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1. BBeaeHune

C 3agayaMu ONTUMHU3AIMU NPUXOAUTCS BCTPEUATHCA B PA3IAY-
HBIX cepax JesTeIbHOCTH YenoBeka. Kaxioe pazymMHOe JelCTBUE
SBJISIETCSl B ONPEICICHHOM CMBICJIE ONTUMAIbHBIM, TaK KaK BhIOMpa-
€TCs MOCJIE CPABHEHMS C APYTHUMU BapuaHtamu. Mcropuuecku ¢ 3ana-
YaMH ONTUMHU3AIMU YEJIOBEUYECTBO CTOJKHYJIOCHh YK€ B JPEBHUE BEKA.
Tak, yxe naBHO ObUIM pellIeHbl Pa3HOOOpPA3HbIE 3a/a4d reoMeTpruye-
CKOT'0 THIIa, CBSI3aHHBIC CO CBOMCTBAMU AJIEMEHTApPHBIX PUryp.

Haubonee npocras 3agaya 06€3yCIOBHOM ONTUMHU3AMNK (PYHKIIHIMA
MHOTMX [EPEMEHHBIX MPUBJIEKIA BHUMAHUE MAaT€MaTUKOB BO BpEMe-
Ha, KOTJIa 3aKJIaIbIBAJIMCh OCHOBBI MaTeMaTUYECKOro ananu3a. OHa BO
MHOT'OM CTUMYJIMpOBaJia co3ilanne ¢ hepeHInaIbHOr0 UCYUCICHUSI.
C nosiBnenremM nuQdepeHnaIbHOTO UCUUCIICHHUST BO3HUKIIA BO3MOXK-
HOCTb HMCCJIEOBaHUs 0oJiee CIOKHBIX 3adad. [lepBbiii 00Ul aHaIu-
TUYECKUI TPUEM pElIeHUs AKCTPEMAJIbHBIX 3a7ad ObUl pa3paboTaH
[Ibepom DepMa U SABISIICS OJHUM U3 NEPBBIX KPYMHBIX PE3YJIbTATOB
aHanu3a. OTKPBIT OH ObUI, O-BUAUMOMY, B 1629 rony, HO BHEpBBIE
JIOCTATOYHO TMOJHO M3JIOXKeEH B nuchbme Kk PobGepsanto B 1638 roxy. Ha
COBPEMEHHOM s3bIke npueM dDepma CBOIHUTCS K TOMY, YTO B TOYKE

IKCTpEMyMa X B 3ajade 0e3 OrpaHUYEHUM f(x)— extr NOJIAKHO HUMETH

MECTO PaBEHCTBO Vf(¥)=0. [lepBbIii HAMEK HaA ATOT PE3YJIBLTAT COIEP-
xuTcsa B cioBax Kerepa n3 «CrepeoMeTprun BUHHBIX Oodek». Tou-
HBbIA cMbIca paccyxaeHus I1. depma npuodpenu yepes 46 net, Koraa
B 1684 rony nosiBmiacek padota JleiiOHuIa, B KOTOPOU 3aKJIaIbIBATUCH
OCHOBBI MaTeMaTH4ecKoro aHaiauza. B cBoelt crtatbe JleiOHuil He
TOJIBKO TOJy4aeT B KaueCTBE HEOOXOIUMOTO YCJIOBHUS COOTHOIIICHUE
V/(¥)=0 (ceryac 3TOT pe3yJbTaT Ha3bIBAIOT Teopemoil depma), HO U
ynotpeOmsier BTopor nuddepeHunan ais pa3iudeHus MaKCUMyMa U
MUHHUMYMa, TO €CTh, TI0 CYIIECTBY, (DOPMYJIHPYET YCIOBUS IKCTPEMY-
Ma BTOPOTO TOPSIJIKA.

bonpmmHCTBO M3nmaraembix JlehOHuileM (GakToB OBLIO K TOMY
BPEMEHH M3BECTHO Takke M HpI0TOHY, HO ero paboTa, 3aBepIiIeHHas K
1671 romay, Oblna onyOsukoBaHa Jmiib B 1736 roay. Baxueiimue pe-



3yJbTaThl IO MUHUMHU3AIMK (QYHKIHMN ObUTM B JaJbHEUIIIEM IOIyde-
HbI DunepoM u Jlarpanxkem.

Ha nepBpix neknusax kypca « MeToapl ONTUMUA3ALUNY U31araloTCA
3a/1a4 MUHUMM3ALKUHN CKAJSIPHBIX (PYHKIIMI KOHEYHOT'O YHCia Iepe-
MEHHBIX. J|0 HEKOTOPOW CTENMEHU 3TOT MATEPUAN SIBIISIETCS MOBTOPE-
HUEM U 0000IIEeHNeM 3HAHUM, TTOJTYUYEHHBIX CTYJICHTaMH B Kypce Ma-
TeMaTH4YecKoro aHanuza. [IpuxoauTcs Takxe ais 0osee MOJIHOTO To-
HAMaHHUS VCMOJI30BATh F€OMETPUUYECKYIO WHTEPIPETALUIO
u3JIaraemMeiXx (HaKkToB, IS Yero ObIBaeT HEOOXOAMMBIM BCIIOMHHUTH
KJIaCCU(DUKALMIO TTOBEPXHOCTEW BTOPOTO MOPSIAKA, U3YyU4aeMylo B Kyp-
ce anreOphl, MOHATHE JTUHUM U MOBEPXHOCTU YPOBHS (PYHKIIMII MHO-
TMX NEPEMEHHBIX, 4 TAKKE HEKOTOPBIC CBEACHUS U3 TEOPUU KBAJpa-
TUYHBIX POpM U anreOpanyeckuil kpurepuii CuiibBeCTpa 3HAKOIIOCTO-
STHCTBA KBaAPaTUIHON (HOPMBI.

3arem u3y4aercs mepexoj OT HEOOXOJUMBIX U JJOCTATOYHBIX YyC-
JIOBUHM ONTUMAIbHOCTH PEIICHUM ONTUMU3ALMOHHBIX 3a7a4 0e3 orpa-
HAYECHUU K COOTBETCTBYIOIIUM KPUTEPHUSAM YCIOBHBIX 3a7ay, TO €CTh
3a7a4 C Pa3jIMYHbIMM THUIAMH OTPAHWYECHUN HA HE3aBUCHUMBIE IIEpe-
MeHHbIe. CTyJAeHTaM pacCKas3bIBACTCA O TOM, YTO YCJIOBHAas 3ajaya
SABJISICTCST HanbOoJiee OOIIUM TUIIOM ONTHUMM3AIMOHHBIX 3a/1a4 HEJIU-
HEWHOTO MPOrpaMMHUpPOBaHUA (KakK, BIPOUYEM, U JIMHEHMHOTO), K KOTO-
pOMY MIPUBOJUT OOJIBIIION Psifi MHKEHEPHBIX 3aj1a4 (C OrpaHUYCHUSIMU
Ha yIpaBlisiIeMble TMepeMeHHbIe). Takue OorpaHUYeHHUs CYILECTBEHHO
YMEHBIIAIOT pa3Mepbl 00JaCTH, B KOTOPOW MPOBOJMUTCS MOUCK OITH-
MyMma. Ha miepBbIf B3MJI] MOXKET MOKA3aThCsl, YTO YMEHBIIIECHUE pa3-
MEpOB JOMYCTUMOM OOJIACTH JOJKHO YIPOCTUTH MPOILEAYPY MOUCKA
ontuMyma. Mexay TeM, HalpOTHUB, MPOLECC ONTUMHU3ALMN CTAHOBUT-
cst 00Jiee CIIOKHBIM, MTOCKOJIBKY YCTaHOBJICHHBIC KPUTEPUU O€3YCIIOB-
HOW ONTHMHU3ALNHU HEJIb35 UCMHOJIB30BATh NMPH HAIMYUN OTPAHUYCHUM.
[Ipu 5TOM MOKET HAPYILIATHCS 1aXKE€ OCHOBHOE YCIIOBHUE, B COOTBETCT-
BUU C KOTOPHIM ONTUMYM JOCTHUTAE€TCAd B CTAllHOHAPHOM TOYKE, Xa-
paKTepU3yIOIEHCs HYJIEBbIM IpagueHToM. Hampumep, 6€3yCinoBHBIM
MUHUMYM QYHKIOHH f(x)=(x-2)° AIMEET MECTO B CTAIlMOHAPHOW TOYKE
x=2. Ho ecnu 3amada ontumu3anuu pemaercs ¢ y4eToM OrpaHuyYe-
HUSI x>4, TO OyJAeT HaWJEH YCJIOBHBIA SKCTPEMYM, KOTOPOMY COOT-
BETCTBYET TOUKA x =4. JTA TOYKA HE SIBIACTCA CTAIMOHAPHON TOUKOHU
byHKIMU f, Tak Kak Vf(4)=4. [loaToMy nJis JaHHOTO THUIIA 3a/1a4y He-
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00x0oauMo c(hopMyJIUpOBaTh HOBBIC YCIOBUS ONTHUMAJIBHOCTH peEIlle-
HUM 3a/1a4 C OTPaHUYCHUSIMH.

