beka moxaxon . B. Jlen6Guuma 6v11 ” peabu-
mutupoBan” — B pabdorax Abpaxama PobuwncoHa moa moHsTHE GECKOHETHO MAJIOU

237



[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

BEJIUYMHBI OBLI MOABEIEH NOCTATOYHO MPOYHLIN (PYHIAMEHT COBPEMEHHOUW MaTe-
MaTudeckon Joruku. IIpm sTrom A. PoOuHCOHY yaagoch COXpAHUTH MHTYUTUBHYIO
IPUBJICKATEILHOCTDL O€CKOHEYHO MAJBIX BeIMYWH. [10 MHEHHUIO psAga MaTeMaTHKOB,
o6ocHOBaHUE A. POOMHCOHOM JEeNOHAIIEBCKOTO MOHATUA OECKOHEIHO MAJOU BeJINIH-
HBI ABJIACTCA OOJHUM U3 BeJIH‘IafIIHPIX pe3yabTaTOB MaTeMaTUuKN XX BEKa. HBBIK n
METO/IBI HECTAHIAPTHOI'O AHAIN3A TMO3BOJAIOT CAEJATh HOKA3ATEAbCTBA PsAIa TEO-
peM Kopode u mpo3padnee. Kpome TOro, A3bIK HECTAHIAPTHOTO aHAIN3A — VI0OHOE
CPEeICTBO IS MOCTPOEHUA MATEMATHICCKIX MOTEICN (PUBUIECKUX SBJICHUN.

PaccemoTpuM oMH 13 BApHAHTOB PACIINPEHUS HOIA TeUCTBUTEAbHBIX ducesa R 10
nojst R* rumep1eicTBUTEIbHBIX THUCET, COMePKAIEro OeCKOHETHO Magble u OecKo-
HeIHO 0OOJBIINe BeIUINHBI U Y, I0BIETBOPAIOIIET0 YTOYHEHHOMY BapUaHTY IPUHINIIA
nepenoca Jlenbuuia.

[IycTs curaarypa Tp BKIIOYAET B CBOE MHOXKECTBO MHIUBUIHBIX KOHCTAHT 000-
BHAYEHUA [JIA KaXKI0T'0 TeMCTBUTEILHOrO YHUCIA, JIOOOU (PYHKINKM OT IIPOU3BOILHO-
o YHUCIa JeACTBUTEIBLHBIX MEPEMEHHBIX U JI000r0 MpeanKaTa, ONpeJIeJeHHOr0 Ha,
MHO2K€ECTBE ﬂeﬁCTBHTeﬂbHBIX qucesI.

Pacemorpum cdernoe cemencTso (A;)y arreOpandeckux CUCTEM CUTHATYDHI Tk,
KK 1as U3 KOTOPHIX — DTO MOJe JeUCTBATEILHLIX dncet R co BceMu ompeae e HHBIMI
Ha HeM (PYHKIIUAMEI U TIPeTUKATAMIM.

[Mycrs F' — neeaasubiii yavmpaguavmp Ha MHOKeCTBe N HATYPATbHBIX THUCE.

Torma R* — 5T0o mpocTo puIbTpPOBaHHOE MPOU3BEIEHIE

[JA/F

1€EN

(yIbTpacTeneHs moasa TeNCTBUTEIBHBIX ducel R).

BBuY 10CTATOYHON CAOKHOCTH MOHATUA (PUILTPOBAHHOTO IIPOM3BEICHUS aare-
OpamvIecKuX CUCTEM, Ha HaIl B3TVIAA, OyIeT HEJIUIIHUM ellle pa3 HAIOMHUTH OCHOB-
HBIE DTAIBl MOCTPOEHUA (PUIBTPOBAHHOTO MPOW3BEICHUS B PACCMAaTPUBAEMOM, IO
HallleMy MHEHHUI0, O0/ee TPOCTOM CIydae.

O6osrauum depes RY MHOXKECTBO Beex MOCIETOBATETBHOCTEN MEHCTBATEILHBIX
qncen. daemenTsl 3 RY Gygem o6o3nadtars qepes f, (fy)nen mwmm gepes (f(n))pen

Ha muoxecTBe RY Beex mocaenoBaTemrbHOCTEN JeHCTBUTEIBLHEIX UHCET BBEIEM
OTHOIIECHNE =p:

aia f € RN u g € RY moraraem

f=rg <= {n| f(n)=gn)}eF

Od4eBUIHO, OTHOIIEHNE =p 00JaJaeT CBOUCTBAMEU PeMICKCUBHOCTH W CHMMe-
TPUIHOCTH.
[l ycTaHOB/IEHNA TPAH3UTUBHOCTH NMPEATIONIOKNAM, 9T0 f =f gu g = h. Toraa

{n]fln)=gm)}eF&{n|gn)=hn)}eck

[TosTomy

{n [ fn)=gm)}n{n]gn)=hn)}eckF
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Ho
{n ] f(n)=gm)}n{n | gm)=hn)} C {n| f(n)=h(n)}.
| {n] f(n)=h(n)} €F,
T.e. f =fr h.

O603HaMIM Tepes R* (pakTOpMHOXKECTBO MHOXKecTBa R\ Bcex mocaefoBaTelb-
HOCTeﬁ r[[efICTBPITeJII)HBIX YuCea 10 OTHOIIEHNIO SKBUBAJEHTHOCTU =F.

[l71s1 TpOU3BOMBHOTO JEUCTBUTEABHOTO YUCIA @ Tepe3 f, 0603HAUM TOCTOAHHYIO
MOCJIeJOBATEILHOCTD, BCE WIEHBI KOTOPOU PAaBHBI a. UTOOHI HE YCJIOKHATH 0003HA-
IeHUH, COOTBETCTBYIONMI KIACC DKBUBAJICHTHOCTH | f,]=, OyaeM 0603HAYATE depes
a.

Yepes —[f] oboznaunm kracce [—f].

Ha muoxecTrBe R* ecTecTBeHHBIM 00pPa3zoM ONPemeNISiOTCA OMepalusa CIOXKEHN
+ ¥ omepamnusa yMHOXeEHUs -

1+lg=1f+g, [f1-ls] =19l

B kawecTBe ynpakHeHWsS IATATENO MPEIOCTABIIETCA TIPOBEPUTH, ITO CHCTEMA
£3
<<R ,0, 1v+v'>>

ABIAETCA TOJEM, T. €. BHITOJHEHBI AKCHOMBI TIOJISA
L1l.a+B8=08+a.
1.2. (a+B)+y=a+ (B+7).
13. a+0=aqa.
14. o+ (—a) =0.
Ecmu [f]| #0, 0 {n | f(n)=0} ¢ F.
Tax xak F — yabrpadpuistp, T0 {n | f(n) A0} € F.
[l TPOU3BOIBLHOU TOCTEIOBATEILHOCTH ACHCTBUTEIBHBIX TACET [ MOJATAEM

Fin) = {1/f(n), ecuf(n) # 0

1, B IPOTUBHOM CJIy4dae.

Ilaa mpoussoabroro [f] # 0 o6osmatmm wepes [f]~! xkrace [f]. YuraTero mpe-
MOCTaBIAETCA TPOBEpPKa, YTo onpegeienne kiacca [f]~! we saBucur oT BBHIGOpA B
HEM mpencTaBuTens f.

II.21. a-8=0"a.

22. (a-B)-y=a-(B-7).

23. a-1=a.

24. a- (a™t) =1.

1. 3.1. (a+B)-y=a-v+ - 7.

Bsemem ma more R* orHomenue <, moaaras

fl<lg] <= {n] f(n)<gn)}eF
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Yurarenio npeIocTaBIACTCA TIPOBEPUTD, YTO ONpeneJeHre OTHOIEHNA < He 3a-
BICHUT OT BBIOOpa mpeacrasurenenn f u g B kaaccax [f| u [g]. IIpudem Bemomasorcs
CIeIVIOIINE CBONCTBA

IV.4.1. a £ a.

42. Fcma < fu ff <y, 10 a <.

4.3. [lna mobbix au [: wm o < [, wm o = (3, mwim 5 < «.

44. Ecm o < B, 70 o + 7y < B + 7.

45. Ecma<ful0<vy, Toa-vy<pf-7.

Beimosaumocts yeaosun 1 — IV o3uadaer, 1To cucrema

((R*,0,1,4,-,<))

ABAAEIMNCA ynOpﬂ()O"{eHHbl.M nodem. DJIEMEHTH 5TOr0 IOJA HA3LIBAIOTCA eunepﬁed—
CmMeuUmeAbHbIMU YUCAAMU.

Orobpaxkenne a +— |[f,] ABaserca uzomopPubim saoxucenuem ynopadouennozo
noas 0eicmeumenbHbly Yucel

<<R7 07 ]-7 +7 5 < >>
6 ynopadouennoe noae 2unepietcmeumetbubls wuce
<<R*707 ]-7 +7 5 < >>

Hanmu4ame yKaszaHHOTO BIOXKEHNA MO3BOAAET HAM, KAK 5TO 9aCTO JEIaeTCA B MaTe-
MATHKe, OTOXKIECTBUTL AEUCTBUTEILHOE TUCIO ¢ ¢ TUIEepIeUCTBUTEILHEIM IACIOM
[fa], B 9aCTHOCTH, MBI OTOXAECTBIAEM HATYPAJILHOE YUCIO N ¢ TUIEPAENCTBATE b
HBIM 9uCIOM | fp].

[1a IpOM3BOILHOIO HATYPAILHOTO IUCIA N U IPOU3BOILHOIO JEUCTBATEILHOTO
(rumepAenCcTBUTEILHOT0) YUCIA (¢ Yepe3 na 6y 1eM 0003HAYATh CYMMY 71 CIaraeMBbIX,
KaX10€ U3 KOTOPBIX PaBHO (.

[l1a 1ercTBATENLHEIX YNCE] BHIIOAHACTCA Axcuoma Apxrumeda: dis 4106020
NOAOHCUMEALHO20 DETUCMBUMEALDHO20 UUCAL O U 41006020 JelCMBUMEAbHOR0 YUCAA
B natidemesa marxoe HAMYPAALHOE YUCAO N, YMO N > [3.

[TosTOMY TOBOPAT, YIOPAZOYEHHOE MOJE TeMCTBUTEILHBIX IHCET

((R,0,1,+,-,<))

ABIACTCA APLUMEIOBHIM.
[Tokaxkem, 9TO yIOPALOIEHHOE MOJE TUNEPAEUCTBATEILHBIX IUCET

((R*,0,1,+,-,<))

He ABAAECMNCA APTUMEIOBHIM.
[okaxeM, 9T0 dada 4106020 Koneuno2o nodmnoxcecmsa K muoxncecmea N namy-
paavubly wucea K ¢ F.
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Homnycrum nporussoe, nyctb K = {ay,...,a,} — KOHEIHOE TOAMHOKECTBO MHO-
x)ectBa N HaTypaabHbIX qucen u K € F. 3uaqur,

{al} U...u {CLn} e F.

Tax xak F' — npocmoti GpuibTp, To HaugeTcs Takoe i, 9to {a;} € F. Herpyn-
HO mOHATH, 4To Torga F' = D({a;}), . e. purbrp F sBIsieTCA DIaBHBIM. A 5TO
IPOTUBOPEYIUT BEHIOOPY puabTpa F.

Tax xak F' — yapTpadmibTp, TO 1H060€ MHOKECTBO HATYPATBHBIX TUCET, TMEI0-
mee KOHETHOE JOMOMHCHNE, TTPUHALICKAT F.

[ycrs o = 1 = [f1], rme mpu ao6om m fi(m) = 1, 8 = [g], rae npu ao6om m
g(m) = m. flcuo, aro a > 0.

3ameruM, 9To na = [f,|. Eciu n — nponsBoibHOE HATYPATBHOE YUCIO, TO MHO-
KECTBO

{m | fa(m) =n<m=g(m)}

uMeeT koneunoe donoamnenue, 3HaduT, dexuT B F. CregoBarensbHO, pU J000M N
BBITIOMHAECTCA HEPABeHCTBO na < 3. A »To o3Hadaer, 4T0 Axcuoma Apxrumeda
He BbINOAHEHG 048 YNOPAJOUEHHO20 NOAA 2UNEPIEtCMBUMEAHBIT YUCEL.
['umep rencTBUTEILHOE YUCTIO 3 €CTECTBEHHO HA3BATH OECKOHEUHO 00AbULUM.
[loraraem ¢ = f~' = [g], nge npu moGom m g(m) = 1/m. lycts 1/n = [f1/,).
Torga £ > 0 u aasa 1006000 HATYPAJTBLHOIO YKUCIA 1) BHITOJHAETCS HEPABEHCTBO

0<e<1/n.

['umep 1encTBUTEIbHOE YHUCIO € €CTECTBEHHO HA3BATD 0CCKOMEUHO MAAbIM TOIO-
KUTEJIbHBIM TUIEPIeUCTBATEILHBIM THCIOM.

Tax Kaxk npm JI0060M HATYDAIBLHOM 7 BBINOJHAETCS HEPABEHCTBO n < 1/e, To
MHOHCECMBO HAMYPALbHLIT wuces 6 R* oepanuueno ceepry, B TO BpeMmd, Kak 6 R
OHO HE ObLAO 02PAHUYEHO CBEPTY.

Jlto6yio m-mectHyo GyHKIMO f (21, ..., Ty ), OOpegenernyio #a R™ u npuHuIMaio-
myio 3HadYeHua B R, MOXKHO peo6pa3oBaTh B M-MeCTHYIO GYHKIUIO [* (X1, ..., Ty),
onpenenennyio Ha (R*)™ u npuauMaromyio 3Hadenus B R*. [[asg 5Toro moaaraem

F (g ()nen], - (g™ ())nen]) = [(F(gD (), -, g™ (1)) )nen]-

[Ipu sToMm JTH060€ paBEeHCTBO

A(fla ey fk) = B(fla ey fk)a

CIpaBeqIuBOe s OOBIYHBIX YUCJAOBBIX (GYHKIUU f; , ..., fr, IpeoOpasyeTcs B pa-
BEHCTBO

A(fLs o f) = BUY, s f),

cBsA3BIBaMOLIee runepdyHknun fi, ..., fp.
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Jlro6on m-MecTHBIN OpeaukatT p(Ty,. .., Ty), onpegereHHsi Ha R™, MOXHO mpe-
06pa3oBaTh B M-MECTHBIN OpeaukaT p* (1, ..., Ty), onpegeseHusn Ha (R*)™:
p*([(9V(0)nenls -, (6" ())nen]) =W =

{n[p(g"(n),....¢"(n)) = U} € F.

[IpegukaT p* Ha3BIBAETCA 2uneppacuiuperuem IpeIuKaTa p*.

[ mpousBoabHOU (popMyabl P, TOCTPOEHHON M3 DJIEMEHTAPHBIX (POPMYJI BH-
na f(xy,...,x,) = g(xy,...,2,), vae f(xy,...,z,) u g(zq,...,2,) - IPOU3BOILHBIE
onpejeneHHbe Ha R n-MecTHbIe DYHKIMA, ¥ BUIA P(T1, .. ., Ty ), TO€ D(T1, ...y Tp) -
onpeJeNeHHbIN Ha R mM-MeCTHBIN IPEIUKAT, ¢ TOMOIIBI0 MPOMO3NINOHATLHBIX CBs-
30K =, & u V u kBauTopoB V u I o6o3HaunM depes O* (popMmyry, MOIYICHHYIO U3
dpopmyasr D 3aMeHON daeMeHTAPHBIX TOAMGOPMYT BUAa f(x1,. .., 2,) = g(T1, ..., Tp)
Ha f*(x1,..., %) = g5 (21, .., %), aBuga p(xy,...,Ty) - HA P (21, ..., Tp)-

W3 mokaszamuon Beimre TeopeMmsl Jloca 3.6.3 crexyer

IIpunyun nepewnoca I'. B. Jleti6nuuya Ecau 6ce ceobodubie nepemenmbie
Popmyavt ® 6xodam 6 cnucok Ty, ..., Tp, G 1, ..., @, — NPOU3BOALHBIE JelicMEU-
meaphbie wucaa, mo gopmyaa Dy o (o, ..., an] uemunna wa R moeda u moavko

mozda, kozda na R* uemunna gopmyaa 5 [ay, ..., o).

3.5. Ucuucaenue npeankaToB

3.5.1. Jloruveckue akCMOMBI M IMPaBUJa BBIBOAA

Aagasum Xy Ucuucaenus Ilpeduramos NI, curnarypsr 7 coBnagaer
c Aagasumom Y. Jloeurxu IIpeduxamos JII1, curHaTyps 7.

[louarus mepma u opmyavt Ucuucaenus IIpeduramos UL, curuarypsr
T COBHIAAAIOT C MOHATUAMEU mepma u Popmyavt Jlozuru IIpeduxamos JIII,
curHaTypsl 7, T. e. 136K Ly, Mcuucaenun IIpeduxamoe WII. curnarypor 7
coBnagaer ¢ a3blkoM Ly Jloeuxu IIpeduxamos JIII. curmaryper 7. B pars-
HeumreM 361K Ly, Mcuucaenus IlIpedurxamoe WII, curnatypsl 7 Mbl GygeM
o603HAYATE Yepes L., a Hapany ¢ obosuadenunem WUIL, gra Hcuucaenus IIpedu-
Kamoe CUTCHATYPHL T OyjaeM Hcrmoab3oBaTh oOosHadenne WII B curyanmax, korjga
13 KOHTEKCTA SCHO, O KAKOU CUTHATYPE UJIET Pedb.

Temepb MBI IpUCTYIIaeM K OMpeIeJeHNI0 IBYX BaxKHenmux nouatuu Mcuucae-
nus IIpeduramos — nowsrus BBIBOJA n nonstus BBIBOJAUMOM O P-
MYJIBI. 5tu nOHATUA ONPEIENAIOTCA AHAJODTIHO TOMY, KaK >TO OBLIO CIETaHO B
ciydae Ucuucaenus Buvicka3vieanui.

Axcuomsl Ucuuciaenuns Ilpegukaros

SadpukcupyeM TpOU3BOJIBHYIO CUTHATYPY 7. Bee mocaenyiomume onpeneneHus Oy-
IyT OTHOCUTHLCA K Mcuucaenuro IIpeduramos WII, >Tou curHaTypsl 7, KOTO-
poe paIu HEKOTOPOU KPAaTKOCTH OyaeM HasbBaTh mpocto HMcuucaenuem Ilpe-
duramos u obosnadars depes UIII (6e3 ymoMuHAHUSA CUTHATYDPHI T).
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§3.5.1 Jlormueckme akCMOMBI U MPABUJIA BBHIBOIA

s npoussoabubix popmya A, B u C Hcuucaenus ITpeduxamos nobdas
(popmy.aa TI060T0 YKA3AHHOTO HUXKE BUIA ABIAeTCA Jlo2uueckoti Axcuomoti Uc-
yucaenus IIpeduxamos.

L.

Ll. (A— (B— A)).
[2. (A= (B—=C) = (A= B)— (A—=0))).

ITg..
IL1. ((A&B) — A).
I1.2. ((A&B) — B).
I1.3. (C = A) = ((C = B) = (C = (A&B)))).

I11,.
IL.1. (A— (AV B)).
[1.2. (B — (AV B)).
I1.3. (A —=C) = ((B—=C) = ((AV B) = (0))).

V..
V.1 (A= (-B)) = (B — (mA))).
IV.2. ((=(=A)) — A).

[ns npounssoasnon popmyast A Hcuucaenus IIpeduramos u 1060ro Tep-
Ma t donycmumozo das nodemanosku B Gopmyay A BMECTO CBOGOIHBIX BXOXK ICHUN
mepeMeHHOU T J1106as (popMy.Ia JTIO0r0 YKAa3aHHOTO HUXKe BUAA ABAAeTCA Jlo2uue-
cxoti Axcuomoti Ueuucaenus IIpeduramos.

Vv.
V.1 (V2)A — A,[H]).

VIa.
VL1 (A [1] = (32)A).

B dopmyae (A — B) nogdopmyna A HA3BIBAETC GHMEYEICHMOM WA NOCHLA-
kot, a momdopmyna B — xoucexsenmom uiu 3akaouenuem. [Tooromy akcmoma 1.1
HOCUT HaszBaHme ~ Ymeepacdenue anwmeyedenma’ mwim ~ Ymeepacdenue nocvlarky’ .
Axkcmoma 1.2 maswiBaetca ” Camoducmpubymusnocms umnivkayuy’ .

IIpaBmia BriBoga Ucuucaenusa IlpegukaTos

B Ucuucaenuu IIpeduramos ucnoabsyorca tpu IIpasuaa Bwvieoda —
ITpasuao Omdeaenus (Modus Ponens), IIpasuao Beedewus ¥V u IIpa-
susto Beedenus .

ITpasuao Omodeaenus (KpaTko >TO mpaBuio OyaeM 0603Ha4aTh Yepes MP):

A, (A — B)
B

Dra samuck o3Hadaer, 9To mo npasury MP us popmyr A u (A — B) mouay-
qaercsa ¢popmyaa B. [Ipu srom Gpopmyasr A u (A — B) Ha3BIBAIOTCA NOCHIAKAMUY
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[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

npasuia MP, a popmyna B — ero 3axarouenuem nin HemoCPeJICTBEHHBIM C/Aed-
cmeuem popmyn A u (A — B) no npasury MP.

IIpasuao Bsedenus V:
(B— A)
(B — (Vz)A)’

IpU YCJAOBUU, UTO NEPeMEHHas X He 8xodum c600600n0 8 dopmyasy B.

Jra 3anuch o3Havaer, 4o no IIpasuay Beedenus ¥V uz dpopmyint (B — A)
noaydaercsa popmyaa (B — (Vx).A). llpu arom dopmyaa (B — A) HaseiBaercs no-
corarot ITpasuaa Beedenus vV, a dopmyaa (B — (Vz)A) — ero 3axarouenuem
i wenocpedcmeennbim caedcmeuem Gopmyast (B — A) no sTomy npasuiy.

IIpasuso Bseedenus 3:
(A — B)
(Bz)A — B)’

IpU YCJAOBUU, YTO IMePEMEHHasa & He BXOAUT ¢BOOOIHO B (popmyay B.

Dra 3amuch o3HaYaeT, 4To no IIpasuay Beedenus 3 us popmyasr (A — B)
noay4aerca popmyaa ((3x).A — B). [Ipu srom dpopmyaa (A — B) HaseiBaeTca no-
corakoti IIpasuaa Beedenus 3, a popmyna ((Iz)A — B) — ero 3axarouenuem
i wenocpedcmeennbim caedcmeuem Gopmyst (A — B) no sTomy npasuiy.

BreiBog 1 BbIBOA M3 MHOXKeCcTBa POPMYJI

Onpenenenne 3.5.1. Bvisodom 6 Hcuucaenuu IIpeduxamos nasvisaemcs
400058 KOHEUNAS NOCAEI06AMEALHOCTD

B, ..., By

Popmys Ucuucaenus IIpeduramos, ydosiemeopaowas cacoyouwemy yYciosu:

das moboeo i (i=1,..,n)

AU60

1) gopmyaa B; sasasemces Jlo2uueckotl Axcuomoti Ucuucaenus IIpedu-
Kamos,

AU60

2) natidymea wucaa j u k mewvwue, wem i, maxue, umo gopmyaa B; noayuaemes
u3 popmya B; u By, no npasusy MP,

AU60

3) watidemca wucao j menbuwee, uem i, maxoe, umo gopmyaa B; noayuaemes u3
popmyavt B; no npasury Beedenua V,

AU60

4) maiidemes wucao j mewvuiee, wem i, maroe, umo gopmyia B; noaywaemes ua
dopmyavt B; no npasury Beedenusa 3.
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§3.5.1 Jlormueckme akCMOMBI U MPABUJIA BBHIBOIA

Onpeneneuune 3.5.2. Popmysa B nasvisaemcs evieodumoti 86 Hcuucaenuu
IIpeduxamos, ecau cywecmsyem Bovieod 8 Hcuucaenuu IIpeduramos

Bla e Bna

oxanvusarouwutica amot gopmysot B.

Breipaxenue ;7 A CIyKUT COKPAIIEHHON 3alKUCHI0 YTBEPK TEHUA

" Ppopmyaa A evieoduma 6 Ucuucaenuu IIpeduxamos”.

B mambmenmem aaA cokparneHus uHIekCc HUII GymeM OIyCKaThb, T. €. BMECTO
Fun A 6yzem mucars mpocto F A.

[okazarenbcTBo caexyiomen teopeMbl 1ia Mcuucaenus IIpedurxamos no-
CJOBHO MOBTOPAET JOKA3aTEAbCTBO aHAJIOTUIHOU TeopeMbl 111 M cuucaenus Boi-
cKa3vi8aHUL.

Teopema 3.5.1. Jas awobot gopmyavt A gopmyaa (A — A) swisoduma 6 Ucuu-
caenuu ITpeduramos.

Mdoxaszameanvcms o Urobu gokaszars, aro dpopmyaa (A — A) ebieodu-
ma 6 Ucuucaenuu IIpeduxamos, HEOOXOIUMO TOCTPOUTH BHIBOJ, OKAHYUNBA-
omuucs 3Tou gpopMmyaon. B kadecTBe TAKOTO BBIBOAA MPENIATAeTCSI CJIeTYIOmas
MOCIeTOBATEIBHOCTD (POPMY.I:

(A= (A=A = A)) > (A—>(A—>A) = (A— A))) — doruueckas
akcuoma, [.2,

2) (A— ((A— A) —» A)) — mormueckas axcuoma 1.1,

3) (A= (A= A) = (A— A))) — moryuaerca uz 2) u 1) o npasury MP,
4) (A — (A — A)) — noruveckas akcuoma 1.1,
5) (A — A) — noxy4aercs us 4) u 3) no npasury MP. O
Hamomunm, 910 ecau oy, ..., @, — NONAPHO Pa3IudHbIe OYKBBI (CHMBOJBI) MPO-
U3BOABHOrO anxdasurta X, a X, 7y, ..., Z, — caoBa, 10 4epe3 X, . a, [Z1, ...y Zpn] MBL
0603HAYAECM Pe3yAbMam 00H08PeMeHHOt 3aMmenbl 8cer 8Toxclenut OyKe oy, ..., Qp
8 CA0680 X COOMBEMCMBENHO HA CAOBA L1, ..., Lp.
CaoBo Xo, . a, [Z1, -y Zy| HA3BIBAETCA TAKKe PE3YAbMAMOM NOOCMAHOBKY B
ci0Bo X c10B Zy, ..., Zp BMECTO OYKB Q' ..., (i COOTBETCTBEHHO.

[Iycts A — dpopmyna Hcuucaenus Bovickasviearuti, Bce MpONO3UINOHATD-
HLIE [epeMeHHLIe KOTOPOU cojepxkarca cpemu Aq, ..., A,, a &, ... , &, — mpo-
u3BoabHBIE popMmyasl Ucuucaenus IIpeduxamos. Undykyuet no nocmpoenuio
dopmya wempyduo dokazamo, umo Aa, . a,[P1,..., P, — Popmysa Heuucaenusn
ITpedurxamos. Ona HazbIBaETCA POPMYA0TL, noayuennot uz dopmyavt Ucuucae-
nusa Bovickasvieanuti A 3amenoti nponosuyuonasbnuir nepemennir A, ... , A,
na npoussoavnvie gopmyavt Ucuucaenus IIpeduxamos &4, ... , d,.

B manpHenimem GygeT MOJE3HA CAeIYIONas TeopeMa.
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Teopewma 3.5.2. Ecau A — mosxcdecmsenno ucmunnas popmysa JJo2uru Bouicka-
38 AU, 6CE NPONOZUYUOHAAbHBLE NEPEMERHbIE KOMOopot codepacames cpedu Ay,

., Ay, a @, ..., @, — npoussoavnvie popmyavt Hecuucaenus IIpeduxamos,
mo gopmyaa Aa, .. a,[P1,...,D,] evisoduma 8 Hewucaenuu Ilpeduramos.

Adoxaszameanvcms o Ecm A— ToxgecTBeHHO ncTuHHAA popmyaa Jlo2u-
xu Bbicka3vieanuti, To oHa ebisoduma 6 Hcuucaenuu Bwicka3sviearuii.
[TycTs mocremoBaTenbHOCTL popmya Mecuucaenus Bovickaswvieanut By, B, ... |
B,, aaserca evteodom popmy.asl A. [Ipeamonsoxum, 9T0 BCe TPONO3UINOHATLHEIE

nepeMeHHbIe 3TUX GOPMYT cogepxarca cpexn Ay, ..., A,.

C meawio ympolneHus 0GO3HAMEHUN [ TpOou3BOJAbHOU (dopmyasl B Jlo2uku
Buvickasbisanuti o603naum 1epes B dpopmyny By, .4, [P1, ..., Ppl.

Jlerko mpoBepuTh, YTO mocaexoBaTelbHOCTE dopmya By, B, ..., B, ABiger-
ca  ewvieodom 68 MHcuucaenuu IIpeduxamos dopuvyabt A*, T. e. Gopmy.Ibl
Anpan @, .., @l O

YcTaHoBIeHNE BBIBOIUMOCTHU TaxKe MOCTATOYHO MPOCTHIX (POPMYJ — MPOIECe
BecbMa TpygoeMkuu. C eabio OOJerdeHns M3y9IeHUS OTHOIIEHUS BBIBOIUMOCTH
F A, kak n B caydae MHMcuucaenus Bbicka3vieanuti, BBeIeM U U3yIUM 06O-
Jee obmee moHsATHe, 1eM noHATHe Boieoda — noustue Buisod u3 mHrodcecmea
2unome3s.

[IycTe [' — mpom3BOIbHOE MHOKECTBO (POPMYI. POPMY.ILI U3 MHOXKECTBa [' Oy mem
HA3bIBATEH 2UNO0mMe3amu. CMBICT TAKOTO HA3BAHUA MPOSCHUTCS MO3WKE.

Onpeneneune 3.5.3. Boisodom 6 Hcuucaenuu IIpedurxamos u3s mmoice-
cmea gopmya I’ nasvisaemces 410044 KOHEUHaAA NOCACIOBATNEADHOCTD

B, ..., By

Ppopmys Ucuucaenus IIpeduramos, y0osiemsopaowas caelyiouemy yeiosuio:
das mwoboeo i (i=1,...,n)

Aub0
0) B; € T (Popmyaa B; asisemes cunome3zoti),
Aub0

1) gopmyaa B; sasasemes Jlo2uueckot Axcuomoti Ucuucaenus IIpedu-
Kamos,

AU60

2) natidymea wucaa j u k mewvwue, wem i, maxue, wmo gopmyaa B; noayuaemes
u3 gopmya B; u By no npasusy MP,

AU60

3) watidemca wucao j menbwee, uem i, maxoe, umo gopmyaa B; noayuaemes u3
popmyavt B; no npasury Beedenua V,

AU60

4) naiidemes wucao j mewvuiee, wem i, maxoe, umo gopmyia B; noaywaemes ua
popmyavt B; no npasury Beedenus 3.
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Onpeneneuune 3.5.4. Popmysa B nasvisaemcs evieodumoti 6 Hcuucaenuu
IIpeduxamos u3 mmnoxncecmsa gopmya L', ecau cywecmsyem Buieod 6 Hc-
yucaenuu IIpeduramos u3 muodxicecmaa gopmya I’

Bla ) Bna

oxanuusawutica gopmyasoi B.

Breipaxenne I' Fj ;7 A CIy:KuT COKpaIIeHHON 3aIMCHIO YTBEpXK AeHus ” hopmyaa
A svisoduma 8 Ucuucaenuu IIpeduramos u3 muodicecmsa gopmya 1.
U BHOBB mHIeKC /B He OyaeM MUCATD.

Heckoabko ”Tymannoe” nowamue dokazamenbcmea mbl 3aMEHAEM MOUHIM M-
memamuueckum nonsmuem” ebte0d 8 Ucuucaenuu IIpeduxamos u3 mroauce-
cmea gopmya . [lpu 5ToM camu 8b1600b1 — DTO TPOCTO KOHEUHbLE NOCACIOBA-
meabHocmu Gopmys ¢ OIPeIeJeHHBIMEA CBOUCTBAMHI. TaKOU MOAXOX OTKPLIBAET BO3-
MOYKHOCTb M3y4YaTh CAMHI BBIBOALI U UX CBOMCTBA, B YaCTHOCTHU, MOXKHO IBITATHCA
dokasvisames omcymemeue (HEBO3ZMOKHOCTH CYIIECTBOBAHUSA, HEBO3MOXKHOCTD I10-
CTPOEHUS) 6bI60J0E € HEKOMOPbLMU 3APANEe YKAZANHLIMY CE0TUCNEAMY, & SHAUNT,
YCMARABAUBAMb HEBLIBOIUMOCTL ONPEICACHHBIT HOPMYA.

Ecmu I' m A — 1Ba NpoOM3BOIBLHBIX MHOXKECTBA (POPMYJI, TO 3alKUCh
= A

O3HAYAET, 9TO A06as Popmyasa u3 mHoxcecmaea A\ svieoduma 6 HUcuucae-
nuu IIpeduramos u3 muodxicecmea gopmya I

Teopema 3.5.3. EcaulT'F Aul CT'y, moT F A.
EcauT'y F A, mo natidemecs kxoneunoe nodmnoxncecmeo I' mmnosncecmsa I'y ma-
koe, umo ' = A.

Adorxaszameawvcmeo Ecm ' C Iy, To mobou 8bt600 u3 mmroxicecmsa
dopmya ' 6Gyner u 8bteodom u3 muodxcecmsea gopmya I'y.

Ecmu 'y - Au By, ..., B, — ebte0d opmyavt A uz muorcecmaa gopmya
'y, To B kavecrse ' moxkuO B3saTH [ N {BY, ..., B, }. O

Jlemma 3.5.1. Ecau Ty F B ulyU{B}F A moT Uy - A.

Adorxaszameawvcms o. [llycte Dy: By, Bo, ..., B, = B — 8618600 opmyant
B u3 muoxncecmesa gopmya I'.

[To mpowsBoasHOMY BhIBOLY D: Ay, As, ..., A, = A dopmyasr A u3 MHOKe-
crea dopmya Iy U {B} mocrponm seox D*: Aj, A, ..., Ay = A dopmyrer A u3
MHOXKecTBa dopmya ['y U T'y:

UL IPOUBBOABHOTO i (i = 1, ..., n) 3aMeHnM B BEIBOIe D BXOX 1eHue HopMy.ibt A;
HEKOTOPOU MOCJIEI0BATEILHOCTBIO (DOPMYII € COOTBETCTBYIOIIMME KOMMEHTAPUAMA
O CJeAYIONIEMY MPABUILY
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ecam

0) A; € Ty U{B}, To B ciyuae A; € 'y Bxoxkaenue gpopmyast A; He MeHseTCH,
a B ciyaae A; € {B}, 1. e. A; = {B}, 3amensem Bxoxmenue dopmyant A; Ha
nocJae0BaTEeILHOCTE opmya By, B, ..., B, = B = A;, ABIAIONIYIOCA BBIBOIOM
dopmyasl B = A; u3 MHOXKecTBa popMya [y, ¢ COOTBETCTBYIOMMM KOMMEHTAPHEM,

ecam

1) dopmyaa A; asisercsa Jloeuueckoti Axcuomoti Ucuucaenus ITpedu-
xKamoe, To BxoxjaeHue Gpopmyabl A; U COOTBETCTBYIOIINNA €l KOMMEHTapuu He
MEHAIOTCA,

ecam

2) HAMAYTCA YUCIa j U Kk MeHbIIue, 4eM i, Takue, 9To popmyaa A; morydaercs
u3 dopmya A; u Ay, mo npasury MP, To BXxoxaenue ¢popMy.sl A; He MeHAeTCA, a B
COOTBETCTBYIOIIEM el KOMMEHTAPUN MEHAIOTCA JIUIIL HoMepa (hOPMY.I, 13 KOTOPBIX
nory4aerca ¢popmyaa A;,

ecam

3) HalIeTCA YUCIO j MEeHbIIee, YeM i, Takoe, 9To (opMmyaa A; morydaercsa us
dbopmyast A; mo npasuty Beedenus V, To Bxox genue popmy.isr A; He MeHAETCH, &
B COOTBETCTBYIOIEM €l KOMMEHTAPUY MEHeTCs JUIIbL HOMeP (hOPMYJIbI, 13 KOTOPOU
noxydaerca gpopmyaa A;,

ecan

4) HAMIETCA YUCIO j MEHbIIee, YeM i, TaKoe, 9To (opMmyaa A; morydaercsa u3
dopmyast A, mo npasuiy Beedewus 3, To Bxox genue GpopMy.sl A; He MeHAeTCH, &
B COOTBETCTBYIOIEM €/l KOMMEHTAPUY MEHeTCS JUIIL HOMeP (hOPMY.JIbI, 13 KOTOPOU
nonygaerca gpopmyaa A;. O]

Teopema 3.5.4. FcauT ' FA uTyUARFA moT U F A
Adoxaszameanbcme o B cury npegbiayinern TeOpeMbl MOXKHO CIATATh, ITO

MHOXKeCTBO A KOHEYHOE, MODTOMY JTOKA3aTEeAbCTBO JErKO MOJYIAHTCSI W3 Mperbl-
IYIIEN JeMMbl WHIYKIIUEN 0 Iucay popMya B MHOKecCTBe A. O

3ameuanue. B maipHeneM 1mo CJIOKUBIIENCA TPAIUINNA BMECTO 3AMNCH

Luly,-A
OyIeM MCTIOJB30BATH 3aIUCh
Fl; F2 l_ Aa
a BMECTO 3aluCu
', {B}FA-—

samuck ['1, B+ A.

[To mepe HEOOXOAUMOCTH Oy 1eM TOKA3BIBATH BCIOMOraTeIbHBIE TEOPEMBI, KOTO-
peie GyayT CIOCOOGCTBOBATHL M3YYEHUIO OTHOIIeHUsA BeiBoguMocTu [ F A.
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§3.5.2 Teopema gexykumum

Teopema 3.5.5. /Jaa awbo20 mnoxncecmea gopmya I' u arwobvix gopmya A, B u C
UMEIOT, MECTNO IKEUB AACHIHO CINUL

'F(A— (B—=C)) mozda u moavko moeda, koeda T+ (B— (A—C)),
'k (A— (B—C)) moeda u moavko mozda, koeda T+ ((A&B) — C).

3ameuanmue. [lepByo DKBUBAJEHTHOCTH MBI OyIe€M HA3BIBATEL ~ NeEPEecman08kol
nocvlaok’, a BTOPYIO — ” 00bedUuHeHuem-pa3sbeduHeHuem nocoliok’ .

Mdoxaszamedanbcme o HemocpeicTBeHHas MpoBepKa MOKA3BIBAET, UTO CJe-
aytome ¢popmyabl Jlozuku Bbicka3bi8 aHul ABIAIOTCA TOXKICCTBEHHO NCTHUH-
HBIMU

((A1 — (A2 — Ag)) — (AQ — (Al — Ag))),
((A; — (A2 = A3)) — ((A1&As) — A3)),
(((Al&AQ) — Ag) — (A1 — (AQ — Ag)))

[TosTomy 1o Teopeme 3.5.2 mas a06bix popmya A, B u C Heuwucaenus IIpedu-
KQMO6 B HeM BBIBOAUMBL CIeAYIOIIe (hOPMY.IBL

(A= (B—C))— (B—(A—10))),
(A— (B—=0C)) — ((A&B) — C)),
(A&B) = C) = (A= (B —=(C))).

Ecm ' (A — (B —C)), To B cuy
F(A—=(B—=C)— (B—=(A—=C))

nonysaem I' - (B — (A — C)).
Ecm ' (A — (B —C)), To B cuy

F({(A— (B—C)) — ((A&(B) — C)))

OJIy9aeM

I'- ((A&(B) = C)).
O6patHo, ectu I' - ((A&B) — C), To B cury

F(((A&B) = C) —» (A — (B—()))

MoJIy9aeM

'-(A— (B—=0C))).
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3.5.2. Teopema geayknum

B »rom maparpadge MBI moKaxkeM TeopeMy, KOTopas 3HAUYUTEJbHO O0O0JerdaeT
n3ydennme orHomenus ' F A. Ora Teopema amamoruuna Teopeme [edyryuu,
nokaszanuou Beie misa Ucuucaenus Buvicka3svieanuli, n naseBaercsa Teopema
Hedyruyuu nias Ucuucaenus IIpeduxamos.

Teopema Hemykuuu. Ecau [', A F B u cywecmsyem svi6od D dopmyavt B u3z
mmnoxcecmea gopmya ' U {A}, 6 komopom IIpasuso Beedewus ¥ u IIpasuao
Beedenusa I e npumenaomes no nepemenmbim, 6To0AuUM c60600H0 6 Gopmyay
A, moTF (A— B).

Obpammno, ecau ' = (A — B), mo T, A+ B.

Adoxaszameavcms o Ipernoroxum, aro I', A+ B. TTokaxeMm, 910
' (A — B).

[Iycrs D: By, ..., B, — BeiBog dopmyast B us muoxecrsa dopmya ['U {A}, B
koropom ITpasuao Beedenusn V u IIpasuso Beedenusa 3 He TPUMEHSAIOTCA IO
nepeMeHHbIM, BXOIAIINM CBOOOIHO B (popmyry A.

Nuayknuen no i mokaxem, 1aro ' - (A — B;).

B coorBercTBuM ¢ ompepenrenneM HOHATHA * Buteod u3 mmuodcecmea gop-
MYa” BO3ZMONKHBI CJAEIVIONINE IeThIPe CIyYasd:

0) B, e T U{A}.

Ecm B; € I', ro I' - B,;.

Kpowme Toro,

H(B; = (A — B))).

Tak Kak

TO O TeopeMaM 3.5.3 u 3.5.4 moaydaeM

Ecm xe B; € {A}, To B, = A.
Torma mo Teopeme 3.5.1

1) B; — no2uueckas axcuoma.
Torga I' - B;.
Kpowme Toro,

H(B; = (A — B))).

Tak Kak

TO O TeopeMaM 3.5.3 u 3.5.4 moaydaeMm
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2) Hanpgyres uncaa j u k, Menbiime i, Takue, 9To dpopmyaa BB; morydaercsa u3
dbopmya B; u By, mo npasuty BeiBoga MP.
Torga
Bk = (BJ — Bz)

[To vHAYKTUBHOMY HPEANOTOKEHUIO UMEEM

'k (A — B]‘),
' (A— By),
T. €
Tak xak

F((A— (B = B;)) = (A= Bj)) = (A— B))

[TooTomy 1o Teopeme 3.5.4 monydaem

3) Hanmgercsa 9uciao j MeHbImee, 9eM i, Takoe, 9T0 GhopMmyaa [B; morydaercsa u3
dbopmysr B o npasury Beedenuas V,
Torga
Bi=(£—0C), Bi=(£— (¥Yz)C)

U nepemernai T e 8xodum c80600no 6 gopmyay E.
[lo MHAYKTUBHOMY MPEIIOIOKEHUTIO TMEEeM

I'(A—B)),

'-(A—(£—=0C).

[To Teopeme 3.5.5 momy41aem
I'F ((A&E) — 0).

[To mpexamomox)eHno nepemernnas r He 8rodum ceo60dno 6 gopmyavt A u £. Ilpnu-
veuus IIpasuao Beedenus Y, norydnm

I'F ((A&(E) — (Vx)C).
[To Teopeme 3.5.5 momy41aem
'F(A— (& — (Yx)C)),
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4) Hamgercs 9ucao j MeHblnee, 9eM i, Takoe, 4To dpopmyaa B; morydaercsa u3
dopmyasr B; no npasury Beedewusa 3.
Torga
Bj=(C—E&), B;i=((3x)C— &),

U NepeMernai T ne sxodum c80600no 8 gopmyay &.
[lo MHAYKTUBHOMY MPEIIOJOKEHUTIO TMEEeM

I'-(A— B,

'EA—=(C—=E)).
[To Teopeme 3.5.5 momy4uaem
'E(C—(A—=E)).

[To mpexmonoXenuio nepemennas r ne 8rodum ceobodno 6 gopmyavt A u £. Ipu-
venus IIpasuao Beedenus 3, morydnm

I'E((Fz)C - (A—E)).
[To Teopeme 3.5.5 momy1aem

' (A— ((32)C = ¢)),

[Tpu : = n mony4uaem

I'(A— B).

[l1s1 mOKa3aTeabCTBA BTOPOU ACTH TEOPEMBI MPEAMOJ0KIM, ITO

I'(A— B).
Tak xak
AFA
n
A, (A— B) F B,
TO O TeopeMe 3.5.4 moaydaem
A+ B.
DTO 3aBepIIAeT JOKA3ATEILCTBO TEOPEMBI. O
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CaeacrBue 3.5.5.1. FEcau ', AF B u cywecmsyem evisod D dopmyavt B uz mmo-
acecmesa gopmya TU{ A}, 6 komopom npumensemes avwn IIpasuao Omadeaenus
MP, moT + (A — B).
Teopema 3.5.6. Jas awobviz gopmya A u B

F(A—= (B— (A&B))).

doxaszameanbcms o [lokazaTeabCcTBO CIeIyeT U3 TeOPEMBI 3.5.2, ecium BOC-
MOJBb30BATHCA TOXKAECTBEHHO UCTUHHOU (popmyaon Jlozuku Buicka3vieanutl

(Al — (A2 — (AI&AQ)))
]

Teopema 3.5.7. Jaa awobvix gopmys A u B u awboco muoxncecmea dopmyas T
UMEEM MECMO IKEBUBAACHITHOCTD

'rA uw T'HB
moeda u moavko moada, ko2da
'+ (A&B).
doxaszameanbcme o Ilonpegpiaymen reopeme
F (A — (B— (A&B))),

KpPOMe TOTO,

A, B, (A — (B — (A&B))) - (A&B).
OTkyna mo Teopeme 3.5.4 morydaem
A, B+ (A&B).

Ecmm

T'-A u TF B,

To npuMenuB Teopemy 3.5.7, moryaum
'+ (A&B).
[na nokazaTeabcTBA OOPATHOT'O YTBEPXKAEHUA MPEIION0KIM, ITO
'+ (A&B).

Ncnonbsys wocuueckue axcuomst 11.1 ull.2 u Teopemy Jedyryuu (ee Bropyio
9ACTh), TMOLYIaeM

(A&B) - A u (A&B) F B,

MOPTOMY, IPUMEHUB TeopeMmy 3.5.4, moayanm

'rA u '+ B
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Teopema 3.5.8. Jas aoboi Gopmyavt A
F (A= (=(=A))).

dowrxaszameancms o [lokazaTeabCcTBO CleIyeT U3 TEOPEMHBI 3.5.2, ecau BOC-
OJB30BATHCA TOXKIECTBEHHO UCTUHHOU (popmyaon Jlozuku Bbicka3bieanut

(A1 = (=(=41)).

O

s mobeix 1Byx dpopmya A u B zamucek A <+ B 6ygeT ciyXuTh COKPaIeHHBIM
o6o3uatenueM dopmyast ((A — B)&(B — A)).

CaeacrBue 3.5.8.1. Jas awb6oi dopmyavt A u awboeo mmoxcecmea dopmys T
uMeem

1) AE (=(=A)),

2) (=(=A) F A,

) THFA=TF (=(-A)),

4) F (A (2(=A)).

Hdoxazameavcmso. 1)B cury npegsiaymen Teopemsr 3.5.8
F (A= (=(=A),

nosromy no Teopeme Aedyrkyuu norydaem A (—(-A)).
2) Bocmoap30BaBmUCH JTOrHIecKon akcuomon 1V.2, moaydaem

= ((=(=A) = A),

npumenenue Teopembt Jedyrkuyuu maet (—(—A)) - A.

3) Oycts I' - A. Tax xak A = (=(—A)), To mo Teopeme 3.5.4 morydaem
[ (=(=A4)).

AHaATOrMYHO TOKa3BIBACTCSA 06paTHOEe YTBEepIK IeHNeE.

4) Tak kax

= (A= (=(=A))),
= ((=(=A) = A),

TO IO TeopeMe 3.5.7 MOTydaeM, ITO

F (A= (2(0A)))&((~(mA) = A),

= (A & (2(2A4))).
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Teopema 3.5.9. s awobviz gopmya A u B

DE A= (=4 =B),  2)F (A = (A= B),
3)A, (nA) F B,
) ((A&(=A) = B),  5)(A&(=A)) F B.

Adoxaszameavbcms o [JokazarerbcTBo MyHKTOB 1) u 2) cregyer u3 Teope-
MBI 3.5.2, ecim BOCIOJIb30BATHCSA TOXIECTBEHHO MCTUHHBIMEU (dopmy.aavu Jlo2uku
Buvicka3vie anutl

(A = ((4) = A) =7 ((A) = (A = Ay))

[IyukT 3) jerko caegyer u3 1).
Moka3aTeabCTBO MyHKTA 4) CJIegyeT W3 TeOpeMbl 3.5.2, eCIu BOCIOIb30BATHCA
TOX JeCTBeHHO ucTuHHON hopmyaon JJo2uku Buicka3vieanuti

(A1 & (mA1)) — Ag)).

[IyukT 5) Jerko caenyer us 4). O

Onpenenenune 3.5.5. Mruooxcecmso dopmyas I' nasvisaemes npomusopeuussvim,
ecau natidemes maxas popmyaa A, umo

THA u Tk (-A),

8 NPOMUBHOM CAYUaE MHoAHCECMBO Popmys [ nasvieaemces nenpomueopeuusbim.

Teopema 3.5.10. Ecau ' — npomusopeuusoe muoxrcecmao gopmya, mo oaa 410601
Popmyavt B
I' - B.

Hdoxaszameannbcmso Ecim ' — mporuBopedmBoe MHOXKECTBO (POPMYI, TO
Haugerca Takaa gpopmyaa A, 9To

A u TF(-A).
[Ilycts B — mpouwsBoasHas popmyaa. [To npensiaymen Teopeme 3.5.9
A, (-mA) F B.

[ToaTomy mo Teopeme 3.5.4
I+ B.
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Teopema 3.5.11. Muoawcecmso gopmya I' azvika Ly Aeasemea nenpomuso-
peuuswvim, moz2da u Moabko moz2da, K0204 ABAAEMCA HENPOMUBOPEUUBHIM
aboe e2o KoHeunoe NnodMHOHCECTMEO.

Hdoxaszameuadvcms o Ecaum HekoTopoe moaMHOKecTBO [y MHOXKecTBa (op-
mya [N s3wika Ly ABIAETCA NPOMUBOPEUUBHIM, TO BOZbMEM TaKyio (popmyay A,
9T0

Fl I_ ./4 n Fl I_ (_'./4),

HO TOT'Ja

T'+A n Tk (=A),

T. €. ¥ CAMO MHOXecTBO dpopmyn [’ aBageTca npomueopeuusbim.
Ecir npomusopeuusvim spiaseTcsa camMo MHOXKecTBO (opmya [N a3wika Ly,
TO BO3BMEM Takyio ¢popmy.y A, 910

[lycts D — BeiBOA u3 MHOXKecTBa Gopmya I gopmyast A, a D; — BeIBOI u3
muOXKecTBa popmya I popmyast (—A).

Ecau I'y — 5T0 MHOXKeCcTBO Bcex (popmy.t u3 MHOKecTBa [, Bxogamux B D uiu B
D4, TO, OUEBUIHO,

Fl I_ ./4 n Fl I_ (_'A)

Ocraerca 3ameTuTh, 4T0 [') — Koneunoe mmodxcecmeo Gopmya. O

Teopema 3.5.12. Jas mobviz Gopmyas A, B u C
(A—=B), (B—~C)F (A—=C).
Adoxaszameavcms o Iokaxem, 9o misa ao6bix popmya A, B u C
F(A—=B) - (B—=C) — (A— (),

1 3aTeM [Ba pasa HpuMeHuM BTOpYyIO dacTh Teopemwvt Jedyruyuu.
[loka3aTenbCTBO CIeAYeT U3 TEOPEMBI 3.5.2, eCu BOCIOAb30BATHCA TOXK J€CTBEH-
HO uctuHHOU (popmyaon Jozuxu Bbicka3viearut

(A1 — Ag) = ((A2 — A43) — (A1 — A43))).

O

CaencrBue 3.5.12.1. Jas aobviz gopmys A, B, C u arwboeo mmoxcecmsea Gopmya
[': ecau

r-A—-B) v I' - (B—=C),
'+ (A—20).

256



§3.5.2 Teopema gexykumum

Hdoxaszameanbcms o [l1a mokazaTenrbCcTBa TOCTATOYHO BOCIOJb30BATHCSA
TOJBKO UTO AOKa3aHHOU Teopemou 3.5.12 u Teopemon 3.5.4. O

Teopema 3.5.13. Jas mobviz gopmys A, B u C
(A= (B—=>C)F (B—=(A—=0()).

Adoxaszameandbcms o [lokazaTeabCTBO CIeIyeT U3 TEOPEMEI 3.5.2, ecIu BOC-
MOJb30BATHCA TOXKJIECTBEHHO UCTUHHOU (popmyaon Jlozuxu Bbicka3bieanut

((Al — (A2 — Ag)) — (AQ — (Al — Ag)))
]

CaeacrBue 3.5.13.1. Jas aoovix popmyas A, B u C u ar0b020 mnoxcecmea Gopmya
[': ecau

' (A— (B—20C)),
' (B—=(A—=0)).

Adorxaszameuadvcmae o. ClefyeT U3 IpeIbIAyINEr TeopeMbl 3.5.13 1 TeopeMbl
3.5.4. ]

CaeacrBue 3.5.13.2. /as aobviz gopmyas A, B, C u arwbozo mmoxrcecmea dopmyn
[': ecau

' (A— (B—20C)),
'+ ((A&B) — C).

Adoxaszameannbcms o U3Teopembr 3.5.2, BOCIOIB30BABIINCH TOX TI€CTBEHHO
ucturHOu (popmyaon Jlozuxu Bbicka3bvieanut

((Al — (A2 — Ag)) — ((AI&AQ) — A3)),
moay4daeM, 9To Aad aosx Gopmyar A, B u C
F{(A—=(B—=C)—(A&A) — C))).

[TosTomy ecan

' (A— (B—2()),

TO

T - ((A&B) = C).
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Teopema 3.5.14. Jas mobviz gopmys A u B
1.+ (((=B) = (=A)) = (A = B)),
F ((A— B) = ((=B) = (=A))),
((=B) = (=A)) = (A — B),
(A= B) = ((=B) = (=A)),
I' - (A — B) moeda u moavko moeda, koeda T = ((-B) — (—.A)).
Lasn aobviz zamxnymuir gopmyas A u B

I, A+ B moeda u moavko mozda, kozda I, (-B) = (-.A).

2.
3.
/.
5.
6.

Adoxazameavcms o [JokazaTerbCcTBO MyHKTOB 1) m 2) ciegyeT u3 Teope-
MBI 3.5.2, eci BOCIOJIb30BATHCSA TOXK IECTBEHHO UCTUHHBIME (hopmyaamvu Jlo2ukru
Buvicka3vie anutl

(((mA2) = (m41)) = (A1 — Ay)),
(A1 = Az) = ((042) — (mA1)).

JoKa3aTeIsCTBO MyHKTOB 3), 4) u 5) caeayer u3 myHKTOB 1) u 2).
Ucnoawsys Teopemy Jedyrkyuu, n3 myHKTa 5) JerKO moaydaeM 6). O

Teopema 3.5.15. Jas mobviz gopmys A u B
1) (A= ((-B) = (=(A = B)))),
2) A, (-B) F (=(A— B)).

Hdoxaszameabcms o [oKazaTerbCTBO MyHKTA 1) CIeAyeT u3 Teopemsl 3.5.2,
eCIM BOCIIOJIB30BATHCA TOXKIECTBEHHO MCTUHHOU (popmyaon Jlozuku Buicka3vi-
sanull

(A1) = ((m42) = =(41 — Ay))).

[TyukT 2) gerko caegyer u3 1). O

Teopema 3.5.16. Jas awbviz gopmys A u B
1) (A= B) = ((nA) = B) = B)),
2) (A — B), (nA) — B) - B.
3) Ecau A — zamrnymasn gopmyaa, T, A B u T, (A F B, moT F B.

Hdoxazameabcms o [oKazaTerbCTBO MyHKTA 1) CIeAyeT U3 TeOpeMsl 3.5.2,
eCIU BOCIOJIL30BATLCA TOXKJIECTBEHHO UCTHHHOUN (opMmyaon Jlo2uku Bwicka3bi-
sanut ((A; — Ag) — (((0A41) — A2) — Ay)).

[IyukT 2) nmerxo cregyer u3 1).

Eciu TV AF BuTl,(-A) - Bu A - zamknyman gopmyaa, To no Teopeme
Hedyruyuu

' (A — B)
n
' ((-A) — B).
N ocraercs Bocmoab3oBaThCA TeopeMon 3.5.4. O
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Teopema 3.5.17 (3akon uckarouenno2o mpemvezo). s 41060t Gopmy.ave
A
F(AV (mA)).

Adoxaszameandbcms o [lokazaTeabCTBO ClIeIyeT U3 TEOPEMEI 3.5.2, ecIu BOC-
MOJb30BATHCA TOXKJIECTBEHHO UCTUHHOU (popmyaon Jlozuxu Bbicka3bieanut

(A; V (0AY)).

Teopema 3.5.18. Jas ar06020 muoxrcecmaa gopmya L', npoussoavrnoti gopmyavt A
u unduBuUIHOT nepemennoti v CnPasedausa IK6UBAALEHMHOCTD
I' F A moeda u moavko mozda, xoeda I' - (Vv)A.

Hdoxazameavpcms o Ilycrs B — IPOU3BOILHAA 3aMKHYMAA POPMYAG, Bbi-
sodumasn uz I'. Torga mocaenoarensuo noaydaem I' (B — A), T'= (B — (Yv).A)
nl+ (Vo)A

[l mokazaTerbCTBA OOPATHOTO YTBEPKAEHUS MPEAMOTIOKIM, ITO
' (Vo)A

1, BOCIOJIB30BAaBUIUCEH Jorudeckon akcuomon ((Vv)A — A), moayqumm, aro I' = A.
U

Nugykuuen 1mo n moaydaeM Caegyioliee CJAegcTBHe, KOTOpoe OyIeM Ha3bIBaThb
ITpasuaom Ob6o6wenusn.

CaeagcrBue 3.5.18.1. Ecau vy, ... , v, — undusuduvie nepemennvie u I' = A, mo
I'E (Voq) ... (Yo,)A.
Kouneano, cipaBeiuBo 1 06paTHOE YTBEPXK IEHUE.
CaeacrBue 3.5.18.2. Ecau vy, ... , U, — undusudnvle nepemenuble u
I'E (Vo) ... (Yo,)A,
mo ' A.

Caenyiomee crepcTsue OyaeM Ha3uiBaTh IIpasusom 3ambikarnus.

CaeacrBue 3.5.18.3. Ecau ' A, mo I' =V A, 2de VA — V-zamvikanue gopmyav
A.

Kouneano, cipaBeqiuBo 1 o6paTHOE YTBEPXK IeHUE.

Caencrsue 3.5.18.4. Fcau T FVA, moT F A.
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Caenytomas Teopema OymeT HasbiBaThCsA IIpasuaom Ilodcmanosru.

Teopema 3.5.19. Ecau vy, ... , v, — undusudubie nepemenusie, ti, ... , t, — mep-
Mbl, donycmumbie das nodcmanosku 6 gopmyasy A emecmo c60000ubIT 8ToNHCIEHUT
nepemennbis vy, ... , v, u LA, mo T+ Ay, o [t -, ta)]-

Adoxaszameawvcmso. [IpoBegem magykmuio mo n. [lpun = 1 w3 I' H A

B CWIy Opeibiaymen Teopemsl moaydaem [ F (Vor)A. UTo BMecTe ¢ Jormdeckon
axcnomon ((Vvy)A — A, [t1]) zaer ' = A, [t1].

[IpegnomoxuM, ITO yTBepXK aeHNe TOKa3aHO mad n. [lokaxem ero mig n + 1.

[Mycts vy, ... , U1 — UHAWBUIHBIE IEPEMEHHBIC, Ty, ... , ;1] — T€PMBI, TOTYCTH-
MBbI€ IS TOACTAHOBKE B (popMmyIy A BMECTO CBOOOTHBIX BXOXKIEHUU MePEMEHHBIX
V1, ... , Upy1. BBIOEDEM MHAWBUIHYIO TEPEMEHHYIO Y, He BXOJAINIYI0 HU B TePMBI
ti, <oy thy1, HE B opMyay A # OTIMIHYIO OT MEPEMEHHBIX Uy, ... , Upii. lOraa
BBITIOJIHAETCA PABEHCTBO

((Av,hq [y])vl,...,vn [tla (XS] tn])y[tn—l—l] == (Avl,...,vn,vn+1 [tla (XS] tna n+ 1]

Ucnonrp3ys 5T0 paBeHCTBO, MOCIEIOBATETHHO MOJYTaeM

'+ Avn+1 [y]7 I (Avn+1[y])vl,...,vn[tla-'-atn]ﬂ
I E (A WD orwaltts s tal)yltnsn], T E Au v B s tayn 1]

O

IlycTs vy, ... , v, — DOMAPHO pa3IMYHBIE IepeMeHHbIe. VHIyKIMen mo n Jerko
YCTAHOBUTH, 9TO A1 JI060U Gopmy.asr A

F (A — (Fvi)... 3vn)A), F ((Vvr)...(Yv,)A = A).
Hcnoassysa 5TO 3aMedaHue, TMOMYIAeM CIeACTBAEC MPETBITyIeld TeOPEeME.

CaeacrBue 3.5.19.1. Fcau vy, ... , v, — undusudubie nepemenmnvie, ti, ... , t, —
mepmbl, donycmumbie das nodemanosru 8 gopmyay A emecmo c60600nbIr 8T0%HCE-
HUll NepemMentbls vy, ... , Up, MO

F (At e tn] = (For) ... (Tuy)A),
F((Yor) ... (Vo)A = Ayt ta))-

Hamomunm, uro dopmyna (A <— B) cayxur cokpamieHneM s (OPMYJIbL
(A= B)&(B — A). Tlostomy 6 cuay meopembi 3.5.7 04 ycmanosaenus, 6b1600u-
mocmu ' F (A <— B) neobzodumo u docmamouno yemanosumy, umo I' = (A — B)

ul'F(B— F).
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Teopema 3.5.20. Ecau T+ (A — B), mo
' ((3z)A — (3z)B) u
L'+ ((Vz)A — (Vz)B).
EcauT = (A +— B), mo
' ((3z)A «— (Fz)B) u
' ((Vz)A +— (V2)B).

Adoxaszameavcmeo EcmD (A — B), ro ucnoassys - (B — (3x)B),
no ITpasuay Tpanzumuswocmu norydaem I' F (A — (Jz)B), a 3uaqur, u
['((3z)A — (3z)B).
Ecmu I' = (A — B), To, ucnoassys - ((Vz)A — A), no IIpasuay Tpan3u-
muenocmu noaydaem ' - ((Vz)A — B), a suauur, u I' - ((Vr)A — (V)B).
JoKa3aTeaIsCTBO BTOPOU 9aCTH TEOPEMBI CPa3y CJAELyeT U3 MepBol ee vactu. [

Teopema 3.5.21. Jua npoussoasmnt Gopmys A u B
= (Vo) (A&B) «— ((Vz)A&(Vr)B)),
F ((3x)(AV B) «— ((3x)AV (3x)B)).
Joxaszameanncmso Tak kax
- ((A&B) - A) utF ((A&B) — B),

TO

F ((Vz)(A&B) — (Vx)A) unt ((Vz)(A&B) — (Yz)B),

a 3HAYUT,

F ((Vx)(A&B) — (Vx)A&(Vr)B).

C mpyrou cTOpOHHI,

F (Vo) A&(V2)B) — (Vx)A), F (((Vx)A&(Vz)B — (Vz)B).

Ho
(V2)A = A), ((Y2)B — B).
[TosTomy
F (Vo) (A& (V2)B) — (A&B)).
SHAYUT,
F (Vo) A&(Vz)B) — (Vx)(A&B)).
[TosTomy

- (Vo) (A&B) «— (Vo) A& (Vz)B)).
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TloKa3ATETHETBO
- (32)(AV B) +— ((3z)AV (32)B)).
IPOBEZEM [0 AHATOTHMHOM cxeme. Tak Kak
- (A= (32)A), F (E2)A— ((32)AV (32)B)),

TO

- (A= ((32)AV (32)B)).
AHaJIOFI/I"IHO yCTaHaBJH/IBaeM, 9TO
- (B = ((3x)AV (31)B)).

[TosTomy

F((AV B) = ((3z)AV (32)B)).

SHAYUT,

F ((3z)(AV B) = ((3x)AV (32)B)).

C Ipyroum CTOPOHBI, TaK KaK
(A= (AVB), F (B— (AVB),

TO

F ((3x)A = (Fz)(AVB)), + (3z)B— 3z)(AV B)),

OXTOMY

- (((3z)AV (32)B) — (3z)(AV B)).

Teopema 3.5.22. /Jas npouzsoabroti gopmyavt A
F (=(V2)A +— (z)-A), F (=(Fz)A +— (Vz)-A).

Adorxaszameadvcms o [JokazaTelbCTBO MEPBOU DKBUBAJEHTHOCTH IIOJIYUa-
eTCA U3 CIeAYIOIMNX NBYX LIeN0vYeK BBIBOAUMBIX (DOPMY.I

F(Vz)A —- A), + (-A — —(Vr)A),
F (A — (Fz)-A), F (
F (=(3z)-A — (

(Fz)-A — =(Vz)A);
dz)-A — A),
Vr)A), F (=(Vz)A — (3z)-A).

A~~~

—

BTopas 5KBUBAJIEHTHOCTD JIETKO MOJYYIAETCA U3 IMEPBOU. ]

262



§3.5.2 Teopema gexykumum

Teopema 3.5.23. Ecau nepemennas r ne exodum c60600no 6 gopmyay A, mo das
npou3soabHot gopmyavt B

= (B2)(ALB) «— (A&(3w)B)), F (V2)(AV B) «— (AV (Vz)B)),
- (Ga)(A— B) +— (A= (32)B)), F (Vo)(A — B) «— (A — (Vz)B)),
- (Fz)(B— A) «+— ((Vo)B— A)), F (V2)(B— A) «— ((32)B — A)).

Mdoxaszameanbcms o Tak kak
F ((A&B) — A), + ((A&B) — B), + (B) — (3x)B),

TO

F ((A&B) — A), F ((A&B) — (3x)B).

SHA4NT,

F ((A&B) — (A&(3x)B)),

IODTOMY

F ((3x)(A&B) — (A&(3z)B)).
[ ycTaHOBIEHNA 0OPATHOU UMILIMKAIIUA IIOCTYIAEM CIEIVIONIM 00pa3oM
F ((A&B) — (3x)(A&B).

SHAYUT,

F (B — (A— (3x)(A&B))),
F ((3x)B — (A — (Jz)(A&B))),
F ((A&(Tx)B) — (Fz)(A&B)).
[lokaxxem, ITO IpK CAEJAHHBIX [IPEII0JI0KEHIAX
- (V) (AV B) +— (AV (V2)B)).
Tak kax
F(A—(AVB)), + ((Vx)B—B), F (B—(AVBEB)),

TO

F((AV (Vz)B) — (AV B)),

3HAYUT,

- ((AV (V2)B) — (Yz)(AV B)).

OcraeTrcsa mokas3aTh, 9TO
F ((Vz)(AV B) = (AV (Vz)B)).
Tak xkax popmyra Josuxu Bwicka3wvieanut

(A1 V Ag) — (4] — Ay))
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MoNHcIeCMBEHHO UCTNUNKG, TO IO Teopeme 3.5.2

F ((AV B) = (-A — B)).
YTo BMecTe C

= ((Vz)(AV B) = (AV B))

maer

F ((Vz)(AV B) = (-A — B)).

OTkyna moryuaem

= ((Vz)(AV B)&(-A)) — B),
((Vz)(AV B)&(—A))
(V2)(AV B) = ((—A)

- (V2)(AV B) = (AV (Vz)B)).

l_
I_

[lna moxazaTerbCTBA YKBUBAJICHTHOCTEN
F ((32)(A— B) «— (A— (F2)B)), F ((Vz)(A— B) +— (A— (Vz)B))
IOCTATOYHO 3aMeTuThb, 4T0 - ((A — B) +— (=AV B)), a, 3uauur,
F((3z)(A— B) «— (Fz)(-mAVB)), F ((Vx)(A— B) +— (Vz)(-~AV B))

1 BOCHOJIB30BAThCA YK€ YCTaHOBJICHHBIMU S3KBUBAJCHTHOCTAMMN. ]

Wunyknuen mo mocTpoeHnio (popMy.T U3 TOKA3AHHBIX YTBEPXK I€HUU JETKO MOIY-
JaeTcA CAelyIoniasa TeopeMa, HOcAIaA Ha3BaHue Teopema 3Kk8uUBaLEHMHOCTU.

Teopema 3.5.24. Ecau gopmysa A* noayuaemces uz gopmyavt A 3amenot ne-
Komopuir exodxcdenuti nodgopmya By, ..., B, coomsemcmsenno na By, ..., B u

L'k (B <—Bf), ....TF (B, +—B:), moT + (A+— A*).

PacecMOTpUM BOTIPOC O NEPEUMEHOBAHUY CEA3AHHBIL Nepemennbix. Dop-
myaa A* waszweiBaerca sapuarmom Gopmyasl A, ecium oHa MOXKET OBITH MOJYYEHA
13 GopMyasl A ¢ IOMOMIBIO KOHEIHOTO YHUCIA ONEPANNN 3aMEHBI THUIA: 3AMEHUMDb
nodgopmyay suda (Qx)B na (Qy)B.ly] npu yeaosuu, wmo nepemennas y ne sxodum
ceob60dno 6 popmyay B, rae Q — 1o 3 mwm V. ToBopar takxke, aro dopmyasa A*
noayuena u3 gopmyavt A nepeumernosanuem ceA3aHHbIE NEPEMEHHBILE.

Teopewma 3.5.25. Ecau gopmyaa A* ssasemcesa eapuanmom gopmyavt A, m. e. no-
AYUEHA U3 HEE NEPEUMEHOBAHUEM CBA3AHHBIL Nepemennble, mo - A «— A*.
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Mdoxaszamedanvcme o Bcury meopembl 9K8uB8aseHMHOCMU TOCTATOU-
HO TOKa3aTh, ITO

(Qz)B «— (Qy)Bu[y].

A 5TO caegyeT u3 caegyIoMen MEeMOYKN BBIBOIUMOCTEN

= (Buly] = (3x)B), F ((By)Bily] — (32)B),
F ((Baly)ylz] = By)Bily]), F ((F2)B — (y)Ba[yl),
= ((F2)B «— (y)B:ly)),
F ((V2)B = Bu[y]), F ((Vz)B — (Vy)B.ly)),
( ]

= (YY) Belyl) = (Belyl)ylz]), F (Yy)Bily]) — (Vz)B),
= (Vo) B «— (Vy)B.[y]).

O

3.5.3. Teopema K. I'egens o moaHOTE

OcHoBHasA 1eIb BTOro maparpade — gokasaThk caepyiomyio Teopemy Ade-
KB8AMHOCTNU.

Teopema A gexkBaTHOCTH. /A aw0b0t dopmyavt A saszvika Ly u das awboeo
muoxcecmsa gopmya I’ amozo A3vika umeem mMecmo caedyouasn dK6UEAALEHMHOCTb:
dopmyaa A ssasemca aso2uneckum caedcmeuem mroxcecmsa gopmyas L mo-

2da u moavko mozda, xkoz2da Popmysa A 661800UME U3 IM0O20 MHONCECMEA HOPMYA
.

Kak cregcrsue mur noayuum Teopemy K. I'edeas o noarwome nia Ucuu-
caenus Ilpeduxamos.

Teopema K. I'egens. Jas w60t gopmyavt A asvika Ly umeem mecmo caedy-
0UWAA IKEBUBAAECHTHOCTTID!

A asasemes moxucdecmeenno ucmunnot gopmyasot JdJoeuxu Ilpeduxa-
moe mozada u moavko mozada, xo2da ona svisoduma 8 Meuucaenuu Ilpedura-
moae.

[okaszarenbcTBo Bropon dactu Teopembt Adexsammuocmu

ecau gpopmyaa A evteoduma u3 mruoxcecmsa gopmya I', mo dopmyasa A s6.a4-
EMCA AO2UUECKUM caedcmeuem 3mo2o muoxcecmsa Gopmya [

JOCTATOYHO MPOCTO MPOBECTH, HAIPUMED, urdykyuet no daune evisoda. IIpo-
BEpKa BCEX AeTaJedl OCTaBIACTCA UUTATEII0 B KAaYeCTBe HECIOXKHOIO, HO BEChbMa
[OJE3HOT'O YIPAKHEHUA.

s nokaszarenbcTBa nepsou dactu Teopembr Adexsammuocmu

ecau gopmyaa A asasemes ao2uuecKum CaAedCmMEUeM MHONCECNEa Popmya
', mo gopmyaa A ebteoduma uz smozo muoxrcecmsa opmya I’

HEOOXOAMMO MPOeJaTh ONpeIeIeHHY HOAMOTOBUTEILHYI0 paboTy.

[lokaxkeM BCIIOMOTATEIBHYIO TEOPEMY.
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Teopema 3.5.26. Ecau das muosncecmea gopmya I' v samxnymoir gopmya A u B
BBINOAHEHDL YCAOBUA

A FB u T, (nA) F (-B),

I' - A

Adoxazameavcms o Ecm
T, (~A) F B u T, (—A) F (=B),
To mo Teopeme 3.5.10 mis ao6ou popmyasl C uMeeM
T, (~A) F (=C).
[Iycrs C — 3amkHyTas Gpopmyaa, Torga B cuiy nyHkra 6) Teopemsr 3.5.14
Ir,CF A
Bzas B kauecTBe popmyasr C J106YI0 TaKYIO 3AMKHYTYIO (DOPMYIY, 9TO
rk+2¢C,

HAmpuMep, B KadecTBe Takou Gpopmyabl C MOXKHO B3ATH JTHOOYIO JOIMIECKYIO aKCHU-
OMY, SBJSIONIYIOCA 3AMKHYTOU (hOPMYJIOH, MOJIYIUM IO Teopeme 3.5.4

I' - A

O

[Tokaxewm, uro Teopema Adexsamnocmu >kBuBateHTHa caenyiomen Teo-
peme Henpomusopeuusocmu

Teopema HenpoTuBopeuuBoctu. Muoxcecmso gopmya T sazvika Lyg nenpo-
musopeuuso moz2da u moavbko mozada, K020G 0HO COBMECMHO.

Adoxaszameawvcms o. [lokaxem, uro Teopema Adersamuocmu Bieder
Teopemy Henpomusopeuusocmu.

[Ipeanonoxum, 9ro cupasegiusa Teopema Adexsamuocmu.

ITokaxxem, uTo cupapegiua Teopema Henpomusopeuusocmu.

[Iycte T — coemecmmuoe MHOKECTBO GOPMYII U (0 — HHTEPIPETAINA, B KOTOPOU
ucTuHHBI Bce popmyabt u3 T'. Eciu 661 MHOXKeECTBO (popmys T’ 6bLTO npomusope-
YUBBIM, TO s JTH000U amrnymot gopmyavt A uz T Gblia OBl BEIBOAUMA KaK CaMa,
dopmyaa A, rak u ee orpunanue (—.A). Torga o6e aru GopMmy.Ibl ObLIH OBI JOTH-
YeCKUM CIeJICTBHEM MHOXKecTBa opmya 1, a, 3Ha4duT, ¢popMmy.aa A u ee oTpuanme
(—.A) 6BLTE OBI ICTUHHBL B MHTEPIPETALNY (0, 9TO HEBO3MOXKHO. SHAYUT, MHOKECTBO
dbopmyr T nenpomueopeuuso.
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O6paTHO MpeanoIoKIM, 9TO MHOXKECTBO (popmy.a T Henpomusopeuuso. I1o-
KaxkeM, 9TO OHO cosmecmmo. B npoTuBHOM caydae 4w06aq gopmyia B Oviia 6b
ao2uueckum caedcmeuem muoxcecmea popmya 1T, a, 3uaunr, mo Teopeme
Adexsamnocmu ewvieoduma u3 MHOXKecTBa Gopmya 1. Ho »To mporusopednT
MPEINON0KEHUIO O HETPOTUBOPEUYMBOCTU MHOXKeCTBa (opmy.t 1.

[Tokaxem, auro Teopema Henpomusopeuusocmu sieier Teopemy Ade-
K8AMHOCTNU.

[Ipeanoaoxum, uTo cupaBegiuBa Teopema Henpomusopeuusocmu.

[Tokaxkem, uro cupaseriusa Teopema Adexsammocmu.

Ecan popmyaa A ebte oduma us muoxkecTBa popmya I, To undykyuei no diune
8b160Ja HETPYIHO TOKA3aTh, 9TO (popMmyaa A aBiasercs ao2uueckum caedcmeu-
em MHOXecTBa dopmy.a [

[Tycrs Gpopmyna A ABIAETCA A02UHECKUM CACICTBUEM MHOKECTBA (POPMY.I
I.

IIpednoaoxcum, umo gopmysa A nesvteoduma u3 muoxcecmsa gopmya I'. To-
raa mo Teopeme 3.5.26 muoxectso Gopmya I'U{(—A)} nenpomusopeuuso. 3ua-
quT, 1o Teopeme Henpomusopeuusocmu oHo cosmecmnuo. Ilyctb ¢ — un-
mepnpemayus, 6 Komopot ucmunnbl éce Gopmyavt uz mmoxcecnsa I' U {(=A)}.
3uaunt, popmyaa A aosxcna 6 amotl uwmepnpemayuu. Ho, mo mpeanosokeHuio,
dopmyaa A asiasercsa ao2uueckum caedcmeuem MuoxkecTsa Gopmya [ A Tak
Kak sce gopmyabt uz mmoxcecmsa I' ucmunmubt 8 uwmepnpemayuy @, TO U Gopmy-
aa A uemunna 6 amoti unwmepnpemayuuy. IloaydeHHOE TPOTHBOpEYNE 3aBepIIAeT
MTOKa3aTeJbCTBO TEOPEMEI. U

Omnpegenenune 3.5.6. Azvik L* nasvisaemcs pacwupernuem s3vika L, ecau e2o
anasum asasemcs pacuupenuem aspasuma azvika L.

Ecan a3piku L* m L — a3bIKM IepBOro MOpAIKa, TO, VIUTHIBad paHee CIeTaHHOe
ConlalieHne OTHOCUTEIBbHO NPUMEHEHUA JOI'MYIEeCKUX CHUMBOJIOB B A3BIKaX IEPBOI'O
MOPSAIKA, ICHO, 9TO 044 M020 4mobbl A3blk NEPB020 nopadka L* 6bia pacwupenuvem
A3bIKaA Nepso2o nopadka L, neobrodumo u docmamouno, 4mobvl Ka#cobil Heao2u-
weckuti cumeon u3 aqspasuma L aeaaaca cumsosom aspasuma aszvika L*.

Onpeneneuune 3.5.7. Jhoboe muosxcecmeo T dopmya npoussospno20 A3bika nep-
6020 nopadka L, zamknymoe omuocumeavno npasua évisoda Heuucaenus Ilpe-
duramos, 6ydem na3vieamb Mmeopuel nepsozo nopadka, a L — ee A3biKkoM.

Ecau I' — mpousBoibHOE MHOXKECTBO (DOPMY.JI A3BIKA MEPBOTO MOpAIKa L, TO He-
pe3 T[T'] Gyaem obo3HavaTh MHONCECME0 6CeT fopmya asvika L, svisodumbir uz T.
[Ipu srom I' Gyer Ha3BIBATHCA MHOXKECTBOM Hedo2uueckur akcuom Teopun T[]
Yreepxkaenus ” gopmyaa A evisoduma (doxazyema) 6 meopuu T[T u” gopmyaa A
svisoduma (dokazyema) uz mmosxcecmea gopmya I GymeM caIuTaTh 0603HATAIONIY-
MU OJHO U TO XKe.
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Onpegpenenne 3.5.8. Teopus nepsozo nopadka T* nasvieaemces pacuwupernuem
meopuu nepsozo nopadka T, ecau ee asvik L(T*) asasemes pacuwupenuem A3bi-
ka L(T) meopuu T u das w060t Gopmyant F azvica L(T) uz ee svisodumocmu 6
meopuu T caedyem evisodumocms 6 meopuu 1.