[To ombITYy MHOTOJIETHErO MpenojaBaHUs JAHHOW JUCIUILIAHBI
MOXXHO OTMETHUTh, YTO BBUJY HEIOCTATOYHOCTH Y4E€OHOTO BPEMECHH,
OTBEJICHHOI'0 Ha IMPAaKTUUYECKHUE 3aHATUS (IpUMEPHO 8 — 9 3aHATUI B
TPYMIIE 3a CEMECTP Ha BCE TPH OOJBIINTNE TEMBI TJAHHOW JUCIUILINHBI),
U HEBO3MOXXHOCTH TOJHOCTBIO OTPa0OTaTh pPEIICHHE KaXKJIOro THUIIa
3a7a4, BO BpeMs dK3aMEHa JJIsi MHOTHX CTYJIEHTOB MOXKET OKa3aThCs
JIOCTATOYHO CJIOKHOM JlaXke JiroOasi mpocTeiias 3a1ada Ha YCIOBHBIN
IKCTPEMYM (xy — extr,x+y =1), TIOCKOJIbKY YUaIllUECs TOJIb3YIOTCA KpH-
TepueMm CuibBecTpa g UASHTU(PUKAIIUK CTAIIMOHAPHON TOYKH (SB-
JS€TCS 1M OHAa TOYKOM MUHUMYyMa, MaKCUMyMa WM B HEH BOOOIIE HET
IKCTpeMyMa), KOTOPBIN «He padoTaeT» ISl 3a/1ad ¢ OrpaHUYCHHUSIMH, a
CITpaBEJJIMBa COOTBETCTBYIONIAA TEOPEMA — JOCTATOUYHOE YCIOBHE OIl-
TUMyMa JUIs JAHHOTO THUNa 3ajad. boisbllide TPyJIHOCTH BBI3BIBACT
TaKXe MPOBEPKA YCIOBUN PETYISIPHOCTH IPH MPUMEHEHUH OOIIEro
METOJIa pEIICHUH 331a4 C OTPAaHUYEHUSIMU — METO/Ia MHOXHUTEIEeH Jla-
rpaH)ka, TaK KaK BC€ YCJIOBHS PEryIsIpHOCTH (OPMYJIHUPYIOTCS B TEp-
MHUHaX TOYKH ONTHMYMa, TTOMCK KOTOpou u BeaeTcs. OOIen3BecTHO,
4TO CcO BpeMmeH JlarpaHnka mo4Tu Ha MPOTSHKEHUH 11€JI0r0 BeKa IpaBU-
JIO0 MHOXHUTeENEH (HOpMYIMPOBAIIOCHh C 4, =1, XOTA 0€3 JOMOJHHUTEIb-

HBIX IIPEAINOJIOKEHUN, HAIIPUMEDP, JTUHEMHONW HE3aBUCUMOCTH BEKTO-
POB-TPaJIUECHTOB (DYHKIMK-OIPAaHUYECHU B TOYKE ONTUMYyMa 3TO Ipa-
BUJIO HEBEPHO.

OTaenbHON TEeMOM paccMaTpUBaeTCsl YaCTHBIA Cydaid oO1eit 3a-
Jla4¥ YCIOBHOW ONTHUMU3ALMUA CO CMELIAHHOW CUCTEMOM OrpaHUYCHUN
— BBIIIYKJIas 3aja4ya MporpaMMupoBanus. CTyIeHTaM NOSICHSAETCS, YTO
JIOKa3bIBa€MbI€ CBOMCTBA BBINYKIIBIX 3a/1a4 UMEIOT BAXKHOE 3HAUYCHUE
HE TOJBKO B TEOPHH, HO Y B YHCIIEHHBIX METOAAX ONTUMH3ALNH, I1O-
CKOJIBKY OOJIBIIMHCTBO CYIIECTBYIOIIMX YHCIECHHBIX METOJIOB MO3BO-
JsieT, BOOOIIE TOBOPS, HAXOAUTH JIMIIb JIOKAIbHBIE PEIICHUS, a TOY-
HEe, CTallMOHApHbIE TOYKM 3axauu. [lodTomMy 1uid BBIMYKIOW 3a1adu
OTBICKAHME CTAlMOHAPHOW TOYKHM O3HAYAeT OTBICKAHUE PELICHUS,
pUYeM TJI00aIbHOTO.

Jpyro kiiacc M3y4aembIX B JTAHHOM KypC€ 3aJady Ha JKCTpe-
MyM — 3TO 33Jl1a4yd BapUallMOHHOro ucumciieHus. Ciuenapl HHTEpeca K
HAM MOXHO HaWTH M B aHTUYHOW MATEMATHKE, OJHAKO IOJJIMHHOE
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POXKJICHUE BapUAIMOHHOTO MCYUCIICHUS TPOU30IILI0 B KOHIIE 19 Beka,
korjga Morand bepunymiu B 1696 rony chopMyinpoBaia 3HaMEHUTYIO
3aJlady O JIMHUM HaucKopeiiiero ckara (Opaxucroxpone). Ha cospe-
MEHHOM $I3bIKE OHa MPEICTABISET COOONH OECKOHEUHOMEPHYIO 3a/1auy
0€3yCIIOBHOW ONTUMM3AIMU C MHUHUMU3UPYEMBIM (YHKIMOHAIOM
CHEIMaILHOT0 UHTErpaIbHOTO BUAA. B pemenun 3amaun o Opaxucro-
XpOHE MPUHSUIM Yy4acTHUE JIy4IIMe MAaTeMAaTHUKU TOro BpemeHu: Jleio-
Hut, HetotoH, SIko0 bepuymnu, Jlonutans. IlepBoe pemenue 3agaun
npuHaexano ‘. bepnymm, Bropoe — Jlonuranto, Tpetbe — HproTo-
Hy. ITocne atoro B 18 Beke DiinepoM u JlarpanxeM ObLIM JaHBI 00-
I[M€ METOJbI PEIICHUS 3aJlad BapUALIMOHHOTO MCUUCIICHUS. Y CIOBUS
IKCTpEMyMa MEPBOTO MOpsAKa ObUIM MOIYUYEHBl DWIepoM, a BTOPOTO
— Jlarpanxem u fxodu. Ux padory B 19 Beke nmponomkwim Komn,
I'aycc, Ilyaccon, Octporpajackuii u apyrue. OgHako penieHus 3ajad
OBLITM HEMOJIHBI O HEJAaBHETO BPEMEHM, W TOJIbKO B KOHIE 19 Beka
pabotamu Beiiepmirpacca u I'unb0epra ObLIO JAHO MOJHOE PEHICHUE
OCHOBHBIX 33/1a4 BapUAIlUOHHOTO UCUYUCIICHHUS.

3a oTBeICHHOE YUYE€OHBIM IJIAHOM BPEMS Ha JICKIUSAX U MpaKTH4e-
CKMX 3aHATUAX YJIa€TCsl PACCMOTPETh JIUIIb MPOCTEHIITYI0 BapHUallM-
OHHYIO 33/1a4y U HEKOTOpbI€ €€ 0000IIECHUS JJIsl Ciiydasi 3aBUCUMOCTHU
MHTErpaHTa (yHKIHMOHAJIA OT HECKOJbKUX HEU3BECTHBIX (DYHKIUU U
€ro 3aBUCUMOCTH OT CTapIIUX MPOU3BOJHBIX HMCKOMOW (YHKIIUU.
Kpowme Toro, nzyuaercs 3ajaya 00 SKCTpEMyME OMPEEICHHOIO UHTE-
rpaja, Korjaa ucCKoMmble (DYHKIIMU KPOME IPaHUYHBIX YCIOBHUM U yCIIO-
BUI HEMPEPHIBHOCTH JOJKHBI YOBIETBOPATH €IIE JOMOJTHUTEIbHBIM
TpeOOBAHUSIM, OTHOCSIIIIUMCSI K TOBEJICHHUIO (PYHKIIMM BO BCEM IIPO-
MEKYTKE UHTErPUPOBAHUA. TakOW THUN CBA3aAHHOTO HKCTPEMyMa BO3-
HUK U3 YaCTHOW 3a/1a4M O HAXOXKJICHUU 3aMKHYTOM KPUBOM 3aJaHHOM
JUIUHBL 2/, OTPAaHUYMBAIONIEH HAWMOOJBIIYIO IUIOIIA/lb, U TOJYYUI,
Oyarojaps e, Ha3BaHWE M30IMEepUMETpUIECKOM 3amaun. MHTEepecHbIM
NPUMEPOM TaKOro THUIA 3ajay sBJsieTcs 3aj1ada J(umoHbl, KoTopas
MOJIPOOHO 00CYKIAETCS CO CTYACHTAMMU.

Crieyer OTMETHTh, YTO KaK 3aJla4d JUHEWHOTrO M HEJIMHEWHOIO
POTPaMMHUPOBAHUS, TaK M MPOCTEHIIas BapuallMOHHAs 3ajiladya B Te-
YEHWE MHOTHX JIET BBIHOCWJIMCh Ha TOCYJAPCTBEHHYIO aTTECTAIUIO
BBIITYCKHUKOB MaTeMaTudeckoro (axkynbTeTa. B CBSI3U € 3TUM OT CTy-
JIEHTOB TPEOYETCs yMEHUE pelliaTh TUIIOBBIC 3a]1a4l HAXOXKICHUS JKC-
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TpeMasel MHTErpalbHbIX (PYHKIMOHAIOB, UMEIOIINX UHTEIPAHTHI BU-

na y‘%(1+y2)%, x(l+j/2)%, (2 +1), (=sinx)?, =y +2yp+32, 3’y U T.IL

B xoH1e copokoBbix 1o0B 20 Beka Ha4yajacs HOBBIM 3Tall Pa3BU-
TUS METOJ0B onTUMM3aluu. Kak Bcerga, TOJYKOM MOCITYKHJIU 3aj1a-
Yy, MOCTABJICHHBIC MPAaKTUKOW. BO3HUKIM AMHAMHYECKOE IMPOTpam-
MUPOBAHUE, TEOPUS UTP, TEOPHUST ONTUMAIBHOIO YIPABJICHUS, TEOPHUS
nuddepeHnuaIbHBIX UTP U Apyrue. B Kypce MeToa0B ONTHUMHU3AIIUH
CTYJICHTBI OY€Hb KPATKO 3HAKOMSTCA C 3a7adedl ONTHUMAaIbHOTO
yIpaBJIeHUsI B CMbIcie ObicTpoelicTBud. [Ipu 3ToM paccmarpuBaeTcs
JUITh JTUHEWHBIM ciydai. JlaeTcs moHsaTHe 00 ympaBisSeMbIX OO0BEK-
Tax, JOMYCTUMBIX YIIPABICHUSX, O 3a/1a4€ YIPABICHUS U YPaBHEHUSIX
NBI)KEHUs oO0bekTa. BeiBoguTcs ypaBHeHus bemimana, ompenensito-
niee CyTh METOJa AMHAMHYECKOro mporpaMmmupoBanus. OHO, B CBOIO
ouepellb, MPEACTABIISIET LIEHHOE 3BPUCTUYECKOE CPEJCTBO, Ha KOTO-
poM Oa3upyeTcs METOJ| PEUICHHS 3a7a4i Ha ObICTPOJICUCTBIE — MPUH-
uun Makcumyma [loHTpsruHa. Ha mpakTHYecKHX 3aHATHUAX OT CTy-
JIEHTOB TpeOyeTcs, KpOME aHAIMTUYECKOTO PEIICHUS 3a/1auu, HarJIs -
HO MPEJCTaBUTh Ha (Pa30BOM MIOCKOCTH (ha30BbI€ COCTOSIHUSI O0OBEKTA
— TaK Ha3bIBAEMBbIN MIPOIECC YIIPABICHUS.

Kypc «MeToapl ONTUMHU3AIMWY UTPAET BAXHYIO POJb B MOATO-
TOBKE CIICI[MATIMCTA, PA3BUBAECT €r0 OOIIYI0 KYJIbTYpY.



2. Llenu v 3apaun ancumnivHebl

HucuuminmHa «MeToabl ONTUMU3ALMK) — OJHA W3 OCHOBHBIX
JTUCIUIUIMH IuKiIa «OO0menpodecCHOHANIbHBIC JUCIUIUIMHBDY y4eo-
HBIX IU1aHOB o creruanbHocTu 010501 — [Ipukitagnas Mmaremaruka u
uH(popmaruka. OHa obecrieunBaeT NpUOOPETEHNE 3HAHUN U YMEHUN B
cooTBeTCTBUU ¢ ['ocymapcTBEHHBIM 00pa30BaTENIbHBIM CTaHIAPTOM,
cojeiicTByeT (yHAaMeHTaIM3aluu o0pa3oBaHus, (HOPMHUPOBAHUIO
MHUPOBO33PEHUS U PA3BUTUIO MATEMATUUYECKOTO MBIIIICHUS.

Henpto gucUUIIMHBI «METOIbl ONTUMH3ALMNY SIBISETCS O3HA-
KOMJICHUE C WCTOPUEN Pa3BUTHUS TEOPUHM ONTHMH3ALMOHHBIX 3ajady,
MPEJICTABICHUE O MOJEIAX B MAaTEMAaTHYECKOM MPOrpaMMHUPOBAHUM,
U3YyUYECHUE OCHOB TEOPUHM MATEMATHUYECKOTO MPOrPAMMUPOBAHUSA U OC-
HOBHBIX METOJOB PEIICHUS 3a/1ad MaTeMaTUYECKOTO MPOrpaMMHUpO-
BaHUsl. OCHOBHBIMU pazjeiaMy NPOrpaMMbl SIBJISIFOTCS METOJIbI pellie-
HUSI SKCTPEMAJIbHBIX 3aJa4 HEJIMHEMHOTO MpPOrpaMMHUpPOBAHUS IS
KOHEYHOMEPHBIX MPOCTPAHCTB, BBIMYKJbIM aHaln3, MPOCTEUINAsl Ba-
pUalMOHHAs 3ajjaya U ee 0000IIeHus, YypaBHEHUE Dujiepa, yCIOBUS
BTOPOTO MOPS/IKA, CBSI3aHHBIA THUI AKCTPEMyMa — HU30MEPUMETpHUYE-
CKas 3a7a4a, JBOMCTBEHHOCTb 33/I1a4M YCIOBHOTO SKCTPEMYMA, 3a]1a4n
ONTUMAJIBHOTO YIIPaBJICHUS, TPUHIIMI MakcuMmyma [ ToHTpsiruHa.