3amMeTumM, 4To daa mo20 umoobwvl Abas meopema meopuu 1 bviaa dokasyema 6
meopuu T, neobrodumo u docmamouno, 4mobvl 3Mo ObLA0 BEPHO 04 HEAORUYECKUT
axcuom meopuu T'.

Omnpegeneune 3.5.9. Pacwupenue T* meopuu T Hasvisaemcsa wkoncepsamue-
HbIM pacuwuperuem, eciu das 41060t Gopmyavt F asvica L(T) uz ee svisodumo-
cmu 8 meopuu T caedyem svisodumocmov 6 ucrodnot meopuu T.

Takum obpaszom, meopus T* A6A4eMCA KOHCEPBAMUBHBIM PACULUPEHUECM TNE-
opuu T mozada u moavko moeda, Koeda 0as UL A3BIKOB BbINOAHEHO BKANUEHUE
L(T) C L(T*) uw das a6t gopmyavt F azvica L(T) umeem mecmo sksusasienm-
HOCMD:

Fr ' <— bt F.

[Mycrs asvie L(TT) meopuu TT noayuaemes uz azvika L meopuu T dobasienuem
HOBYIT UNOUBUINBIL KOHCTANM, 0€3 UBMEHEHUS MHOHCECTNEA HEAORUUECKUT GKCUOM.
3aMeTnM, MHOKECTBO JOTMIeCKUX akcuoM Teopun 11 aBasercs pacmmperneMm
MHOXKECTBA JTOTMIECKAX aKCHOM Teopun 1.
[okaxem, 910 meopus TF A644€MCA KOHCEPBAMUBHBLM DACULUPEHUEM MEOPUL
T. 970 GymeT crIefoBaTh U3 CIeIyIomen 601ee CUILHON TeOPEMBI, HOCAIIEH HA3BAHME
Teopema 0 KOHCTAHMAZT.

Teopema 3.5.27. Ecau A — npouszsoavnas gopmyaa meopuu T, vy, ..., v, — nonap-
HO PA3AUYHBLE UHOUBUIHBIE NEPEMEHHDIE, A C1, ..., Cp — NONAPHO PA3AUUHDLE HOBDIE
Koncmanmot meopuu T, mo umeem mecmo IK6UBAAEHMHOCTID

I_T A e I_T-F Avl,...,vn [Cla ) Cn]'

Adoxaszameavcmso Ecmbr A tobr+ A Torma no IIpasuay noo-
cmanosru Frv Ay o [c1, .. 0l

[Iycte Teneps Fr+ Ay, o lC1y €] B By, ooy By = Ay, . lC1, ..., €] — BHBOR
dopmyast Ay, . [c1, ..., cy] B Teopun T

[IycTh ¢y, ... , ¢ — 6CE HOBBLE KOHcmanmbl Teopun T, BCTpedaomumecs B 5TOM
BLIBOJIE.

Boibepem m nepemennbi Yi, ... , Ym, He sCmpeuarowurca 6 Gopmyasazr By, ...,
By..

Mg mpom3BoIbHON GhopMyasl B o6o3HaunM depes B* dopmyry

Bcl,...,cm [yla LR} ym] :

*7

HeHOCpeﬂCTBeHHaﬂ IIpOBEpPKa IIOKa3bIBaeT, ITO BT, . Bk ebie0od (I)OpMy.IIBI
(Avl,...,vn [Cla teey Cn])cl,...,cn [yla ERES) yn] == Avl,...,vn [yla ERES) yn]
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B Teopun 1.
[lo ITpasuay nodcmanosru B Teopun 1 BeIBOAUMA (POPMY.IA

(Avl,...,vn [yla ERES) yn])yl,...,yn ['Ula teey Un] - -’4
]

[Tokaxkem, KaK MOXKHO KCIOIH30BATh TEOPEMY MAEAYKIIAKA B COUETAHUUN C TeOpe-
MOH O KOHCTAHTAaX.

[Iycts T — mwekoropas Teopus a3vika L(T), a A u B — GOpMyIsl 5TOr0 A3BIKA,
BCe CBOOOIHBIE MEPEMEHHBIE KOTOPBIX COMEPKATCA B CIUCKE Uy, ..., Uy. [obaBum K
andasury s3pika L(T) HOBble KOHCTAHTHBIE CUMBOJBIL Cq, ..., Cp, HOIYIUM TEOPUIO
T+ sapika L(TT). Torga no Teopeme o koncmawmazx

F(A—=B) <= b+ (Au . onlCly €] = Boy v lC1y s Cal),

a nocaegree o Teopeme [edykyuu paBHOCHIEHO

.....

Y10 HEpeIKO YyCTAHOBUTHL OGBIBAET IMPOIIIE.

Omnpegenenue 3.5.10. Teopuu T* u T wnasvigaromcs 3K68UBAAEHMHBIMU, ECAU
KancOas U3 HUL ABAAECMCA PACUWUPEHUEM OPY201i.

fAcwo, aro das sxsusasenmuocmu meoputi T* u T neobrodumo u docmamouno,
umobvi uz azviku cosnadaau L(T) = L(T*) u das w060t gopmyavt F' 6 azvike smuz
meoputl umeena Obl MECTO IKBUBAAEHMHOCITID:

Fr FF' <— Fp F.

Teopema peagykmuu. /as a06020 muoxcecmsa gopmya I u w060t dopmyavt F 6
a3vike meopuu T umeem mMecmo 3K6UBAAEHMHOCTND:

Frrp o= eI cywecmeyiom makue pazauunvie gopmyavt
Fi,...,F,, umo Fp VFy = (VEFy — (... —» (VE, = F)...)),

ede VF; — V-zamvikanue gopmyavt VE;.

Hdoxaszameavcmeo Ecmbpry F, To nycts D — BuBog dopmyasr F' B
reopuu T[], a F, Fy, ..., F,, — Bce pasaunansie popmyast u3 [, Bxogamue B8 D. Toraa
Frim,.m F- Tak xak mpu ao6om i (1 <@ < n) Fewe . vr, VFi, 10 Frye,,. vr,) F.
Tak xak kax gas popmyaa VE; samkayTas, 7o no cregcreuio Teopemor Jedyxyuu
MOy daeM, ITO

Fr (VF, — (VB — (.. — (YE, — F)...)).

[Tpexmonoxum, aro B I' HamayTesa Takue pasandabie popmyast Fi, ..., F,, aTo
Fr (VF — (VEy — (... — (VE, = F)...)).

Tax kak mpu 06oM i (i = 1,...,n) Fppp F;, To mo Teopeme 3aMbIKaHUA
Frey VE. U3 Fp (VFy — (VF, — (... = (VF, — F)...))) npumenas n pas
NpaBUIoO OTJAedeHNA, morydaeM oy F. U
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Onpeneneuune 3.5.11. Munoocecmso popmya I' azvika Lyg Hewucaenus Ilpe-
JuKamos na3viBaemcs NOAHBIM, €CAU OHO HENPOMUBOPEUUBO U 045 A1000T 3a-
mrHymot dopmyavt A saszvika Ly

A aubo T F (-A).

Teopema 3.5.28. Jas a06020 nenpomusopeuuso2o muoxcecmsa gopmya I A3bi-
xa Lyg Ucuucaenus IIpeduxamos cyuecmsyem makoe noaroe mHo*CECME0
Popmya I'* amoeo asvika Ly, umo

rcr.

Adowxazameavcms o [laguv aBa BapmaHTa JOKa3aTelbCTBa. B mepBoM Ba-
pHAHTEe I0KA3aTeabCTBa OyJIeM CINTATh, ITO CUTHATYpa T cuemuad. Torma cuaer-
HeIMHU OyayT u aapaBuT A3bika L, Hcuucaenus IIpedurxamos, u MHOKECTBO
BCeX 3aMKHYTHIX (popmyt Meuucaenus IIpeduramos >Tou CUTHATYPHL.

[IycTs mocaeqoBaTedbHOCTD ( @y )pen TAET NEpecuem 6Cexr 3amEuymbis Gopmya
CULHAMYPDL T.

Omnpenenum nocaegoBaTedbHOCTb (I'y) ey MHOKECTB (HOPMY.I.

[Toraraem

Iy =1T.

Ecan muoxectso I'), yxke onpeneneHo, TO moaaraeMm

r . r,u{®,}, em T,F 9,
AN, U{(=9,)), ecmn T, i @,

WNugykmuen mo n IOKaxKeM, YTO KayKJI0e M3 MHOXKeCTB ¢opmya [, sBiagercs
HENPOMUBOP CUUBHLM.

Tak xkax I'y = I', To MHOXecTBO opmy. ['| ABIgI€TCA HEMPOTUBOPEIUBBIM IO
VCJIOBUIO TEOPEMBIL.

[Ipeanonoxum, 9TO yX)e mOKazaHa HEMTPOTUBOPEIMBOCTH MHOXKECTBA (DOPMY.I
[',. [okaxemM HETPOTUBOPEIUBOCTH MHOXKECTBA (popmy.t [, 1.

Ecm Ty, = &, o1 =T, U{®,}.

Ecaun 661 MHOXeCTBO (popMmya [, OKa3aloCh MPOTUBOPEYUUBLIM, I JIOOOU
dopmyasr A mer uvean 6er [y H Ay 1oe. T, U{®,} - A Ho T, F &,, no-
sroMy 1o Teopeme 3.5.4 noaydaem [, F A, 9T0 NpOTUBOPEYUT TPEATOIOKEHHAIO O
HEIIPOTUBOPEINBOCTH MHOXKecTBa dpopmya [,.

Ecim Ty, / @, o Ty =T, U {(—=D,)}.

Eciu 681 MmuOXKECTBO (popmys [, 0Ka3aI0Ch TPOTUBOPEIUBBIM, TO IS JOOOU
samkayTON popmyast A mbt uvenun 661 'y 1 Au g F (2A), 7oe. TU{(=®,)} F A
ul, U{(=®,)}F (—A). Orcroga mo reopeme 3.5.26 noxyuaem I'y, = ®,,. Ho mocaen-
Hee IIPOTUBOPEINUT Mpeanoaoxennio ', 7 ®,. 3HaUuT, 1 B 5TOM CIydIae MHOKECTBO
dopmyr [', ;1 ABIAETCA HETPOTUBOPEIUBBIM.
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63.5.3 Teopema K. I'egens o moraOTE

Tem caMbIM HOKa3aHO, ITO npu A0b60M N MmHo*cecmeo dopmya Iy asasemces
HENPOMUBOPEUUBHIM.
[Toraraem

= QFn.

[Tokaxem, aTo I'* — noanoe mmoacecmeo gopmya n
rcr-.
[locreguee odeBUIHO, TaK KaK
r=r, Cr-.

Ecmu 661 MEOXeECTBO (popMy.T [ 6BLIO TPOTUBOPEYMBO, TO HAILIOCH OB KOHEU-
Hoe npomueopeuusoe MHOXKecTBO dopmya T C ',
Tak xax
1—‘1 g F2 g g Pn g 1—‘n—l—l g ey

TO HaWAeTCsA Takoe 9ucio n, aro I’ C I',,. Ho 5To mpoTuBOpednT yxKe yCTaHOBICHHON
HEIIPOTUBOPEIUBOCTH MHOXKeCTBa, (popmy.r [,.

SuaquT, [ — nenpomusopeuusoe MHOXKECTBO (POPMY.I.

[Tycrs A — npouzsoavnas zamxnymasn gopmyaa. Torga HamgeTcsas Takoe GUCIO
n, aro A = ®,.

Ecm I, F ®,, To '™ + &, a sgauur, I'* - A.

Ecin xe '), t/ ®,, 10 (=®,,) € T, 41, mooromy ',y F (=®,,), svavur, ['* F (=d,),
T.e. ['" F (=A).

Urak, gokasano, aro ['* — noanoe muox)ecTBOo popmyn sa3bika L, Takoe, 9TO
| G

B ciy4ae npou3BOJBLHON CUMHATYPHI T BO3MOXKHO aHAJOIMYIHOE [0KA3ATEALCTBO,
OOHAKO IIpu 3TOM BMECTO AOCTATOYTHO HpOCTOI;)I NUHAYKIAA 110 N HeO6XOﬂHMO uc-
MOJIB30BATE MpancPurnumuyio undykxyuto. Mbl He OyJleM paccMaTpuUBaThL DTOT Ba-
PHAHT JOKa3aTeIbCTBA, a MPUBEIEM NOKA3aTEILCTBO C HCIOAb30BaHUEM JIemmbi
Tetlixmioanepa — Toroxu.

HamomuuM, 9TO ceMencTBO MOAMHOXKECTB X MHOXKecTBa F mMeeT KOHeuHbll
rapaxmep, ecin 111 KaxkJI0ro IoIMHOKecTBa A MHOXecTBa F mMeeT MecTO DKBU-
BAJEHTHOCTD:

A npunadaencum X moeda u moavko moeada, kKo2da Kaxcdoe KoHeunoe noommo-
acecmeo mmodxcecmsa A npunadaexcum X.

B mepBon riase OBLIO MOKA3aHO, 9TO CJAEAYIOIIEE YTBEPKICHNE DKBUBAJICHTHO
Axcuome sbibopa.

Jdemma Tetizmwoasepa — Tovroru. Kaxcdoe cemeticmeo nodmmoxrcecms X
muoxcecmsa E, umernwee xoneunviti apaxmep, obaadaem maKCUMAALHBIM da€-
MEHMOM.
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Paccmorpum caenyiomiee ceMencTBO MOAMHOXKECTB X MHOXKeCTBa F, Bcex (op-
MY A3bIKa L,
TeX < T UTI' — venpoTuBOpeIunBO.

U3 ompenerenus cemMencTBa MOAMHOXKECTB X Cpasy CJIeIyeT, 9TO OHO UMEeT KO-
neunviti xapaxmep. Illo Jemme Tetizxmioanepa — TvioKu B ceMEUCTBE MOIMHO-
KecTB X HMeeTcd MAaKCUMGAbHBLYL daemenm 17*. [loxkaxeMm, ITO MHOXECTBO
I =T UT* asasemeca noanbim.

U3 onpenenenus cemencTBa MOAMHOXKECTB X Cpa3y caeqyer, 9TO MHOXKeCTBO [
ABIAETCA HENPOMUEODPEUUBHIM.

[okaxem noanomy MHOXKecTBa [,

[Iycts A — npou3BOIbHAS 3aAMKENYMA[ HOPMYAQ.

Ecaun muoxecrso ['*U{(—.A4)} npomusopenuso, To no reopeme 3.5.26 I'* - A.

Ecan xe muoxectso [*U{(-A)}, T. e. maOX)ecTBO [UT* U{(—.A)}, HEMIPOTHBO-
peInBo, TO B CIIy MakcuMaabHOoCTH 1% moayuaem (—A) € T*. Bmaqur, I'* - (=A).

Urak, ['* — noanoe pacwupernue HEIPOTUBOPEIUBOTO MHOXKECTBA (POPMY.T
r. O

Ha mepBeIn B3raAg KaxkeTcsA, YTO BTOPOUM BAPUAHT JOKA3aTeILCTBA ~ mpoire”
ePBOro, OAHAKO DTO OOMAHYMBOE BIIeYAT/ICHNE — BO BTOPOM BapHWaHTE BCA UIEH-
Hasg TPYAHOCTH NOKA3aTEeIbCTBA MEPEHECEHA B NOKA3aTEIbCTBO DKBUBAJIEHTHOCTH
Jdemmor Tetixmioasepa — Toroxku Axcuome Bwuibopa.

Kpowme cBoucrBa noaromst Teopun Iia nokasarensbcTBa Teopembvr Henpo-
mueopeuusocmuy HaM MOHATOOWTCSA eme OMHO CBOMCTBO MHOXKECTB (GOpMyT X
SA3BIKA, TEePBOTO TopsAaKa L, curHatypsl 7 — ceoticmeo I'enkuna.

Onpegenenne 3.5.12. Muoxcecmso gopmyas X a3vika nepsoeo nopadka L, cuena-
mypvl T obaadaem ceoticmeom Ienrkuna, ecau das 4060t Gopmyavt F' ¢ odnot
c60600n01 nepemennoti v uz mozo, umo L = (Jv)F, caedyem, umo watidemca ma-
Kot 3amknymuili mepm t, umo X = F,[t].

Teopema 3.5.29. Jasn ao6020 nenpomusopeuuso2o muoxcecmsa gopmya I A3bi-
ka L, cueHamypbl T MONCHO NOCMPOUMb HENPOMUBOPEUUBOE MHONCECTNEO HOPMYL
't sasvika L.+ cuenamypor 75 maxoe, wmo I' C 'Y, cuenamypa 7 noayuaemca
u3 cuHamypvl T 000ABAECHUEM HOBBIL UHOUBUIHBIT KOHCTAHM U 045 MHONCECTEA
Gopmya Tt svinoaneno ceoticmeo I'enkuna.

Adoxaszameawvcms o. [lokazaTersCTBO NMPOBEIEM JHUIIL B CAyIae CIETHOU
curHaTypbl. OOmuN caydam pacCMaTPUBAECTCA MO AHAJOTHIHOU CXEMe.
PaceMoTpuM cursaTypy 7, IMOMYYeHHYIO U3 CATHATYPHL 7 JOOABICHHEM CYeT-
HOTO MHOXeCTBa {C1,Ca,...,Cnm, ...} HOBWIT UHOUBUIHBIL KOHCMANM.
Henpomusopeuusoe MHOXKecTBO dopmy.a [ s3bika L, cUrHATYPBI T MBI pac-
CMaTpUBACM KaK MHOXKECTBO (hOPMY.I A3LIKA L, + pacmmpenHon curaaTypsl 7. [To-
KaxkeM, ITO MHOXKecTBO ¢opmya [ nenpomuesopeuuso n 8 Ucuucaenuu Ilpe-

duxamoe HWII .+ pacmmpenoO CUTHATYPBL T .
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63.5.3 Teopema K. I'egens o moraOTE

[Tpexmomoxum, ¥T0 MHOXKECTBO opmy.a [' npomuesopeuuso B Ucuucaenuu
ITpedurxamoe HII .+ pacmmmpeHHOR CUTHATYPEL 7.

Torga us muOX)ecTBa dopmya I' B Mcuucaenuu IIpedurxamos HII .+ pac-
MIMPEHHOM CUMHATYPEL 71 BBIBOAMMA JH00aA (POPMY.IA.

[Tyctes A — npousBoibHAA 3aMKHYMAA Gopmyaa A36IKa L, MCXOAHOW CUTHATY-
pot T u By, ..., B, — 61600 u3 mnoacecmea gopmya U Gopuyavt (A&-A) 6
Hcuucaenuu IIpeduxamoes HII.+ pacwupennoti cuenamypvl 7.

[IpemoIoKmM, IT0 BCe Ho8ble UHIUBUIHbLE KOHCMAHMbL, BCTPEIAOIneca B pop-

My.J1ax BeIBOAa By, ..., B,, cogepxkarTcsa B CIHUCKE Cq, C3, ..., Cm, & BCE MEpEMEHHBIE,
BeTpedaomuecs B ¢popmyaax BoiBoxa By, ..., B,, cogepxarcsa B CIUCKE T, Ta, ...,
Tp.

M1 mpousBoabHOU (HOPMYAsl B a3bika L,+ PaCIIMPEHHON CUTHATYPHL 71 060-
3HAIUM depe3 BT hopmyny Be, co...cnTpi1s Tpi2s s Tpiml-

HeTpyIHO MPOBEpUTL, ITO MOCIEIOBATEIBHOCTE hopmya By, ..., B — evieod
u3 mroxcecmsa gopmya I' popmyasr (A&—A) B Hecuucaenuu IIpeduramos
HII . ncxopuou curaHatypel 7. OMHAKO DTO NPOMUBOPEUUM NPeEONnOAOHCEHUIO O He-
npomusopeuusocmu muoxcecmsa gopmya I' 8 azvike L, ucrodnoti cuenamypsl T.

3HaunT, MHOXKeCTBO hopMmya I nenpomusopeuuso B Ucuucaenuu IIpedu-
xamoe HII .+ paclmmpeHHOU CUTHATYPHL T .

Tak kak curmarypa 7 M0 MPEINONOKEHUIO CuemMas, TO CIeTHBIMU OyIyT CHUT-
marypa 71, anpasur a3bika L.+ Hcuucaenus IIpeduramoes >Toil cUTHATYPHI
1 MHOXeCTBO F,+ Bcex popmynr Hcuucaenus IIpeduramos >Tou pacuimpeHHon
CUMHATYPEL 7.

Sanymepyem (Fp)nen 6ce gopmyavt azvika Lo+, codepacauwue 6 mounocmu 00ny
c680000ny10 nepemennyio. s kaxncdot gopmyavt F,, uepes v, 6ydem obosnauams ee
eounCmMBennYI0 c80000HYI0 NEPEMENHYIO.

Mnoykyuet no n nocmpoum nocaedosameavnocms dy, do, ..., dy, ... U3 HOBBIT
KOHCanm {c1,Ca, ..., Cn, ...} U HeEnpomusopewusvie mnoxcecmsa gGopmya Ly,.

ITomaraem ['y =T.

[TycTs di — 10 JM106a8 HOBaA KOHCMANMa C;, He 8rodsuasn 6 dopmyay F. Tlo-
Jaraem Fl =Tu {((E{'UI)Fl — (Fl)vl [dl])}

[IpeamoIoKuM, 9TO yKe MOCTPOEHBI HAYAJILHBIL OTPe30K di, ds, ..., d, mocie-
JTOBATEIHLHOCTH M3 HOBBIX KOHCTAHT M MHOXkKecTBa dopmy.a [, mpudem

Ly =Toa U{((Bon) F = (Fn)w,[dal)}-

[IycTs d,, 1 — 5TO 1100as HOBasA KOHCTAHTA C;, OMAUUHAS OM, YAHce ONPeDeseHHbly
Kowcmanum dy, da, ..., d, u ne erodawasn 6 gopmyavt Fy, Fy, ..., F, u F}, ;.
[Toraraem

Lot = o U{((Qonsa) Fasr = (Fost) v [dnr]) }-

PIH(?g%uued no n doxaxcem HENPOMUBOPEHUBOCTNL MHONCECTNE gﬁOp.MyJL Pn
HpI/I n=>0 HEIIPpOTUBOPEINBOCTDh MHOXKECTBA (I)OpMy.II Fg caenyeT U3 paBEHCTBa
FO - F
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[Tpennonoxum, yxe ycTaHOBICHA HEIIPOTUBOPEUYMBOCTH MHOXKeCTBa hopmya [,.
[lokaxkemM HETPOTUBOPEIMBOCTb MHOXKecTBa (popmya [, 1.

[IpeamonoxumM TPOTUBHOE, T. €. YTO MHOXKeCTBO dopMmya [', 11 mIpoTuBOpeydnBo.
Torga m3 Hero BeIBoAMMA Ji06as (gopmynaa. Ilyers A — dokazyeman zamrxmymasn
(dopmy.ta, HaTpuUMep, Jorudeckas akcuoma. Torga w3 '), BEIBOIMMA, B YaCTHOCTH,
dopmyaa (—A). ITo Teopeme Jedyryuu us '), BeiBoauMa Gopmyaa

((Fvnp1) P — (Fn+1)vn+1 [dny1]) = (5A)),

a 3HA4YUT, U PopMy.Ia

(A) = (~(Cvnp) Fasr = (Fagt)vngs [dnii]))-

B cuny moxasyemocTu gpopmyast A morydaem BHIBOAUMOCTE u3 [, GOpMyIbI

(=((Fvng1) s — (Fn+1)vn+1 [dy1]))-

Tox necrBenno ucruanas popmyaa Jlo2uku Buicka3vieanu
(_l(A1 — Ag) — (Al&_‘AQ))

B cuay Teopembl 3.5.2 Baeder s 100X popmya B u C Ucuucaenus Ilpedura-
1M 06 BBIBOIUMOCTH B HEM (POPMYJIBI

(=(B—=C) = (B&(—C))).
Suadur, u3 ', ebteoduma popmy.ia

((Elvn+1)Fn+1&(_‘(Fn+1)vn+1 [dy1]))-

[Tosromy u3 '), 8bt80duma kaxmas w3 Gpopmya

(Fupg1)Fogr @ (_‘(Fn+1)vn+1[dn+1]))-

Hycts By, Bo, ..., By — 6bt800d u3 I';, dopmyasr (—(Fi1)v,, ., [dni1])) 1 nepe-
MEHHAA Y HE 8CMPEUGEMCS 8 IMOM 8bl60Je.

s npouzsoavroti Gopmyavt B ob6o3navum wepes B* Gopmyay By, ., [y].

Herpyzano nposeputs, uto By, Bs, ..., B}, — ebteod u3 ', bopmyrsr

(_'(Fn+1)vn+1 [y]))

B cuny IIpasuaa O606wenus Torga us [', BeIBoguMa GopMmy.Ia

(V) (= (Fnt1)vn i [9]))-

C apyrou CTOpPOHBI, JOKA3YeMBI (pOPMY.IbI

(V) (2 (Fnt1)u, 2 [9]) = (G(Fai v [on4a])),
((Frt1)on s [onsa] = 2(V9) (2 (Fni1) v [9])),
(Bvn1) (Fnt1) v 1] = (V) (5 (Fagi)onia [8]),
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63.5.3 Teopema K. I'egens o moraOTE

T. e. popmyaa
(Fons1) Fnr = =(Vy) (= (Fns1)v,ia [9])-

Ho u3 T, BuBoguma dopmynaa ((Fu,y1)Fni1, mosromy us I'), BeIBOgEMA (BOpPMY-
1a (VYY) (~(Fri1)v,,. [y])- Hocrenmee Bmecte ¢ BBIBOAMMOCTBIO u3 '), opMmyIsn
(YY) (—~(Frt1)v,..[y])) 03HTAET NPpOMUBOPEuUB0cmb MEOKecTBA hopmy. [, Tro
IPOTUBOPEINT WHAYKTUBHOMY MPEAIOJOKEHHUIO.

MOXKHO GBLTO GBI IPOBECTU PACCYKACHUE U MO HECKOJIBKO MHOU CXeMe.

[Iycts A — dokazyeman 3amknyman GopMyIa, He COLEPIKAIIAL HOBBIX KOHCTAHT.

U3 BerBomuMmocTu u3 [', popmy. e

(Qvns1) Fnyr = (Fas v, [dnia]) = (5A)),
no Teopeme o KoHcmanmazr cieayeT BHIBOIUMOCTE u3 [, ¢popmynbr
((Qvns1) Fnsr = Fopa) = (2 A)).
Torma o IIpasuay Beedenus 3 moaydaem BBIBOIUMOCTE (DOPMY.IBL

((Fvns)((Fvps1) Fagr = Fpr) = (2 A)).

Takx kax BBIBOIUMBI (DOPMY.TBI

(Fonp) Forr = (Foa)Fagt) = () (Boa) Fapn = Fopn)) @
((Elvn—l—l)Fn—l—l — (Elvn—l—l)Fn—l—l)a

o w3 I',, 8bt80duma dpopmyaa (—.A). ITo BMecTe ¢ BHIBOAUMOCTHIO U3 [y, (hOPMY.IbL
A npomusopeuum npednosorcenuo 0 HenpomuUBoPeUUBOCMU MHONCECTEA HOPMYA
L.

[Toraraem
(o0}
+ —_
It = Urn.
n=1

[Tokaxkem, aTo I'" — nenpomusopeuusoe mmoxcecmeo gopmya, ob6aada-
owee ceoticmeom I'enkuna u

r crt.

[Tocrenuee odeBuano. /I19 MOKa3aTelbCTBa HENPOMUBOPEUUBOCNU MHOKECTBA
dopmyr ' pacemMoTpuM Ipou3BoIbLHOE ero KOHedHoe IMoAMHOX)ecTBO 1. Tak kak
npu aiobom k [y C ['pyq, To maugerca takoe n, yro T C I',. Tak kak Beme
yXKe J0KaszaHo, 9To '), nenpomusopeuuso, To I' nenpomusopeuuso, mo>ToMy
nenpomusopeuuso u I'".

MokaxkeM, 9T0 mHoHcecmeo gopmyas I't ob6aadaem ceoticmseom Ienxu-
Ha.

[TycTs F' — npousBoabHas (popmy.ia ¢ 01HOU CBOOOMHOU TepeMenton v. Haugercs
Takoe n, 1ro F' —»to F,,, a v — 10 v,. Torga

(Fun)F — F,[d]) €T, CTF
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(3)F — F,[d,]) € T, C .
Ecan T+ F (30)F, to TF F F,[d,]. 0

[Tocsie mpogeraHHON MOATOTOBKKM MBI MOXeM noKasaTh Teopemy Adexeam-
HOCTMU, KOTOpasd, KaK d>TO OBLIO MOKA3aHO BHIIe, dKBuUBadeHTHa Teopeme He-
npomusopevusocmu. Hamomuaum GpopMyIMpOBKY MOCIETHEN.

Teopema 3.5.30. Mnoowcecmso dopmya I azvika L, ssasemcs coemecmubim,
mo20a u Moabko mo20a, Ko2da 0HO ABAAEMCA HENPOTNUBOPEUUBLIM.

doxaszameavpcms o. Beime yxe orMedanoch, YTO eCIU MHOXeCTBO (op-
mya ' aswika L, ABIAETCA COBMECMHBIM, TO, OYEBUIHO, OHO ABJIAETCI HENPO-
MUBOPEUUBHBIM.

O6paTHO, TPEIIOIOKIM, ITO MHOXKECTBO || Henpomusopeuuso.

[lokaxeM, ITO TOTIa OHO COBMECIMHO.

[TpuMeHUB aBE MPeabIAYIINE TEOPEMBI, MBI TOLYIUM N0AHOE, 004a0a10Uee C8OT-
cmeom lenwuna muaoxectso popmya ' = (I'F)* as3eka mepsoro mopsagka L.+ curna-
TYpHL 7, MOIY9IeHHON U3 CUCHATYPHL T J06ABICHEEM HOBBIX HHIUBIIHLIX KOHCTAHT
taxoe, aro I' C I'. To, aro MuOKecTBO opmyr I = (I'H)* aprserca noanbim, ote-
BITHO.

3aMeTuM, 9TO MpH mepexoie 0T MHOkecTBa ¢popmya ['t kK MHOXKecTBY Qopmy.T
(T'")* curmarypa 7+ He MeHsercs.

Nokaxem, 910 mHoxcecmeo gopmya (I'M)* o6aadaem ceoticmeom Ien-
KUHQ.

[IycTs F' — mpou3sBoIbHAA (POPMYJIA ¢ OTHOU CBOOOTHON MEPEeMEHHOU ¥ CUTHATY-
peI T,

Haupgercsa rakoe n, aro F' —»s1o F,, a v — oto v,. Torga

((3ua)F — F,,[dy]) € T, CTF C (T,

SHAYNT,

(F)F — F,[d,]) € (T)*.
Ecan (I)* + (J0)F, o (TF)* F F[d,].

[Tokaxem, 9TO MHOXKeCTBO gopmy.t ' asigerca coemecmubim. OTCOna, KO-
HEYIHO, cpa3y OyJeT CIeJ0BATh COBMECTHOCThL U MHOXKecTBa ¢opMmy. L.

[TocTpoum mETepHpeTamuio ¢ Takyo, 9rto p(I') = .

[lns A3BIKA HepBOro MOpALKa L.+ CUDHATYPEL 71, HCIOIB3YSA Noanoe, obaada-
owee ceoticmeom Ienwrkuna MurOKecTBO GOpMY.T [, MOCTPOUM €CMeEcmeeH-
ny1o cmpyrkmypy A,+ — arreOpandeckyio CUCTeMy CUTHATYPHL T, OCHOBHbIM
MHOHCECTIEOM A KOTOPOU OyAeT MHONCeCmE0 T+ BCEX 3AMKHYIMbIT MEPMOS
A3bIKA, L +.

[IocTpouM ecmecmeennylo unmepnpemayuo ¢ a3uka L+ B aare6Gpande-

ckon cucteme A +.
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63.5.3 Teopema K. I'egens o moraOTE

Kaxx 101 MHINBIIHON KOHCTAHTE ¢ CATHATYPBI T

OCHOBHOI'O MHOXK€CTBa A ecTeCTBEHHOU CTPYKTYPHL A, +.

Kax 10My n-MeCTHOMY (PYHKIHOHAILHOMY CUMBOLY [ CUTHATYDPHI 71 COMOCTA-
BUM N-MECTHYIO aIreGpamdecKyio omepanuio f*4++ Ha 0CHOBHOM MHOXKecTBe A ecTe-
CTBEHHOU CTPYKTYPHI A, +, moJaras s TPOU3BOJbHBIX DJIEMEHTOB ti, ... , t, MHO-
xkectBa A, T. e. TepMoB sa3biKa, L+,

COIMOCTaBUM TEpM C — 3JIeMEHT

fAH(t, . otn) = [t .. 1),

Kax10My n-MeCTHOMY NPeIMKATHOMY CHMBOJIY P CATHATYPBI 7' COMOCTABUM
N-MECTHBIH TMPeIuKaT pir+ Ha OCHOBHOM MHOXKeCTBE A eCTeCTBEHHON CTPYKTYPHI
A+, mosaras 1is TpOU3BOJBHBIX DJIEMEHTOB 1y, ... , T, MHOXecTBa A, T. e. 3AMKHY-
TBIX TePMOB A3BIKA L+,

pAt(t, .. ty) = W <= TEp(ty,... t).

Jlas Kaxxaoro mEAUBALA ¢ € A, T. . 3AMKHYTOr'0 TepMa ¢ CATHATYPEL T, €ro
umenem Gyger ou cam t. Torma curmarypa 71 (A), mOIydIeHHAS U3 CUTHATYPHL T
ﬂO6aBﬂeHHeM K MHOXECTBY C MHINBUAHBIX KOHCTAHT CUTHATYPbI T+ MHOXKECTBaA A
BCEX UMEH unOusudos u3 A, GygeT coBHagaTh ¢ UCXOAHOM CHTHATYPOUM T, a ABBIK
L:+(a) — € HCXOMHBIM A3BIKOM Lir+.

M1 Kaxk10ro 3aMKHYTOro TepMma t a3blka L+ OOBIYHBIM 00pa3oM WHIYKIIIEN
0 moCTpoeHuo TepMa t onpegenseM uuausug A(t) uz A, koropsit 6ydem coom-
gemcmeosams mepmy t WIN ABIATLCA 3HaUeHUem mepma t B MHTEPIPETAIH.

HeTpyIHO MOHATL, 9TO B paccMaTpuBaeMoM caydae A(t) —5To ¢, HO 5TO pa3HbIe
t — mepBoe t — »T0O TepM ¢ A3bIKa L,+, a BTOpoe t — BTO DIEMEHT { OCHOBHOT'O
MHOX)ecTBa A ecrecTBeHHOU CTPYKTYphl A, + A3bika L +.

OOGBIYHBIM CIIOCOOOM Il KAXKIOU 3aMKHYTOU (T. €. He copepkKaImien CBOGOTHBIX
nepeMeHHEIX) GopMyasl @ A3bIKa L +(4) OOpPEIeIIeM ee UCMUHHOCIHOE ZHAUEHIUE
©(P) B cucreme A,+ uaaykuuen no nmocrpoenuto Gopmyast ¢ (r. e. conocrasum P
suavenve W win JI).

YemoBumces mucaTh:

Y

A+ E @, ecmmp(®)=U
JIL

A+ = @, ecan p(P)

(i) Ecin ® — aTtomuasn popmyaa suga p(tq, ..., t,), Tae p — n-MECTHBIN TPeInKaT-
HBI CUMBOJ CATHATYDPHL T, & tq, ..., t, — BAMKHYTBIE T€pPMbI curHATYPBL 71 (A), TO
moJaraem

AT+ ): ® < pA"+ (A7—+(t1), sey AT*(tn) = I/Ia

Av E® <= Thopt,... t).
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(ii) Teneps, ecim ® u ¥ — 3aMKHYTBIE (HOPMYJIBI, TO HOJATAEM

A+ E (-®) — A+ £ O,
A+ E(PVY) <— A+ EP wm A+ E U,
Av E(P&VT) <—= A+ EP u A+ E U,
A+ FE (P —=T) <—= A+FDP u A+ U

(iii) Eciu & — popmy.ia, He comepKaIas cBOOO THBIX TEPEMEHHBIX, OTJIMIHBIX OT
2, TO TOJAraeM

A+ E (F)? —

A+ E ®.[t] ana mmenw ¢ mekoToporo maamsuga t uz A, T. e. Tepmat,

AT+ ): (V:E)q) R

A+ E ®.[t] s mmenw ¢ moboro nagusnga t uz A, T. e. Tepmat.

Hamowmumy, a0 [ — noAHO€e MHOKeCTBO (POPMY.I, TODTOMY A JTOO0U 3aMKHY-
Tou popmyast P
'E® wm T F (=P),

HO HE TO U APYroe OJHOBPEMEHHO, B YACTHOCTHU, STO BEPHO M IIA IPOU3BOJLHON
aToMuOU Gopmyast Buga p(tq, ..., t,), TJ1€ p — N-MECTHBIU TPEIUKATHBIA CUMBOJ CUT-
HaTypsl 71. TlopTOMY MHTepHpeTanusa ¢ OnpegeaeHa KOPPEKTHO.

Nuaykuuen no nocrpoernio ¢popmya (ambo mo ux AIuHEe, TUOO0 MO YUCIY BXO-
JAMUX B HAX JOTUYECKUX CBA30K M KBAHTOPOB) MOKAXKEM, UTO I HPOU3BOILHON
3aMKHYTON (GopMyasl $ mMeeT MeCTO SKBUBAJICHTHOCTD:

TF® «— (@) =N

(i) dus snemenTapubix Gopmya ¢ ykazaHHAs SKBUBAIEHTHOCTH MMEET MECTO 110
OTIpeIeNeHUI0 NHTEePIPETAIUN (.

(ii) peamonoxuM, 9TO yKa3aHHASA DKBUBAIEHTHOCTb UMEET MECTO IIA (OpMY.I
® u ¥, u moKaxkeMm, 9TO TOTJA OHA BBIMOJHAECTCA U A1 (POPMY.I

(=®), (P&V), (PV V), (P—V), V)P, (Jz)d.
Tak xak

T'F-® <<= TKFo

p(@) =1 = o) =1,

TO

F'k-® <« ¢-%) =1L
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[To Teopeme 3.5.7
T (®&V) <= TFH® u T+ 0.
Kpowme Toro, mo onpegenreHnio nHTEPUPETALNA
(@) =" nu ¢(¥) =" <<= @@&¥) =1N.

SHAMUT,

Tk (d&T) < o(®&T) = I

[Toxkaxxem, 9T0 411 MOAHO20 MHOXKeCTBa (POopMy.a [ 1 MPOUBBOJIBHBIX 3AMKHY-
mbiz popmyn ¢ u U mmeeT MeCTO SKBUBATEHTHOCTD

T (@®VvV¥) <= T+® wm [ FVT

B camom gene, ecau

T'® wm T F T,

TO, ucnoab3ya akcuomy I11.1 wrm II1.2, moryaaem
F'F (V).
O6paTHO, MPEITOJOKAM, TTO

T+ (®VD).

[Tokaxem, ¥TO TOT' A
T'® wm T F 0.

[IpeamoioxuM TPOTUBHOE, T. €. ITO
TH/® u THW.
Tax kakx [ — noanoe MHOKECTBO (GOPMY.T, TO TOTIa
T (=®) u Tk (=0),

a 3HAYUT,

T F (~0) & (-0).

Tox necTBenno uctuaHadg popmyaa Jlo2uxu Bwvicka3vieanut
((_lAl&_'AQ) — _|(A1 \Y AQ))
mo Teopeme 3.5.2 maet BuBOAUMOCTE B M cuucaenuu IIpeduramos dpopmy.ss

((—|(I)&—|\IJ) — —|(Q) V \I’))

SHAYUT,

T F—(® v D).
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YTo B cuny menpomusopeuusocmu MHOKeCTBa dopmya [ mpoTruBopeunT cie-
JAHHOMY BBIIIE TIPEII0J0KEHIIO

L'E (P V).
B utore moayaaem

T (®VvVyY) < TF+F® wm I+

(@) =" mwm )= <+ p@VVY) =N,

IIO3TOMY _
'E (VYY) <= p@VvVD) =1

ﬂOKa:%aTeJIBCTBO SKBUBAJEHTHOCTH
TF(@—-V0¥) < ¢@—=¥)=Uu

IIpOBOAUTCA IO TOfI XKe cxeMe C uCnoab30BaHMEM IMOJHOTHEI 1 HEIIPOTUBOPEYINBOCTHU
MHOXecTBa dopmy.a [,
Tox necTBerno nctuaHLIe (popMmyasl JJozuku Buicka3wviearnuti

((Al — Ag) — (_|A1 V Ag))

((_|A1 V Ag) — (Al — Ag))
o Teopeme 3.5.2 maeT BIBOAUMOCTH B M cuucaenuu IIpeduramos dpopmy.a

(&= T) = (=D VT)),

(=@ VT) = (P — T)).

[TosTomy

L' (®— )

TOrJa W TOJBKO TOTIa, KOT'Ia

I'E (=9 VW)
Kax ye GbL10 MOKAa3aHO BHIIIE, MOCIEIHEE BBIIIOJHEHO TOTAA W TOILKO TODIA, KOIAA
T® wm T ¥)).
[To MHAYKTUBHOMY MpPEINOI0KEHHUIO HTO BHITOIHEHO TOLIa U TOJBKO TOLIa, KOTrAa
e(®)=JI wnm @(¥)=1NL.
A mocaegHee SKBUBATEHTHO DABEHCTBY

o((® > 0)) = T
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Ocraercsa pacemorpers Gopmyasl Buga (Jz)® u (Vo)®. Nmenno npu ux pac-
CMOTpEeHNN HaM HoHaxoburca ceoticmeo I'enkuna.
Ecim ® — ¢popMmyaa, He coaepkamas ¢cBOOOTHEIX MEPEMEHHEIX, OTINIHLIX OT I,
TO II0 ONpeICICHNIO
A+ E () —
A+ E ®,.t] nna umenu t mekoroporo uHguBUAA U3 A, T. e. TepMat.

HOKa)KeM, 9YTO mMeeT MECTO 5KBUBAJCHTHOCTD:

FCF (@) < ¢(3r)) =W

Ecan B
T - (32)0,
TO B cu1y ceoticmea I'enkuna HAUIETCSA TAKOU 3AMKHYTHIN TepM t, ITO
I+ @[t
[To wnaykTUBHOMY TIpeanonoxkenuto Toraa ¢(P,[t]) = U, nosromy u
p((Fz)®) = L.
Ecan xe o((Jx)®) = U, To Hammercsa Takow 3aMKHYTHIN TE€PM ¢, 4TO
p(P:[t]) = 1.
[To MHAYKTUBHOMY MPEANOIOKEHNIO TOT 1A
[ F &,
Tak xax
= (@,[t] = (F2)®),
TO

I+ (Jx)®.
Tem cambiM mOKa3aHO, 9TO
IF (30 < ¢((3Fr)0) =W
[To Tom ke cxeme MOKa3bIBAETCA, ITO

LF(V2)® <= ¢((V2)?) = U

B uTore mokasaHo, 9TO 1A NPOU3BOJLHOU 3aMKHYTOUN hopMyasl $ mmeer mecTo
SKBUBAJEHTHOCT:!

TF® «— @) =1

Ecmn ® — mpomssorbras Qopmyra m3 muoxecrsa [', To, ouesmano, I' = @,
sHauuT, [' = V&, rae VO — V-3ambikanue popmyasr P.
[TosTomy (V@) = U.

Buaunut, p(I') = U, mosTomy mMuHOXKecTBO hopmya [ sasasemes cosmecm-
HbIM. ]
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Baxubim crencrBuem u yrounenneMm Teopemvr Henpomusopeuusocmu sBis-
eTcs caefyiomas TeopeMa, Hocamasa HasBauue Teopema Jlesenzetima — Croae-
Mma.

Teopema 3.5.31. Ecau cuemmnoe mmoxcecmso gopmya I sasasemes coemecm-
HBIM, O CYWECMBYEM UHMEPNPEMAYUUSL CO CUEMHbIM 0CHOBHIM MHOHNCECTEOM, 6
Komopot ece gopmyabt u3 I' ucmumnmbi.

dorxazameanvcmso. llycts I' — cuemnoe MHOXKECTBO HOPMY.T A3BIKA L.
O6o03HaMUM epe3 Ty CUTHATYPY, BKIIOYAONIYIO B ceOs JUIIbL T€ CUMBOJIBI CATHATY-
pol L., KoTOpbie BXOAAT B (popMmy.abl u3 [

W3 cyernocTu MmuOXKecTBa (popmy.a [ creayeT, 9TO curHATYpa T; KOHEYHAA UK
cyeTHasd, T. e. He H6oaee dem cueTHasd. [loaTomy MoxkHO cumTaTh, 9TO [' — cyeTHOE
MHOXKeCTBO (opMya s3blka L, He 6oiee ueM CIeTHOU CUTHATYDPHI 7i. UTOOBI He
VCIOXKHATH 0603HAUEHNUA, OyIeM BMECTO T MUCATDH MPOCTO T.

Ecmu I' — coemecmmoe MHOX)KECTBO (DOPMY.I, TO OHO HENPOMUBOPEUUBO.

[Tpoanaauzupyem B aToM cay4ae nokaszaTeabcTBo Teopemvr Henpomusope-
YUBOCMU.

CurmaTypa 7 MOLy4aeTCAa U3 CHCHATYPHL T JOOABICHUAEM CUemH020 MHOKECTBA
CHMBOJIOB MHINBUIHLEIX KOHCTAHT, HODTOMY 71 — CU€MMas CUCHATYpA.

SHAYAT, cuemmubim OyIeT U MHOXKECTBO 7, + BCEX 3AMKHYMBIL MEPMOB T3bI-
ka L, +. A 5T0 MHOXECTBO T, + U ABIAETCA OCHOBHBIM MHOHCECTNBOM A TOCTPO-
eHHHOU B X0oje nokazareibcTBa Teopembr Henpomusopeuusocmu unreprpe-
Tauun I, B KOTOPOU MCTUHHEL BCe (DOPMYJIBL U3 MHOXKECTBa, . [

B xadecTBe HemocpeacTBEHHOIO CIEACTBUA MOIYIAEM CIeAVIONee YTBEPK IeHUe.

CnencrBue. Ecau cuemnoe mnoxcecmeo gopmya I asasemces cosmecmubim, mo
CYWECNBYEM UHMEPNPEMAYUUA C MHOHCECMBOM HAMYPAADHDIT YUCEA 6 KGUECMBE
0CHOBHO20 MHONCECTNEA, 8 KOMOPOol 8ce popmyabt u3 I' ucmurmb.

[lpyrumu cioBaMu: ecau cuemuoe muoxcecmso gopmyas I svinoanumo, mo ono
BHINOAHUMO HA MHOHNCECMBE HAMYDPAAbHBLL UUCEL.

Ecmun cyernoe muoxkecTBo (opmyn [' aswika L, curHaTypbl T ABIAETCA CO-
smecmmubim, TO Mo Teopeme Jleperrenma — CkoJaeMa CyIeCTByeT MHTEPIPETAINs
I co cYeTHBIM OCHOBHBIM MHOXKECTBOM A, B KOTOpou Bce (popMyabl u3 [ HCTUHHEI.

[TocTpoum maTepnperanuio [y A3bIKa L, CUTHATYPHI T ¢ MHOXeCTBOM /N HATY-
PaJbHBIX YUCEJI B Ka9eCTBEe OCHOBHOTI'O MHO2K€CTBA.

[Tycts ¢ — buexmusnoe omobpadcenue MHOHNCECMBA HAMYPAALHLIT uuces N Ha
muodxHcecmaso A.

[l11 mTPOU3BOMBHBIX N-MECTHOTO (PYHKIMOHAILHOTO CHMBOIA [ W N-MECTHOTO
IpPEeINKATHOTO CUMBOJA f CUTHATYPHI T U MPOU3BOJILHBIX HATYPAJIBLHBIX THUCET 1M1,
ceey MM, TIOTATAEM:

In(f)(ma,...,my) = @ HI(f)(e(m),. .., o(m)));
In(p)(ma,...,mp) = I(p)(o(my),...,e(my)).
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63.5.3 Teopema K. I'egens o moraOTE

UNugykuuwen mo mocTpoeHuio GopMyT Jerko TOKA3BIBAETCSA, ITO IS MPOU3BOIb-
Hou popMmy.ael @ sa3bika L, CUTHATYPHI T, BCe CBOOOMHBIE MEpEeMEHHBIE KOTOPOU
COIepXKATCA B CIUCKE Tq, ..., Tp, U MTPOU3BOJbHBIX HATYPATLHBIX YUCET 1M, ..., My
BBHITIOJHAETCS PABEHCTBO

[N(q):rl,...,xn [mla sy mn]) - I(q)ml,...,xn [Sp(ml); BRI So(mn)])

OTO J0KA3aTeIbCTBO MOXKeT OBITh 0e3 Tpyda MpPOBEIeHO UUTATeIeM B KadeCTBe
MTOJE3HOTO YITPAKHEHUA.

PaccmoTrpennsie Boitie Acuucaenue Boicka3dvieanui u Ucuucaenue Ilpe-
JuKamos SABIAIOTCSI BaXHBIMI YaCTHBIMU CAYIaIMA OOMIEro MOHATUA HoPpMaJib-
HOU NI AKCUOMAMUYECKOU Teopul.

DopmaabHas WX AKCUOMAMUUECKAA Meopus T CINTaeTca 3aTaHHOMU,
€CJTM BBITTOJMHEHBI CAeTYIOIINe YCIOBUA:

1) 3aJaHO HEKOTOPOE MHOXKECTBO Y7 CUMBOJOB - CHUMBOJOB Teopuu T, KOTO-
poie o6pasyioT asagasum meopuu T . KoHeunbie nocien0BaTeIbHOCTH CUMBOIOB
axdasura Teopunm T, T. €. CIOBA B DTOM aJ(paBUTE, HAZBIBAIOTCA BbIPAHCEHUAMU
meopuu T . MHOXKeCTBO Bcex CIOB B aldaBuTe Y7 0003HATaeTCA Tepe3 M.

2) ompegeleHO MOAMHOXKeCTBO Jr MHOXKeCTBa Y% BCeX BbIpazKeHHEH Teopun 7,
DJIEMEHTH KOTOPOr'O HA3LIBAIOTCA popmyaamu meopuu T .

Ecau cywecmeyem as2opumm, no360as0uuti no npous3solbHomy 6bipatCEHUN 6
anasume meopuu T onpedeaums, A8AAKEMCA AU OHO POPMYAOT 3MOT Meopun, mo
2osopam, umo T — meopusa ¢ 3PPexmusnbim nornamuem Gopmy.abt.

Ecan BuimonHens! yciosus 1) u 2), TO TOBOPAT, 9TO 3a1aH A3blK L Teopun 7 .

3) BBIZEJIEHO HEKOTOPOE MHOXKECTBO (DOPMYJI, HA3BIBAEMBIX AKCUOMAMY MEO-
puu T .

Ecau cywecmeyem as2opumm, no3eoasowuti no npoussosbHomy 6bipatCeHUN 6
anasume meopuu T onpedesump, ABALEMCA AU OHO GKCUOMOT IMOT Meopus, mo
2osopam, umo T — meopus ¢ IPPHermusrbim NOHAMUEM AKCUOMDBL.

4) onpemeneHo KOHEIHOEe MHOKECTBO Ry, ..., R, OTHOWEHUN MeXK Ty (hOPMYIAME
Teopuu 7, HA3BIBAEMBIX NPABUAAMU BbL6800a.

Ecu kax goe oTHomenue R; ABIAETCA Nj-MECTHBIM U [ TI000T0 j CYyHIeCTBYeT
aITOPUTM, HO3BOIAIOINA 10 Mo6ou Gopmyre F' m mobem n; dopmyram Fi, ...,
Fy; ompegeauts, HaxoguTcsa au popmyna F B orHomenuun R; ¢ gopmyramu Fi,
ey B (ecam 7 ma”, To Gopmyaa F HA3BIBACTCA HENOCPEICMBEHHIM CALICTNEUEM
JaHHBIX 1 Gopmya Fi, ..., Fp, 00 npaBury R;), To roBopaT, uTo T — meopus c
afpexmusubimu npasusamu 6bi600a.

[IpaBuio BEIBOJA [; MacTO 3aMUCHIBACTCA B BUJE

F, .. F,
TJ (R;).

Teopus 7 HasbIBaeTCaA meopueti nepeoz2o nopadKra, eciu:
1) s3eikoM L Teopun T ABaserca a3vik L, nepsozo nopadka mexomopot cue-
HAMYPyl T
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2) akcuomamu Teopun T ABISAIOTCA A02UUECKUE GKCUOML 6 A3bike L. U HeKomo-
puie dpyeue Gopmyabt 3Mo20 A3bIKA, HA3LIBAEMbLE HEAO2UUECKUMY AKCUOMAMU;

3) mpaBWIaMU BBIBOAA ABJAIOTCA BBelIeHHbIe Boimie ITpasuao Omodeaenusn
MP, IIpasuao Beedenus 3 u IIpasuao Beedenus V.

Tem cambIM daa 3adanus meopuu nepeo2o nNopAdka docmamouno ykazams ee He-
A02UMECKUE AKCUOMbL, BCE OCTAIBHOE TAHO 10 ONPENEJeHNI0 TEOPUU. 3aMETHUM, YTO
A02UYECKUE AKCUOMBL U NPABUAL 6bI800A ONpedetenbl, Kak MoabKo 6blOPaH A3bIK
nePeo2o NopaAdKa, Mouree, €20 CuZHAMYPa, OHU HE 3ABUCAM, OM HEAOLUYECKUL GK-
CUOM.

Buvieodom 6 meopuu T HasbpBaeTCA JI00as KOHEYHAA MOCIEIOBATEIBHOCTH
Fy, ..., F,, dopmyn si3bika L7 3TOU TEOPUU TAKAS, 9TO NPU 4000M i Aub0 Gopmysa
F; asasemca aocuueckot axcuomot, aubo gopmyaa F; asisemes weao2uueckot ax-
cuomoti, aubo gopmyasa F; 4645emca HENOCPEICTNBEHHBIM CACOCTNBUEM HEKOMOPHIT
npedvidyuur Gopmya 3moti nocaedos8amesbHOCmU no 00HOMY U3 NPABUL Bbl80Ja.

Popmyna F' masbiBaeTcs 8bieodumot, 8 meopuu T wim meopemot >Tou
TEOPUH, eCIU CYIMIECTBYET BBIBOI B DTOU TEOPUHU, OKAHIUBAOIIUICS (popmyaon F.
Takon BBEIBOI Ha3bIBaeTCsa 8bt8000M Popmyabt F.

3anuce 7 F' CIyXAT COKPAIIEHHOU 3aIUChio yTBepXK eHus ~ gopmysa F a6.44-
emca meopemoti meopuu T .

[lna wccaegoBaHUA OTHONIEHUA BBHIBOAMMOCTY 7 F' MOJE3HBI TaK Ha3bIBaeMbIe
8CNOMO2aMEAbHBIE NPABUAG 68bLE80Ja.

Bcnomozameavrnoe npasuao 8bieoda R meopuu 7 — 310 11060€ BBIpaA-

JKeHUe BUIa,
Fr Fy, ..., F7 F,

R
- F R)
Takoe, 970 a4 aovs popmya Fy, ..., F, u F meopuu T u3 evisodumocmu 6 meopui
T dopmya Fy, ..., F, caedyem svisodumocms gopmyavt F 6 amoti meopuu.

PaccemoTpuM mpuMephsl BCIIOMOraTeIbHBIX HPABII BEIBOIA, CIPABeIINBOCTE KO-
TOPBIX YCTAHOBJIECHA BBIIIE.
IIpasuso nepecmanosru NOCLIAOK

Fr(A— (B—=C())

Fr (B— (A—=C))
IIpasuao 06bedunenus NoOCvLLAOK

Fr (A — (B—C))

Fr ((A&B) = C)
IIpasuto pa3vedunHerHus NOCbLLIOK

Fr ((A&B) — C)

Fr(A— (B—=C))
Hpaeuno mpaH3umueHoOCTU

l_T (A—> B), "7’ (B — C)
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63.6 Jlorumka mepBoro mopsAaka ¢ PaBeHCTBOM

YeTwIpe OJHOTHUITHBIX MPABUIA MOXHO OOBEIUHATEH B OTHO
IIpasuao anmucummempuuHocmu

Fr (A= B) Fr (A= (28))
(=B) = (=A))" b7 (B—(-A))
7 ((zA) = B) Fr (2A) = (5B))
((=B) = A)’ Fr(B—A)

IIpasuso o606werHus
_FrA

C PaBEHCTBOM

3.6. Jloruka mepBOro nmopsajaka ¢ paBeHCTBOM

B sTom nmaparpade paccmaTpuBaloTcsa HEKOTOPBIe Bonpockl nid Jlo2uku npe-
JuKamos ¢ pasercmeom TPOU3BOILHON CUTHATYPHI

<C7 F’ P’ 97 (p>7

BO MHOXeCTBe P MpeIuKaTHBIX CUMBOJOB KOTOPOU BBIAENEH 2-MECTHBIU MPeInKaT-
HBIU CUMBOJI, 0003HAYAEMbIN Yepe3 =.

[To curnarype 7 = (C, F, P, 0, ¢ ) 00BIYHBIM 00Pa30M CTPOUTCA A3BIK HEPBOTO
nopsangka L,. HamomuuMm, 9T0 ero aadaBuT X, A3bIKa L, ABIAeTCI 0O0beIuHEHIEM
CHAETYIOMMUX MATH MHOXKECTB CUMBOJIOB: V', Y1, Yo, Y3, C', F'u P, rae

(i) V = {&1,29,...} — cieTHO® MHOXECTBO npedmemuuir ( UHOUBUIHBLE
) nepemennbir. Kax b sieMeHT x; MHOXKecTBa V HaszbiBaeTCs unOu8udHOU
(npedmemnoii) nepemenrot.

(i) ¥, = {—, V, &, =} — MHOXecTBO u3 dYeThIpex cuMBOIOB —, V, & u —.
CUMBOI — HA3BLIBACTCA OMPUYAHUEM, CUMBOT V — Ju3brouKyuet, cumMBoa & —
KOHBIOHKYUENY, & CUMBOI — — UMNAUKAYUENT. DTU TeThIpe CHMBOJIA HA3LIBA-
0TCA  NMPONO3UYUOHAALHBIMU CBAZKAMU, TIPATEM — — OJHOMECTHOU CBI3KOMU,
aV, & m — — IBYMECTHBIMU CBI3KAMMU.

(i) MHOXKeCTBO Yy COCTOUT W3 ABYX CUMBOJIOB J M VY, HA3BIBAEMBIX COOTBET-
CTBEHHO KB8AHMOPOM CYULECMBOBAHUA U KBAHMOPOM 06WHOCTU.

(iv) MHOXeCTBO Y3 COCTOUT U3 ABYX TEXHUYIECKUX CUMBOJOB: ( — 46804 CKOO-
Ka U ) — mpasas crobKa.

[Mousarus mepma n GopMmy.abt ONpPeneasiOTCs OOBIYHBIM 00PA30M KaK U B CIy-
Jae Mpou3BOIbHOU curHaTypbl. OgHako dopmyny = (ti,ty) OygeM 3aluCBIBATH B
0oJiee MPUBLIYHOM BHUIE t; = to.

[lousTue unwmepnpemayuu nis Jlo2uku npeduxkamos c pasencmeom
OTJANYIAETCA OT AHAJOTHUIHOrO MOHATHA MI1 Jlo2uku nmpeduramos mIpou3BOJIb-
HOW CUTHATYPHI BBEIEHUEM JHUIIb OJHOT'O JOIMOJHUTEILHOTO YCIOBHUA — 6bl0eseHHbil
2-mecmubiti npeduKammubIl CuUMB04 = UHMEPNPEMUPYEMCA KAK 00bIUHOE PABEHCME0
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M OCHOBHOM MHONCECMEE UnMepnpemayuy. ITo6sl MOTIePKHYTh, 9TO 114 paccMa-
TpUBaeMOl mHTepHpeTanuu | >TO yCJIOBHE BHIIOJIHEHO, OyJeM HasbelBaTh I HOp-
MAALHOU UHMeENPemayuel.

Takum ob6pasom, 3aganue HOPpMaabHOU unmepnpemayuu I Jlozuru npe-
Jduxamoe ¢ pasencmeoM CUTHATYDPHI T BKIKOYAET B CeOA

(i) 3a,1aHMe HEMYCTOrO MHOXKECTBA A, HA3BIBAEMOT'O OCHOBHbIM MHOHCECTTLE OM
(YyHUBEPCYMOM WM HOCHTEJIeM) WHTeprnperanun [;

(ii) 3aganwe oToOpaxenus y; MHOXKecTBa C' MHANBUAHBIX KOHCTAHT CUTHATY DB
T BO MHOXKECTBO A;

(iii) 3amanme OTOOpAKEHUA Yo MHOKECTBA F (DYHKIMOHATIBLHBIX CHMBOJOB CUD-
HATYPHL T BO MHOXKECTBO alIre6panvdecKnX omepalni Ha MHOXKeCTBe A, mpumaem ecan
f € F, 1o v(f) —oro O(f)-mecTHas arre6paudeckas onepauus Ha A;

(iv) saganue oroGpaxKeHWs Y3 MHOXKeCTBa P NpeIMKaTHBIX CHMBOJIOB BO MHO-
KeCTBO TPEIUKATOB, ONpenereHnbx Ha A, Takoe, 910 ecam p € P, 10 73(p) — 510
©(p)-MecTHBIN peAuKaT HA A U Y3(=) — 5T0 0bbiunoe pasencmeo Ha A.

Kak u B ciydae npom3BOJIBHON CUMHATYPHI, IS KayKIOT'0 MHAWBUAA ¢ € A MBI
BLIOMPAEM HOBYIO KOHCTAHTY @, HA3BIBAEMYIO UMeHeM UHIUBUIA a. [Ipu sToM mpn-
TepKUBAEMCA COLVIAIICHUA: eClIn @ = b, TO a = b, T. e. s PA3HBLIT UHOUBUODOE
8b16UPAIOMCA PA3HBLE UMEHA.

O6o3naunm depes 7(A) curHaTypy, MOJIYICHHYIO U3 CATHATYDHL T TOOABJICHIEM
K MHOXECTBY C NUHINBUIHBIX KOHCTAHT CUI'HATYPBLI 7 MHOXECTBa A BCEX UMEH
undueudos u3 A.

f3bik L4y mepBoro nopaka curaaryper 7(A) 6yem o6o3nataTs qepes L(A)
win 1pocTo depes L(A) u roBOpuTSH, 9T0 OH noayuen u3 asvika L dobasienuem scex
uMern undusudos us A.

1 KaxI0ro, HE CONepKAIero MepeMeHHBIX TepMa t a3bika L(A), kak u B
clIydae TPOU3BOJILHON MHTEPIpeTanun, onpenenserca uaagusu I (t) uz A, KoTopsin
HA3BIBACTCA COOMBEMCMBY0UWUM Mmepmy t 8 HOPMasbHOU unmepnpemayuy I.

s kaxgon 3aMkayTOn (dopmyast @ s3pika L(A) mo Tom ke cxeme 4TO U B
cIydae MpOM3BOJILHON MHTEPIPETAINN ONPEeICIACTCA UCMUHHOCTMHOE 3HAYEHUE
I(®) gopmyavt @ 6 nopmasvrot unmepnpemayuy I.

EAI/IHCTBGHHOQ oTan4dume oT O6IIIQFO Cly4vad COCTOMT B TOM, 9TO IJ5 a;TOMHOI(/)I
dopmyasl Buga = (11,ty) moraraem

I(= (t1,t)) = N <= I(t;) coBnagaer ¢ I(ts).

[Tycts ® — npowsBoabHas (popmy.aa a3bika L, a vy, ..., v, — BCe ee CBOOOTHBIE
nepeMennsle. Ecau ay, ..., @, — IMeHa IPOU3BOJLHLIX UHIUBUIOB A1, ..., 4, U3 A, TO
bopmyIy

(Dvl,...,vn [a_la sty %]

HazeiBaeM A-uacmubim cayuaem Gopmyasr D.
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63.6 Jlorumka mepBoro mopsAaka ¢ PaBeHCTBOM

Onpeneneuune 3.6.1. Ilpouzsoavnas popmyasa ® azvika L naszvieaemcesa ucmur-

HOt 68 HOpMaabholl uwmepnpemayuy I, ecau das awoboeo A-wacmmoeo cayuasn @'
popmyavy ® 1(P') = .

Ecan ¢opmyaa @ comepxkur auimb cBOGOAHBIE EPEMEHHBIE Uy, ..., U, (B aada-
BuUTHOM mopsagke) (n > 0), To V-zambikanuem dopmyast & Hazoem HopMmy.Ty BuIa
(Vo1)...(Vu,)®.

V-3ambikanue ¢popmyasl  o6o3uauM depes VO.

fAcuo, uro V® — 3amkuyTas ¢popmyaa, u eciu ¢ — samkuyTas ¢popmyaa, To VP
—»T0 mpocto P.

HeTpyauo mouATb, 9T0 dopmysa @ A3vika L ucmumnna 6 Hopmasbrot unmep-
npemayuu I mozda u moavko moeda, kozda I(VP) = N.

[Tycts I' — npousBoabHOE MHOXKeCTBO dopmya a3bika L. Ecan [ — HopmaabHasd
UHTepIpeTanusa A3bIKa L mepBOoro mopsaIka ¢ paBeHCTBOM, B KOTOPOU MCTUHHBI BCE
opmyasl 3 MHOXKeCTBa [', TO I HAa3LIBAETCA HOPMAALHOU Mmodeabro mis [

OO6BIMHBIM 00PA3OM OMPEIEIACTCSA MOHATHE A02UUECKO20 CAEICMEBUA.

Omnpepenenne 3.6.2. @opmysa ® asvika L nepsozo nopadka ¢ pasencmeom Ha-
3bi8aemces ao2uueckum caedcmeuem mroxcecmea gopmya L', ecau ® ucmunmna
8 KaxHcA0t Hopmaavhotl modeau das ', m. e. das ar0b0t nopmasbnotd unmepnpema-
yuu I a3vika L uz moeao, umo ece gopmyavt muoxrcecmea I ucmunnvt 8 HopmaabHot
unmepnpemayuu I caedyem, umo 6 I ucmunna u gopmyaa ®.

Banuce ' |=, ® Oymer cayXuTh coKparieHueM 1is yTBepxkaeHus ~ gopmyasa P
ABAAEMCA AOLUUECKUM CACACMBUEM MHoKcecmea popmya 7.

HamomuuM, 9T0 11 MIpOM3BOILHON MHTepIpeTanun I u 100601 3aMKHYTOn GOop-
myasl A s3bika L, uctuarocTHOE 3HadeHne [(A) MBI HA3bIBAEM UCTIUHHOCTIVHBLM
3nauenuem dopmyast A B unrepnperauuun I. Ecan npu stom I(A) = U, To ro-
BopuM, 4TO opmyta A ucmunrna 6 unmepnpemayuu I, a eciu I(A) = JI, To
rosopuM, 9to Gpopmyaa A aoxcra 6 unmepnpemayuu I.

Omnpepenenne 3.6.3. @opmysa A asvika L, nepsozo nopadka ¢ pasencmeom Ha-
3616 AEMCA B8BINOAHUMOU, €CAU CYUECMBYEM HOPMAALHAA UHMEPNPEMAYUA, 6 KO-
mopoti ama Gopmyaa UCMUHKA.

Omnpepenenne 3.6.4. Mnoxwcecmeo opmya I’ asvika L, nepsozo nopadka ¢ pasen-
CMBOM HA3LIBAEMCA COBMECTMIHBIM, CCAU CYUWECMEYEM HOPMAALHAA UHIMED-
npemayus, 6 Komopot 6ce Gopmyabl U3 3Mo20 MHOHCECTNBA UCTNUHHDL.

3ameuanme. [[aa Ipou3BOIbHOrO MHOXKeCTBa (popmya [ a3bika L, n qis mobou
HOpMAaJTLHOUW WHTepnpeTanuu [ 3amuch

IT) =1

CIYKUT COKpAIIEeHUEM I YTBepKIAeHus “sce dopmyabt muoxcecmaa I ICTUHHLL B
HOpMAaJbHOU nHTepupeTanun [.”
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Omnpegenenne 3.6.5. opuysa A sazvika L, nepsozo nopadka ¢ pasencmeom ma-
3b1BAEMCA TNOHCOAECTNBEHHO UCTNUHHOU, €CAU OHA UCTNUHHA 8 AI000T HOPMALb-
HOU UKHMEPNPEMAYUY IT020 AbIKG.

[ns yrayO6mieHHOT O M3y YeHns MOHATUA COBMECTHOCTH MHOXeCTBa (hOPMY.T A3BIKA,
MepBOr0 MOPAJIKA C PABEHCTBOM W OTHOIIEHUSA JOTUIECKOT'O CJIeICTBUA HAM OYIyT
MOJe3HB UX (PUHUTHBIE aHAJOTH.

Onpeneneune 3.6.6. Muoxcecmeo dopmya I' azvika L, nepsozo nopadka ¢ pa-
BEHCMBOM HA3BIBAEMCA AOKAABHO COBMECMHBIM, ECAU A000E €20 KOHEUHOoe
NOOMHOHCECMBO COBMECMHO, M. €. UMEET, HOPMAALHYI MODEAD.

Onpegenenne 3.6.7. @opmysa A sa3vika L, nazvisaemca 40KaAAbHBIM A02UYE-
ckum caedcmeuem muoxcecmsa gopmya I' amoeo asvika L., ecau ona seasemcs
AOUMECKUM CACICMBUEM HEKOMOP020 KOHEUH020 nodmruoxcecmea [y muodce-
cmea I

3amedganue. B sTom naparpade 3amucs I' =y, A OyeT CIyKUTh COKpAIIEHH-
eM I yTBepXKaeHus ~@Gopmysa A A8AAEMCA AOKAALHBIM AO2UUECKUM CACOCTEUEM
muoxncecmaa gopmya I'.”

Onpenenenne 3.6.8. Muosxcecmso dopmya I’ azvika L, nHazosem 40KaABHO NOA-
HBIM, €CAU OHO AOKAALHO COBMECTIHO U 048 410001 3amkHymot gopmyavt A a3vika

L, aubo I E=pp A, aubo I =y (0A).

3ameuanue. Ecan ' — 1okanibHO COBMECTHOE MHOXKECTBO (POPMYJI, TO HE CY-
eCTBYeT Takou 3aMKHyTon Qopmyrsl A, ato I' Epp, Aul Ep, (0A). B
caMOM Jefe, OPeIIIOJOKIM, UTO CYyHIeCTBYeT Takad 3aMKHyTad ¢popMmyra A, 9To
I' Efin AuTl Epp (0A). B coorBeTcTBHE € OIpeereHneM HAUTYTCA TaKue KO-
Heunble oavMuokecTBa 11 n Iy muoxkectBa I, uro 'y E Au Ty E (0A). Torga
I uUly E (A& (-A)). 3raant, muoxectso 'y U Ty He ABASETCA COBMECTHBIM, 9TO
IPOTUBOPEIHUT TIPEANONOKECHUIO O JOKATHHON COBMECTHOCTH MHOXKeCTBaA I

Teopema 3.6.1. Jas 4106020 40KaAbHO co8MECTHO20 MHoHcecmea dopmyas [ A3bi-
xa L, Jloeuku IIpedukxamos ¢ pasencmeom cyu,ecmsyem makoe A0KAAbHO
noamnoe muoxcecmso gopmya I'* asvika L., wmo

rcr.

Hdoxaszameadvcms o, [JaguMm aBa BapuaHTa TOKa3aTelbCTBa. B mepBoM Ba-
puaHTe JO0Ka3aTeabCTBa OyAeM CIUTATh, YTO CUTHATYPA T cuemmuas. Tormga cIeTHbI-
Mmu OyayT u andasut a3eika L, JJoeuku IIpeduxamos ¢ pasecmeom, u MHOKe-
ctBO F, BCex saMKHYTHIX (popmy.a Jlo2uku IIpeduxamos ¢ pasencmeom >1on
CUTHATYPHI.

[ycrs F, = (P )nen-

Omnpenernm nocregoBarebHocTb (Iy),ey MHOKECTB GOpMY.L.
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[Toraraem
Iy =1T.

Ecan muOXKecTBO I'), yKe onmpemeneHo, TO moJaraeM

r __JrLu{®,}, ecm T, Epn @,
T AL, U{=®,), ecmm T Fpin @

Nugykumen mo n TOKaxKeM, UTO KayKJI0e M3 MHOXKeCTB (opwmya [, saBiagercs
AOKAABHO COBMECTNVHBIM.

Tak xkax I'1 = T', To muOXKecTBO popmyn [y ABIgETCA MOKAALHO COBMECT-
HbIM TIO YCJIOBUIO TEOPEMBIL.

[Tpeamonoxkum, 9TO yiKe TOKa3aHa JOKAIbHAA COBMECTHOCTH MHOXKECTBA (DOPMY.T
[',. [lokaxkeMm JTOKATBHYIO COBMECTHOCTH MHOXKeCTBa (opMy.T ', q.

Ecm Ty, Efin @, 10 [y =1, U{D, ).

flcHo, 9TO MOCTATOYHO MOKA3ATH COBMECTHOCTD JTFOOOr0 KOHETHOT'O MHOXKECTBA,
suga [YU{®,}, roe " — xoneunoe moamuoxkecTBo MHOKecTBa [, [TycTh I — rakoe
KOHEeYIHOe TMOIMHOXKeCTBO MHOXKecTBa [, 1To r = ®@,,. [11 KOHEIHOrO MO IMHOXKe-
crBa ["UI ToKaIbHO COBMECTHOTO MHOXKECTBa (hopMy.I [, CyIIecTByeT HopMaIbHAS
uHTepupeTanus I Takas, ITO

I(I'UT") = I

Tormga I(®,) =N u I(I"U {®,}) = W. 3uaunr, maoxecrso [' U {P,} coBmecrHo,
IOSTOMY B PacCMaTPHBAEMOM ClIydae MHOXKecTBO [’ JOKAIbHO COBMECTHO.

Ecm T, ¥pin @y, 10 Iy =T, U {—D, }.

Ecaun muoX)ecTBO popmy.r [y, HE ABIIETCS JOKATLHO COBMECTHBIM, TO HAWIET-
¢ Takoe KOHEeIHOe MoAMHOXKecTBO I muoxkecTsa I, uro muoxkecTso IV U {—=®,}
HECOBMECTHO, 3Ha4uT, [ | @, mosromy

Fn ):fin (I)n

Ho nocaegaee npoTuBopednT npeanonoxenuto 'y i, @, S3HAUNT, U B 5TOM CIy-
Jae MHOXKeCTBO (opmya [y, ABIIETCA TOKATLHO COBMECTHBIM.

Tem cambiM gOKa3aHO, ITO NPu A0O0M N MHoHcECMB0 Gopmys L'y sasasemes
A0KAABHO COBMECTVHBIM.

[Toraraem

oo
* —_—
r = (JT.
n=1
[Tokaxem, gTo ['* — nokaabro noanoe mroracecmeo gopmya n
rcre.
[Tocregaee oveBUIHO, TAK KaK

r=r, Cr.
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Ecau 661 MEOXKECTBO (popmya ' He OBLIO JOKATBHO COBMECTHBIM, TO HAILIOCH OBI
KOHEUHOe HECOBMECTHOe MHOXKecTBO (opmya 1T C ',

Tak Kak
Fl g FZ g g 1—‘n g Pn-l—l g Xy

TO HaugeTCA Takoe ducao n, 4ro 1’ C I',,. Ho 5To mpoTuBopednT yxKe yCcTaHOBICHHON
JOKAJBLHOU COBMECTHOCTH MHOXKeCTBa (popMmy.a [,.

Suauut, [* — soKaabHO cosmecmHoe MHOKECTBO (DOPMY.I.

[Tycts A — npousBoabHas 3aMkHyTas gopmy.ta. Torga HaugeTCS TaKoe TUCIO
n, aro A = ®,.

Ecmu Ty, FEfin @, 0 I* =i @, a, spaunt, 'y A

Ecm xe I')yy Wi @p, TO (7®),) € I'ypq, mosromy L'y Epin (79,), 3HAUHT,
I Epin (70n), T e. T g (0A).

Nrak mokasano, uTo ['* — soKaAABHO NOAHOE MHOKECTBO (HOPMY.T A3biKa L,
takoe, yro [' C I'™.

B caydae npoum3BOJIBHOU CUTHATYPHI T BO3MOXKHO AHAJIOTUIHOE TOKA3ATEIbCTRO,
OMHAKO TPU 3TOM BMECTO NOCTATOYHO MPOCTOW MHIYKIUU MO 1 HEOOXOJIUMO WUC-
OJIB30BATE MparcPurumuyo undykyuto. MBI He OygeM pacCMaTpuUBaTh DTOT Ba-
PHAHT NOKa3aTelbCTBA, a MPUBEIEeM NOKA3aTeILCTBO ¢ HCIOJb30BaHumeM JIemmbi
Tetlixmrioanepa — Toroxu.

HamomuuMm, 9T0 cemencTBo moaMHOXKeCTB X MHOXKecTBa F mvmeer xKoneumvid
Taparmep, ecau IS Kaxk I0ro moaMHOXKecTBa A MHOXKecTBa F mMeeT MeCTO SKBU-
BAJIEHTHOCTD:

A npunadaencum X moezda u moavko moeada, ko20a KaHcdoe KOHEUHOE NoIMHO-
acecmeo muoxcecmea A npunadaexncum X.

Kaxk yxke oTMedaJa0Cch BBIIIE CAeAYIONMEe YTBEPK IeHNe, DKBUBATICHTHO A Kcuome
svitbopa.

Jdemma Tetxmiooasepa — Tovioru.

Kaxcdoe cemeticmso nodmmosncecme X mmoxrcecmsa E, umernwee xKoneunviti ra-
paxmep, obaadaem MAKCUMAALHBIM IACMEHTTLOM.

Paccmorpum caenyiomiee ceMencTBO MOAMHOXKECTB X MHOXKeCTBa F, Bcex (op-
My.T A3bIKa L,

TeX < T UT — jgoxaTbHO COBMECTHO.

U3 ompenerenus cemMencTBa MOAMHOXKECTB X Cpasy CJIeIyeT, 9TO OHO UMEeT KO-
neunviti xapaxmep. Illo Jemme Tetizxmioanepa — TvioKu B ceMEUCTBE MOIMHO-
KecTB X HMeeTcd MAKCUMGAbHBLYL daemenm 1. [loxkaxeMm, ITO MHOXECTBO
[ =T UT* asasemca 40KAABHO NLOAHBIM.

13 ompegenenns ceMencTBa MOAMHOXKECTB X Cpa3y caeqyer, 9TO MHOXKecTBO [
ABIACTCA A0KAALHO COBMECTNIHBIM.

[okaxem noanomy MuOXKecTBa [,

[Iycts A — npou3BOJILHAS 3aMKHYMAA HOPMYAQ.

Ecan muoxkectso I'* U {(—.A)} He aBIseTcsa 40KaAbHO COBMECTMHBIM, TO

T* b pin A
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63.6 Jlorumka mepBoro mopsAaka ¢ PaBeHCTBOM

Ecin xe muoxectso I'* U {(—.A4)}, 1. e. maoxkecTso I'UT* U {(—A)}, asasercs
AOKAALHO COBMECTIHbLM, TO B CIIy MakcumaabHOCTH 1™ moayaaem (—A) € T*.
Suauur, [ gy (5A).

Nrak, ['* — noxaabno noarnoe pacuwuperue JOKAILHO COBMECTHOIO MHOXKe-
ctBa Qopmy.a I O

Ha mepBeIM B3TVIAL KaXKeTCs, YTO BTOPOU BAPUAHT TOKA3ATEALCTBA ~ POIIE”
epBOT0, OJHAKO DTO OOMAHYMBOE BIEYATICHHE — BO BTOPOM BapHUAaHTE BCA UIEH-
Hasg TPYAHOCTH MOKA3aTeIbCTBA MEpPEHeCeHa B JOKA3AaTENbCTBO DKBUBAJCHTHOCTHU
Jdemmor Tetixmwoasepa — Toioxu Axcuome Bwvibopa.

Lasn muoxncecmsa gopmya X azvika L, nepsozo nopadka ¢ pasencmeom Cu2Ha-
mypvl T 8binoaneno ceotecmeo L'enwkuna, ecau das 41000t dopmyavt F ¢ odnoti
c60000n0T nepemennot v u3 moz0, umo X =i, (F0)F, caedyem, wmo natidemca
makot 3amrnymuiy mepm t, umo X |=riy F[t].

Teopema 3.6.2. /a4 4106020 40KAALHO COBMECTIHO20 MHoNHcecmEa dopmya I A3bi-
ka L, nepsoeco nopadka ¢ pasencmeom Cu2HaMypPbl T MOHCHO NOCMPOUMb AOKGADHO
cosmecmuoe mnoxcecmso gopmya I't azvika L.+ nepsozo nopadka ¢ pasencmeom
cuenamypvl Tt makoe, umo I' C I'", cuenamypa 7° noaywaemea uz cuenamypovl T
006a6AEHUEM HOBVIT UHOUBUOHBLT KOHCTAHM U 044 MHoxHcecmsa gopmyas [ evinoa-
Heno ceolicmeo ['enkuna.

dorxaszameuawvcms o. [lokazaTerbCTBO MPOBEIEM JHUIML B CAyIae CIETHOU
curHaTypsl. O0muN cIydad pacCMaTPUBACTCA IO AHAJOIMIHOU CXEMe.

PaceMoTpuM curHaTypy 71, MOAYYEHHYIO W3 CATHATYPHLL T TOOABICHUEM CUem-
1020 MHoKHceCmBa {C1,Coy. .\ Cmy ...} HOBIT UHOUBUINBIL KOHCIANKM.

3aMeTuM, 9TO 400y HOPMAALHYIO unmepnpemayulo Asvike L, cuenamypvl T
MOHCHO NPOJoANCUMD 00 HOPMAALHOT unmepnpemayuy A3bika Lo+ cuenamypor 7,
onpedeus Auub e 3HAUEHUS 048 HOBBIE UHOUBUIHBIT KORCTANM {C1, Cay ...\ Cmy - .},
a 1100Y10 HOPMAALYIO UHMEPNPEMAyUI0 A361Ka L.+ cuznamypbt TH mMoxcHo cy3ump
A0 HOpMaabHot unmepnpemayuy A3vika L, cuenamypel T, "uenopupys’ ee anauenus
das wo6bir undusudnbir Kowemawm {ci, o, ..., Cmy ...}

Jokasvno cosmecmuoe muoxcecmso gopmya I sasvika L, cuenamypvl T mbl pac-
CMAMPUBGEM KUK A0KAADHO COBMECTMHOE MHOHCECMBO Popmya A3vikae L.+ curaary-
peL 7.

Tak kax curEaTypa T 10 MPEIIOJOKEHUIO CUEMHAA, TO CIETHBIMEU OYAYT CHT-
Harypa 71, anpasut a3eika L+ Jlo2uku IIpeduramos >Toil CATHATYDPLI U MHO-
xecTBo F.+ Bcex popmya Joa2uku IIpeduramos >Toi curHaTypel 7.

Sanymepyem (Fp)nen 6ce gopmyavt azvika Lo+, codepacawue 86 mounocmu 0ony
c80000ny10 nepemennyro. [Aas xancdot gopmyavt F,, uepes v, 6ydem obo3nauams ee
eOURCMBERHYIO CB0O0IHYIO NEPEMEHHYI.

Nugykuuen 1mo n MOCTPOUM MOCIEIOBATEILHOCTD dy, do, ... , dy, ... M3 HOBBIX
KOHCTAHT {C1,C2,...,Cp,...} ¥ JOKATBHO COBMECTHBIE MHOXKeCTBa Gopmya [,.
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[Tycrs di — 10 M106aa HoBaA KOHCManma ¢;, we erodawasn 6 gopmyay Fy. Io-
Jaraem

[y =TU{((3v)F — F,,[d])}.

[TokaxeM JOKATBbHYIO COBMECTHOCTD MHOXKecTBa (opmya ['y. IlycTs 'y — mpous-
BOJBHOE KOHEYHOE MOIMHOXKeCTBO MHOkecTBa [ . CylmecTByeT HOpMaIbHAA WHTEP-
npetamnus [ ¢ OCHOBHBIM MHOXeCTBOM A s3bika L+, B KOTOPOU Bce (hOPMY.IBI U3
MHOXKeCTBa [') MCTUHHBI. 3aMeTHM, YTO eCJAu Mbl U3MEHUM 3HAYEHUs WHTepIpeTa-
1uu [ HA HEKOTOPBIX HOBBLIX KOHCTAHTAX C;, TO B HOBOM HOPMAJIBLHOW HHTEPIIPETAINN
I' 3Hadenus Bcex popMya A3bIKa L, He UBMEHATCA, B YaCTHOCTH, BCe (POPMYJIBI U3
MHOXKecTBa ['g OyIyT MCTUHHBL.

Ecan I((3vy)F)) = I u a — Takol 51eMEHT M3 OCHOBHOI'O MHOXeCTBa A, 4TO
I(Fy,[a]) = U, ro usmenum 3uadenue I(d;), ompegesuB HOBOEe 3HAYEHUE DABEH-
creom I'(dy) = a. Torga

II((Hl)l)Fl — Flyvl [dl]) = U.
Ecaun xe I((Jvy)Fy) = JI, To
I((3u)Fy, — Fi,,]d]) = 1.

Tax xkak B popmyabl MEOKECTBA ') HE BXOIAT HOBBIE KOHCTAHTHI, TO JJIs JI000U
dopmyasr F us Ty moxyuaem [(F) =1'(F) =U.
Buauur, [y U {((Jv))F — F,,[d1])} cosmeemno, nosromy

T =T U{(@v)F = F,[di])}

AO0KAALHO COBMECTNHO.
[TycTe yx)e mOCTPOEHBI HAYAIBLHBIN OTPE30K dq, da, . . ., d, TOCTIEIOBATEIHLHOCTH
U3 HOBBIX KOHCTAHT U JOKATHLHO COBMECTHOE MHOXKecTBO dopmya '), npuiem

Dy = Doy UL((Bu)F = B, [da])}.

[Tycts d,, 41 - DTO TH00AA HOBAA KOHCAKMA C;, OMAUYHAA O YHCE ONPEICAEHHbLT
koucmanm dy, do, . . ., d, u ne sxodawasn 6 gopmyavt Fy, Fy, ..., F, u F,, 1. [Toraraem

L = Lo U{((Bup) F — Fy, [dni1])}-

[lokaxkeM #0KaAALHYIO COBMECTMHOCML MHOKECTBA HopMyT [ 1.

[TycTs 'y — mpomsBoIbHOE KOHEYHOE TTOIMHOXKeCcTBO MHOXKecTBa ['),. CymecTByeT
HOpMaJIbHAsA mHTepHpeTanus I ¢ OCHOBHBIM MHOXKeCTBOM A sa3bika L, +, B KOTOpOU
BCe (DOPMYJIBI U3 MHOXKECTBA | g MCTUHHBI. 3aMeTUM, ITO KOHCTAHTA (1 HE BXOAUT
B popMy.Ibl U3 MHOXKeCTBa [}, mopTOMY eciu mas uHTepIpeTanuu | u3MeHUTH JUITh
suavenue I(d,y1), TO 1A MOJYI€HHON HOBOM HOPMAJIBLHOU mHTepmpeTarmun I’ mis
mobon gopmyast F' uz [, moayaaem I(F) = I'(F). IlosToMmy, B 9aCTHOCTH, BCe
(hOpMYy.IBI M3 MHOXKECTBaA, g Oy IyT MCTUHHLI B HOPMAJILHON WHTeprupeTamuu 1.
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Ecan I((Fvpi1)Foy1) = VU m @ — Takon paeMeHT M3 OCHOBHOI'O MHOXKeCTBa A,
910 [(Fpi1,,,,]a]) = U, To n3mennm 3natenne I(dy,1), OIpeIeInB HOBOe 3HATCHHE
paserctBoM I'(d,41) = a. Torga

I'(Fvp) P — Fn+1,vn+1[dn+1]) =

Ecau xe I((Fvpy1)Fryr) = JI, TO

I((Elvn+1)Fn+1 — Fn+1,vn+1 [dn-l—l]) =N

Takx xak B popmy.asl MHOXKECTBa [’y He BXOIUT HOBasg KOHCTAHTA (1, TO A
ao6ou popmyast F us Ty moayuaaem I'(F) = I(F) = 1.

Suauut, [y U {((FJvpy1)F = Fo, [dnt1])} cosmeemuo, mosromy

Lo =L U{(Qons)) F = F,y [dna])}

AOKAABHO COBMECIMHO.
[Toraraem

rt = GFn.
n=1

[Mokaxem, aro '™ — sokaabro coemecmnoe mrorcecmeo gopmya, obaa-
darwuee ceoticmeom I'enkuna n

r Cr.

[Tocreguee oueBuaHO. /19 TOKa3aTEILCTBA A0KAAbHOT COBMECTVHOCTMU MHOXKE-
cTBa popmya ['M paccMOTpUM IPOM3BOILHOE €r0 KoHeuHoe Mo AMHOKecTBO L. Tak
kak npu aooom k 'y C 'y, q, To maugercs Takoe n, aro [y C I',. Tak kax Beime
yiKe J0Ka3aHo, 4To [, 40Ka4bHO coemecmmo, To [y coBMecTHO, mo3TOMYy [
AO0KAABHO COBMECTMHO.

Moxaxem, 970 MHOXKeCTBO popmy. ['T obaagaer ceoticmeom Ienkuna.

[IycTs F' — npousBoabHasA (pOpMy.Ia ¢ OTHOU CBOOOIHON mepeMenHon v. Haumercs
Takoe n, 1ro F' —»to F,,, a v — 10 v,. Torga

(3va)F — F,, [dy]) € T, T+,

(30)F — Ey[d,]) € T, C T+,

Eciu I't =gy, (v)F, To HalZETCA TaKoe KOHEIHOE MOJIMHOXKECTBO [y MHOXKe-
crea 't uaro Ty | (Fv)F. Ho Torga

FoU{((F)F — Fldu])} E Fyld],
snauur, ['C =y, F[dy)]. O
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3ameuanue. [TocTpoennoe MEOKecTBO popmy.r [ o61agaeT caeyommm BaK-
HBIM /IS TAJBHEUIIEr0 CBOUCTBOM: ecau F' — npoussoavhad dopmyasa ¢ 00not ceo-
600H0t nepemennoti v, mo Hatdemcs makas KOHCARMA C, YIMo

((3)F = F,[]) € T*.

IToamomy, ecau T — awboe muoxcecmeo Gopmya moti xe cuenamypvl, umo u [T,
npuuem I'T C T, mo
(I)F — F,lc]) € T.

B wacmnocmu, das T svinoaneno ceoticmeo I'enxuna.

Teopema KoMnakTHOCTH Wiu JoKaabHasa TeopeMa K. 'egens — A.. Maub-
uesa 1A Jloruku IlpegukaToB c paBeHCcTBOM. MHojxcecmseo 3amsuymuis Gop-
mya T sazvika L, nepgozo nopadka ¢ pasencmeom A8AAEMCA COBMECTIHBIM, M020a
U MoAbko mo2da, K020a OHO ABALEMCA AOKAALHO COBMECITIHBIM.

dowrxaszameancms o Ecmm mHOXecTBO dpopmya ' a3bika L, mepBoro mo-
pAIKa C PABEHCTBOM ABJIAECTCA COBMECIMHbIM, TO, OYCBUIHO, ABIACTCA COBMECT-
HBIM U JI000€ ero mMOAMHOXKEeCTBO. B 9acTHOCTHU, ABAAETCA COBMECTHBIM U JI000€
KOHEYHOE MMOIMHOXKEeCTBO MHOXKecTBa popmy.a ['. Suauut, I' nokaabno coemecm-
HO.

O6paTHO, TPEIIOJ0KIM, ITO MHOXKECTBO [ oKaAbHO coBMecmHO, T. €. TO-
60e ero KOHeIHOe TOJIMHOXKECTBO ABIAETCA COBMECTHBIM. [loKaxkeM, 9TO TOr1a CO-
BMECTHO W BCE MHOXKeCTBO [.

Mur gaguM aBa HOKa3aTEThLCTBA TOT0 BaXXHOTO (paKTa, ITOOBI MPOJIEMOHCTPY-
pOBaTh HEKOTOPLIE OOIIMe MeTOABl MaTeMaTUIeCKON JOTUKY, padoTaomue 1 B 60-
Jee CIOXKHBIX CUTYAIIUAX.

IlepBoe moka3zaTeanLCTBO.

[IpuMeHwB nBE MPEABIAYIIINE TEOPEMBI, MBI TOJIYIUM A0KAALHO NOAHOE, 004a-
darwwee ceoticmeom I'enrkurna MHOKECTBO HOPMY.I

f — (P+)*

A3BIKA MEepBOTO IMOpAIKa L.+ CATHATYDPHL T, IOJYYeHHOW W3 CUTCHATYPHL T H00a-
BJICHNEM HOBBIX MHAUBUIHBIX KOHCTAaHT TaKOe€, ITO F g F

[Mokaxkem, aT0 MHOKeCTBO GopMy1 [ apigerca cosmecmubim. OTciona, Ko-
HEJHO, Cpasy OyJeT CIeJ0BATb CO8MECTMHOCTMb U MHOHcecmaa dopmya .

[TocTpoum HopMmaabHyo unmepnpemayuio I Takywo, 9To [ (f) = N.

[lns A3BIKA MepBOro MOPAAKA L.+ CUTHATYPHL T, HCIOAL3YS AOKAALHO NOJ-
noe, obaadarowee ceoticmeom Iewrkuna MHOXKecTBO GopMyr L, mocTponm
ecmecmeennylo cmpykmypy A.+ — arrebpandeckyro CUCTeMy CUTHATYDHI T,
0CHOBHbIM MHoNHcEcmBom A Komopot 6ydem muoxcecmeo T+ 6CET 3aMKEHYMbBLT MEP-
M08 A3bika L +.

Kaxnon undusudnoti xonemanme ¢ CATHATYPEL 71 CONOCTABAM mMepm ¢ —

AEMENM, OCHOBHO20 MHONHCECNBA A €CTECTBEHHON CTPYKTYPHL A, +.
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Kax 10My Nn-MeCTHOMY PYHKUUOHAADHOMY CUME0AY [ CUTHATYPHI T1 COMO-
CTABHM N-MECTHYIO aqzelpauseckylo onepayuio f*++ Ha OCHOBHOM MHOXKecTBe A
€CTeCTBEHHOU CTPYKTYPHI A, +, Toraras mis NpOU3BOJIBHBEIX DIEMEHTOB ty, ... , tp
MHOXKECTBa A, T. e. TepMOB A3BIKA, L+,

fAH(t, . otn) = [t .. 1),

Kax10My n-MecTHOMY Tpedukammuomy CumMeoay P CATHATYPHI T COMOCTa-
BHUM N-MECTHBIH npeduxam p~+ Ha OCHOBHOM MHOXKeCTBe A eCTeCTBEHHOH CTPYK-
Typel A,+, ToIaras mId MPOW3BOJLHBIX DJIEMEHTOB ti, ... , t, MHOXecTBa A, T. e.
TEePMOB A3BIKA L, +,

Pty t) = T <= T Epin plti, .. 1)

Jna KaxkI0ro uEAuBa t € A, T. e. TepMa t CHTHATYPEL T, €r0 umeHem 6ygeT
ou cam t. Torga curnarypa 77 (A), moaydeHHas u3 curHATYpHl T K0GABICHUEM
K MHOxecTBy C MHINBHUIHBIX KOHCTAHT CHTHATYPHI 71 MHOMKecTBa A Bcex umen
undu6udos m3 A, GyJeT COBHATATEH C MCXOTHON CHIHATYPOU T, a A3BIK L +(4) — C
MCXOTHBIM S3BIKOM L +.

[l1a KaxX 10ro cBOOOTHOTO OT MEePEMEHHBIX TepMa, t A3bIKA L.+ OOLIYHLIM 06pa-
30M MHIYKIIUEH 110 TOCTPOEHUIO TepMa t onpeneaseM uuausui A(t) uz A, KoTOpBIT
bydem coomsemcmeosamsb mepmy t.

Hempyduo nowamv, wmo 6 paccmampusaemom cayuae A(t) — amo t, no amo
pa3uvie t — nepsoe t — amo mepm t azvika L.+, a emopoe t — amo saemenm t
ocno8H020 MHoxcecmea A ecmecmsennoti cmpykmypovr A+ a3vika L+.

OOGBIYHBIM CIIOCOOOM Il KAYKIOU 3aMKHYTOU (T. €. He copepkKaImien CBOGOTHBIX
nepeMeHHbIX) (popMyIel @ A3BIKA L +(4) OIpeferseM ee UCmuMHOCHOe 3HAUEHUE
I(®) B cucreme A+ nugyknmen no nocrpoernio popmyast $ (1. e. comocraBum P
suavenve W wim JI).

YemoBuMesa MUCATD:

A+ E &, ecm I(P) =1,
A+ @, ecn (D) =JL
(i) Ecim ® — aromuas dopmyaa suga p(ti,...,t,), Toe p — N-MECTHBII MpeIU-

KATHBIN CHMBOJ CUTHATYPHL 71, a #1, ..., , — CBOGOIHBIE OT HEPEMEHHBIX TePMbI
currarypst 71 (A), To noraraem

A @ = pir (A (), o Are(t) = 1

A+ E® = TEupt,.. . t).
(ii) Teneps ecim ® u ¥ — 3aMKHYTBIE (POPMYJIBI, TO HOJATAEM
A+ E (-P) «— A+ £ D,
A+ E (VYY) «—= A+ EP wm A+ E U,
A+ E (P&V) «—= A+ EFP u A+ VU,
A+ E (P - T) <—= A+FDP u A+ £ V.
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(iii) Ecim @ — popmy.ta, He comepxkamas cBOGOIHBIX TIEPEMEHHBIX, OTIUIHBIX OT
Z, TO TOJATraeM

A+ E (Fr)? —
A+ E ®.[t] ana mmenw ¢ mekoToporo maamsuga t uz A, T. e. Tepmat,

A+ E (V)0
A+ E ®,[t] nna umenu ¢t mo6oro uaguBuga t uz A, T. e. Tepmat.

Hanomuwum, aro ' — okaabro noaroe mrodracecmeo Gopmya, mo>3ToMy s
JI060U 3aMKHYTOU (popMyasl P

T Efin ® wm T =rin P,

HO He TO W IPYroe OJHOBPEMEHHO, B YaCTHOCTH, DTO BEPHO W IS TPOU3BOJLHOU
aToMHOU Gopmyast Buga p(ty, ..., t,), 0Je p — N-MECTHBIN TPeIUKATHBIA CUMBOJ CUT-
HaTypel 7. [losToMy mETepnperanus | onpegeneHa KOPPEKTHO.

Nuaykuuen no nocrpoeruto ¢popmya (ambo mo ux AIuHe, AUOO0 MO YUCIY BXO-
JALMX B HUX JOTUYECKUX CBA30K M KBAHTOPOB) OKAXKeM, 9TO /I MPOU3BOILHON
dopmyaer ¢ mMmeeT MECTO DKBUBATEHTHOCTD:

T ® — 1@ =1

(i) dus snemenTapubix Gopmya ¢ ykazaHHAs SKBUBAIEHTHOCTH MMEET MECTO 10
ompeeNeHUI0 nHTepupeTanun /.

(ii) peamonoxumM, 9TO yKa3aHHASA DKBUBAIEHTHOCTD UMEET MECTO IIA (pOpMY.I
® u U u mokaxeMm, 9TO TOTa OHA BBIMOTHAECTCA U AJaA (POPMY.I

(=®), (B&V), (®VU), (&), (Vr)d, (Ir)d.

Tak Kak

I(®) =1 <« I(-®) =N,

TO

T b (-8) < I(-9) = IL

HeTpymao mokasaThb, 4TO
r Erin (P&V) <= r Efin @ m r =rin V.
Kpowme Toro, mo onpenenennto uaTepnperamnuu [
I®)=U u (V)= < I((®&V)) = .
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SHAYNT,

T i (D&T) <  I((0&T)) = I

[ToxaxemMm, 9TO 014 AOKAALBHO MOAHO20 MHOXecTBa (opMmy.T I u mponsBoIb-
HbIX (popmynr @ u ¥ umeeT MecTO SKBUBATEHTHOCThH

T ):fin (q)\/\I/) «— T ):fin ® wm T ):fin L
B camom gmene, ecan
T Epn @ wm T gy O,

TO, KOHETHO,

T Efin (PV ).
O6paTHO, PEANOIOKAM, ITO

T Epn (2V ).
[Tokaxem, ¥TO TOT' A

T Efin ® wm T =rin V.
[IpeamoIoXuM IPOTUBHOE, T. €. ITO
T pin @ u T Wpyp V.
Tak kak [ — 40KAAbHO NOAHOE MHOKECTBO (GOPMY.I, TO TOTIA
T Ejin (7®) n T Epn (09),

a, 3HAYUT,

T pin ((0®) & (-1)),

IO3TOMY

T = in —(® VD).

Tak Kak BBIIIE MBI TPEATIOIOKMAIA, ITO
T Epn (2V ),

TO IOJy4YIaeM IIPOTUBOpEYINe C IpPearnoJoKeHueM O AOKGABHOU COBMECTMHOCTU

MHOX)ecTBa dpopmy.r [
B urore moaywaaem

T Efin (@VVY) <= T ® wm T Epp U

I(®) = Mum (V) = U < I((dVT)) = U,
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e T i (@VY) = I(@VV) =1

JokasaTelbCTBO DKBUBAICHTHOCTH
T Epin (@—=0¥) < I(®—-0) =1

IPOBOIUTCA 110 TOU Ke CXeMe C UCIOJb30BAHKEM JOKAILHOU MOTHOTEL U JOKAJILHON
COBMECTHOCTH MHOKecTBa (opMy L.

Ocraerca pacemorpers Gopmyast Buga (3z)® u (Vo)®. MenHno npu ux pac-
CMOTPEHNM HaM MOHAJTOOUTCSI CBOUCTBO | eHKMHA.

Ecmn & — ¢popmy.ta, He comepxamas cBOGOIHBIX MEPEMEHHBIX, OTIMIHLIX OT I,
TO IO OIIPEAEICHUIO

A+ E (Fr)? —
A+ E ®.[t] ana mmenw ¢ nekoToporo mHamsuga t uz A, T. e. Tepma t.

HOKa}KeM, 9TO nmMeeT MeCTO 3KBUBAJEHTHOCTH!
T Epn (B2)0 < I((32)9) = .
Ecan
T Epn (32)0,

TO B CUIy CBOMCTBA [eHKWHA HAMIeTCA TAKOW 3aMKHYTHIN TepM t (1axke KOHCTAHTA
¢), 9TO
(F2)® — ®,[t]) € I C T,

3HAYUT,

T Efin ((32)® — @.[t]),
OPTOMY
T Efin ®lt].
[To unaykTUBHOMY Tpeanoaoxkenuto Toraa [ (®,[t]) = U, mosTomy u

[((32)®) = W.

Ecan xe I((32)®) = U, To Hangercsa Takon 3aMKHYThII TepM ¢, ato [ (P,[t]) = 1.
[To vHAYKTUBHOMY MpEANOI0KEHUI0 TOT 1A,

T Epin Out].

Tak Kak

T jin (2[t] = (F2)0),

TO

T =i (32)0.
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Tem cambiM mOKa3aHO, 9TO
T Ein G2)® < I((32)®) = 1.
[To Tou ke cxeme TOKA3BIBAETCS, ITO

B urore mokaszano, 9TO M1 Mpou3BOIBHOU (hOpMYyasl ¢ mmeeT MecTO >KBUBA-
JEHTHOCTB:!

.

Tl ® = I(®)

Ecin ® — mpousBoabHas (OpMYJIa U3 MHOXKECTBA L, TO, 049eBUIHO, [ Efin @,
nosromy [(®) = U.

Suaunr, I(T) = U, mosTomy MHOKeCTBO (pOpMY.T || ABIACTCA COEMECTVHBIM,
a 3HAYUT, COBMECIMHbIM ABIACTCA U UCXOTHOE MHOXKECTBO (opmy.a [ O

Bropon BapuaHT nokaszaTeabcTBa OyIeT OCHOBAH Ha MOHATUN (PDUIHTPOBAHHOIO
IIpou3BEICHUA.

HamomMuuM OCHOBHBIE OTpeIeNeHus, OTHOCANINECS K TOHATHIO PHuabmposam-
1020 Npou3sedeHus aa2eb6pauuecrKur cucmem.

Iis mpou3BoJIbHOrO MHOKeCTBaA I MHOKeCTBO P () BeeX ero moaMHOKECTB SBJIA-
ercsa OyJaeBou aare6pou OTHOCUTEILHO omepamuu U u M. PuabTpel B GyJIeBOK aJare-
6pe P(I) HasbiBatoTCsA GUILTPAMHI HAT MHOXKECTBOM .

Onpenenenune 3.6.9. Quavmpom Had mHoHcecmeom I Hazvisaemcea npous-
B0AbHAA HENYCMAA cucmema nodmnoxrcecme D muoxncecmaa I, ydosaemsopsiou,an
CACOYOUWUM YCAOBUAM:

1)eciu X €eDuY €D, moXNY €D,

2)ecau X €D uXCY,moY €D,

3)0 ¢ D.

3 myHKTOB 1) M 2) J€rKO MOIYYUTH DKBUBAIEHTHOCTD: 04f AH00bLT NOOMHO-
acecms X u'Y mmomcecmea I: X € D u'Y € D mozada u moavko moada, xo2da
XNY eD.

Ecim X € DummY € D, 7o XUY € D. ®urbTp, 4151 KOTOPOro BEPHO 0OpaTHOE
YTBEPK IEHUE, HA3BIBAETCA TPOCTNbIM.

Onpenenenne 3.6.10. Puabmp nad muoxncecmeom I nasvisaemes npoecmovim, ec-
AU 0aa a06vir nodmuoxcecmse X u Y mmoxcecmsa I uz mozo, wmo X € D uau
Y € D, caedyem, umo X UY € D.

[ns mpocToro ¢puabTpa D mMeeT MeCTO SKBUBAJEHTHOCTD: 0.4 4100bIT N00MHO-
aceeme X u'Y wmmoocecmsa I X € D uau'Y € D moeda u moavko moada, xoeda
XUY eD.

Onpenenenune 3.6.11. Puavmp nad mmuoxcecmsom I nasvisaemcs MaKCUMaAb-
HBIM, E€CAU 0N HE COOEPHCUMCA Nl 8 KAKOM OMAUUYHOM 0M He20 Puibmpe.
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Onpenenenne 3.6.12. Puibmp nad muoxcecmeom I nazvisaemes yabmpaguao-
mpowm, ecau daa 41060020 nodmmoxcecmsa X muoncecmea I aubo X € D, aubo

(I\Y) € D.

Hcnoab3ysa akcmoMy BBEIOOpa, OBLIO JOKA3aHO, ITO NOHAMUAL NPOCMO20, MAK-
CUMAABHOZ0 U YAbMPAPUALINPA IKEUBAACHMHbL Mexcdy coboti. Kpome ToOro OBLIO
IOKA3aHO, 9TO 4100010 PUALMP COOEPHCUMCA 8 MAKCUMAALHOM Pusbmpe.

PacemorpuM cemencTBo (A;)ic; aarebpanvieckux CUCTEM CUTHATYDPHI T ¢ OCHOB-
HbME MHOKecTBaMu A; (i € I). ITOOBI HECKOIBKO YIPOCTUTH OOO3HAYMEHUS, al-
rebpamveckyio omneparuio fAi, npeamKaT pAi A DJEMEHT cAi, COOTBETCTBYIOIIVE B
aarebpamdeckon cucreme A; cOOTBETCTBEHHO (PYHKIMOHAILHOMY CUMBOIY [, mpe-
IUKATHOMY CUMBOJY P W KOHCTAHTE ¢ CUTHATYPH T, OyaeM 0003HA4YaTh KOPOTKO
qepe3 f, p ¥ ¢ COOTBETCTBEHHO. JTO He MPUBEIET K HETOPA3YMEHUAM.

HamomMuuM moHATHE NpAMO20 Npou3eedenus CeMeNCTBa aarebpanIecKnxX CUCTeM
(A;)ier, ob6obmaomee XOpomo U3BeCTHBIE U3 Kypca ” Aare6pa’ MOHATHA IPAMOTO
NPOM3BENEHNS CEMEUCTBA IPYNN Wik KoJem. [IpamMoe mpousBeneHne ceMencTBa, aJ-

rebpandeckux cucreMm (A;);e; o6o3Hadaercsa depes [[.A;. OCHOBHBIM MHOXKeCTBOM
icl
cucrembl [[A; cayxur mpavoe npoussenenue |[A; ocHOBHBIX MHOXeCTB A; cu-
icl i€l
crem A;. HamomuuM, 4T0 1eMeHTAME MHOXKeCTBA | [ A; ABIAIOTCA BCEBO3MOXKHBIE
icl
$yEKIIN ¢ n3 MHOXKecTBa I BO MHOXKecTBO U A; Takme, 9T0 mpu J1060M ¢ u3 I:
i€l
g(i) € A,.
Kax 1oMy n-MecTHOMY (byHKIHOHAILHOMY CAMBOIY f COMOCTABIACTCA Nn-MeCTHASL

arreGpamdeckas Omepalyd, oupeIeleHHas Ha MHOXKecTBe | [ A;, koTopas 6yaeT 060-
icl

3HAYATHCA depe3 f, 9TO He MpUBENET K HexopasyMmeHwuto. [[J1s mpou3BOJBHBIX HiIe-

MEHTOB (1, §2, ... , §p ¥ JOO0TO ¢ U3 [ mMoJaraem

f(glaQZa agn)(l) = f(gl(i)agZ(i)v 7gn(Z))

Kax oMy n-mMecTHOMY TPEIUKATHOMY CUMBOJIY P COMOCTABIAETCA N-MECTHBIN

IPEeAUKAT, ONpeaeeHHbIN Ha MHOXKeCTBe | [ A;, KoTopbIl Oy 1eT 0603HAYATHCA Yepes
icl

p, 9TO HE TpUBEIET K HeZOpa3yMeHuo. /11 mpoW3BOJbHBIX DJEMEHTOB (1, (2, ... ,

gpn TOJAaraeM

p(917927 7gn) =1 — nopn JTIO00M @ : p(gl(l)792(2)7 7gn(l)) =1

Kam,a;ow[y KOHCTaHTHOMY CHMBOJY C COIIOCTaBJAAECTCA 3JEMEHT W3 MHOXKeCTBa

[TA;, xoTopsir o6o3HaTaeTCa 9epe3 ¢, 9TO He MPUBEAET K Hegopasymenwio. [l
iel
IlepOI/IBBOJII)HOI‘O t w3 [ monmaraem
c(i) = c.
[Ipamoe mpoussenenune |[A; cemencrsa aarebpanmaeckux cucrem (A;)ic; 0gHON
iel
1 TOU K€ CUTHATYPHL T C TO‘EIKI/I 3peHusa MaTeMaTHIeCKO! JJOTUKA 0c060r0 MHTepeca
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63.6 Jlorumka mepBoro mopsAaka ¢ PaBeHCTBOM

He TpeACcTaBaAeT. Boabumn nHTEpeC NPeACTABIACT PUAbMPOsanHoe NPoussedenue
ceMencTBa aare6pamdeckux cucteM (A;)ie; 0O mpomsBoibHOMY GUILTPY D, KOTO-

poe Oyner ob6oszHadaTbea depes | [A;/D
il
HamomMamM ompegeneHne 5TOr0 HOHATHA.
[Tycrs (A;)ier — CeMeRCTBO aIre6panvIecKux CUCTEM CUTHATYDBL T ¢ OCHOBHBIMU
muoxkectBamu A; (i € I), a D — QuiabTp Ha MHOKecTBe nHAekcoB [. Ha mpsamom

npoussenenun | [A; ocHOBHBIX MHOXKeCTB A; cucrem A; BBeIeM OTHOIICHUE DKBU-
il
BATEHTHOCTH =p. [IycTh g u h — saements u3 || A;. [loraraem
il
g=ph < {ilgi)=h()} € D.
Peq)JIeKCI/IBHOCT]) " CUMMCTPUYIHOCTHh OTHOIICHUA =p OYCBUAHBI, a €I'O TPAH3UTUB-
HOCTB CJaeAyeT U3 BKJAIOYICHUS

{ilgi) =h(@) } n{ih(i) =t() } € {ilg(i) =1t(i)}.
O603Ha4MM 4epe3 [g] K1acc SKBUBAJEHTHOCTH C MPEACTABATENEM ¢, T. €.
l9] = {hlg =p h}.

MHOKEeCTBO KIACCOB SKBHBATCHTHOCTH, HA3BIBaeMOe (DAKTOPMHOKECTBOM MHOKE-
crBa [[A; IO OTHOIIEHWIO HKBUBAIEHTHOCTH =p, obo3HadaeTcs 4depes [[A4;/ =p.

icl iel

Hadeaum mnoncecmeo [[A;/ =p cmpyxmypot aseebpauueckoti cucmembl cueha-
iel

mypol T.

Kax momy n-MecTHOMY (DYHKIIMOHATLHOMY CUMBOIY f CHTHATYPHBI T COMOCTABUAM
N-MECTHYI0 AJIreOpanvecKyio Olepalnunio, OnpeleleHnyo Ha MHOKecTBe [[A;/ =p,

iel
KOTOpyIo OyzeM o0603Ha4IaTh 4depe3 f, 9TO He IpumBeleT K Hegopasymenmio. [lia
IPOU3BOIBHBIX DIEMEHTOB [¢1], [g2], ... , [gn] 3 [[Ai/ =p momaraem
iel

fail,[gal, s [gn]) = [f(g1, 92, -+ gn)]-

He3aBucMMOCTB ONIpeIeseHns OT BBIOOPA MPEeICTABATENEN B KIACCAX DKBUBAJICHT-
HOCTH [g1], [g2], --- , [gn] coemyeT U3 BrIIOUEHUS

{ilg1 () = ha(0)} N {ilg2(i) = ha ()} M-+ - N {ilgn (i) = ha(i)} €

Kax momy n-mMecTHOMY MPeIUnKaTHOMY CHMBOJIY P COMOCTABUM 7-MECTHBIN IpPe-
IUKAT, ONpeAeIeHHBIN Ha MHOXKecTBe | [ A;/ =p, KoTopbii 6y1emM 0603HAYATH Yepe3
iET
p, 9TO HE MPHUBEAET K HeI0pasyMeHuo. /1A MPOU3BOIbLHEIX DJIEMEHTOB [¢1], [ga], .-
, lgn] m3 []Ai/ =p monaraem
icl

p([gl]a[g2]a'“a[gn]) = <~ {i|p(gl(i)792(i)a"'agn(i)) = I/I} € D.
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[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

He3aBrcuMOCTb ONpPENeIeHUs OT BBIOOPA MPEICTABATENEN B KIACCAX DKBUBAJICHT-
HocTH [g1], [92], -, [gn] clemyeT w3 BrIOUEHUHS

{ilg1(7) = P (0)} N {ilga(i) = ho(i)} M- O {ilgn (i) = hu(i)}N
N{i1p(91(2), 92(4), -, gn(8)) = U} € { i | p(ha(2), ha(i), ... ha(2)) = W}

Eciu = — BbIIEIeHHBIA 2-MeCTHBIN TPEIUKATHBIN CUMBOJ, TO /A MPOU3BOILHBIX
DIEMEHTOB [g1] U [go] m3 [[A;/ =p moayuaem
iel

= (gl o) =1 = {il =(90() 00) = U} € D.

T.e. BBIIETEHHBIN 2-MECTHBIA TPEIUKATHBIN CUMBOJ = UHTEPIPETUPYETCA KaK OObIT-
HOE PaBEHCTBO, MO3TOMY MBI MOIYIaeM HOPMAALHYIO UHITMEPTPEMAYUIO.
Kax1oMy KOHCTaHTHOMY CHMBOJIY ¢ CUCHATYDPBI 7 COHOCTABUM DJIEMEHT [c| u3

muOXKecTBa |[A;/ =p, KOTOpBII GyaeM 0003HAYATEH Yepe3 ¢, YTO He MPUBEAET K
el

HegopasyMeHno. HamoMHUM, 9TO B KBaIPATHBIX CKOOKaX CTOUT (hYHKIUA, OIpeTe-

JeHHas /IS MPOU3BOJILHOTO ¢ u3 | paBeHCTBOM

c(i) = c.

[TocTpoennas aareGpamdeckas CUCTeMa CUIHATYDHL T 0603HAYAETC depes
1[4/ =>
icl

W HA3BIBACTCA (HUALIMPOSAHHDIM NPOUIBEICHUEM CEMETCMEa an2e0PAUUECKUT Cl-
cmem (A;)ier cuenamypvr T no guavmpy D.

[TycTs Bce cBoGOHBIE TepeMeHHBIE GOpMYIbl P comepxkaTcsa B CIIUCKE Ty, T, ...,
T,. Panee ObL1a mokazaHa ciexyiomras TeopeMa Jlocs.

Teopema 3.6.3 (JIocw). IIycmv (A;)icr — cemeticmeo aa2e0pauveckus cucmenm
cuznamypvl T, D — yavmpaguibmp na mmoxrcecmee undercos I, a [[Ai/ =p —

iel
coomseemcemeyouee guasbmposannoe npousdsedenue. To2da das 4100b1T d4eMENMOB
[g1], [92], - [gn] w3 ocrosno2o muoncecmsa [[A;/ =p cucmemvr [[Ai/ =p umeem
i€l i€l
MeECmo cAedYOWas IKEUBAACHIMHOCTD
HAZ/ =D ): q)ml,zz,...,zn[[gl]a [92]7 ey [gn]] —

el

= {ilAiF Ps0al91(0),9200), - gn(D)]} € D.

PacemoTpuM BTOpOU BApHAHT 10Ka3aTeIbLCTBA A0KAAbHOT meopembt K. I'e-
deas — A.U. Maabyesa 11a JOIMKH IPEIUKATOB IIEPBOr0O MOPAIKA C PABEH-
CTBOM.
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§3.7 Ucaucaenne mpeankaToB ¢ paBEHCTBOM

[Tycts MHOXKECTBO 3aMKHYTHIX (Gopmya [' a3bika L, ABIgIeTCA A0KAABHO CO-
8MECTHbIM, T. €. KaXKI0€ ero KOHeTHOe cCOBMecTHO. [lokaxem, 1T0 cosmecmno
u 8ce muodcecmso popmya L.

O60o3ua4uM Tepe3 | ceMencTBO BCEX KOHEIHBIX MOAMHOXKECTB MHOXKeCTBa (hop-
My . [las kax poro ¢ u3 MmHOXKecTBa I mycTb ®; — 3TO KOHBIOHKIINAA BCEX (HOPMY.T
u3 i, a A; — arrebpandeckas cucreMa, B KOTOPOW MCTUHHBLI BCe (DOPMYJIBLI U3 I, a
3HA4IUT, u popmyaa PD;.

[lna mpousBoabHOro ¢t u3 I moaaraem

MokaxeM, 9TO ceMeucTBO ([})ier MOIMHOKECTB MHOXKeCTBa [ 061aJaeT CIepyOnmM
CBOMCTBOM:

Jit mepecedenue M06G0r0 KOHETHOTO YUCTA MHOKECTB DTOTO CEMENCTBA HEMYCTO.

B camom gene myctw Iy, Iy, ..., Iy, — pamemenTH cemeucta, a Py, @4, ..., Py
— coorBeTcTBytomue Gopmyasl. O6o3HaunMm 4depes ¢ komwionkmmio dopmyr P,
Dy, ..., @4, . [lo ycroButo dpopmyra ¢ sermoramma. [Iycrs A;, — coorBeTcTBytOmas
arrebpamdeckas cucrema. lorma ig € Iy, NI, N ... NIy .

B Takom cirydae, kak mokasaHo B Jonoanenuu, cyu,ecmsyem yabmpaduibmp
D, codepaucawuii 6ce mmomxcecmea cemeticmea (Iy)er.

PaccmoTpuMm yabTpamnpousBenenue

[TA/=p

el

n

Hokamncem, wmo ece gopmyavt u3 muoxcecmea I' ucmunnvl na amot cucmeme.
B camom gene, eciu ®; — npousBoabHas (popmy.ia u3 MHOXKecTBa [', TO

{ilie I&A; = o} =1, € D.

[TosTomy

[T4:/ == o

el

3 mokaszaHHOW TEOPEMBI JIEMKO MOIYIaeTCA CIeIYIOMasA, Ha MepPBLIN B3MIAL, 60-
nee obIas Teopema, KOTOpas Ha CAMOM jeJe DKBUBAJICHTHA TOKA3AHHOU TeOpeMe.

Teopema 3.6.4. /[as arw6o20 mmuoxcecmsa dopmys I asvika L, nepsozo nopsd-
Ka ¢ pasencmeom u 4100010 3amkHymot dopmyavt amozo sasvika P umeem mecmo
IKBUBAAECHTIHOCTID

I'kEm @ «— T E 0.

HJoxazameavcmseo EcmD =gy @, 1o, koHEUHO, [ = @. [IycTe I' = O.
[Tokaxewm, aro Torga I' |=p; @®. JomycTum npoTmBHOE, TOrA A1 JIOOG0ON0 KOHEH-
HOrO moaMHOXKecTBa 1) MHOKecTBa [T coBmecTHO MHOXKecTBO ['g U {(=P)}, mosTo-
my muOXecTBO I' U {(—=®)} noraavrno coemeecmmno. B cuny mpenbiaymen Teope-
Mbt MHOKeCTBO ' U {(—®)} cosmecmno, HO 5TO IPOTUBOPEUUT TIPEAIONOKEHUIO

I & @ O
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[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

3.7. Ucuucaenne npegnkKaToB C paBEHCTBOM

B sToMm maparpadge paccMaTpuBaioTCA HEKOTOPBIE BOOPOCH 411 HMcuucaenus
npedukramos ¢ paseHcmMeoM MPOU3BOILHOU CUTHATYPhI

T=(C,F, P8 p).
HamomuumMm, 910 5T0 O3HaYaeT, 9TO BO MHOXKECTBE P MpeInKaTHBIX CHUMBOJIOB BbI-
IeJeH 2-MeCTHBIA TPEIUKATHBIN CUMBOJI, 0003HAYAEMBIN Tepe3 =.

Aswik L, Ucuucaenus npeduramos ¢ paéencmeom IPOn3BOILHON CUTHA-
TYpBI T coBHagaer ¢ a3uikoM L, Jloeuku npeduramos c pasencmeom >Tou
CUTHATYPHI 7. JTO O3HAYAET, YTO COBHAMAIOT AJ(PABATHI DTUX SI3BIKOB, MOHATHUA
mepma u Hopmyant.

Kak u B cayuae Jo2uku npedukamos ¢ pasencmeom dpopmyny = (ti,ts)
OymeM 3ammchIBaTh B OOJiee MPUBLIYHOM BUIe t1 = {fo.

[Mas Jloeuku npeduramos c pasencmeom OCHOBHBIMU MOHATUAMEI ObLIA
HOHATHE HOPMAALHOT UHMEPNPEMAYUY U TOHATHE UCTMUHHOCTMHOE 3HAYUE-
nue I(P) zamxnymoti gopmyavt ® 6 nopmasvnol uwmepnpemayuu I.

OcuoBubivu nousatusvu Mcuucaernus npeduramos ¢ pasencmeom, Kak u
B caydae Mcuucaenus npeduramos nTpou3BOJLHON CUTHATYPHI, OYIyT MOHATUA
Buvisod u Buvisodumas gopmyaa. OTH TOHATHUA ompenensorcs nis Hcuucae-
HUA NPeduramos ¢ PaserHcmeom o TOU XKe cxeme, ITo u 111 Mcuucaernus
npeduramos Ipon3BOJLHON CUMHATYPHL.

3.7.1. Jloruveckue akCMOMBI M IMpPaBUJa BBIBOAA
Axcuomovr Ucuucaenus npedu'mamoe C paseHCMmeoMm

SadukcupyeM MPOM3BOJABLHYIO CUIHATYPY T C paBeHCTBOM. Bce mocaexyiomime
onpeneneHusa OyIyT OTHOCUThLCA K Mcuucaenuro npeduramos ¢ pasencmeom
WIIP, >Tou curHaTyphl 7, KOTOPOe paIil HEKOTOPOU KPATKOCTHU OyIeM Ha3BIBATD
npocro Ucuucaenuem npeduramos ¢ pasencmeom u o6o3uadars depes UTTP
(6e3 ynoMMHAHUA CUTHATYPHI T).

[ mpoumsBoabHBIX hopMmya A, B u C Hecuucaenus npeduramos ¢ pasem-
cmeom (HopMmy.ia JT000r0 YKA3aHHOTO HUXKE BUIA ABIIeTc Jlo2uueckol axcu-
omoti Ucuucaenus npeduramos ¢ paseHcmeom.

ITg,.
IL1. (A& B) — A).
I1.2. (A& B) — B).
I13. (A — B) = (A —=C) — (A= (B&()))).
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§3.7.1 Jlormueckume aKCMOMBI U MPABUJIA BBHIBOIA

I11,.
IL.1. (A — (A V B)).
1IL.2. (B — (A V B)).
1.3. (A4 —-C) — (B—=C) — (AV B) = (0))).

V..
V1. (A = (=B)) = (B = (=A)).

s npousBoabuou popmy.isl A Hecuucaenus npeduramos ¢ paseHcmeom
u 1106010 Tepma t donycmumozo das nodecmanosku B popmyry A BmecTo ¢Bo6OI-
HBIX BXOXKIEHWUW IMepeMeHHOu T (hOpMy.Ia JI000r0 YKa3aHHOTO HUXKE BUAA ABIACTCI
Jozuuecrot axcuomoti Ucuucaenus npeduramos ¢ paseHcmeom

Vv.
V.1 (Vo)A — A1),

VIa.
VL1 (A,[t] — (3)A).

Kax gas u3 caegyomux Tpex ¢popmya Acuucaenus npeduxamos ¢ pasem-
cmeowm ssiserca Jloeuueckotl axcuomotli Ucuucaenus npeduramos c pa-
8EHCMBOM.

VII_.

VIL1. (V1) = 1.

VIL.2. (V1) (Vo) (21 = 29 — x9 = 27).

VII.3. (VIl)(VIQ)(VIg)((.’L'l = .’L'Q&IIIQ = 1‘3) — T1 = 1‘3).

[l71s1 TPOU3BOMBHOTO N-MECTHOTO (DYHKIIMOHATHLHOTO CUMBOIA, [ W TPOU3BOJIBHO-
0 N-MEeCTHOT'O MPEeIUKATHOTO CUMBOJIA P KaXK 1asd U3 caeayiomux 1Byx ¢gopmya HMc-
yucaerHus npeduramos ¢ pasencmeom sapiaierca Jlozcuueckot axcuomot
HUcuucaenus npeduramos ¢ pageHcmeom.
VIII-.

VIIL.1.

(V1) (Vo) ... (Y2, (Yy) (Vy2) .. (V) (. (2 = &y = o) & .o ) &
Tp = Yn) —
flz1, o, zn) = f(yi, Y2, -3 Un))-

VIIIL.2.

(V1) (Vo) .. (V) (Yy)(Vy2) - (V) (o (2 = i &z = o) & .. ) &
Tp = Yn) —
p(r1, T, xn) > D(Y1, Y25 - -5 Un))-

IIpasuaa evieoda Ucuucaenus npeduxamos ¢ paseHcmeom

305



[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

B Hcuucaenuu IIpeduxamos ¢ pasencmeom, Kak U B paCCMaTPUBABIIEM-
ca Buime Aecuucaenuu ITpeduramos, ucnonssyworcs tpu IIpasuaa ebieoda —
ITpasuao omdeaenus (Modus Ponens), IIpasuao Beedenus V u Ilpasuao
Begedenus 3.

ITpasuao Omdesenus (kpaTko 510 npasuio Gyiem o6o3HadaTh depes MP):

A, (A — B)
B

dra 3anuck ozHadaer, uTo 1no npasury MP u3 dopmya A u (A — B) noryga-
erca gopmyaa B. Ipu sTom dpopmyast A u (A — B) HA3HIBAIOTCA NOCHLAKAMU
npasuaa MP, a ¢gopmyra B — ero 3axarouenuem IWIn HeNocpedcmeeHHblm
caedcmeuem popmyr A u (A — B) no npasury MP.

IIpasuso Beedenusa V:

(B — A)
(B — (Vz)A)’
IpU YCJAOBUU, YTO IMePEMEHHas & He BXOAUT ¢BOOOAHO B (hopmyay B.
dra 3anuch o3Havaer, 4ro no IIpasuay Beedenus ¥V uz popmyast (B — A)
noaydaercs popmyaa (B — (Vx).A). llpu arom dopmyaa (B — A) HaseiBaercs no-
coraroti IIpasuaa Beedenus ¥V, a popmyaa (B — (Vz)A) — ero 3axkarouenuem
Wwin Henocpedcmeennbim caedcmeuem Gopmyast (B — A) mo sToMy npaBuiy.

IIpasuao Beedenus 3:

(A — B)
(3r)A — B)’
IIpY YCIOBUH, YTO IIE€peMEeHHAsA T He BXOAUT CBOOOTHO B dpopmy.ry B.
dra 3anuch o3Havaer, 4ro no IIpasuay Beedenus 3 uz popmyas (A — B)
noaydaercs popmyaa ((3x)A — B). llpu arom dopmyaa (A — B) HaseiBaercs no-
corarkoti ITpasuaa Bseedenus 3, a popmyna ((Jz)A — B) — ero 3akarouenuem
win Henocpedcmeennbim caedcmeuem Gopmyast (A — B) mo sToMy npaBuiy.

Buvieod u Bvieod u3 muosxucecmea opmya 6 Ucuucaenuu IIpeduxamos
c pasencmeom

Onpenenenne nouatun Beteod u Bwvieod u3 muoawcecmea gopmya 6 Uc-
yucaenuu IIpeduxamos ¢ pasenecmeom MPAKTUICCKE HUYEM HEe OTINIACTCA
OT ompeneneHus MOHATHN Bvieod u 6bi800 u3 mmoacecmaea gdopmya e Uc-
yucaenuu IIpeduramos.

Onpeneneune 3.7.1. Boisodom 6 Ucuucaenuu IIpedurxamos c pasencmeom
Ha3bIBAEMCA A100AS KOHEUHAA NOCACIOBATNEADHOCTD

B, ..., By

Popmys Hcuucaenus IIpeduramos c pasencmeom, yoosaemeopAOULGA CAec-
dyrouemy Yycaosuo:
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§3.7.1 Jlormueckume aKCMOMBI U MPABUJIA BBHIBOIA

das mobozo i (i=1,...,n)

AU60

1) gopmyaa B; asasemea Jloeuuecrot axcuomoti Ucuucaenus Ipedura-
Moe ¢ paserHcmeom,

AU60

2) natidymes wucaa j u k mewvuwiue, wem i, makue, umo gopmyaa B; noayuaemca
u3 gopmya B; u By no npasusy MP,

AU60

3) matidemea wucio j menbwee, uem i, maxoe, umo gopmyaa B; noayuaemes u3
popmyavt B; no npasury Beedenusa V,

AU60

4) natidemes wucao j mewvuiee, wem i, maroe, umo gopmyaa B; noayuaemes uz
popmyavy B; no npasusry Beedenus 3.

Omnpepenenne 3.7.2. Popmysa B wnasvisaemcs evisodumoti 8 Hcuucaenuu
IIpeduxamos c pasewncmeom, ecau cywecmsyem Bwvieod 6 Hcuucaenuu
IIpeduxamos ¢ pasencmeom

By, ..., By,

oxanuusarwuica amot gopmyasot B.

Breipaxenne Fy7p A CIVKAT COKPAIIEHHON 3AIUCHI0 YTBEPK IeHIA

" popmyaa A evieoduma 6 Ucuucaenuu IIpeduramos c pasencmeom’ .

B nanpHenmmem mas cokpaimeHus uHIekC¢ HIIP GymeM OmycKaTh, T. €. BMECTO
Fump A 6yzem nucars npocTo = A.

3aMeTHuM, ITO a1 GOPMYI A3bIKA L, CUTHATYPHI 7 ONpeIeTeHbl 1Ba MOHATHI

gpopmyaa ¢ evieoduma 6 Ucuucaenuu Ilpeduxamos c pasencmseom
(cokpamennoe o6osuadenue by pp A) u opmyaa ® evreoduma 6 Ucuucaenuu
ITpeduramos (cokpammennoe o6ozuadenune by A).

Taxk xak Bce (popMyabl A3bIKA L CHTHATYPHI T, ABIAIONINECA 402UUECKUMU QK-
cuomamu Hcuucaenus IIpeduramos SABIAIOTCA A02UUECKUMYU AGKCUOMAMU,
HUcuucaenus IIpeduxamos c pasencmeom, to, eciu gopmyaa ¢ evieodu-
Mma 8 Ucuucaenuu npeduramos, o gopmyaa ¢ svieoduma 6 Hcuucaenuu
npeduramos c pasencmeom, T. e. us -y A crenyer Fypp A.

Kak u B ciyuae Ucuucaenus IIpedurxamos, BeegeM Goaee oOIee MOHATHE,
geM nouaTrue Bwvieod 6 Hcuucaenuu IIpeduxamos ¢ pasencmeom, — 10-
uatne Buvieod u3 mmnoaucecmea 2unome3 8 HUcuucaenuu Ilpeduxamos c
paseHcmeom.

[Tycts ' — mpow3BoIbHOE MHOKECTBO (hOpMY.I. POPMY.ILI U3 MHOXKeCTBa [ 6y mem
Ha3BIBATH 2UNMOME3AMU UAU HEAOSUUECKUMU AKCUOMAMU.
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Onpeneneune 3.7.3. Bvieodom u3 muoxrcecmea opmya I' 6 Ucuucaenuu
IIpeduxamos ¢ pasBenHcmeom HA3bLBAEMCS A100aA KOHEUHAA NOCACIOBAMENb-
HOCMb

B, ..., By

Popmys Hcuucaenus IIpeduramos c pasencmeom, yoosaemeopA0Uas Cae-
AYrowWemy Yycao8ui0:;

das moboeo i (i=1,...,n)

AU60

0) B; € T (Popmyaa B; asisemea 2unome3ot uau neao2uueckol axcuo-
Mmoti),

AU60

1) gopmyaa B; asasemca Jloeuuweckot axcuomot Ucuucaenusn Ipedura-
M08 C Pasencmeom,

AU60

2) natidymea wucaa j u k mewvwue, wem i, maxue, wmo gopmyaa B; noaywaemcs
u3 popmya B; u By, no npasusy MP,

AU60

3) natidemca wucao j menpuwiee, uem i, maxoe, umo gopmyaa B; noayuaemes u3
popmyavt B; no npasury Beedewus V,

AU60

4) naiidemes wucao j mewvuiee, wem i, maxoe, umo gopmyia B; noaywaemes ua
popmyavt B; no npasury Beedewus 3.

Onpeneneuune 3.7.4. Popmysa B nasvisaemcs evieodumoti 6 Hcuucaenuu
IIpeduxamos ¢ pasencmeom u3 muodxcecmsea gopmya I', ecau cywecmsy-
em ebteod 8 Hcuucaenuu npeduxamos ¢ paseHcmeom u3 MHONCECmaa
dopmya I’

Bla T Bna

okanuusarwulica gopmysot B.

Bripaxenue I' Fypp A ciyXuT cOKpalleHHON 3alMCHI0 YTBEPK ICHIA

" popmyaa A evisoduma 6 Ucuucaenuu Ilpeduxamos c pasencmeom
u3 mrodxacecmsa gopmya 1.

Acwo, uro ecain ” gopmyaa A evieoduma 6 Hcuucaenuu npeduramos
u3 muodacecmea gopmya I'”, To ora ” gopmyaa A evieoduma 6 Ucuucae-
nuu IIpedurxamos c pasencmeom u3 muoxucecmea gopmya I'. T. e. us
'y Acrenyer I' Fypp A.

Mexny nousaTusMu 6vt800uUMOCMb U3 MHOHcecmea 2unome3d 8 Hcuu-
caenuyu IIpedurxamos ¢ pasencmeom u 8b1800UMOCMbL U3 MHOHCECTMEA
2unome3 8 Ucuucaenuu Ilpeduramos cyuecTByeT TecHas CBA3b.

O6o3uadum 1epes AxEq MHOXKeCTBO BceX GOPMYJI A3BIKA L., ABIAIOMINXCA 40-
2uueckumu arcuomamu HUcuucaenus Ilpeduxamos c pasencmeom us
rpynner VIII_.
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§3.7.2 Teopema aJgeKBATHOCTH IS UCIUCAEHUA MPEIUKATOB C PABEHCTBOM

Torma mra npousBoabHOrO MHOXKeCTBa I popmyn s3bika L, u a1060u (hOpMY.IBD
A 5TOro sS3BIKa CIpaBeIInBa YKBUBAJICHTHOCTD:
dopmysa A evieoduma 6 HUcuucaenuu IIpeduramos ¢ pasencmeom u3
MmHoHcecmea 2unomes I' mozda u moavko moeda, koeda gopmysa A evieodu-
ma 6 Ucuucaenuu IIpeduxamos u3 mmuoxncecmsa 2unome3 I' U AxFq.
T. e.
' Fypp A<= T U AxFEq Fyn A.

Ncnoab3ys 5Ty SKBUBAJIEHTHOCTD, U3 TOKa3aHHOU paHee Teopembr dedyryuu
oas Hcuucaenus IIpedurxamos 1erko MOIyINTh IOKa3aTeabcTBO Teopembt
dedyryuu das Ucuucaenus IIpeduxamos c pasencmeom.

Teopema deaykmuu. Ecau U', A Fypp B u cywecmsyem evisod D dopmyavt B
uz muoxcecmea gopmya TU{A}, 6 komopom IIpasuaso eeedenusn ¥V u IIpasuao
eeedenus 1 HE NPUMEHAIOMCA N0 NEPEMEHHBIM, BTOOAWUM CE60000HO 6 HopMYLY
A, mo ' Fynp (A — B)

Obpammno, ecauw Ut ypp (A — B), mo T, Atynp B.

3.7.2. Teopema ageKBaAaTHOCTHU AJsA UCUUCJIEHUS NMPEANKATOB
C PaBEHCTBOM

HamomuuwMm, aro gopmyaa @ szvika L nepsozo nopadka ¢ pasencmeom Hasbi-
s8aemcs Ao2udecKum caedcmeuem muoxcecmea gopmya L', ecau ® ucmunna 6
KaxcAoti Hopmaabrot modeau daa I', m. e. dasa 4106010 HoOpMaabHOT uHMEPNDEMA-
yuu I azvika L uz mozo, umo ece opmyavt muoxcecmea I ucmunnvl 6 HOPpMaabHOTU
unmepnpemayuu I caedyem, umo 6 I ucmunna u gopmyaa ®.

OcHoBHasA 1eIb BTOro maparpade — gokasaThk caepyiomyio Teopemy Ade-
xweamuocmu das Ucuucaenus IIpeduxamos c pasencmeom.

Teopema 3.7.1. Jas moboi gopmyavt A asvika Lygp Hcuucaenus IIpedura-
MO8 ¢ PaserHcmeom u 044 4100020 muoxrcecmsa gopmys I amoeo a3vika umeem
MeCmo cAeOYOULAA IKEUBAACHIHOCITIL!

dopmyaa A asasemes ao2uueckum caedemeuem muoxcecmea dopmyas I 6 Jlo-
2uke IIpeduxamos c pasencmeom mozda u Moavbko mozada, Ko2da Gopmyia
A svisoduma uz smozo mnoncecmsa gopmya I' 6 Heuucaenuu IIpeduramos c
PABEHCMBOM.

Kak cregcrBue mur noayduum Teopemy K. I'edeas o noarwome nia Ucuu-
caenus Ilpeduxamos c pasencmeom.

Teopema 3.7.2. /Jaa awboti gopmyavt A asvika Lyp Hcuucaenus IIpedura-
MO8 C PABEHCIMBOM UMEEM MECTO CACOYIOULAIL IKEUBCAEHIMHOCTIb !

A sasasemes moxcdecmseenno ucmunnoti popmyaot Jloeuxu IIpeduramos
C Pasencmeom mozda u moavko moada, Ko2da ona svisoduma 6 Heuuecaenusn
IIpeduxamos c pasencmsom.
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[okazarerscTBo Teopembr adeksamuocmu das Hcuucaenus Ipedura-
mMoe6 ¢ Pas8enHcmeoMm MBI IMOJIYINM KaK CIeICTBHE TOKa3aHHOU Beime Teopembt
adexsamuocmu das HUcuucaenus IIpeduramos, Tounee, >KBUBAICHTHON €1
Teopembr nenpomusopeuusocmu das Ucuucaenus IIpeduramos.

[Tokaxewm, 9T0, Kak u B paccMoTpeHHoM Beime cayiae Mcuucaenusn ITpedu-
xamos, Teopema adexsamnocmu duas HUcuucaenusn IIpeduramos c pa-
8EHCMB0OM DKBUBAJCHTHA ciaenyiomen Teopeme nmenpomusopeuusocmu 0as
Ucuucaenus IIpeduxamos ¢ pasencmeom.

Teopema 3.7.3. Muoscecmseo gopmyas AN szvika Lypp Heuwucaenus IIpedu-
KQAMOB6 € PABEHCMBOM HENPOMUBOPEUUBO MOo20a U MOoAbKO Mmo2da, Ko2dd 0HO
COBMECTIHO.

[IpeaBapuTebHO TOKAXKEM JIBe JeMMHBI.

Jemma. Ecau gopmysa A saszvika Lypp Ucuucaenus IIpeduxamos c pasen-
cmeom sbvisoduma 6 Ucuucaenuu IIpeduramos ¢ pasencmeom u3 MHoxice-
cmea gopmya T amozo a3vika, mo gopmyaa A asasemca ao2uveckum caiedecmeuem
muoxncecmaa gopmya I' 6 Jloeure IIpedurxamos c pasencmaeom.

Adoxaszameanbcms o. [JokazaTelbCTBO DTOU JeMMBI JJEI'KO IPOBECTH MH VK-
e Mo [JIWHE BBIBOAA, MMPOBEPUB IMPEIBAPUTEIHLHO UCMUHHOCML 8 A0001 HOp-
MmaabHoti unmepnpemayuu Beex akcuom HMcuucaenusn IIpeduxamos c pasen-
cmeowm. ]

Jlemmva. Fcau A — cosmecmuoe muoxcecmeo gopmya azvika Lyggp, mo A — nenpo-
musopeuusoe muoxcecmso gopmya asvika Lygp Hewucaenus IIpedurxamos c
PABEHCMBOM.

Adoxaszameawvcmso. [lycte A — cosuecmuoe MHOXKECTBO (DOPMYT U (0 —
HOPMAALHASA UHIMEPNPEMAYUS, B KOTOPOU UCTUHHBI Bee (popMmyabl u3 A.

Ecmun 661 MmHOXecTBO opmyn A OBLIO NPOMuUBOPEUUBbIM, TO IJA HEKOTOPOU
saMKHyTON popmyasl A n3 A 6bu1a Obl BoiBouMa B M cuucaenuu IIpeduramos
¢ pasencmeom xak cama dpopmyaa A, tak u ee orpunanue (—.A).

Torga mo mpexbiaymen JemMMe 00e 3T (GOPMYILl OBLIM OBI A02UUECKUM CAELO-
cmeuem MEOKecTBA popmya A, a, suaunt, popmyaa A u ee orpunanne (—.A) 6Lt
OBl UCTUHHBI B HOPMAJIBHOU WHTEPHPETANNN O, ITO HEBO3MOXKHO. SHAYUT, MHOXKE-
cTBO GOPMYI A HENPOMUBOPEUUBO. O

[IpucTymaem K Jaka3aTelbCTBY DKBUBaIeHTHOCTH Teopembt adeksammocmu
0as Ucuucaenus IIpeduxamos c pasencmeom u Teopemy nenpomueo-
peuusocmu das HUcuucaenus IIpedurxamos.

[Tokaxem, aro Teopema adexksamuocmu das Hcuucaenus IIpeduxa-
moe ¢ pasencmeom Bieier Teopemy wenpomusopeuusocmu das Ucuu-
caenusn IIpeduramos.

[Ipeanonoxum, uro Teopema adexsammuocmu das Ucuucaenus Ilpedu-
KQIMO6 C PABEHCMBE0M CIPABEIINBA.
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[oxaxem mpu >ToM npeanoaoxenun Teopemy HENPOMUBOPEUUBOCTNU OAR
Hcuucaenus IIpeduxamos.

Ecmu A — cosmecmuoe MHOXKECTBO (DOPMY.I, TO er0 HEMPOTUBEPEIUBOCTD CJIe-
IYeT U3 MPeIbIAyIIeN JeMMHEI.

[IycTs MHOXKECTBO hopMy.T A nenpomusopeuuso. [Iokaxem, 9T0 OHO COBMECTHO.

Ecan 661 MHOXECTBO GOpMYT A He O0blio cosmecmmubim, TO aobas dopmysa B
Obiaa bl Ao2udeckum caedcmseuem mroxrcecmea gopmya A, a 3uaaut, no Teopema
adexsamunocmu Odas Hcuucaenus IIpedurxamos ¢ pasencmeom

aobas popmyaa B oviaa 6v1 sbisoduma 6 Heuucaenuu IIpeduramos c pa-
8EHCMBOM U3 MHONCECTBA Hopmys A, 9TO HEBO3ZMOXKHO B CHIY HENPOTUBOPEIN-
BOCTHU MHOXKeCTBa (POpMyT A.

[Tokaxewm, aro Teopema nenpomusopeuusocmu das Ucuucaenus Ilpe-
Jduramos Bieder Teopemy adexsamuocmu das Hcuucaenusn IIpedura-
MO8 C PaBeHCMeoM.

Ecmu ¢popmyna A soiBoguva Hcuucaenuu ITpeduxamos ¢ pasencmeom
u3 MHOXecTBa Gopmya [, To mo Boime gokaszamHou Jemme gpopmyaa A sasasem-
ca aozuueckum caedemsuem mroxcecmsa gopmyas I' B JJoeuxe IIpedurxamos c
PABEHCMBOM.

[Iycts popmyna A aprsercs aocuueckum caedcmeuem muoxrcecmsa gopmya ' B
Jozuxe IIpeduxamos ¢ pasencmeom.

[Tokaxkem, 1uTo (popmyaa A BeiBoguMa u3 MHOKECTBa (popmya [ B Meuucaenuu
IIpeduxamos ¢ pagsencmeom.

[Ipeamonokum mpoTUBHOE, T. €. 9T0 dopmyaa A HEBHIBOAUMA M3 MHOKECTBA
dopmyn I' B Ucuucaenuu IIpeduxamos ¢ pasencmeom.

Torma mo caeJaHHOMY BBIIIE 3aMeYaHU0 A HEBBIBOAUMA U3 MHOXKECTBA (POPMY.I
'U AxEq 8 HAcuucaenuu IIpeduramos toro xe s3bika L.

[To Teopeme 3.5.26 TU Az EqU{(—.A)} — HempoTuBOpeInBoe MHOKECTBO (hOPMY.T
Hcuucaenus IIpeduxamos Toro xe sa3pika L.

Buauur, I'U {(-A)} — nenpomusopeuusoe muoxrcecmeo gopmys Hcuucaenuy
IIpeduxamos ¢ paseHcmeom TOroO XKe a3bIKa L.

Suaquut, mo Teopeme nenpomusopeuusocmu das Ucuucaenus Ipedu-
KaMmoe ¢ pPaseHcmeom OHO COBMECTHO.

[IycTb ¢ — HOpMAALHAA UHMEPNPEMAYUSA, B KOTOPOU UCTUHHBI BCe (POPMYIBI 13
muoxkectsa [' U {(—A)}. 3uauur, popmyaa A woxcna 6 amot uwmepnpemayuu.

Ho mo npexmonoxennio popmy.ia A ABIACTCA A402UYECKUM CACICTNEUEM MHONCE-
cmsa popmya I' B Jloeuxe IIpeduxamos c pasencmeom.

A Tak kak Bce (pOPMYJIBI M3 MHOXKECTBA | MCTUHHBEL B HOPMAAbHOT UHMEPNDe-
mayuu p, To 1 popMmy.1a A UCTUHHA B DTOU MHTepIpeTannn. [loaydeHHoe IpoTHBO-
petne 3aBepinaeT T0Ka3aTeIbCTBO SKBUBATCHTHOCTH Teopembt adereamuocmu
oasa Ucuucaenus Ipeduxamos ¢ pasencmeom u Teopembl nenpomuso-
peuusocmu das Ucuucaenus IIpeduramos.

[Ipucrymaem k qokaszareibcTBy Teopembt nenpomusopeuusocmu das Uc-
yucaenus IIpeduxamos c pasencmeom. Hamomuanm (hpopMyIupoBKy TOU Te-
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OpEMbI
muodxRcecmso gopmya A asvika Lypp Heuucaenus IIpeduxamos ¢ pasen-
CMB0OM HENPOMUBOPEUUBO M020A U MOALKO M020a, K0204 0HO COBMECIHO.

To, aro kaxgoe cosmecmuoe muoxcecmeo gopmys A szvika Lygp Ucuucae-
nua Ilpedurxamos c pasencmeom Henpomusopeuluso, YCTAHOBICHO B TPEIbI-
IYIIEH JeMMe.

OcraeTcsa I0Ka3aTh, ITO KAKI0E HENPOMUBOPEUUBOE MHOHNCECMBO dopmys A
s3vika Lygp Ucuucaenus IIpeduramos ¢ pasencmeom cosmecmuo.

[Iycte A — mempoTuBopednBoe MHOXKeCTBO dopMmya Hcuucaenus IIpeduxra-
mMoe ¢ pasencmeom A3bKa Lyrp.

Torga AUAxEq — nenpomusopeuusoe mmuoxcecmeo gopmys Ucuucaenus Ilpe-
duxamos moz2o e a3vika Lygp.

[Io Teopeme menpomusopeuusocmu oas Hcuucaenus IIpeduramos
Toro xe sa3uika Lypp AU ArEq — cosmecmuoe muoxrcecmeo Gopmya a3bika Ly p.
SHAYWUT, CYIIECTBYET UHMEPNPEMAUUSL © C 0CHOBHbIM MHONCECMBOM A Oas A3bIKa
Lymnp, 6 komopot ucmunnbl 6ce popmyavt uz mmoxcecmsa AU AxFEq.

[To mHTepHpeTAnUE ¢ C OCHOBBHIHM MHOXeCTBOM A mi1a a3vika Lypp mocTpo-
UM HOPMAALHYIO UHMEPNPEMayulo ¢ 044 9Mo20 A3blKA, 6 KOMOPot UCTNUKHbL 6Ce
dpopmyavt uz mmoxcecmaa .

O6osrauum wepes E 2-mecrabm npegukar I(=) Ha 0CHOBHOM MHOXecTBe A.

Tak kak kaxjgasa u3 caegyomux Tpex popmya Hcuucaenus IIpeduramos c
Pasercmeom BXOIUT BO MHOXKeCTBO Ax Fq, TO BCe OHM NCTUHHEL B MHTEPIIPETAINN

I
VILL. (Vzy)zy = x4,
VIL.2. (Va1)(Vae)(r1 = x93 — 22 = x1),
VIL3. (V1) (Vae)(Va3) (21 = zo& a9 = x3) — 21 = T3).
[TosToMy mas MIOOBIX TPeX DIEMEHTOB a, b U ¢ OCHOBHOIO MHOXKeCTBa A
VIL.1. E(a,a),
VIL.2. E(a,b) — E(b,a),
VIL.3. (E(a,b) & E(b,c) — E(a,c).
[TosTomy E — omuowenue 3K8UBaACHMHOCMU HA OCHOBHOM MHOXKeCTBe A.

OGosHaumM depes A GaKTOPMHOKECTBO MHOKECTBA A 0 OTHOIICHMIO SKBHBA-
zenTHOCTH E, T. €. DIeMEHTAME MHOXKECTBA A ABIAIOTCA KIACCH SKBHBAICHTHOCTH
[a].

TlocTponm nopmabuyio unmepnpemayuo I ¢ 0cnosubim muoscecmeom A.

JI151 TPOU3BOMBHOTO N-MECTHOTO (PYHKIMOHATIBLHOTO CAMBOJA f U MIPOU3BOIBHBIX
DJIEMEHTOB [a1], ..., [a,] OcHOBHOTO MHOXKecTBa A motaraem

~

[(f)([al]aa[an]) = [[(f)(ala---aan)]' (f)

Tak Kak I1a MIPOU3BOJILHOIO N-MECTHOrO (PYHKIMOHAJIBLHOT'O CUMBOJIA f BO MHOXKE-
crBo AxFEq Bxomut popmyaa Hcuucaenus IIpeduxamos ¢ pasencmeom
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VIII.1.

(V) (Vo) ... (Y2,) (Yyr) (Vy2) - (Yyn)((

Tn = Yn

(xlzyl&xQZyQ)&)&
—
f('TlamZa"'amn) = f(y17y27"'7yn))7

TO OHA MCTWHHA B MHTepnperanun [.
SHAYUT, IIA JIOOBIX DIEMEHTOB a1, by, ..., 4, 1 b,

(E(al,bl)&E(ag,bg)& L&
E(a,,b,) —
E(f(alaa/Qa---7G’N)7f(b17b27---7bTZ))7

nosToMy onpenenenue (f) KOpPEKTHO.
ﬂﬂﬂ IIPOU3BOJBHOI'O 7I-ME€CTHOI'O MPEeANKATHOT'O CUMBOJA P, OTJIUNIHOI'O OT — M
IPOUBBOIBHBIX DIEMEHTOB [a1], ..., [a,] ocHOBHOrO MHOXecTBa A mOMaraem

f(p)([al]a"'a[an]) = [(p)(ala---aan)' (p)

Tak kak mad MpPOM3BOJBLHOTO N-MECTHOT'O MPEeINKATHOTO CHMBOJIA P BO MHOXKECTBO
AxEq Bxoaut ¢popmyta Hcuucaenus IIpeduxamos ¢ pasencmeom VIIIL.2.

(V1) (Vo) .. (Vo) (Yy)(Vy2) - (V) (- (2 = i &y = o) & .. ) &
Tp = Yn) —
p(21, T2, .-, Tn) ¢ P(Y1,Y2,-- -5 Yn))-

TO OHA MCTWHHA B MHTepIperanun 1.
SHAYUT, IIA JIOOBIX DIEMEHTOB a1, by, ..., a, 1 b,

(E(al,bl)&E(CLQ,bg)& &
E(a,,b,) —
plar,as,...,a,) <— p(bi,be,...,0,)).

MODTOMY OmpefeneHue (p) KOPPEKTHO.

Kpome Toro, moaaraem, 910 I (=) — 5T0 0GBMHOE PABEHCTBO HA OCHOBHOM MHO-
kecTBe A.

Nugyknueir o MocTpoernio hopMy.T HETPYIHO JOKA3aTh, 9TO

ona npoussoavnoti gopmyavt ®, ece csobodnvie nepemenmnvie Komopot codep-
HCAMCA 8 CNUCKE T1, ..., Ty, U NPOUSBOALHBIL IAEMEHMOE [a1], ..., [am] ocrosro20
MHONHCECEA A BLINOANACTICA PABEHCMEO

1@y, anllar], - [am]]) = T(®a,. w01, ).

Tak xak Bce (popMyabl U3 MHOXKeCTBa [ mcTWHHBI B mHTepnperanuu [, TO Bce OHI
UCTUHHBI B HOPMAJIbHOU WHTeprnpeTanun I.
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3.8. AkcuomaTudeckas Teopusa MHOXKECTB U
dopmasbHaa apudpmerTuka

B sTom maparpadge mpuBOIATCA HEKOTOPBIE HAYAJIbHBIE CBEICHUS MO aKCHOMa-
TUYIECKOU TEOPUM MHOXKECTB U (POPMAIBHOU WIN AKCHOMATHIECKOW apu(pMeTHKe.

Heo6xo1uMocTh moaBeIeHIA 01 KAHTOPOBCKYIO ~HAUBHYIO  TEOPHUIO MHOXKECTB
TOCTATOYHO MPOIHOrO MaTEMATHIECKOTO (pyHIaMeHTa ObLIa OCO3HAHA YK€ B KOHITE
XIX - magaze XX B. mocie o6HAPYKeHUA TPOTUBOPEYINN (IapaI0KCOB) B KAHTOPOB-
CKOU TE€OPUU MHOKECTB.

AkcromaTudeckas TeOPUS MHOXKECTB HAIPaBIeHa HA OMUCAHUE METOTAMU MaTe-
MAaTHUYIECKON JOTUKA JOCTATOUHO COJePKATEILHBIX (PPArMEHTOB ' HauBHON TEOPUN
MHOXKeCTB. B KadecTBe Takou CUCTEMBI MBI paccMoTpuM cucteMy Z F'C, BBeIeHHYIO
E. lepmeno (E. Zermelo) B 1908 roxay u pacumpennyio A. Ppenkenem (A. Fraenkel)
B 1922 rogy. Ora cucrema Tenepb HazbiBaeTcsa cucremon Lepmeno — dpenkens.

Curnarypa cucrembl ZFC He cOmepXuT CHUMBOJOB WHAWBUIHBIX KOHCTAHT WU
(DYHKIIMOHAJIBLHBIX CHMBOJIOB, & COMEPKUT JUMIb IBA 2-MECTHBIX MPETUKATHBIX CAM-
BOJAa € 1 =.

Tepmamu Teopun Z F'C' ABAAOTCA JUIIL UHAXBAIHBIE IEPEMEHHBIE, TIODTOMY DJIe-
MeHTapHble (HOpMyabl uMeoT Bug € (x,y) u = (x,y), TAe T ¥ Yy — WHIAUBUIHBIE
nepemerHbie. Mbr ux GygeM 3anucbiBaTh B 60J€€ TPUBBIYTHOM BUIE T € Y U L = Y.

Caenyomme aKCUuOMbl PABEHCINBA OTHOCATCA K JOTTIECKUM aKCHOMAaM

arcuoma pePaercusHocmu:

(Vz)(z = 2),
arcuoma CUMMEMPUUYHOCTNU:
(Vz)(Vy)(z =y — y =),
aKrCuoOMmMa MpaH3uUMUBHOCMU:
(Vo) (Vy) (V2)((z =y &y = 2) — = = 2)),
aAKCUOMbL 3AMEHDL:
(Vo) (Vy)(z =y = (V2)(z € 2 & y € 2)),

V) Vy)(x =y — (V2)(z €z < z€Yy)).

Heao2uueckue axcuombt cucteMbl Z FC' — 5>To cregyomne TecATh aKCHOM.
Z1. Axcuoma o6bemrnocmu (IKCMEHCUOHAALBHOCTU,):

Vz)(Vy)(V2)(z €z & z €y) = x=1y).
72. Axcuoma Cyu,ecmeosanus nNYcmozao0 MHOHNCECTNEA:

(Fu)(Vx)=(z € u).

314



§3.8 AkcmomaTudeckas TEOPUs MHOXKECTB

MHOXK€eCTBO U, CYIIECTBOBAHAE KOTOPOrO MapaHTUPYeT aKCuoMa Z2, B CUIY aKCH-
oMHI Z1 ompegeneno ogHo3HauHO. OHO HABBIBAETCA NYCMbIM MHOKECTBOM U 060-
3HauaeTca depes ().

73. Axcuoma napwvt:

(Vz)(Vy) Bu)(V2)(z €u <> (z=2V z=1)).