OTa IUCHUIUIMHA OTHOCHUTCS K YHCIY 00menpodeccuoHaibHbIX
MPUKIAHBIX MaTEeMaTHYECKUX AUCIUIUIMH B CHIIYy OTOOpa M3y4daeMo-
ro Marepualia U €ro BaKHOCTH sl MOATOTOBKM crnenuanucrta. OHa
UMEET Pa3HOCTOPOHHUE CBSI3U CO MHOTMMHU OCHOBHBIMU U CHEIHAIIb-
HBIMA MAaTEMATUYECKUMU JUCIUIUIMHAMHA U OCHOBBIBAETCS HA 3HAHU-
X, TOJYYEHHBIX CIYHIATEIIMU MPU U3YUYCHUU TAaKUX MaTeMaTuye-
CKMX IUCIHIUIMH, KaKk «MarteMarudeckuii aHamusy, «Jluddepenim-
albHbIE YypaBHEHUS», «DOYHKIMOHAIBHBIM aHAIU3», «Aaredpay,
«JIuHenHoe mporpaMMupoBaHue», «MeToapl BBIYUCICHUW» U AP.



3. TpeboBaHUA K YyPpOBHIO OCBOEHUA
coaepXxaHus Kypca

B pesynprare n3ydeHus JUCUUIUIMHBI CIYyIIATEIN JTOJKHBI:

NmeTts npeacras/ieHue

— 00 UCTOpPUU DPa3BUTHS METOJOB ONTUMHU3AIMHU, O HEKOTOPBIX
COBPEMEHHBIX HaNpaBJICHUAX UX UCCJIEI0BAaHUM, 0 MHOTOOOpa3UM OIl-
TUMH3AIMOHHBIX 3a/1a4

— 00 MCIOJIb30BaHUU AJITOPUTMOB MOKCKA ONTHUMYyMa Pa3IMYHBIX
ONTUMU3AIIMOHHBIX 3a]1a4.

3HaTh

— MOCTAaHOBKY ONTUMHU3AIIMOHHBIX 33]1a4 Pa3JINYHbBIX TUIOB;

— HEOOXOJIUMBbIE U JIOCTAaTOYHBIC YCIOBUS MUHHMYMa Pa3IUYHbIX
ONTHUMM3AIIMOHHBIX 331a4.

YMerhb

— KiaccuUIIMPOBATh TUI ONITUMHU3ALIMOHHON 3aJ1a4H;

— MIPUMEHSTH AITOPUTM HAXOXKJICHUS ONTUMyMa KOHKPETHOM OII-
TUMU3AIMOHHOM 3aa4.

HNmeTb HAaBBIKH

— HaXOXJICHUSI KOHKPETHBIX TOYEK ONTHMyMa B 3aJa4€ Ha JKC-
TPEMYM;

— MPOBEPKU JOCTATOYHBIX YCIOBHUM ONTUMAJIBHOCTH;

— YHUCJIEHHOTO PEMICHUS] ONITUMHU3AIMOHHBIX 3a]1a4.

4. CBepeHust 3 locyaapCcTBeHHOro
oOpa3oBaTenbHOro ctaHpapTa
n paboyen nporpamMmmbl ANCLUUNSTINHBI
«MeToAabl onTMM3aLUUN»

HucuuruimHa «MeToabl ONTUMHU3aLMN» B KIIACCUYECKUX YHUBEP-
curerax u3yvaercs Ha cnenuaibHocTH 010100 Marematnka u 010200
[IpuknanHas mateMatuka U uHpopmaTuka. OTINYHE COCTOUT B TOM,
4TO Ha OTAeNeHnn «MareMaTtukay 3Ta JUCUUIUIMHA BKIOYAET B ce0s
U3y4YE€HUE BOIIPOCOB JIMHEWHOTO U HEJIMHEMHOI0 IPOrPAMMUPOBAHUS,
a Ha crieunanbHOCTH «IIpuKianHas MaTtemMaTka U HHPOPMATHUKA» OT-
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NEJIBbHO YHATAETCS KypC MOJ Ha3BaHUEM «JIMHEWHOE mporpamMmMHpoBa-
HHE», a B CIEAYIOIIEM CEMECTpPE B Kypce «MeTonbl ONTUMU3AIN
M3y4arOTCA BONPOCHI HEJIMHEWHOTO MPOrPaMMHUPOBAHUS B KOHEYHO-
MEPHBIX U OECKOHEUHOMEPHBIX MPOCTPAHCTBAX.

JlucuuninHa uzydyaercsi CTyJIeHTaMu, 00YUYaroIMMHUCS 10 CIIeIU-
anbHOCTH «lIpuknagHas maTeMarnka U uH(QOpPMaTHUKaY, MaTeMaTHYe-
ckoro (akyiabTera fpociaaBCcKOro rocyJapCTBEHHOI'O YHHUBEPCHUTETa
uM. IL.I". lemuzioBa B BocbMOM cemecTtpe. CTpyKTypa Kypca Mpearo-
JlaraeT YTEHUE JICKIUN U MPOBEACHUE MPAKTUYECKUX 3aHATHN. B Te-
YEHHUE CEMECTpPa CTYJCHTHI BBIMOIHSIOT pacyeTHO-rpadUuecKyro pa-
00Ty MO BCEM pazjeiaM JAUCHUIUINHBI, @ B KOHIIE CEMECTpa CHAAI0T IK-
3aMEH.

B cootBeTcTBUM ¢ pabourM y4eOHBIM IJIAHOM O0IIasi TPYAOEM-
KOCTh JMCHMILUIMHBI «MeToIpl ONTUMHU3aIuny cocTaBiasgeT 129 gyacos,
n3 HUX 51 yac nexknuil, 34 yaca mpakTUYECKUX 3aHATHH, 10 4acoB — Ha
BBINIOJIHEHUE pacueTHO-rpaduueckoi padotel. Ha camocTosATenbHy o
padorty BeIAenseTcs 34 yaca.

B cootBerctBuu ¢ pazaenom 4 I'ocymapcTBeHHOro oOpasoBa-
TEJILHOTO CTaHAapTa BBICIHIEro MpodheCcCHOHATLHOIO0 00pa30BaHuUs 1O
cnennanbHocTU «lIpukinagHas Marematuka U MHPOpPMATHKaA» 00s3a-
TEJIbHBI MUHUMYM COJICPYKAaHUS JUCHUILUIMHBI COCTABISIOT CIIEHYIO-
M€ pa3aebl:

IIpeomem u ucmopus pazeumus memooos onmumusayuu. [Ipun-
Yyunsvl U NpUMepbl MOOEIUPOBAHUSI IKOHOMUUECKUX, GUUYECKUX U
MexHU4ecKux npooem 8 gpopme 3a0a4 ONMUMUAYUU.

Memoovt mamemamuuecko2o npozpammupo8anusl.