MHOXKeCTBO u, CyMeCTBOBaHIE KOTOPOI0 MAPAHTUPYET akcuoMa Z3, M0 dIeMeHTaM
(MHOXKECTBaM) T U Y B CHIY aKCHOMBL Z1 ompegereno oaHosHa41HO. OHO 0603HAYA-
erTcsa depe3 {z,y} M HABBIBAETCA HEYIOPAJOTCHHOU MAPOU DIEMEHTOB T U .
OHODIeMEeHTHOE MHOXKECTBO {1}, cocTosmee u3 x, — 510 {x, x}.
74. Axcuoma cymmor (06bedunenusn):

(Vz)(Fu)(V2)(z € u < (3t)(z € t&t € x)).

MHOXeCcTBO u, CYIIeCTBOBaHIE KOTOPOTO TapaHTHUPYeT akcumoMa Z4, Mo dJIeMeHTY
(MHOXECTBY) = B cuay akcuoMmbl Z1 ompeneneno ogHo3Ha4HO. OHO 0603HAYAETCA
depe3 U 1 Ha3BIBACTCA OOBEIMHEHNEM BCEX DICMEHTOB (MHOXKECTB) .

U3 chopMymmpoBaHHBIX aKCHOM CJAEAyeT, ITO [ JTIOOBIX MHOXECTB T U ¥ OJI-
HO3HAYHO onpejgeneHo oowenunenue U {z,y}, koropoe ob6o3HavaeTcs depes £ Uy u
Ha3BIBAETCA 00BbeIUHEHNEM MHOXeCTB x u y. [Ipu »Tom

(Vz)(z €xUy <> (z€xVzeEY)).

Beenem o6o3nadenune: popmyta x C y OyeT CIyKATh cOKpainerneM (0603Hade-
HUeM) 11 GOPMYJIBL
(Vz)(z €x — z €y).

75. Axcuoma cmeneHru:
(Vz)(Ju)(Vz)(2 € u <> 2 C x).

MHOX)EeCTBO u, CYIIECTBOBAHME KOTOPOT'O FapaHTHPYeT aKCHOMa 75, MO DIeMeH-
Ty (MHOXKECTBY) T B CuIy akcmoMbl Z1 ompeneneHo ogHo3Ha4dHO. OHO 0603HAYAET-
ca depe3 P(x) m HasbIBaeTCs MHOXKECTBOM BCEX MOIMHOKECTB MHOXKECTBA T WIH
MHOXKECTBOM-CTEIIEHBI0 MHOXKECTBA, L.

76. Axcuoma 6ecroneurnocmu:

(Fu)(D € u& (Vz)(z € u — xzU{z} € u)).

MHOX)eCTBO U, CymeCTBOBaHME KOTOPOTO TapaHTUpyeT akcmoma Z6, HazbBaeTCA
6eckoneurnbim MHOKECTBOM. OHO, KOHETHO, MOXKET OBLITH HEEINHCTBEHHBIM.
Yepes Inf(u) 6ymem 0603HAIATH HOPMYIY

0 € u& (Vr)(r € u — zU{z} € u)).

Torga Axcuoma 6eckoneunocmu 3anumercs B Buge (Ju)Inf(u).
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727. Axcuoma 8bideseHUs B OTININE OT PACCMOTPEHHBIX BHIIIE AKCHOM BKIIOTA~
eT 6eCKOHEYHOe MHOXKECTBO aKCHOM BHIA

(Vz1) ... (Vz) (Vo) Fu)(V2)(z € u > (z € 2 & A(z, 21, .., 2n)),

rae A(z, 21, . . ., 2p) — IPOU3BOIBHAA (HOPMY.JIA, BCE CBOOOTHBIE IEPEMEHHBIE KOTOPOU
COMEPKATCA CPEIN Z, Z1, ..., Zn. LI€pEMEHHBIE 21, ..., 2, HA3BIBAIOTCSA IapaMeTpaMu
1 MOI'yT, KOHEYHO, OTCYTCTBOBaTh. B sTOM ciyiae Axcuoma evbideaeHus mpu-
HIMaeT HaumboJee MPOCTON BU T

(Vz)(Fu)(Vz)(z € u & (2 € z& A(2))),

[Ipu dpukcupoBanubix = u A(z) MHOXKECTBO U, CYMIECTBOBAHWE KOTOPOTO MapaHTH-
pyeT akcuoma 77, B CUITy aKCHOMBI Z1 ompeneneHo ogHo3HadHO. OHO 0603HAYMAETCA
qepes {z]z € & A(z)} u Ha3BIBaETCA MOIMHOXKECTBOM MHOXKECTBA X, COCTOSAIINM
U3 BCEX er0 DJIEMEHTOB z, 00J1aaloluX CBOMCTBOM A(z).

Ecan B sTon akcuome yopars ycaoue (moadopmyay) z € , T. €. 3AMEHUThb HA

dopmy.1y BuIA

(Fu)(Vz)(z € u + & A(2)),
TO moayunM AKCuomMy ceepmbl8aHUA ~HAWMBHOW TEOPUU MHOXKECTB, KOTOPAs,
O/JIHAKO, BEJET K MPOTUBOPEUMIO, eCIn, HAmpuMep, B KadecTBe A(z) B3aTh ”6e3o-
ouaHy0” Ha mepBBIU B3DIAL GopMyry —(z € 2).

[l1st (popMyIMPOBAHUA BOCBMOHM AKCHOMBI, B KadeCTBe KOTOpou Oepercs Ax-
cuoma evi6opa, HaM MOTPeGyeTCsA ONPEIEIUTh B TEPMUHAX MHOKECTB MOHATHE
(yHKIIA. IDTO yxKe OBLIO CAETaHO B MepBOU riaBe. HamoMHIM OCHOBHBIE OTIperee-
HUA.

YHopsao4eHHON Tapon (T, y) 21eMeHTOB (MHOXKECTB) T U § HA30BEM MHOXKECTBO

{{z} {z, y}}-

3ameruMm, uto (x,y) € P(P(xUy)). Torga mekapToBo MpoU3BegeHUE T X iy MHO-
KEeCTB T U Y — DTO MHOXKECTBO

{z]z € P(P(zUy)) & (Fu)(Fv)(u e z&v € y& z = (u,v))}.
dyHKumen Haz0BeM J1I060e MHOKECTBO [ Takoe, 9To
(Fu)(f Cuxu)& (Vt)(Vs1)(Vse)(((t,s1) € f&(t,s2) € f) = 51 =52).

[Mocrenuioo popmyay Oygem ob603HadaTh depes Fnc(f).
78. Axcuoma svibopa:

(Yu)(3f)(Fne(f) & (Vo) (x € u& —~(z =0) — f(z) € x)).

Axcuoma ebvibopa "yTBEpKIaeT, U9TO IIA JIOOONO0 MHOXKECTBA U CYIIECTBYET
dyHkuusa f, KoTopasg B KaxkJIOM HEIyCTOM dIeMeHTe (MHOXKECTBE) I U3 U BLIOU-
paer saemenT f(z)”. 3aMeTUM, UTO HE O KAKOW €IMHCTBEHHOCTH U ~ KAKOU-TUGO
onpenereHHOCTH (PYHKIUU f B DTOU AKCHOME PEUb HE WUIeT.
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§3.8 AkcmomaTudeckas TEOPUs MHOXKECTB

[Tocregume nBEe AKCMOMBI BHINIAIAT ~MEHEe eCTEeCTBEHHO .

Crenyrolas akCuoMa CIYKHUT IS OMPeIeJeHHOTO YIPOIIEHNS HEKOTOPHIX IIO0-
crpoernn. OHa ”yTBepkK 1aeT, ITO HE CYMIECTBYeT OeCKOHEYHBIX YOLIBAIOIINX IeIen
BuIa”

Ty € T1, T3 E€E T2, ... Tpt1 € Tpyy - ..

79. Axcuoma Pynduposarus:
(Vz)(~(z =0) = Fy)y e & (ynz=10)).
3mech depes y Nz 0603HATEHO MHOKECTBO
{zlz e y&z ez}

SaKTI0YUTEIbHAS AKCHOMA ~ COIePKATETHHO YTBEPK AT, 9TO IPU 0TOOPAKEHY-
AX, 3aJaBACMBIX (POPMYJaMI PACCMATPUBACMOrO A3LIKA, IOJHLI 00pa3 MHOKECTBA
ABJIAETCA MHOXKECTBOM .

ZF10. Axcuoma 3amenwvr: nycts P(x,y) — Gopmyaa ¢ aByMa cBOGOTHBIMU
IMepeMEeHHbIMU T 1 Y

(V) Fy) (®(2, y) & (V2)(D(2,2) = 2 =1y))) =
(Vu)(Fv)(VE)(t € v +— (Ts)(s € u& P(t,5)))).

dopmanbhas (akcmomaruydeckas) cucreMa Z F'C' — 5To BecbMa CUIbHAA TEOPU,
MPAKTUYECKN JI00as MaTeMAaTHIeCKas TeopeMa MOXKeT OBITH MepeBeleHa Ha S3bIK
DTOW CHCTEMBI U BBIBeIeHA n3 cPOPMYyIUPOBAHHEIX Bhimre akcuoMm Z1 — Z10. B gact-
HOCTH, B PAMKaX aKCMOMATHIeCKOu cucteMbl Z F'C' MoryT OBITH CPOPMYIUPOBAHEBL
U TOKA3aHBI PACCMOTDEHHBIE BADUAHTEI TeopeMbl PaMces — 6ecKoHeUHas, KOHEeTHAA
1 0000IIeHHAA KOHeTHAad.

CymecTByeT elie HeCKOJIbKO BADUAHTOB MOCTPOEHUA AKCUOMATHIECKON TeOPUN
MHOYKECTB.

3aMeHa "HaWBHOW TEOPUM MHOXKECTB TOU WIM WHOU AKCHOMATUIECKOW CUCTEe-
MOU TIO3BOJISIET TPUAATH TOYHBIM MATEMATHIECKUNA CMBICT YTBEPXKICHUAM O HEPa3-
PEIIMMOCTH HEKOTOPHIX MAaTeMATUYeCKUX MPOOJIeM M TaTh COOTBETCTBYIONIEE Ma-
TeMaTUIeCKOe TOKA3aTeIbCTBO.

O6o3uaunm vepe3 ZF akCHOMATUIECKYIO CUCTEMY, MOJYYEHHYIO W3 CUCTEMBI
ZFC ynanenuem Awcuomvrt evibopa 78. B 1939 roay K. legens gokasam, 9To
ecau axcuomamuueckas cucmema ZF nenpomusopeuusa, mo menpomueopeuusa u
axcuomamuueckasn cucmema ZFC + CH, noayuennas ud cucmemvr Z FC dobasae-
nuem Konwmunyym-2unomeswvt (continuum hypothesis). JokasaTeabcTBo ocHO-
BAHO HA TOCTPOEHUU CPEICTBAME aKCHOMATUIECKOU CUCTeMbl / F' Momennm mis cu-
cremsr Z F'C. TlooTomy 6 pamkar axcuomamuueckot cucmemwvt Z FC' Konwmunyym-
2unome3sy neav3a onposepeuyms (Kak 1 Axcuomy evibopa).

B 1963 roxy II. Kosu mokasaua, ITo ecau axcuomamuueckas cucmema 4 F nenpo-
MUBOPEUUBA, MO HENPOMUBOPEUUBAL U KAHCOAA U3 CACOYOUUL YEMBIPEL AKCUOMA-
muueckur cucmem: ZF+C+CH, ZF+C+-CH ZF+-C+CH ZF+-C+-CH,
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NOAYUERHBIT U3 cucmembl Z F dobasaenuem 410601 Komburayuu u3 Arcuombt 6bl-
6opa, Konmunyym-2unomesvt uiu Ux ompuyaHul.

Pesyabrater K. I'egena u [I. KosHa MOKA3BIBAIOT, UTO €CAU GKCUOMAMUYLECKAA
cucmema ZF nenpomusopeuusa, mo 8 pamkar axcuomamuueckot cucmemvt ZFC
He603modcno doxazamv nu Kowmunyym-2unomedy, wu ee ompuyanue. T. e.
Konmunyym-2unome3a 8 pamkar akcuomamuueckot cucmemvr 7 FC npunyu-
NUAALHO Hepaspewuma. AHAJOITIHLIM O00pPa3OM 68 PAMKAT AKCUOMAMUYECKOT CU-
cmembt ZF npunyunuaibno wepaspewuma Axcuoma ewvibopa, T. e. ee HeIb3A HU
TOKAa3aTh, HA OMPOBEPIHYTh.

W3 apyrux MHOMOYMCJIEHHBIX WHTEPECHBIX MPUMEPOB MaTEeMaTUIeCKUX YTBEp-
XK JIEHUU, TPUHININATILHO HEPA3PEIINMBIX B PAMKAX aKCUOMATHIECKON CUCTEMBI / F,
T. €. 6€3 UCHOAb30BaAHNA AKCUOMBL 8bI60PA, OTMETUM CACIYIOMICE: ECAU AKCUOMA-
muueckas cucmema ZF unenpomusopeuusa, mo 6 ee pamkar HEB03MONCHO HU 00-
Ka3amb, MU ONPOBEP2HYMb YMBEPHCOEHUE O CYUWECTE06AHUL HEUIMEPUMO20 no Jle-
be2y NodMHONCECTNEA MHONCECMBA DeTCMBUMEALHBIT YUCEA, YMBEPHCIEHUE O CUELM -
HOCMU 00HEIUHEHUA CUEMHO20 CEMETLCMBA CUEMHBIL MHONCECME, YmeEeprcdenue 06
aKreusasEHMHOCMU onpedeaenus npedeaa ynryuu 6 mouxe no I'etine u no Kowu.

O6o3natnM 1depes ZF'Cly, aKCHOMAaTHICKYIO CHCTeMY, IOIYyIeHHYIO U3 CHCTe-
mel Z FC yrarennem Axcuombr 6eckoneurnocmu Z6.

B pamrazr axcuomamuueckots cucmemvl Z FCriy moscem 6bims nposedeno dora-
3ameabcmeo Koneunoti meopemvl Pamces, 00nako, Kax 0blio Yycmanos8aeno 8 Konye
XX sexa,

o6o6wennyro (ycuaennyio) roneunyio meopemy Pamces 6 pamrax
axcuomamuueckot cucmemovt ZFCy;, doxaszamb nee03moACHO.

O6cyxaeHre BOImpoca O TOM, KaK MOXKHO MOKa3aTh MOCIeTHee YTBEpKIEHUe,
JaJEKO BBIXOAUT 3a PaMKHW HACTOAIIETrO HOCO6I/IH. Ha OTOM MBI 3aBE€pPHINM HalIlle
BECbMa, TIOBEPXHOCTHOE 3HAKOMCTBO € aKCMOMATUIECKOU TEOPUEe MHOXKECTB.

B sakiaodenue paccMOTpUM OAWH M3 IMUPOKO PACIHPOCTPAHEHHBIX BapUAHTOB
dopMamu3anuu (AKCHOMATH3ANNY) TEOPUN HATYPATLHBIX YUCET UM APU(DMETUKY B
IIXPOKOM CMBICTE CJIOBA.

Pacemorpum Teopuio ArP mepBoro mopsjika ¢ paBeHCTBOM, HA3BIBAEMYIO (op-
MAALHOT UAY aKCuOMAMuUYecKot apudmemurotd wma apudmemuroti Iearno.

Curnarypa cucrembl ArP cOmepXuT eIMHCTBEHHBIN CUMBOJ WHINBUIHON KOH-
CTAHTH 1, 1Ba 2-IBYMECTHHIX (DYHKIMOHAJIBLHLIX CUMBOJIA, 0003HATAEMBIX TPa TUIII-
OHHO Yepe3 + U + U Ha3bIBAEMBIX COOTBETCTBEHHO ' CI0KeHue” 1~ yMHOXKeHue” , O TuH
1-MecTHBIN (PYHKIMOHAJIBLHLIN CUMBOJ § M OJAWH 2-MECTHBIN MPEeIUKATHBIA CHMBO.I

[Mousarus Tepma u popmyasr Teopun ArP onpenensioTcs OOBIYHBIM 00pPA30M.
[Tpu >TOM TO CAOKUBIIEUCS TPATULIAA [ MPOU3BOJLHBIX TEPMOB t| U ty TEPMBI
+(t1,t2) u -(t1,t3) obosHauatoTCsa Uepes ty + to U 1y - ty, a dIeMeHTapHAsd (HOPMYIa
= (tl,tg) — gepe3 tl = t2.

Crenyomue aKCuOMbl PaA6eHCmMeEa OTHOCATCA K JOIMIeCKAM aKCHOMaM
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arcuoma pegﬁ.ftencueuocmu:
(Vo) (z = 2),
aKCUoOMa CUMMEMPUUYHOCTNU:
Vo) (Vy)(z =y — y = 1),
AKCUOMA MPAH3UMUBHOCTNU.
(Vo) (Vy) (V2)((z =y &y = 2) — = = 2)),
AKCUOMbL 3AMEHDBL.
(Vo) (Vy)(z =y — s(x) = s(y)),

(Vay) (Vo) (Vo) (Vi) (21 = 1 & 12 = Y2 — @1 + 22 = Y1 + 1),
(V1) (Vyr) (Vo) (Vy2) (21 = 1 & 2o = 4o — @1 -T2 = Y1 - Ya).

Heaoz2uueckue arcuombt cucrembl ArP — 5T0 cienyionme akCuOMBI.
ArP1. (Vz)=(1 = s(x)).
ArP2. (Vx)
ArP3. (Vx)(
ArP4. (Vz)(Vy)(z + s
(V)
(V)

ArP5. (Vz)(z - 1 = x).

ArP6. (Vz)(Vy)(z - s(y) = (z - y) + =«

ArP7. (A1) & (V2)(A — A,[s(z)])) — (Vz)A), A - npousBoabHas Gopmy.ra
Teopuu ArP.

[Tocaequas akcmoMa HOCHT HA3BAHUE NPUHUYUN MAMEMAMUUECKol undyKyuy u
IpEeJICTABAACT COOOHU CXEMY, 3aIA0MIYI0 CIETHOE MHOXKECTBO aKCHOM — I KaXK IOU
dopmyanbt A cBos akcuoma. Takum o6paszom, Teopus ArP 3amaeTcsa CIeTHBIM MHO-
2KECTBOM HEJOTUMYIECKNUX aKCUOM.

MOXHO MOKa3aTh, ITO MHOT'HE TEOPEMBI DIEMEHTAPHOW TEOPUU THUCEJT, MOIYT
OBITH BBEIpaXKeHBI (popMmytamMu Teopun ArP, KOTOpble MOT'YT OBITH BHIBEIEHBI 13
ee akCuoM (JTIOMMYecKuX u Hejqormdecknx) B pamkax Mcuucaenus IIpedurkamos
¢ pasencmseom. PaccmoTpernre >TOro BOMPOCA MBI TMEPEHECeM B MPOIOJKEHUe
mocobus, B KOTOPOM Oy/IeT PacCMOTPEHO TOKA3aTeThCTBO 3HAMEHUTOW TEOPEeMBI
K. I'egenra o memoanoTe Jmo60ou ” gocrarodno” 6oraron ’s>¢p@eKTuBHO” aKCHOMAaTH-
3UpOBaHHON ((POPMAIBHOU) Teopuu (NP YCJIOBUU €€ HEMPOTUBOPEIUBOCTH).

3.9. Teopewmnl /[I. Kenura u ®d. Pamces

PaccmoTpuMm 1Be Kiaccmueckme TeopeMbl U3 T€OpUK OECKOHEIHBIX rpadoB, I0-
Ka3aTeIbCTBa KOTOPLIX OCHOBAHLI Ha Axcuome evi6opa — Teopemsul [I. Kennra n
d. Pamces.
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[Tpu m3mokeHWM MOKA3ATENILCTBA DTUX TEOPEM MBI Oy/JIeT HNPUIEPKUBATHCA B
oCHOBHOM moax01a u3 Monorpaduu K. Kyparoskoro u A. Mocrosckoro [23].

B xonme maparpada coIepxKuTcsa HeGOJbIION M0 00BeMy MaTepHa, HECKOIBLKO
BBIXOIAIIMY 328 paMKH KAHTOPOBCKOU ~HamBHON® TEOpUM MHOXKeCTB. /[1g ero mounn-
MaHUSI HEOOXOIMMO 3HAHWE HEKOTOPBIX, BIPOUIEM, TOCTATOYHO MPOCTHIX (PAKTOB U3
MaTeMATHIeCKOU JOTUKU. IMTaTesb MOXKET MPU TMePBOM UTEHUU O3HAKOMUTHCS C
DTUM MAaTEpPHAJOM UM BEPHYTHLCA K HEMY BHOBBL MOCJIE M3YUEHUA COOTBETCTBYIOIINX
pa3aenoB MaTeMaTHIECKON JOruKu. KoHeIHO, D TOT MaTepuaa MOXKHO OBLTO U ObI U
He BKII0YATh B mocobme. OMIHAKO, O HAIIEMY MHEHHUIO, €r0 BKJIKYEHNE IO3BOIIET
6e3 MCIOJB30BAHUA CAOKHBIX MATEMATHICCKUX MOHATHUU MOKA3ATh IATATEN0, KAK
n3ydeHne JOCTATOIHO €CTeCTBEHHBIX TEOPETUKO-MHOKECTBEHHBIX MOHATHNA TPUBO-
IUT K BOIMPOCAM, MOJyIeHNe OTBETOB HA KOTOPHIE OKA3BIBAETCS HEBO3MOXKHBIM (€3
CPeICTB MaTeMaTUIeCKOn JOTuK. Kpome Toro, 5ToT MaTepual MOXKeT CIyKUThH Ha-
DVIATHOU JeMOHCTPAIEe! ~ CUILL M MOIIK T€OPEeTUKO-MHOXKECTBEHHLIX MEeTO10B” , T0-
3BOJIAIONINX PEMIaTh CIOXKHBIE TPOOJIEMBI ’ KOHETHON MAaTeMAaTUKK IMYyTeM ~ BBIXOIA
B 0ECKOHETHYIO 00.1aCTh’, T. €. MPUBIEKASI K TOKA3ATEILCTBY TEOPEeM, OTHOCAIIIXCS
K TOCTATOYHO €CTECTBEHHBIM W MPOCTHIM KOMOMHATOPHBIM BOMPOCAM O KOHEYHBIX
MHOXKECTBAaX, TEXHUKY PaOOTHI ¢ 6€CKOHEIHBLIMI MHOXKECTBAMHA. A MaTeMaTHIecKas
JOTUKa TaeT BO3MOXKHOCTEH JOKAa3aTh, UTO ATOT ~BBIXOJ B OECKOHEUHYIO 00JaCTh’
BBI3BAaH HE HAIlEW HEJOCTATOYHOW M300peTaTelbHOCTHIO ’B KOHEYHOU oOJacTu’”, a
HeOoOXO UM MO CYHMIECTBY — 0€3 TAaKOr0 BBIXOAA COOTBETCTBYIOIINE TEOPEMbI HEBO3-
MOYKHO JTOKA3aTh.

[lycts f: A — A — oTobpaxkenue MHOKecTBa A B ce0.

Koneunas mocienoBaTeIbHOCTD Cq, C, ..., Cp DJIEMEHTOB MHOXKeCTBa A HasbIBa-
eTCA 8EMBbI0 OAUHbL T, €CAN BHIIOJHAIOTCA PABEHCTBA

c1 = flea), o = fle3), ..oy a1 = flcn).

Beckonednas mocie10BaTerbHOCTS €, Ca, ..., Cp, ... DIEMEHTOB MHOXKeCTBAa A Ha3bI-
BaeTca 6eckoneunol 6emebio, eCIU BBHIIOTHAIOTCA PDABEHCTBA

a1 = fle2), 2 = fles), -5 o1 = flen), .-
DJNEMEHT €] HA3BIBAETCA HAYAAbHOU 8epuLuHOt BETBH.

Teopema 3.9.1 ([A. Kéuur). ITycmv f: A — A — makxoe omobpascenue mnomnce-
cmea A 6 cebs, umo das 4106020 saemenma u u3 A mmoxrcecmseo yposua

FHu}) = {zfu = f2)}

xoneuno. Eeau das saemenma w mmoxncecmea A u 06020 HamypaabHo20 YUucaa 1
cyuecmaeyerm 6€emmaedb dAUHbL n, HAYUHAWAACA 6 W, MO CYWECITNBYEIM U becKoHeUHas
6emeb C Havaaom 6 W.

Adoxaszameawvcms o O603HAUMM dYepe3 B MHOXKECTBO BCEX DIEMEHTOB U
MHOXeCTBA A Takux, 9TO M1 J1I000T0 HATYPAJIHLHOIO HUUCAA 7 CYHIECTBYET BETBb
IIWHBL N, HAYUHAOMAACA B U. [0 ycI0BUIO TeopeMbl DIeMeHT W TpUHAIICKUT 5.
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[oxaxem, 9T0 044 4100020 dAEMENMA U U3 MHoKcecmea B 6 amom muoxrcecmae
natidemes maxoti saemenm v, wmo u = f(v), T. e. f~'{u}) N B # 0.

[Ipeamonoxkum nporusHoe. IlycTh u — Takou »IeMeHT W3 MHOXKECTBa B, ITO B
HTOM MHOXKECTBE HET DIEMEeHTa ¥ Takoro, 4ro u = f(v). TO o3HAYAET, 4TO AT
JI000T0 DJIEMEHTa U; U3 KOHETHOI'O0 MHOXKECTBA

FHu}) = {v,ve, ..., 00}

HAWIETCA TAKOe YUCIO N;, 9TO HE CYIECTBYET BETBU JJUHBI N;, HAYUHAIOUIEUCT B
V;.

O6o3HaIM 1depe3 n HanOOJbIIee U3 TUCET Ny, ..., Nypy,.

SHAYUT, 1A JTOO0C0 BIEMEHTA ¥ TAKOro, 9To « = f(v), HE CYMEeCTBYeT BeTBU
IIVHBL 7, HAYAHAIOIIENCI B V.

[TosToMy He CymecTByeT BeTBU IIWHBL N + |, HAYUHAIOMENCA B 4. ITO MPOTH-
BOPEIUT BBHIOOPY dJaeMeHTa U.

PacemorpuMm gpynryuto evibopa ¢, KOTopas MIA KaxKJIOTO HEIYCTOTIO MHOMKE-
crea Buga [ '({u}) N B gaer saeMeHT U3 5TONO MHOKECTBA

o(f'{u}) N B) € f'({u}) N B.

Kpowme Toro, noraraem (@) = w.
3agagnM GECKOHETHYIO MOCIEN0BATEABHOCTD €1, Co, ..y Cp, ... DIEMEHTOB MHOXKE-
crBa A paBeHCTBaMM

€1 = W, Cpy1 = W(fﬁl({cn}) N B)

[Mokaxem, 9T0 mpu 1060M M Cpyy € [~ ({em}) N B.
[Ipu m = 0 noxy1aem ¢g = w € B, f~'({c}) N B # (), mosTomy

a = o/ ({e})NB) € [T ({a}) N B.

[Ipeamonoxum, 910 ¢, € f({cn,}) N B.
Torga f~'({ch1)} N B # 0, mosTomy

eniz = ¢(f " ({eari )N B) € T ({eani}) N B.

Taxum 06pa3om, opu JH0OG0M 7. BBIIOJIHAETCS PABEHCTBO ¢, = f(¢u41), T. €. €1, Co,
vy Cpy oo — DECKOMEUNAA BEMBL C HAUAAOM 6 W. O

Teopema @. Pamcesa moxeT 6BITH c(pOpMyIUpOBaHa 100 B TEPMUHAX HEOPUEH-
TUPOBAHHBIX I'padoB 0e3 meTenb, 1160 B TEPMUHAX CAMMETPUYHBIX aHTUDPedIeK-
CUBHBIX OTHOIIECHUU, JUOO B TEPMUHAX PA3OUEHUN MHOKECTBA BCEX 2-DI€MEHTHBIX
MOIMHOKECTB MPOU3BOJBHOIO0 MHOXKECTBA HA KOHEYHOE YHCI0 HENePeCEeKaomnXCs
MOAMHOXKECTB (KaaccoB). [lepBbill BApHAHT (OPMYJIUPOBKY B OMPEICIEHHON CTere-
un "6omee Haraagen . Ero Mbl m paccMoTpuM, a 3aTeM OOCYAMM TPETUU BAPUAHT
1 OT HEero mepergeM K paszOMeHusAM MHOXKECTBA BCEX 2-DJEMEHTHBIX MOIMHOXKECTB
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MPOU3BOIHFHOIO MHOXKECTBA HA KOHEYHOE HYHMCJIO KJIACCOB U K AHAJIOTUYHBIM pPa3bu-
eHUAM t->JeMeHTHBIX TMOJIMHOXKecTB. HadneM MBI ¢ Hambogee MPOCTOrO BapUaHTA
TeopeMmbl P. Pamces.

s weopueHTUpOBaHHOTO Tpada 6e3 nereab G = (V) E') ¢ MHOKECTBOM Bep-
ume V' u MEOKecTBOM pebep F 4epes G 6ymem 0603HAYATE JOMOMHATEILHBIN TPad
G = (V, E), rae a1 T00BIX ABYX PA3IMTHBIX BEPIIWH U U U BHITIOTHEHA SKBUBA-
JEHTHOCTh

6 E ecmb pebpo, coedunanwee sepuunbl . v v moeda © moabko moeda, K020a
8 E omcymemeyem pebpo, coedunsowee sepuiumbl U u v.

Teopema 3.9.2 (D. Pamcen). Fcau G = (V, E') — neopuenmuposanmuvili 2pag
be3 nemeav ¢ Oeckoneunbim muoxcecmseom sepuwun V, mo aubo G, aubo G codep-
Heum noanblli nodepad ¢ 6ECKOHEUHBIM MHONCECTNBOM BEDULUH.

CdopmyupoBaHHBIN BApUAHT TeopeMbl P. Pamces gomyckaeT CIeayiomyio, Bo3-
MOXKHO, 60/€e HANIATHYIO, (POPMYIUPOBKY.

[ IpOU3BOILHOTO MHOXKeCTBa (BepiuuH) V' 0603HatmM depes [V]y noanbii we-
OpUEHMUPOBannbIt 2pad 6e3 nemesb C DTUM MHOXKECTBOM BEPIIUH, T. €. 8 IMOM
epage aobvie dee pazauunbie sepuunbl coedunenbt pedpom. HeopuerTupoBanHOMy
rpady 6e3 mereas G = (V, E') MOXHO MOCTaBUTh B COOTBETCTBHUE PACKPACKY De-
6ep moaHOro Tpada [V]y 1ByMa mBeTaMu — OMHUM IIBETOM PACKPAIIMBAIOTCA pebpa,
BKJIIOYaeMbIe B MHOXKeCTBO pebep F rpada G, a apyruMm — HeBKJIOUIaeMmble. [Ipuxo-
IUM K CIeayomen (hopMyIupOBKe.

[TpousBobHBIM 06pa3OM packpacuM pebpa moaHoro rpada [V, 1Byms nseTamu.
Torga Treopema P. Pamces yrBepxkaeT, 9T0 HAaUAETCA TAKOE 6ECKOHETHOE TTOIMHO-
xectBo U C V', uro Bce pebpa noauoro noarpada [Uls okazaauch BEIKPAIICHHBIME
B OJIUH IIBET.

doxaszameadvcm e o Vaea 1okazaTelrbCTBa JOCTATOTHO NPOCTA — CTPOAT-
cA Tpu GECKOHEYHBIE TOCIeNOBATEILHOCTH BepiuH rpada [V]s, 1BeToB u moarpa-
(OB, KOTOpLIE U MO3BOJIAT NOKA3ATh CYNIECTBOBAHUE GECKOHETHOIO IO IMHOXKECTBA
U CV ¢ TpebGyeMbIM CBOUCTBOM.

IToxaraem Vo = V.

Bribupaem Bepiuny vy € Vj. Jra BepumHa coeqrnHeHa 6€CKOHETHBIM TUCIOM Pe-
6ep ¢ Bepmmuaamu u3 Vo \ {vo}. Cpean sTux pebep GeckoredHOe YUCIo pebep 0IHOro
BeTa, KOTOPHIA 0003HAMHUM Iepe3 ¢, & 6ECKOHETIHOE MHOXKECTBO COOTBETCTBYIOIINX
s>tum pebpam Bepums u3 V \ {vg} — gepes V;. Torma

Vg € %7 % 2 ‘/17
BCe pe6pa, COCIMHAIIINE BEPIINHY vy C BEPIINHAMN U3 MHOXKECTBa ‘/1,

BBEIKPaIlIEHBI B OAWH IBET Cp.

Bribupaem Bepmuny vy € V. DTa BepIInHA COIUHEHA OECKOHETHBIM IUCIOM pPe-
6ep ¢ Bepmmuaamu u3 Vi \ {v; }. Cpean sTux pebep GeckoHedHOe YUCI0 pebep 0THOro
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BETa, KOTOPLIM 0003HATMMM 9epe3 ¢, a 6ECKOHETHOe MHOKECTBO COOTBETCTBY IOIIIX
stum pebpam Bepums u3 V; \ {v1} — gepes V. Torma

(SIS ‘/17 ‘/1 2 ‘/27
BCe pe6pa, COCIMHAIOIINE BCPIOIUHY V) C BEPIIMHAMMU U3 MHOXKECTBA ‘/2,

BBEIKpalll€HbI B OAWH IIBET Ci.

[TpeamonoxuM, 9TO yKe BEIOpAHbLI BEPIIUHA Vy,_1, IIBET C,,_1 1 6€CKOHEYIHBIE MHO-
X)ecTBa BepmuH V,,_1 O V,, Tak, 9TO

Up—1 € Vn—la Vn—l 2 Vna
BCe pe6pa, COCIMHAIOIINE BCPIIUHY U, _1 C BEPIIMHAMU U3 MHOXKECTBA Vn,

BEIKPpaIlleHBEL B OAUH IBET Cp_1.

Bribupaem Bepumny v, € V. OTa BepIIIHA COCIMHEHA OECKOHETHLIM YHCIOM
pebep ¢ Bepummnamu u3 V, \ {v,}. Cpeau stux pebep GecKoHEUHOE TUCIO peGep
OJHOT'O IIBeTa, KOTOPHI 0603HAYAM 9epe3 ¢,, a OECKOHeTHOE MHOKECTBO COOTBET-
cTByommX >TuM pebpam Bepums u3 V, \ {v,} — 1epes V,, 1. Toraa

Up € Vn; Vn 2 Vn+1;
BCe pe6pa, COEIMHAIOIINE BEPIINHY V), C BEPHIMHAMU U3 MHOXKECTBa Vn+1,

BBIKDAIIIEHBI B OWH IIBET Cj,.
[Torywaem Tpu GeCKOHEYHBIE MOCTEI0BATEILHOCTHI

IIocae10BaTEeJIbHOCTDb BEPIINH:

Vs Viyev oy Unyenny

mocae10BaTEeJIbHOCTh IIBETOB:

Coy,Clye ey Cpyevn

mocae10BaTECJIbHOCTD 0EeCKOHETHBIX no;u“pachB:

Vol 2 [Vil2 2 ... 2 W2 D ..,

TaKme, ITO

Un - Vn \ Vn+1,
BCe pe6pa, COCIMHAIOIINEC BEPIINHY UV, C BEPIOIMHAMA U3 MHOXKECTBA Vn+1;

BEIKPpaIllICHBI B OAWH IIBET C.

O6o3HaduM ¥epe3 ¢ TOT IBET, KOTOPHIU BCTpPeYaeTCs OECKOHETHOe 9UHUCIO Pa3 B
MOCIeI0BATEIBHOCTE IIBETOB:

CoyCly--yCpy.n..
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[MycTs

C =Cippy =6y =...=Cj, =....

O6o3uaaum 1epe3 U 6eCKOHETHOE MHOXKECTBO BEPIIUH

Vigy Viyy --- Ui,
Torga Bce pebpa GeckoredHoro moaHoro noarpada [U]s BEIKpAIIeHbl B OQWH IBET
c.

B npemroxenHoM goKa3aTeabCTBe €CTh ~ cIab0e MecTo’ — MBI He JOKA3aJId, ITO
COOTBETCTBYIOIINE TPU GECKOHEYHBIE TTOCIeI0BATEILHOCTH BepiunH rpada [V]s, use-
TOB 1 moArpadoB cywecmsyrom. B qactaoCTH, NysHcdaemes 8 doKa3amesbcmee cy-
ULCMBOBAHUE DECKONEUHO20 MHOHCECTNBG BEPULUN

{Uo, V1y -+ .y Up, }

Taxoe T0Ka3aTeIbCTBO TOMKHO OMMPATHCA HA HEKOTOPHIE ABHO CPOPMY.TUPOBAHHEBIE
AKCMOMBI TCOPUM MHOXKECTB. B Hamewm cayvae 510 Oyner Axcuoma evibopa.

O603Ha4UM dYepe3 ¢ QYHKINIO BEIOOPA I CEMEHNCTBA BCEX HEMYCTHIX MOIMHO-
KECTB MHOXKECTBA BepuimH V', T. e. PYHKIUA B KAXK TOM HEIYCTOM IIOJMHOKECTBE
U muoxkecrsa V Borgenser saemenT ¢(U) € U. s npou3BOIbHON BEPUIMHBL U 060~
suarv gepes Vi (v) (Ve(v)) MEOKECTBO BepIIIH CMEKHEIX ¢ BEPIIMHOH v B rpade
Va(v) (Va(v)).

Pe6po, coeauusioniee BEPIIMHBL ¥ 1 U, MBI PACCMATPUBAEM KaK MHOXKECTBO {v, u}
W3 IBYX DJAEMEHTOB U U U (HEeyNOPALOYeHHAA TTapa DTUX DJIEMEHTOB).

[0 MEAYKIUK OIPEIeInM YeTHIpe IMOCIe0BATEILHOCTH, I3 KOTOPHIX ABE COCTO-
AT U3 MOAMHOXKECTB MHOXecTBa V BepmuH rpada GG, TpPeTba — U3 BEPIIAH DTOTO
rpada, a YeTBepTas — U3 HATYPATBHBIX TUCE.T.

Ty =V, Ay =YV, UUZSO(V)a fo = 0;

Thi1 = {x|x € A, &mvuoxectBo Vg (x) N A, Geckonedro }

SO(TnJrl)J Tn+1 7é @;

Un, =
i Vo, TTL+1 = Q)’
A _ VG(UnJrl) N An; Tn+1 7é @;
e @, Tohy1 = Q);
0; Tn+1 7é @;
fTZ+1 1 T . @
) n+l — .

BoamoxHsBl 1Ba cay4as.
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Cay4wan 1. llpu mr06om n f,, 7 = 0. B aTOM ciyvae uHIAyKIIIEN 1O N TOKA3bIBa-
€TCA, 9TO IIPU JIO0M N

Un+1 € Tn+1;
MHOKeCTBO Vi (z) N A, 6eckoHeTHO,
An+1 g VG('UnJrl) N Ana
Tn+1 g An

Orcroga cregyer, urompu k > j > 0 Ay C Ay C Aj. Tak kax vy, € T, C Ap_y m
v, & Va(vg), 1o v € A1 \ Ak, mosromy vy, € A, \ Ag. 3HAIUT, MHOKECTBO BepIINH

{Uk“i}:(),l,...}

OECKOHETHO 1 JI00BIEe IBe U3 DTUX BEPIIMH coequHeHbl pebpoM B rpade G, 1. e. B G
uMeeTCss OeCKOHEYIHBIN MOJTHBIN TOArPad.

Caywan 2. Haugerca Takoe i, aro f;r; = 1, smaunr, T, = (). Yepes iy 060-
3HAYMM HauMeHbIIee W3 TAaKWUX {. SHAUUT, npu JoooMm & < i f; = 0u fi41 = 1.
Hostomy T; # 0, sma«ur, a; = p(T;) € T;. Ho Tiy41 = 0.

Pacemorpum MuOXKecTBO A;,. [Ipu iy = 0 5T0 MHOXKECTBO COBIATaeT C MHOXKe-
crBoMm V' Beex BepmmH rpada G, a npu iy > 0 — ¢ mHOKecTBOM Vi (a;,) N Aj 1.
DTO MHOXKECTBO GECKOHEYHO, TaK Kak a;, € T;,. B mobom crydae MHOXECTBO A,
6€CKOHETHO.

[To HAYKIINK OmpeIeanM IMOCIeI0BATEILHOCTD MOAMHOXKECTB DTOI0 MHOXKECTBA,
1 TOCIEeI0OBATEIHLHOCTD €r0 DIeMEHTOB.

BO = Aioa bO = QO(BO)a
Va(by) N By, B, # 0;

Bn+1 = (b B — (b
by = @(Bnﬂ), By # @;
" bOa Bn—I—I - @

[TocTpoeHHBIE MHOXKECTBA 00Pa3yOT YOLIBAIOIIYIO MOCIEI0BATEILHOCTD. 110 nHIYK-
AN JOKAXKeM, UTO KajKJ0e U3 DTUX MHOXKECTB 0€CKOHETHO.

By = A;, — 6eckoHEYIHOE MHOXKECTBO.

[Tpeamonoxum, ato B, — 6eCKOHEYHOE MHOXKECTBO.

JNokaxkem GeckOHeIHOCTb MHOXKecTBa By, 11 = Vi(b,) N B,y,.

Ecau 661 5TO MHOXKECTBO OBLTIO KOHEIHBIM, TO B CUIY O€CKOHETHOCTH MHOXKECTBA
B,, 6eckoneunnM 6110 661 MHOXKECTBO By, \ (Vz(b,) N {b,}). Ho

B\ (Ve (bn) N{bn}) S (Va(bn) N {Bn}) S (Va(bn) N {4s}),

3HAYUT, b, € T}, 1, 9TO IPOTUBOPEYIUT MYyCTOTE MOCAETHETO MHOXKECTBA.

[TosydenHoOe MpOTUBOpETNE MOKA3ZBIBAET, ITO KaXKI0€ U3 MHOXKECTB B, 6ecko-
HEYHO. 3HAYUT, B YACTHOCTH, KaXXJO€ W3 HUX HEMYyCTO, MODTOMY MpH JIOO0M 1
b, € B,,. llpu n > m norygaem

bn S Bn g Bm+1 g V@(bm)a
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3HAYUT, BepmuHsl b, u b, coequnensr pebpom B rpagde G. [losromy rpad G comep-
KUT OECKOHEYHBIN MOJHLIM TOATPad ¢ MHOXKECTBOM BEPIIUH

{bo, b1y b, b
0

B kadecTe ciaencrBusa TeopeMbl P. Pamces paccMOTpUM CIeIVIOMIMEA UHTEPEC-
HBIM IpuMep 13 yKasaHnHou Beie MoHorpadgun K. Kyparoskoro u A. MocTosckoro
[23].

[To mpousBobHOMY MHOXKECTBY V' HaTypaJbHBIX YUCEN MOCTPOUM Tpad ¢ MHO-
JKeCTBOM BepituH V. Bepuiunbl, coomsememayouue HamypaibHbim YUCAAM U U U,
coedunsem pebpom mozda U mMoabko mo20a, Ko20a YucAa U U U 83GUMHO NPOCIbL.
N3 Teopembr ®. Pamcesa cregyer, 9T0

ecau V. — npouzsoabnoe OeCKoHeunoe MHOHCECMB0 HAMYPaAAbHbIL YUCEA, MO OHO
codepacum makoe beckoneunoe nodmmoxcecmso U, umo aubo awbbvie déa codep-
HCAUWSUTCA 8 HEeM YUCAQ B3AUMHO NPOCMbL, AUOO A100ble 064 COIEPHCAUUTCA 6 HEM
YUCAG HE B3AUMHO NPOCTMbL, M. €. UMENM Heedunuurblt obwul desumens.

HeTpyauo nmouaTs, 9T0o Ha caMoM feqe (paKTUIEeCKHU JOKa3aH 0oJee OOIMM, deM
c(hOpMyTUPOBAHHBIN B Teopeme, BapuaHT TeopeMbr P. Pamces —

ecau pebpa noanozo 2pagda [Vl]s npouzsosvuvim obpasom packpacums k ysema-
Mu, mo natidemca makoe Oeckoneunoe nodmmoxcecmso U C V, umo ece pebpa
noanozo nodepaga [Uly svikpawenst 6 odun ysem.

Bupodem, obummn ciaydau Jerko morydaeTcs u3 caydas k = 2 M0 WHIYKIAA —
nepexoq or k k k 4+ 1 mpoBoaurca mo caegyiomen cxeme. [Ipeamonoxum, 910 Bee
pebpa moaHoro rpada [V]s mpoumsBoabHBIM 00pa3oM packpamieHsl B k + 1 mBer.
O603HAYUM DTU [[BETA UEPE3 C1, ..., Ckii-

BosbMeM 1Ba HOBBIX IBETA €] U ), KOTOPBIMHA CIEAYIOMINM 00PA30M PACKDPACHM
pebpa moaHoro rpada [V]s: ecain pebpo e noasoro rpada [V], 6110 packparmero
IIBETOM €1, TO PACKPACHM €ro IBETOM ¢}, B IPOTUBHOM CIydae, T. €. ecIu pedpo e
10aHOTO rpada [V]y 6bLIO0 pacKpameHo OJHUM U3 [BETOB Cg, ..., Ck11, TO PACKPACHM
ero IBETOM Cl.

Torga mamgercsa Takoe GeckoHmedHoe moaMmuoxkecTBo U C V, 4ro Bce pebpa
noaHoro noarpada [U)s BEIKpalIeHbl B OAUH [BET, T. €. 1100 B IBeT €|, MO0 B IBET
c5.

B mepBoMm caydae Teopema IOoKaszaHa, a BO BTOPOM CAydae I 3aBEPIICHUA I0-
Ka3aTeJbCTBA JOCTATOYHO MPUMEHUTh WHAYKTUBHOE MPEIIOI0KEeHHE.

[Tepennem k gpyrou ¢popmyauposke. Pe6po e mponsBoOIEHOIO HEOPUEHTUPOBAH-
Horo rpada (G 6e3 nerenhb ¢ KOHIEBBIMEA BEPIIMHAME U U ¥ MOXKHO OTOXKIECTBUTH C
2-DJIEMEHTHBIM TOIMHOKECTBOM {u, v} MHOXKecTBa V| T. €. CIUTATH, ITO

E C [V = {{u,v}|u,v € V&u#v}.

Torga MHOXKecTBO peGep moaHOro rpada [V]s — aT0 mpocto muOXKecTBo [V]? Beex
2-DJIEMEHTHBIX TOAMHOXKeCTB MHOXKecTBa V. Packpacke pebep noanoro rpada [V]s
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B k IBETOB COOTBETCTBYeT pazbuenne MHOKecTBa [V]? Beex 2-pIeMeHTHBIX T10,I-
MHOXECTB MHOXeCTBa V B o0befnHeHue k HEeIyCTHIX MOMapHO HEmepeCceKaonnxCs
moamuOXKecTB Uy, ..., Ug.

[TosTOMY M3 BBHINIECKA3AHHOTO CAEAYET CIPABEIINBOCTD CJACIYIOMEN TEOPEMEL.

Teopema 3.9.3. ITycmv V — npouseoavnoe beckoneunoe muoxcecmso, [V12 — muo-
HCECNBO BCET €20 2-IAEMENMHBIT NodMHONcecms, k — namypasvroe wucao, Wy, ...,
Wi — makxue nodmmoxcecmea mmoxrcecmea Va, wmo

[V]2:W1U...UWk,
npul <i<j<k: W;nW, =0

Tozda natidemca maxoe Oeckoneunoe nodmuoxcecmso U mmoxrcecmea V u maroe
yucao iy (1 < ig < k), umo [U]> C W;,, m. e. 6ce 2-aaemenmuble nooMHONCECNEA
beckoneunozo muoxcecmea U codepaucames 6 0dnom nodmnoxcecmse Wi, .

[Tocaemuaa Teopema TOMYCKaeT eCTeCTBEHHOE 0O00OIIeHUE.

Teopema 3.9.4. ITycmv V' — npoussoavnoe beckoneunoe muoxcecmeo, [V]H — mno-
HCECMNBO BCET €20 L-aaeMmenmubls nodmnoxcecms, k — namypaavrnoe wucao, Wy, ...,
Wy, — maxue nodmmnoxcecmea mnoxcecmea [V, umo

Vi=W,U...U W,
npul <i<j<k: W;nW, =0

Tozda natidemes makoe beckoneurnoe nodmmoxcecmso U mmosncecmsa V- u maroe
yucao ig (1 <ig < k), umo [U]* C Wy, m. e. 6ce t-aaemenmupie nodmmoxcecmea
beckoneunoeo muoncecmea U codepacames 8 00mom nodmmoxrcecmee Wi, .

[Tocaequsas TeopemMa MOXKET OBITH epedOPMYINPOBAHA HA A3BIKE OTOOPAKEHUN.

Teopema 3.9.5. ITycmv V' — npoussoavnoe beckoneunoe muoxcecmeo, (V14 — mno-
HCECNBO BCET €20 t-dAeMEHMHLLT Nodmuodcecms, k — namypaavbnoe wucao u f —
omobpancenue muoncecmsa V18 60 mnomcecmeo {1,2,...,k}, m. e.

Fo VI = (1,2, k)

Tozda natidemes makoe beckoneunoe nodmmoxcecmso U mnoancecmea V' u maxoe
yucao i (1 <ig < k), umo das amoboeo u uz [U]' f(u) =iy, m. e. 6ce t-aaemenmubie
nodmuoxcecmasa beckoneunozo muoxcecmsea U omobpaxcenue f nepesodum 6 00no
U MO HCE YUCAO 1.

CdopmyaupoBanubiun BapuanT TeopeMbr P. Pamces momyckaer caenyomyio, 10-
CTATOYHO HANIATHYIO, (DOPMYJIUPOBKY HA A3BIKE 2unepzpagos.

[ MPOM3BOIBLHOIO MHOXKECTBa (BepiminH) V' #u (PUKCUPOBAHHOIO HATYPAIBLHO-
ro Jucaa t 0603HaIUM Tepe3 V; MHOXKECTBO BCEX ero t-DIeMeHTHBIX MTOIMHOXKECTB.
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Kax e saement e w3 Vi, T. e. t-dDieMeHTHOEe MOIMHOXKECTBO MHOXKecTBa V, Oyaem
HA3BIBATH 2UNeppedpom pa3MepHOCTH t.

Yepes [V]; o603HaUM noanbil weopuewmuposanmubll, t-2unepepad ¢ STUM MHO-
JKECTBOM BEpIIUH, T. €. B 3TOM rumeprpade Jo0ble ¢ pa3IuIHBIX BEPIIUH COETUHEHbI
pebpoM pazmepHOCTH t.

[uneprpad pasmepuoctu t — sro G = (V) E), rge F — 00AMHOXeCTBO MHO-
xecTBa V; Bcex t-DIeMEHTHBIX TMOIMHOXKECTB MHOXecTBa V', T. e. naeMeHTaMu F
ABIAIOTCSA HEKOTOPHIE 2uneppebpa pa3MepHOCTH t.

[Ipexpraymmaa TeopeMa MOXKeT OBITH TepeOPMYIUPOBAHA CAETYVIOMHIM 00Pa3oM
Ha A3BIKe runeprpadgdos.

Teopema 3.9.6 (P. Pamcen). Ecau 2uneppedpa noanozo HEOPUEHMUPOSEAHHO-
20 2unepepada [V]; ¢ beckoneunbim muoxcecmeom sepwun V. npouzsosbubim 00pa-
30m packpacumsb k ysemamu, mo wnatidemcs makoe 0ECKOHEUHOE NOJMHONCECTEO
U CV, umo sce pebpa noanozo 2unepepaga U]y 6ydym svikpawensvt 6 0dun ysem.

doxaszameadvcm s o [JokazaTelbCTBO MPOBEIEM IO PaHEe ykKe MCIOIb30-
BaHHOfI cxXeMe — noCcTpouM Tpu 6eCKOHe‘IHBIe Imocjae 10BaTEIbHOCTH BEPIINH T'AIIEP-
rpada [V];, uBeToB u noaruneprpados, KOTOPBEIE U MO3BOJAT JOKA3ATH CYIIECTBO-
BaHKe 6eckoHedHOro moamuoxkecTsa U C V ¢ TpebyeMBIM CBOICTBOM.

ITomaraem Vo) = V.

Bribupaem Bepiuny vy € Vj. OTa BepuinHa coeqnHeHa 6@ CKOHETHBIM TUCIOM T'i-
neppebep ¢ Bepumuamu u3 Vy \ {vo}. Cpean sTux runeppeGep GeCKOHETHOE HUCIO
runeppebep OTHOrO IBeTa, KOTOPHIM 0003HAYUM Yepe3 Cy, a OECKOHEIHOe MHOMKE-
CTBO COOTBETCTBYIOIIUX H>TUM runeppebpam sepims u3 V \ {vy} — 1epes V. Toraa

Vo € %; % 2 va
BCe PI/meppe6pa, COCIUMHAIIINE BEPIINHY Uy C BePIINHAMN U3 MHOXKECTBa Vi,

BBEIKPaIlIEHBI B OAWH IBET Cp.

Bribupaem Bepiunay v € V. OTa BepuimHa coeqnHeHa 6@ CKOHETHBIM TUCIOM T'i-
neppebep ¢ Bepumuamu u3 Vi \ {v;}. Cpeaun sTux runeppeGep 6eCKOHETHOE HUCIO
rumneppebep OIHOrO IBeTa, KOTOPHIM 0003HAYUM Yepe3 ¢i, a 6ECKOHEYHOe MHOMKE-
CTBO COOTBETCTBYIONMX >TUM rurneppe6pam sepumun u3 Vi \ {v;} — gepes V5. Torga

U1 € ‘/1; ‘/1 2 ‘/—2,
BCe PI/meppe6pa, COCIUMHAIIINE BEPIINHY v; C BEPIINHAMN U3 MHOXKECTBa ‘6,

BBEIKPAIlI€eHBI B OAWH IOBET Cj.

[Tpeamomoxum, ITO yKe BEIOPAHBI BEPIIWHA U, 1, IIBET C,_1 U OECKOHEIHBIE MHO-
xecTBa BepmuH V,, 1 O V,, Tak, 4TO

Up—1 € Vn—la Vn—l 2 Vna
BCe FHHeppe6pa, COCIMHAIOIINEG BCPIIUHY VU, _1 C BEPIIXMHAMU U3 MHOXKECTBA Vn,

BBEIKpaIl€HbI B OANH IIBET Cp_1.
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Breibupaem Bepruny v, € V,,. dTa BepimmHa coeuHeHa 6€CKOHETHBIM TNCIOM i~
neppebep ¢ Bepimuavu u3 V, \ {v,}. Cpenu stux runeppebep 6eCKOHETHOE TUCIO
runeppebep OIHOrO IBeTa, KOTOPBIM 0003HAYMM 4Uepe3 ¢, a OECKOHEYHOe MHOKEe-
CTBO COOTBETCTBYIONMIUX STUM rumneppebpam Bepummd us Vi, \ {v,} — depes V.
Torga

Un € Vna Vn 2 Vn—i—la
BCe Fﬂneppera, COCIMHAIONINE BEPIOINHY V) C BEPIIMHAMU U3 MHOXKECTBA Vn-l—la

BHIKPAIIIEHBI B OJUH IIBET Cp,.
[Torydaem Tpu G€CKOHEYHBIE TOCTETI0BATEILHOCTHI

IIOCJIeJOBATEIbHOCTDb BEPIINH:

Vo, Uty ooy Upyoony

IIOCJIe 10BATEIBbHOCTH IIBETOB!

CosCly vy Cpyenny

IIoCJae 1OBATEIBHOCTD 6eCKOHETHBIX noaruneprpados:

WVoli 2 Vili 2 ... 2 [Vt 2 - .-,

Takme, ITO

Un - Vn \ Vn+1,
BCe runeppedpa, COIUHAIONINE BEPIINHY v, ¢ BePIITHAMEA I3 MHOXKECTBA Vi1,

BEIKPpaIllICHBI B OAWH IIBET C.

O6o03Ha9MM dYepe3 ¢ TOT IBET, KOTOPLIM BCTpedaeTcsa OECKOHETHOe YUHUCIO Pa3 B
MOCTeJ0BATETHHOCTE IIBETOB:

CoyCly--yCpy.n..
[TycTs
C=Cjy =6y =...=6C, =....

Yepes U o603HauM G€CKOHETHOE MHOXKECTBO BEPIITUH

Vigy Viyy -+ U4

n

Torga Bce runeppebpa 6eCKOHETHOro MOJIHOro moaruneprpada [U]; BHIKpalieHs B
OJWH IIBET C.

B npemmoxennoMm gokasaTeabCTBe, KaK W BBIIIE, eCTh ~ caaboe MecTo” — MBI He
TOKa3a/au, 9TO COOTBETCTBYIOIINE TP OECKOHEYIHbIE TMOCIeI0BATEIbHOCTN BEPITNH
rpada [V];, uBeTos u noaruneprpados cywecmeyom. B 4acTHOCTH, HYKIAeTCA B
TOKA3aTeNbCTBE CYIIeCTBOBAHUE 6€CKOHEYHOT'O MHOXKECTBA BEPIINH

{'UU,’Ul,...,’Un,...}.
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Takoe MoKa3aTEIBCTBO TOMKHO OMMMPATHCA HA HEKOTOPHIE ABHO CPOPMYIUPOBAHHBIE
AKCUOMBI TEOPUU MHOXKECTB. JTO MOXKHO CHeIaTh, KaK OBLIO CAETaHO BBINIE, HA
ocaoBe Axcuombl ebibopa.

Bo3MOXHO 1 10Ka3aTeIbCTBO MHAYKIMEN MO ¢ Ha OCHOBE YK€ MTOKAa3aHOr'O BhHI-
e yrBepxaerus aas t = 2. [Ipu pTom, KoHewHO, ObLTa UCTOIB30BaHA AKCUOMBL
sbvitbopa. O

WNugykmuen mo p JOKA3BIBAETCA CAeAyiolnee 0000IIeHne pacCMOTPEHHBIX BHIIIE
TeopeM.

Teopema 3.9.7. Ilycmv p — npoussoabnoe Pukrcuposannoe wucto, V — npous-
60AbHOE OECKOHEUH0E MHONHCECTNEO, Viiy — MHONCECME0 6CET €20 KOHEUHBLT NOOMHO-
acecms, k — namypaavroe wucao, Wi, ..., Wi — maxue nodmnosxrcecmsa mnosxcecmesa
Viin, umo

me:Wlu...UWk,
npul <i<j<k: W,nW;=040.

Tozda natidemea maxoe Oeckoneunoe nodmmoxcecmeo U mmoxncecmea V', umo 0as
w6020 t < p natidemesa maroe wucao i(t) (1 < i(t) < k), wmo [U]" C Wiy, m.
e. 6ce t-aaemenmupie nodmmoxcecmea beckoneunozo muoxcecmea U codepawcamces 6
odnom nodmmoncecmese Wiy .

Mu1 He yTBepXKaaeM, ITO Bce {-dDIeMeHTHBIe MOIMHOXKecTBa MHOXecTBa U mpu
moboM ¢t < p comepxaTca B ofHOM m ToM ke noamuoxectBe W, . Hampuwmep, sTo
HE TaK B CIydae

W= [V, W, = O [V

t—

Mgl s yTBEpXKIaeM, 9TO M J000ro ¢t < p HARJeTCA HOAXOfdAmee ducio i(t)
(1 <i(t) < k) rakoe, aro [U]" C Wy, T. e. Bce t-dIeMeHTHbIE MOIMHOKECTBA
6ecKOHeIHOTo MHOXkecTBa U comepxkarca B OfHOM moaMmuoxecTse Wiy (HO m1a
KasK[0r0 ¢ TaKkoe MOAMHOXKECTBO MOKeT ObITh CBOE).

Caemyroomuy mpuMep, 3aMMCTBOBAHHBIN U3 [3], MOKA3BIBAET, YTO AATbHEHIIee
0600IeHre PACCMOTPEHHBIX TEOPEM IMyTeM OTKa3a OT OrpaHmYeHua ¢ < p HEBO3-
MOxHO. T. e. crenymoiiee yTBepXK IeHUE HE MOXKET OBITh JOKAa3aHO.

ITyemp V' — npoussoavhoe Oeckoneunoe MHoHecmso, Viym — MHOHNCECTBO BCET
€20 KOMeUHblT nodmmuosxcecms, k — namypasvroe wucao, Wy, ..., Wi, — maxue noo-
MHOKHCECTBA MHONHCECNBA Vi, MO

me:T/VlUUWk,
npul <i1<j<k: I/ViﬂWj:@.

Toeda naiidemces maxoe beckoneunoe nodmuoxcecmso U mnoxncecmea V, umo das
at06020 t natidemea maroe wucao i(t) (1 <i(t) < k), umo

[U]t C I/Vz(t) )
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m. e. ece t-saemenmubie nodmnoxcecmsa beckoneuno2o muoxcecmsa U codepacam-
ca 6 00nom nodmuosncecnee Wiy .

Crenyomuy npuMep MOKAa3BIBAET, UTO MOCAETHEE YTBEPKICHNE HEBEPHO.

I KOHETHONO MHOXKECTBA A HATYPAIBHBIX YHCES 0003HAYIUM depes |A| wucao
IAEMENMOB B0 MHONCecmBe A.

[Iycts Wi cocTouT m3 BeeX TaKUX KOHEIHBLIX II0IMHOXKECTB A MHOXeCTBa HATY-
panbHbIX dncen N, s kKoTopix |A| € A, aWy = Ny, \Wi. Toraa Ny, = Wi U W,
n W1 N W2 - @

[Iycts U — npoussoavnoe 6eCKONEUHOE MHONCECTLEBO HAMYDAALHBIL YUUCEL.

Buibupaem B U wuciao t > 2 u t nonapmo paziuumbls u omavunbly om t qucen aq,

oy Gy

Torga

{taa27"'7a’t}€[U]t7 {a1;a27"'7at}€[U]t7
{t,ag,...,a; } € Wq, {ay,a9,...,a;} € Ws.

Paccmorpennnsie Teopemsl P. PaMcea oTHocATCS K pa3OueHUAM O6eCKOHETHBIX
MHOXKECTB U K 6eCKOHeIHBIM I'padaM u runeprpadam. [lodTomy ux MOXKHO YCIOBHO
Ha3BaTh ~OeckoHedHBIMEU Teopemamu P. Pamces. DT TeopeMbl He IpeaCTABIAET-
CS1 BO3MOXKHBIM JaXKe chpOpPMYyIupOBaATEH HA A3bIKe (popmaabHOU apudmeruku [leano,
T. €. 63 UCHOJb30BAHUA TEOPETUKO-MHOXKECTBEHHOI'O A3BIKA.

@d. Pamceem moxkazaHBI aHAJIOTH PACCMOTPEHHBIX TE€OPeM a1 KOHEIHBIX I'padOB
1 pa3bneHn KOHEYHBIX MHOXKeCTB. [Io pagy mpudm, 0 KOTOPHIX OyIeT CKa3aHO
MO3Ke, DT AHAJOTYM TMPEJICTABIAIOT 0COOBIM MHTEPEC IS MATEeMAaTHIeCKOU JOT UK.

Haunewm c camoro mpocToro BapuaHnTa ~KoHedIHBIX TeopeM P. Pamces.

Teopema 3.9.8 (. Pamcen). Jas 4106020 HaMypaibnozo 4ucaa N CYu,ecmsyem
MaKoe HAMYPAALHOE UUCAO ¢, YMO O04% 400020 HEOPUEHMUPOBAHHO20 2pada Oe3
nemeab G ¢ q sepuunamu 4ubo on cam, 4ubo e2o donoanenue G codeparcum noanvit
nodepad (Kauky) wa n sePUUHAL.

OJTa TeopeMa MOXKeT OBITh JOKa3aHa IUCTO KOMOMHATOPHBIMEU MeTogaMu 6e3
HICIIOJIb30BaHNA OECKOHEYIHBIX MHOXKECTB. TaKOG JOKa3aTeJaIbCTBO MOXKeET OBITH Ta-
e MePeBeIeHO Ha A3BIK DJIEeMeHTaPHOU apu(PMETUKN, T. €. B HeM pedb OyIeT UATH O
HAaTYPaJbHBIX IUCIaX, a HE O UX MHOXKeECTBaX 1 00 onepanuax CJIOXKEHUA U YMHOXKe-
HUA HATYPAJbHBEIX dncel. [Joka3aTelbCTBO MOXKET OBITH MPOBEIEeHO B (hOPMAIBLHON
apudmeruke [leano ArP, ecinm BMECTO KOHEYHBIX MHOXKECTB HATYPAJIbHBIX THCET
TOBOPUTH O UX HOMEPAQT, UCIOIb3YA MIS DTOro, HanmpuMmep, pyuknuio K. ['egersa

['(a,b,i) = rest(a,1+ (i + 1)b),

0061, JAIOIIYIO CAEIYIOMMUM (PYHIAMEHTATEHBIM CBOMCTBOM:
04 M0001 KOneunot nocaedo8amesbhocmuy Hamypasbhbls YUCEL Gy, A1, ..., Ay
natdymes marxue Hamypasbrble YUcAa 6 U b, ¥mo BbINOAHAINMCA PABEHCMEA,

['(a,b,0) = agy, I'(a,b,1) = a1, ..., ['(a,b,n) = a,.
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YkasaHubIe HaTypaJbHBIC TUCJIa 4 N b MOXHO CUYNTATH HOMEPOM MHO2XKECTBa HATY-
PaJdbHBIX YHCEJI

{ao, ay, ..., ap }.

Omrako Takoe TOKa3aTelbCTBO OyIeT TOCTATOYHO I'POMO3IKUM.

[Toxaxkem, 9YTO >TOT BaApuUAHT ~’KOHEIHBEIX Teopem P. Pamces M0xXKHO Jerko mo-
JIYIUTh KakK caedcmeue "Oeckoneunvis” meopem D. Pamces u meopemvl KOMNAKIM-
HOCMU UAY TNEOPEMBL O AOKAABHOM AORUUECKOM CACICMBUY U3 MAMEMAMUYECKOT
A0UKY.

Pacemorpum Jloeuky npedukamos ¢ pagencmeom B CUTHATYPE, COmepKa-
el JWIb [Ba 2-MECTHBIX MPEIUKATHBIX CUMBOJA = u R, mpuveMm mpernKaTHBIN
CcUMBOJI = OyJeT MHTEepPIPeTUPOBATHCA KaK OOBIIHOE PABEHCTBO, T. €. MBI OyJeM
paccMaTpPUBATE JUIIL HOPMAALHLE MO TEIH.

O6o3naunm vepes G(R) caepyrouryo GpopMy.ry

(V2)(Vy) (=R(z, ) & (R(z,y) — R(y,z))),
qepe3 ®,, — popmy.ry

dxy) ... 3z & —xi=x;&( & R(zy,z)V & —R(x,z;
( 1) ( n)(1§i<j§n v J (1§i<j§n ( (2 ]) 1<i<j<n ( i) ])))7
a 1epes R, — popmyay (G(R) — ®,).

[To ”6eckoneunon” Teopeme P. Pamces popmy.ia R, ucrunna Ha 100601 6ECKO-
ueunou cucreme (M; R), mosromy gopmyaa R, asasemes so2uueckum caedcmeuem
CALYIOULe20 OECKOMEUHO20 MHONCECTNEA POPMYA

{&1, &, ....&my .- ]

rae 4epes &£, obosHadena dopmyra (Jy;). .. (Elym)(1<.&_< -y, = yj), "coxepxa-
<1<yp<m

TeJIbHO YTBEPKIAMOMAA, ITO CUCTEMa COMEPKUT He MeHee deM m daemeHToB” . 1o
Teopeme O JOKAIBLHOM CJAEJCTBUM CYIIECTBYET Takoe 4ucio ¢(n), 9ro gopmyaa R,
AORUMECKU CAEIYEM U3 KOHEUHO20 MHOHNCECTNEA POPMYA

(&, &, .. Em }-

[Mocaenuee u o3HAYAET, 9TO 4 4106020 2pada G ¢ g(n) u Goaee sepuiuramu 4ubo oH
cam, aub0o e2o donoanenue G codepacum noanviii nodepad (kuky) wa n 6ePUUHALT.

3a1ada HAXOXKIEHUA MO MPOM3BOJILHOMY YUCIY 7 HAMMEHBIIEro dmcia ¢(n) ¢
VKA3aHHBIM CBOMCTBOM IIPEACTABIAET COOOM BECHMAa, HEIPOCTYI0 KOMOMHATOPHYIO
npoOaemy.

[Tpusenem Temeps HamboJaee OOMMY BapuaHT ~KoHedHou TeopeMmbl P. Pamces.

Teopema 3.9.9 (PD. Pamcen). Ji4 npoussoabHbir HAMYpatbHult wucea k, my,
oy My u t cyweemsyem maxoe wucao N(k,my, ..., mg,t), wmo das npou3eosbro-
20 muoaxcecmsa V., codepacawezo ne menee, wem N(k,mq, ..., mg,t) saemenmos, u
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t

ao6vir nodmmoscecme Wy, ..., Wy muoocecmsa [V|' scex t-aanemenmubiz nodmmo-

acecme muoxcecmea V' maxuxr, 4mo

[V]t:W1U...Wk,
npul <i<j<k: W,nW, =10,

natidemes maxoe wucao iy (1 < ip < k) u maxoe nodmnoxrcecmso U muosxcecmea
V, codepacawee ne menee, uem m;, osaemenmos, umo (U] C Wi, m. e. sce t-
IAEMERTHBLE NOOMHONCECMBa mHoxcecmaa U codepaicames 6 00mom u mom Hce noo-
mroncecmese Wi .

N »>Ta TeopeMa MoxkeT OBLITHL JOKa3aHa IUCTO KOMOMHATOPHBIMEH MeToxaMu 6e3
MCIOMBb30BAHUA 6ECKOHEIHBIX MHOXKeCTB. O THAKO TaKoe TOKAa3aTeIbCTBO OyIeT T0-
CTATOYHO TPOMO3IKWUM.

KoMm6unaTopHaoe g0Ka3aTeabCTBO MOXKET OBITH MaXe MepeBeIeHO Ha SA3BIK DJe-
MEHTAPHOU apu(pMETHUKH, T. €. B HeM pedb OyIeT UATH O HATYPAJbHBIX UNCIAX, 8 He
00 UX MHOXEeCTBaX U 00 OMepaIuAX CAOKEHWUI W YMHOXKEHUsA HATYPATbLHBIX THUCE.
[lokazaTenbCcTBO MOXKeT OBITH MPOBeAeHO B (popmasibHOU apudmeruxe [leano ArP,
€CJTM BMECTO KOHEYHBIX MHOXKECTB HATYPAJbHBIX YUCET TOBOPUTH 00 WX HOMEPGL,
UCMOIB3YA 1151 DTOoro, Hanpumep, pyuknnio K. egemrs

['(a,b,i) = rest(a,1+ (i + 1)b).

U »>ToT mocTaTovYHO OOMmMKA BapuaHT ~KOoHEIHBIX  TeopeM P. Pamces HeTpymaHO
MONYIUTh Kak caedcmeue “Oeckoneunvic” meopem . Pamces u meopemvr Kom-
NAKMHOCMU UAY TEOPEMbL 0 AOKAADHOM A02UUECKOM CACICMBUYU U3 MAMEMAMUYE-
cK01l A02UKY.

[locaenuee yTBepKeHME I8 HAC MHTEPECHO TeM, UTO HEKOTOpOe ero 0600-
IeHre, KOTOpOe JOMyCKaeT (GpOPMYJAMPOBKY Ha A3LIKE DJAEMEHTapHOU apudMeTH-
KU, MONCHO 0KA3AMb 8 MEOPUU MHOHCECTNE C UCTOAb30BAHUEM OECKOHEUNDLT MHO-
scecme u Axcuombt 8btbopa, 00naKo Heavda dokxazamv 6 Popmaabrot apudme-
muxke Ileano ArP, T. e. »IeMEeHTapHBEIMA METOJAMHI, KOHEYHO, NMPU YCAOBUM, TTO
apudmeruxa [leano ArP HempoTHBOpednBa. OTO OJHO U3 MEPBHIX MATEMATHICCKN
COMEpPKATEIbHBIX YTBEPKICHNN, TOKA3YeMBIX B ~OOBIYHOU MaTeMaTHKe, HO HeIO-
Kasyembix B popmaabuou apupmeruke [leano ArP.

[l mpOM3BOJIBHBIX HATYPAJbHBIX ducer k, my, ..., My u t 0603HAYUM Uepe3
R(k,my, ..., my,t) naumensinee us aucex N(k,my, ..., mg,t), 0 KOTOPBIX UIET PEUb
B npeapiaymen Teopeme. ducaa R(k,my, ..., my, 1) HOCAT HaszBaHue duces Pamces.

C HuMUE CBA3aH P HEPENIEHHBIX HA CeroIHAIHNNA JeHb mpobaem. Ho ora Tema yxe
TaJeKO BHIXOAWT 33 PAMKW MOCOOUA.

Adoxaszameannbcmas o Teopembl 3.9.9. /[n1a mpom3BOJIBLHOTO HATYPAIBLHOTO
qucaa ¢t depes S(t) 0603HAUUM MHOKECTBO BCEX MOACTAHOBOK dmcen {1,2,...,t},
T. €. MHOXXECTBO BCEX OMEKTUBHBIX OTOOPAXKEHUU 3TOI0 MHOKECTBA, IUCeT Ha Cebs.
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[l TpOM3BOIBHBIX (DPUKCUPOBAHHBIX HATYPAJbHBIX duces k, my, ..., my u t pac-
CMOTPUM cJaeyiomme (popMyabl, B KOTOPHIX I, Ry, ..., Ry — t-MecTHBIE TpeInKaTHI.

HE, = (Vo) ... (Vo) (R(zy, ... 2) — (& R(wrqy, ... Trp) &

meS(t)

& & r; = IL’]))

1<i<j<t

k
P — (Vxl) N (th)((z\z/l ]Di(lb'l, N ,l't) g 1§28<5]§t X, = l']) &

=((Fz1) .. Fz)(_V _ (Pi(we,- -, 20) & Pi(an, .., 20))))).

1<i<j<t
3ameTuM, 4To dopmyaa P 3amaeT Ha 006acTH MHTepIpeTanuud paszbueHue ee t-
DJIEMEHTHBIX IMOAMHOXKECTB Ha k MOomapHO HemepeceKaromuXcsa KIaccoB, a (GhopMy.Ia
HE, rapauTtupyer, 9to npeukat R(xq,. .., ;) BBIEIAET HEKOTOPHIE (-DJIeMEeHTHEIE
OAMHOXKeCTBa, (runeppedbpa pasMepHOCTH t).

[Jis1 TPOM3BOIBHEIX HATYPAIBHBIX YUCeT m U t 0603Ha4nM depe3 PS(m,t) MHO-
KECTBO BCEX (-DJIEMEHTHBIX MOAMHOKeCTB MHOKecTBa {1,2, ..., m}. Ilycts G — 510
caenyiomasa gpopmyaa

v (Fz1) ... (Frm,)( & - =2, &

=1 1<l<s<m;
Pi(j,, z; 5,))
.. . Jro g2y Mt .
{31,325t yEPS (mist)
O6osnaunm gepes ®(my, ..., my,t) dopmyay HE, & P& G.
B cuny ”6eckonednon” Teopembr P. Pamces popmyaa ®(my, ..., my,t) ucruana
Ha 0601 Geckonednon cucreme (M; R, Py, ..., P.), nosromy ama gopmyaa ao2u-
weckl caedyem u3 caeoyiueeo OECKOHEUH020 MHONCECTNEA POPMYL

(&1, &y o Emy o ),

rae 4epes &£, obosHadena dopmyra (Jy;). .. (Elym)(1<.&_< -y, = yj), "coxepxa-
<1<yp<m

TeIBHO YTBEPKIAMOMAA, ITO CUCTEMa COMEPKUT He MeHee deM m daemeHToB” . [1o
TeopeMe 0 JOKAJTBHOM CAeACTBUE cymecTByeT Takoe aucio N = N(k,my, ..., mg,t),
qaro gopmyaa D(my, ..., my, t) so2uuecku caedyem u3 KOHEUH020 MHONCECMBa HOp-
MY

{&1, &, ...,EN}

3aMeTum, ITO TOTIa

gN(k,ml,...,mk,t) ): q)(mla <oy My, t)

SHAYUT, /I IPOU3BOJILHBIX HATYPAILHBIX 9UCeN K, My, ..., My U T CYIIECTBYET TaKoe
ancao N(k,my,...,my,t), 9T0 411 TPOM3BOIBLHOIO MHOXKECTBa V', comepiKamiero
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ue menee, ueM N(k,mq, ..., my,t) saeMeHTOB, U MI00BIX mOAMHOKecTB W1, ..., Wy
MHOKecTBa [V]! Beex t-pIeMEeHTHBIX MOIMHOKECTB MHOKECTBa V TaKhX, 9TO

[V]t:W1U...Wk,
mpu 1 <1< j<k: WiﬂWj:(b,

Hangerca Takoe ducio iy (1 < ig < k) u Takoe moaMuokecTBOo U MHOXKecTBa V|
cogepIKamee He MEHee, 9eM M, d1eMenToB, 1o (U] C W, , T. e. Bce t-daeMeHTHBIE
HOIMHOXKeCTBa MHOXkecTBa U cogepxkarca B 0ZHOM moiMHOx)ecTBe Wi . ]

B zakiovenune paccMoTpuM Tak Ha3bIBaeMyI0 ~0000IIEHHYIO0 KOHETHYIO  Teope-
My P. Pamces, kKoTopas 3aHUMAeT ~MPOMEKYTOIYHOE MECTO  MEXKIY CJeTYIOIMIMMI
IBYyMA BapuaHnTamu ~Oeckonednon” u " koHedHou” Teopem P. Pamces.

Teopema 3.9.10. Jis npoudsosbrbly Hamypaibrbis wuced k, m u t, npoussosbro-
20 OECKOHEUH020 MHONCECTNBA V HAMYPAAbHBIT YUCEA U A10OBIT HENYCMIT N0 O0MHO-
acecme Wi, ..., Wi mmoocecmea [V]' 6cex t-aaemenmubis noommoxcecmes muomnce-
cmea V. maxuz, umo

Vi=Wy U... W,
npul <i1<j3<k: Wiij:(b,

natidemes maxoe Oeckoneunoe nodmuoxrcecmeo U muoncecmsa V. u makoe wucao
io (1 <ig < k), umo [U]" T Wy, m. e. 6ce t-aaemenmmupie noomnoxcecmsa 6ecko-
neunozo muosxcecmsa U codepacames 6 00nom u mom xce nodmmoxcecmese Wi, .

Teopema 3.9.11. /Jas npousdsosvrvls HamMypatbubly wuced k, m u t cywecmasyem
maxoe wucao N(k,m,t), wmo dasa npouzsoavnozo muosxcecmea V uamypaibubls
yucea, codepacauje2o ne menee, uem N(k,m,t) saemenmos, u 4006 HENYCMbIL
nodmmoncecms Wi, ..., Wy mnoocecmea [V]' ecex t-saemenmubix nodmmoxcecms
MHoxcecmsa V.omaruzr, 4mo

[V]t:W1U...Wk,
npul <i<j<k: W,nW, =10,

natidemes maroe wucao iy (1 < iy < k) u maroe nodmmoscecmso U muodxnce-
cmea V', codepucawee ne menee, uem m aaemenmos, umo [U]Y C Wi, m. e. 6ce
t-aaemenmmuwvie nodmnoxcecmea muoxcecmsa U codepacames 6 odnom u mom e
nodmnoxncecmee Wi, .

[ TPOM3BOJIBHOIO HENYCTOTO MHOXKeCTBa V' HaTypaibHbIX dncen depes min(V)
6y1emM 0603HAYATD HAUMEHbULUT IAeMEeHM MHOKECTBA V, a 114 IPOM3BOJBHOT'O KO-
HEYHOIO0 MHOXKeCTBa V' HaTypalbHBIX dncea depes |V|, kax u Beime, 6y1eMm 0603HA-
YATh YUCAO IAEMEHMO06 MHOXKeCTBA V.