Inemenmsl QUG hepeHyuanrbHo20 UCHUCTeHUS. U BbINYKI020 AHA-
auza. Henuneiinoe npoepammuposanue. Memoovl muHumuzayuu
@dyukyuti oonoti nepemennou. Memoovl 6e3yCl08HOU MUHUMUIAYUU
@dynKyuii MHo2UX nepemennblx. I 1adkue 3a0aqu ¢ pagencmeamu u He-
pasencmeamu. Paznuunvie npunyunsl nocmpoenus Memooos MuHUMU-
3ayuu QQYHKYuU npu HAIUYUU OSPAHUYEHUU U COOMBemcmeyrujue
KoHkpemHuble aneopummbl. Ycaosue [[ocona. Teopema Kyna-Takkepa.
IIpasuno muoosrcumeneu Jlacpauosca. Paznuunvle ycnosus pecynsipHo-
Cmu OnmMuMU3ayuoHHulx 3a0ayd. Ycnosue Cneumepa. HucnenHnvie me-
MoObl MAMeMamuiecKko2o npozpammuposanus. Memoowvl ooHomep-
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HOU ONMUMUZAYUU. MeMOO OeleHUsi Ompe3Ka NONoaam, Memoo 30J10-
Mmo2o cedeHus, Memoo KAcamenbHblX O MUHUMUSAYUU BLINYKIIbIX
dyukyuti. Munumuzayus QyHxyuii mHoeux nepemennvix. I paouenm-
Hble Memoobl.

Dnemenmsvl 6bINYKI1020 AHANU3A U 3A0A4a GbINYK1020 RPO-
2PaAMMUPOBAHUSL.

Buinyxnvie mHooicecmsea u skcmpemanbhble C80UCMBA BbINYKIIbIX
dyuxyuti. Memoowvl 6e3)Cr06HOU MUHUMUZAYUU BLINYKILIX (DYHKYULL.
3aoaua evinykioeo npoepammuposanus. Paznuunvlie gpopmur ycnosul
ONMUMATLHOCMU 8 8bINYKIOM NPOSPAMMUPOBAHUU.

OnmumanvHoe ynpagjieHue u 6apuayuoOHHoOe UCHUCICHUE.

3aoauu xknaccuuecko2o apUAYUOHHO20 UCYUCTEHUS, YPABHEHUe
unepa. [locmamoynsle ycao8us OnmMuMaibHOCMU 8 npocmenuielt 8a-
puayuonHou 3adade. Hexomopwie ciyuau unmezpupyemocmu ypasHe-
Hus Junepa. OboodweHus npocmetiuieti 6apuayuUoOHHoU 3aoayu. H3o-
nepumempuyieckas 3aoada. IIpunyun ounamuueckozo npocpammupo-
sanus u maxcumyma Ilonmpseuna 6 mamemamuueckou meopuu
ONMUMANbHLIX npoyeccos. OnmumanvHoe YnpaeieHue IUHEUHbIMU
cucmemamu.

Hwxe npuBoautcsa 0osee moapoOHOE OMUCAHUE ITUX Pa3eioB,
cojepkalileecs B yueOHO-METOJUUYECKOM KOMILJIEKCE IO JUCITUTIIMHE
«MeToIbI OTITUMHU3AIII.
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5. CooepxaHue pasfnenoB ANCUMUNIIUHGI

1. BBenenue

[Ipeamer u uctopust pa3BUTUS METOJIOB onTuMu3auuu. [Ipunim-
bl ¥ IPUMEPBI MOJIECIIMPOBAHUS SKOHOMUYECKHUX, PUINYECKUX U TEX-
HUYECKUX Mpo0IieM B (opMe 3a/1a4 ONTUMHU3AIUH.

Paspen 1. HenunHenHoe Unu MaTemMmaTtundeckoe
nporpaMmMmupoBaHue — MMUHUMM3aAUMA (PYHKUMKM Ha
MHOXeCTBaX KOHEYHOMEPHOro NMPOCTpPaHCTBA.

Tema 1. Hemunennoe nporpammupoBanve. MuHUMH3ALUA
GyHKIMNA, UCXOIHBIC TOHATUS. Teopembl cyiiecTBoBanus. [Ipoekius
TOYKH Ha MHOXECTBO.

Tema 2. 3amaua Oe3ycioBHOM onTtumuzaiuu. Juddepennupye-
Mble (PYHKIIMU N-MEPHOTO 3BKJIU0BA TPOCTPAHCTBA.

Tema 3. KpaTkue cBeleHHS U3 TEOPUU KBAJPATUUYHBIX (POPM.
Kputepuii CunbBecTpa 3HaKOMOCTOSHCTBA KBAIPATUYHOM (hOPMBI.

Tema 4. HeoOxonumbie W JOCTATOYHBIC YCIOBUS MHUHMMyMa B
3aaue 0e3 orpaHuYeHUM.

Tema 5. 3amaun ¢ orpaHuyYeHUsIMU. 3aJladyd C OTPAHUYEHUSMU B
BUJIC PABCHCTB. | eoMeTpuueckas uHTepnperauus. Muoxurenu Jla-
rpanxa. HeoOxonumble M 10CTAaTOYHBIE YCIOBUSI MUHUMYMa 33/1a4d
YCIOBHOM ONTUMU3AIMHU C OTPAaHUYEHUSIMUA-PABEHCTBAMU.

Tema 6. OOmas 3a7a4a HETUHEWHOTO MTPOTPAMMUPOBAHUS C OT-
pannuyeHussMu. lloctanoBka 3amaun. ['eomerpuueckass WHTEpIIpETaA-
nua. HeoOxoaumbie ycnmoBus ontumanbHOcTH. Teopema Kyna-
Takkepa. Ycmosus @. /[>xoHa.

Tema 7. IIpaBuno muoxutenen Jlarpanxa B oO1ieit 3agayue ¢ or-
PaHUYECHUSMU.

Tema 8. YcnoBus perynspHoctu. ['eomerpruueckuit cmbici. [lpu-
MEpBbI HEPETYISIPHBIX 3aAad. YcimoBue Crnenrtepa. OTBICKaHUE pellie-
HUAW TPOCTEUIINX 3a/1a4.
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Pazgen 2. 3nemeHTbl BbINYKMOro aHanusa v 3agada
BbINYKJIOro NporpaMmMmpoBaHuUs.

Tema 9. Brmykible MHOXeCTBA. [HMNEPIIIOCKOCTH, MHOIYHPO-
ctpaHcTBa. [lonusapaibHbIE MHOXKECTBA.

Tema 10. Bemykiibie pynxunu. HepaBenctBo Mencena. Hanarpa-
¢buk u noarpaduk BeimykiIon GyHkuu. Kputepun BoITyKIOCTH TU}-
dbepenupyemont u 1Bax bl quddepeHnupyemMon QyHKIIUH.

Tema 11. Brinyknas 3agaua ontumuzanuu. Heodxonaumeie u goc-
TaTOYHBIE YCIIOBUSI MUHHUMYMa B 3aJlay€ BBIITYKJIOTO MPOrpaMMHpPOBa-
HUSL.

Tema 12. Teopembl Kapareonopu. TeopeMbl 00 OUUCTKE.

Pasgen 3. BapuaunoHHoe ncuyucrieHme.

Tema 13. Ilpocreinas BapualMoHHAs 3ajava. 3ajadya O Kare-
HOUJIE U 3aja4a o Opaxucroxpone. [loctaHoBka mpocTeniiieil Bapua-
IMOHHOM 3aaun. IHTerpanT ¢yHKIMOHAA.

Tema 14. /loxa3aTeabCTBO BCIIOMOTaTENbHBIX JIEMM ISl (hopmy-
JUPOBAHUSI TEOPEMBI O HEOOXOJAUMBIX YCIOBHUSX CYIIECTBOBaHUS pe-
IICHUS NMPOCTENIIECH BApUALIMOHHOMN 3aJa4H.