335



[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

Teopema 3.9.12 (O6o6iennan xoneuynas teopema P. Pamces). Jia npo-
UBBOABHBIL HAMYPabHWIT wuced k, m u t cywecmsyem makoe wucao N(k,m,t),
uUmo aﬂﬂ npou360A4bH020 MHONCECTNEQ V HAMYPaAAbHOIL YUCEN, co&epofcaweao HE Me-
nee, uem N(k,m,t) saemenmos, u aooviz wenycmux nodmmoxcecme Wy, ..., Wy
mmosncecmea [V scex t-onemenmubiz nodmmoscecmes muoxcecmea Vo marux, wmo

VI =W, u... W,
npul <i1<j<k: I/VZ-F‘IW]-:@,

natidemesn maroe wucao iy (1 < iy < k) u maxoe nodmuosncecmso U muodxnce-
cmea V', codepacawee ne menee, wem m aaemenmos, umo (U] C W, , m. e. sce
t-anemenmmuvie nodmmoxrcecmea muoxcecmsa U codeprcamca 6 00MoM u mom e
nodmwnoxcecmsee Wi, u min(U) < |U].

O6o6mennas koueudHas Teopema P. Pamces Tak ke, kak u ’6ecKoHedIHasaA Te-
opema D. Pamces, MoxkeT OBITH TOKA3aHA C UCIOIB30BAHUEM TEOPETUKO-MHOKECT-
BEHHBIX METOL0B. DTO JOKA3aTEILCTBO MOKET OBITH MPOBEIEHO B pAMKAX aKCHOMa~
TUYIECKOU TEOPUU MHOXKECTB, HampuMmep, B cucteme ZF(C. Onuako Takoe moKa3a-
TeILCTBO HEBO3MOXKHO B pamkax cucremsl ZF'Cy;,, norydennon us cucremsr ZFC
yIAJeHUEM aAKCUOMBI G€CKOHETHOCTH (KOHETHO, MPU YCJIOBUHM HEIPOTUBOPEIUBOCTH
MOCIETHEN CUCTEMBI).

O6o6mennas kouneunas Teopema P. Pamces, Moxer ObITH chopMyIUpPOBAHA HA
A3BIKE DJIEMEHTAPHOU apu(pMeTUKU — B DTOU POPMYIUPOBKE pedb OyaeT UATH O Ha-
TYpPAJbHBIX YMCIAX, & HE 0 UX MHOXKECTBAX U 06 ONEpaIUAX CAOKEHUS M YMHOXKEHUs
HATYPAJbHBIX YHUCEN, & BMECTO KOHETHBIX MHOXKECTB HATYDPAJBHBIX TUCEJS MOXKHO
TOBOPUTDH 00 WX HOMEPAT, UCTIOAB3YS IA DTOro, HanpuMmep, Gyaknuio K. [exemns

['(a,b,i) = rest(a,1+ (i + 1)b).

OaHako dokazamesbcmeo makozo 8apuanma 0600wennot koneunot meopema D. Pam-
cea e moxcem 0vimv nposedeno 6 Gopmasvroti apudmemure leano Ar P, koHedHO,
npu ycaoBuu (IPEANONOKEHNN) ee HeIPOTUBOPEINBOCTH.

Adoxazameanbcme o [louucTo TeXHUIECKUM TPUIUHAM, B YACTHOCTH, ITO-
OBI IPOIEMOCTPUPOBATH BO3MOXKHOCTH TPOBEIECHUA I0KA3aTEIbCTBA B PaMKaX CHU-
cremer Z F'C, yro6HO cIMTATh, ITO MHOXKECTBO HATYPAJbHBIX TUCET BKIOYAET -
ca0 Hyab 0, ¥ pacCMAaTpUBATEH HATYPAJbHBIE TUCIA KAK MHOXKECTBA, HAIIPUMEp, IO~
Jaras

0=10, n+1=nU{n}

TakuM o6pa3oM, N 4+ 1 — 5T0 MHOXKECTBO, COCTOAIIee U3 HaTypaabHbix ducen (), 1,
ey M

[na puxcupoBauubX t u k paccMoTpuMm Bce N > t.

[Ipu N =t B N HaugeTca JUIIbL OJHO [MOIMHOKECTBO 13 T 3JIeMEHTOB U BO3MOXKHO
k ero pacupenenrenun mno k kaaccaM pa3OueHus

N = Wy U ... Wy
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CemenicrBo MHOKeCTB (W;)1<i<) OyaeM HasbBaTH pazbuennem MuOXKecTBa [N|' win
pasbueHneM t-moIMHOXKECTB MHOXKeCTBa [N 1 0003HAYaTh OJHOU OYKBOU, HAIIPUMED,
P.

[TocTpoum GeckoHETHOE TepeBO C KOHEYHBLIMI BETBJICHUAME, BEPIITHHBI KOTOPOT'O
OyxyT nomedenst mapamu (N, P), rge P — pazouenue t-moqMHOKeCTB MHOKecTBa N
Ha k KJIaccoB.

B HavanbHy0 BepuimHy gepeBa MoOMemaeM t. DTy BEPIINHY COeIuHsIeM ¢ k Bep-
MIMHAMHE, TIOMEeYeHHBIMY Tapamu (t, POS)), rae s =1,2,...,k.

Nuaykrusuabm mepexox or N = {0,1,...,N — 1}

N+1=NU{N}={0,1,...,N —1,N}.

o kaxpgou sBepumse (N, P), rxe P = (W;)1<;< — pasbuenne muoxecrsa [N]',
T. e. pa3bueHne t-MOIMHOKeCTB MHOXKecTBa N Ha k HOHApHO HellepeceKaloluXcs
KJIaCCOB

[N]t == Wl UWk,

MOCTPOUM KOHETHOE MHOKECTBO HOBHIX BepmmH Buga (N + 1, P'), rae
P'=W)icick —
coeAaco8aHHOE C pa36U€HU€M P MHOMNCECTNBQ N pa36U€HU6 MHOMNCECTNBQ
(N + 1)y,

T. e. Takoe pasbuenue t-moaMHoOkecTB MHOXKecTBa N + 1 Ha k momapHO Hemepece-
KAOIIIXCA KJIACCOB

(N+1), = W U... W,

gro npu aooom 1 < ¢ < k: W; C W/. Pazbuenne P’ moxy4aercs w3 pasbueHns
P pasmemenneM mo kaaccaM ¢ IIOAMHOXKECTB MHOxkecTBa N + 1, MMEOIINX BUT
{ai,...,a4_1, N}, rne{ay,...,a;_1} C N.Yucno Takux ¢-1OIMHOKECTB DABHO (t]jl),

a, 3HAYUT, Kaxkaasa sepmuna (N, P) mopoxgaet k(%) moprx BEPILIH.

[Ipun dukcupoBannex t u k xaxngaa mapa suga (N,P), rxe P = (W;)i<i<k —
pasbuenne MHOXKecTBa [N]', BCTpeTUTCA B KAYECTBE METKH HEKOTOPOU BEPIIUHBL
MOCTPOEHHOT'O IepPeBa.

Bepumuny (N, P) HazoseM ”xopormen”, ecium CymecTByeT TaKoe KOHEYHOe IO/~
muOokecTBo V' C N, cogepxamee He MeHee deM m sreMeHToB, 9To min(V) < |V
1 BCe (-TIOAMHOXKECTBa MHOXKeCTBa V coaepkarTca B OJHOM Kaacce paszbuenus P.
Ecau (N, P) — ”xopomaa” Bepuna, P’ — corumacoBanuoe ¢ P pa3OueHne MHOXKe-
cra [(N + 1)]", o (N + 1, P') — "xopomas” BepmuHa. Bepiunny, He ABIAIOLIYIOCA
"xoporren”, 6y1eM HA3BLIBATH ~ ILIOXOU .

[Toxaxkem, 9TO B IOCTPOEHHOM JePEeBe JIUIIb KOHEIHOEe TUCI0 ~ILIOXUX W BEPIINH.

[IpeamosokuM OPOTUBHOE, T. €. 9TO B DTOM AepeBe CYIIECTBYeT OeCKOHEIHO
MHOT'O " TLIOXUX~ BEPIIUH.
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Ecin (N + 1, P') — "mnoxas” sepmmna, To u (N, P) — "mioxas” BepumHa, a
TaK KaK IMOCTPOEHHOE IepeBO MMeeT KOHEYHOe BeTBJECHHE, TO KaXKIBIM ero ypo-
BEeHb COMEPKUT KOHETHOE MHOXKECTBO BEPIINH, 3HAYUAT, CYIIECTBYIOT CKOJIb YT'OIHO
MIMHHBIE KOHEYHBIE BETBU, BCE BEPIIMHBI KOTOPHIX ~ILIOXKE” , TO3TOMY IO TeopeMe
Kénura B 5TOM 1epeBe ecTh n 6€CKOHETHAS BETBb, BCE BEPIIUMHBI KOTOPOU  miaoxue” .

Bepimuser 5To 6€CKOHEYHOU BETBU MOMEYEHBI COMIACOBAHHBIMU Pa30ueHusIMu
(N, Py), KoTOpBIE 3a1al0T HEKOTOpOoe pasbuenne P* = (W;*)1<;<; MHOXKeCTBa BCex
{->JIeMEHTHBIX IIOAMHOKECTB MHOXKeCTBA N BCEX HATYPAIbHBIX THCEN:

ecau {ay, as, ..., a1} — t-saemenmuoe nodmmoxrcecmeo muoxcecmea N ecex na-
mypaavnvir wucea, N = max(ay, ag, ..., a;), mo {a,as,...,a;} € N + 1 u pazbue-
nue Pyyq t-aaemenmubiz nodmmoxcecms muoxcecmea N + 1 onpedeasem, Karkomy
u3 Kaaccos pazbuenus P* = (W)i<i<k, muoscecmsa scex t-aaemenmubis noommo-
acecme muoncecmea N 6Cer HAMypatsbHblT wuces NPUHAOAEHCUT NOOMHOHCECTE0
{a1,as,...,a;}. Koppexmuocms amozo onpedesenus caedyem u3 co2aacosanmocmy
pasouenuti Pyio, Pnis, Pnig 5 ... .

[Ipumennm k pasbmenuio P* = (W;*)1<j<; MHOXeCTBa BCeX {-3J€MEHTHBIX IO J-
MHOXKeCTB MHOXKecTBa N Beex HaTypaabHBIX ducen ” 6eckorednyo” Teopemy D. Pam-
ced, MOMyInM OeCKOHeTHOe MHOXKecTBO U HAaTypaJabHBIX HUHCENI, BCE (-DJeMEeHTHLIe
IOIMHOXKECTBA KOTOPOT'O COIepkKATCA B OTHOM KJacce paszbuenus P*. Beibupaem B
U xoHedHOE MOIMHOXKECTBO V Takoe, 94To

min(V) < V|, m < |V|.

[Tomaraem N = max(V). Torgza V' C N + 1 u Bce {-dIeMeHTHBIE HOIMHOXKECTBA
MHOXKecTBa V' comepx)arcs B 0gHOM Kiaacce pasbmenus Pyyi. UTo mporuBopednT
yeaosuio (N + 1, Pyy1) — "mnoxas” Bepuimsa.

SHAYUT, B MOCTPOEHHOM I€peBe JIUIIb KOHETHOe HIuCI0 ~ImroxuX BepiiuH. [lo-
DTOMY HadWHasA C HEKOTOPOT'O0 YPOBHA Bce BepuiumHbI ~Xoporrue” . Homep m060ro
TaKOro YPOBHA MOXKHO B3ATb B KadecTse uucaa N (k,m,t).

OTO 3aBeplIaeT JOKa3aTelIbCTBO 0000IMIEHHON KOHEeYHOU TeopeMmbl P. Pawmces.
]

B kadecTBe mpuMmeHeHus KOHEYHOUW TeopeMbl Pamces, paccMOTpUM Caeayiomee
yTBepXK TeHue, HocaAmmee Hassauue ' Teopema [lypa” [3].

Ecau xancdoe namypasvroe wucao "oxpaweno” 6 odun uz k "ysemos”, mo naii-
dymea mpu maxue HAMYpPasbHblL wucaa a, b u ¢, wmo onu “okpawenvt” 8 00un

J 7

"ueem” ua + b = c.

77O b b 7

kpacuMm” Kaxkgoe 2-d1eMeHTHOe MHOXKecTBO {u, v} (u < v) Tem xe "uBerom”,

KOTOPBIM ~OKpaleHo” HaTypaabHOE TUCIO U — U.

[Ipumennm Teopemy Pamces k paccMaTpuBaeMOUW CHUTYALUM, T. €. TIPH M = 3 1
t = 2. Cymecrsyer Takoe duciao n = N(k,3,2) > 3, 9T0 BO MHOXKECTBe

N, ={0,1,...,n—1}

HATYPAJbHBEIX YHCET HAUAETCA TaKoe IMOAMHOXKecTBO U, comepxkaiiee 3 DIeMEHTA,
4T0 Bce daemeHTwl u3 Uy omHoro ”"nsera’”.
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Bosbmem B U Tpu saementa i, j u [. [Iycts 1 < j < [.
Torpga 2-snementrbre MuOXeCTBA {4, j}, {i,(} u {j,{} ogroro "usera”. 3mauwur,
yucaa ¢ =j — i, b=101—juc=1—1oau0r0 "11BeTa” M a+b = c.

3.10. PazpemuMocCTb JOTUKHN OTHOMECTHBIX
npeInKaToB

B sToMm maparpade MBI pacCMOTPUM OJUH U3 MPOCTEUIINX BApHAHTOB Jlo2uKu
npeduramos — Jlo2cuxy odnomecmublr npeduramos, KOTopas TaKKe Ha3bl-
BaeTca Monaduueckot ao2urotli npeduramos wim npocro Monaduueckot
A02UKOU.

Cuznamypa Monaduueckotl ao2uxu npeduramos, KOTOPYIO MBI OyIem
0003HAYATH 9ePE3 T, ,., COAEPKUT JUIIH O JTHOMECTHBIE IPEeIUKATHBIE CUMBOIBL. OHA
nMeeT BUT

Tmon. = <(b7 (ba Pa 07 90>7

T. e. MHOXKeCTBO ' CuUMB0408 UHOUBUIHBILE KOHCMAHM 1 MHOXKeCTBO ' pynr-
YUOHAALHBLE CUMB0A068 NIYCTHL, & MHOKECTBO P npedukammble cume0a08 Co-
CTOUT JUIIb U3 OJHOMECTHHIX MPEIUKATHBIX CUMBOJOB: ecau p € P, 1o ¢ (p) = 1.

IIpo6aema modxicdecmsenrnoti ucmurnnocmu das Jlo2uxu IIpeduxra-
moa cu2namypwt 7. /aa npoudsoavnoti 3amknymot gopmyavt JJo2uru IIpedu-
KAMOB8 CUZHAMYPLL T ONPeIeAumb, ABAALMCA AU OHG MOHCOCCMBEHHO UCTUH-
HOU.

IIpo6aema svinoarumocmu das Jlocuku npeduramos cusHamypst T.
Lasn npouzsoavnot 3amknymot gopmyavt JJo2uru IIpeduramos cusnamypout T
onpedeaumy, ABAAEMCA AU OHA BLINOAHUMOT.

Tak kak 1A NpOM3BOJBHOU 3aMKHYTOU (GOpMYyabl P M000M CUMHATYPHI HMEIOT
MeECTO 3KBUBAJEHTHOCTU

dopmyaa P asasemes moxcdecmsenno ucmunnoti moeda u Moabko moz2da, Ko-
eda gopmyaa (—P) ne asasemes 6vinoanumol,

gopmyaa P asasemea svinoanumoti mozda u Moavko moezda, ko20a Gopmyaia
(=®) ne asasemes moscdecmeenno uemunnot,

To IIpobaema moxicdecmsennoti ucmurrnocmu das Jloz2uxu Ilpeduxa-
M08 Cu2HAMYPdbL T AJITOPUTMUYECKE Pa3PeNnnMa TOrAa U TOJbKO TOT/Ia, KOrIa
aaropurTMmudeckn paspemmma IIpobaema svinoanumocmu das Jlocuxu Ilpe-
dukamos cu2Hamypol T.

Teopema 3.10.1. IIpobaema morcdecmeenrnoti ucmunrnoemu u Ipobaema
8bLINOAHUMOCTU 08 3amknymbir dopmys Monaduuecroti Jloeuxu I[Ipedurxamos
AA20PUMMUUECKY, PA3PEUUMDL.

Tak xax IIpob6aema moxncdecmeennoti ucmunrnocmu oas monaduye-
CcKOU A02UKYU NPEIUKAMO8 AITOPUTMUYECKH PA3PENInMa TOT 13 U TOIHKO TOrIa,
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KODa alropuTMudecku pazpemnMa IIpobaema svinoanumocmu 0as MOHaOU-
yeckotl 402uKU NPeduramos, TO JOCTATOYHO J0KA3aTh AJTOPUTMUAIECKYIO Pa3-
pemmMocTh IIpobaembt ebinoanumocmu 0as MoHadUYECKOT A02UKU Npe-
duxamos.

[llokazaTeabcTBO pa3obbeM Ha HECKOILKO JEMM.

Jlemma. Fcau ece sxodawue 8 samxnymyro popmyasy ® Mownaduueckot Jlo2uru
IIpedurxamos npedukammbie cumMB80abl COOEPHCAMCA 8 CNUCKE P, ..., Pp, MO

Popmyaa P ucmunna 8 HekomMopPol uwMenpemayuly Mmo20a u Moabko moz2da, Ko-
200 OHG UCMUKNG 8 HEKOMOPOT UNMEPNPEMAYUL, OCHOBHOE MHONCECTNEO KOMOPOT
codeparcum ne boaee, uem 2" IAEMEHMOB.

Adoxaszameanbcme o OUeBUIHO TOCTATOTHO TOKA3ATH, UTO eCAl GopmyLa
® ucmurra 6 HEKOMOPOT UHMENPEMAYUY, MO OHG UCNUHKAG 8 HEKOMOPOU uHmep-
NPEMAYUU, OCHOBHOE MHONCECTBO Komopoti codepxcum He Ooaee, uem 2" aemen-
mos.

[Tycrs popmyaa & ucrunna B wHTepuperannu | ¢ OCHOBHBIM MHOXKECTBOM A.
Y1068 HECKOJBKO YIPOCTUTH OOO3HAYeHUA, OyIeM UMA G dJeMeHTa a OCHOBHOTO
MHOXKeCcTBa A 0603HAYATH MPOCTO Uepe3 da.

Ha muOXKecTBe A BBemeM OTHOIIEHNE DKBUBAJICHTHOCTH =, IOJAras JJas IpOU3-
BOJIBHBIX €0 DJIeMEeHTOB a u b:

!

I(p1)(a) = I(p) () & ... &I(pn)(a) = I(pn)(b)-

JIerko MmoHATH, ITO OTHOIIEHHE = MEUCTBUTEIBHO SBJISETCA OTHOIIEHUEM SKBUBA-
JEHTHOCTH, T. €. OHO Pe(JIEKCUBHO, CHMMETPUYHO U TPAH3UTHUBHO.

O6o3naunm vepes Ay paxTopMHOKECTBO A/ = MHOXKecTBa A MO0 OTHOIIEHWUIO
DKBUBAJEHTHOCTH =.

Yepes 71 0603HAYUM CUTHATYPY MOHAIUIECKOU JOTMKY MPEIUKATOB C MyCTHIMA
MHOYKECTBAMY UHIABUTHEIX KOHCTAHT U (PYHKITMOHAIBHBIX CUMBOIOB U MHOXKECTBOM
NPeIUKATHBIX CUMBOIOB Py = {py,...,pp}, T. €. B P} BXOJAT JUIIb Te NPEIUKATHEIE
CUMBOJBEL 13 P, KOTOpHIEe BXOIAT B hopmy.ry P.

[Toctpoum mHTepnperannto I; ¢ OCHOBHBIM MHOXKeCTBOM A; s3bika L. . [lis
DTOr0 TOCTATOYHO 3a1aTh npeaukarsl I1(p1), ..., I1(pn).

M mo6oro i (1 < i < n) n npousBoIbHOTO [a] € A motaraem

Lpi)(la]) = I(pi)(a).

JIerko MOHATH, YTO OnpeeTeHrne KOPPEKTHO, T. €. He 3aBUCUT OT BBIOOpA MpeacTa-
BUTENA B KJIaCCe DKBUBAJIEHTHOCTH.
WUunyknuen mo mocTpoeHuto (pOPMYJT MOKAXKeM, ITO isd J00ou (opmyas W

A3bIKA L, Bce CBOOOMHBIE TIEPEMEHHBIE KOTOPOU COAEPKATCA B CIUCKE T, ..., Tk,
n oJjasa HpOI/I3BOJII)H])IX 2JIEMEHTOB al, ceay Q. MHOXKECTBa A BBEIIIOJIHAECTCA paBeHCTBO
Il(\Ill‘l,m,l‘k Hal]a SR [ak]]) = [(\Ijm,---,l’k [ala SRR ak])'
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Baza naaykmnuu.

[Tycrs ¥ — snemenTapras popMy.a a3eika L, . Torga ona mmeer Bug p;(z;) mud
HekoTophixX i (1 <i<n)u j(1 <j<k). JoxkazsiBaeMoe PABEHCTBO B HTOM CIydae
CIeyeT U3 PABEHCTB

L(Wa, o o], ak]) = L) e,z [laa]s - - -5 [ak]]) =
Li(pi([a;])) = Li(pi)([as]) =
I(pi)(a;) = I(pia;)) =
I(pi(2) ey, (01, -y aw]) = T(Vay, 2y a1, ..., ak]).

NuayKTUBHBIN TTIEPEXOT.
[Tycts popmyna ¥ mMmeeT OaUH W3 CACTVIOMIUX BUIOB

(—A), (A& B), (A& B), (A — B),(Vx,)A), (Jz,)A).

[l17 mepBBIX TpeX CAyYaeB MTOKA3aTeIbCTBA CICTYVIOT W3 WHAYKTUBHOTO IIPETIOIO0-
JKeHUA W CJAeTYIONNX paBeHCTB, B KOTOPHIX Uepe3 o 0OO3HAUYeHA Ji06ad M3 Tpex
IPOMO3UINOHAIBHEIX CBA30K &, =, —,

L((0A) oy, [lar], - ar]]) = L((0 Ay, [lad], - ad]]) =
Hﬁ(h(Axl,...,xk [ai], .. [a]]) = H-(I(Agy,m [ars - - ak])) =
I(=Aq...z, [a1, Sag]) = (0 A) ey, (01, -5 ar]));

Li((A o B)oyy [laa], - - [ak]]) =
L((Ag oy [laa], - k)] © Bayay [laa], - - [ak]])) =
Ho(I\(As,... [[aa], - - [an]]), Ti(Bay oy [laa], - - la]]) =
Ho(I(Agy,..zp (a1, -y ag]), I(Bay,. 0 [0, - - ak]))
I((Agy.ozp [01y - -y ag) © Bay ooy [al,...,ak])) =
I((A o By [O1,- - -5 ax])-

OcTaercsa paccMOTpeTh cIydan, Korga ¢popmyaa ¥ uMeeT OMUH U3 CISIYIONINX IBYX
BUIOB

(Vx)A), (3r)A).

Y10o6bI HE YCAOKHATH 0003HAUYEHUsA, 6€3 OrpaHmYueHrus OOIMIHOCTA MOYXHO CUYUTATh,
aro k < t.

Torga
L((Ve) ey (] [a]]) = U =
s mo6oro [alms Ay = I((Asy.a [[aa], - - [ak]))z[l0]]) = U,
I(Vo)Agy oy 01, ya]) = T <=
nug moboroaus A I((Ag,,..zp (01, -, 0k))s,[a]) = W
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Ocraercs 3aMETUTh, 9TO MPU CACTAHHBIX HPEXKIIOJOKECHUAX

(Awl,---,wk [[al]a T [ak”)wt[[a]] = (Awl,---,wk,xt [[al]v R [ak]a [a]]a

(Axl,...,mk [CLl, sy ak])xt [a] = (Axl,...,xk,mt [CL1, e, A, a]

1 IO UHAYKTUBHOMY IPEIIIOJOXKEHUIO

Il((Awl,---,wk,xt [[al]v R [ak]a [a”) = ]((Axl,-n,xk,xt [alv <o Ay a])

Kpowme Toro, cienyer yaecThb, 9TO KOrjaa Kiacc [a] "mpoberaer” Bce MHOKECTBO Aj,
ero mpeacTaBuUTeIN ¢  TpoberaoT’ Bce MHOKECTBO A.

Cayuan, korga dopmyra U nmeer Bug (Jz;).A, paccMaTpuBaeTCs COBEPIICHHO
AHAJOT'MTYIHO.

B gacTHOCTH, 11 paceMmaTpuBaemon (Gpopmyabl @ moaydaeM paBeHCTBA,

I(®) = I(®) = W.

Suaunt, popmyaa ¢ uctunHA B MHTepnpeTanuu /1, OCHOBHOE MHOXECTBO A KOTO-
pou comepkuT He 6oJee, dem 2" DIEMEHTOB. U

Jemma. Ecau zamxnymas gopmysa  ao2uru npeduramos npouszsosbrot cue-
HAMYPbL T UCTMUHKG 8 Hekomopotl unmenpemauyuu I ¢ ocroenbim mroxcecmeom A u

A C B, mo ® ucmunna 6 nexomopot unwmenpemayui I ¢ 0cHOBHBIM MHONCECTIEOM
B.

doxaszameanbcmes o 3apukcupyeMm BO MHOKECTBE A HEKOTOPBIN DJIEMEHT
a. [l1a kaxgoro siaeMenTa b m3 MHOXKeCTBa B ompemeanM >IeMeHT b 13 MHOXKECTBa
A caenymomuMy paBeHCTBAMEI

b, ecau b € A;
a, ecaub € (B\ A).

o>
I

[To uurenperannu I ¢ ocHOBHBIM MHOXKeCTBOM A s3bika L, (A) npousBoabHOU cur-
HATYPHI T MOCTPOUM WHTEIPETAIINIO I ¢ OCHOBHBIM MHOXKECTBOM B A3bIKa L,(B),
OJIATAA:

eCJIH ¢ - CAMBOJI MHIABH JHOI KOHCTAHTELL CUDHATYPEL T, TO HOIATAeM f(c) = I(c),

ecau b - muvA sremenTa u3 MEOXKecTBa B, To mozaraem 1(b) = I(b),

ecan f - n-MeCTHBIN (DYHKIMOHAJBLHBIN CUMBOJI CUTHATYPHI T, a by, ..., b, - Ipo-

N3BOJBHBIE 5JIEMEHTHI MHOXKECTBa B, TO IIOJaraeM

~ ~

I(f) (b, ... ba) = I(f)(b1,... . by),

eCJIN P - N-MEeCTHBIN MPeIUKATHBIA CUMBOJI CUTHATYPHL T, & by, ..., by, - IPOU3BOILHEIE
»JIeMEHTBl MHOXKeCTBa B, To moaaraeMm

A ~

I(p)(by,...,by) = I(p)(by, ..., by).
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3aMeTumM, ITo

~ — ~ A
I(f)(byy...,b,) = I(f)(b1,...,0y).

WNugykuuwen mo moCTPOEHUIO TEPMOB JTOKAXKeM, 9TO s JI0O0ro Tepma ¢ S3bIKa
L, curnarypsl 7, Bce cBOOOIHBIE EepEMEHHBIE KOTOPOI'O COAEPKATCA B CIUCKE T,
cery Tfy U JTIOOBIX DIEMEHTOB by, ..., by MHOXecTBa B BBHITOJIHAETCSA PABEHCTBO

f(tml,...,zk [bla sy bk]) — I(tzl,...,mk [81; ceey Z;k])

Baza nanykmun.
Ecan t - 5TO CUMBOJI ¢ UHIUBUTHOU KOHCTAHTHI CATHATYPHL T, TO

~

I(tgywy b1y b8]) = 1(¢) = I(c) = I(tgy..zp b1, k).

Ecmu t - oT0 umsa b aremenTa b MmHOXecTBa B, TO

~

[(toymy b1y b)) = 1(B) = (D) = I(tay..0, [br,- .., k).

Ecau t - »TO nHAUBUIHASA TTIEpEeMEeHHAA T;, TO

~

I(toyoomy D1y 0k]) = T(0i) = I(b;) = I(tay..z, b1, 0k)).

NHIyKTUBHBIA TEPEXO .

[Tycrs Tepm t umeer Bug f(t1,...,t,), rae f — n-MecTHBIN QYHKINOHATBBIA CUM-
BOJI CATHATYPHL T, a tq, ..., t, — TepMbl. BOCIOIB30BABUINCEH WHIYKTUBHBIM TIPEILIO-
YKEHUEeM, TOJYIUM PABEHCTBA

Ity b1, bg]) = j(f(th b)) agay (01,5 b)) =
T(F((#1)r iy (b1 k) (B (D1, D)) =
T ((t)arme b1 D)o - I () [b15 - ) =
T ((t)arme b1 D)o T(n)ay oy [b15 - D)) =
I(F) () arme b1 D)o T(n)ay oy (b1 D)) =
[(f((tl):rl, Tk [i’l, a[;k]a ?(tn)xl,...,mk [81, ,bk])) =

I(f(t17 Lt ;tn)ml,...,mk [l;l) ] I;k])) -
Ity [b1,- -, k])-

Nuaykiuen mo MOCTPOEHUIO (POPMYT MAOKAXKEM, UTO Iad J060u (popMyast W
a3pika L, Bce CBOOOMHBIE TEPEMEHHbBIE KOTOPOU COIEPKATCA B CIUCKE X1, ..., T, U
M1 TTPOU3BOJBHBIX DJIEMEHTOB by, ..., by MHOXecTBa B BBINOTHAECTCA PABEHCTBO

A ~

T(Wgy a1y b)) = T(Ugy o [0,y D))

Baza nanykmun.
[Iycrs ¥ —saemenTapuas ¢popmyaa assika L, . Torga ona umeet Bug p(ty, ..., ty),
rIe P - N-MECTHBIU MPEeINKATHBIN CUMBOJI, a t1, ..., t,;, - TEPMBHI.
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Cucrema paBeHCTB

p(tla---atm)xl ..... zy, [bla---abk] =
p((tl)ibl ..... T [bIJ"'7bk]7"'7(tm)l‘1 ..... Tl [bla"';bk]);
p(tla---;tm)xl ..... z), [bla---abk] =

I(p(ti, - ytm)zy,wy 01, -, bk]) =
T(O((t1)ar,g 011+ Oy oy (b (b1 BE])) =
TWYI((t1)zry 015 0] o T () [ - b)) =
TOYI((t1) sy (b1 -5 Ok, oo T (D1 - -5 D)) =
IOYI((t1) s (b1 -5 DR, ooy T (b1 - -, B])) =
T(P((t1)w e [b1s -3 O8], s () [ - Bi])) =

VHyK TUBHBIN TTEPEXO.
[Tycts popmyra W umeeT oaWH U3 CICTYIONINX BUIOB

(—=A), (A& B), (A& B), (A — B),
(Vft)A)a (3%)-’4)-
[l1s1 mepBBIX TPeX CAyYaeB T0Ka3aTeThCTBA CAEAYVIOT U3 WHIYKTUBHOT'O ITPEIIO-

JIOXKEHUs W CJAeTYIONINX PaBEHCTB, B KOTOPBIX Wepe3 o 0O003HadeHa Jrbasd U3 Tpex
IPOMO3UIMOHAIBHEIX CBA30K &, =, —,

j((_'A)évl,n-,éBk [bla S bk]) = j((_'Aévl,n-,éEk [blv SR bk])) =
Ho(I(Agy oo b1y 0])) = Ho(I(Agy, oy b1y, b)) =
T((~ A b5 B6]) = T A [, b))

.....

.....

(Axl,...,xk [bla AR bk])) j(Bxl,...,:Ek [bla R bk]))
HO(I(Axl,...,xk [817 AR Bk])a I(Bxl,...,:vk [617 R Ek])) =

.....

~

.....

OcTaercsa paccMOTpeTh CIydad, Korga ¢popmyaa ¥ nMeeT oIuH U3 CASTYIONIAX
IBYX BUIOB

(V) A), (Fz4)A).
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Y10o6bI HE YCAOKHATH 0003HAUEHUsA, 6€3 OrpaHUYueHusA OOIMIHOCTA MOYXHO CUYUTATh,

yTo k < t.
[omycTuMm, 910 A
I(V2) Agy,oy b1, b)) = L
Torma mua mro60ro daeMeHTa b M3 MHOXKeCTBA B BBEINOMHAETCA PaBEHCTBO:
I((Aml,...,mk [bla BRI bk])mt [b]) = I/L
Tak kax
ey b, B,

(Azl,...,zk [bla sy bk])zt [b] — Azl,...,zk,zt [bla .

TO, UCHOAB3YA UHAYKTUBHOE MPEANOJ0KEHNE, TOIYIaeM
vbk])xt[b]) =

n= f((Axl,...,xk [bla s
j(Aml,...,:rk.,:rt [bla R bka b]) =

I(Aml,---,xkﬂ't [817 SRR Bkv B]) =
I((Al'ly---yxk [bh SRR bk])l't [b])
B gacrHOCTH, o1 1106000 DIEMEHTA ¢ MHOXKeCTBa A moaydaem
s abk])xt [C])a

n= I((Al‘l Tk [817 Tt gk])mt [é]) = [((Axl,---,lk [i)l’ :

TaK KaK B 3TOM CJaydae ¢ = c.
[onycTum, 9TO R R
I((th)Aml,,,,,mk [bl, ce ey bk]) = I/I

[IycTs b - mpousBoabHEIM DaeMeHT MHOKecTBa B. Tak kak b € A, TO BHIIOJIHAIOTCA

pPaBeHCTBA,
b)) [B]) =
I(Aml,...,:rk.,:rt [bla R bka b]) =

I(Agy, oz b1y -, b, D)) =
f((AI1,...,Ik [bl, ‘e

n= I((-Axl,...,xk [817 s

) bk])xt [b])a

[ S be]) = 1

3HAYNT,
I((th)Aml,,,,,mk [bl, ..
Cayuan, korga ¢opmyra U umeer sug (Jz;).A, paccMaTpuBaeTcs COBEPIIEHHO

AHAJOT'UYIHO.
B wacTtHOCTH, O1a TPOM3BOILHOU 3aMKHyTas (opmyaa & ao2uku npeduxa-

moe HpOHBBOJIbHOﬁ CUTHATYPHBL T IIOJYyTaeM PaBEHCTBO
[(®) = I(%),
U

A

= U, o [(®) = 1.

a sHauur, ecan [ (P)
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B kadecTBe caencTBus IBYX MPEABIAVIIAX JEMM ITOIY<IaeM

Jlemma. Fcau 6ce sxodawue 8 samxnymyro popmyasy ® Mownaduueckot Jlo2uru
IIpedurxamos npedukammbie cumB80abl COOEPHCAMCA 8 CNUCKE P, ..., Pp, MO

Popmyaa ® ucmunna 8 nexomopot unmenpemayu, mo2da u Moabko moz2da, Ko-
200 OHG UCMUKNG 8 HEKOMOPOT UNMEPNPEMAYUL, OCHOBHOE MHONCECTNEO KOMOPOT
codepacum 2™ aaemenmos.

Tak Kak Ipu MOCTPOEHUN MHTEPIPETAINEA IPUPOIA DJIEMEHTOB OCHOBHOI'O MHO-
XKEeCTBaA HE UTPAeT POJIH, TO MOXKHO CINTATh, UYTO eCIu | — HHTepIpeTanus ¢ KOHe'-
HBIM OCHOBHBIM MHOXECTBOM A, cocrosmuM u3 m saementos, To A = {1,2,... ,m}.

Jlemma. FEcau sce sxodawue 6 samxnymyro gopmyasy ® Monaduuweckoti Jloau-
xu IIpeduramos npedukammuple cumMB0abl COOEPHCAMCA 8 CNUCKE P, ..., Pn, MO
MoxHcHo nocmpoumsb makyto gopmyasy © Josuru Bwuicka3asanuil, umo R

Popmyaa ® svinoanuma mozada u moavko mozda, k0206 8biNOANUMA Popmyaa D.

Hdoxazameavcmeso. [lycvb m=2"u A, ={1,2,...,m}. ITo npousso.b-
Hou (popmy.ie ¢ curuaryper 7(A,,) nocrpoum GeckBanTOopHYyIO Gopmyry P* Ton xe
CUTHATYPHI 110 CJACAYIONIMM MPABUIAM

1) ecin @ - paemenTapuas dopmyaa, To ®* - 5o D,

)
3) (PV ) = (0% VU,
4) (P&V)* = (P &T™),

5) (& — ¥)* = (&* — ¥¥),
6) (@) = V @[]

) (v)9) = & a.[j)

13 samxuyTon gpopmyast * ¢popmy.ia o MOJYIAeTCA 3aMEHON KaXK 0! HJIeMEH-
TapHOU 1OI(OPMYJILL BUIA p;(j) HA IPONO3UIMOHATLHYIO IepeMeHHy o A, ;.

Ncnonb3ys MOKa3aHHBIE BBINIE JEMMbI, HETPYAHO MOKA3aTh, YTO 3AMKHYMAA
Ppopmyaa ® Monaduuecrod Joz2uru IIpeduramos svinoanuma moz0a u moab-
Ko mozda, Kozda svinoanuma Popmyia Jozuru Buicka3asanui P. U

lokazaTenabcTBO TeopeMbl 3.10.1 morydaeTcsa Kak HEMOCPEICTBEHHOE CJAeICTBUE
MTOKA3aHHBIX JEMM.

3.11. HepaspemuMocCcTh JOTUKMN ABYMECTHBIX IIpe-
INKATOB

DToT nmaparpad MOCBAIIEH J0KA3aTeILCTBY (pyHIaMeHTaIbHON TeopeMbl A. Yep-
4a 0 HepaspemuMocTu IIpobaembt moxcdecmeennoti ucmunnocmu das Jlo-
2uru IIpeduxamos, curuarypa KOTOPOU COAEPKUT XOTA OBl OJUH IBYMECTHBIN
npeIuKaTHBIN CUMBOJI. Kak yX)e O0TMeYaJoCh BhIIe, paspermmmMoctbh IIpobaembt
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modscdecmeennoti ucmurwrnocmu das Jloeuru IIpeduxamos cuewamy-
Pbl T PaBHOCWILHA paspemuMocTu IIpobaembt 8binoanumocmu odas Jlo2uxu
IIpeduxamos cuzrnamypsvt T.

OTO OBLT UCTOPUYIECKHU TEPBBLIA MPUMED AITOPUTMUYECKH HEPA3PEIIIMON MPO-
6JIeMbI, BO3HUKIIIEN B MaTeMaTHKe BHE TEOPUM AICOPUTMOB U JaXKe I0 ee CO3IaHus.
IIpobaema svinoanumocmu das Jlozuru IIpedurxamos GuLia chopMmyIupoO-
BaHa B Hadame XX Beka /. 'minr6epToM mocae co3faHusA JOTUKU MPEeIUKATOB Iep-
BOI'0 MOPAIKA U OCTABAJACH HEPEIIEHHON B TedeHMe HeCKOJbKuX JeT. OHa moaydn-
na HazBaHUe npobaemvl pazpeuwumocmyu (Entscheidungsproblem) soruku (ucuaucae-
HUsA) IpeAnKaToB. HeBO3ZMOXKHOCTE MOCTPOEHUs aaropurMa, pemaioumiero IIpo6ae-
My svinoanumocmu das Jlocuxu IIpedurxamos Obuia gokaszana A. Yepdem B
1936 romy.

Teopema 3.11.1. Hesozmodxcen ans2opumm, no360410WuTL NO NPOU3EOAbHOT 3a-
MEHYMOT popmyae a02uKry npeduramos nepso2o nopadka ¢ pasencmeom, aspasum
Komopot codepaicum 2-mecmmublli PYHKYUOHAALHBIT CUMBOA, ONPEJEAUMDb, ABAALTNCH
AU IMa GOPMYAG MONHCAECTNEEHHO UCTUHHOT.

dorxaszameawvcmes o OO6O3HAYMM Uepe3 - IBYMECTHBIN (DYHKIMOHAJTHLHBIN
CUMBOJI, BXOIAIIMEA TI0 TPEANOJ0KEHNIO B aldaBAT PACCMATPUBAEMOTr0O UCINCICHUS
IPEeIUKATOB MEPBOrO MOPIIKA C PABEHCTBOM.

[Iycts II - KOHEMHO OmpeaeJeHHAsS TOJIYTPYIIA ¢ ABYMA 0OPA3YIOUIUMEI JIEMEH-
TaMi, UMEIOIMAA AJTOPUTMUAICCKI HEPAZPEITUMYIO MPOOJIeMy paBeHCTBa CI0B [12]:

II = (a1, ay | Ai(ar,a2) = Bi(ay,az), ..., Ap(ar,a2) = Bp(ay,a9)).
Kaxmoe ctoBo W = wywsws...w, MBI paccMaTpuBaeM KaK TepM
(((’U}l . U}g) . ’U)3) : ) * W,

KOTOPBIN, ITOOBI HE YCIOKHATH 0003HAMeHNN, Oy 1eM MO-TpexHeMy 0003HAMATE e~
pes W.

s mpousBoabHBIX ABYX ca0B U(ay, az) u V(ay, az) B andgasure { ay,as } 060-
3Ha1uM depes Py caegyromyo Gopmyry

(V1) (Vo) (V) (V) (Vo) 2 - (y - 2) = (- y) - 2 =
(& Ai(wr,2) = Bilwr, 1) = Ulwr, 22) = V{ay, 1)),

Hepr,Z(HO IIOHATH, ITO UMEeT MECTO CJIeaYIOIlasd 3KBUBAJCHTHOCTD

U(ay,az) = V(ay,az) B noryrpynme I1 <=

dbopmyna @y TOXKIECTBEHHO UCTHHHA.

HamomumM, 9TO TOXeCTBeHHAA HCTUHHOCTH (pOpMy.Ibl $rry 0O3HATaeT, 9TO OHA
HUCTUHHA B JIOO0U HOPMAALHOU UHMEPNPEMAYUY. DTO 3aBEPIIACT TOKAZATEIb-
cTBO TeopeMsr 3.11.1. ]
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[TokaxkeMm, 9TO aHAJOUYIHAA TEOPEMa CHPABEIINBA U [IJIA YUUCMO20 UCIUCTECHUS
IPeINKATOB IIEPBOT0 MOPALKA C PABEHCTBOM, T. €. HCIUCICHUA, al(paBUT KOTOPOTO
He COAePXKAT (PYHKIMOHAILHBEIX CHMBOJIOB.

[Tpeanonoxum, 4TO aapaBUT IUCTOIO UCIUCTCHUS MPEIUKATOB MEPBOrO MOPSI-
Ka COMEPXKUT 3-MECTHBIU HMPEIUKATHLIN CUMBOI P.

O6o3naqum qepes3 Fyy caeayromyio Ghopmyry

(V1) (V2) (Fy) (V1 ) (p(21, 22, )& (p(21, 22, 11) = 11 =y)) —
— (q)U,V)*a

rae JIs Ipoum3BOAbHOU (popMmyael P depes ®* obGosHadeHa GopMyaa, MOTYUEHHAA
3aMeHOH (PYHKIIMOHAJILHOT'O CHMBOJIA - HA TPEIUKATHLIN CUMBOJ P MO CICIYIOMIEMY
MPABULIY:

1. mo ¢popmynre ¢ crpoum paBHOCHIBHYIO eu Gopmyny P, 3amenon B (popmy-
ae ¢ kaxgou moagpOpMyabl BUIA t| = ty, TJae tq,ls - TEPMBI, HA PABHOCHILHYIO €I
dopMyIy BAIA

k
(Fv1)(Fvg)...(3vy) ¥, rre ¥ = iicl ©i

1 Kaxkgag w3 pOpMyI ; IMEeT BUI L -y = Z;

2. mo popmyae ®; crpoum popmyry P* zamenon B popmyre P kaxmon mo-
dbopMyasl BUAA T -y = z Ha dhopMmyay p(x,y, z).

HeTpyaHo MOHATH, 9TO UMEET MECTO CJAeAYIOMas SKBUBAJEHTHOCTE

Ul(ay,az) = V (a1, as) B noxyrpynne II <=

dbopmyra Fyyy TOXIECTBEHHO NCTUHHA.

I 31ech ToX fecTBeHHAA NCTUHHOCTE (GOPMYIH [y, 03HATaeT, 9TO OHA NCTUHHA
B 000N HOPMAALHOT UHMEPNPEMAYUY.

[Tokaxem, KaK MOXHO OT HOPMAJbHBIX WHTEPIIPETALNN TEPEUTH K TPOU3BOIb-
HBIM MHTEPIIPETAIAM.

3ameruM, 9T0 dopmyaa Fiy comepKuUT 3-MECTHBIN HPeINKATHBIN CHMBOI P 1
IpeIuKaT PaBEHCTBA =, MPU DTOM A 000U HOPMAJbHOU mHTepnperamun [ c
OCHOBHBIM MHOXKeCTBOM A: (=) — 5T0 06bIMHOE PABEHCTBO Ha A.

[Tycte F — HOBBIM 2-MECTHBIU MPEINKATHBIN CUMBO.I.

O6o3nauMm depe3 ArEq KOHBIOHKINIO CAEAYIOMAX 3AMKHYTHIX (hOPMY.T

(Vo) E(x,z); (Vo) (Vy)(E(z,y) = E(y,2));
(V2)(Vy) (V2) (E(z,y) & E(y, 2)) — E(z,2));
)

(V1) (Yy1) (Vo) (Vya) (Va3 ) (Yys) (B (21, 1) & E(22,y2) & E(x3,93)) —
(p(x1, 2, T3) — P(Y1,Y2,Y3)))-

s nmpousBoabHOU GOPMY.IBL F') cOMepKAIIen U3 HETOIMIeCKIX CBA3OK JIUIIb 3-
MECTHBIM TPEeIUKATHBIN CUMBOJ P U NMpeJuKaT PaBeHCTBa =, 0603Ha4InM depes F+
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(popmyay, moryaeHHYI0 U3 (POPMYJIEl F' 3aMEHOU KaxK I0U DIeMEHTAPHOU moa(hOpMYy-
abl BUga ¢ = y HA E(1,Y).

BBenem BpemeHHBIE 0603HAMEHUA:

Yepe3 7— 0003HAYMM CUTHATYDPY C IMYCTBIM MHOXKECTBOM HHIWBUTHBIX CUMBO-
JIOB, TYCTBIM MHOXKECTBOM (DYHKIIMOHAIBLHBIX CHMBOJOB, MHOXKECTBO MPEINKATHBIX
CUMBOJIOB KOTOPOU COMEPKUT JUIIb 3-MECTHBIN MPEIUKATHBIN CHMBOJI P U TIPeIu-
KaT PABEHCTBA =, & Ue€pe3 Ty — CHCHATYPY, MOIYIEHHYIO U3 CUTHATYPHI T— 3aMEHOU
2-MeCTHOT'0 TPEeANKATHOT'O CUMBOJIA = HA 2-MECTHBIM HpeInKaTHHIN F.

Jemma. Jamrxnymasn dopmyaa F cuenamypvr 7— ucmunna 8 410601 HOPMAAbHOTU
unNmepnpemayuY mo206 u Moabko mo20a, K02da 3aMKEHYMas POPMYAG CULHAMYPDI
5 (AxEq — F) uemunna 8 4060t unmepnpemayuu.

doxaszamedancme o I[lpermoroxum, 9To 3aMKHYTas GOpMy.Ia
(AzEq — F7)

ICTUHHA B JI060M MHTEPIPEeTAINY A3BIKA L., .

[Toxaxem, ¥T0 3amMxuyTas (popmyna F ucturaa B J0060M HOPMATHHOU WHTEP-
npeTanuu A3bika L,_.

[Iycts I- — mpousBoJbHAA HOpPMAaJbHAsA WHTEPIPETAIus C OCHOBHBIM MHOXKe-
crBoM A s3wika L,_ curHaTyphr T—.

[TocTpoum muTepunperamnuio [ ¢ TeM XKe OCHOBHBIM MHOXecTBOM A a3bika L.,
curHatyphl 7g. [loraraem

rae 1epe3 =, 0003HAYEHO OOBITHOE PABEHCTBO HA MHOXKECTBe A.
Nuaykiuen mo MOCTPOEHUIO (POPMYI HETPYIHO MOKA3ATH, ITO [ MPOU3BOIb-
HOU 3aMKHYTOU (pOpMY.Ibl @ CUTHATYPHI T— BBIMTOJHAETCS PABEHCTBO

I5(3%) = I_(®).

Tax Kax 10 mpeamonokennio 3aMkuyTas popmyaa (ArEq — FT) ncruana B 110601
MHTepIpeTalnu A3bKa L., TO

Ig((AzEq — F71)) = 1.

W3 mocTpoenus maTepuperanuu [g ciegyerT, 9TO

Ip(AzEq) = N
[ToaTomy
Ig(F) = .
SHAYNT,
I_(F)=1



[VTABA TI1. IOTUKA 1 UCHUCJIEHUE ITPEANKATOB

[Tpeamonoxum, aTo 3amkuayTas Gopmyaa F ucTuHHA B JTH0O60U HOPMAJILHOU WH-
TepHIpeTalun A3bIKa L,_.

[MokaxeMm, aTo 3aMkuyTas dpopmyia (ArEq — FT) ucrunHa B 100601 UHTEP-
npeTanuy A3bIKa L, .

[Iycts I — mpouw3BoIbHAA MHTEPHOPETANNA A3bIKA L;, ¢ OCHOBHBIM MHOXECTBOM

A.
Ecan I(AxEq) = JI, T0, KOHEYHO,

I((AzEq — F7)) =1
[Ipexnonoxum, uro [ (AxEq) = U. Toraa

I((Va)E(x,z) & (V) (Vy) (E(z,y) = E(y,2)) &
(V) (Vy) (V2) ((E(2,y) & E(y, 2)) = E(x,2))) = W,

snaunt, [(F) — orHOmeHne skBuBaseHTHOCTH Ha MHOXKecTBe A. O603HaunM [ (F)
qepes =, a 1epe3 Ay pakTopMHOKECTBO A/ = MHOXKECTBA A MO OTHONIEHUIO DKBHU-
BAJIEHTHOCTH =.

[TocTpoum mHTepnperamnuio [ A3bIKa L,, ¢ OCHOBHEIM MHOXKeCTBOM A;.

[Tosraraem, uro I[;(F) — 5T0 06BIMHOE PABEHCTBO HA OCHOBHOM MHOXKeCTBe Aj.
Ocraercs aumb 3a1aTh nETEpIpeTanuio I1(p) 3-MECTHOrO MPeINKATHOrO CUMBO/IA
p.

[TosaraeM I MPOM3BOJBHBIX DJIEMEHTOB |a1], [az] u [a3] ocHOBHOrO MHOKeCTBA
Ay

Li(p)(lad], [az], las]) = T(p)(as, az, as).

KoppekTHOCTS omnpeaeneHus caeqyeT u3 CAeIVIONero 3aMedaHus.
Tak Kak

I((V1) (Vi) (Vo) (Vo) (Vs ) (Vys) (B (21, 1) & B (22, 52) & E(x3, y3)) —
(p(l‘lvl‘%lg) — p(y1,y2,y3)))) = I/Ia

TO U3 a1 = by, ay = by u a3 = b3 caenyer, 9TO

I(p)(a17a2,a3) = I(p)(blabZ,b?))'

WNuaykmuen 1mo mocTpoeHuio (pOpMy.I HETPYIHO IMOKA3aTh, UTO IS MPOU3BOIb-
HOU 3aMKHyTOU (dopMmyabl ¢ a3bika L., BBIIOIHAETCA PABEHCTBO

L(®) = I(®).

Nurepnperanuio [; MOXHO PacCMaTPUBATh KaK HOPMAIbHYIO MHTEPIPETAINIO
I s3bixa L._.

Nuyknuent mo nocTpoeruio (HpopMy.T HETPYAHO MOKA3aTh, 9TO MIA HPOU3BOIb-
HOU 3aMKHYTOH (opMyIsl F' A3bIKA L,_ BHIMOIHAIOTCA PABEHCTBA

L(FT) = Li(F).
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OxoHYaTENBbHO TOIyIaeM
I(FT) = L(F") = L|(F) = 1,

TaK Kak [0 IPeIIoI0KeHII0 3aMKHyTada (popMyaa F' HCTUHHA B 110001 HOPMAJILHOM
UHTEPIpPETAINN A3LIKA L,_.
SHAYUT,

I((AzEq — F7T)) = N,
9TO 3aBEPIIAET JOKA3ATEIBCTBO JEMMBL. O

Teopema 3.11.2. Hegoamooxcen aa2opumm, no360A40UUT NO NPOU3EOAbHOU 3a-
MEHYMOTU Popmyse wucmoti A02uKy npeduramos nepeo2o nopadka, aidasum Ko-
mopoti codeprcum Auwb 2-Mmecmubit U 3-MeCmHubL NPeduKamuble CuMe04bl, ONpe-
0eaums, ABAACMCA AU IMA POPMYAGL MOHNCIECMBEHHO UCTNUHHOT.

Mdoxaszameanbcms o U3 mokazaHHBIX JeMM ClIeIyeT DKBUBAJIEHTHOCTH

U(ay,az) = V(a1,az) B moayrpynme [1 <=

dopmyaa (AzEq — FLJ,“’V) TOXICCTBEHHO UCTUHHA.

[TosToMy yTBepXKIeHWEe TeOpeMBI CAelyeT W3 Hepa3pemmMOCTH TpPOoO6JeMbl paBeH-
CTBa CJIOB A moarpynmer 1. ]

OcraBmiascsa 9acTh maparpadgda MoCBAIMEHa T0KA3aTeI5CTBY AaHAJOITIHOTO YTBEp-
XK JTEHUA TIA TUCTOTO UCIUCJICHUA TPEIUKATOB IIEPBOTO MOPA KA, aI(PaBAT KOTOPOTO
COMEPKUT MO KPAWHEH MepPe OAUH 2-MEeCTHBIN MPeIUKATHBIN CUMBOI. B m3m1oxeHun
HTOr0 MaTepuaia Mbl npuepxkusaemcsa kaurn [x. Byroca u P. Txeddpu [3].

Jlemma. Jas aobo2o 3-mecmuozo npeduxama P na muoxcecmse namypaibmbls wu-
cea cywecmsyem maxot, 2-mecmubil npedukam q(u, v), 4mo das NPou360AbHHLT Ha-
MYPAALHBIL YUCEA G, b U ¢ cNPasediusa IK6UBAAEHITHOCTIb

P(a,b,c) = I <—
(Fw)(3r)(3y) (F2) (~g(w, w) &
q(w,z) & q(z,y) & qly, 2) & q(z,w) & q(w, a) & q(z,b) & q(y, c) & q(z,a) &
—q(a,z) & ~q(b,y) & 7q(c,2)) = I

Adokxaszamedabcms o. YIOPALOINM OTHOLIEHNEM < MHOXKeCTBO TPOeK (a, b, ¢)
HATYPATbHBIX YUCe ([eIbIX HeOTPUIATENBHBIX TUCe), TTOoJAras M1 IPOU3BOIbHBIX
HATYPAJIbHBIX duCeT o, 3, 7V, a, b u ¢

(a,8,7) < (a,0,¢c) =
mbo o+ [ +v < a+b+c,
mboa+f+v =a+b+cua<a,
mbooa+f+v=a+b+c, a=aunpf <bh.
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Herpynno mpoBepuTh, 9TO OTHOIIEHWE =< SBJISETCS OTHOIIEHUEM JUHEWHOrO IO-
pALKA HA MHOXKECTBe TPOEK HATYpaIbHBIX wucenl u mpu d>roM Tpouka (0,0,0) —
HAMMEHBIINN DJIEMEHT.

3aHyMepyeM TPOUKH HATYPAJbLHBIX YHCEd, PACIOJOXKEHHBIE B COOTBETCTBUH C
HOPAAKOM =<, HATYPAJbHBIMU YUCIAMM, HAYUHAA C 1, T. €. HOMEPOM HAWMEHBLIIEN
rpouku (0,0, 0) asaserca aucao 1. Homep Tpouku (a, b, ¢) OGygem o603Ha4aTh Yepes
g({a, b, c)) mam npocro uepes g(a, b, c).

3aMeTnM, 9TO yKa3aHHAA HyMepaluia TPOeK HATYPAIbLHBIX IUCET CTPOUTCA Cle-
IYIOTIIM 00pa3zoM:

BCE TPOUKH (a, b, ¢) HATYPATBHBIX THUCEN PACIAJAIOTCA HA TPYIIBL: IBE TPOUKM
(v, B,7y) m (a,b,c) monagaoT B OJHY IPYNIY TOrIa U TOILKO TOra, KOIa

a+pB+vy=a+b+ec

OTHU TPYINBE TPOEK HATYPATBLHBIX UHCET PACIOJATAIOTCA B MOPAIKE BO3PACTAHUSI
VKA3aHHOU CYMMBI, 8 BHYTPH T'PYIN TPOUKKA YHOPSATOYEHB YKA3ZAHHBIM BBIIIE CIIO-
cobowMm, T. e. JEKCUKOT'PaPUIECKH.

OTMeTnM pA TOCTATOYHO TEXHUIECKUX (PAKTOB, CBA3BAHHBIX C BHIODAHHOU HY-
Mepaluen TPOeK HATYPAIbHBIX THCE.

Hyapb 0 He aBaAeTCA HOMEPOM HUKAKOU TPOUKM HATYPAJbLHBIX THCE.

Ecin n = g(a, b, c), To

a,b,c < n.

Ectma<nuw=4n+1, o a < w — 4.

B camom gere, ecan a < n, To a + 1 < n, mopTOMYy

da+4<dn<idn+1=w.

3uaqnr, a < 4a < w — 4.
OTcioga Jerko moayvdaemM, ITo
ecin a,bc<nuw=4n+1, x =4n+2, y =4n+ 3 u z = 4n + 4, To KaxKIO0€
u3 Jucen a, b u ¢ MeHbIle Kaxaoro u3 duced w —4, v — 4, y—4 u 2z — 4.
Onpedeaum npeduram q(z,y):
nycts n = g(a, b, ¢), moraraem

gdn+1,d) = <= d = 4n+2wmd = a;
gdn+2,d) =N < d=4n+2, wmd = 4n+ 3, mu d = b,
qdn+3,d) =1 <= d =4n+3, wmd = 4n+4, mm d = ¢

qdn+4,d) =N < d =4n+4, wmd = 4n+ 1, win
(d = au P(a,b,c) = N),

80 6CET 0CMAABHLIT CAYYaaT npeduram q(m,d) aoxcen.

3ameruM, uro ecau g(m,d) = U, o d < m+ 1.

HeTpyaHO IPOBEPHUTD, UTO A4 4106020 M cywecmsyem ue boaee 00no20 d ma-
ko020, umo d <m —4 u q(m,d) = .
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HOKa)KeM, 9TO CIIpaBelanBa SKBUBAJCHTHOCTH

P(a,b,c) = N <—
(Fw)(37)(Fy) (32) (=g (w, w) &
q(w,z) & q(z,y) & q(y, 2) & q(2,w) & q(w, a) & q(z,b) & q(y, c) & q(z,0) &
—q(a, z) & —q(b,y) & —q(c, z)) = W

[ HEKOTOPOro cokpalnenus o6o3uaduM depes Q(w, z,y, 2, a, b, ¢) dopmyry

(_'Q(wvw) &
q(w, ) &q(z,y) & qly, 2) & q(z,w) & q(w, a) & q(x,b) & q(y, c) & q(z,a) &
_'Q(aa ‘T) & _'q(bv y) & —|q(C, Z))

[Toxaxem, 1TO

P(a,b,c) = I <=
(Fw)(Fz)(Fy)(32)Q(w, x,y, z,a,b,¢) = .

[Ipeanonoxum, aro P(a,b,c) = N.
YkaxeMm Takume w, X, y U z, ITO

Q(w7$7 y? Z7 a/7 b7 C) = I/I'
[Iycts n = g(a, b, ¢), momaraem
w=4d4n+1, v =4n+2,y = 4n+3, 2 = 4n + 4.

Jlerko nmpoBepseTcs BBINOIHEHHOCTD yeaosun —¢(w, w), q¢(w, ), q(z,y), ¢(y, 2), ¢(z, w),
q(w,a), q(z,b), q(y,c) n q(z,a).

OcraeTcsa IPOBEPUTH BHIMOJIHEHHOCTE yeaoBun —q(a, x), —q(b,y) u —q(c, z).

[l 5TOr0 BOCIIOAB3YEMCA CIeJAHHBIM BBIIIC 3aMEIAHIEM:

ectn g(m,d) = U, tod <m+1

u nokaxem, 4to a+ 1 <z b+1<yc+1< z.

Ho 5To cregyeT m3 OTMEMeHHOrO BHIIE (PaKTa,

ectn a,b,c<nuw=4n+1,x =4n+2, y =4n+ 3 u z = 4n + 4, To KaxKIO0€
u3 Jducen a, b u ¢ MeHbIe Kaxaoro u3 qucea w —4, x — 4,y —4 u z — 4,

MOCTATOYHO TOIBKO HAIOMHUTB, 9TO a,b, ¢ < g(a,b,c) = n.

Urak, MbI mOKa3aau, 4TO

P(a,b,c) = N1 =
(Fw)(Fz)(Fy)(32)Q(w, x,y, z,a,b,¢) = .

[Tokaxem 0O6pPATHYIO UMILTUKAIIUIO

(Fw)(Fx)(Fy)(32)Q(w, x,y, z,a,b,¢) = N =
P(a,b,c) = 1.
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Caenatb 5T0 OyIeT HECKOMIBKO CIOKHEE.

[Ipegnonoxum, aro (Jw)(Iz)(Jy)(I2)Q(w, z,y, z,a,b,¢) = W, n nokaxkem, 4To
rorga P(a,b,¢) = .

[ycres W, X, Y u Z rakune, uro Q(W, X,Y, Z a,b,c) = U, 1. e.

(—g(W, W) &
qW, X)&q(X,Y)&q(Y, Z) & q(Z, W) & q(W, a) & q(X,b) &q(Y,c) &
Q(Zv a) & _'q(aa X) & _'Q(bv Y) & _'Q(Ca Z)) = I

Tak Kak

(q(W, W) & q(W, X)) = 1,

TO HaugeTcsa Takoe n > 1, uro W = 4n + 1.
Tax xkak n > 1, To Haugyrca Takue «, 3 u vy, aro n = g({«, 3,7)).
[Ipex e Bcero moxkaxkem, 4TO

X =4n+2,Y =4n+3, Z = 4n+ 4.

[l11 5TOT0 UCTIOTB3YEM YCJIOBUE

(W, X) &q(X,Y)&q(Y, Z) & q(Z, W) & q(W,a) & q(X, ) &q(Y,c) &
q(Z,a) & —q(a, X)&—q(b,Y) & —q(c, 7)) = .

Hamomuum, o ecaun g(m,d) = U, ro d < m + 1, mosTOMY U3 yCIOBUS
(q(W, X) & q(X,Y) &q(Y, Z) &q(Z,W)) = 1
CIENYIOT HEPABCHCTBA
X+32>2Y+2>724+12>2W.

[Mooromy X > W — 3.

Ananorndno gokaswiBaloTCA HepaBencTBa ¥ > X —3uw Z >Y — 3.

Buadnur, X €W —4Y L X —4duZ LY —4.

HamomumM, 9To a1a awbo20 m cywecmeyem ne 6oaee 00no20 d maxo20, 4mo
d<m—4ugqg(m,d) = 1.

Tax xax ¢(4n+1,X) = Uun = g({o, 3,7)), To mb0o X = 4n+2 = W +1, mb6o
X = a. Ho B nocreguem caygae X < W —4, 9ro neBepro, nosaromy X = 4n+2 = W+1.

Taxk kak ¢(Z,dn+1) = U, 10 Z #4n+2=W +1Z #4n+3 =W + 2.

Tak kak ¢(X,Y) = U, X =4n+2uY £ X —4, 70 0CTAIOTCA IBE BOBMOKHOCTH:

an6o Y = X, mbo Y = X + 1.

EcimY =X =W+ 1 =4n+2, o usz ycaosuut ¢(Y,7) = Uu Z £Y — 4
noaydaem ¢(4n + 2,7) = U 1Be BOZBMOKHOCTH:

au6o Z =4dn+2=W 41, mbo Z =4n+3 =W + 2.

Torga ycaosue ¢(Z, W) = U gaeT aBe BO3MOKHOCTH:

6o q(4n + 2,4n + 1) = W mmbo g(4n + 3,4n+ 1) = 1.
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Onnako HU OfHA W3 HUX HE BBIMOAHAETCA, 3HAa4IuT, Y = X + 1 =4n + 3.
[Toxaxxem, uTo Z = 4n + 4.
Tak kak ¢(Y,Z) = U, Y =4n+3u Z £ Y —4, T0 0CcTAIOTCA IBE BO3MOKHOCTH:
mubo Z =Y =4n+ 3, mbo Z =Y + 1 =4n + 4.
Eciu Z =Y = 4n + 3, To ycaosue ¢(Z,W) = U npunumaer Bun

q(dn+3,4n+1) = U,

410 HeBepHO. [loaTtomy Z =Y + 1 =4n + 4.
OcTaercsa mokasaThb, 9TO

(o, B,7) = (, 8,7).

Torga w3 ycaoBun

¢(Z,a) = q(dn+4,a) = Un
9, 8,7) = 9((a, B,7))

1 HEepaBeHCTBa a < N caegyer, ITOo
P(a,b,c) = N.
[lna moxazaTerbCTBa PaBEHCTBA

(o, B,7) = (@, 8,7)

NCILIB3yeM YCJIOBUA

(g(W,a) &q(X,b) &q(Y,c) &
—q(a, X) & =q(b,Y) & —q(c, Z)) = N.

Tak xax
W=dn+1, X =4n+2,Y =4n+3, 7 = 4n + 4,

TO HEeIOCpeACTBEHHAA NPOBEPKa IMOKa3bIBa€T, ITO

(¢(X, X) & q(X,Y) &q(Y,Y) &
oY, 2)&q(Z, 7)) = W,
MTOPTOMY
a# X, b£X,b£Y,c£Y, c# 7

N3 yeaosuu ¢(W,a) = U, W = 4n+1 u n = g({a,B3,7)) caenyer, aro 1u6o
a = 4n+2 = X, mbo a = «. Uro BMecTe ¢ ycroBueM a # X maeT paBeHCTBO
a = Q.
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N3 yeaosun ¢(X,0) = U, X =4n+2 un = g({a, f,7)) crenyer, aro mbo
b=4n+2 = X, mbob = 4n+3 =Y, mbo b = [. YUTo BMecTe ¢ ycIoBUAMEI
b# X ub # Y maer paserctso b = [3.

N3 yeaosuu ¢(Y,c) = U, Y = 4n+3 un = g({«o, 5,7)) caenyer, aro au6o
c =4n+3 = Y, mboc = dn+4 = Z, mubo ¢ = . UTo BMecTe ¢ yCIAOBUAMUI
¢ # Y uc # 7 maer paBeHCTBO ¢ = 7.

SHAYUT,

(a, B,7) = (o, B,7),
ODTOMY

n = gl{a, 8,7)) = g((a, B, 7))

Torma w3 ycaoBun

¢(Z,a) = q(4n+4,a) = Un
9({e, 8,7) = 9((a, 5,7))

U HEPABEHCTBA @ < N CAEAYET, ITO
P(a,b,c) = .
DTO 3aBEPIIALT JOKA3ATEILCTBO JEMMBL. O

Jemma. ITo npouzsoavnoti zamknymoti gopmyase ® wucmot aoeuxu npedukamos
nep6o2o nopadka, asdasum womopot codepaicum auwy 2-mecmubiti u 3-mecmubii
npedurammuble CuUME0Abl, MONCHO nocmpoumy gopmyay ® wucmoti soeuru npeduka-
mo8 nepeozo nopadka, asdasum Komopotl codeprcum Auwb 084 2-MeCTHbIL npe-
Juramupiz cumeoaa, marxyio, umo gopmyaa ® svinoanuma mozda u moavko mozda,
rkoeda svinoanuma popmyasa P.

Adoxaszameawvcms o, [lycts ® —3aMKHYTaA (POPMYIa IUCTON JOTUKHI MIPe-
TUKATOB MEPBOr0O MOPSAIKA, al(paBUT KOTOPOU COMEPKUT JUIIL 2-MECTHBIN TP~
KATHBIM CUMBOJ P M 3-MECTHBIM NIPEAUKATHBIN CUMBOI .

[MocTpoum popmyay $ aucron morukm nperuKkaToB MEPBOrO MOPAAKA, aapaBUT
KOTOPOU COJEPKUT JUIIL IBA 2-MECTHBIX IPEINKATHLIX CUMBOJIA P U (¢, 3AMEHUB B
dopmyae & kax ayio daeMeHTapHyo moadopmyay suga P(s, u,v) Ha GopMyry

(Fw)(3z) (Fy) (32) (~q(w, w) &
q(w,x) & q(z,y) & qly, 2) & q(z,w) & q(w, 5) & q(z,u) & q(y,v) & q(z,5) &
—q(s, ) & =q(u, y) & —q(v,z)) = N

[l 3aBepuIeHNs TOKA3aTeIbCTBA JOCTATOYHO BOCIOAb30BATHCA IPEIBIIYIICH JeM-
MOM. O

Jemma. ITo npouzsoavnoti zamknymoti gopmyase ® wucmot aoeuxu npedukamos
nepso20 nopadka, aspasum xkomopoti codepycum aup 06a 2-MECMHLLT NPeIUKamM-
HHIL CUMBOAG, MONCHO nocmpoumsb dopmyay ® wucmot so2uku npedukamos nepeo-
20 nopadka, aspasum komopot codeprcum AuUb 00UH 3-MECMHbIT NPeduKrammbii
cumeoa, maryro, wmo gopmyasa ® svinosnuma mozda u moavko moada, K020a 6bi-
noanuma gopmyaa P.
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doxaszameanbcme o Ilycrs anpaBuT 9UCTON JOTUKHU MPEIUKATOB COIEP-
KUT JAMb 2-MEeCTHLIE NpPEIUKATHBIE CUMBOJBL Py U P, a () — HOBBIM 3-MECTHBIN
OPEeINKATHLIN CAMBO.L.

[To mpou3BoOJIBLHON 3AMKHYTOU (popMy.ie ® IMCTON JOTUKA IPEIUKATOB IIEPBOTO
NOpA KA, aIhaBAT KOTOPOH COJIEPKAT UMb TBA 2-MECTHBIX MPeIUKATHBIX CHUMBOIA
P1 ¥ Po, CIEAYIOMUM OOpPa3oM MOCTPOUM 3aMKHYTYIO (popmyry ® qucron moruxm
IPEeINKATOB MEPBOrO MOPAIKA, AI(paBUT KOTOPOU COAEPKUT JUIIbL OTUH 3-MeCTHLIX
OPEeIUKATHLIN CUMBOJI (Q:

1) mycTh &1 U Ty — ABE PA3IMIHBIE IEPEMEHHBIE, He BXOAAIue B (hopMmyry D,

2) B popmyae $ kaxayro saemeHTApHYIO m0AMOPMYIY B P;(U, V) 3aMEHUM Ha
Q(z;,u,v), monydenuyio dpopmy.ay obo3Haunm depes Py,

3) oGosmadmm Tepes O popmyry (Va)(Vas ).

Herpy o mpoBepuTs, IT0 popMy.1a $ BLHIIOIHIMA TOTTa I TOIBKO TOT A, KOT A
BBIMTOTHUMA, (popmyna P. U

JlemMma. Ilo npouzsoavnoti 3amxuymot Gopmyse ® wucmoti ao2uku npeduramos
nepeozo nopadka, adasum Komopot codepucum auwb 2-mecmubil u 3-mecmmwii
npeduKrammuble CuMB0abl, MONCHO nocmpoumsb gopmyay P* wucmoti aoeuru npedu-
Kamoe nepeo2o nopadka, asdasum rxomopot codepicum Auwd 00UH 2-MeECHBL
npeduramubli cumson, marylo, wmo gopmyaa O svinoanuma mo2da u MOALKO MO-
2da, xo20a svinoanuma gopmysa D.

Adorxaszameuawvcmse o B cury nokaszauuwsm jemMm B kadecTse (opmyasr P

~

~

MOXKHO B3ATH (popmyay P. O
3 Teopemsur 3.11.1 1 10Ka3aHHBIX JIEMM CIeqyeT caegyiomas Teopema A. Yepda

Teopema 3.11.3. ( A. Yepw ) Hesosmoocen arzopumam, no360as0uut no npo-
U380AbHOT 3amMKHYMOT Popmyte a02uKry npeduramos nepsoo nopadka, asdasum
Komopoti codeprcum Auwd 00un 2-mecmubil npeduramubili cumsos, onpedesums,
ABAACNCA AU IMA HOPMYAG MOHCIECTNBEHHO UCTNUHHOT.

[pyras paBHOCHIbHAA (pOPMYIUPOBKA TeopeMbl A. Yepwa.

Teopema 3.11.4. ( A. Yepw ) Hesozmoocen arzopumam, no360as0uut no npo-
U380AbHOT 3aMKHYMOT Popmyse a02uKry npeduramos nepso2o nopadka, asdasum
Komopoti codeprcum Auwd 00un 2-mecmubil npedurammbili cumsos, onpedesums,
ABAACMCA AU IMA HOPMYAL BLINOAHUMOT.
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I'/IABA 4.
JOITOJIHEHUE

4.1. ByaeBbl ajareoOphl

B sToM pasjene mpuBeneHL OCHOBHBIE CBEIEHUA O 6Y.ae80l aazebpe — OTHOU
n3 HamboJee BAXKHBIX C TOYKH 3peHusa MaTeMaTH‘IeCKOﬁ JOT'UKN aﬂFe6paH‘{eCKHX

CTPYKTYP.

Onpenenenne 4.1.1. Byaegotl aa2ebpotl Ha3bi6aemcs HEnYycmoe MHONCECTNE0
B, nasvisaemoe ocrosnbim mroAHcecmsom 6yie6ot ai2ebpvl, emecme ¢ 08Yyms evide-
ACHHDIMY 6 HeM IAEMEHMAMU, 0003Hauaembimy 00bluno weped 0 u 1, u ¢ onpede-
ACHHIMY KA HEM MPEMA GA2EOPAUUECKUMY ONEPAUUAMY, 00K U3 KOMOPLIL — 00HO-
MECTNHAA U MPAUYUORHO 0003HAUAGECA uepe3 —, a dee dpyeue — J8yMecmHuble U
mpaduyuorro 0003nauaomes weped N u U, 044 KOMOPbLT BbINOARAIOMCA CACOYI0-
wue aKCuUOMbL:

1. Axcuombl accoyuamusrocmu:

0as 410061 3aemenmos a, b u ¢ uz muoxrcecmsea B 8binoanAOmMCA pasencmaea

an(ne) = (anb)Ne, aU((bUc) = (aUb)Uec.

2. Axcuombt KOMMYMamueHoCcmu:
das a0ovir saemenmos a u b uz mroxcecmsa B evinoansomesn pasercmaea

anNb=>bNa, aUb=>bUa.

3. Axcuombr ducmpubymusrocmu:
048 A100bIT daeMenmMO6 a, b u ¢ uz muoxcecmsea B 8biNoAHAIOMCA PABEHCMEA

anN(bUc) = (anb)U(anc), aU((bnNe) = (aUb)N(aUc).

4. Axcuombt 0aa HEUMPAIbHBIL IAEMEHTNOB:
04 4100020 daeMENMA 0 U3 MHoxcecmea B svinoansomes pasencmsa

aNl =a, aU0 = a.

5. Axcuombr donoaHerHuA:
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04 4100020 3AEMENMA O U3 MHOHCECMBA B 8bINOAHAIOMCA PABEHCMEA,
aNa =0, aUa = 1.

O6vr9HO caMy GyaeBy anre6py ob6o3HadaloT 4depe3 B, T. e. Tak Xe, Kak U ee
OCHOBHOE MHOXE€CTBO, HO WHOT' A, KeJasd NOAIYePKHYTh, YTO 0y1e6a aa42e6Da — Mo
HE MOALKO MHONCECMBO, HO U BbldeseHHble 8 HeM 068G IAEMEHMA U ONPEIeseHHbLE
Ha HEM MPU aA2e0DaUNecKUe 0Nepayuy, NCIOIb3YIOT CIeIyionee 0603HATCHIe

{B1{0, 1}, {7} {n, U} ).

A s coxparneHus yKaszaHHBIA HAOOP, COCTOAMINNA U3 MHOXKECTBA, DJIEMEHTOB 1
omepamui, 0603HA4AIOT, HATIpUMED, depe3 ‘B.
Y1068 yIPOCTUTEH 0003HATMEHUA, MBI OOBITHO Gy 1eM 0003HaYaTh GY.IeBYy aareopy

(B1{0, 1}, {7} {n, U} )

gepe3 B, T. e. Tak ke, KAK U ee OCHOBHOE MHOXECTBO. JDTO He MPUBeIeT K HeIopa-
3YMEHUAM.

[IpuBesem BaXKHBIE IPUMEPHI GYIEBLIX AJIreop.

3adukcupyem npomsBoabHOe MHEOXKeCTBO U. Yepes P(U) 0603HAIAM MHOXKE-
CTBO BCeX MOAMHOXKecTB MHOX)ecTBa U. Muoxecrso P(U) 4acTo HA3BIBAETCS MHO-
sHcecmeom-cmenenvio Muoxectsa U.

Yepes 0 o603Ha4MM mycToe moamHOKecTBO () MO)ecTBa P(U), a uepes 1 — camo
MHOXKecTBO U.

Omeparun ~, N u U oOpegeauM eCTeCTBEHHBIM 00pa3oM, moJarasd [IIf MPOU3-
BOIbHBIX moaMHOKecTB A u B MuoxkecTBa P(U)

A = U\A,
AN B — nepecedenne MHOXeCTB Au B,

AU B — o0beauHeHne MHOXKeCTB A u B.

Jlerko mpoBepseTCs BBIIOJIHEMOCTBH aKCHOM OYJIeBOU AJreGphl.
[TocTpoennas GyneBa aarebpa HA3LIBACTCA A.A42€6POT NMOOMHOHNCECTNE MHO-
xkectBa U. B caygae myctoro muoxkectBa U mony4aercsa HyaeBas Oy.eBa aarebpa.

[Ipyrue aHaJorudHbe TpUMeEphl OyJIeBBIX aarebp MOMy4YalOTCsA, eCau B Ka9ecTBe
OCHOBHOI'O MHOXKeCTBa B GyaeBon aareOpsl B3ATh He Bce MHOXKecTBO P(U), a auuib
TaKoe ero MOAMHOXKecTBO BB, IIf KOTOPOI'O BBIIOJHAIOTCA YCIOBUA 3aMKHYTOCTH
OTHOCHUTEJIBHO HeOOXOAUMEIX OLEepPAINi, T. €.

1.0eB, UebB:B,

2.ectu A,BEB, toAc B,ANBcBu AUB € B.

Hampumep, B kadecTBe B MOXKHO B3fiTb CHUCTEMY, COCTOSIIVIO JUIIL U3 ABYX
noamuoxecTs () u U HemycToro muoxecTBa U. B TOM CIyTae MBI HOIYIAM BaKHYTO
dsyaaemenmuiyio 6yaesy as2eopy.

360



64.1 ByneBsr anre6psr

[Tokaxem, 9T0 B 10060U OyneBOU aarebpe BBIMOTHAIOTCSA CJAEIYIOMINE BaYKHBIE
paBeHCTBA:

pasencmea udemnomeHmHoCmu:

I JI060T0 BJIeMeHTa @ U3 MHOXKECTBa [ BHITOJIHAIOTCA PDABEHCTBA

alJa =a, aNa =a

1 PABEHCMEA NO2AOULEHUA:
IJIS TIOOBIX DJAEMEHTOB @ W b m3 MHOXKeCTBa 3 BBIMOTHAIOTCA PABEHCTBA,

N(aUb) =a, aU(anbd) =
okazaTensCTBa PABEHCTB MIEMIOTEHTHOCTH:
aUa = (aUa)N1l = (aUa)N(aUa) = aU(ana) = aU0 = a,

aNa = (aNa)U0 = (ana)U(aNa) =anN(aVUa) =anl = a.
Noka3aTensCTBa PABEHCTB MOTIOMIEH WA
N(aUb) = (au(bNbN(aUb) = (aUb)N(aUb)N(aUb) =

(aUb)N(aUb) = aU(bNb) = aUOD = qa,

U(anb) = (an(bub)U(anb) = (a_ b)U(anb)U(anb) =

(anb)U(anbd) =an(bub) =anl = a.