Tema 15. IlepBas Bapuamua. YpaBHeHue OJilsiepa. YpaBHEHUE
Dilsiepa B UHTErpalibHON (popme. DkcTpeMann (yHKIHoHana. Teope-
Mma ['mnbbepra. JloctaTouHoe yciioBHe rio0aJibHOr0 MUHUMYMA.

Tema 16. HekoTopsle cilyyan HHTETPUPYEMOCTH ypaBHEHUST DH-
jepa. 3ajjada reOMeTpUIEeCKON ONTUKY — ITpuHIUN Pepma.

Tema 17. HexoTopsie 0000111eHNS OCHOBHOM 3a7jauyi BapHUaIluOH-
HOoro wucuucieHus. Ciydail HECKOJIbKHUX HEU3BECTHBIX (DYHKIIHM.
DYHKIIMOHAJBI, 3aBUCAIINAE OT CTApIIUX MPOU3BOAHBIX. O000IIEHHOE
ypaBHEHUE Duiepa.

Tema 18. Mzonepumerpuueckas 3agaya. [IpaBuio mMHoOXUTENEH
Jlarpanxa. 3agayda JIujoHbl. 3aKOH ABOMCTBEHHOCTH.
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Pasgen 4. OnTumanbHoOe ynpaBneHue.

Tema 19. 3agaua 006 onTuManbHOM ObICTpOsecTBUM. [loHsATHE
00 ympaBisieMbIX 00BbEKTaX. 3a/1aua ynpaBjicHUs. Y paBHCHUS JBUKE-
HUA 00beKTa. JlomycTrMbie yIipaBieHHUs.

Tema 20. [Tpuaiun nuHamMuyeckoro nporpammupoBanust. [1oHs-
THE ONTHUMAJIBHOTO TpoLecca. Y paBHeHue bemnmmana.

Tema 21. 3agaua Ha ObIicTpojelicTBUe. [IpUHIIMIT MakcHMyMa
[ToHTpsiTUHA B MATEMATUYECKOW TEOPUU ONMTUMAIIBHBIX MPOIECCOB.

Tema 22. OnTuManbHOE YNPABICHUE JIMHEWHBIMH CHCTEMAMU.
[IpobOnema cunTE3A.

Paspen 5. YucneHHble MeTOAbl MaTeMaTU4YecKoro
nporpaMmMmupoBaHUS.

Tema 23. MeToapl OTHOMEPHOW onTUMH3AMU. MeTon JaeneHus
OTpe3Ka mnomnoyiaM. MeToa 3070TOro cedyeHus. Metona KacaTeiabHbIX
JUTISI MUHUMHU3ALAU BBITYKJIBIX ()YHKIIUMA.

Tema 24. Munnmu3zanust GyHKIUNA MHOTHX NepeMeHHbIX. ['paau-
€HTHBIC METO/IBI.
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6. Cnucok pekomeHayeMoun nutepaTypbl

OcHoBHaA:

1. KapmanoB, B.I'. MaTemaTuueckoe mporpamMMHpOBaHHE: yueO.
nocooue / B.I'. KapmanoB. — M.: Hayka, 1986. — 285 c.

2. Cyxapes, A.I'. Kypc merongoB ontumuzanuu / A.I'. Cyxapes,
A.B. Tumoxos, B.B. ®enopos. — M.: Hayka, 1986. — 325 c.

3.T'abacoB, P. Meroasr ontummsanuun /P. T'abacos,
@®.M. KupmioBa. — Munck: bI'Y, 1975. — 281 c.

4. ITonmsk, B.T. Beegenue B ontummsanuio / B.T. ITomsak. — M.:
Hayka, 1983. — 356 c.

5. Moucee, H.H. Metoasl ontumuzamuu: y4ed. mocoOue
/ H.H. Moucees, IO.I1. UBanunos, E.M. CtomsapoBa. — M.: Hayka,
1978. - 351 c.

6. 'opctko, A.b. Meronpl onTUMHU3ALMU: METOHA. YKa3aHUs
/ A.b. Topctko, FO.A. lom6posckuit, C.B. XKak. — M.: MI'V, 1981. —
127 c.

7. Hertapes, FO.M. Metonsl ontumm3zanuu / FO.W. Jlertsapes. —
M.: Cosetckoe paauo, 1980. — 263 c.

8. Cmupnos, B.U. Bapuarnmmonnoe ucuucinenue / B.1. CMupHOB,
B.U. Kpsuios, JI.B. KantopoBuu. — M.: Kybyu, 1933. — 178 c.

9. Ilontpsrun, JI.C. Marematuueckas TEOpPUST ONTHMAJIbHBIX
npoueccoB / JI.C. ITontpsirun u ap. — M.: Hayka, 1983. — 392 c.

10. boatsaackum, B.I'. MaremaTnueckue METOAbl ONTHUMAJIBLHOTO
ynpasienus / B.I'. bontsuckuit. — M.: Hayka, 1969. — 408 c.

11. AnekceeB, B.M. OntumanbHoe ynpasienue / B.M. Anekcees,
B.M. Tuxomupos, C.B. ®omun. — M.: Hayka, 1979. — 435 c.
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JononHutenbHas:

12. Peiiknetituc, I'. Ontumusanus B texumke /I. PelikieiTuc,
A. PeiiBunapan, K. Percuen. — M.: Mup, 1986. — 1-2 .

13. bazapa, M. HenunentHoe mporpammupoBaHue. Teopusd u ain-
roputmbl / M. bazapa, K. [llertu. — M.: Mup, 1982. — 369 c.

14. bepexnoit, E.M. Ilpunuun wmakcumyma / E.W. bepexHoi,
B.C. Knumos. — Apl'Y, 1984. — 134 c.

15. ITmeHnyHbIN, b.H. Meton JIMHEApHU3aU
/ B.H. ITmennunsiii. — M.: Hayka, 1983.

16. I'anteeB, .M. Kypc nekuuii mo BapualliOHHOMY HMCUHUCIECHHIO

U onTuMagbHOMYy ympasieHuto /.M. 'aneeB. — M.: U3n-Bo mex.-
Mmar.p-ra MI'Y, 1996. — 159 c.

7. Bonpochbl K 3K3aMeHY
no Kypcy «Metoabl onTUMMU3laumn»

1. ITocTanoBKa 3aauv HENMHEWHOTO HporpamMupoBanus. [o-
OaJibHBIE U JIOKAJIbHBIC KCTPEMYMBI. YHUMOAabHast QyHKIuA. Teo-
pembl cymiecTBOBaHuA. [Ipoeknys Toukn Ha MHOXKECTBO.

2. luddepennupyembie GyHKIIMH B N-MEPHOM 3BKJIMIOBOM IPO-
crtpaHcTse. [Ipumepsl.

3. Kputepuii CunbBecTpa 3HAKOIOCTOSHCTBA KBAJIPATUYHOMN
bhopMBL.

4. HeoOxonuMmblie YCIOBUSI MUHMMyMa B 3ajade Oe3 orpaHuve-
HUH. JIOCTaTOYHBIE YCIOBUA.

5.3amaya ¢ OrpaHMYEHUsAMHU THUIIAa PaBEHCTB. ['eoMerpuueckas
uHTepnperanua. Meronx MHoxutened Jlarpamxa. HeoOxonumbie u
JIOCTATOYHBIE YCIIOBUS MUHUMYyMa 3aJ]a4d YCJIOBHOW ONTHMU3ALNU C
OrpaHUYCHUSMU-PABEHCTBAMHU. Y CJIOBUE PETYISIPHOCTH. [IpuMepsl.

6. OOmas 3aja4ya MaTEMaTUYECKOr0 MPOrpaMMUPOBaHUs C Orpa-
HuueHusiMu. HeoOxonumeie ycioBusi ontumanbHocTH. Teopema Ky-
Ha-Takkepa. [Tpumepsr.
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7. IlpaBuno mHoxuTenen Jlarpan»ka B 0oOIIel 3amade ¢ OrpaHu-
YEHHUSIMHU. Y CIIOBUSL peryisipHocTu. YcnoBusa Crenrtepa. [Ipumepst
HEPETYJISPHBIX 3a]1a4.

8. Beltykiibie MHOXeCTBA. [ MIIEpIIOCKOCTH, MOJYNPOCTPAHCTBA,
MOJIMAIPAITbHBIE MHOKECTBA.

9. Bemmykibie ¢yHkuuu. Kputepuu Bwimykioctu auddepeHim-
pyeMoi u nBaxasl nuddepeHupyeMon GyHKINH.

10. Beimyknas 3amada ontumusanuu. Kpurepun MuHumyma B 3a-
Jlaye BBITYKJIOTO MPOrPaMMHUPOBAHUS.

11. YucnenHnble METOBI OAHOMEPHON ONTUMHU3ALIMH.

12. YucneHHble METO/Ibl MUHUMM3ALMKU (YHKIUA MHOTHX Mepe-
MEHHBIX.

13. IlocTaHoBKa mpocTerIEd ONTUMHU3AIMOHHON 3a1a4yu. 3ajada
O HaMMEHbIIIEH MOBEPXHOCTH BpalleHUs. 3aja4ya 0 OpaxucTOXpOHE.

14. /Toka3aTenbCTBO BCIIOMOTATENbHBIX MpeioxkeHuin B [1B3.
Jlemmnr 1, 2, 3.

15. IlepBas Bapuanus. YpaBHenue Disiepa. Yciosue ['miboepra.
JlocTaTouHOE yClIOBHE II100aIbHOTO MUHUMYMA.

16. HexoTopble cityyan HHTETPUPYEMOCTH ypaBHeHUs Jiiepa. [lpu-
Mep — 3a/1a4a T€OMETPUYECKOM ONTUKH, 33]ja4a O OpaxrUCTOXPOHE U Jp.

17. O606menue 11B3 — cnydail HECKOIBKUX HEU3BECTHBIX (YHK-
uuit. [Ipumepsl.

18. OyHKIIMOHAIIBI, 3aBUCSIIME OT CTAPIIMX MPOU3BOAHBIX. [Ipu-
MEpBL.

19. U3onepumerpuueckas 3agava. [Ipumep — 3amava J{uaoHsbL.

20. 3amaya 00 onTUMaIbHOM ObICTPOAEHCTBUU. OCHOBHBIE TIOHSI-
THS.

21. Metoi TMHAMUYECKOTO MPOTPAMMHUPOBAHMUSL.

22. llpuamun makcumyMa [IOHTpsiTMHA B MAareMaTU4YeCKOM TEO-
PUH ONTHUMAJIbHBIX MTPOLECCOB.
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8. KoHTponbHasa pabota Ne 1
no teme «ONTUMM3aLMA B KOHEYHOMEPHbIX

npocTpaHcTBax»
BapuaHnm 1

I. e @8x* - 6xy + 3y?)—> min
2-2 + % — min

xX o+ oyt =1

X+ y+z—>min
3. ¥+ —z<0

z—1<0

Hx,.% max

=1
4, le. = a

i=1

x. =2 0,i = 1-n, a=const

BapuaHm 2

1.ex2_y(5 - 2x + y)—>min

x> + y* — min
2.

i + X —_ 1

a b

X + y — z — min

3.x2+y2+z—3SO
z + 1 =20
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n
Zaixl. — min

i=1
n

4. lez = R?
i=1

a = const, R=const

9. KoHTponbHasa paboTta Ne 2
no teme «BapuaynoHHoe ncuymucrieHme»

BapuaHm 1

1. Haittu sxcTpemanu GyHKIIMOHANA:

)jly 1 + yp°dx

X0

2. PemmmTh NpOCTEUIIYIO BAPUALMOHHYIO 3aa4y:

1/2
j(lx2 +x> — 4xe™)dt — min
104
1 ~
x(0) = 2, x(E) = e

3. Pemuth M30MepUMETPUYECKYIO 3a/1a4y:
J‘ y”? dx — min

0

J‘ yide = 1

0

y0) = yrx) = 0

BapuaHm 2

1. Haiitu skcTpeManu ¢pyHKIIMOHANA:

]l\/;«/l + y*dx

2. Pemuth npoCTENIy10 BapyualimOHHYIO 3a1a4y:
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(—x> - x* - §xcos3t) dt — min
9 /4

x(0) = -1, x(z/6) = 0

3. Pemnth n30nepuMeTpUYECKYIO 3a1a4y:

a
'[y”zdx — min
0

'Tyzdx =0
0

y©0) = y(x) = 0

10. AncumnnnuHa «MeToabl onTMM3auMn»
B UTOrOBOU rocyAapCTBeHHOM aTTecTauum

HrtoroBas rocy1apCTBEHHAs! aTTECTALMS CTYJICHTOB IISITOTO Kypca
Marematuueckoro ¢akynbreta crneruaibHocti 010501 — [MpuknagHas
MaTeMaThka U nHpopMaThka BKIIIOYaeT B ceOsl Ba Tama: rocy1apcrT-
BEHHBIN PK3aMEH MO YKa3aHHOW CHEIUAIbHOCTH U 3allUTy BBITYCK-
HOM KBaNM(UKAIIMOHHON paboThl. B cBOIO ouepenb, rocyaapCTBEH-
HBI 3K3aMEH COCTOMT U3 JIBYX 3TalloOB — MEPBOr0, MUCbMEHHOTO H
BTOPOTO, YCTHOro. Ha MUChbMEHHOM ATarie CTYJICHThI BBIMIOJIHSIOT pa-
00Ty, cocTosy npumepHo u3 10 3a7a4 1Mo MaTrepuansaM OCHOBHBIX
JTUCIUIUIMH 3a BeCh nepuoj; 00yuenus. Ha ycTHOM 3Tare BbIMTYCKHUKU
JOJDKHBI TIPOJIEMOHCTPUPOBATh 3HAHUE TEOPETUUECKHUX OCHOB 3THUX
TUCUUIUIMH. [Iporpamma yCTHOTO 3K3amMeHa COCTOMT U3 77 BOIPOCOB
0 MaTeMaTHYECKOMY aHAJIU3y, TECOMETPUH U airedpe, nHpopMaTuke,
nuddepeHInaIbHbIM YPaBHEHUSIM, TUCKPETHOW MaTEMaTHKE, TCOPUU
BEPOATHOCTEN M MAaTEMaTUYECKOM CTAaTUCTHUKE, YPABHEHUSIM MaTeMa-
TUYECKOU (PUBHKH, SA3BIKAM MPOTPAMMHUPOBAHUS U METOJIaM TPAHCIIs-
MU, CUCTEMHOMY M MPUKIATHOMY MPOrPaMMHOMY OOECIICUEHUIO,
METOJIaM ONTUMU3AIMU, METOJIaM BBIYMCIICHUW, TEOPUU UTP U UCCIIC-
JIOBAHUIO OTepalinii, 0a3aM JaHHBIX U SKCIEPTHBIM CUCTEMAM.

[To nquctuminHe «MeToibl ONTUMU3AIMK» MPOrpaMMa yCTHOIO
IK3aMEeHAa COJICPXKUT JIBa BOIpoca (COXpaHEeHA HyMepallusi BCed mpo-
IpaMMBbI DK3aMEHa):
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66. HenuneitHoe mniporpaMmupoBaHve. MeToabl MUHUMHU3ALUN
GyHKIMH ogHOM mepeMeHHON. MeTosipl 0€3yCI0BHOM MUHMMU3AIUN
BBITTYKJIBIX (PYHKIIMIM MHOTHX TiepeMeHHbIX. Teopema Kyna-Takkepa.