Vcmonb3ys paBeHCTBa MOIOMIEHUA, TOKAXKEM, 9TO AJA TPOU3BOILHBIX DJIEMEH-
TOB @ u b Oy1eBON aarebpbl IMEeT MECTO SKBUBAJEHTHOCTE:

aNb=a <<= aUb=0.
Ecim anb = a, To norygaem aUb = (aNb)Ub = b. O6parno, eciu a Ub = b,
To moaydaeM aNb = aN(aUb) = a.
B npousBoabHOn 6y.1eBoi arredpe B MOXHO OIpefeJuTh OTHOIIEHNe < JaCTHY-
HOI'O MOpAAKa, IMOJOXKUB O MIPOU3BOJBHBIX 3JIEMEHTOB 0 1 b STOIZ aJIFe6pr

a<b <= a=aNnb.

TaK onpenejJcHHOe OTHOIIEHUEe rll;efICTBHTeJIbHO ABJAETCA OTHOIIEHUEM YaCTUY-
HOT'O TIOPAAKA, T. €. 00JaJaeT CBOUCTBAMU PeMIEKCUBHOCTH, TPAH3UTUBHOCTH W aH-
TUCUMMETPUIHOCTU, IIPpUYIEM 0 ABJAECTCA HAMUMEHBIIINM 3JIEMEHTOM STOﬁ aJIFe6pr, a
1 — ee HAMOOJABIINM AJIEMEHTOM.

1) PedaekcuBHOCTD: Tak Kak a = a N a, TO a < a.

2) TpausuruBHOCTb: ecmn a < bu b < ¢, Toa=aNbub=>bN ¢, nosTOMy

aNc=(aNb)Ne=an(bNc)=anb=a,
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3HAYUT, a < C.

3) AnrucummerpudHocTh: ecin a < bu b < a, To a = aNbu b = aNb, nosromy
a =b.

4) B cury akcmoMm 1A HEUTPAIBHBIX DJIEMEHTOB: /IS JI000r0 DJIEMEHTA (4 U3
MHO2K€ECTBa B BBITIOJTHAIOTCA paBEHCTBaA

aNl =a, aU0 = a,

sgadnT, a < 1m0 < a.
[TosTomy, ecam saeMeHT e 061a1aeT CBOUCTBOM:
0 4100020 dAEMENMA O U3 MHOHCECMBA B 8bINOAHAIOMCA PABEHCMEA,

afNe = a,

TO0 e = 1.
CuMMeTPUIHBIM 00Pa30M, €CJIU DAEMEHT € 00Ja1aeT CBOUCTBOM:
0ns 4106020 IAEMEHNMA A U3 MHONcEcmBa B 8binoansomea pasencmaea

ale = a,

To e = ().
Kpowme Toro, a1 1:060ro saeMeHTa a U3 MHOXKeCTBa B BBIMOTHAIOTCA PAaBEHCTBA

aUl =1, an0=0.

HOKa}KeM, 9TO eCan OJad 3JEMCHTOB a U b 3 MHOXK€CTBa B BBITIOJTHAIOTCA PaBEH-
cTBa
anNnb =0 aUb=1,

TO b = @. ITO crefyeT u3 CACAVIOMNX PABEHCTB U HEPABEHCTB

a=0Ua=(anb)Ua = (eUa)n(bua) = 1Nn((bUa) = bUa,

spaquT, b < a,

a=1Na= (aUb)na = (ana)u(bna) =0U((bnNa) = bNa,

3Ha4uT, @ < b, mooTomy b =@
Kpowme Toro, BHITOIHAIOTCA PAaBEHCTBA

=a, aUb=anb, anb=aUb.

S|

DTO ClIeIyeT U3 CJAeIVIONINX PABEHCTB:

(aub)n(anbd) = (ean(and)U (N (and)) =0,

(aub)u(@and) = ((eub)ua)N ((aUb)Ub) = 1.
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HOKa)KeM, YTO NIMEIOT MECTO S3KBUBAJCHTHOCTHU

a<b < anb=0

a<b <= bUa=1.

Ecm a < b, 70 aNb = a, mosromy aNb = (aNb)Nb=0.IMycrs aNb =0,
rorga a =aN(bUb) = (aNb)U(and) =(anNb), . e a<b.
OcTaercsa 3aMeTUTh, ITO

aNb=0<—= bhUa=1.
OTCIOrI[a JEerKO HO.Hy‘II/ITB DKBUBAJEHTHOCTDH
a<b <— b<a.

Heprrﬂ;HO IMOKa3aTh, 9TO OTHOCUTEJABHO BBEACHHOI'O OTHONICHUA TaCTUIHOI'O ITO-
paaka < BBIIOJIHAKTCA PABEHCTBA

anb = inf{a, b}, aUb = sup{a, b}.

[TogmuoxkecTBO C C B 0CHOBHOrO MHOXKECTBa BB GyneBon aaredphr

B = ((B[{0,1}, { "}, {n, U}))

Ha3BIBAETCA Nodaa2ebpoti OyneBou arrebpsl B, ecan 0HO 3aMKHYTO OTHOCUTETHEHO
onepanun Oy.reBon aaredper B, T.e. 0,1 € Cuecm a,b € C, ToanbeC,aUbeC
ua € C. llodaseebpa C byasesoti arzebpvl B cama sAsasemcs 6yae60t areebpot
OMHOCUMEALHO 02PaANHUMERUL Ha Hel onepayut 6yie60t anszebpvl B.

Tak kKak nepeceuenue npouszsoabno2o cemeticmsa nodaseebp 0yiesotl arzebpvl
Camo ABAAEMCA Nodas2ebpoti, TO IIA MPOU3BOILHOTO moaMHOX)ecTBa X C B cy-
IIECTBYET eIWHCTBEHHAA MUHUMAJIbLHASA OTHOCUTEIHLHO BKIOUYeHUs C mogaaredbpa
OymeBou aarebpol B, cogepiKaIas 3TO MOIMHOKECTBO X . JTa mogaarebpa o603Ha-
qaerca depes B(X) u HasBIBaETCA nodaizebpot; Oyasesoti areebpol B, nopoxcdennot
nodmuoxcecmsom X.

Beexem momesHoe o6o3HAdMEeHME a°, T ¢ — IPOU3BOJABLHBIN DIEMEHT OYyJIeBOU aJ-
re6per B, ac € {—1,1}:a ! =a,a' =a.

0 0
[Toraraem _Ulbi =0mn _ﬂlbi =1.
1= 1=

Teopema 4.1.1. FEcau X C B —nodmnosrcecmeo ocnosnozo mmwoxcecmsa B 6yaesot
aneebpvl B, mo nopoxrcdennas um nodaszebpa B(X) cocmoum u3 8CE803MONCHIT
IAEMENNO06 BUIQ

m n; cij

U na,

i=1j=1 Y

edem > 0, npu mobom i: n; > 0 npu amobwix t u j: a;; € X.
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Adoxaszameanbcme o O60o3uauuM depes C MHOKECTBO DIEMEHTOB BUIA

U N a?

i=1j=1 "
Tak kax C COTEPKUT MHOXKECTBO X U COAEPKUTCA B JIOOOU momaaredope OyIeBou

anre6pst B, conepxamien MEOKecTBo X, To C C B(X).

Wcmons3ys OCHOBHBIE CBOUCTBA OyJaeBOU aareOpbl, HETPYIHO MOKa3aTh, 9TO C
— mogaJarebpa OymaeBou aareOpel B, a Tak Kak C COIepKUT MHOXKECTBO X, TO
B(X) C C. U3 >Tux ABYX BKIIOYEHUN TIOIydaeM HeoOXoaumoe paBeHcTBo B(X) = C.
O

AHAJIOrMYHO TOKA3BIBAETCS CAEAYIOMIAs TeopeMa.

Teopema 4.1.2. Ecau X C B — nodmmosxcecmso ocnosnozo muoxcecmsa B 6yae601
anzebpvl B, mo nopoxrcdennas um nodaszebpa B(X) cocmoum u3 6CE803MONCHIL
IAEMEHMOE BUIA
N U a;?
i=1j=1

ede m > 0, npu wobom i: n; > 0 npu mobbiz t w j: a;; € X.

Teopema 4.1.3. Ecau X C B — Koneunoe noommorcecmso 0CHo8H020 MHONCECMEE
B 6yaesoii aneebpul B, cocmoswee u3z N 34eMEHMOB8, MO NOPOHCOEHHAA UM NOOGA-
eebpa B(X) codepacum ne 6oaee wem 2% saemenmos.

Adoxazameavcmso. llycre X = {ay,...,a,}. 3 Teopemnbr 4.1.1 u pa-
BEHCTB

ANBNCNBND =ANBNCND, ANBNCNBND =ANBNCNBND =0,
AUO0=A, B=(BNnA)U(BnA)

1 IPYTUX PaBEHCTB, BHIMOJHAIOIIAXCA B JII0O0U OyJIeBOU aarebpe, Cleayer, ITO Ka-
KB BIeMeHT moaaareopsl B(X) npeacraBuM B BUIe
m n

o
U N a”.
i=1j=1 7

n £
rae m > 0. Tak kak 21eMeHTOB BUAA .ﬂlajj He 6osee yem 2", To B mogaiare6pe B(X)
]:
He Goaee Tem 22" saeMeHTOB. O

Bynesa anrebpa B HasbBaeTCA 0-aaredbpou, €CIu IIA JIO0r0 CIeTHOTO CeMen-
CTBa (ai)ieN €¢ DJIEMCHTOB OTHOCUTEJABHO BBCICHHOI'O OTHOIICHUA TYaCTUIHOI'O IIO-
pAgka < CYHIECTBYeT 1MOUHAA 6EPTHAA 2PAMb SUP IJId CICTHOI'O MHOXKECTBA
DJIEMEHTOB

{al,ag,...,an,...},
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KoTopas obo3uadaercsa depes U a;. T. e. 5T0 Takou sremMeHT ¢ OyIeBOU AJrebpb
ieN

B, uTo mpu J1000M i: a; < a U IIA JI000T0 daeMeHTa b Oy/1eBou aareOps B,

ecan npu Jao6oM i a; < b, To a < b.

B o-aare6pe B mis 1106010 C4€THONO CEMENCTBa (G;)jcn €€ DIEMEHTOB OTHO-
CUTEIbHO BBEIEHHOI'O OTHOIIEHUA YaCTUIHOIO MOPAAKA < CYHIECTBYET MOUHAA
HUNCHAA 2Parb inf 114 CIeTHOrO MHOXKECTBA DIEMEHTOB

{ar,a9,...,ay,...},
KOoTOpasA paBHa U @; m o603HavaeTcA depe3 N a;.
iEN iEN

s mpousBoibHOrO MHOXKecTBa U MHOXKeCTBO Bcex ero mommuoxects P(U)
ABIAeTCA o-anrebpon. B sTom caydae mas 106000 caeTHOro cemencTBa (A;)icy ee
DJIEMEHTOB, T. €. MOJAMHOXKECTB MHOXKecTBa U,

U A;. — oowseaunenne muoxkecTB A; (i € N),
iEN
N A; — mepeceverne mMuOXKecTB A; (i € N.
ieN
OTa OyaeBa g-airebpa HA3BLIBACTCA 0-a.42e6poti nodmnoxcecmas MuoxecTsa U.

[TomvmuoxkecTBo C C B ocHOBHOTO MHOXKeCTBa, BB GyneBoun o-aarebpsr

B = ((B[{0,1}, { "}, {n, U}))

HA3LIBACTCA 0-nodaa2ebpoti Oy1eBou o-aaredpsl B, €I OHO ABIACTCA NOOAJL-
2eb6pot OyneBou aarebpel B, T. €. 3aMKHYTO OTHOCUTENBLHO Olepanui OyJIeBOu
aarebpet B, T.e. 0,1 € Cueciun a,b € C, ToanNbeC,aUbeCua € Cu qua
JI060r0 CYETHOTO ceMencTBa (a;);en d1eMeHTOB u3 C Z_éJN a; € C.

o-nodaazebpa C 6yaesot o-an2ebpol B cama asasemces 6yaesot o-as2ebpoti om-
HOCUMEALHO 02PAHUMENUT Ha Hel onepayut 0Yysesot ar2ebpbl B.

Tax Kak nepeceuenue npou3soabro20 cemeticmaa o-nodazebp 6yae80t o-ar2eo-
Pbl CAMO ABAAEMCA O-N00aA2e6p0t, TO IIA MPOU3BOILHOrO moaMmuoxecTtsa X C B
CylreCTByeT eIMHCTBECHHAA MUHUMAaJIbHasA OTHOCUTEJIbHO BKIIOICHUA g O'—HO,B;&JII‘G6—
pa Oy/ieBon aareOpwl B, cogepkalnas dTO MOIMHOKECTBO X . dTa mogaaredpa 060-
sHavaercsa depes B, (X) u HasbIBaeTCA 0-nodaszebpoti 6yae60tl o-aseebpvl B, no-
poacdennoti nodmuoxrcecmeom X .

Ecan B kavecTBe MHOXKecTBa U B34Th MHOXKeCTBO R", a B KavdecTBe IMOIMHOXKe-
crBa X C P(R™) — MHOXKECTBO BCEX 0MKPLIMbLE NOOMHONHCECTE MHOKeCTBA R™, TO
MOPOXK IeHHAsA 0 IMHOKecTBOM X o-monanre6pa B, (X) OyreBon o-aare6pst P(R™)
Ha3BIBAETCA O-aa2eb6poti 6opeaescrkur nodmroixcecms npocrpancrsa R" u
obosHavaercsa depes B(R").

[To Tou xe cxeme, KOTOpas OBLIA MCIOJABL30BAHA MPU TOKA3ATEIbLCTBE TEOPEMBI
4.1.1, MOXHO JOKa3aThb, ITO

o-nogaarebpa B(R™) GOpeaeBCKUX MOIMHOXKECTB COCTOUT W3 BCEBO3MOKHBIX

2JIEMEHTOB BHﬂa

0 o0 ..
U n Av
i=1j=1 4~
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rje mpu JIOOLIX { 1 j: A;j — OTKPBITOe HMOAMHOXKECTBO, &; € {—1, +1} u A;;l -
5TO Ajj, Ai_jl — 3TO IONOXHeHUe A;j, a 3HAINT, 3aMKHYTO€e IIO0JIMHOXKECTBO.
Ananoruuso, o-nogaare6pa B(R") 60peleBCKUX MOIMHOXKECTB COCTOUT U3 BCe-

BO3MO2KHBIX 3JIEMEHTOB B 1A
oo

o .
N U A7
i=14=1 4~
riae Opu JIOOLIX § U j: A;j — OTKPBITOE HMOAMHOXKECTBO, &;; € {—1, +1} u A;;l -
2TO Aij;
Tak kak MHOX)ecTBO B R" ABIAETCSA OKPHLITHIM TOrIa W TOJIBKO TOrIa, KOI'Ia ero
IOTOJHEHNE 3aMKHYTO, TO, OYeBU THO, CIPABETUBHI 1 CJASIYIONIAE B YTBEPXK TCHUA
o-nogaare6pa B(R™) GOpeleBCKUX MOIMHOXKECTB COCTOUT W3 BCEBO3MOMKHBIX
DJIEMEHTOB BUIA

—1
Aj; —»oTo momonnenue Aj;;.

U N £
i=1j=1" """
rge mpu aO0BIX ¢ u j: Fj; — 3aMKHyTOe mOAMHOKECTBO, £, € {—1, +1} n A;;l -
aTO Fij, FZ;I — DTO JOMOJHeHHe Fj;, a 3HAUUT, OTKPEITOE IOIMHOXKECTBO;
o-nogaare6pa B(R™) GOpeleBCKUX MOIMHOKECTB COCTOUT W3 BCEBO3MOMKHBIX
DJIEMEHTOB BUIA
o0 oo ..
n u F;7
i=1j=1 "’
riae mpy MOOBIX ¢ U j: Fjj — 3aMKHyTOe mOAMHOXecTBO, £;; € {—1, +1} m F’Jl -
-1
aTO Fij, Fij — DTO JOMOJIHeHue Fj;.
o-nogaare6pa B(R™) 60peneBCKUX MOAMHOKECTB UTPAET BaKHYIO POJIb B MaTe-
MATHYECKOM AHAJIU3E, TEOPUU MEPHI U TEOPUM BEPOATHOCTEN.

4.2. OuabTphl HaA OyJIeBBIX aarebpax

Onpeneneunune 4.2.1. Puabmpom na 6ysesoti aqzebpe B nasvisaemcs awbdoe
nenycmoe muoxcecmseo D saemenmos amot aa2ebpbl, 0as KOMOP020 BbINOAHEHDL
CACOYIOWUE YCAOBUA:

1) ecava € D ube D, moanbe D;

2) ecava € D ua<b, mobée D;

3) ecaw a € D, mo a ¢ D.

JIerko MOHATH, UTO YCAOBUE 3) PABHOCUILHO JHOO0MY U3 CAEAYIOIIUX ABYX YCJIO-
BUI:

a) 0 ¢ D;

b) D oTamdHO OT MHOXeCTBA BCEX DIEMEHTOB OyJeBON aireGphl.

Tak kak maa 1000ro daeMeHTa a OyJIeBOU aareOphl BBHIIOJIHEHO HEPABEHCTBO
a < 1, mobon puabTp D comepxut 1.

[IpuBemem BaxkKHBIE TPUMEpPH (PUILTPOB B MPOUW3BOJIBLHOU OyaeBou airedbpe B.
[TycTes a — mpou3BOIBHBIN, OTIUIHBIN OT (), DIEMEHT 3TOU AIreOpPHI.
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§4.2 PunbTpel HA OyIEBHIX aredpax

Yepes D(a) 0603HAYNM CIeAYIOLIEE MHOKECTBO
{r | z€B,a<z}

JIerko mpoBepUThH BHIMOIHAMOCTH yeaoBuu 1) — 3). Puabrp D(a) HasbIBaeTCA
Puavmpom, noporcdennvim daemenmom a. Purbrps Buga D(a) HazpIBAIOTCS
2Aa6HbBIMU PUIBTPAMU.

Paccmorpennas koHcTpyknus obobmaeTcs caegyiommM obpaszom. IlycTts mHO-
KecTBO A »1eMeHTOB 6yneBou aareOpsl YIOBICTBOPAET YCJIOBUIO:

I ao6oro n > 0 u I00BIX DJIEMEHTOB dq,..., G, W3 A d1eMeHT a; N ... N ay,
oTaumdeH OT »aemenTa 0.

O6o3naunm depes D(A) crexyromee MHOXKECTBO

{x | €V wu mamgyrca Ttaxoe n

U TaKWe DJIEMEHTHI dq,...,0, B A, aToa; N...Na, < x}

YuraTero IpeIoCcTaBIgeTCS TPOCTAsA MPOBEPKa BHIOJHUMOCTH YeaoBui 1) — 3).
PunabTp D(A) HazpBaeTcs Huabmpom, nopoHcoeHHbBIM MHOHCECTEOM A.

Baxubin npumep guiabTpa Ha Oyaeson aareépe P(U) mogMHOKECTB IPOU3BOIb-
HOr0 6eCKOHeYHOro MHOXKecTBa U 1aeT caegyiomas KOHCTPYKIHU.

O6o3raunM 1epe3 Priy—com(U) MHOKECTBO BCeX MOIMHOXKECTB GECKOHETHOIO
MHOXKeCTBa U, IMEIOIINX KOHEUHble donoanenus. JIerKo IpoBepaeTcs, ITo

Pfin—com(U)

ABIACTCA PUIBTPOM.

Omnpepnenenne 4.2.2. Quavmp, ne codeprcawuiica Hu 8 KaKOM OMAUUHOM OM HE20
Puavmpe, Ha3vi8aEMCA MAKCUMAALHBIM.

Teopema 4.2.1. Jlwb6ot puabmp codeprcumcs 6 HEKOMOPOM MAKCUMAALHOM PU.ib-
mpe.

dorxaszameuawvcms o. [l1a 1okazaTensbCTBa BOCHOJIB3YEMCS YiKe M3BECTHOU
HAM U3 Teopun MHOXeCTB Jlemmoti I[opra, ABIAIOMIENCA YTBEPXK IeHIEM, DKBABA-
JneHTHEIM Axcuome Bwvi6opa. Hanomuum gpopmyaunposky Jdemmor [[opra:

ECAU 6 UACTNUUHO YNOPADOUECHHOM MHONCECNEE 048 KaAHCA020 AUHETHO YNOopA-
dOUEHH020 NOIMHONCECTNBA CYWECTNBYEM BEPTHAL 2PAHb, MO 68 IMOM MHOHCECTNEE
CYWECNBYEM MAKCUMAALHBIY IAEMEHM.

[Iycts D — ¢puisTp Ha Oyaepou aaredpe B. Ob6osHauduMm depes M muoxcecmso
scexr Puabmpos na 6yaesoli aseebpe B, codeprcawyur Puasvmp D. MuoxecTBo M
JACTUIHO yrmopsagoieno oruomenueM C. [Tokaxem, 110 M yIoBIETBOPAET YCJIOBHUIO
JIemmor Ilopha.

[Ilycts K — nwnenno ymopsgodenunoe moamuoxkectso B M. Iloraraem

F = Urer U.
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Jlerko mposepsiercs, aro F' — ¢uabTp, Asisgiomuncsa pacumpenuem duabtpa D,
T.e. FFe M.

OueBugno, F' — BepXHAA I'paHb 14 MOAMHOXecTBa K.

[lo Jemme I[opra MuoxecTBo M nMeeT marcumaabubiti saemenm D. Ox
u OyIeT MAKCUMAAbHBIM Puasbmpom, conepxammm GuibTp D. ]

Onpeneneunne 4.2.3. Quavmp D na 6yaes0t ancebpe nazvieaemca yabmpapuab-
MPoM, ecat 0af A00020 IAEMEHMA G IMOT QA2E0PbL UAY OH CAM, UAU €20 JONOA-
Henue a codeprcumces 8 D.

Onpeneneuune 4.2.4. Quavmp D wna 6yaesoti aszedpe HA3bIBGEMCA NPOCNBIM,
ecau 0aa A0ouir daemenmos a u b amot aseebpvl uz a Ub € D caedyem, umo uau
a €D, utubeD.

Teopema 4.2.2. Puavmp D na 6yaesoti areedpe A644eMCA MAKCUMAALHBILM MO-
eda u moabko mozda, Koeda OH ABAAEMCA MPOCMBIM, G NOCACIHEE BbINOAHEHO
mozda u moabko mozada, xoeda Puasvmp D asasemca yabmpapuabmpom.

Hdoxaszameadvcms o llokaxem, 9TO KaxHcIbil MOAKCUMAAbHBLU
duavmp D asasemca npocmvim.

[Iycte D — marcumaabrbiti GuibTp. Ecium oH He ABIAETCA NMPOCMbLM, TO
HAWJIYTCA TaKue dJIeMeHTH a 1 b B OyJaeBou aarebpe, 9TO

aUbeD, a¢ D, b¢D.
Torma a # 0 u b # 0.

Pacemorpum muOoX)ecTBo D, = DU{a}. TokaxeMm, 9T0 1160 1711 TH060T0 KOHEY-

HOT'O YHUCJIA DIEMEHTOB a1, ..., 4, MHOXecTBa D, a; N ...Na, # 0, mmbo 11sa 1060T0
KOHEYHOI'O YUCAA DIEMEHTOB (1, ..., G, MHOXecTBa D) a; N ...Na, # 0.
Tak kak g1 1I060T0 KOHEIHOT'O YUCAA DJIEMEHTOB Ci, ..., Cp, U3 D

ciN..Ney, €D,

TO IOCTATOYHO MOKA3aTh, ITO JIUOO AIA JIO0ro saemMenTa ¢ u3 D c¢Na # 0, mmbo
st mio6oro saemenTa ¢ u3 D ¢ Nb # 0.

Eciu 5To He Tak, TO HammyTcsa Takwme daeMeHTH ¢ u d B D, uto cNa = 0 u
dNb=0. Torga ¢ = ¢N a, 3a4uT, ¢ < a, 9T0 BMecTe ¢ ¢ € D paer a € D.

AHAJTOIHYIHEIM 06pa30M moaydaeM, 91o b € D.

Ho Torga (aUb) = anNb € D, 910 BMecTe ¢ a Ub € D OIPOTHBOPEIAT MYHKTY
3) u3 ompeneneHus GUILTPA.

SHAYUT, TUO0 IIA JI0O0T0 KOHEIHOrO 9MUCIa DJAEMEHTOB a1, ..., (4, MHOXecTBa D,
aiN...Na, # 0, 60 K11 TF060r0 KOHETHOr'O TUCAA DJIEMEHTOB a1, ..., (0, MHOXKECTBA
Dya;nN..Na,#0.

[MomycTuMm, ITO mad 1I060T0 KOHETHOT'O MUCAA DJAEMEHTOB a1, ..., (G, MHOXKECTBa

Da arN...Nay, 7é0
Pacemorpum duiastp D(D,), mopoxaerusint MEOX)ecTBoM D,. Toraa

a € D(D,).
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Ho D C D(D,), a D — makcumaavubiti puisrp, swauur, D(D,) = D, a no-
sToMy a € D. YTo mpoTuBOpeduT mpeanogoxenuto a ¢ D. 3mauut, puabtp D —
npocmoii.

[Tokaxkem, 9T0 KaHcOLIT MPpocmot Puasvmp asasemca YyabmpaPuabmponm.
[Tycts D — npocmoti uibTp, a @ — NPOU3BOJBLHBIN 3JAEMEHT OyJIeBOU AJreOpPHI.
Tak kak aUa =1 € D, To B cuty npoctoTsl puabtrpa D aubo a € D, aubo a € D,
T. e. puabTp D ABIgeTCA YyabmpaPuabmpom.

[TokaxkeMm, 9TO Kax#cObll YALbMPAPUALND ABAALNCA MOAKCUMAALHBIM HUAb-
mpom.

[Iycts D — yavmpaguabmp, a D — cogepxamuu ero ¢puastp. Ecim Dy # D,
To nmycth a € Dy, a ¢ D. Tak xak D — yavmpagduavmp n a ¢ D, to a € D, a
3HAYUT, & € Dy, HO HTO BMecTe ¢ @ € Di IPOTUBOPEYUT MYHKTY 3) U3 OMpPEIeIeHus
¢uabTpa. Tem camMbeIM TeopeMa TOKa3aHa. O

[lousarus guavmpa n yasmpaguabmpa MUPOKO UCIOIB3YIOTCA HE TOJBKO
B MaTeMaTWYeCKOUW JOTWKEe, HO W B APYIUX pa3jielaX MaTeMaTUKU, B YaCTHOCTH,
B MaTeMaTUIeCKOM aHaIu3e 00OOIIEeHNEeM Pa3JNIHBIX HOHATHU Mpeneta (PyHKIUN
BBICTYIIAET MOHATHE Npedeaa Pynryuu no guavmpy. llonarue yavmpaguan-
mpa urpaeT BaXHYIO POIb B JOKa3aTeIbCTBe caenyiomen TeopeMbl CToyHa 0 Oy-
JEBHIX aJarebpax.

Teopema 4.2.3. Jlob6as 6ysesa as2e6pa u3omopPua aszedpe nodmmorcecms Hexo-
MopPo20 MHONCECNEA.

Jlo6as Koneunas 6ysesa aseeopa uzomopdna ars2ebpe 6CEL NOIMHONCECTNE He-
KOMOpPo20 MHONCECNBAE.

doxaszameanvcme o Ilycrs B — npousBoirsHas Oyaesa aaredpa. O603Ha-
qnM depes U mmuoncecmso scex yabmpaguabpos wa B. [[11 Tpou3BOILHOTO HJIe-
MeHTa a Oy/1eBon aare6phl B 0603Ha4UM depe3 h(a) moaMHOKECTBO MHOKecTBa U:
h(a) = {Fla € F € U}. Tak kak masa ao60ro ¢uibrpa F BBIIOJIHAETCA SKBUBA-
JEHTHOCThH

anNbeF <= acF&beF,

a s a060ro yabTpaduibTpa F' BRIMOTHAIOTCA SKBUBAJIEHTHOCTH

aUube ' <— aclF VbelF

aceF < a¢lPF,
o h(aNb) = h(a) Nh(b), h(aUb) = h(a) Uh(b) u h(a) =U \ h(a).

Kpowme Toro, ecan a u b — sjaeMeHTHl Oy/IeBOA aareOpsl 1 HEBEPHO, 9TO a < b, TO
yabTpapuabTp F, COCTOAMMEA U3 BCEX DJIEMEHTOB ¢ TAKUX, 9TO ¢ < ¢, COIEPKUT d,
HO HE COJepXKUuT b.

3uaauT, h — uzomopduam O6yasesoti arzebpvl B na as2e6PY NOIMHONCECTLE MHO-
acecmea U.
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Eciu 6yneBa anrebpa B komeunas, To aoobou ¢puibTp F' Ha HEem mmeeT HaU-

MEHBIIUN U HAUOOJBIINE DIEMEHTHL: eCaIu F COCTOUT U3 DIEMEHTOB 1, ... , (p, TO
arN...Na,, — HaUMeHbIINH, a a; U ... U a,, — HanOOJLIINKA DJIeMEHTEL

[Iycte B — komewnasa Gyaesa anreGpa. Ilokaxkem, aro h(B) = P(U). Ecam
{Fy,..., F;} — npousBoibHOE TOAMHOKeCTBO MHOXKecTBa U, a ay, ..., G; — HANMEHb-
e »JaeMeHThsl puabTpoB Fi, ..., F}, TO HETPYIHO MOKA3aTh, 9TO

h(alu...uat):{Fl,...,Ft}.

4.3. IlceBaoOyaeBbI aareophl

ByneBbr aareGpbl — BaKHBIM U IMOJE3HBIM MHCTPYMEHT HCCJICTOBAHUA KJIACCH-
qeCcKuX Jormdeckux ucaucienun — Ucuucaenus Boicka3wvieanuti u Ucuucae-
nusa Ilpeduramos. [na ucciegoBanns HEKJIACCUIECKUX JOTMIECKUX UCIUCTCHUN
TpebytoTca 6oaee obmue aarebpandeckme CTPYKTYphl. B dacTHOCTH, aTeKBATHBIM
aarebpamIecKuM HHCTPYMEHTOM Aad u3ydenus Hnmyuyuonucmexozo HUcuu-
caenus Buvickasvieanut ssisiorca IIceedobyaesvt aaz2ebpbr min aaz2ebpbi
Bpayapa.

Omnpepenenue 4.3.1. Peuwemkot na3vi8aemcea Kenycmoe 4acmuuno ynopadouen-
noe muoncecmso B = (B, <), 6 Komopom 044 410661z 08Ys saemenmos a u b u3
0CHO6H020 MHoKHcecmea B cywecmeyiom mounas eepruas sup(a,b) v mounas
HudcHan inf(a,b) epanu dsysaemenmuozo mnosxcecmea {a,b}.

HamoMHUM, 9TO0 MOUHAA 8 ePTHAL 2PaHb Sup(a,b) (Mmounas HudCHAA 2PaHb
inf(a, b)) nBysn1emenTHOrO MHOKeCTBA {a,b} — >TO daemMeHT MHOXKecTBa B, ynosie-
TBOPSAIOIINYN YCJIOBUAM:

1)a < sup(a,b), 2)b < sup(a,b),
3) (Vx)((a < x&b < ) — sup(a,b) < x)

(COOTBGTCTBGHHO YyCJIOBUAM

1)inf(a,b) < a, 2)inf(a,b) < b,
)(Vr)((z < a&kz < b) - x < inf(a,b))).

Tpanuiuonso saemenT sup(a, b) o6o3uadaeTcs depes a U b, a saement inf(a, b) —
gepe3 a N b.

Teopus pemreTok JOCTATOYHO XOPOIIO pa3zpaboTaHa W UMEET MHOTNOYMCICHHBIC
OpPUMEHEHUS KaK B CAMOW MaTeMATWKe, TaK W B ee MpuIokeHusx. Mur me Gymem
YIIYOIATECA B OOIIYI0 TEOPHIO PEHIeTOK, a PACCMOTPUM JIUIIL HAMOOICe BAaKHEBIE
JUIA HAC C TOYKM 3PEHUA IIPEIIIOJaraeMbIX IPUIOKEHIH 0 IKIACCH PEMIeTOK.

s npousBoabron pemerku B = ( B, <) BHINOIHAIOTCS CJIEAYIONAE CBONCTBA:
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1. accoyuamusernocme:
I TIOOBIX DJIEMEHTOB a, b U ¢ U3 MHOXKeCTBa B BHIMOJIHAIOTCA PaBEeHCTBA

an(ne) = (anb)Ne, aU(bUc) = (aUb) Ue,

2. KOMMYMATMUBHOCTD:
I JTIOOBIX DJIeMEHTOB ¢ 1 b m3 MHOXecTBa B BBINOTHAIOTCA PAaBEHCTBA

aNb=>0Na, aUb=>bUa.

Onpenpenenue 4.3.2. Pewemxka nasvisaemes B = ( B, <) duempubymuenot,
ecau Oaa a00bIT dAeMenmos a, b u ¢ uz mroxcecmea B 8binoAHANOMCA PABEHCMEA

anN(®Uc) = (anb)U(anc), aU((bnNe) = (aUb)N(aUc).

By/1eBbI anre6phl — 5TO BAXKHBIN TPUMED IUCTPUOY TUBHBIX PEIIETOK.

Ecau B pemerke B = ( B, <) numeercs naubomvwut, (naumenvuwsui) saement 1
(0), To on HasBIBaeTCA eduHuuHbIM (HYaeebvim) drevenToM permerku B. Hamo-
MHEUM, 5TO O3HAYAET, YTO IJIA JO0T0 DIEMEHTa ( U3 MHOXKECTBAa B BBINOIHAECTCA
HepaBeHcTBO @ < 1 (0 < a). 3amerwMm, 9TO 5TM HEPABEHCTBA MOXKHO 3aMEHUTb
paBercTBam ¢ N1 =agumaUl =1 (aN0=0mm aU0 = a).

ByneBbr anre6pbl — 2TO AUCTPUOYTUBHBIE PEIMIETKA C HYJIEBBIM U €IUHUTHBIM
DJIEMEHTAMH, YAOBIETBOPAIONINE YCIOBHIO:

Axcuoma donoanenus:

1151 TI060T0 DIEMeHTa ¢ U3 MHOXKecTBa B cylecTByeT sl1eMeHT @, A1 KOTOPOro
BBITIOJHAIOTCA PABEHCTBA,

aNa =0, aUa = 1.

[l1s BBemeHUA MOHATUA Nce8do6Yae8oti aa2ebpbt MOTPeOYETCA HECKOJIBLKO
0600IMIUTE IOHATHE JOMOJHEHUA DJIeMEHTA.

Onpenenenune 4.3.3. Daemenm ¢ pewemru B = (B, <) nasvisaemca ncesdo-
donoaneruem 34emenma o OTMHOCUMEALHO b, ecau ¢ — HauOOAbWUT daemenm,
ydosaemeopaowuti nepasencmey a N c < b.

IIcesdodonoarernue >ieMeHTa ¢ OTHOCUTEILHO b, €CIU OHO CYIIECTBYET, 060-
3HavaeTcsa depe3 a = b. VI3 ompenenenus mces o 10TMOMHEHUS CAEAYET, ITO IS JIO-
60ro BIeMeHTa T UX MHOXKECTBA B BBHIMOJIHAETCA DKBUBAJICHTHOCTD:

aNz < bmoeda u moavko moada, koeda x < (a = b).

Herpyaro mokasars, uro ecan pemerka B = (B, <) saBisercs OyJeBoul aJ-
rebpou, To ncesdodonoarnenue a = b dieMeHTa ¢ OTHOCUTEIBLHO b Bcerja
CYIIeCTBYeT U OHO paBHO @ U b.

Omnpeapenenue 4.3.4. Jucmpubymuenas pewemra B = (B, <) ¢ edunuunbim u
HYACBBIM IACMEHMAMU, 6 KOMOPOT 044 4100bIT daemenmos a u b cyuecmayem nces-
dodonoanenue a = b asemenma a omuocumesvro b, nazvisaemca ncesdobyaesoti
aa2e6pot.
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MoxHO mOKa3aTh, ITO CBOMCTBO AUCTPUOYTUBHOCTH PEIIETKU HA CAMOM €71
cIeyeT 73 OCTAIBHBIX CBOUCTB PEUIETKM, BXONAINIMX B OMpEIeJeHUe TICeBI00y.Ie-
Bou are6psl. OTHAKO MBI CO3HATEIBHO BKIOYUIN TPpeGOBAHNE TUCTPUOYTUBHOCTH
peIeTKu B 3TO ompefenteHre. B MpoOTUBHOM cIydae HAM MPULLIOCH OB BBOIUTH IIPO-
MEXYTOTHOE [ MPeCae[yeMbIX HAMU IeJed TOHATHEe UMILTUKATUBHOU PEeIIeTKH.

[Tpumepavu nceBa06yneBBIX aarebp, €CTECTBEHHO, CAyXKaT OYJIeBHI aareOphl.
[pyron BaXHBIU KJIACC TCEBAOOYJIEBBHIX aare6p 0OpA3yIOT peuLemkt OmKpblmbLy
NOOMHONCECME TPOU3BOJBHOTO TOMOJOTHIECKOTO MPOCTpAaHCTBA U OTHOCUTETHHO
OTHOIIEeHUA BKJIOUYeHUA C, eCau MOJOKUTH

(A= B)=I1((U\ A)UB),

rae I(C) — »To snympennocms MHOKecTBa C.

B npoussoibHOU mceBnoGyaeBon aareope B = (B, <) misa 106000 saeMeHTa
a OIpeJeNeHo MOHATHe ncesdodonoanenus a paBeHCTBOM a = a = 0. Hapsany c
o003HaYMeHNEM G MBI OyIeM MCIOIb30BaTh U 00O3HAYEHUE ~ .
Kaxayio ncesnobyieBy aareopy B = ( B, <) MOXHO pacCMaTPUBATH KaK alre-
OpamiecKyo CUCTeMY
B:<Ba Sa N, U, =, N>

C OMHUM ABYMECTHBIM OTHOIIEHHEM <, C TpeMs ABYMECTHBIMU omepanuamu N, U u
= ¥ OJHOU OJHOMECTHOU OTepalMel ~ WIN KaK aIreOpandecKyio CUCTeMY

B=(B,N,U, =, ~)

C TpeMsa ABYMECTHBIMU omepamuamu N, U 1 = 1 OJHOU OJHOMECTHOU OMEPAIUEn ~.
OcHoOBHBIE, HEOOXOAUMBIE I MAJbHEUIIEr0, CBOUCTBA IMCEBI00YJIEBBIX aarebp
cOOpaHBI B CIEAVIOIIEN TeOpeMe.

Teopema 4.3.1. B aw60ii ncesdobyiesoii arzebpe
B: <B7 S? ﬂ’ U7 :>7 N>

BOINOAHAIOMCA CACOYIOUUE FKBUBAAECHIMHOCTIU, DABEKCTNEA U HEPABENCNEA
1) (a = b) =1 mozda u moavro mozda, koeda a < b,
2) a = b moeda u moavko mozda, Koeda (a =b) =1& (b= a) =1,

3) (a = a) =1,
4) (a=1)=1,
5) (1=10)=0b,

6) (a=a)Nb=0,

7) an(a=b) <0,

8) ecau a; < az, mo (az = b) < (a1 = b),
9) ecau by < by, mo (a = by) < (a = by),
10) b < (a =),

11)an(a=0b)=anb,

12) (a=b)Nb=0b,
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13) (a=bN(a=c)=(a= (bNc)),

1) (a=c)n(b=c)=((aUb) = c),

15) ((a=(b=1¢)=((anbd) =c)=((b= (a=c)),
16) (c=a) < ((c= (a= b)) = (¢ =1)),

17) (a=b)Nnb=c) <(a=c),

18) (a=0b) < ((b=¢)= (a=c),

21) (cN((cna) = (cNb)) = (cN(a=0)),
22) ecau a < b, mo b < a,
23)0=1,1=0,

24) ana=0,

25) ~ (ana) =1,

26) a <~ (~ a),

27) ~ (~ (~a)) =~ q,
28) ~ (aUb) =~ an ~ b,

29) ~aJ ~b <~ (anb),

30) ~aUb< (a=0),

31) (a=b) < (~b=r~a),

32) (a =~ b) =~ (aNb) = (=~ a),
33) (a =~ b) =~~ (a =~ b),

34) ~~ (a=b) < (a =>~~b),

35) (0= a) = 1.

[TogvmuoxecTBo C' C B 0CHOBHOrO MHOXecTBa B mceBo0yeBon aarebpbl
B = <B|{071}7 N, U =, N>

Ha3BIBAETCA Nodas2ebpoti nceB o0y 1eBon aarebpsr B, ecim OHO 3aMKHYTO OTHOCH-
TeIBLHO omepamun mceBpo0yaeson aarebper B, 1. e. 0,1 € C, u ecan a,b € C, 10
anbeC,aubeC,a=be Cnu~ac C. llogarrebpa C' mnceBnobyaeBon a-
rebpul B caMa ABIAETCA IICEBAOOYIEBON AIreOpOr OTHOCUTEABHO OTPAHMYECHUN Ha
Hel OIepalnu mceBao0y1eBon aire6per B.

Tax kak nepeceuenue nPou3soabno2o cemeticmasa nodas2edbp ncesdobyse6ot ai-
2ebpbl camo ABAAEMCA NOJas2e6poti, TO IIA MIPOU3BOJLHOTO moaMHOXKecTBa X C B
CyIIeCTByeT €AMHCTBEHHAsI MUHUMAaAJIbHAA OTHOCUTE/JIBbHO BKIIOYCHUA g HOﬂaﬂFe6pa
mceB 00y IeBON aareOpsl B, comepKalmas >TO MOIMHOXKeCTBO X. JTa moxairedbpa
o6osuadaerca depes B(X) u HasbiBaeTca nodaseedpot ncesdobyaesoti aseebpol B,
nopoxcdennoti nodmuoxcecmeom X .

[lns mceB 106yIeBBIX aared6p mMeeT MECTO CAeAyioIas TeopeMa, MomxoOHas aHa-
jgormaHoun Teopeme 4.1.3 maa OyaIeBHIX aareop.

Teopema 4.3.2. Fcau X C B — KOHEUHOE NOIMHONCECTBO 0CHOBHO20 MHONCECTNBA

B ncesdobyaesoti aseebpur B, cocmosuee u3 n aAeMeRmMOo8, mo noporcOeHHas um
n

nodaszebpa B(X) codepacum ne 6oaee uem 22" saemenmos.
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[lokazaTenbCcTBO DTONM TeopeMbl TpebyeT Gojee MoAPOOHOrO M3YUEHUs MCEB J0-
OyJIeBBIX aaTeOp, B YACTHOCTHU, UX CBA3U C TOMOJOTHIECKUMU Oy IeBBIMU aarebpamu,
YTO yBeJO OBl HAC CAUIIKOM B CTOPOHY OT OCHOBHOHU ~KJIACCHIECKOU TEMATHUKN
nocobus. ZKenaromme MOTYyT M3YUMTh AOKA3aTEALCTBO DTOU TEOPEMBI IO 3aMeda-
rerpaoun kuure Pacesa E., Cuxopckunm P. ”Maremarnka meramaremaruxu” . M.:
Hayxka. 1972 [32].

4.4. I3 ucTopun MaTeMaTUKWN U JOT'UKU

4.4.1. I3 ucTopun MaTeMaTUKN

MaremaTuka, KaK M HCKYCCTBO, — DTO OCOOBIM CIHOCOO ONMMCAHUA W MO3HAHUA
MUPA.

[To MHEHWIO psAga CIENUAJNCTOB MO UCTOPUU MATEMATHKHU, €CTh JOCTATOYHO
yOeuTeabHbIe OCHOBAHUA CUMTATDH, YTO JOCTATOYHO Pa3BUTad MaTeMAaTHKA CYIIIe-
CTBOBAJA B JOXLIMHCKUE mepuoi, modTu 3a 3000 JgeT 1o H. 5. MaTeMaTHIeCKIMA
(haxTamMu BIATENN €TUMETCKNE W BABUJIOHCKUE TIOTHUKU U 3E€MJIEMEpHI.

BaXHbBIME MCTOYHUKAMU CBEIEHUN, KACAIOMUXCA ~ TOUCTOPUIECKOTO” MEePUoIa
Pa3BUTUA MATEMATHUKH, CIYKAT MAMEMAMUYECKUE NLANUPYCHL I  KAUHONUC-
Hble Mamemamuueckue mercmst. Maremaruieckne nanupycel — 3TO IPEBHEN-
e u3 JOUIEAIINX MO0 HAC MaTeMaTUIeCcKuX TeKCTOB. OHU CAYKUIN yIeOHUKAMUI
(cpaBOYHUKAME) [ MUCIOB, KOTOPBIE OBLIA [OCYIAPCTBEHHBIMU CIYKAIIAMU B
[Ipesuem Erunte, B 4bu 003aHHOCTHU BXOAWIN TOACIET HAJOT'OB, OIPEIEICHUE PaC-
XOIOB TIPU MPOBEIEHUN CTPOUTENIHCTB U T. 1.

Mamemamuueckue nanupycwet otaocatcs kK nepuony Cpenmero mapcTsa
(mpubamsurensao XXI — XVIII BB. 10 H. 5.). DTO BBIIAIOIMINECA MATEMATHIECKUE
namaTauku /Ipesuero Erunra. U3 Hux Hamboaee m3BecTHH — nanupyc Punda,
HA3BAHHBIN TaK II0 UMEH! ero Biaajeabla, erunrTogora I'. Pumga. [lanupyc cocra-
BJeH nucioM mo umenn Axmec okoo 2000 — 1550 rr. 10 H. 5., TO2TOMY HEPEIKO CaM
Nanupyc HA3BIBAOT nanupycom Axmeca. P uccrenoBarenen canraer, 9TO ma-
nupyc Punma ObL1 co3maH Ha OCHOBe 6Gojee TPEeBHUX MCTOYHUKOB. OCHOBHAA YaCTh
nanupyca Punga xpauurca 8 Bpuranckom mysee (JIOHIOH). DTOT CBUTOK IpeACcTa-
BJAET COOOU CIIPABOYHUK 3eMJIeMepa I PellleHus IMPaKTUIeCKuX 3a1ad. Brepsrre
Haupyc moApoOHO M3YUeH M M3JaH Ha HEMENKOM s3bike A. Dusermtopom B 1877 r.
[Tamupyc maeT mpeacTaBIeHWe O COCTOSHUUM MaTeMaTWIeCKUX 3HaHUU B [peBHEM
Erunre. On BxIIOYaeT B cebsa perenus 84 3amad MpUKIATHOTO XapakKTepa. 3a1a-
Y BecbMa pa3HOOOpa3HBIE: DTO W HAXOXKIEHWE ILIOMAIN IOJA, UMEIonero Gopmy
IpAMOYTOJbHUKA, TPEYTOTbHUKA, TPAICIIUN U KPyra, U BEITUCICHEE 00BMa TPAMO-
yTCOJBHOTO MapaJjienennnena u Tuinaapa. B manupyce Punga cogepxkarcs perenns
CACTYIOMINX 3a,TaM.

1) [Ipumep pacdera miomagn OpAMOYrOIbHUKA 3eMan pazMepoM 10 xeToB Ha 2
XeTa.

2) Borancaenue miomam ”Kpyraoro noas” ¢ mepuMeTpoM 9 XeToB.

3) Bbruucienue mioma e moxer, MMeImx (popMy TPeyroIbHUKA U TDATelnH.
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Ectes B manupyce u apupMeTudeckue 3a1a9Mu HA TEUCTBUA C APOOAMEU, HA TPO-
MOPIUOHATBLHOE JeleHue U Jaxe ofHa 3ajgada (79-1) OpUBOIUT K HEOOXOAUMOCTH
HAXOXK IEHUA CYMMBI T€OMETPUICCKOU MPOTPECHN.

Mockxosckuti nanupyc, Xpaammiucsa B Mysee m300pa3suTeIbHEIX HCKYCCTB
nvenn A. C. [lymkuua (Mocksa), TOAPOOGHO M3Y4AICAs OTEUECTBEHBIMU eCUIITO/IO-
ramu B. A. Typaesoim B 1917 r. u B. B. Crpyse B 1927 r. Ou moaHoCcThIO W31aH
Ha HemenkoM s3uike B 1930 r. Co6pannsie B Mockosckom nanupyce 25 3amad
HOCAT CXOXKHU XapaKTep ¢ 3agadaMu u3 napupyca Punda. lnTepecHo oTMeTUTD,
ITO pelreHne OTHON 33 a9 OCHOBAHO Ha (pOPMYyIe IIA BEIYUCICHUA 00beMa, yCedeH-
HOW MHUPAMUIBI, B OCHOBAHUU KOTOPOU KBAaIPAT, a B IPYTOU 3a1a49e BBITUCAACTCA
ILIOIIA b OOKOBOW MOBEPXHOCTHU MOMYIMINHIPA. DTO MEPBLIN U3 IOMIEAINIAX I0 HAC
MPUMEPOB BBIYUCACHUS ILIOMIAIA KPUBOJIMHEMHON MOBEPXHOCTH.

KaunonucHnble MamemamuyuecKue MeKCmb, HANUCAHBI KJINHOTUCHIO Ha
DINHAHBIX IacTuHAX. OHM OXBATBIBAIOT MEPUOT C 2-I'0 THIC. 10 H. ». U 0 HaYaJIa
H. 5. OTO MaTeMaTudeckne TekcTrl [Ipesuen Bapumonun u Accupun. OHn BKIIOYA-
0T MaTeMaTHuIecKne TabAUuIbl — TAOIUIBl YMHOKEHUA, TAOIUIBI KBAIPATOB U KYy-
60B, TAOIUILI OOPATHBIX BEINYNH, TO3BOIAIOIINE B BEIYUCJICHUAX 3AMEHUTD JIEICHNE
YMHOXKEHUEM. PAT KAUHONUCHBIT MAMEMAMUUECKUTL TMEKCINOE TPEICTaABIA-
eT cob0U CIenualbHble MAaTeMAaTHIeCKAe TEKCTHI, COMePKAIINe 3aJa4N C PeIleHnI-
Mu. 3BecTHO 60/I€€ COTHM CHEIUAJBHBIX MATEMATHUIECKUX TEKCTOB, KOTOPHIE OT-
HOCATCA B OCHOBHOM KO II TBIC. MO H. 5. B Kaunonucnbir mamemamuueckux
MeKCcmMaT BrepBbie BCTPEIAIOTCSI KBA,IPATHBIE YPABHEHUS U MO3UIINOHHAS CUCTEMA,
cuncienus (umecrugecsarepudnasn). KBaapaTHble ypaBHEHWs, MO-BUIUMOMY, TOABU-
JUCh ¥ BABIJIOHSH B CBA3M C 36MJIEMEPHOU MPAKTUKON, ITO OTPA3MIOCH B TEPMIHO-
JOIUU: HEM3BECTHLIE HA3LIBAINCL ~ AanHA” U ~mupuHa” .

XoTsA B Mamemamuueckur nanupycaxr 1 B KAUHONUCHBLE MAMEMAMU-
YyecKuxr mercmax HeT emle ~OOMNX MPABWI U KaKUX-HUOYIb ~TeOPeTHIecKux
06001IeHnn” , 0THAKO MOXKHO YK€ MOBOPUTDH O DJEMEHTAX MeOMeTPUIECKOrO U MaxKe
aarebpamaeckoro MBIILIEHUA, 0COOEHHO, B KAUHONUCHBIE MAMEMATNUYECKUT
mexcmazr, B KOTOpHX, Kak yrBepxkaaer /. B. Anocos, ¢pakTudecku pemaanch
KBaIpPATHBIE YPABHEHNA U TayKe OT/JeJbHBIEe YPaBHEHUA 00Jee BEICOKUX CTEleHEeN.

Kak ormedaer akagemuk /[. B. AHOCOB, TpaIUIIMOHHO CIUTAETCA, 9TO ~ HAYKA
Kax edunaa cucmema 3nanut, He 00A34MEAbHO HENOCPELICTMBEHO CBAAHHDIL C NPAK-
muueckoti desmesbnocmpio, U Kax omdeabnas cepa ueaoseueckot deamenbrocmu,
umerweti ceo0et Yyeabto Noayuenue Ho8blr 3nanut, 603nukaa 8 Apesneti I'peyuu’. 3a
IPEIIIeCTBY 0NN IEPUO PA3BUTHA MUBIIN3ANNYA ObLIN HAKOIJIEHB HEMAJIbIe HaY -
HBIE CBEIEHUsA, HO, CIUTAETCA, ITO HAYKNA B COBPEMEHHOM TOHUMAHUHU DTOT'O CJIOBA
eme He ObL10. [[. B. AHOCOB mpemraraeT Ha3bIBATH TO, ITO OBLIO IO TPEKOB, ~ MPO-
ToHaykon” . HeCcKOIbKO MHYIO TOYKY 3PEHUA [0 DTOMY BOIPOCY B PALe CBOUX paboT
BBICKa3bIiBaeT akajgeMuk B. V. ApHOJAbI, yTBEpXKJAIOMUN CO CCBLIKOW HA DA UC-
cIefoBaTeNel, ITO YPOBEHb Pa3BUTHA HayKu B [IpeBHeM Erumnre OBLI CyLIIeCTBEHHO
BBIIIE, YeM DTO TPAJUNUOHHO CIUTAETCA.

[lepBBIe TOMBITKE HAYIHOTO OCMBICJICHUSA MUPA TPATUIITOHHO CBA3BIBAIOT C MMe-
HeM ApeBHerpedeckoro durocoda u maremaruka Pareca (Parec Murerckuit 0kon0
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625 — 547 rr. 10 H. 5.), KOTOPHIU TEPBBIM BBel B MAaTEMATHKY NOHAMUE 00Ka-
3ameabcmea U TOKa3aad pAl reoMeTpuiecKux TeopeM. B dacTHOCTH, eMy mpH-
UCHIBAIOT JOKA3aTEeAbCTBA YTBEDPXKACHUN ~ THAMETpP JIeJUT KPyr Ha JIBE pPaBHBIE
qacTu’ U ”YIJIBI IPA OCHOBAHWE PaBHOOEIPEHHOTO TpeyroabHuKa paBHbI . KoHed-
HO, IO COBPEMEHHBIM CTAaHIapTaM 3TH TEOPEMbl U UX T0KA3aTEJIbCTBA, JOCTATOTHO
HECJIOXKHBI, O THAKO 3ac1yra daneca COCTOUT B TOM, 9YTO OH OCO3HAT HEOOX0 TUMOCTh
MOKa3bIBATH TaKue, Ka3aaoch Obl, " odeBUIHBIE , yTBepxK AeHusa. K cepenuue V Beka
IO H. D. VK€ YCTaHABIMBAETCA HEKOTOPHIM KAHOH MAaTEMATHIeCKOrO CTHUIS M3JIO-
KEHNs, KOTOPLIU MOJIYYMI 3aBeplIeHne B paboTaX BEINKUX I'PEYECKHX KIACCHKOB
Apxumena, Annosonus u EBkianga. [loanmanme MaTeMaTuvIekoro qoKa3aTeTbCTBA
B X paboTax yxke NPaKTUIECKN HE OTJIUIAETCS OT COBpeMeHHOro. B kadecTse sap-
KOr'O TMPUMePA, TMOATBEPK TAIOIIEr0 3TO YTBEPK IEHNE, MOKET CAYKUTH €BKJIUI0BO
TOKA3aTeIbCTBO OECKOHETHOCTH MHOXKECTBA BCEX MPOCTHIX UUCET, KOTOPOe HUIeM
CYNMIECTBEHHBIM HE OTINIAETCA OT COBPEMEHHBIX MTOKA3aTEeIbCTB. Y TUBJICHUE BBI3BI-
BaeT W CaMa MOCTAHOBKA BOMPOCA O OECKOHETHOCTH MHOXKECTBA MPOCTHIX YUCET.
Kak numer H. Byp6aku BO BBejgeHUM OTHOUM M3 KHUD CBoero TpakTara ~ Hadara
marematukn’ : ” Teopuu muokecTB” - 7 CO BpeMeH rpekoB TOBOPUTH ~MaTeMaTHKa
— 3HAYNT, TOBOPUTH ~ mokazaTelbcTBO . B /IpeBuen I'pertun ” npomonayxa’ 3aBep-
IIIIa IPEeBpallleHne B HAYKY, IPUYIeM DTO IPOU3OILIO ¢ (PUIOCOpUen, aCTPOHOMUEN,
reorpaduen, 6HOJIOTHEN, MATEMATUKON U C HEKOTOPBIME dacTaMu (pusuku. Kak mo-
JAraloT HEKOTOPBIE MCCICIOBATENN, TOMY, ITO DTO IMPOU3OILIO UMEHHO B [peBHen
['peruu croco6¢TBOBAIM OCOOEHHOCTH YCTPOUCTBA Ipevdeckoro obmecTa. Caura-
eTcda, 9T0 uMeHHO B /peBHen ['perun BHepBble B U€I0BEYECKON HCTOPUM ITOXYIH-
Ju OOIIeCTBeHHOE IPU3HAHNE BCE BUILI MPOJIYKTUBHOU IYXOBHOU AEATEIBLHOCTH,
B TOM YUHCIE U JUIMIEHHbIE HEMOCPEICTBEHHOTO YTUIUTAPHOTO 3HAYEHUA. JTO BBI-
3BIBAET 0CO00E YAWBJIEHWE W BOCXUIIEHUE, €CJIU BCIOMHUTH, IYTO B COBPEMEHHOU
Poccun magara XXI Beka, T. e. mouTn depes aBe ¢ MOJOBUHOU THICAYM JET HA TOCY-
TapCTBEHHOM YPOBHE (PAKTUICCKNA BOCTOPKECTBOBAIO JOIPETIECKOE MIPOBO3PEHHE.
BuoBb moaTBepxK 1a€TCA TE3UC, ITO UCTOPUA YIUT TOMY, ITO OHA HUYEMY He YUUT.
Kaxk cBugeTenbcTBYIOT UCTOPUKH, B [peBHen ['penun obmecTBeHHAA U KYILTYPHAA
06CTaHOBKA CIOCOOCTBOBAIA TOMY, UTO MUPOKYIO U3BECTHOCTH MOJYYATA aBTOPHI
JTayke OTKPBITUHU, HE MMEBIINX HEMOCPEJICTBEHHOIO MPAKTUIECKOrO 3HadeHusI. [[yx
COPEBHOBATENBHOCTHU OBLI TPUCYI I'PeIecKOMY O0IIeCTBY, IMIaBHBIM OBLTa caMa MOo-
6ema, a He MaTepuAJbHEIEe OJ1ara, ¢ Hell cBa3aHuble. Tak OBLIO B CIIOPTEe, JOCTATOYHO
BCIIOMHUTEL 06 OamMnuagax, B UCKYCCTBe, (pUIOCOGUU U HayKe, ITO HE MOLIO He
CO3aBaTh CTUMYJIOB I TBOPYECKUX TMOUCKOB B PA3JAUIHBIX Chepax WHTEILICKTY-
AJBHOTO TBOPYECTBa. Vl BHOBL HAIM B30PHI 0OpAIIAIOTCA K COBpeMeHHOU Poccum,
HO JIYHIIle BO3JEPKATHCI OT KOMMEHTAPUEB MO TMOBOIY TOrO, HACKOABKO MBI YIILIH
HA3a, ¥ OT MIPOrHO30B K Y€MY 2TO MOXKeT mpuBecTu. Hekomy cablmaThs Takme mpo-
rHO3BL. MMeromun yim, ga yeasmmut! A ecau Bor we gan ymen? B [dpesuen ['pernun
JIeIYKTUBHOE IOCTPOEHNE MATEMATHIECKUX TEOPUU MTPUOOPEIO 0COOBIN OOIIEeCTBEH-
HeI cTaTyc. OCOOBIM TOCTHKEHUEM MAaTEeMAaTUK! TOTO Mepuoja OBLIO CHCTEMaTH-
9eCKOe JTeIyKTUBHOE TOCTPOEHUE T'eOMeTPUU, K KOTOPOU (PAKTUIECKU CBOIAMIACD
OCHOBHAS YaCTh JPEBHEIPEIECKON MATEMATHKH.
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Ha mpoTsxenun Bcen 4-THICAUEJIETHEN MCTOPUU MATEMATUKNA B HEW W3YYIAJUCH
IBa O THOBPEMEHHO TAJeKUX U OMM3KUX MOHATUA — HOHATHE YUCAG U TOHATUE 2eoMe-
mpuueckot gueypol. [loraTue ducaa u mpex e BCero HATYPATBLHOTO TUCJIA — OCHOB-
HOU OOBEKT U3yUeHUs apupMETUKU B MIUPOKOM CMBICIE DTOTO CJIOBA WA TEOPUN
YUCeN, a MOHATHE MeOMEeTPUIeCKON (PUTYyPHI — OCHOBHOW OOBEKT U3YUEHUs reoMe-
Tpuu. Cpazy 6pocaeTcsa B Iiia3a TPUHIUIUAJILHOE PA3IUYNE DTUX ABYX MOHATHUA —
KaXK10€ HATYPATbHOE YUCIO0 BRICTYMAELT KaK gajee HemeluMblil 0OBEKT, B TO BpeMs
KaK OOBITHO FeOMeTpuiIecKas (pUrypa COCTOUT U3 6ECKOHEYHOT'O TUCJIa COBEPIIEHHO
OJWHAKOBBIX TOUYeK. BrpodeMm, u HATYypaJbHOE YUCIO 1 MOXKHO PACCMATPUBATH KAaK
COCTOSAIIEE U3 N €IUHUI, OMHAKO OHU ~ TUCKPETHHI , B TO BpeMA KaK 11 MeOMeTPU-
qeckuX (PUryp XapakTepHa ~HempepbiBHOCTHL . HecMoTpsa Ha 5TO, Ha NPOTIXKEHUN
0 KpauHen Mepe MOCIeTHUX ABYX THICAT JeT HeOTHOKPATHO MPeIIPUHAMAINCE TI0-
OLITKA OOBEIUHUTH DTU MBA MOHATHA, CBA3ATH DEOMETPUI0 ¢ apu(pPMETUKOU, BhHI-
BECTHU U3 OJHOT'O OCHOBAHUA BCIO MaTeMaTuky. OIHA M3 TEePBLIX IOIIEIIIAX 0 HAC
MONMBITOK OOBEINHEHUS DTUX IBYX MOHATHUN, 8 3HAYUT, U 00bEeTNHEHUSI apU(PMETUKN
u reomeTpun, oTHOCUTCSI K VI Beky mo u. 5. OHa ObLIa MPEIIPUHATA B IIKOJIE TPEB-
Herpedeckoro gurocoda u maremaruka [ludaropa, u ee CMBICT XOPOIIO BBIpAXKaeT
npunuceiBaemoe [luparopy BreickasbiBanue " Bce ecTh qucao”.

COKpymuTEeIbHL yAap IO DTOM TOYKe 3peHusa MKoAbl [Iudaropa ObLT HamHe-
CeH OTKPBITHEM OJHUM U3 €€ WICHOB HeCOM3MEPUMOCTHU AUATCOHAIN KBAAPATA C ero
CTOPOHOM, WM, KAK MBI Tellepb TOBOPUM, TOKA3aTeILCTBOM HECYIIECTBOBAHUS Ta-
KOT'0 PaIlMOHATLHOTO 9HUCIa 7', 9TO 72 = 2, T. e. B mKoae [ludaropa B VI Bexe 10
H. 5. OBLIa OTKDPHITA HEPAIMOHATILHOCTE \/2 IPH YCIOBHM, UTO TAKOe [THUCIO CYIIe-
CTByeT. OTO YHUCIO HENb3sS ObLIO OTHECTW HM K IEJIBIM YUCIaM, HU K JIPOOAM, a
B Te TaJeKue BpeMeHa IOJ CJIOBOM ~dmcaa” MOHUMAIUCH Heable (MOJ0KUATEIbHBIE)
YUCIA ¥ UX OTHOIIEHHSA, T. €. II0 COBPEMEHHOW TePMHUHOJOTUU MOJOKNTEIbLHBIE Pa-
AOHAJAbHBIE YUCAA. [JJMHBI OTPE3KOB BHIPAKAINCH YUCJAAMU, W TOJYIAJIOCH, UTO
" duazonaav keadpama ne umeem daunvy’. Co BpemMeHeM ObLIa MOHATa HEBO3MOK-
HOCTH MOCTPOEHUS TeOMETPUU HA, OCHOBE MOHATHUSA HATYPAIHHOrO dncia. /[peBHuMu
rpekaMu ObLT HAUJEH BBIXOA — OHU OOBABUIN, ITO ~wucaa — amo daunvl’ . Apud-
memuka Oviaa ceedena x 2eomempuu. OTHAKO DTO CBeIeHUE HA MPOTAKEHUU IJIH-
TEJIBHOTO BPEMEHU CAEePKUBAJI0 PA3BUTHE apU(PMETUKNA U AJAreOPBI. DTO MOPOIUIO
UIYIIYI0 OT APEBHEIDEYEeCKUX MATEMATHKOB TPAMUNNI0 BHIPAKATH COOTHOIICHUS
MEX Iy JIOOBIMI BEIMINHAMEI B T€OMETPUIECKUX TEPMUHAX — CE800UMb MAMEMAMU-
Ky x 2eomempuu. OT3BYKH STOU TPAJUIME MBI HAXOAUM B BHIPAXKEHUAX K6adpam
YUCAG, KYO UUCAA, 2EOMEMPUYECKAI NPOSPECCUS, CPEOHEE 2eOMEMPUYECKOE U T. 1.
B ”Hauvaaax” EBkauga Oblr1a IpeIIpUHATA OTHA U3 MEPBLIX U JOCTATOYHO VIATHBIX
MOTBITOK AeIYKTUBHOTO W3J0XKEHUSA M3BECTHLIX K TOMY BPEMEHHM MaTeMaTHIeCKUX
(haxToB — aKcuomamMUuecKoe n3MoXKeHne reoMeTpun u dactu apupmeruku. Ocobyio
POJIb B PA3BUTHUM AAreOpPLI I TEOPUM YUCEI CHIIPaJ] MHOTOTOMHBIN TPy luodanTa
” Apupmeruxa” (111 Bek H. 5.)

YpoBeHDb pa3BUTHUA IUBIIN3AINN, KaK B 3epKaJje, OTPaXKaeTCa B CJIOKHOCTHU UC-
MOTB3YEMBIX €10 Yucen. /[peBHerpeveckue MaTeMaTuKR, pa3pabaTeIBasd CUCTEMY Ha-
VMMEHOBAHUN M1 GOJBIINX TUCEJ, COBEPIININ BEJUKUU CKAYOK OT KOHEYHOIr'O
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K 6ECKOHEYHOMY. JTOT PEBOJIOINOHHBIA MEPEXO MBI T€MePb CKPOMHO BBIPAXKa-
eM TpeMsA MaJeHBKUMH TOYKAME IOCIe 3amATON, 0003HA4YaA OeCKOHEIHBIN pag N
HATYPAJbHBIX IUCET

1,2, 3,4, ....

[l 1peBHUX I'PEKOB KOHIEMINA GECKOHETHOTO PAIa HATYPAIbHBIX THCea OBLIA
BaXKHBIM JTOCTUXKEHNEM TBOPYECKOW MBICIN M BJIOXHOBEHHUA, TaK KaK OHA IILIA Bpa3-
pe3 co BceMU HAKOILTEHHBIMEU K TOMY BPEMEHU eCTeCTBEeHHO-HAYIHBIMU 3HAHUAMU 1
¢ PUIOCOPCKUMY TIPEJICTABIEHUAMI O KOHETHOCTH BCeIeHHON.

[TpuBenem xapakTepHoe BoicKazsiBanue B. A. Ycneuckoro: ” [Toucmune peso.io-
YUOHHBLT TAPAKMEDP HOCUAO 0COBHARUE OPEBHE2PEULCKUMYU MAMEMATNUKAMY OEeCKo-
HEUHOCTU HATYPAAbHO20 PADG, TOYUHEe, CO30GHUE MaAK020 NOHAMUL HATYDAAbHO-
20 YUCAA, NPU KOMOPOM HAMYPAAbHLIL YUCEA 0KA3AA0CH OECKOHEUHO MH020. Bo3-
HUKHYE KAK UNCPYMENM UCCAEI0BAHUS MUPA, NOHAMUE HAMYDAALHO20 UUCAL CO-
MO CMAAO NPEOMEMOM UCCACIOBANHUT, KOMOPbIE NPUBEAU K BbIABAECHUN) CKPLIMLLE
c80UCMSE 2M020 NOHAMUSA.

Yousumenapnbim docmuxcenuem aHMuUUHOt MAMEeMAMuKY Obli0 YCMAHOBACHUE
OECKOHEYHOCTNU MHOHCECMBG NPOCMBIT Yuced. Daxm nopazumesbubit Kax no no-
CManoske 80NPOCca 0 OECKOHEUHOCTU, TOMA U 0€3 UCNOAL30BAHUA CAMO20 CAOBG
"beckoneunocmsv”, makx u no O0e3yKOPUIHERHOT MOUHOCMU HOPMYAUPOBKYU O0MBEE-
ma (dsadyamoe npedaoxcenuve IX wnueu "Hauan” Eekauda, "npocmuiz uuces cy-
weemsyem 60abue BCAKOZ0 NPEIAONCEHHOZO KOAUYECTNEA NPOCBT Ywucea”) u no
neoxcudannotli npocmome doxazameavbcmsa.”

Cwmenas uges 6€CKOHETHOCTH OTKPBHIBAJIA MIUPOKUE BO3MOXKHOCTH B MAaTEMATH-
Ke, HO ¥ NpuBOWIA K mapagokcamM. CMBICT TOHATHUS GECKOHETHOCTH HE IO KOHIA
PACKPBHIT U [0 CEerOTHANIHErO THS.

Teopusa muoxecTs I'. KanTopa mpomeMoHCTpHUpOBaJa BO3MOXKHOCTH CTPOrOr0
n3ydeHus OeCKOHETHOCTH, PACHpPOCTPAHMIA HA OECKOHEYHBIE MHOXKECTBA MOHATHE
KOJUIECTBA DIEMEHTOB, OOHAPYKIUIA, UTO U OCCKOHEUHbLE MHONCECMBG MO2YMm ~CO-
CMOAMb U3 PA3HO20 KOAUUECNBA IAEMEHMOB .

He meHee TpymHO 0Ka3aJa0Ch CIeMaTh MIAT OT MOJOKUTENbLHBIX YUCET K OTPULA-
TeabHBIM. [lomoxkuTeabHbIe TPOO6U TOAPOOHO 0OCYXK TAI0TCA YKe B nanupyce Pumn-
da (2000 — 1550 rr. 1o H. ».). O603HaueHus qusa 1poden a/b u CoBpeMeHHbIe CIOCOOLI
npercTBuu ¢ HEUMHI BocXo1aT K XV — X VI Bekam. B To ke Bpemsa oTpuaTe IbHbIe Y-
ca OBLIN TPUHATHL B MATEMaTHUKe JUIIb MOocTe nosgsiaenus B 1545 roxy 7 Ars Magna”
Mxuporamo Kapgano (1501 — 1576). U yxe B onioxy Bo3pox neHus ObLIN BBEJEHBI B
ynoTpeb/IeHre KOMILIEKCHBIE YUCIa, KOTOPbIe OKOHYATEJAbHO YTBEPAMINCHL B MaTe-
MaTuke B XIX Beke: UPJIAHICKAN MATEMATUK Y MIbAM Poysa [aMUIbLTOH mperIoKmT
UCIIOJIBb30BATL YIOPAIOUeHHYIO Tapy (a,b) 1as 0603HAYEHUS KOMILIEKCHOTO YUCIA
a+bi, TeM CaMBbIM JUIIUB MHUMYIO0 €TUHUITY ¢~ MUCTUIECKOrO CTATyca’ , a HOPBEKEI]
[Macmap Beccens BBea reomMeTputdeckoe MpeacTaBIeHNe KOMILIEKCHBIX IUCEN TOYKa-
Mu I0cKoCTu. Beaukum TBOpenueM Y. P. aMuibTOHA ABAAIOTCSA KBATEPHUOHHI.

C majgeHueM IpeBHETPEYECKON MUBUIN3AINNA MATEeMATHIeCKIEe UCCASTOBAHN TIe-
PEMECTIINCH B apabOA3bIUHbIE CTPpAaHbl. He TOABKO B MUD DTHUYIECKAX apaboB, HO U
BOOOIIE B ncaaMckuu Mup. Apabckuu s3bIK, 136K KopaHa, cTalx Ha OnpeIeJeHHbINn
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IePUOI PA3BUTHUA MUBUIM3ANUE (PAKTUIECKH MEXKTYHAPOIHBIM S3BIKOM, HA KOTO-
POM MUCAIUCH HAYYHBIE TPYILI I KOTOPHIU JOKEH OBLT 3HATH KayK B 00pa30BaH-
HBIN MYCYJIbMAaHUH.

Apabckue ydeHbre BOCIPUHAIN T€OMETPUIECKOe HACIEIUE TPEBHErPETeCKUX Ma-
TEeMATUKOB, UX KpuTepun cTporoctu. Ho oHE BOCUPWHAIN U UAYIIYIO OT BABUJIOH-
CKUX THUCIOB TPAIUINIO COCTABICHUA TEKCTOB, COMEPKAIMUX OOUIMe METOIBI pe-
IeHnsa apupMeTHIeCKUX 3a1a4. SHAKOMBI OHU OBLIN U C OTKPBITUAMI WHINUCKAX
MaTeMATHKOB, CO3MABIINX MECATHUIHYIO CHUCTEMY CUYHUCICHUA, CBOOOTHO MCIOIb30-
BABIIUX OTPUIATEIbHBIE YUCIA (B OTINYME OT IPEBHEDEYECKUX MATEMATHKOB).

BrLra moaroToBieHa movYBa A CO3TAHUA AJreOpbl. 3apoXKIeHue alreOphl Kak
HAyKu 00 ypaBHEHUAX OTHOCAT K IX Beky. Yepes HECKOABLKO CTOJETHHN UCCIEI0BAHMA
mo aarebpe Havdaauck B Mraauu, a 3arem u B 3amagaoun Espore.

Benuka poas ypoxenma XuBbsl Myxammvena ubua Myccor aab-xopeavu. Ero covn-
menue ” Xucab aJ-mKabp BaI-Mmykabasa’ ChIrpaio 0coOyI0 POIb B MOABIEHUN IITUPOKO
UCIOIB3YEMBIX CerofHsd MOHATHN ~ aq2e6pa’ u ” aszopumm’.

Teopus kBaJpaTHLIX ypaBHeHHH ObLIa M3BeCTHa eme B /IpesHem Basmiome. B
Uramuu B8 XVI Beke ObL1u OIYTeHBI (POPMYIBI I PEIICHUs YPABHEHUN 3-eu U 4-01
crenenen (C. Peppo (1465 — 1526), H. Tapramss (1500 — 1557), 1. Kapgano (1501
— 1576), JI. Peppapu (1522 — 1565)). B 510 xke Bpems GbLIO HAYATO UCIOIB30BA-
HUe U U3y9YeHne KOMILIEKCHBIX ducea. C »TOro mepmoaa HaAIMHAETCA UCIOAbL30BAHNIE
OYKBEHHOU CUMBOJIUKHU, CO3IAHNE COBPEMEHHOU aarebpandeckon cumsoauku (P. Bu-
er (1540 — 1603)). [JanpHeniiee NpoABUKEHNE B DTON OOIACTU CBA3AHO ¢ MMEHAMHU
K. JI. Jlarpanxa (1736 — 1813), A. Pydduun (1765 — 1822), Hunrbca Xenpuka
Abens (1802 — 1829) u dsapucra [anya (1811 — 1832).

300 reT TOMY Hazag MaTeMaTHIECKOe MBIILIEHNEe OCHOBBIBAJIOCH HA M€OMETpUH,
YVHACJIETOBAHHON OT IPEBHUX I'PDEKOB M JUIIb HE3HAYUTEIHLHO MPOIBUHYBIIEHCS 32
nBa TeicadereTus. B XVII Beke Havatoch cTpeMuTeabHOE U paIuKaabHOe mpeobpa-
3oBanme MaTeMaTuKu. CTPOrui aKCMOMATUIECKUN 1€ yKTUBHBIU CTUIb T€OMETPUN
YCTYIII MECTO HHTYUTUBHOMY MHIYKTHBHOMY IIOJIXOIY, & YUCTO I'eOMETPUIECKHe
MOHATHUA — MPeACTABICHUAM O qucIe u aarebpaudeckon omnepamun. Co3qamTcs aHa-
autudeckas reomerpus (P. Jexapt (1596 — 1650), I1. Pepma (1601 — 1665)) u maTe-
MaTudeckuy ananus (auddepennuaibaoe u nHTErpasbaoe ucancaenus — M. Hpio-
ToH (1643 — 1727), I". B. ¢on Jlen6uun (1646 — 1716)). OcHOBHBIC HOHATHA MaTEMa-
TUYIECKOrO aHa m3a — (pyHknusa u npegen. [loHaTue npegesa BBOIUT WHTYUTUBHOE
IpeJICTaBIeHNE O HEIPEPLIBHOCTH B XKECTKHE MaTeMaTHIeCKHe PaMKH.

MoxHo ckasaTh, uTo B X VII Beke BosHuMK.Ia " Kiaccumdeckas MaTeMaTuKa .

Ko Bpemenu Beankon (ppaHIry3ckon peBOTIONMUN MATEMATAKA JOCTHUTIA, PACIBE-
Ta. SHAYUTEIBHO BO3POCIO YHCIO AKTUBHO 3aHUMAIONIINXCA HAYIHBIMEA HCCIEI0BA-
auavu. [losBuaach ydaebHas muTepaTypa, MO3BOJUBIIAA 3HAKOMUATLCA ¢ HOBEIMU JI0-
CTUKEHUAMEA MaTeMATHKH. YHUBEPCUTETHl CTAIN CHCTEMATHYIECKN T'OTOBUTH CIIe-
[IIAJUCTOB B 00JACTH €CTECTBEHHBIX HAYK U MAaTEMAaTUKH.

BosHukaa HEOOX0IMMOCTE OCBOOOXK JeHIA aIreOpbl OT HECBOUCTBEHHOU €U I'eo-
METPUIECKOU TEePMUHOJOTHH.

P. [dekapt (1596 — 1650) npemtoxui 3apuKCHPOBATH OTPE30K €, HA3BAB €0
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eMMHUIHBIM. 10T 8 TPOU3BEIEHNE TUCET ¢ U b MOXKHO PAaCCMAaTPUBATH HE KAK ILIO-
malb NPAMOYTOIBLHAKA CO CTOPOHAMU a ¥ b, a KaK AIMHY TAKOT'O OTPe3Ka ¢, ITO
a:e=c:b (reopus mponopuun OGblIa paszpaboTaHa eIlle TPEBHErPETCCKUMU Ma-
remaTukamu). KBaqpaTHBII KOPEHb U3 @ — CPeJHee MeOMETPUIeCKOe OTPE3KOB a U
€.

[Tocae pabor P. [lexkapTa mosBmIach BO3MOXKHOCTH CBOOOTHO OIEPUPOBATH C
MPOM3BOJBHBIME AJITeOpaniecKuMN BBIDAXKEHUAMHA, He 3a00TACh 00 UX reoMeTputie-
ckom cmeicte. Co Bpemenu P. [lekapra nadaicsa grusmuucs 6oee 200 et mpotecc
" apudpmemusdayuy’ MaTeMaTUKH, ee MepeBoJa ¢ TeOMEeTPUIECKOro Ha apudMeTH-
YeCKUU A3BIK. VTorm »Toro mepuona ApKO XapaKTepHU3yeT BBICKAa3bIBaHmE AHpH
[Tyauxape (1854 — 1912): ” B mamemamuke 0cmasuch Aub HaMYpaibHble YUCAG U
MHOHCECMBA HAMYPAALHLL YUCEA .

B 70-x rogax XIX Beka B padorax ['. Kanropa (1845 — 1918), K. Benepurrpacca
(1815 — 1897), P. Mexexunma (1831 — 1916) u II1. Mope (1835 — 1911, ¢ppanuysckun
MaTeMaTHK, IOCTPOII OJHOBpeMeHHO ¢ K. Beneprrrpaccom apudMeTHIeCKyO Teo-
PUIO TEUCTBUTEIBHOIO YHUCAA) OBLIO MOLYIeHO CBOOGOTHOE OT TeOMETPUE OIPeIeae-
HUE TeUCTBUTEILHOTO UMCIa — JeUCTBATEIbHBIE YNCIA CTPOMINCH UCXOIA U3 TUCET
HATYPAJbHBIX, OHU ONMPEIeIAINCH KaK 0€CKOHETHbIE MHOXKECTBA PAIlMOHATBHBIX T~
ceu.

[MocregoBarenn M. Heiorona u I'. B. ¢on Jleubuuma dpesBerdanno ¢Bo6OIHO
0OpAIAIUCEH C PACILILIBYATHIME MOHATHAMEI OCCKOHEUHO MAAOT U OECKOHEUHO O0Ab-
w0t BETUIWH, OMEPUPOBAIN ¢ OECKOHEYHBIMU CYMMAaMH CJaaraeMBIX 110 ITpaBUIAM,
MU3BECTHBIM I KOHETHBIX CYMM.

Ocuouble mouaTusa cozgannoro V. Heroronom u I'. B. JlenGuumem ucuucienuns
Ka3aJUCh TYMAHHBIMEA MaTeMaTUKaM, BOCIUTAHHBIM HA aHTUIHOU cTporoctu. O -
HAKO YCITeXW HOBOT'O WCYUCJIEHUs B PEIIEHUN CTAPBIX, KA3ABIINXCA HEMPUCTYITHBIMA
3a/a49 3aCTaBIAIA OTOPACHIBATHL COMHeHUsA. Kak 1eBU3 TOTO MepPeIoOMHOrO Mepuo-
na 3Byuut npuseis K. [I’AnambGepa (1717 — 1783) ” Houme eneped, u 6epa & 8am
npudem” . [IuddepeHnuaibHoe 1 THTErPAILHOE UCINCICHUA TO3BOIMIN PEIIUTE Ca-
MbIe Pa3HOOOpa3HbIe 3a1a4uM: OT pacdeTa TPACKTOPUM APTUILIEPUUCKOTO CHAPSIA
IO TIpeICKa3aHUN JIBUKEHUU IIAHET U KOMET.

Ho ocuoBa Torgammnero anaiusa — MOHATHE OECKOHEUHO MAAO0T BEAUUUHDL — Ka-
3aJ0Ch CTOSAIMINM HA TPaHU OBITUS U HEOLITHUS, IeM-TO BPOIE HYJSI, HO HE COBCEM
HYJIA.

B xonme XVIII Beka mosaBmiuch mepBble MPU3HAKNA HEOJIATOMOJYHHUSA — HEKOP-
PEKTHOE UCIOJIb30BaHNe 6ECKOHETHO OOMBIMNX U HECKOHETHO MAJILIX BEJIUYIUH CTAIO
OPUBOAUTE K IPOTUBOPETUAM.

B maganre XIX Beka MOHATHA aKMYaabHo GECKOHEYHO OOJBIION M GECKOHETHO
MaJIOW BEJWYNH OBLTA 3aMeHEeHBI WAeel Hpeneta W MOHATHAMEA NOMeHYyUalbHo Oec-
KOHEYHO 0OJBIION U GECKOHEYHO MAJOU BeMwdwH. Benwk Bkaam B 570 meno Huabca
Xenpuka Abens (1802 — 1829, HOpBEXKCKUN MaTeMaTHK, OJUH W3 CO3AATENEN CO-
BPEMEHHBIX KPUTEPUEB CTPOrOCTH PACCYXKIEHUNM B MATEMATHIECKOM AHAIM3E; T0-
Ka3aJ TeOPeMy O HEPa3PelINMOCTH B paIuKaJax N1 YpaBHEHHU H-ou cremenn. Kax
NpU3HAHUE BBIIAOMMXCSA MaTeMaTudeckux 3acayr H. X. Abens MmoxHO paccmarpu-
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BaTh yupexaenne Hopsexckon Akajgemuen Hayk u aureparypsl ~[Ipemun Abens”,
KOTOpas CerofHd ABIAETCA BBICIIEN MaTeMarTudeckon marpanon), Orwocrena Ko-
mu (1789 — 1857, (paHIly3CKUI MATEMATHK, IIOCTABII MATEMATHIECKUN AHAIN3 HA
dyngament Teopun npenenos), Kapaa ®pugapuxa Faycca (1777 — 1855, kpynnen-
MU HeMeNKu MaTeMaTnk XIX Beka).

Hemonymenne B MaTeMaTuKy @i u3ydeHus OECKOHEYHBIX MHOXKECTB MOYTH 2
TBICSAYN JET IePKAJOCh Ha aBTOPpUTETEe APHUCTOTENA — B MaTEeMaTHUKe TOCHIOICTBO-
BaJa MOTEHINAJIbLHAS 6€CKOHEIHOCTh ApPHCTOTEI.

B 1831 roxy K. ®. l'aycc zaasaar: ”...A npomecmyio npomus ynompebaenus
OeCcKoOHeUROT 8EeAUUUHDL KAK Ye20-M0 3G8EPULEHHO20, YMO 8 MAMEMAMUKE HUK020a
ne donycmumo. Beckoneunocms ne nyxcrno nonumams 6yKkeaabno, K020a peub udem
cobemeenno o npedeae, K KOMoPoMYy CKOAb Y200Ho 0AU3K0 NPUOAUNCAIOMCES Onpede-
AEHHDIE OMHOULEHUA, K0200 IPY2Ue NPUHUMAIOMCA HEO2PAHUYEHHO B603PACTMAIOUU-
mu.”

Ncnonb3oBanme aKTyaIbHON 6€CKOHETHOCTH B MaTeMaTuke HadnHaeTcs B X VIII
Beke (GeCKOHEeYHbIEe PSIbl PACCMATPUBAIUCH KaK CYMMbI OECKOHEYHOTO HHCIa CJa-
raembix). Cam K. ®. Tayce B XIX Beke yxke QakTHUECKH UCIOIB3YeT aKTYaTbHYIO
6ECKOHEYHOCTh B T€OPETUKO-IUCIOBBIX UCCACTOBAHUAX.

Eme oTdeTnmBee >TO BUAHO B paboTax HeMENKUX MaTeMaTukoB Jlexena [lu-
puxie (1805 — 1859), Puxapaa demexunuga (1831 — 1916), Kapaa Beuepmrpacca
(1815 — 1897), 'eopra Kanropa (1845 — 1918) u uranesauua Jxysemnne [Teano (1858
- 1932).

Mo cepemmaer  XIX Beka He BeIOCh CHCTEMATHIECKUX — UCCICTOBAHUN
CBOUCTB OeCKOHEeYHBIX MHOXKecTB. Toapko B 1851 romy ObLIa mMOCMEPTHO OIyO.au-
KOBaHA KHHUIa 9ENICKOro mMaremaruka u ¢uiocopa Bepuapaa Boasmano (1781 —
1848) "Tlapagokcel 6GeckonedHocTn” . B Hell GbLIa CIelaHa OTHA W3 MEPBBIX MOIbI-
TOK MCCIETOBAHUSI CBOUCTB GKMYAAbHOU OECKOHEUHOCMU.

[eopr KauTop, 3aHnMascy, Teopuen TPUTOHOMETPUIECKUX PSAI0B, TPUIIET K He-
06XOIMMOCTY U3Y9UeHUs MHOXKECTB Ha NPAMOU. B HacTHOCTH, y HETO BO3HUK BO-
IPOC 0 BO3MONCHOCNU BAHYMEPOBAMb IAEMEHMbL NPOU3BOALHOZO MHONCECMBA HA
npAMOo.

C 1871 mo 1874 rox I'. KanTop uckaaI g0Ka3aTeIbCTBO HEPABHOMOIIHOCTH KBa-
nparta u orpeska. Ho emy yranock mokazats obpatHoe. B mucbme P. [lexekunny on
nutreT 7 A sudcy amo, 1o we sepro’.

Apxum yemexom cozganuaon I'. KanTopom Teopuu MHOXECTB CTAJIO MOIYI€HHOE
B 1873 roay I'. KauTopoMm H0Ka3aTEIbCTBO HECUEMHOCIU MHOHCECTEG TP AHCYEH-
DEeHMHBIT YUCe.

[TepBBIe MpuMepHI TPAHCIEH ICHTHBIX MUCET OBLTH OCTPOeHH B 1844 roay ¢paH-
nysckuMm maremarukoMm Kosedom JInmysumrem. Cam Tepmun ” mpancuyendenmuoe
wyucao” BBemen [, JlenOGHuUIEM, a MpeINONOXKEHNE O UX CYIIECTBOBAHUYN BLICKA3AHO
JI. Duxepom (1707 — 1783).

Bemumgaummy MaTeMaTUIeCKAM JOCTHAKEHIEM OBLIO TOKA3aTeIbCTBO B 1882 ro-
ny Kapaom Jluugemanom (1852 — 1939, HeMenkuil MATeMATHK, HAYIHBIN PYKOBOIA-
rens [I. Tmasbepra (1862 —1 943)) TpaHCHEHACHTHOCTH YUCIA T U PEIICHUE 3HAME-
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HUTOU TPOOIEMBI K8adpamypbl Kpyed.

WcTopusa pas3BuTusa MaTeMaTUKHA CBHAETEJILCTBYET, UTO MaTeMaTHIecKas MO-
Ieab JacTO 3aJaeTCA B BUIE 0COOOT0 A3BIKA, TPEIHABHAMECHHOTO I OMUCAHUA WC-
caexyemoro asiaenusa. imenno B Buje a3wika B X VII Beke Boszuukau guddepennmnaib-
HOE U WHTEerPAJbHOE UCIUCTEHUI. 1eopus MHOXKECTB NaJa YHUBEPCATHHYIO CUCTEMY
HOHATHUYN, KOTOPas OXBATHUIA BCE CYIIECTBOBABIINE K TOMY BPEMEHH MaTeMaThdIe-
CKHe TeOpHUH. SHAYEeHNe MAaTEeMAaTHIECKON CTPOrOCTHU He CIeIyeT IpeyBeIndnBATD
1 JOBOAUTH M0 abCypaa: 3APAaBLIM CMBICI B MaTeMAaTHKe He MEHee YMEeCTeH, TeM
BO BCAKOU JIPYrouW OOJACTH YeJ0BEYECKOU MeATeIbHOCTH. BO Bce BpemeHa KpyTi-
HblEe MATEMATHIECKIE WU OMePeXkaan TOCIOICTBOBABIINE CTAHIAPTH CTPOTOCTH.
Beaukoe orkpeirue XVII B. — cozganme 0CHOB aHATN3a GECKOHETHO MAJBIX (OCHOB
IudHepeHIuAIbHON0 U UHTErPAIBLHOTO UCIUCICHUN) 6a3UPOBAIOCH HA TYMAHHOM
nousaTun ’ 6eckoneuno masoti’. Pazpadoranus . Heroronom u I'. B. Jlen6unmem
SA3BIK HE UMET TOYHOU CEMAaHTHUKMU, KOTOPasA B YIOBJIETBOPAIOIIEN HAC cerndac (hopme
ObLIa HauJeHa JUIIb Yepe3 150 JeT, HO MO3BOJIAT ONUCHIBATH U UCCAEIOBATH BaXKHEN-
[IMe ABJIEHUSA JEeUCTBUTEIHLHOCTU. Takumu (pyHIaMEHTAILHBEIMIA MAaTEMATUIeCKIMI
HOHATHUAMU, KaK Mpeaea, BePOITHOCTh, AATOPUTM U T. M., YCIEIIHO MOJIb30BAINCH,
HEe TOXUIAACH UX YTOUHEHU.

AnasorudaeiM 00pa3zoM OOCTOSMIO MeJ0 C OCHOBHBIM MOHATHEM MaTeMATHKUA —
nousaTueM doka3dameavcmea. Tpaxkrar H. Byp6aku ”Havara maremaruku” ot-
KpeiBaeTca caosamu ” Co epemen dpesnus 2pexos 2080pumsy ~mamemamura” — 3Ha-
wum, 2080pums ~dokazameabcmeo””.

Tax kak emre co Bpemen P. /lekapTa MeTogamMu aHAJIUTHIECKON MEOMETPUY MaTe-
MATHUKW YMEIN U3y IeHre reOMeTPUIeCKUX 00BEKTOB CBOAUTE K U3y IEHUIO TeNCTBU-
TeJIbHBIX YHCENI, TO MOABMIACH BO3MOXHOCTD ~ apu@dmemuduposamsb’ U TeOMeTPHIO.
Bosuuk1o HOBOe eduncmso mamemamuky wa apupmemuveckom Gyndamenme.

B padorax I'. @pere (F'orio6 Ppere (1848 — 1925) — Hemenxun MaTeMaTuK u
JOTUK) TPEIIOKeH CIOCOO MOCTPOeHUA apu(pMETUKN HATYPAJIBHBIX YHCET Ha 6a3e
MOHATHUA MHOXKECTBA.

Teopus 6€CKOHEIHBIX MHOXKECTB, OCHOBBI KOTOpon 3amoxut B XIX Beke ['. Kan-
TOpP, CTajla HA MHOTHME TOAbl €IMHBIM (DYHIAMEHTOM apu(PpMETUKH U TeOMETPUH,
MUCKPETHOT'0 W HEIPEepPBIBHOTO. JTO OTPAaXKEHO B APKOM BBICKA3BIBAHUYM BEIUKOTO
Hemerkoro mMaremaruka [lasuga [mabbepra (1862 — 1943): ” 6uaeodapa eueawm-
ckoti cosmecmuoti pabome I'. Ppece, P. [edexunda u I'. Kanwmopa beckoneuroe
0b140 8036€0EHO MG MPOH U HACAAHCOAAOCH BPEMEHEM CBOE20 NOAMO20 MPUYMPQ.
Beckoneunoe 6 ceoem depakom noseme d0Cmuz40 204080KPYHCUMEALHOT BbLCOMDL
ycnexa” .

OmHako claegyeT 3aMeTHUTh, UTO He BCe MaTeMAaTHUK! 0€30rOBOPOYHO MPUHUMA-
JIU HOBYIO TOYKY 3peHus Ha MaTeMaTuky. Buauame orkpeiTus ['. KanTopa HaTOIK-
HYJUCh HA HEeJOBEpWe W [aKe aHTACOHU3M MHOTUX MATEMATHUKOB W 0e3pas/imtine
CO CTOPOHBI (OJABIMUHCTBA (Pua0cOo(GoB. ONMO3UINIO HOBBIM B3TVIAIAM BO3TVIABUI
Hemernkuu Maremaruk Jleomoasn Kpomekep (1823 — 1891), mo B3risgam KOTOPO-
ro IpeIMeTOM MaTeMaTHKH MOLIO OBIThH JUIIL TO, ITO MOLVIO OBLITH MOJIYYEHO 33,
KOHEYHOE YMCIO MIArOB M3 HATypaabHBIX wmcen. Cama uaes paccMaTpuBaTh Oec-
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KOHEYHOCTH KaK HeYTO 3aBepIIeHHOe (aKTyalbHas 6eCKOHEYHOCTH) IIPOTUBOPEYHIA
COCIIOICTBOBABIINM B3rIA aM. OTHOIIEHTE PsATa MATEMATUKOB K MOCTPOEHHBIM Me-
TOAaMM TEOPUH MHOXKECTB ~HK30THIeCKIM IIpuMepaM’ HALVIATHO BEIPAXKAIOT CJIOBA,
II. Spmura (1822 — 1901): " A ¢ ywcacom omsopauusatoce om smoti docmotinoi
CONCANCHUSA A36bL HENPEPLIBHLIL PYNKYUL, HE UMENUWUT NPOU3soonot nu 8 00HOT
mouke” .

Teopusa muoxkecTB B KoHile XIX - Havaze XX Beka OBICTPO 3aBOEBBIBAJIA BCE
HOBBLIE W HOBBIE MOBHUITUN.

Ha IlepBom MexayHapomHOM KOHTpecce MaTeMaTHUKOB, mpoxoguBiieMm B 1897
romy B mBeunapckom ropoge [liopuxe, B 1ok/1a1aX BUIHBIX CHEIUAJTUCTOB O MaTe-
mMaTudeckomy ananusy Amponbda ypsuma (1859 — 1919) u 2Kaka A ramapa (1865 —
1963) IpUBOAUINCH MHOTOYUCACHHBIE TPUMEDEI TIPUMEHEHUA TeOPUU MHOXKECTB.

Ha Bropom Mex gynapoanom xkourpecce marematnkos lasun ['manbepT BK.IIO-
Y9I IO HOMEPOM 1 B CBOW 3HAMEHWUTHIM CIUCOK 13 23 TPOOIeM KOHMUHYYM-2U-
nome3y I'. Kanropa. Ha Tom xe kourpecce Aupu ITyankape (1854 — 1912) ckasau,
ITO 68 MEOPUU MHONCECTE MATMEMATNUKG 00PEAd COBEPULEHHO NPOUNBIL U HaJeHcHbIT
Pyndamenm, u menepb 8 MAMEMAMUKE 0CMANMCA MOALKO HAMYPAAbHIE YUCAG U
KOHEUHbLE UAU OECKOHEUHbIE CUCTEMbl MaKUL wuced. 1o ero MHeHWIO, MaTEeMaTHKa
CTaJa MOJHOCTBIO APUPMEMUUPOBAHKHOT U B HEW, HAKOHEI], TOCTUTHYTa abCOJI0T-
Hasg CTPOTOCTE.

OnHako, KaK MJIACAT AHTIXUCKAA MOCTIOBHUIA, KAy Iasd CeMbSI IMEeT CBOU CKEeJIeT
B mKa(dy”’ - BCKOPE Pas3pasmics TPETUN KPU3UC OCHOBAHUN MATEMATHUKH.

Baarogaps paboram EBgokca n EBkimga ObLI MpeooaeH MEPBLIT KPU3UC OCHO-
BaHUU MaTeMATHKN, HAYAJIO KOTOPOMY IOJOXKWUIO OTKpHITHE B ImKogae [Imdaropa
HECOM3MEPUMOCTHU TUATCOHAIN KBAaIpaTa C ero CTOPOHOM.

Yepes nmBa Teicadenretus K. Bewnepmrpaccy, I'. Kamropy, O. Kommn,
K. ®. Tayccy, P. Nemxexunmy, 1. Mape, H. X. A6ero u ap. yaasoch ycTpaHUTH
BTOPOU KPU3UC OCHOBAHNMU, BLI3BAHHBIN OYPHBIM Pa3BUTHEM IuU(depeHInAIEHOTO
1 MHTETrPAJbLHOTO UCIUCICHIH, HEJOCTATOTHO KPUTHIECKIM II0IX0I0M K OIEePAIUAM
Ha T OECKOHEYHBIMU PAJAMEI U MPOU3BEICHUAME, JEUOHUIEBCKUM MTOHATHEM (eCKO-
HEYHO MAJOU BEJUIUHBI.

A yxe depe3 IBaIAaTh JET BHOBb BO3HUK.IN MPOOIEMBI.

[To croBam [I. I'mas6epTa, " npousow.io Heumo, anas02uynoe momy, 4mo CAYwU-
A0Ch NPU PA3BUMUL UCUUCAEHUA Deckoneuno maabix. Ha padocmazr no nosody mo-
8bIT 602GMbIT PE3YALMAMOE CMAAY ABHBIM 00PA30M HEDOCMAMOUKO KPUMUYECKU
OMHOCUMDBCA K 3AKOHHOCMU YMOZGKANOUEHUT, NOIMOMY YHCe NPU NPOCMOM 00Pa30-
BAHUY NOHAMUT U NPUMEHEHUY YMOSAKANUEHUT, TOCTNENEHHO CMABUWUTL 0ObIYHbILMU,
BLIABUAUCL NPOMUBOPEUUS, CHAUAAL COURHUUHLE, G NOTOM 6cCe 004 CEPbEe3HbIe.. .
Ha yuenue Kanwmopa ¢ pasauunbls cmopor Obiau npoudsedenvl OypHbie HANAOKU.
Konmpdsuacenue 6blio cmoab cmpemumenvro, wmo odueynompebumenvretuue u
NA0JOMBOPHETUWUE NOHAMUA MAMEMAMUKY, NPOCNETWUE U BAHCHETUWUE €€ YMO3a-
KAOUEHUA 0KA3AAUCH NOJ YePO30T U NPUMEHEHUE UL 3GNPEUAAOCH .

B 1895 rogy I'. KaHTOpOM OTKPHIT HmapaToOKC, CBA3AHHBIA C MOIIHOCTBHIO MHO-
xKecTBa Bcex MHOXecTB. B 1903 rogy orkpeiT napanokc Beprpana Paccena (1872 —
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1970): monyuieHue o cyuecTBOBaHUN ~6e300MIHOTO” Ha MEPBLIN B3IV MHOXKECTBA
A={x |z &z} Bemer k IPOTUBOPEYUIO.

Kaszamoce, Bce Jexano B pasBaJuHAX, O YeM KPACHOPEUUBO CBUIETEILCTBYET
BeickasbiBanue A. [Tyaukape: ” Kax mozaa unmyuyus do makoti cmenenwu 0Omanymo
nac!”

B 1883 roxy I'. KauTop chopmyanpoBaa BOIPOC: MONCHO AU BNOAHE YNOPAJO-
YUMb MHOHCECTBO JETCMBUMEALHIT YUCEA, TOJOKUTETHHBIN OTBET HA KOTOPBIN
noayumn B 1904 roxy memenkun MaTeMaTuk OpHecT Llepmeno (1871 — 1953), noka-
3aB, 9TO 4000 MHONCECTBO MONCHO 8NoAHe ynopadoyumsb. OTHAKO B JOKA3ATEIhb-
cTBe MM OBLIA MCIOJB30BAHA YK€ VIOMHUHABIIAACA BhIIe Axcuoma evib6opa, 1o
MOBOY KOTOPOU B ITEPBOU TMOIOBIUHE X X BEKa OBLIO JOCTATOYHO MHOT'O BECHMa, XKap-
KUX CIOPOB. [PaIUIIMOHHO CIMTAETCA, 9TO uMeHHO llepmeno BBen B paccMoTpenme
Axcuomy ewvibopa. B To xe BpeMs, M0 MHEHHIO psJIa aBTOPOB, BIIEPBLIE ABHAA
ccelIKa Ha Axcuomy ewvibopa npuseiena B pabore [Ix. [Teano mo muddepeniu-
aJbHBIM ypaBHeHuAM: B 1890 roxy /Ix. [TeaHo mpu 10Ka3aTeIbCTBE CBOEH TEOPEMEI
0 CyIIeCTBOBAHUY pertenus TudhdHepeHnrnaTbHOr0 YPABHEHUS 3aMEeTHI, 9TO OH eCTe-
CTBEHHBIM 00PA30M MPUIIe] K " TPUMEHEHUIO 6€CKOHETHO MHOIO Pa3 MPOU3BOJBLHOTO
3aKOHA, KOTOPBIA KAXKIOMY KJIACCy CTABUT B COOTBETCTBUE WHIUBUI DTOTO KJIACCA .
Ho Tyt xe /Ix. [leano oTMeTm1, 9TO TakKoe TOKA3aTeIbCTBO MAA HErO He ABIAET-
ca nmpuemsteMbiM. B. JleBu B 1902 roxy yTBepxmaa, 9TO MOTOOHOE pACCYyXKIeHUE B
HesABHOU (popme ucmoab3oBat P. BepHirenn B goka3aTeabCTBE OJHOU TEOPEMBI,
OTHOCAMIENCA K KapIUHATLHBIM YucaaMm. Fire panbie Axcuomy ebi60pa B HesB-
HOM BuIe ucrnoab3oBana ['. Kautop.

[TpuBenem spkoe BoicKasbiBanme beprpama Paccera 06 Axcuome ewvibopa:
7 OHauana ona Kancemcs ouesudnot; Ho uem 00abwe 80YMbIBGEULCS 8 HEE, MeEM
boaee CMPANHLIMU KAHCYMCA 8bI800bL U3 IMOT GKCUOMbL: NOD KOHEY He Nepecma-
CULL NOHUMAMb, YMO HCEe OHA 03HAUAEM .

FBez ucnoavzosanus Arcuomsvr 86160pa mvl He MONCEM JOKAZAMb, YIMO 410~
b0e OECKOHEUHOE MHOHCECTNBO COOEPHCUM CUEMHOE NOOMHOHCECTNBO U PABHOMOUHO
HEKOMOPOMY CBOEMY COOCMBEHHOMY NOOMHONCECTNEY.

Bes ucnonb3oBanus Axcuombt 86160pa MOXKHO T0KA3ATh, YTO CIETHOE MHO-
JKECTBO PABHOMOIIIHO CBOeMY coOcTBeHHOMY moamHOXkecTBYy. Ilycts X - cueTnoe
MHOXeCTBO 1 [ - Omekiua MHOXecTBa N HaTypaJbHBIX YHUCeT HAa MHOXKeCTBO X.
Homaraem g(z) = f(f'(z) + 1), Torga g - 6uekmua MuOXKecTBa X Ha CBOE COO-
CTBEHHOE TTOIMHOXKECTBO. AHAJOIMIHOE YTBEPK JeHIe MOXKHO JOKA3aTh I/ TI000T0
6ECKOHETHOTr'0 BIIOJHE YIOPSITIOYEHHOTO MHOXKECTBA.

Ecaun w3BecTHO, ¥TO MHOXKecTBO U PaBHOMOIIHO CBOEMY COOCTBEHHOMY IIO/I-
muOkecTBy V u f — 6mekumsa U wa V, To mycrs a € U\V, Torma momaraem
g(1) =a,g(n+1) = f(g(n)). Oycrs T = ¢g(N). Torga T — cuemmnoe nodmnoxrcecmso
MHOXKecTBa U.

[Tpennonoxenue, 9TO 41000€ HECUEMHOE MHOHCECNBO MOUEK NPAMOL PABHOMOUY-
HO MHONCECTBY BCET MOUEK NPAMOTL, HABBIBACTCA KOHMUHYYM-2UNO0ME30U. ITa,
runoTesa BbicKazaHa ['. KanTopow.

Mo 9. Lepmeno B 1902 roay nranbsuckuu maremaruk b. JleBu ormedan veoo6-
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XOAUMOCTEH aKCHOMBI Tuna Axcuombr ebtbopa. OnHako B AaBHOM Buge Axcuoma
ebltbopa OGbLia chopmyaupoBana B 1904 rogy 9. llepmeno u ucnoab30BaHa B TOKa-
3aTeJIbCTBE BO3MOXKHOCTH BIIOJHE YIOPATOIUTH JI000€ MHOXKECTBO.

CoMHeHUSA o TOBOAY AKCHOMBI BBIOOPA MPUBOAAT K BOIpocy: ~ Moo au 6bi60p
ocyuecmsasmy beckoneunoe yucao paz? He nompebyemes au das amozo 6eckoney-
noe spems?”

TpynHO MepeoneHnTh 3HAYMEHNEe TEOPUU MHOXKECTB IS TAKAX MATEeMATHIECKUX
TUCHUILIAH, KaK Tomoorua. Kak caMocToaTelbHAA MaTeMaTHIecKas JUCIUILINHA
TomoJIorua opopMmIaCh B Hadamse XX Beka. OIHAKO HEKOTOPHIE TOMOJOTHIECKUe
BOIPOCHL paccMaTpuBal emme ['. JlenbHMI, KOTOPBIM HasbBaa Tomoaoruio Analysis
Situs, a 3aTem JI. Durep.

JI. Durepy mpunuceBator gpopmyay P. [lexapra mis BBIMYKIBIX MHOTOTDAHHU-
koB FF +V = E + 2. C umenem JI. Duepa cBa3aHa u mpobaeMa CeMHI MOCTOB B
Kenurcoepre Ha peke IIperoasa: MOXHO JM MPOUTH BCe UX IOCICIOBATEILHO, HE
BCTYIasA HU HA OAWH U3 HUX JTBAXKIHI.

CeromHs TEOPUS MHOXKECTB JEXKUT B OCHOBAHUU OOIBIMMHCTBA PA3A€I0B KIaCCH-
qeckon mMaremaruku. [pynna GppaHIy3CcKuX MaTeMaTUKOB, M3BECTHAS O MCEBI0-
auvoMm Huxoas Bypbaku, Ha NpOTAXKEHNN HECKOTBKAX MECATUIETHH OCYIIEeCTRIAIA
MONBITKY MOCTPOUTH BCE 3aHMe MATEMATHKH HA TEOPETUKO-MHOXKECTBEHHOM (hyH-
TaMeHTe. JTa MONBITKA OKasaja OOJBINOe BANAHNE HA PA3BUTHE MATEeMATHKNA B XX
Beke. MuororoMmubn TpakTar Hukoas Bypbaku ”OaeMeHTH MaTeMaTHUKU® HaYH-
HaeTcsa ¢ kauru ' Teopus MHOXKeCTB” .

Bo Bropon nomosuae XX Beka MUPOKOE PACIPOCTPAHEHNE B MATEMATUKE TTOIY-
MIa TOYKA 3PEHUs, BRIpAXKeHHas B BeIcKasbiBanuu Hukoms Bypbaku, — cywecmasy-
em 6ce, YIMo HENPOMUBOPEUUBO.

BecnokoncTso mo moBOAy OCHOBAHMKM MaTeMATHKM dYallle BCENO BO3HUKAET B
KPUTUIECKNE MOMEHTHI, KOa KAXKEeTCSI, 9TO OCHOBOIMOJATAOININE U IeN CTAHOBATCA
MATKUMI, 1 MATEMATUKN BBIHYXKJEHBI TPOBEPATH WX.

[TpoBepka umen 6G€CKOHETHO MaJBIX OBLIA MPOBEIEHA CIIYCTS MHOTO JET MOCIe
paspaboTKu nuddepeHInaIEHOTO n MHTEerpaabHOrO UCIUCACHIN
. Herororom u I'. B. ¢pou Jlenbuumem.

XapakTepHas 3a1a4a 1A Ipo6IeM, BOSHUKAIOMINX IPU MIePeCTPOUKe OCHOBAHNUN
MaTeMATUKA: KAk, COLPAHUB NOAELIHYW HGOCMPOUKY, omdesambcs om 6eckoHeuno
maaviz, omadas npednoumenue 6oaee acubim udesam! B XIX Beke O. Komm u ero
MOCJAEOBATENN PEIIMIN DTY MPOOJIeMy HA OCHOBE TOHATHUS Mpeaena. BeCKOHeTHO
MaJble - He eIMHCTBEHHOe MATeMATHIeCKOe MOHATHE, KOTOPOe HYKHO OBLIO JHOO
YV3aKOHUTD, JTUOO OTBEPrHYThH. MHUMBIE YHCIA JAIOT APYCOU IPUMEP.

Kak ckazax Y. B. Kyaun (1908 — 2000), ” Ecau xkmo-mo npoasasem 6ecnokoti-
CMB0 N0 NOBOAY 0CHOBAHUT MAMEMAMUKY, MO He 3HAUUM AU MO, YMO CMAHIAP-
Mbl HAYUHOT CMPO20CMU CMAAY CYPOBbIMUT”

Caenyer 3amMeTuTh 06e3 KaKuxX-Iu00 KOMMEHTAPHUEB, 9TO OIPOMHOE BIUSIHUE HA
HAIIpaB/IeHIe MaTeMaTUIeCKUX UCCIeoBaHNN B KoHIe XIX Beka, KoTopoe mpoxo0.-
KaIo omymaThes n B XX Beke, okazanx [eopr @punpux Bepurapa Puman (1826 —
1866).
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SHAUYUTEJIbLHOE BIMIHUE HA BEIPAOOTKY PA3JUIHBIX TOYEK 3PEHU HA NPOOaembl
cyuL,ecmeo8arus 8 MAMEMAMUKE OKA3AIN PAOOTHl CHEIUATICTOB MO MaTeMa-
TUYECKOU JOTHKE U, MPEeXK e BCero, OHOTO U3 BEIMIAUIINX JOTUKOB HE TOJBKO XX
BeKa, HO W BCErO MOCIETHEer0 ABYXTHICAYETCTHETO MEPUOTA PA3BUTUA MaTeMaTH-
ku Kypra Tegens (1906 — 1978), anrimiickoro maremarnka u Joruka Anbdpena
Yanrxena (1861 — 1947), o gHOr0 U3 KPYNHENIINX CHEMUATACTOB B 00IACTH MaTeMa-
TUYECKOU JOTUKU U OCHOBAHUYM MAaTEMATUKN aMEPUKAHCKOrO MaTeMaTuka Buiiap-
na Kyauna (1908 — 2000), aMepuKaHCKOT'O MATEMATHUKA MOJBCKOTO TPOUCXOXK TeHU
Anbdpena Tapckoro (1902 — 1983), amepukanckoro maremaruka [ayas Tx. Kosua
(1934 — 2007) u ap.

Ha peryispHO BO3HHMKAIOUINE Y CTYAEHTOB BOMPOC ~3adeM BCe DTO HYKHO?”
TPYIHO NaTh MOCTATOYHO yOeIUTENbHBIN (A1A 006emx CTOPOH) oTBerT. IlpuBemem
JIIIIG OJWH, HA HAII B3MJAL, JOCTATOYHO MOKA3ATETHLHBIA NCTOPUIECCKUN TIPUMED.

B 1910 rogy maremarux OcBaaba Bebaen u pusuk [Ixeumc [xuHC 06CyXK 18101
pedopmy yuaeOGHOTO MLIaHa Mo MaTeMaTuke B [IpuuncTonckom yHuUBepcureTe. ” Mox-
HO OOOUTHCH 6€3 TeOpHuH T'PYII, - cKasaa [[KUHC, - DTOT pa3ae] HAKOrAa He HIpH-
HECeT KaKOU-TnO0 moab3bl pusuke”. OIHAKO TEOPUIO DPYII PO IOIKAINA TTPEIOo -
BaTh. O‘IeHI) CKOpO MMEHHO TeOopus I'pyIll CTaJgda ODEeHTPaJbHBIM HOpeaMeTOM I
TeX, KTO CTpEMUTCA PaCKPBITH TaﬁHbI DJIEMEHTAPHBIX YaCTHUII. HpI/I‘IeM MMEHHO
npuacToHcKue npodeccopa I'. Bemts u E. Burmep craam mmonepaMu TeopeTHKO-
CPYIIOBOTO HANPABICHUA B (PU3UKE MBAIIATHIX [OTOB.

He caenyer cTonb 6e3amnerasanoHHO BEICKA3bIBATHCSA 110 BOIIPOCAM, CTOSIINM BHE
TBOEHN Y3KOU KOMIeTeHInu. Kak CBUAeTEILCTBYET MCTOPHUA, OyIyIlee HAyKH, Kak,
BIIPOYEM, W MHOTHX APYIHUX OOJACTEN YeJ0BEYEeCKOU MeATEIbLHOCTH, IMPEeICcKa3aThb
NPaKTUIECKN HEBO3MOMKHO.

[To MHEHUIO pATa MaTeMATUKOB, IBUXKYIINE CUIBI PA3BUTHA MATEMATUKH — DTO
pewenue NPUKAGORLIT 36004, 8KANUAA UCTLOAB30EBAHUE MAMEMATUKY U €€ MEeMmo-
do6 6 Opyeur HAYKAT, pEULeHUE MAMEMAMUYECKUT NPobiem U Pa3pabomKa HOBbLL
MAMEMAMUYECKUT M eoPU.

Tpyauo yaepxaTbCa OT KOMMEHTAPUEB IO BOIPOCY IIPEHOIaBAHUA MaTeMaTH-
K1, ocoberno B mkogae. C Hadgaaa XX CTOJeTHsA yKacaioliee BliedaTIeHne Ha MHOTUX
MaTeMATHKOB IPOM3BOAMIA MPONACTD, CYMIECTBYIOMAA MEX Y IIKOJALHOU M COBpPe-
MEHHOU MATEMATUKOM.

OmHAKO BOIPOC CIUIIKOM CJIOXKEH, ITOOBI €0 MOXKHO OBLTIO 00CYXKIaTh Ha CTPa-
HUIAX yIe6HOro mocobmsa. CA0KHOCTE Mpo6IeMEI XOPOIIO OTpakaeT Bonpoc X. Ppou-
nerrans (H.Freudenthal) ”OO0y4uenue coBpeMeHHON MaTeMaTHKe HIX COBPEMEHHOE
obydenme maremaruke?” Kak mumyTt ['. Pagemaxep u O. Termun B cBOeu m3sect-
Hou kuure " Yucaa m gpuryper”’, "Hacrosmas MaTeMaTnKa 3aKII09aeTCI HE B Ha-
IPOMOXK TEHUN MCKYCCTBEHHBIX BBIMUCJAUTENBHBIX MPUEMOB, & B YMEHUU TOJYIATh
HETPUBUAJbHBIE PE3YIbTATHl MYTEeM Pa3MBIILIEHAA TPU MUHUMYMe MPUMEHIEeMOTr0
armapara”’. Ho 5To Tema 111 oTae1bHOTO pas3roBopa.
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4.4.2. I3 nucrTopum JOTUKHU

C omHOU CTOPOHHI, JOIMKA KaK HAyKa O IMPHEMIEMBIX CIIOCO0aX pacCykIeHUH,
KaK aHAJIM3 METOIOB PACCYXKIEHUU CYIECTBYET MOYTH ABE C MOJOBUHOU THICATH
JeT, & C IPYyrOW CTOPOHBI, HAMOOIEe 3HAYUTENbHBIE PE3YJbTAThl B HEW ObLINA MO-
ay4gens 3a nocregaue 100 — 150 mer. Camo caoBo ”normka” BechbMa MHOTO3HAYHO.
Ta 9acThb JOMKM, B KOTOPOW MHTEPECYIOTCA Mpexae Bcero (hopMoOH, a He Comxep-
KAHIEM PACCYkKIeHUU, OOBITHO HA3LIBACTCA opmaabHoti ao2uroti. Ee nucrokn
MOYKHO OOHAPYKUTH B JOIIEANINX M0 HAMIETO BPEMEHU 3a9aCTYI0 OTPBIBOIHBIX (hu-
nocopekux Tekcrax. Ecmum B VII — VI BB. 10 H. 5. TOIBKO ymeepxicdaom nim npo-
PUYaOM, TPUBOIA JUIIH B OTAETHHBIX CIYYIAAX TYMAHHBIE TOBOIBI, OCHOBAHHBIE HA
CTOJb K€ TYMAHHOW AHAJOTUHU, TO B IpedecKux (pmIocopCcKux Tectax V B. 10 H. D.
yKe MpPOCIeKUBACTCA OCO3ZHAHHOE CTPEeMIeHHe PACIpPOCTAHUTEL HA MHOTHE 00J1acTu
IeIOBETECKON MBICAU MPUEMbI TPOBEJIEHUS PACCYXKIEHUU, KOTOPbIE K TOMY BpeMe-
HI BECbMa YCIEIIHO MPUMEHAIN MaTeMAaTUKU U PUTOPUKHA. B 3TOM MOXKHO BHIETH
mepBbIe MONBITKYU CO3AaHusa (popMatbHOU JOoruKu. Yxe ¢ [lepmunuga u 3enona ¢u-
JOCO(MDBI HAMUHAIOT aPeyMEeHMUPOEamb, BEIISIIIOT HEKOTOpPBIe OOIINe MOJOKEHU,
KOTOpBIE KJIAAYT B OCHOBY CBOMX paccykjgenun. Vmenno y Ilapmenuia Brepsbie
(bopMyIHPYETCA 3aAKOH UCKAOUEHHO20 MPEMbES2O. 3EHOH YCIEIIHO MPUMEHT
dokazamenbcmea Memodom NPUBEIeHUs K NpPoOMuUEoPEYU.

Oco6oe MeCTO B NCTOPUU PA3BUTHUA JOTUKU 3aHUMAET TPEBHErPEYeCKUN (PUIO-
cod Apucrorens (384 — 322 rr. g0 H. 5.). Ou poxuiaca B Crarupe. B 367 roxy B
Adunax cran yaenukom [Lrarona u 20 ger, Briors 10 cmepTu [LraTona B 347 roay,
6wu1 wiaenom [LratonoBckon Akagevun. B 343 romxy mpuriamen mapem Makegonuu
PuaunmoM B KadecTBe BOCIUTATENA ero ckiHa Alekcanapa. B 335 roay BepHyIcs B
AdunBl ¥ co3maT TaM CBOI0O MIKOIy. YMep Apucrorenb B Xaakuae Ha JBOee, Kyaa
OBLT BBEIHYXK T1€H 0€XaTh OT IpecaeIoBaHuAa M0 OOBUHEHUIO B MPECTYILICHUN TPOTUB
peNurum.

ApucroTeas OXBATHI MOYTH BCe OTPACIN 3HAHUA ero Bpemenu. [lomenmme 1o
HAC COYMHEHUA APHUCTOTENIA TeAATCA IO CONePKAHUIO Ha ceMb rpymm. Jlormueckue
TpakTaTel Apucrorens obweauuensl B cBoxe ~Opranon”: ”Kareropuun”, "6 uc-
ToakoBauuu’, ” Anasutuku mepBas u Bropas’ wu ~Tomuka”. Apucrorens B covn-
mernn Tomuka” copMyInpoBaI OCHOBHOE IIPABUIO MCUMUCICHUA BLICKA3LIBAHUN
- "IlpaBmio oTAeIeHAA 3aKJIIOYMEHAA , ¢ KOTOPBIM MBI YK€ XOPOIIO 3HaKOMBI ~ U3
A u (A — B) cienyer B”. Cuuraercs, 970 uMeHHO Apucmomend 6bia 00HuM u3
cozdamedneti Gopmasbroti A02UKY, eMy NPUNUCHIBAEMCA OMEPLINUE B03MONCHOCTU
ONUCAHUS 0eQYKMUBHBIY Paccyrcienuti uepes Gopmy coomsemcmsey UL 6blCKA3bI-
ganuti. ApuCTOTETE 0003HAUAEM NOHAMUL U 6bICKA3bIBAHUS OYyKreamu. OH cucTe-
MaTH3UPOBAT HEKOTOPBLIE IPHEMBI PACCYXKICHUH PYKOBOACTBYACH MAEEU, UTO Ka-
XK T0€ MPABUILHOE PACCYKIEHNE MOXKHO CBECTHU K MPUMEHEHUI0 HeOOJABIIOTO HUCIA
MpaBUI, HE3ABUCUMBIX OT MPUPOILI OOBEKTOB, O KOTOPHIX WJAET pedb. APUCTOTENh
OCTABAJICA HEIPEB30WIEHHBEIM aBTOPUTETOM B JOrMKe BILIOTH 10 X VII Beka.

B menmom B mepmoj paHHEH aHTUIHOCTH JOTMYECKHE AU PA3BUBAINCHL U aK-
TUBHO 00CYXK TAJUCH B psge puaocopckux mkoga. Ocobyio poab B pa3BUTUU JOTUKH
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CHITpaJ aHAIN3 A3BIKA, MPOBEAEHHBIN copucTamMu B V B. [0 H. D., 9TO OBLIO CJEI-
CTBHEM BBICOKOU KYJIbTYPHI OPATOPCKOrO MCKYCCTBa. BKIal MO3THEN aHTUIHOCTH
B UCTOPHIO JOIMIECKOW MBICAN OTPAHUIUBACTCA JUIIL IEPEeBOIIeCKON M KOMMEHTa-
TOPCKOU IeATEIbLHOCTBIO. B KadecTBe 0MHOTO U3 ceMU CBOOOTHBIX UCKYCCTB JOIHMKA
CTAHOBUTCS HEOOXOTUMBIM DJIEMEHTOM I'yMaHUTAPHOTO 0OPa30BAHUA.

Pannee esponenckoe cpenuesekoBbe (VII — XI BB.) He BHECIO BECOMOTO BKJIAIa
B pa3BUTHE JOTWKHU, TaK KaK DTO OBLT MePUOJ OCBOEHUS HAYIHOTO HACTEIUSA aHTHI-
HOI'O MUpa MO YIVIOM 3peHUs XPUCTHAHCKOro co3Hauus. B Espome passuBaercs
B DTOT MEPUOJ JUIIb CLOAGCMUYECKASA A02UKG — TePKOBHO-TIKOIbHAS TUCIUATLIAHA,
HAIIpaBIeHHAA HA 0OOCHOBAHWE M CUCTEMATHU3ANNIO XPUCTUAHCKOrO yueHud. JIuirb
B XII — XIII Bekax ObLIM KAHOHM3MPOBAHLI NMPOMW3BEICHUA APHUCTOTEIA U CTajIa,
Pa3BUBATHLCA CPEIHEBEKOBAA HECXOJIACTUYIECKasA JOruKa. B cpenHume Beka JOrmKaMu
OBLIN OTKPHLITHI MHOTHE 3aKOHBI JOTMKN BBICKA3BLIBAHUU, B DTO K€ BPEMA 6803HUKAG
udes MEeTGHU3AUUL NPOUECCH A02UUECKO20 8bI800A U COEAAHbL NEPBbLE NONLIMKY €€
PeaAU3AUYUL.

[IBa Beka nmoxu Bospox genus 11 e 1yKTUBHOU JOTUKA OBLIN IIEPUOIOM 3aCTOA.
OHa BOCIpUHUMAIACH KaK OIOPA CXOJACTUKY, KAK MCKYCCTBEHHOE MBINLIEHNE, OCBSI-
MIAIOIIee CXeMATH3M YMO3aKIIOIeHNH, IIOCBLTKA KOTOPEIX 000CHOBAHBL ABTOPUTETOM
Bephl, a He mosHauud. Jlumb k cepequne X VII Beka nnTepec K 1eIyKTUBHOU JOTHKE,
KakK paboueMy MHCTPYMEHTY BCEX HAyK, TPeOYIIMeMy cTporo ¢GopMyIupoOBaTh MbI-
CJ¥, BHOBB cTagJ MPoOyx)aaTheia. VI ocobyio pob Ha 3TOM dTale Pa3BUTHUSA JOTUKHI
CBIT'PaJ HeMenKuu (puaocod, MaTeMaTnK, (pU3UK U n300peTaTerhb, IOPUCT, UCTOPUK
u a3eikoBe Lordpun Bursreasm Jlenbuun (1.07.1646, Jleunmur, — 14.11.1716, Tan-
HoBep). B smoruke I'. B. JlenOuun pa3Bui yuenue o6 aHAIN3E W CUHTE3e, eMy MPHU-
HAJJIEXKUT IPUHATAS B COBPEMEHHOU JIOTHKe (hOPMYIMPOBKA 3aKOHA TOXKIeCTBa. B
pabore I'. B. Jlen6uumna ” O6 nckyccrse KoMOMHATOPUKK , HanucanuHou B 1666 roxy,
IPEIBOCXUIIEHB HEKOTOPHIE MOMEHTHI COBPEMEHHON MATEMATUIECKON JOTUKH. JI0-
euka Harodusacyk 6 yewmpe boavuwur npoexmos 1. B. Jletibnuya no gopmaruzayuu
asvika u moruaenus. . B. Jleti6nuy 6bidsunys udew npumerenus 6 so2uke mame-
MAMUYECKOT, CUMBOAUKY U NOCTPOEHUT A02UUECKUL UCUUCAEHUT, NOCTABUL 3G0aUY
AO2UYECKO20 000CHOBAHUS MAMEMAMUKY, NPEJAOHCUL UCTOAL30BAMb OUKAPHYIO CU-
CMEMY CUUCAEHUA O yeael sbiuuciumenvroti mamemamuru. I'. B. Jletdonuy odnum
U3 NEPBLIT CMAA PACCMAMPUBAMY A02UKY KAK JUCYUNAUNY, udeu u Memodbl Komo-
poti aexcam 6 ocHose mHo2ur dpyeur nayk. Baxueumen 3acayrou I'. B. Jleubunma
ABasgeTCA pazpaborka (Hapagy ¢ V. HbloTOHOM u He3aBUCHMO OT HEro) auddepeH-
[IIAJTBHOTO W MHTErPAJILHOTO MCIUCICHUN.

['. B. JlenGuur BeICKA3aI Mbicab 0 co3danuu ~eceobuet cumsosuky”’, ynusep-
CAAbHOZ0 CUMBOAUYUECKO20 A3bIKG, C80000H020 0OM MHO203HAUHOCMEN eCECNEEHbIE
PA32080PHBIT A3BIKOG, KOMOPIL Obla Obl CNOCOOEH MOUKO U 0OHO3HAUHO BbIPAHCAMb
MBLCAU U NOHUMAACS Obl 6€3 nepesoda. DTOT A3BIK, 10 3aMmbicty ['. B. JlenGuua,
NOMKEeH OBLT CTaTh [IIA 9eJ0BEYeCKUX MBICAEH TeM XKe, deM aarebpamdeckue 060-
BHAYEHUA ABIAIOTCA JJIA aIreOpbl. DTOT MCKYCCTBEHHBIN S3BIK BBLIBOJHAI OBI POJIb
MeX TYHAPOTHOTO A3BIKA, CIYKUAI ObI OPYAUEeM MOJIYIeHUS HOBBIX UCTUH U3 U3BECT-
HBIX. JIenbHUI (pakTUIeCKN TOHUMAET BoPMaAU308aHHbIT A3bIK KAK NPOCMO KOMOU-
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nayuto 3nakxos. I'. B. Jlenbuu mpurien K naee HaXO0XK IEHUA TPOCTEUIINX NCXOTHBIX
MOHATHUH, ” aIpaBATA IeJ0BEICCKAX MBICICN , KOMOMHUPYSI KOTOPBIE MO OMpeneIeH-
HBIM ITPaBUIAM, MOXKHO MOJIYIUTE BCE OCTAJbHBIE TOYHO OMpeaeIuMble moHATHA. [1o
Muennio ['. B. Jlenbunma, 5To mo3Bomao ObI co3damb yHUBEPCAAbHBIT AA20PUTTM,
n0380AA0WUL J0KA3AMb BCE UCMUNHBIE YMBEPHCIEHUA, PEULGMb BCE MAMEMAMU-
weckue npobaemvl. I'. B. Jlenbuu npemioxmi HECKOIbKO MOIX0I0B K apupMeTn3a-
IIIU JOTUKH, OJUH U3 KOTOPHIX BeJeT K refeleBcKon HyMepamnun. [1og Bo3 encTeuem
sprux ugen ['. B. Jlenbuum paspabora CHUMBOIMKY UCIUCJICHAS O6€CKOHETHO MAJBIX.
B counnenusax . B. Jlenbuuma comepxkarcsa HaYATa MATEMATHIECKOUN (I6TYKTUB-
HOM) Moruku. Ero ngen okazaam BIUsAHUE HA Pa3BUTHE ATCeO6POIOMMIECKIX METOI0B
B Joruke. B Tedenne Bcero XVIII Beka n nagara XIX Beka maTepec K (hopMaIbHON
JOTUKe OBLI HE3HAMUTETBHBIM, YTO YACTUIHO OOBACHAETCS BIUSHUEM C CEPETUHBI
XVIII Beka 9. Kanra, cauraBmero, 9To ”HaM He HYXKHBI HUKAaKue HOBBIE M300pe-
TeHusA B JOTUKe’, TaK KaK JOCTATOYHO TOrO, UTO CAeJa] B JOIUKe ApPHCTOTENb.

Xomsa Jleonap dunep (4(15).4.1707, Bazeas, [lIsenuapus, — 7(18).9.1783, [Terep-
Oypr), MATeMATUK, MEXAHUK U (PU3UK, HETOCPEICTBEHHO HE 3AHUMAJCA BOIPOCAME
JOTUKH, OMHAKO B CHIY Pa3sHOCTOPOHHOCTH CBOET'0 MaTeMaTHIeCKOTO MHTELICKTA
OH He MOT' He 0Ka3aTh BIUHUA HA €€ PA3BUTHUE, B YaCTHOCTH, JI. Duaepy mpumnuco-
BaeTCS UCIOMB30BAaHNE KPYTOB s MPEICTABICHUS JOTMIECKUX TPEII0KEHUN.

[pyrum cosgaTeneM rpadpuaeckKoro ammapaTa [ad IPeICTABICHUAS IMIPeIIoxKe-
HUU JIODUKM, MOTYYUBIIMM Ha3BaHue nuarpamv Benna, 6bu1 [:xon Benn (4.8.1834,
Mpaumy., 6aus Xamna, — 4.4.1923, Kem6puax), aHDIMUCKUN JOMUK, PAOOTABIINI B
00JaCTU JOTUKU KJIACCOB.

B XIX Beke moABmINCH mepBbIE MONBITKA aJrebpan3anuu JOTUKU, MTOCTPOCHUS
JOTUIECKOU TEOPUU aIreOpam<eckoro XapakTepa, ITo CrmocoOCTBOBAIO (POPMUPO-
BaHNUIO aare6psl Joruku. Co3maTeneM COBPEMEHHOU CUMBOJINYIECKON JOTUKH IO IIpa-
By canraerca [Txopax Byas (2.11.1815, Jluakoasw, — 8.12.1864, Bamtuaremm 6.u3
Kopka), aHDMIUUCKUT MATEMATHK U JOTHK, OJHUM W3 MEPBLIX MPEeANPUHABIIAN MO~
OBITKW, TOCTATOYHO YCIEIIHBe, anreOpausanuu jJoruku. He mmes croenuasbHOTO
MaTeMaTuIecKoro obpasosanusd, B 1849 romy cran mpodeccopoM MaTeMaTUKW B
Kyunc-komrenxe B Kopke (Upaanamsa), B KOTOPOM MpenogaBad 10 KOHIA KU3HMU.
[x. Byab mHTEpecoBaICsS JOIMKOW, MATEMATHIEKNM AHAJIM30M, TEOPHEH BepOsT-
HocTen, >Tukon CrnmHO3EI, dpumrocopckumu padoramu Apucrorens u llunepona. B
paborax "Maremarndeckut ananus Jgoruxku  (1847), ”Jlormueckoe ucuucienue”
(1848), "ccaegoBanue 3akonoB Mbmmienns” (1854) lx. Byas 3amoxun ocHOBEL a-
reOpOJTOrTIeCKOr0 DTAala B NCTOPUM MATeMAaTHIeCKOW JOruku. VIM paspaboTaHa
aarebpa JOTUKM KaK Hekasd aarebpamdeckas cucTema. OH 0003HAYAET MepecedeHne
MHOXKecTB A u B 4epes AB, oobequnenue — qepe3 A + B B caydae, korga A u B
He uMeoT o0mumx saeMenToB. CaMo nmouaTHe ”aarebpa JOruku~ OBLIO BBEIEHO MO3-
xe Y. C. [Mupcom. Yapas Cangepc Mupc (10.9.1839, Kembpu sk, Maccaaycerc, —
19.4.1914, Muadopx, [encunibpanus), amepukauckuu Gpuiocod, JTOMMK, MaTeMaTUK
UIECTECTBOUCIBITATENb. IUTAI JeKIIUU IO JOTUKE, UICTOPUK 1 puaIocoduu HayKnd B
['apBapackom yHuBepcuTeTe, yHUBepcuTeTe /). Xonkmaca B BarTumope. VM BHI-
MOJHEHBI PA0OTHI MO KIACCU(DUKANNNA CYXKIEHUN U THUIOB TOKA3ATEIbCTB, 10 W3Y-
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YEeHUIO MMPUPOJABI JOI'MKI 1 €€ B3aUMOOTHOHIICHUA C MaTeMaTHKOfI, IO ommpenaeJeHUIO
IpeJIeJoB U BO3MOXKHOCTEN (popMaaun3anun. VM n3ydeHbl HEeKOTOpbIe MIHIMAIbHEIE
CHCTEMBI JOIMIECKIX OMePAlNi, Iepe3 KOTOPHIE BEIPAXKAIOTCA OCTAJLHBIE OMEePALINN
(crpeaka [Mupca). [Ix. Byab cTpeMuiIcsa BBECTH B CO3MABAEMYIO UM AIre6pY JOTUKH
BCe OCHOBHBIE apudmMeTudeckue omepanuu. OTHAKO OKA3aJ0Ch TPYIHBIM WHTEIpe-
TUPOBATH JOTMICCKN ONEPpAalIUM BBIYUTAHUA W OEJICHUSA. ﬂaﬂbHeﬁmHe ycoBepuieH-
creoBanus BHec Y. C. [[XXeBOHCOH, KOTOPBIA PACIPOCTPAHMI MOHATHE ObeINHEHNs
A+ B muOX)ecTB A u B Ha o6mun caydan. Yuabam Crommm [TxeBoucon (1.9.1835,
Jlusepmnyab, — 13.8.1882, 6aus TacTuHrca), aHNIUUCKAN SKOHOMUCT, CTATUCTUK U
¢purocod-moruk. Beur mpodeccopom goruku, GUIOCOPUE U MOTUTHIECKOU SKOHO-
vun B Mandecrepe (1866 — 1876) u Jlormone (1876 — 1880). V. C. [lxkeBoHCOH
YCIENHO PO aoKuI padoTwl [[:x. Byas mo arre6pausanuu 10ruku, UMEHHO OH TO-
CTPOMT anreOpanveckKyio CUCTeMY, Ha3bIBaeMYIO Telephb 0y.4e80t aszebpot. [le Mop-
rau (27.06.1806 — 18.03.1871) B 1858 r. u 1. C. Ilupc B 1867 r. moKa3anu 3aKOHBI

NBOUCTBEHHOCTHU
C(AuB)=C(A)NC(B), CANB)=C(A) uC(B).

[Tnaron Cepreesuu Iopenknu (3(15).10.1846, Emmsaserrpas, meme Kuposo-
rpazx, — 9(22).8.1907, cero ZKoseapb, HbiHe epHUTOBCKOW 06JaCTH), DYCCKUN Ma-
TemaTuk, acTponom, jgoruk. II. C. [lopeukunn BHeC 3HAYUTENLHLIN BKJIAJI B Da3BU-
THEe MaTeMaTUIeCKON JOTUKN, KOTOPYIO OH OMpeNeIsal KakK ~402uka no npedmemy,
mamemamura no memodam”. OH TEePBHIM M3 PYCCKUX YVIEHBIX YUTAT JEKIWH IO
MaTeMaTUIeCKON JIOTHKE U ee TpuIokeHusam K Teopun Beposatuocren. [1. C. ITopen-
kuit passuBai uaymue ot [x. Byas, Y. C. Ixesouca u J. pexepa (25.11.1841
~ 16.06.1902) ugen B o6aacTu arreOpLl JOTMKH, TOHUMAEMON UM KaK ~ UCUUCAEHUE
aouveckur pasencms” . O Hapany co lllpemepoM pa3Bua MeTOIBI pelIeHus JOTHU-
YeCKUX YPABHEHUH.

B konme XIX Beka 6aaromaps pa6oram /[x. Ileamo, Y.C. Ilupca, ['. Ppere,
B. Paccera, A. H. Yanrxega u [I. l'misbepra B MaTeMaTu4eckon (geIyKTUBHON)
JOTHKE TTPOM3OILIN PEBOMONUOHHBIE m3MeHeHus . C DTOro BpeMeHU HAYAJICSs COBPe-
MEHHBIA >TAll UCTOPUU MATEMATHIECKON JOTUKHM.

Mxysenne ITeano (27.8.1858, Kyneo — 20.4.1932, Typun), uTaIbIHCKAN MaTe-
matuk. C 1890 r. mpodeccop Typunckoro yuupepcuTeTa. MHOI0 BHUMAHUA Y IETAI
BompocaM (hOpMaTbHO-IOTTIECKOT0 0O0CHOBAHUA MAaTEeMAaTUKN, udnan ~ Popmynap
MaTeMaTuKn” , HAMCAHHBIN (DOPMAIN3OBAHHBIM A3BIKOM, KOTOPKIN COAEPKAI, KPO-
Me MaTeMaTHIeCKOU JOTMKM, HEMAJIO 3HAYUTEIbLHLIX Pe3yJAbTaTOB M3 MHOTHUX pas-
nenos MaremMaruku. Beemenmnas /Ix. Ileano cuMmBoamMKa OJM3KA K IPUMEHAEMOU B
MOBCEeJHEBHON MATEeMATHIECKON MPAKTUKE, BBOAUT MHOMOUNCICHHBIE U XOPOIIO IO~
noOpaHHBIE CUMBOJBI-COKpaIeHnsa. BoT HeCcKOTbKO nmpuMepoB BBegeHHBIX [[x. Ile-
aHo 3HakoB €, O, U u N. B paborax ['. ®pere u [[x. [learno 6bu1r pazpaboTaHbl
OCHOBHBIE TOJOXKEHUA (POPMAMN3OBAHHBIX A3BIKOB, KOTOPBIME MOJB3YIOTCA W B Ha-
crosmee BpeMa. B 1889 roxy /lx. [leaHo mpemIoXut cucTeMy akKCUOM AJas apudme-
TUKM HATYPATbLHBIX YUCEJT B TepMUHAX (DyHKIUHU caegosanusa S(z) = r+ 1. Cxoquas
cucTeMa akKCmoM ObLTa TperlIoXkKeHa HeCKOTLKO panee, B 1888 roxy, P. /lexexwngom.
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[x. TleaHo MHOTO 3aHUMAJICA BOIPOCAMU BBIPAYKEHUSI MATEMATHIECUKX TEOPEeM B
JOTMIECKUX CUMBOIM3MAX.

Torio6 Ppere (8.11.1848, Bucmap, — 26.7.1925, Ban-Kaennen), HeMenkui J1o-
ruk, B 1879 — 1918 rr. npodeccop yausepcurera B Mene. Dnasrbiit tpyx I'. dpere
” Ocuosuble 3ak0HbI apudmerukn” (1893 — 1903), B KOTOPOM OH IPEAIOKUT CUCTEMY
(popMaII3OBAHHON apu(PMETUKI HA OCHOBE Pa3pabOTAHHOT'O UM PACIIHPEHHOI'O MC-
YUCIeHUA MpeaukaToB. Padorer ['. dpere oTanmdaroTcsa Ipe3BEYAMHON TOTHOCTDHIO
1 TIOAPOOHOCTBIO AHAJIN3A TOHATHM.

Beprpan Paccen (18.5.1872, Tpemnek, Yoanc, — 2.2.1970, [Tenpun gaugpanr, Yaasc),
AHMIAUCKAEN (PUIOCO(, JOMUK, MATEMATHK, COIMOIOT, OOMIECTBEHHLIN AeATeIb, OBLI
IpoeccpoM pasInIHbBIX yHuBepcuTeToB Beaukobpuranum u CIHIA. Boabmoe me-
CTO B ero paboTax 3aHIMaeT pas3padoTKa (puIocopCKIX BOIPOCOB MaTeMaTuku. Mm
OTKPBIT OJUH U3 MapafOKCOB TEOPUU MHOXKECTB, MOIYIUBIINN HA3BAHNUE MAPaTOKCa
Paccena. CoBmectno ¢ A. H. YauTxenom — 0CHOBATEIb JOTUCTUIECKON TTKOIBL B (DU~
Jocodun MaTeMaTHKH. VIMEU CO31aH TPEXTOMHBIM KAOUTAJLHBEIN Tpya ~ [IpuHInmb
marematuku’ (”Principia Mathematica”), B KoTOpOM GBLIO CHCTEMATU3UPOBAHO U
Pa3BUTO M€IYKTUBHO-aKCHOMATHIECKOE TIOCTPOEHUE JJOTUKY, UMEBIIIee Ieabi0 JTOTH-
qeCcKoe 000CHOBAHME MATEMATHIECKOr0 aHaIu3a. B »ron padore Todnocts . Ppe-
re yIadHo codeTaeTrca ¢ ygoocTBoM cucreMbl [Ixk. [leaHo. DToT a3bIK cTans Ham-
60J1e€ PACTPOCTPAHEHHBIM, OOJBITMTHCTBO COBPEMEHHBIX (POPMATU3OBAHHBIX A3BIKOB
OTIUIALTCA OT HEro JUIIb BTOPOCTEMEeHHBIMYU M3MEHEHHUAMU, HANpPABICHHBLIMUA Ha
VIpPOIIeHNe MPUMEHEHUA.

Amsdper Hopr Yanrxex (15.2.1861, Pamcrur, Kent, — 30.12.1947, KemGpuaxk,
Maccadycerc), aHramickuil MaTemMaTuk, Joruk u purocod. Cosmecrro ¢ B. Pacce-
JIOM — OCHOBATEJb JOTUCTUIECKON MIKOJIBI B (PUIOCO(DUN MATEMATHKH.

Hasug Duasbepr (23.1.1862, Benay, 6iaus Kenurcoepra, — 14.2.1943, Ferrun-
reH), HEMEIKIN MaTeMaTHK, UCCIeJOBAHUA KOTOPOrO OKa3alu OOIBIIOe BAWAHUE HA
pa3BUTHE MHOT'HUX pa3IeJoB MaTeMaTnkm XX Beka. [leareabumocts /. ['minbepTa B
lerrunrenckom yuuBepcurere, mo mMueHmio A. H. Koamoroposa, B 3HaMuUTEIHHON
Mepe COIeNCTBOBAJIA TOMY, 9TO [ eTTHHIeH B mepBou TpeTn XX BeKa SABJIAICA OTHUM
13 OCHOBHBIX MUPOBBIX IEHTPOB MAaTeMaTHIeCKON MBICIA (0 IPUXOJa TUTIEPOBIEB
K Bractu B ['epmanun B 1933 roxy).

Annpen Hukoraesua Koamoropos (12(25).4.1903, Tam6os, — 20.10.1987, Mock-
BA), COBETCKUI MATEMATUK, BHEC BBITAIONIMUCA BKJIAJL BO MHOTHE Pa3Iedbl COBDPe-
MEHHOW MAaTeMaTUKN — TEOPUIO (DYHKINN TeNCTBUTEIHHOTO ePEeMEHHOr0, KOHCTPYK-
TUBHYIO JOTWKY, TOTMOJOTHI0, MEXQHUKY, Teopuio nudGepeHnaIbHbX YPABHEHNHN,
(PYHKIMOHAJIBLHBIN QHAIN3, TEOPUIO BEPOATHOCTEN, TEOPUI0 WH(MOPMAIINH.

K 1922 roay y [I. I'mib6epTa CIOKUICA OOMIMPHBIN ILIAH 0O0CHOBAHUA BCEH Ma-
TEeMATUKY IIyTEM ee MOJHON (POPMATUBANNAN C TOCIEIYIOMINM MeTaMaTeMaTHIeCKUM
JTOKA3aTeIbCTBOM HEIPOTUBOPEIUBOCTH (hopMaau3oBanuon maremaruku. [I. I'mib-
6eprom coBmecTHO ¢ II. Bepuanmcom manucansl u m3ganbl B 1934 m 1939 rr. aBa
ToMa ” OCHOBAHMM MAaTEMATUKN , B KOTOPHIX MOAPOOHO M3JaraJach Ta KOHIEIIIN
obocHoBanua maTemaTuku. Hagex aur /. ['man6epTa He olrpaB Jaanuch — KaK IMOKa3aJI
K. T'egens, mpobaema HEMTPOTUBOPEIUBOCTH (DOPMATMIOBAHHBIX TEOPUU OKA3AJIACh
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HAMHOT'O IIyOXKe W TPYIHEe.

Kypr Temenn (28.4.1906, Bpioun (Bpuo), — 14.1.1978, [Ipuncron, Heio [Txep-
cn), aMepUKAHCKUM MaTeMaTWK U JOMMK aBcTpuiickoro mpoucxoxgenusa. C 1953
roga npodgeccop MucTuryTa nepcnektuBHbX uccaegoBanun B [Ipuncrone. K. Te-
JIeqb — OWH 13 BeIMYaUIInX JOIMKOB He TOABKO XX BeKa, HO U IMOYTH BCEro Golee
YeM IBYXTBICAUETeTHENO MEePUOIa PAa3BUTHUA JOTUKA. My mpuHa IIe:KaT TeOpeMBI O
MOJHOTE [ UCIUCTCHUA MPEIUKATOB U 3HAMEHUTHIE TEOPEMbI O HEMOJTHOTE, ABJSA-
IOIIMECS BBIIAIOMIMMCS SBJICHUEM HE TOJBKO [ MATEMATUKU, HO U I BCEU HAYKU
1 KYJIbTYPHL.

Brina npeogorena orpaHuIeHHOCTH YUCTO AJreOpandecKoro moaxona K JOruKe,
OCO3HAHO 3HAYEHNWE MATEMATUIECKOU JOTUKU IS MATEMATUKN B II€I0M, HAYAJIOCH
ee IPUMEHEHNe B MCCICIOBAHUAX 110 OCHOBAHUAM MATEMATUKN W TEOPUU MHOKECTB.
I'. ®pere maunnas ¢ padorsr 1879 roxa ”Ucaucienne mOHATHN  BBITOJHAI CTPOTOE
AKCHOMATHYIECKOEe MOCTPOEHNEe NCINCICHNN BHICKA3BIBAHUN U IIPeInKaToB. [Ipemio-
JKeHHasdA UM (pOPMATU3AINA JOTUKN BKIIOYAIA B ceOI BCE OCHOBHBIE DJIEMEHTHI JIOTH-
YeCKAX MCIUCJICHUN: MPOMO3UINOHAJBLHBIE U TIPEIMETHBIE TIePEeMEHHbIEe, KBAHTOPHI 1
npeaukarTbl. OH aKIEHTUPOBAJ BHUMAHNE HA PA3IMIUAX MEXKIY JOTHIECKUM 3aKO-
HOM ¥ MPABIJIOM BBIBOIA, MEXKIY KOHCTAHTOUW M mepeMeHHOu. I'. dpere Ha ocHOBe
Pa3BUTOU UM JOTMKH IPEIUKATOB pas3spaboTal CHCTEMBI (pOPMAIM30BAHHON apud-
MeTuku. [Ipentoxennasa ['. dpere cuMmBoIuKa He yTBepAWIach B Joruke. Mcmoab-
3yeMas B COBPEMEHHOU MATEMaTUIECKOU JOTUKe CHUMBOJIUKA BEIET CBOE HATAIO OT
[x. [Teano.

Jlo2uyu3m - 0IHO 13 OCHOBHBLIX HAIPABJIEHUN UCCIEJOBAHUN B 00IaCTH OCHOBA-
o MaTeMaTuku. OCHOBHOW MOCTYJIAT JOTHIM3MA — DTO YTBEPKICHUE O BO3MONK-
HOCTW U HEOOXOUMOCTH ~CBEIEeHUS MaTeMaTUKN K JIOTUKe  , T. €. ONPeIeTeHnsI BCeX
HEeOIlpeaeIIeMbIX MAaTeMATHIECKUX MOHATUNA B YUCTO JOIMIECKHX TEPMUHAX U IO-
Ka3aTeTbCTBO BCeX MATEMATHIECKAX TEOPEeM IUCTO JOTUIeCKUMU cpeacTBamMu. [1pu
TAKOM IOIXO0Ie MAaTeMAaTUKA CTAHOBUTCA YaCThIO JOTUKU. U men Jorumnmama BOCXO-
mar k . Jlenbuumy. [JoxkTpuna Joruumsma ObLIA BIEPBBIE YeTKO C(HOPMYINPOBAHA,
['. ®pere, KOTOPBIN MPEATOKIT TOAXO] K CBEIEHUIO MOHATUA HATYPAILHOIO YUCTA,
K JormiecKuM moHATuAM. ['. dpere meTaabHO pazpaboTana JOTHIECKYIO CUCTEMY,
CpeICcTBaMU KOTOPOU €My VIAJI0Ch TOKA3aTh OCHOBHBIE apU(PMETHIECKHIE TEOPEMEL.
Tak xak K ToMy BpeMeHH ObLIA B OCHOBHOM 3aBepIleHa apupMeTH3allnsd MaTeMa-
TUYIECKOT0 aHAIN3a, TeOMeTPUN U AIreOpsl, TO, 10 MHeHUIO ['. Ppere, MOXKHO OBLTO
YTBEPKIATh U O BHIIOJHAUMOCTHA B OCHOBHOM JOTHIUCTUIECKON TTporpaMMbl. O 1Ha-
KO eIlle 10 3aBepIieHnd myoauKanun 1ByXToMHOTo Tpyaa ['. ®@pere b. Paccen o6Ha-
PYXWI B ero cucreMe nmporusopedne (mapanokc B. Paccena). B. Paccen coBmecTHO
¢ A. H. YauTxenqom npeIupuHAIN MONBITKY UCIPABATEL cucTeMy ['. dpere u cmactu
ee oT nporuBopednu. C >TOU MeabI0 OHI PO Aeaaan 6OIBINY0 padboTy Mo GpopMaIn-
3alMu JOTUKW, ATOMOM KOTOPOU CTaT X COBMECTHBIN TpexToMHbIN Tpyx ~ Principia
Mathematica” (1910 — 1913), B KOTOpOM JIOr'MKa CTPOUTCA B BUIE CTYIEHIATOIO HUC-
quctenns PM — Teopun TUIOB, ITO MO3BOJIAIO N30ABUTHCA OT BCEX M3BECTHHIX B TO
BpeMs mapagokcoB. Kuura ”Principia Mathematica” okaszana orpomMHOe BINSHEE HA
pasBuTue cuMBoandecokn Joruku. Onuako, kak nmokazaa K. ['egens cucrembr Tuma,
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PM cy1ecTBeHHO HEMOMHBI, T. €. HA UX A3bIKe MOXKHO CHOPMYIAPOBATH MAaTEMATH-
JeCKNe YTBePXK IeHUA, KOTOPBIEe CPEICTBAME DTOU CUCTEMbI HEIb3SA HU JOKA3aTh, HU
ONMPOBEPrHYTh. JlorumucTuieckas mporpaMMa ~ IUCTO JOTHTIECKOro” 0O0CHOBAHUSA
MaTeMaTHKN OKa3aJach HeBHIIOAHUMOU. [lo31Hee pasIndHbIe yCOBEPIIEHCTBOBAHMA
cuctembl PM Obuiu nipeiokeHsr psagoM MaTeMAaTUKOW, B TOM YHCJIe aMEPUKAHCKUM
maremarukoMm Y. Ban O. Kyansom (1908 — 2000).

Pa6orwr ['. Ppere, b. Paccena, A. H. Yaurxena, Y. san O. Kyauna u ux eguuo-
MBIILIEHHUKOB OKa3aJa1 OOJIBIIOE BIMNAHIE HA PA3BATHE MATEMATHICCKOU JOTUKU U
MaTeMaTUKN, CTOCOOCTBOBAIN (DOPMUPOBAHUIO U YTOTHEHUIO BAXKHEUIIAX JTOTUKO-
MaTeMaTUIeCKUX UjIer, pa3paboTke HEOOXOIMMOrO MATEMATHIECKOTO AIlMapaTa.

Mamemamuueckuli UHMYUYUOHU3M - OTHO U3 OCHOBHBIX HAIIPABJICHUN KC-
CIeOBAHUN B OOJACTH OCHOBAHUU MaTeMAaTHKd. OCHOBHOU MOCTYJIAT WHTYHUIMO-
HU3Ma — "MHTYULINASA — €JUHCTBEHHBIN UCTOYHUK MAaTEMATUKU W TIABHBIN KPUTEPUN
cTporocTu ee nmocTpoenun’” . UHTYUIMOHUCTCKAA WAEOJOMUA BOCXOAUT K AHTUIHON
MaTeMaTHKe, €€ OCHOBHBIE IOJOXKEHHA B TOU WIM WHOU Mepe pa3aeslnCh TaKu-
MK BeIgarommMucs maremarukavu, kak K. @. aycce, JI. Kpouekep, A. Ilyankape,
A. Jle6er, 9. Bopens, I". Bens.

Kapr @punpux layce (30.4.1777, Bpayumsenr, — 23.2.1855, 'errunren), Hemerr-
KNI MaTeMaTHK, BHECIINU (PYHIAMEHTAIbHLIN BKJIAI BO MHOTHE pa3Ieqbl MaTeMa-
Tuku. OrandunrenbHon deprou TBopdecTBa K. P. [Maycca ObLIa HeOOBIMAUHAA IIN-
poTa mpobIeMATHKH €r0 NCCITOBAHIN KAK B 00IaCTH CAMOU MAaTeMATUKN, TaK U B
cepe ee npuaoxennn. B page obaacren maremaruku padorsl K. d. Naycca comen-
CTBOBAJIU TMOBBIMIEHUI0 TPEOOBAHUU K JOTHIECKOU OTIETIMBOCTH JTOKA3ATENbCTB,
o cam K. ®. laycc He npuHUMAT aKTUBHOTO YIACTHUA B MPOBOIUBIIENCS B TO Bpe-
Ma paboTe Mo 060CHOBaHMIO MaTeMaTuieckoro anantmsa. Ho mmenno K. @. ayce
MePBLIM OCO3HAJI HEOOXOIUMOCTH TOYHOU (hOPMYJIUPOBKH TEOPEMBI 00 OJTHO3HAM-
HOM Pa3J0XKEHUU HATYPAJBHBIX YHUCEJT Ha TPOCTHIE MHOXKUTENN, TAK HA3BIBAEMOU
0CHOBHOT MEOPEMbL GPUPMEMUKU.

Jleonoas 1 Kponekep (7.12.1823, Jluruum, uvire Jlerauma, [loasma, — 29.12.1891,
Bepaun), HeMEIKUN MaTeMATHK, OBLT CTOPOHHUKOM ~apudMeTusanuu’ MaTeMaTh-
KU, KOTOPas, M0 ero MHEHWIO, TOKHA OBITh CBEIEHA K apu(pMeTUKe IEeJbIX TUCE.
[To muenuto JI. Kponekepa, Tonrbko apudmMeTnka MeJbIX ducega 06JagaeT Mo TnH-
HOU PeatbHOCThIO. PykoBoncTBysach stum npuniunoMm, JI. Kporekep Bex ymopuyio
60pb0y C MPUHIUIAMEI TeOpeTHKO-(PYHKIMOHAJILHON IIKOAB K. Bemeprmrpacca u
TeOpeTUKO-MHOKeCTBeHHO mKoabl I'. KanTopa.

Teopr Kanrop (3.3.1845, ITerepOypr, — 6.1.1918, Tauwre), Hemenkuit MaTeMaTuK,
paspaboTaBmuy TEOPUI0 OECKOHETHBIX MHOXKECTB U TEOPUI0 TPAHCHUHUTHBIX TU-
cenr. B 1874 roay mokasal HECIETHOCTH MHOXKECTBA BCEX TEUCTBUTENBLHBIX HUHCE.
B 1879 — 1884 rr. I'. KarTop B cepun pabOT U3IOKUI OCHOBHBIE MIPUHIIUILI CBOETO
yuaenus o 6eckonednoctu. PeBomonnonnsie naen ['. KanTopa BcTpeTmwim co cTOpo-
HBI PSIA €00 COBPEMEHHUKOB PEe3KOe HEMPUATHE, O THAKO BIOCJIEICTBAN OHU OKA3AJIN
OT'POMHOE BJIUSHUE HA PA3BUTHE MHOTUX Pa3/JeJOB MATEMATHKHA XX BEKA.

B 1880-x romax JI. Kponekep yTBepkKmasa, 9TO TpPOIBETABIINE TOTIa METOIBI
K. Benepmrpacca, P. legekunga u I'. Kanropa HeHaTeKXHBI, 9TO HCIOIb3YEMbIE
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uMu pyHIAMEHTAIbHBIE MOHATHS — MPOCTO CI0BA, TAK KaK OHW HE JAIOT BO3MOXK-
HOCTB IIPOBEPUTH, VIOBIETBOPAET JH PACCMATPUBAEMBIN O0BEKT OMpPEIeJeHNO.

Kioaw Anpu Ilyankape (29.4.1854, Haucu, — 17.7.1912, [Tapuxk), ¢ppaniy3ckun
MaTeMaTHK, TPYIbl KOTOPOT'0, ¢ OMHOU CTOPOHBI, 3aBEPIIAI0T KIACCHIeCKOe HAIIPa-
BJICHIE B MaTEMATHKE, a ¢ IPYTOM CTOPOHBI, OTKPHIBAIOT IIyTh K PA3BUTHUIO HOBOU
MaTeMaTUKN, B KOTOPOU, B YACTHOCTH, HAPAAY C KOJUIECTBEHHBIMU COOTHOIIEHMUSI-
MU BaXXHYIO POJb UTPAIOT U (paKThl KadecTBeHHOrO xapakTepa. A. Ilyamkape cuu-
Mas, YMmo MAMEMAMUYECKAA UNOYKYUS — HU K YeMy O0AEe NPOCMOMY HE CB0UMOE
opyoue URMYUMUBHBIT Mamemamudeckur paccyxcdenut. [losTomy ero paccMmarpu-
BaIOT KaK OJHOT'O U3 MPeAIIeCTBeHHNKOB MAaTeMAaTHIeCKOr0 HHTYUIINOHN3MA.

Anpu Jle6er (28.6.1875, Bose, nemaprament Yasa, — 26.7.1941, Tlapux), ¢ppan-
y3CKU MATEeMATUK, OJWH U3 OCHOBATENeW COBPEMEHHOU Teopuu (PYyHKIUH Teu-
CTBUTEIHHOTO MEPEMEHHOT'0, CO3MaTeJb TEOPUU MEPHI, BBEJN MOHATHE U3MEPUMOU
(pYHKINM ¥ HOBOE OMpeJeleHre WHTerpaJa, MO3BOJUBIIET0 IPE3BBIYAWHO PACIIU-
PUTH KJIACC HHTEMPUPYEMBIX (DYHKIIHM.

Ovuib Bopeas (7.1.1871, Cenr-Adpux, — 3.2.1956, [Tapuxk), ppaHiy3ckun Ma-
TEeMATHK, CO3JaTelb HEeCKOJIBKIX pPa3leJoB COBPEMEHHOI'0 MAaTeMAaTHIEeCKOrO aHa-
JI3a.

Fepman Bemib (9.11.1885, Dasmexopw, [lressur-Toabmrens, — 8.12.1955, io-
pux), Hemenkuu Maremaruk, ¢ 1933 roma paGorar B CHIA B Ilpuncrone B Un-
cruTyTe nepcnekTuBHbIX uccaenoBanui (Institute for Advanced Study). HaunGosee
BaXKHBIE PE3YJAbLTATHL MOIYIMI B 00JACTH HEIPEPLIBHLIX TPYIII U UX HPeICTaBJICHAN
C MPUMEHEHUAMEI K DeOMEeTPUN U (PU3UKE.

Ho ocHOBHBIM B1€0J0M0M HHTYHUIIIOHU3MA 110 TpaBy cuautaerca JI. 9. f. Bpayap,
KOTOPBIN B HavaJge XX BeKa BLICTYIMI C PA3BEPHYTOU KPUTUKOU OCHOBHBIX MOJOXKE-
HUU KJIACCUIECKOW MATEMATHKN W PAJIUKAJILHOU WHTYUIMOHUCTCKOU MPOTPAMMON
IepPecTPONKN MATEMATHIECKOTO 3IaHU.

Jlenrtzen Orb6epr fAu Bpaysp (27.2.1881, Osepexu, — 2.12.1966, Amcrepaam),
ro/tangckun Maremaruk, ¢ 1908 roma mocaegoBaTeIbHO MPOBOANI KPUTHUKY TaK
HA3LIBAEMBIX YMCTHIX TOKA3aTEILCTB CYNIECTBOBAHUA, OMUPAIOMINXCA HA 3aKOH HC-
KJTIOUEHHOT'O TPEThero, 9TO B UTOre MOJOKIIO HAYAJIO 0COOOMY HAIPABICHUIO B
06IACTU OCHOBAHNU MATEMATHKHA — MAMEMATMUUECKOMY UHMYUYUOHU3MY . Oco-
Oyto meHHOCTH mMeeT nposeneruwn JI. D. fI. Bpayspom amanms maremaTmaeckux
JTOKA3aTeIbCTB CYIMIECTBOBAHNUA OOBEKTOB C TOUYKM 3PEHUS BO3MOKHOCTH MOCTPOE-
HUA COOTBETCTBYIOIINX OOBHEKTOB.

B crarbe ”HegocToBepHOCTD JOrMIeCKUX NPUHINIOB” , onyOaukoBanHon B 1908
roxy, JI. 9. fl. Bpaysp moctaBm1 moa coMHeHTE a0COMIOTHYIO BEpY B MIPABUIA KIAC-
CHIECKOU JOTUKY, KOTOPBIE OCTABAIMCH HEM3MEHHBIME CO BpeMeH Apucrorens (384
— 322 rr. g0 H. 5.). ['. Bes Tak usnaran Touky spenus JI. D. . Bpaysp ” Cozaac-
HO €20 6324400M U NONUMAHUN UCTOPUU, KAACCUYECKASL A02UKG Oblaa aOCMpPa2u-
POBANA OM MAMEMAMUKY KOHEUNBIL MHONCECTNE U UL NOOMHONCECMSB... 3001804 00
IMOM 02PAHUYEHHOM TPOUCTONCOEHUU, BNOCACICTNEUY IMY A02UKY NPUHAAY OULU-
O0UHO 30 HEUMO BLICULEE U NEPBUUHOE TO OMHOULEHUN KO BCEl MAMEMATUKE U 6
KOHYE KONUOB CMAAY NPUMEHAMb €€ 0€3 KaK020-4u00 0ONPasianus K Mamemamu-
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Ke beckoneunbls muoxrcecms” . MoKHO TpUBECTH TPOCTHIE TPUMEDHI Y TBEPK IeHU,
UCTUHHBIX M1 KOHEIHBIX MHOXECTB HATYPAJIbHBIX IUCET, HO JOXHBIE MIA OeCKO-
HeYHBIX. POpPMUpPOBaHTE HHTYUIUOHNCTCKON U IEOJOIMH ILIO B JOCTATOYHO OCTPOU
moJeMuKe ¢ Bo3raasasgeMbiM [I. ['mab6epTom ele oqHIM U3 OCHOBHBIX HAIPABJICHUN
MCCICJOBAHUE B 00IACTH OCHOBAHUYN MATEMATUKI — MAMEMAMUUECKUM HOPMa-
au3dmom. JI. J. fI. Bpaysp He npuHUMAI TEOPETUKO-MHOKECTBEHHBIE OCHOBAHMUSI
MaTeMaTHKN, Bepy B aKTYaJbHBIM XapaKTep OECKOHEYHBIX MHOXKECTB, IIPaBOMEp-
HOCTBb MEepeHoca B 06JaCTh 6ECKOHETHOrO JOTMIYeCKUX MPUHIIUIOB, BEIPAOOTAHHBIX
mpu paboTe ¢ KOHEYHBIMI MHOXKECTBaMU. B 9acTHOCTH, UM OTBEPTaacA 3aKOH UC-
Karoueno2o mpemvezo. C TOYKM 3PEHUsA WHTYUIUOHUCTOB MPEIMETOM WCCJIET0BA-
HUs B MaTeMaTUKe ABIAIOTCI YMCMBEHHbIE NOCMPOEHUS, KOTOPBIE PACCMATPUBAIOT-
cs1 ”6e30THOCUTENBHO K TAKUM BOMPOCAM O TPHUPOIEe KOHCTPYUPYEMBIX 0O0BEKTOB,
KaK BOIIPOC, CYIIECTBYIOT JU DTU OOBEKTHI HE3aBUCUMO OT HAIIEro 3HAHUA O HUX
(A. TenTunr). MaTeMaTuuecKne yTBEPK ICHAA, IO MHEHIIO HHTYUIXOHUCTOB, TAIOT
HEKOTOPYI0 MH(MOPMAIINIO O BHIMOJHEHHBIX MOCTpoeHusax. Kiaccuyeckas v MHTYM-
[IOHUCTCKAA MATEeMATUKN TPUIEPKUBAIOTCA CYMIECTBEHHO PA3HBIX TOYEK 3PEHUsd
Ha OECKOHEeYHBIE MHOXKeCTBa. Kiaccuieckas MaTeMaTuKa PacCMaTPUBAET OeCKOHEe -
HOCTDb KaK AKMYatbHY10, IK3UCMEHYUAGAbHYI IIA 3a6epuLeHnyto. beckoneunbre MHO-
KeCTBa PacCMaTPUBAIOTCA KaK 3aBepIIeHHbIE 00BEKTHI, ¢ KOTOPBIMEI MOXKHO BBITIOJ-
HATH JAJbHEHIINEe MOCTPOEHN, B YaCTHOCTH, OHM MOT'YT OBITH DJEMEHTAMI APYTUX
MHOXKeCTB. VHTYUIIMOHUCTCKAA MaTeMaTHKa PacCMaTpUBaeT OECKOHEIHOCTh KakK
NOMEHYUAALHYIO WIT CMAHOBAUYIOCA. ITA TOUKA 3PEHUA HA OECKOHETHOCTH BOCXO-
mut K [. D. layccy, koTopein yrBepxkIar: ” A 603panxcain... npomus ynompebaeHus
Oeckoneunoti 8eAUUUHDL, KAK Ye20-AUO0 3G8EPULEHHO20, UMO HUK020Q HE NO0360AU-
meabno 6 mamemamure’. . Bemwrb cumran, 9ro ”"Bpaysp BBIACHII U, KaK MHE
KayKeTCs, He OCTABIUI COMHEHUS B TOM, 9TO HE CYIIECTBYET JTOBOIOB, 3AIUIIAOIINX
BePY B DK3UCTEHINAILHBIN XapaTep COBOKYITHOCTH BCEX HATYPATbHBIX TUCE... DTOT
PAI IUCeN, KOTOPBIM pAacTeT, He OCTAHABINBASACHL HU HA KAKOU CTAIUMU, 33 CUET IIe-
pexoja K CIeAVIOMEeMY 9YHUCIY, MPeaCTaBIgeT cOO0M MHOI0OOpa3me BO3MOXKHOCTEH,
OTKPBITHIX M 6ECKOHEIHOCTHU; OH BETHO OCTAETCA B COCTOAHUYU CTAHOBJICHUA, a HE
ABJISIETCS 3AMKHYTHIM [aPCTBOM BeIleH, CyIIecTByOmux B cebe. To, 9T0 MBI caerno
mpeBpalaeM OJHO B APYTroe, ABIACTCI UCTUHHBIM UCTOYHUKOM HAIIUX TPYIHOCTEH,
B TOM YHCJIE AHTUHOMUU, — UCTOIHUKOM OoJee MIyOOKOW MPUPOIALI, YeM YKa3aH-
HbII PaccenoM OpuHIUI TOpOYHOTO Kpyra. Bpaysp OTKpBLI HaM Ia3a M MOKa3al,
KaK TAJeKO KJIacCUiecKas MaTeMaTHKa, BCKOPMJICHHAS MPEBOCXOIAMIEN BCAKYIO Te-
JIOBEYECKYIO CIIOCOOHOCTH Peaqn3aiui Bepon B ’abCoMIOTHOE” , MAeT NAJbIle TAKUX
YTBEPXK JEHNN, KOTOPLIE MOT'YT MPETEHI0BATH HA PEATbHBIA CMBICA U MCTUHHOCTD,
OCHOBAHHYIO Ha IOKa3aTeIhCTBAX .

NATYyunuoHnCTCKaA U KJIACCUIeCKas MAaTeMaTHKH HECKOJbKO MTO-Pa3HOMY IIO-
HUMAIOT (TPAKTYIOT) Jormdeckue CBI3ku. Hampumep, ¢ TOYKEN 3peHWs UHTYUIU-
OHUCTCKOU MaTeMaTUKN TOKA3aTEeIbCTBO YTBEPXKICHUA ~ cywecmeyem obwexm a,
obaadarouut ceoticmeom A” | TOTKHO TaBATH MEMOO (GAZOPUMM) NOCIPOEHUS KOH-
Kkpemno20 obwexma a, obaadaruezo ceoticmsom A. OIHAKO B KIACCHIECKOU Ma-
TeMaTHKe JOCTATOIHO IMHAPOKO PACIPOCTPAHEHBI KOCBEHHBIE JOKA3aTEIbCTBA CyIIe-
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CTBOBaHWA, B KOTOPHIX u3 npeanonoxkenus (Vz)(—.A) BBIBOAUTCA TPOTUBOpEYHe, HA
OCHOBAHUU Uero neraeTcsa BeBoA, 4To —(Vr)(—A), a sarem moay4aror, aro (Iz)A.
Hepenko m3 Takoro goka3aTerbCTBa He BUIHO, KAK TOCTPOUTH KOHKPETHBIA OOBEKT
a, obsta raormuu ceouctBoM A. B KatecTBe mpuMepa paccMOTPUM Tpa TUIUOHHOE 10~
Ka3aTeJbCTBO YaCTHOrO caydas Teopemsl JI. O. fI. Bpayspa o menoaBumxHOU TOYKe
7 Jhoboe nenpepvisrnoe omobpaxcenue edunuuno2o kpyea D 6 cebs umem nenodsurc-
wyto mouky’ . IlycTs f — HempepbIBHOE O0TOOpaxKeHne eTuHUIHOTO Kpyra I B cebs.
[Ipeamonoxum, 9T0 1A TIOO0U TOYUKA U €TUHUIHOTO Kpyra [) BHIMOJHAECTCA Hepa-
BeHCTBO f(u) # w. [J1s IPOU3BBOMBHON TOYKHU U eMUHUIHOTO Kpyra D 0603HadnM e~
pe3 p(u) TOUKyY mepecedeHus ¢ TpaHuLIer Kpyra D, T. e. ¢ eIMHUYHON OKPYKHOCTHIO
S, ay4a, uaymero u3 Touku f(u) B u. HeTpyaHo y6eauTsesa B TOM, 9TO 0TOOPaKe-
Hue ¢ : u — @(u) orobpaxaeT eIUHUYHBIN KPyr D Ha ero rpaHully eIuHWIHYIO
OKPYXKHOCTB S, IPUIeM TOYKHU €IUHUIHOU OKPYKHOCTH S MPU DTOM OCTAIOTCA HA
mecte. [loayuuiu, 4mo eQUHUUKAA OKPYHCHOCTIL S ABAAECTNCA PEMPAKMOM €OUHUY-
no20 kpyea D. Viconb3ys aarebpanteckue MeTOIbI, HAITPUMED, TOHATHE (PYH IaMEH-
TAJIbHOU PYIIBI, MOXKHO NOKA3ATh, YTO COUHUUNHAL OKPYHICHOCMbL S He ABAAELMCA
pempaxmom edunuunoz0 kpyaa D. VI3 moIy<9eHHOrO MPOTUBOPEYNs MOMyIaeM, 9TO
namre npexnonoxkenne (Vo € D)(f(x) # x) aoxuo, 1. e. =(Vx € D)=(f(z) = x).
B 7kaaccuveckon mMaremaruke’ orcioga caenyer (Jx € D)f(r) = x. Oguako u3
IPEIOKEHHOTO T0KA3aTeAbCTBA TPYIHO U3BJICYHL CIOCO0, MO3BOJAIOIINN 1A PO~
M3BOJBLHOTO HEMPEPBLIBHOIO OTOOpaKeHusa f efMHuIHOro Kpyra [ B ce6sa HAXOIUTh
ero HEMOABMKHYIO TOYKY, T. €. TaKylo TOUKY u € D, miIs KOTOPOU BBIMOJHAETCS
paBercTBO f(u) = u. [logo6HOE doKazamerbcmeo cywecmeosanus He TPUHAMACTCA
NHTYUIUOHUCTCKON MaTEeMaTUKON.

CymeCTByeT CHeHI/Iq)I/IKa " B TIOHUMAaHUU MHTYUIIMOHUCTaMU JIOFH‘IGCKOI?I CBA3KN
IU3BIOHKINKA V — UX MOHUMaHme IuboHKIuI AV B oTan4aeTcsa oT KIacCuIecKoro.
He mpeTenays HA UCUEPIBIBAIOIIYIO TOJHOTY W3JI0XKEHUsA, MOICHUM Ha Telepb XOpOo-
10 W3BECTHOM TIPUMepe DTY crenuduky. PaccMoTpuM aBa 10Ka3aTeIbCTBa YTBEP-
KACHIA ” cywecmsyiom 06a UppayuoHaIbHbIT YUcAG & U 3 Maxus, 4mo wucio ob
ABAACMCA PAYUOHAALHBIM

V2
Kaaccuueckoe dokasameavemeo. Ecan dncao /2°  ABIfeTCA PALINOHAIBHBIM,
TO momaraeM o = /2 u f = /2.

Eciu qmcno xe \/5\/5 ABJIAETCA MPPANMOHAIBLHBEIM, TO IOJAraeM o = \/5\/5 n
B =2

C TOYKW 3peHus KJIACCUIECKOW MATeMAaTWKW TeopeMa MOKa3aHa. B mHTyuImo-
HUCTCKOW K€ MAaTeMAaTHUKe TaKoe TOKA3aTeIhCTBO HE CIUTACTCS MPUEMIEMBIM, TaK
KaK OHO HE MaeT BO3MOXKHOCTH OTBETUTH HA BOMPOC, KAKAsA U3 IBYX PACCMOTPEHHBIX
BO3MOXKHOCTEH Ha CAMOM €€ MMEeeT MeCTO.

C TOYKM 3peHusA MHTYUIMOHUCTCKOM MAaTeMaTUKNA HAMY JUIIb TOKA3AHA MMILIM-
kamua suga ((AV -A) — B), rae gepes A 0603HAMEHO yTBEPKIAEHUE ~ YUCAO \/5\/5
ABAAEMCA PAYUOHAALHLIM , & depe3 B — yTBepxkeHue ’ cyuecmsyiom 064 uppa-

YUOHAADHDIL YUCAAd X U 5 maxur, 4mo Yuc.a0 Ckﬁ ABAAETNCA pG/UUOHGJLbel.M”. Ho
TaK KaK B HHTYHHHOHHCTCKOﬁ MaTeMaTHUuKe He IPUHUMACTCA 3aKOH UCKAIOICHHOTO
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rperbero (AV —A), To U3 5TON UMILIUKAIIMK MBI HE MOXKEM MOIY4YUTh Tpedyemoe
yTBepxk enue B.

Hrumyuyuonucmeroe dokasamenbcmeo MOTIO OB BEINIALETE CISIVIONIIM 00pa-
3oM. A. O. T'erborgom B kadecTse oTBeTa Ha Bonpoc /. 'mims6epra u3 ero cegpMon
mpOOIEMBI TTOIYYeH 3aMeYaTeNbHBIN PEe3YIbTAT, JOKA3aTEILCTBO KOTOPOT'O YPE3BhI-

qafHO CIOKHO: ”wucao 2V2 aeaaemca mpancyendenmubim’ . TlosTOMy THCIO \/Eﬂ
TakXe TPAHCIEHIeHTHO, a 3HAYUT, UPPANNOHAIBHO. SHAUYUT, UMEEeT MECTO TepBas
aJIbTEePHATHUBA, HO IIPU YCIOBUU, 9TO H0Ka3aTeabcTBO A. O. [eabdonga y1oB1eTBo-
pAET UHTYUIUOHUCTCKUM KPUTEPUAM UCTUHHOCTU. SHAYNAT, TOKA3BIBAEMOMY yTBEp-
K JICHIIO YIOBICTBOPAET mapa ducel o = /2 u f = /2.

3aMeTHuM, 9TO KJIACCUIECKOe TOKA3aTeTbCTBO BHINIAIUT CYNIECTBEHHO KOpPOUe,
OTHAKO OHO MeHee WH(OPMATHUBHO, IeM UHTYUIUOHUCTCKOE.

JI. 9. fI. Bpaysp u ero eguHOMBIILIEHHUKY B cepun paboT Haumuaas ¢ 1918 ro-
JIa BBITMOJHIIA TOCTPOEHNE OCHOBHBIX Pa3Ie0B MHTYUINOHUCTCKON MAaTEMATUKH —
TEeOPUU MHOXKECTB, M€OMETPUM, TOMOJOTHM, MaTeMATHICKOTO aHaIm3a. B Teopun
YUCeN HEMHTYUIUOHUCTCKIE METONbI He MIPAIT CYIIECTBEHHON pPOJIM, TaK KaK BO
MHOTHX CAYYadX HEKOHCTPYKTUBHBIE TOKA3aTEThLCTBA CYIIECTBOBAHUAA MOXKHO 3aMe-
HUTH KOHCTPYKTUBHBIMU, XOTsA, KaK MPABUIO, CYIIECTBEHHO OoJaee IIMHHBIMEA. B TO
Ke BpeMs B MaTeMaTUIeCKOM aHAJIN3€e HEMHTYUINOHUCTCKIE METO IbI UT'PAIOT O9€Hb
BAXKHYIO POJIb, HAYUHAA C IOCTPOEHUA JEUCTBATENBHBIX YUCET, KOTOPBIE TPAKTYIOT-
¢ KaK 6€CKOHEYHBbIe MHOXKECTBA PAMOHAIBHLIX dncel. T. e. yxKe HA HATATILHOM DTa-
e UCIOIB3YeTCA aKTyalbHasd OECKOHETHOCTh. JaKO0H UCKAINOUEHO20 TNPEMbESO
TaKXKe UI'PAET CYIIECTBEHHYIO POJb IIPHU ONPEIeJeHUN OTHOMIEHUA TTOPA KA I Ter-
crBUTENbHBIX dncel. K koumy XX Beka MHTYUIMOHUCTCKAS MAaTEMATUKa OBLIA yKe
JOCTATOYHO IIyboKo paspaborana. OTKa3 0T PaCCMOTPEHUS B KAadeCTBE 00BEKTa,
MCCIeTOBAHUA O€CKOHETHBIX MHOXKECTB KaK aKTyaJbHO 3aIaHHBIX U TpeboBaHue d¢-
(PeKTUBHOCTH BCEX OCYIIECTBISAEMBIX MOCTPOCHUN MPUBEIN K TOMY, UTO PAJ UHTY-
UIIAOHUCTCKAX BAPUAHTOB TPAIUIMOHHBIX Pa3leJoB MaTeMATUKU UMEIOT C TOIKHU
3PEHUSA KJIACCUIECKOM MaTeMaTWKU NOCTATOYHO CBOeoOpasHbIM Buji. [IpuBesem B
m3noxkenun [enTunra Hekoropsie B3nuaasl JI. . f. Bpayspa ” Cormacuo Bpayspy,
MaTeMaTHKa TOXIeCTBEHHA C TOYHON YaCThIO0 HAIEr'O MBIILIeHNA... Hukakas Hayka
— B YaCTHOCTHU, HU (PIIOCOMUA, HE JOTUKA — HE MOXKET CAYKUTH HPEIIOCELIKON I
MaTeMaTuKu. BeL1o 661 TOPOIHBEIM KPYT'OM MPUMEHATH B KadeCTBe CPEACTB IIA 10-
Ka3aTeIbCTBa KaKue-aIn00 (puaoco(pCcKkre WIu JOrMIeCKne MPUHIUIBI, TOTOMY YTO
B (DOPMYJIUPOBKE DTUX MPUHIUIOB YKe IPEINOJAraloTCA MaTeMaTHIeCKne MOHs-
Tua’ . [l1a MaTeMaTuK He OCTAaeTCA ~HUKAKOTO APYTOro UCTOYHUKA, KPOME WHTY-
UIIIN, KOTOPas C HEMOCPEJICTBEHHOU SACHOCTBIO MOMEIAeT Mepe] HAIINMA TVIA3aMH
MaTeMaTUIeCKre MOHATHUA W BBIBOALI . JTa UHTYHUIUA ~ABIAETCA HE UM WHBIM,
KaK CIIOCOOHOCTBIO PACCMATPUBATEL B OTACILHOCTH PA3JINIHBIE TIOHATUA U BBHIBOIHI,
pPEryIsapHO BCTPEYAIOMINECS B OOBITHOM MbIILIeHU . B MHTYMIMOHUCTCKON MaTe-
MaTHUKe BBIBOJLI HE M3BAEKAIOTCA MO (PUKCUPOBAHHBIM IIPABUIAM, KOTOPHIE MOXKHO
00BEIVHUTD B JIOTUKY, & KaXK B BEIBOJ B OTAEJLHOCTH HEIOCPEICTBEHHO MO TBepP-
XKIAETCA CBOCU 04eBUIHOCTHIO”. Kpome Toro, "umeroTca obiime mpaBmlia, MOCPe-
CTBOM KOTOPBIX U3 JaHHBIX MaTEMaTUIECKUX TEOPEM MOXKHO MHTYUTHUBHO SCHBIM
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00pa3oM TOIyYaTh APYTUE; TEOPUI0 DTUX COOTHOMIEHUN MOXKHO PACCMATPUBATH B
HEKOTOPOHU ' MaTeMaTUIeCKOU JOTUKe” , KOTOpas IPU STOM ABIAECTCA OTPACIBIO Ma-
TEeMATUKK U He MMeeT OIIyTHUMBLIX MPUMEHEHNU BHE MAaTeMATUKH .

JI. 9. f1. Bpaysp Bo3paxkaJa IpoTHUB MONLITOK (POPMATH3ANNN HHTYAITHOHUCTCKON
MaTeMATUKN W JOTUKHU, TAK KAK CINTAT KPUTEPUEM BEPHOCTHU MOCTPOSHUN MPEeXkK Ie
Bcero mHTynnuio. OIHAKO 3HAYATEIbHBIE YCIEXH B M3yIeHUM WHTYUIXOHUCTCKOU
JOTUKN OBLTA TOCTUTHYTHI TOCJIE TOrO, KAK €€ OCHOBHBIE 3aKOHBI ObLTH C(HOMY.IH-
POBAHBL B BIIe COOTBETCTBYIONINX UCIUCICHUN, KOTOPbIE OBLIN UCCITOBAHBI METO-
JaMl MaTeMaTHIeCKOU JOTUKU. DTO IO3BOMMIO MOHATH 3HAYEHHE W OCOOEHHOCTH
NHTYUIUOHUCTCKON JOTUKH IO CPABHEHUIO C TPAJUIIMOHHON, 9TO HEBO3MOXKHO OBLIO
crerarb 6e3 ToYHBIX popmyaupoBok. JI. I. f. Bpaysp u ero eqmHOMBINILIEHHUKY B
CBOWX HCCJIEJOBAHWUAX BBIACHUIN, KAKasg MOTYIAETCA MATEMATHKA PHU MMOCTIEI0BA~
TeILHOM MPOBEJIEHNN MeHeTUIEeCKOW TOYKHU 3DEHHS Ha 0O0pa3oBaHUe MaTeMaThde-
CKUX MOHATHUH.

Mamemamuueckuli opmaau3dm — OTHO U3 OCHOBHBIX HAIMPABICHUN KCCJIE-
JTOBAaHUU B 00JACTH OCHOBAHUU MATEMATUKHU, TVIABHBIM MIE0JOTOM KOTOPOT'O BhI-
crymua [I. Twis6epr. OcuoBHOM mocTyaar (gopManausama ~ Kaxcovit pasdes mame-
MOMUKY MONCEM, G WA ONPEJEAEHHOM IMANE CB0E20 PA3BUMUA U J0AHCEH, ObIMD
noAROCMbIO POPMaAu306an’, T. €. IPEACTABICH B BUIe (POPMAILHOU CHCTEMBI WA
UCYIUCTCHUA, KOTOpas OyaeT pa3BUBATHLCA MO TOYHO OMpeeJeHHBIM mpaBuaaM. [Ipu
TAaKOM IOJXOJe 0OOCHOBAHUEM CYIIECTBOBAHUA TOTO WA WHOTO pa3jena MaTeMa-
TUKU CTAHOBUTCS HE €r0 WHTEPIPEeTANNus B TEPMUHAX HEKOTOPOU BHENTHEW MO OT-
HOIIIEHWIO K HEMY JEeUCTBUTEJIBLHOCTH, a JUIIL €TI0 HENpOMuUBOPEUUB0CMb. YKe Ipu
nepexone oT MarepuaabHon” akcmoMaTuku EBkianga x 7 dopmanbHOn” akcmoMa-
Tuke reomerpun B Monorpaduu /. Tuibbepra ” Ocuosanus reomerpun” (1899 r.)
IPOU3OIILIO CYIIECTBEHHOE PA3BUTHUE U YTOUYHEHNE aKCMOMATUIECKOTO METOA.

M. TuasbepTom ObLIA TPEIIOKEHA TPOTPAMMA BBIBOIA KJIACCHIECKOU MaTeMa-
TUKN W3 KPU3WCA, BRI3BAHHOT'O OTKPBITHEM MapamoKCcoB. [Ipuduem »Ta mporpamma
KOPEHHBIM 00pa3oM OTJIMYaaack OT TporpaMmel, npososraamenson JI. O. f. Bpay-
DPOM U er0 eTMHOMBINLICHHUKAMHA.

M. IMuas6epT UCXOUT U3 MPU3HAHUA TOO, 9YTO YTBEPKIEHUA KJIACCHIECKON Ma-
TeMaTUKN, CoJepkKallre aKTyaIbHYI0 OECKOHEIHOCTh, He MOI'YT CIUTATHLCA UHTY-
ntuBHO sAcHbIME. OgHako oH B oramume oT JI. . fI. Bpayspa ObL1 pemmrensHO
OPOTHUB OTKAa3a OT AOCTMXKEHWU Kiaaccuieckou maremaruku. Ou rosopmr: ”Hukto
HE CMOXET W3THAThb HAC W3 pasd, co3gaHHoro mia Hac KanmTopom”. [[na cnacenus
KJTACCUIEeCKON MATEMATHKN OT WHTYUIMOHUCTCKOU KPUTHKKM MM OBLIA IIPEII0Ke-
Ha [pPOrpaMMa, CYyTh KOTOPOU KPATKO MOXKHO C(hOPMYIUPOBATDH CICIYIONIIM 00pa-
30M: " nepedopmMysuposams KiaCCuUECKYO Mamemamury 6 sude Gopmasbrot aKcu-
OMAMUUECKOT, MEOPUL U PUHUMHBIMY MEMOJaMU JOKAZAMb HENPOMUBOPEUUBOCMb
amot meopuu’ .

TpaaunuoHHBIT METO TOKA3ATEIbCTBA HEIIPOTUBOPEINBOCTH AKCUOMATUIECKON
Teopuu 10 KoHIA XIX Beka COCTOAI B IOCTPOCHUN MOJEAU YTOU TEOPUN CPEICTBA-
Mu gpyrou Teopuu. Ilpm TakoMm moaxoge KaxKIOMy OOBEKTY M MEePBOHAYAJIBLHOMY
HOHATHUIO PACCMATPUBAEMON AKCUOMATUIECKOU Teopuu 1 COMOCTABAAETCA OOBEKT
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wim noHaTue apyrou teopun 1. Torma kaxgomy yreepxaeHuio A akcmomaTude-
ckon Teopun 1 COOTBETCTBYET HEKOTOpoe yTBepxkaenme A* rmeopum 1T, mputdem
BBITIOTHAIOTCS PABEHCTBA,

(mA)" = (~AY), (A&B)" = (A&BY), (AVB)* = (A*V BY),
(A— B) = (A" = BY), ((Va)A) = (Vo) A", ((x)A)* = (o)A,

[Tpudem teopus T* mogbupaeTcsa TakuM 00pa3oM, 9TOOBI Mg KaXK 0 aKCuoMbl A
akcmoMaTmieckon Teopun 1 yrBepxkenue A* O6bLI10 Teopemon Tteopun 1.

Ecau 6b1 akcmomaTudaeckas Teopus 1 okasanach MPOTUBOPEYIUBOU, T. €. B HEU
BeIBOAUMBL aBe (opmyasl A u (—A), To B Teopun T* okazaauch GBI BBIBOIMMBI
coorercTByiomume hopmyas A* u (-A*). Takum 06pa3zoM BOIPOC O HEIPOTUBOPE-
YUBOCTHU AKCHUOMATHIECKON Teopuu 1 CBOAUTCA K BOIPOCY O HEIIPOTUBOPEIUBOCTH
Teopuu 1.

Hampumep, amaauTuvdeckas reoMeTpus, T. €. HCIOJIbB3OBAaHUE KOOPAWHAT I
MpeaCTABICHUS TeOMEeTPUIECKIX OOBEKTOB, MO3BOMAET CBECTH BOIMPOC O HEIMPOTH-
BOPEYNUBOCTU MEOMETPUIECKAX TEOPUU K BOIMPOCY O HEIPOTHUBOPEINBOCTH TEOPUN
TENCTBUTENbHBIX THUCE.

[Toctpoennste A. Ilyankape mogemu miockou reomerpuu H. U. Jlo6adesckoro
B Kpyr'e I B BepXHeH IOJIYILIOCKOCTH U mocTpoeHHas P. KiemnoM Momgenb B Kpyre
CBOIAT B0NPOC 0 HENPomMuUsopeuusocmu naockot 2eomempuu H. U. Jlobauescko-
20 K aHAA02UUHOMY BONPOCY 048 €68KAUI0B0T 2eomempuu naockocmu. HamomuaIM
OCHOBHBIE »Tambl mocTpoenus mogean A. Ilyamkape mrockoctu JloGadeBcKoro B
BEpPXHEU eBK.IMI0BOM MOMYILIOCKOCTH. PUKCHpyeM Ha eBKJINIOBOU ILIOCKOCTH OPTO-
TOHAJBHYIO TeKapTOBY cucTeMy KoopauHatT. ’ Toukamu mrockoctu JlobadeBckoro”
OymeM CIATaTh TOYKU BEPXHEN €BKJIUJIOBOU MOJYILIOCKOCTH, OMPEIENIeMON OCHIO
OX, xoropyio 6ymeM Ha3BIBATEL 2PAHUYHOT NPAMOT, T. e. " Touku mrockocTu Jloba-
9EeBCKOI0”, — 5TO TOYKU €BKJIMIOBOU ILIOCKOCTH ¢ KoopauHaTamu (x,y), rae y > 0,
a TpaHWYHAA MPAMAA COCTOMT M3 BCEX TOYeK ¢ koopauuaTamu (x,0). [Ipm sTom
Touky A ¢ koopaunaramu (a,b) GygeM OTOXKIECTBIATHL € KOMILIEKCHBIM HHCIOM
2z = a + bi. "IIpamerie mrockoctu Jlo6adeBCKOro” — 3TO MOMTYOKPYKHOCTHU, PACIIO-
JIOXKEHHBIE B BEePXHEW eBKJIUIOBOW MOJYILIOCKOCTH W OPTOTOHAJBHBIE €€ TPDAHUTHON
MPAMOY, BKIIOYAA MOMYOKPYKHOCTH ~OECKOHETHOrO PAANyca’, T. €. Jy9Iu, PACIOI0-
’KeHHE B DTOU BepXHeH eBK.JINIOBOU MOIYILIOCKOCTU M OPTOTOHAJILHLIE €€ MPAHNIHON
npamvon. Mempuka p(x,y) B 5TOU MOAEIN OMPEIEIACTCA CIEAVIOMMM 00PA3OM: €CIH
A u B — aBe TOYKM BepXHEH IMOIYILIOCKOCTH, S — MOJYOKPYKHOCTD, MPOXOIAIIAL
qepe3 Touku A m B, pacmo/oxkeHHAsS B BEPXHEU MOMIYILIOCKOCTH W OPTOTOHAJTBHASL
ee TpaHuIHON TpAMOU, a X u Y — TOYKI MepPecevdeHus MOTyOKPYXKHOCTH S ¢ rpa-
HUYHOU HPAMOU, TO

p(A,B) = c|n|[4, B, X, Y]|l, rac

X
[A, B, X,Y| — nBOWHOE OTHOIIEHHUE, T. €. e

A Y -A
B'Y-B
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B srou gpopmymne ¢ — HekoTOpas KOHCTAaHTA. /[8UNHCEHUS B PACCMATPUBALMOU MO-
npenn mIockocTu JlobadeBckoro — dpobHo-aunetinbie npeobpasosanus, nepesoosuue
BEPTHION NOAYNAOCKOCTL 6 CEOA.

OTo6pasuB IpOOHO-TUHENHBIM MPEOoOPA30BAHNEM BEPXHIOK MOJYILIOCKOCTH HA,
eIMHUYHBIN KPYT, noayanm monens A. [Tyanxape B kpyre miockoctu Jlobadesckoro.

B monemu . Krenna ” roukamu mrockocTu Jlo6adeBCKoro” CIyKaT BHYTPEHHEE
TOYKM HEKOTOPOT'O (PUKCUPOBAHHOTO KPyra, a ~MPAMBIMA MIOCKocTH JIoGadeBCKO-
ro”’ — XOpbl 3TOr0 Kpyra.

MeTo m0Ka3aTeIbCTBA HEIIPOTUBOPEINBOCTH OJHOU TEOPUN Iy TEeM IIOCTPOESHU
ee MOJeMN CPeACTBAMHI APYTOU TEOPHUH ABJIAETCA OTHOCUTEABHBIM, TAK KAK CBOJIUT
BOTIPOC O HEMPOTUBOPEIUBOCTHU UCXOMAHOU TEOPUU K AHAJIOTUIHOMY BOMPOCY A
TEOpUM, CPEACTBAMU KOTOPOU CTPOUTCA MOMETh. [IJIS mOKasaTeanCTBa HETPOTH-
BOPEYNBOCTU TEOPUU MHOKECTB, MATEMATHIECKOTO AHAIN3A W APUPMETUKHA DTOT
MeTOJ MAaJO MPUrOJeH, TaK KaK He BUIHO ~0oJee HAJEXKHBIX U ~6o0Jee IPOCTHIX
MaTeMATHIeCKIX TEOPUU I MOCTPOEHUA MOJEIeN YKA3BAHHBIX TEOPH.

[I. Tuis6epTomM OBLT TpENIOXKeH HOBBIUM MPAMOU MOAXON K IOKA3aTeIbCTBY He-
OPOTUBOPEIUBOCTHU. TaK KaK HEMPOTHUBOPEIMBOCTH Teopuu 1 O3HAYAET, 9TO A
Hee HeBO3MOXKHA CHUTYAIUA, KOTJa JOKA3aHO HEKOTOpOoe yTBepkaeHue A u ero or-
punaunre —A, To [I. ['mIs6epT n OpeaIoXnI U3yIuTh BCE NOKA3ATEILCTBA TEOPUN
T m yCTaHOBUTB, YTO TaKasd CATYAIdA HE MOKET BO3HUKHYTH. [I. ['minbepTy mpn-
HALTEXKUT WIess MeTOaa PopMaiu3ayut, 00Ka3amenbcme.

Takum ob6pasom, cama Teopus 1, CUCTeMa BCeX ee TOKA3aTeJbCTB CTAHOBUTCSA
00BEKTOM U3YIeHNSI HEKOTOPOU HOBOU MaTeMaTHIeCKOU Teopun, KoTopyio /1. ['mib-
6epT HazBaax ' memamamemamurot’ wim ' meopueti dokazameavcms”.

Oco6win maTepec npegcrasiasger yaenue [I. ['masbepra o ” deticmsumenvubiy’ u
"udeaabubir’ yTBepKIeHHAX Kaaccmaeckon maremaruku. Ilo /. I'manbepry, ” deti-
cmeumenbuble Yymeeprclenus’ — YTBepXK IeHUI, IMEOIINe COAepKATEILHBIN CMBIC,
a " udeaabubie ymeeprcdenus’ — DTO YTBEPKICHUA, KOTOPHIE He PACCMATPUBAIOTCSA
KaK MMeoIne COIepKATETLHBIN CMBICT. Hampumep, yTBepK IeHUs ¢ UCIOJIb30BAHNI-
eM aKTyaJIbHOU O€CKOHETHOCTH MOXKHO pacCMaTpuBaTh Kak uaeanbuse. [1o /1. ['mib-
6epTy, B KIACCAICCKOU MAaTEMATHKe K TeNCTBATEILHLIM YTBEDK ICHUAM IIPHCOE -
HAIOTCA UIeATbHBIE, ITO MO3BOJIAET MpHU paboTe ¢ GECKOHEUYHBLIMH MHOXKECTBAMMU
OJB30BATHCA MPOCTHIMI 3aKOHAMU apUCTOTEIeBON JOruKu. /obaBienue ”ugeanb-
HBIX DJEMEHTOB’ A TOMOJHEHUS CTPYKTYPBI CHCTEMbI W YIPOIIEHUE ee TeOpUun
MIUPOKO PACTPOCTPAHEHO B MaTeMaTuke. Hampumep, nprcoeinHeHrne K eBK.IM,I0BON
ILTOCKOCTH OECKOHETHO VIAJEHHBIX TOYEK M OECKOHEYHO YIAJEHHOU MPSAMOU BEIeT
K IPOEKTUBHOU M'eOMETPHUHU, B KOTOPOU OOTHOIIEHNE NHIIEIEHTHOCTH MeXK Iy TOIKa-
MU ¥ OPAMBIME CTAHOBUTCA IIPOIIE, €M B €BKANIOBOM Caydae. [Ipyrume mpumepsl
pPaACIIMPEHUS CUCTEMBI O0BEKTOB C IEIBI0 HEKOTOPOT'O YMPOIIEHWsS TEOPUU TAIOT
pACHIMPEHUS YUCIOBBIX CUCTEM - TMEPexXo] OT HATYPAIbHBIX YUCEN K HETBIM YIIPO-
[IAET TEOPHUIO CAOKEHUs, TaK OOpaTHAs OMepPAIns, BEMUTAHNE, CTAHOBUTCA BCErIa
BBITIOJHUMOM, MEPeXoa K PaIMOHAILHBIM YHCIAM I€IaeT BCErAa BBIMOJTHUMBIM Ie-
JeHne, KpoMe JeJeHUs Ha HYJb, Iepexo] K TeMCTBATEIbHBIM YUCIAM YIPOIIAET Te-
OpHWIO [IVH, IIOMAJed U 00BEMOB, a MEePeXo] K KOMILIEKCHBIM THCJIAM yIPOIIAeT
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TEOPUIO AMTreOPAnIeCKUX YPABHEHU.

[Tporus nmoaxoxa /. 'masbepra pemmrensro Bospaxanu JI. J. fI. Bpaysp u ero
eMHOMBIILIeHHUKH. [IpuBegem BoickasbiBanue JI. O. fI. Bpayospa ma sTor caer ” He-
IpaBUIbHASA TEOPUsd, He HATKHYBINAACA HA TPOTUBOPEYNE, He CTAHOBUTCA OT DTOTO
MeHee HeMPABUIBHOU, TOI00HO TOMY KaK MPECTYIHOE MOBeIeHNe, He OCTAHOBJICHHOE
MPABOCYIMEM, He CTAHOBUTCS OT DTOr0 MeHee mpecTynHbiM . C mocaeqHen 4acThio
BeickasbiBanusa JI. J. fI. Bpayspa MoxHO m He cOrIacMThCA, TaK KaK ~ HOPECTYI-
HOE TOBeIeHue  CTAHOBUTCS TAKOBBIM, JUIIb KOTAA 3TO OyJAeT MPU3HAHO CYIOM, a
3HAYUT, B TOU WIX WHOU Mepe ocTaHoBaeHO. [I. ['mabbept Bozpaxkaa " OTHATE y Ma-
TEeMATHUKOB 3aKOH UCKIIOYEHHOTO TPEThEro — 3TO TO XKe, ITO 3a6paTh ¥ aCTPOHOMOB
TEJIECKOM WK 3aMPeTUTh HOKCepaM Moab30BaThCA Kyaakamu . [[. ['masbept B ognon
13 CBOUX CTATEN YTBEPKIAJT, ITO HE 3AKOH UCKIIOIEHHOTO TPEThEro, a HeJOMyCTHU-
MBIe U OECCMBICIEeHHBIE 00OPA30BAHNUSA MOHATHN IOBUHHBI B MAPAJOKCAX TEOPUU MHO-
X)ecTB. KpoMe Toro, oH BIIOJHE OMPaBIAHHO CIUTAJI, ITO ero ~urpa gopmyramn”
COMENCTBYET M3YUEHWIO ~TEeXHUKU Hamero Meimmenus’ . Kiaaccmdeckas MaTeMaTn-
Ka MOXeT PacCMaTPUBATLCA KaK MPOCTASA U UBAMIHAA CUCTEMAMUIUPYOUGA CTEMA,
C TIOMOIIBI0 KOTOPOU COBOKYMHOCTDH KA3ABIMUXCSA PA3HOPOIHBIMY W HE CBA3AHHBIMU
IPYT C IPYTOM yTBEPXKIAEHUU, OOBEIWHAIOTCSI B BUAE CICICTBUU W3 ~ WICATLHBIX
TeopeM >Tou Teopuu. Hampumep, MeTOIbI AaHAIUTHIECKOU TEOPUM TUCET, HE UMEIO-
e TPUeMJIeMOro AJAA WHTYUIIMOHUCTOB CMBICIA, TMO3BOIAIOT 060CHOBATH HEKOTO-
pbIe IpUeMJIeMbIe ¢ HHTYAIUOHUCTCKON TOYKI 3PEHUA TeOPETUKO-TUCIOBEIE PE3Y.Ihb-
TaThI, IJA KOTOPBIX 1100 BOOOIIE HE M3BECTHBI HEAHATUTUYIECKNE ~DJIeMeHTapHbIe”
TOKa3aTenbCTBa, U0 M3BECTHBIE ~dJAeMeHTapHBbIE TOKA3aTeabCTBA CYIIECTBEHHO
GoJiee CIOKHBE (CYIIECTBEHHO OOsee IIMHHBIE W 3AIlyTaHHBIE, 9TO Ae1aeT uX GoJee
TPYIHBIMA A BOCTIPUATHA).

B kaxgou MaTeMaTHIeCKONM TEOPUU M3YIAeTCA HEKOTOpas CHCTEeMa MaTeMa-
TUIeCKUX 00beKTOB. PopMaanm3anua TeOPUU IpeBpaIaeT caMy MaTeMaTHIeCKYIo
TEeOpUIO B 00BEKT MAaTEMATHIECKOTO UccaeoBanHud. [[1a 3TOro mpexme BCero CTpo-
UTCS COOTBETCTBYIOMINN CAMBOIMIECKUN S3BIK, JUIMIEHHBIN HEJOCTATKOB eCTECTBEH-
HBIX PA3TOBOPHBIX A3BIKOB. C DTOU IMeabi0 (PUKCUPYETCs COOTBETCTBYIOMINN ada-
BUT, BKIIOYAIOIINAN TPOMO3UINOHAILHEIE CBA3KHN, KBAHTOPHI, TEXHUYIECKIE CUMBOJILI,
(PYHKIMOHAJbHBIE W MPEIUKATHBIE CUMBOJILI. BO MHOXeCTBe BCEX CJIOB B DTOM aJ-
(paBUTE C MOMOIIBLIO TOYHLIX OMPEIEJEHUN BBIACIAIOTCA II0IMHOXKECTBA ~ MPABUAIb-
HO MOCTPOEHHBIX BBIPAXKEHUN , OOBIYHO TAKOBBIMU SBIAIOTCA MHOXKECTBO TEPMOB
u MHOXecTBO (opmy.1. Kak mpaBuio, CymecTBYIOT MPOCTBIE AITOPUTMBI, TO3BO-
JIIOMIAE IO JIOOOMY CJIOBY OIPEIEIUTH, ABIACTCA JU OHO TEPMOM WIN (POPMYJION.
Jlormdyeckue MpUHINILL, UCIOJAbL3YEMbIE B TPAIUINOHHON MATEMATHKE IPU BLIBOIE
TeopeM, ONpeaeIAInCh HeIBHO Uepe3 3HadeHuA OOBIYHBIX TepMuUHOB. [Ipm moce-
JTOBATEIHHOU (POPMATUIANUN TEOPUU TOTHO OMPENeNseTCs, KAKAMU JOTUIeCKUMT
OPUHIIUIAMEA MOYXKHO TOJB30BATHCA IIPU BHIBOJAX. JTO MEJAETCA TIaCTUIHO depes
YKa3aHWe COOTBETCTBYIOUINX AKCHUOM, & YaCTUIHO MyTeM TOIHOU (hOPMYIUPOBKH
MPABII BEIBOAA OTHUX YTBEPKACHUU U3 APYIUX. 1aK KaK B UTOre IIPOUCXOIUT IMOJI-
HOe abcTparupoBaHue OT COMEPXKAHUA WIN CYITHOCTH, a BHUMAaHNE YIeAdeTCs JUIb
(opme, TO roBOPAT O Popmasuzayuyu Teopuun. [locae popmammsanuu TeOpuUs U3 Cu-
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CTeMBI OCMBICIEHHBIX YTBEPXKICHUN MPEBPAIIAeTCA B CUCTEMY (DOPMATLHBIX CJIOB,
13 KOTOPBIX TOJBKO MO (popMe HEKOTOPHIE ABIAIOTCA MPABUIBLHO MOCTPOEHHBIMH,
HEKOTOpPHIE — akcmoMaMu. JIumrbs ¢popMa CI0B CBUIETEILCTBYET O TOM, CIEIYyeT JIHI
TAaHHOE CJIOBO MO JAHHOMY MPABIIY BBIBOIA M3 JAHHOU CUCTEMEBI CI0B. Dopmasmsa-
mus cBOAUT Bce K (popme m mpasmry. OHA yCTpaHAET HEOMPEeIeJIeHHOCTb B BOIPO-
cax, 9TO TakKOe yTBEpXKIEHWEe TEeOPUH W UTO TaKoe M0Ka3aTeJbCTBO B Teopuu. B
UTOTe IIUTEILHOrO MePUOoa UCTOPUM PA3BUTUA U€J0BEUYECKOrO MHTELIEKTa OBLIO
YCTAHOBJIEHO, YTO 3HAYUTEAbHAA IACTh MATEMATHICCKIX TEOPUN JTOMYCKAET TaKYIO
dopmammsammio. [Tudaropy (VI Bex 10 H. 5.) IPUNUCHIBAETCA OTKPLITHE WA CO3 1A~
HIE aKCMOMATHUKO-IEIYKTUBHOIO METOAA W3J0XKEHUA MaTeMaTudecKux Teopun. /o
HAC DTOT MeTOn gomren Bo MHOroM Oaaromaps " Hawaram” EBkiauma.

dopmaabHas TEOPUs CTAHOBUTCA MPEIMETOM W3y IeHUS CIenaIbHON MaTeMaTH-
IeCKOU MACTUTLITHBI - MEMAMAMEMAMUKY, ~— WAIA meopuu doxasa-
meabcme, KoTopasd BKJIOYaeT B ceba onucanme (popMaJbHBIX CUCTEM U HUCCIeI0Ba-
Hue nx ceoucTs. CaMa m3ydaemas mpeiMeTHAs TeOPUA I MeTATEOPUN BEICTYIAET
KaK CHCTeMa CJIOB B HEKOTOPOM aJjdasure. MeTaTeopus IpUHA IJICKAT OOBLITHON He-
(popMaTHEHON MaTeMATHKe, OHA, BHIPAKALTCSI HA OOBITHOM S3BIKE C UCTOIH30BAHUEM
MaTeMATHIeCKOU CHUMBOJIUKHU. TPaguiiMOHHO B METATEOPUU WUCIOAb3YIOTCS (PUHUT-
HBIE METO/bI, THTYUTUBHO TpeACcTaBAdeMble 00BEKTH U OCYIIECTBAMBIE TTPOIECCHI.
[lokazaTenrbCTBa CYNIECTBOBAHUA, KaK IPABUIO, JAIOT W METOMI MOCTPOEHUA 005-
eKTa, CYIIeCTBOBAHNE KOTOPOT'O IOKA3BIBAETCA. JTU OUPDAHUYEHUS BBI3BAHLI TOU
1enbio, kKoTopyio npeciaegosart [I. TmibbepT npu (hopMyIMpPOBKE CBOEW MeTaMaTe-
MATHYEeCKOUW MPOorpaMMbl. Bompoc 0 TOM, He TPUBOAAT JU K MPOTUBOPEUIUIO METO-
61 (POPMATUIYEMOU TEOPUU, U3YIALTCA B MeTaTeopun (hOPMATU3OBAHHOU TEOPUN
MeTOoMaMu, KOTOPbIe He TOJBEPXKEHBI TeM Ke COMHEHUAM, 9TO W MeTOIBI MCXO-
HOU Teopuu, KOTopas ObLia (popMatm3oBaHa. KpuTepmeM TOMYCTUMOCTH JTAHHOTO
MeTOoa B MeTaMaTeMaTHKe BHICTYIAaeT B KOHETHOM CUYeTe ero MHTYUTHUBHAA yOenu-
TeJbHOCTb.

Oco6bIN >Tam B Pa3BUTUN AKCHOMATUIECKOTO METOAa CBA3aH ¢ nMeHeM Hukoua
Byp6aku (Nicolas Bourbaki). Ilog sTum o6mmm mceB1oHuMOM IpyIna MaTeMaTH-
KOB, B OOJBIIMHCTBE (PPAHIY3CKUX, MPEINPUHAIA MONLITKY, PAa3BUBAA MPOrPAMMY
[l. Tuabbepra, I3I0KUTH Pa3InIHbIe MATEMATHIeCKNAE TUCIUILINHEL C TTO3UIIT (hOp-
MAaJbHOT'O aKCMOMaTHIecKOTo MeToma. ['pynma obpasoBarach B 1937 ronxy B OCHOB-
HOM 13 BBIILYCKHUKOB BBICIIEN HOPMAIBLHOU MIKOIBI. THUCIEHHOCTD M COCTAB I'PYIIILI
HUKOTa He O0BABIAINCH. B 1aeko emie He 3aBePIIEHHOM MHOMOTOMHOM TPaKTaTe
H. Byp6aku ” 91emenTs MaTeMaTukn” , BuIXoaAmeM ¢ 1939 roga, mocaenoBaTeIbHO
pa3BuBaeTCA (popMaabHAA AKCUOMATUYIECKAsA CHUCTEeMa, KOTOpPasd MO 3aMBICIY aBTO-
POB TOKHA OXBATUTH BCE OCHOBHBIE PA3Ielbl MATEMATHKN KAaK =~ TIaCTHBIE aCTeKThI
obmen kounenmuu”. [lepsas kuura Tpakra ”Teopus muoxkecTs”. B Henm 3ak/iambi-
BaeTCA (PyHIAMEHT BCEro TpaKTaTa, COCTOAIMU W3 HamboJdee OOIMMX MPUHIIUIIOB.
Vz10xenne HOCUT 0veHb aOCTPAKTHBIA 1 (hOpMaTU30BaHHLIN XapakTep. [locregoBa-
TeJIBHO BBLIEPKUBACTCA CIIOCOO M3IOKEHUA — OT 001ero K dactaomy. Bo ®panmnun
BBHIILIO YK€ TOCTATOYHO MHOIO TOMOB TPAKTaTa, KOTOPHIE BHI3BAJIA OOJBIION MH-
Tepec Cpeam MaTeMAaTUKOB KaK HOBU3HOW WM3JIOXKEHUs, TaK M BBHICOKUM HAYTHBIM
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ypoBHeM. JacTh KHUT mepeBefeHa Ha PYCCKUM S3BIK W JOCTYIHA POCCUUCKOMY Y-
TaTeTo.

O cospemennom amane NCTOPUA MATEMATHICCKOU JOT UK.

B XIX Beke mccaemoBaus B 0OJACTH MaTeMaTHICKOW JOTMKNA AKTUBU3UPOBA-
JUCh, 9eMy B HEMAJOW Mepe CIOCOOCTBOBAIO OTKPBITHE HEEBKJINIOBBHIX ME€OMETPUN
U UCCIeIOBAHUSA M0 0O0CHOBAHWIO MATEMATHIECKOT0 aHaIm3a. Eime B 60JIbIen Mepe
AKTHBU3AINN NCCJACTOBAHUKA B OOJACTH MATEMATHIECKOW JOIMKH CIOCOOCTBOBAJO
obHapyxenune (OTKpeITHE) B KOHIE XIX BeKa MApaJOKCOB WIM AHTUHOMUU. DTO
cuuTaeTcsa HadaaoM  Beanmkoro Kpusmca 0OCHOBAHMY , MONBITKY MPEOJI0JICHIA KOTO-
pOro HmpUBEIN K aKTUBU3AINNA MCCJIEJOBAHUU B O0JACTH OCHOBAHUU MATEMATHUKM,
9TO B CBOIO OvYepenb MMea0 daJaeKO UAYIOUE IMOCJACICTBUA.

ITapadoxc I'. Kanwmopa (1899 r.) ITo Teopeme I'. KauTopa mis 1106000 MHO-

xecrBa M Boimoansercs HepaBeHcTBo M < P(M). O6o3uauum wepes W mnooce-
Cm60 6CET MHONCECNS, T. €. dIeMeHTaMn W ABIAIOTCA BCEBO3MOMXKHBIE MHOXKECTBA
1 ToIbKO OHU. Torga kaxapin saemenT u3 P (W), Oygydn MHOXKECTBOM, IPUHA IIE-

xur W, mostomy P(W) C W. 3uatur, P(W) < W, 4T0 BMecTe ¢ HepaBEHCTBOM

W < (W) mpusoaut k nporusopednto P(W) < P(W).
ITapadoxe B. Pacceaa (1902 r.) O6o3HauuM depes S MHOKECTBO

{z[=(z € 2)}.

3aMeTHuM, ITO € S TOorJga U TOJIbKO TOTJa, KOTIa —l(:E S :E)

[Ipeanonoxum, aro S € S. Torga no npesiayuien skpusaitenTaocTu —(S € S).
Buauur, S € S u —(S € S5). I3 noxry4eHHOro NpoTUBOPEINs MOLYIaeM, YTO HAIIe
npeanonoxkenne S € S HeBepro, mosromy —(S € S). Urak, Mbl I0Kazaau, 9TO
—(S € S). Orcroga B cury ompeneeHns MHOXKeCTBa S moiydaem, 9To S € S.

BuauuT, 11a MHOXKecTBa S Mbl gokasamun S € S u —(S € S). Ioxyuennoe mpo-
TUBOpeYNe U HOCUT HasBaHue mapagokca B. Paccera.

[Tomyasipusupys sToT mapanokc, b. Paccer nmpemraraer paccMoTpeTs TepeBeH-
CKOT'0 TTapuKMaxepa, KOTOPBIN Opeem 8cer mer depesencrus dHumenet, Komopole ne
bperomes camu, u He Opeem 8cer mexr depesencKur Heumedet, Komopvie 6pPermca
camu. K mapagokcaibHOU CATYaIluu IpUBOIUT Bompoc " Bpeer au »ToT mapukmaxep
camoro ceba?”

Jlormaeckum BapuanToM napagokca b. Paccena ciryxuT creaymommi mapagokc,
koTopein npunuckiBaerca b. Paccenry u K. I'pernunary. I[purararersnoe HaswBa-
erca "mpeanKaOeaIbHBIM |, €CIM CBOMCTBO, KOTOPOE OHO 00O03HAYaeT, HPUCYIIE eMy
camoMmy. B mpoTuBHOM caydae mpmiaraTelbHOE HA3BIBACTCA ~UMIPEINKAOeIbHBIM .
[Ipumepsr ” npeaukabeIbHBIX” OIpUIaraTelbHBIX ~adcTpakTHOE  , ” MHOTOCIOXKHOE
"pycckun”. [lpumepsr " uMmmpennkabe bHBIX” MTPUIATATEIbHBIX ~ KOHKPETHO , ”o1-
Hocaoxuoe” , "kpacuoe”. K mapamokcanpHOU cuTyanuum npuBoauT Bompoc Kakum
ABJIAETCA TMpUIaraTeabHoe " uMmnpenukadeabHoe” 7”

IMTapadoxe Aac. Puwapa (1905 r.) HekoTopbie TEKCTHI HA PYCCKOM S3BIKE
3a,1al0T JTEMCTBUTENbHBIE YHCIa. Tak Kak anpaBUT PYCCKOTO A3BIKA KOHeYeH (B
HEr0 MBI BKJIIOYAaeM CTPOYHBIE W MPOMUCHBIE OYKBBI, 3HAKYW MPEMUHAHUA U CAMBOJI
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[TABA 1. 9JIEMEHTHI TEOPU MHOZKECTB

npo6ena), TO MOXKHO 3aHyMEPOBATH BCe TEKCTHI HA PYCCKOM fI3BIKE. Y TAIUB U3 5TOrO
mepecyeTa TeKCTHI, He 33al0lIie TeMCTBUTEIbHBIX YMCET, MBI MOJYIUM MepecdeT
T1, ..., T\, ... BCEX TECTOB Ha PYCCKOM fA3LIKe, 3aJAIOIINX MeUCTBUTEILHLIE THC]IA.
[Ipu >TOM AEUCTBUTEIBLHOE YUCIO, 3aTaHHOE TEKCTOM 1, HA3BIBACTCA K-blM YUCAOM
Puwapa. Tlonygaem nepecyaeT Beex ducen Pumrapa ayq, ..., Qy, .... PaccMoTpum TekcT
T:

7 deticmeumenvnoe wuca0, Y KOmMopo20 K-vili decamuunbll 3HaK pasen edunuye,
ecau y K-020 uucaa Puwapa k-viti decamuunblii 3nak ne pasen edunuue, U Pasen
deym, ecau y k-020 wucaa Puwapa x-viti decamuunpiii 3nakx pasen edunuye’. ITOT
TekcT 1" ompenenseT HeKoTopoe ducao Pumapa a. Ilycts a = a,. Torma mo moctpo-
C€HUIO  MOJyYaeM: a4 U () OTINIATCA K-BIM JECATUIHBIM 3HAKOM. HOJIy‘IeHHOQ
HpPOTHUBOPEYNE M HOCUT Ha3BaHWe mapagokca Pummapa.

[Tapamoxkc Pumapa npencrasisgeT 0COOBIN UHTEPEC, TOCKOJIBKY BEIYIINE K HEMY
PACCYKIEHUA CXOXKM C KAHTOPOBCKUM JOKa3aTEIbCTBOM HECUETHOCTH MHOXKECTBA,
BCEX MEUCTBUTEIbHBIX THUCE.

ITapadoxce I'. Beppu (1906 r.) B pycckoM sI3BIKe CYLIIECTBYET JUIIb KOHETHOE
YUCJIO CJAOTOB, TIODTOMY KOHETHBIM ABAAETCA MHOXKECTBO TEKCTOB Ha PYCCKOM A3LIKE,
colepXKaIMUX He OoMee TATUIECATH CAOTOB, 3HAUUT, C UX MOMOIILI0 MOXHO 331aTh
JIUTTb KOHEYHOEe YMCJI0 HATYpPaJbHBIX unceld. [IycTh a — 7 naumenvuiee u3 wamypaib-
HHLT YUCEA, KOMOPbIE HeAb3A 3a0aMb MEKCMOM WA PYCCKOM A3bIKE, COOEPHCAUUM HE
boaee namudecamu caoeos” . TekcT, HaleIaTAHHBLIN KYyPCUBOM, 3a03aeT GHUCIO G U
COMEPKUT He Goee MATHAECATH CJIOTOB, ITO MPOTUBOPEIUT CMBICIY DTOTO TEKCTa.

ITapadoxce adxceya. Hexoropoe quno rosoput ” A 42y’ . Ecan on gencTBUTEIb-
HO JIKeT, TO CKa3aHHOEe UM eCTb JOXKb, U, 3HAYUT, OH He JKeT. Ecan ke OH He TKeT,
TO CKa3aHHO€ UM €CTh IIpaBda, IIO3TOMY OH J2KET. T €. OH JIXKEeT 1 HE J2KeT OTHO-
BPEMEHHO.

MoOXHO HECKOJIBKO BUIOM3MEHUTH DTOT mapagokc. [IycTs HekoTOpOe JuIo mpo-
u3HoCUT hpa3y ” 8biCKA3bIBANHUE, KOMOPOE A CEUUAc NPoudnouy, 40xcHo” . Boicka-
3bIBaHIE, HaeIaTaHHOEe KYPCUBOM, HEMb3sA CUUTATh HM UCTUHHBIM, HU JOXKHBIM.
[Tapanokc mxena npunuckiBaioT IBOyaury (IV Bek 10 H. 5.), OH GBLT XOPOIIO U3BE-
CTE€H B IPEBHOCTH.

Oo6uapy:xKeHne mapajgoKCOB MPUBICKIO BHIMAHNE K BOIPOCAM OCHOBAHUU MaTe-
MATUKM MHOTHX BbLAAOmumXcsa MaTeMaTnkoB Kouua XIX — magara XX B. (/. Tuis-
oept, A. Ilyauxape, ['. Bewas, JI. Bpaysp). Muorue MaTeMaTuku BHECIN BKIAT B
MOMCK BHIXOJA M3 COXKIABIICUCA KPUTUICCKOU CUTYAIH.

K cepemnre XX Beka mMaTeMaTwdeckas JOTHKA TOCTUIVIA HEMAJBIX YCIIEXOB B
MOCTAHOBKE U PeIIeHWM MPUHIUINAILHO HOBBIX MaTeMaTudeckux mpooOmem. OHa
IeNCTBUTENBHO cTagaa, Kak roopua [1. C. [lopeukun, Jorukoun mo mpeaMery, MaTe-
MATHUKOU IO MeTOy. B paMKax MaTeMaTuvIecKOU JOTUKHU OBLIO MPEIJI0KEHO TOTHOE
MaTeMaTHIeCKOe OMpeIeJeHrne MOHATHA ~ TOKA3aTEeIHLCTBO”, ITO TMO3BOJIMIO TOCTA~
BUTH BOIIPOCHI O AOKa3yEeMOCTHU N HEAOKA3yEeMOCTHU TEX MJIN MHBIX MaTeMaTUIeCKUX
yTBepXKAeHNN. BBLIN pa3spaboTaHbl I METOILl YCTAHOBICHUA HEJOKA3YEMOCTH. JTO
no3soauno, B acruocru, K. Tegemo u I1. [Txk. Kosuy (1934 — 2007) mokasars, 9T0
3HAMEHUTAsI KOHMUHYym-2unomesa ['. KanTopa He 3aBUCAT OT OCTAIbHBIX aK-
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§4.4.2 N3 ucropun 10ruKn

CUOM OOIIENPUHATHIX HA CETOTHANIHUEA TeHb BAPUAHTOB GKCUOMAMUUECKOT MEOPUL
MHOHCECTNB.

[IpuBegem MHEHUs psjga aBTOPUTETHBIX MATEMATUKOB O POJU MATEMATHICKOU
JOTMKM B KOHIIe XX BEKa.

Mx. HMendursn ("Maremarudeckas jsoruka”. M.: Hayka, 1975): ... maTemaru-
YeCcKas JOTUKA ABIAETCS HE COOpaHWeM Pa3pO3HEHHBIX PEe3yJIbTATOB, & MEUCTBEH-
HBIM METOJOM U3YYeHUs HEKOTOPHIX HAmOOJIee MHTEPECHBIX MPOOIeM, CTOAIINX e~
per MaTeMaTUKaMH .

9. Mengeancon (”Beegenune B Maremarudeckyio oruky” . M.: Hayka, 1971. Bge-
neuune): " Layborue u onycmowumenvuvie peayavmambvt I'edeas, Tapcrozo, Yepua,
Poccepa, Kaunu u muo2ux dpyeux 0viau 602amoti naepadoti 3a 8.40Hcewubll mpyod u
3080€6a.4U 044 MAMEMAMUYECKOT A02UKU NOAOHCEHUE HEZABUCUMOT BEMBYU MAME-
mamury” .

[IpuBegeM HeKOTOpHIE, KOHEYHO, BeCbMa HeMOJHBIE cBemeHus, n6o ~HukTo He-
06BATHOTO OOBATH HE MOXKET', O TeX UCCAETOBATENAX, KTO, KPOME YIOMAHYTHIX
BBHIIIE BHECJIU CYIECTBEHHBIM BKJIA B PA3BUTHE MATEMATHIECKOU JOTUKU B YiKe
nporiom XX Beke.

Au Jlykacesuu (21.12.1878, JIbBos, — 13.11.1956, [y6auH), HOILCKAR JOTHK, TIPO-
deccop yuusepcuTeToB BO JIbBose (1906 — 1915) u Bapmase (1915 — 1939). ITocae
Bropon muposon Bounsl npodeccop KopoaeBckon npaanackon akagemun B [yoam-
ue. 1. JlykaceBud mocTpoOMI NepByIO CUCTEMY MHOTO3HATHOU JOTUKY, 3 HA €€ OCHOBE
— cucTeMy MOJAJBLHOU JOMMKU. BBen 6eccKO60MHYI0 (DOPMY BAMUCH JOTHMIECKUX U
MATEMATUIeCKUX BBHIPAKEHUN.

Summis Jleon Mocr (11.2.1897, Arycros, Toasma, — 21.4.1954, Heio-Mopk), ame-
PUKAHCKUUA MAaTEMAaTHK W JOTMK. 1UTal JEeKIWu Mo MaTemaruke u Joruke B Ko-
aym6mitckoM 1 Hero-Jopkckom yHEBepcuTeTax. VIM IaHO OIHO U3 HAXGOIEE YACTO
UCTIONb3YEMBIX ONMPEIeJeHUN TOHATHN HEeNnpomu8opeuusocmuy m noakomsi hopMaib-
HBIX CHCTEM, MTOJYIeHO TOKA3ATEIhCTBO TEOPeM O (DYHKIMOHAIHLHOW W €YK TUBHOU
MOJHOTE [ JOTUKU W MCUUCJICHUs BBICKA3bBaHUU. O. [locToM mpemroxeHo oxHO
3 mepBhIX (HezaBucuMO OT A. ThIOpUHra) MATEMATUYECKUX YTOUHEHUN HHTYUTUB-
HOT'O MOHATHUA AJTOPUTMA B TEPMUHAX aOCMPAKMHOU BbINUCAUMEAbHOT MAULUHDI,
MOJIYIUBINeN HaszBaHue mauiukbt [locma, chopMyInpOBAH OCHOBHOU TE3UC TEOPUN
AJTOPUTMOB O BO3MOXKHOCTY PEAJU3ANUU JOOOT0 aIrOPUTMa, HA MOIXOIAMEN Ma-
mmme [Tocra. 9. [Mocty m A. A. MapkoBy npuHamiekaT mepBble TOKA3aTEIbCTBA
AJCOPUTMUIECKON HEPA3PAIIMMOCTH pAga MpobdaeM aareGpHL.

Anonzo Yepu (14.6.1903, Baumurron, — 11.8.1995, Hudson, Ohio), amepukas-
ckun goruk, maremaruk. [Ipodeccop IIpurcrockoro yausepcurera (1947 — 1967).
C 1967 r. mpogeccop maremarukn u purocopun KarudopHUNCKOTO YHUBEPCUTE-
ta (Joc-Ammxkenec). A. Yepu BHEC BKIAL B pa3awdHble pasjensl Joruku. B 1936
roay A. Yepd chopMyIupoBaI OCHOBHYIO THIIOTE3y TEOPUH AITOPUTMOB, TTOTY THB-
myto HaszBaume Tesuc Yepua: xaxmas BuIIuCAUMAs (DYHKIUA SABISCTCA TACTUTHO
pekypcusuou. B 1936 rogy A. Yepu mokasan airopuTMUUecKyl0 HEPa3pemmMOoCTh
UCYUCICHUS TTPEINKATOR.

Crusen Koyn Kanun (5.1.1909, Xaprdopa, mrar Konnekrukyr, — 25.1.1994,
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JOIIOJITHEHUE

Mbaucon, mrar Buckoncun), aMepukaHcukin MaTeMaTuk u J1oruk. OCHOBHBIE pa-
6oTer C. KIIMHM DOCBAIIEHBI TEOPUM AJICOPATMOB M PEKYPCUBHBIX (DYHKIIMM, MIPO-
6JeMaM MHTYUIUOHUCTCKON JOIMKKA W MATEeMATHKH, TEOPUH A3LIKOB M aBTOMATOB.
C. Knuun — aBTOp psjga MUPOKO M3BECTHLIX MOHOTpA(UU IO MATEeMATHIeCKOU JIO-
IUKe, OCHOBAHUAM MATEMATUKN ¥ TEOPUM PEKYPCUBHBIX (DYHKIIUN.

Anan Marucon Teiopunr (23.6.1912, Jlongon, — 7.6.1954, Yuamcaoy, 6aus Man-
decTepa), aHMIMUCKUN MaTeMaTuk u Jjoruk. B 1936 — 1937 rr. A. Teiopunr upes-
JOXKWT OTHO M3 MepBbIX (HezaBucumo oT . [locTa) MareMaTwdeckux yTOIHEHUN
NHTYUTUBHOTO MOHATHUA AJICOPUTMAa B TEPMUHAX aOCMPAKMHOU BbIUUCAUMEAHOT
MAULUHBL, TIOJTYIABIIEN HA3BAHUE Maulunbl Tbiopurea, chOpMYINPOBAT OCHOBHOU Te-
3UC TEOPUN AITOPUTMOB O BO3MOXKHOCTHU PEATU3AINN JTIOOOT0 AJITOPUTMA HA, O IXO0-
nsamen Mammae Tropuara. A. TelOpUHT aKTUBHO y9aCTBOBAJ B CO3JaHUU TIEPBOTO
kommbioTepa ” Colossus”, koTopein ObLI pazpadoTad B AHIIAK IS PemeHus 3a1a4
TemudpoBaHua repMaHCKou mudpMaiuael ’ Enigma” B camom Hadage Bropon mu-
POBOU BOWHEI.

Ansdpen Tapckun (14.1.1902, Bapmasa, — 26.10.1983, Bepkau, Kamudopuus),
aMepUKAHCKUN JOTHK ¥ MaTeMAaTHK MOJbLCKOrO IMPOouCXoxk aeHusa. OCHOBHBIE ero pa-
OOTHI TIOCBSAIIEHBI TEOPUN MO/IeJel, TEOPUU MHOXKECTB, OYJIeBBIM U TICEBI00Y.IEBBIM
aarebpam, JorukaMm ¢ (popmyJaMu 6€CKOHETHOW MJIUHBI U IPYTUM pPa3geraM MaTe-
MATHIECKOUN JOIMKNA U OCHOBAHUM MATEMATHUKMN.

ZKak Dpopan (12.2.1908, Mapuxk, — 27.7.1931, Jla-Bepap, Uzep), dpaniysckun
MaTeMaTuK 1 JoruK. OCHOBHBIE PAOOTHI OTHOCATCA K MATEMATHIECKON JOIUKE — MC-
YUCACHUIO MIPEINKATOB, TEOPUN PEKYPCUBHLIX (PYHKINH, KOHCTPYKTUBHOU JOTHKE.

[Terp Cepreesuu Hosuxor (15(28).8.1901, Mocksa, — 9.01.1975, Mocksa), co-
BETCKUU MATEMATHUK, BHEC BBLIAIONIMNICA BKJIA B TEOPUIO MHOXKECTB, MaTeMaTH e~
CKYIO JIOTWKY, TEOPHUIO aJrOPUTMOB U Teoputo Tpynm. /lokazar airopurMudecKyio
HEPa3PeImMMOCTb TPOHJIEM TOXKIECTBA, CONPAKEHHOCTH W W30MOP(pU3Ma B TE€OPUN
rpymn. C 1957 roga u 10 KOHIA XKU3HU PYKOBOIUI OTIEJ0M MATEMATHIECKOU JOT -
ku Maremarudeckoro nactutyTa umenn B. A. Creknmosa AH CCCP, co3aan mkoury
maremarudeckon goruku B CCCP.

Anarommu Usanosuwa Manbues (14(27).11.1909, ubiHe mocerox Mumeposckun
[TaTypckoro panona Mockosckou obaacru, — 7.7.1967, HoBocubupck), coBeTckun
MaTeMaTHK, BHEC BBIJAIONINUCSI BKJIAL B aireOpy W MaTeMATHIECKYIO JOTHUKY.
A. 1. Maapnes — OAMH U3 co3JaTeled OO TeOPUH AJreOpAMvIeKnX CUCTEM U
TEOPUU MO TEJIECH.

Angpen Augpeesna Mapkos (9(22).9.1903, ITerep6ypr, — 11.10.1979, Mock-
Ba), COBETCKUU MaTeMaTuk, ¢ 1959 roma sasemoBan kKadeIpodl MaTeMaTHIeCKOU
Jgoruku MockoBCKOro rocyaapcTBeHnoro yausepcurera umeru M. B. JlomonocoBa.
A. A. MapkoB BHEC BBHIIAIOMMANACA BKIA B TEOPHUIO AITOPUTMOB I MATEMATHIECKY IO
JOTHKY — CO3JaJ IIKOMy KOHCTpyKTuBHOU MaTemaruku u joruku B8 CCCP.

[Mox xozed Koou (2.04.1934, Jlour-Bpenw, Heio-/Ixepcun — 23.03.2007, Cr-
supopa, Kamudopuus), amepukanckuin mMareMaTuk, mpodeccop CTordOpIcKOro
yauBepcureTa. II. [x. KosH ZOCTHr BBLIZAIONINXCA YCIEXOB B PA3IMIHBIX pa3ie-
aax marematuku. B 1963 roxy I1. /[Ix. Kosa omy6ankoBas BBITAIOMIUUACA PE3Y.Ib-
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TAT B O0JACTU TEOPUU MHOKECTB U MATEMATUIECKOW JOTUKEA — JOKAZAMEALCMEO
Heso3moxcHocmu evisoda Konmunyym-zsunomesor I. Kanwmopa 6 axcuomamu-
weckoti meopuu muoxcecms. Tem cambim 3a6epuus nawamoie 8 40-e 200vr XX sexa
uccaedosanua K. I'edeas, dokazasueeo 6 1940 200y He803MOHCHOCTL ONPOBEPHCE-
nua Konwmunyym-a2unomesdot . Kanwmopa 6 pamkar axcuomamuueckot meopuy
MHONCECMB, T. €. HEBOZMONCHOCTNDL BbI800G 8 GKCUOMAMUUECKOT MEOPUL MHONCECTNE
ompuyanus Konwmunyym-sunomeswvr I'. Kanmopa. 3a 5TOT BBIIAIOIMIMNACA pe-
syabTaT [loay /Ixo3edy Kosny mHa MexmyHapomHOM MaTeMaTHIeCKOM KOHI'pecce,
npoxoausireM B 1966 roxy B MockBe, 6bL1a TpuUCyX aeHa PUITCOBCKAA MeTadb, B
OTIPeIeJeHHOM CMBICJE BBICIIAA B TO BPeMsA MeXIyHApPOJTHad MaTeMaTUIeCKas Ha-
rpaja (mo3XKe MOABUINCH W APYTHUe MEXKIYHAPOIHbIE MATeMATUIECKUAE HATDAIBI —
npemus Hesaumuust B 1982 rogy u npemus AGeas B 2002 roxy).
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[TOCJIECJIOBUE

B mranax aBTOpa HammcaHue IPOJIOIKEHNA MOCOOUA, B KOTOPOM IIPEIIOIATAeT-
¢A pacCMOTPETh HONOJHUTENbHBIE BOIPOCHL JOTUKHN U NCIUCICHUA NIPEIUKATOB C pa-
BEHCTBOM, BKIIOYadA pyHIaMeHTaIbHYyI0 TeopeMy K. ['egens o HemomHoTe, U310XKUTH
OCHOBBI TEOPUU PEKYPCUBHBIX (DYHKIWHN, HEOOXOAUMBIE A MOKA3ATEIhCTBA DTOU
TeOpeMBI, BHE UX CBA3U C MOAXOJOM K YTOYHEHUIO IMOHATHA alrOPUTMa, NPABECTH
HEKOTOPBIE CBeIeHus 0 (OPMATLHOU apu(pMETUKe U HEKOTOPHIX APYruX (hopMaIn-
30BAHHBIX TEOPUAX, BKIIOYASI HECTAHIAPTHBIN, WIM HeapxuMeaos, aHaams. Ocoboe
BHUIMAHUE [JIAHAPYETCA YAEIUTH BOIPOCY O CIOKHOCTHU Pa3pelIalonInX aJrOpATMOB
IJTsT HEKOTOPBIX W3BECTHBIX (POPMATBHBIX TEOPUM.
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