67. 3agaun BapUAlMOHHOTO MCYUCJIEHHs. YpaBHEHHE Oiliepa.
HekoTopsie ciydyan MHTErpupyeMOCTH ypaBHEHUs Jiiepa. M3onepu-
METpUYECKas 3a/1a4a.

HexkoTopeie npuMepsl 3aaHUi U3 NMCbMEHHOHM YaCTH TOCyAap-
CTBEHHOT'0 K3aMEHa M0 JUCHUILTUHE «MEeTOAbl ONITUMU3 AN
1. HaliTu HamOosplliee U HAaMMEHbIIEe 3HAUYCHUS (YHKIIUU f B

3aJIaHHOU 00JIaCTH P, TOE

f=x*+y?—12x+16y, Pz{(x,y)‘ x> +y? 325}

2. PemTh 3a/1a4y JUHEHHOTO MIPOrPaMMHUPOBAHUS

max(3x, — x, + 4x; — Xx,)

IIPU OTPAHUYEHUIX

x + 3x, + 2x; + 2x, =7
2x, + 4x, + x; + 3x, = 10,
x; 20, i = 1234

3. Cpenu nBaxabl HeNpepbIBHO-AUGDPEpeHIUpPYEMbIX (PYHKIINI
y = y(x), 3aJIaHHBIX HA OTPE3KE [a,h] U YOBICTBOPSIOIINX YCIOBUIM

vla) = a y0b) = B,
cymiecTByeT (yHKIUsI, HA KOTOPOW JOCTUTAaeT MUHUMyMa (DyHK-

nuoHan F(y). Halitu sty pynkumio, ecnu
a =0, b =2 a=1 B =1,

Fly) = 67 - » dx

4. Halitu HauOoiblllee U HaWUMEHbIlIee 3HAYeHUs (QYHKIUH f B

3aJIaHHOM 00JIaCTH P, TAC
f = xX*+y*+4x+3y, P = {(x,y)\—SSxSO, -5<y<0 }

5. PemmnTs 3aa4y JTMHEWHOTO IPOrPAMMHUPOBAHUS

max(x, — 2x, - 3x; +8x,)
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IIPA OTPAHUYEHUIX

x + 2x, + 4x; - x, = 3,
x, + 3x, + 2x; + x, = 2,
x =2 0, i =1 2, 3, 4

1

6. Cpenu JBaxIbl HEmpepbIBHO-IU(GepeHIpyeMbIX (DYHKIIUN
y = y(x), 3aJIaHHBIX HA OTPE3KE [a,h] U YIOBIECTBOPAIOIIUX YCIOBUAM

vla) = o y0b) = B
CyliecTByeT (YyHKIIUS, Ha KOTOPOH JOCTUTaeT MUHUMyMa (yHK-
uoHan F(y). Halitu Ty QyHKIMIO, €Ciu

Fly) = [O7 + 4 ax

7. Haitftn nauOosblliee ¥ HAaWMEHbIIEE 3HA4YCHUS (DYHKIUU [ B
3aJIaHHOM 00JIaCTH P, TOE

f ¥ +3y° - 3xy + 27,

P = {xy)] 0< x <2, 0 < y <1}

8. PemmmTh 3amady JIMHEMHOTO NMPOrpaMMHUPOBAHUS MPU OTPaHH-
YCHUAX

max (3x, + 4x, + 3x, + 2x,),

IIPU OTPAHUYEHUIX

x + 2x, + 3x; + 2x, = 6,
2x, + x, + 3x; + 3x, = 3§,
x 2 0, i =1 2, 3, 4

9. Cpenu nBaxknabl HempepbIBHO-IU(PGEepeHIIUpyeMbIX (DYHKIIUN
y = y(x), 3aJIaHHBIX HA OTPE3KE [a,h] U YIOBIECTBOPSAIOIIUX YCIOBUAM

ya) = a yb) = B,

CylIecTByeT (YyHKIIUS, Ha KOTOPOH JOCTUTaeT MUHUMyMa (hyHK-
uoHan F(y). Halitu Ty QyHKIMIO, €Ciu
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F(y) = J-(O.Sy'2 + y) dx

11. BapuaHTbI pac4yeTHO-rpacduyeckoun paboThl

PaboTa BBIMOJHAETCS B KOHIIE BOCBMOI'O CEMECTpa U CIYKHUT (B
Cily4yae MOJIOKUTENBHON OIEHKH) JOIMMYCKOM K CEMECTPOBOMY dK3ame-

HY.

Bapuanm 1
1. Pemuth 3a7a4y TUHEWHOTO IPOrPAMMUPOBAHUS:
X, + X, + x; + x, + X, — max
Xtx,+x;= 2
X, +x,+x, =2
x, 20, i=1...,5.

2. PemmuTh 3a1a4y JUHEHHOTO MIPOrPaMMHUPOBAHUS:

x, — 2x, + 3x; — min
-2x, + x, + 3x; = 2
2x, + 3x, + 4x;, =1

x, 2 0, i =1 2, 3.

3. Haiitu skcTpeMyMbl PyHKIIUH:

2 2
1
u = y> + 2, 2 (x>0,y>0,z>0).
y X z

4. PemnTh 3a/1a4y BBIMYKIIOTO TPOTPaMMUPOBAHUSA:
xX + x + x; — x - X, —> min
2x, + x, + x; < 4

X, + x; =2 =2
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5. Haittu skcTpemanu QpyHKIMOHaNA:

J-(xy + y° - 2y’y) dx —min

y(x) = y
y(x,) = y,

6. PemmuTh 3a1a4y ONTUMaIbHOTO YIPABICHHUS:
X = u

’ _ 1’
)C2 = )Cl, ‘u‘ <

BapuaHm 2

1. Pemnth 3a1a4y TMHEMHOTO TPOTPAMMUPOBAHUSA
x + x; = max

2x, + Tx, + 22x; < 2

2x, - x, + 6x; < 6

2x, — 5x, + 2x; < 2
-4x, + x, + x; <1
x =2 0, i =1 2,3

1

2. PemmmTh 3a/1a4y JUHEHHOTO MIPOrPAMMUPOBAHUS:
x + x, + x; + x, — max

4x, + 2x, + 5x; - x, =5
5x, + 3x, + 6x; - 2x, = 5
3x, + 2x, + 4x;, - x, = 4
x =2 0, i =1 2, 3, 4

3. Haiitu s3xcTpeMyMbl QyHKIIUU:

z = x* + yt - Z%.

4. PemnTh 3a71a4y BBIMYKIIOTO ITPOTPAaMMHUPOBAHUSA
x; + x + 2x; + 2x,x; — min

x5 o+ x5 o+ xx, < 10

xx + x, + x3 < 9

x,20, x;20
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5. PemnTh BapuanmoHHYIO 33/1a4y:
1
j(y2 + p)dx — min
0

»0) = 0, y1) = shl
p0) = 1, p() = chl

6. Pemnts 3a1a4y ONTHMAIILHOTO YIIPABICHHUS:
X = x, + u

’
X, =-—Xx, ‘u‘ < 1

BapuaHnm 3

1. PemuTh 3ana4y JIMHEHHOTO IPOTPAMMHUPOBAHUS:
x, —10x, +100x; — max

X +x,+ x; <1
X, —Xx,— x;<2
X, +2x;, <0

X, +2x; 25, x,20,i=123

2. PeumTh 3agauy JIMHEWHOTO MPOTPAMMHUPOBAHUS CUMILICKC-
METOIOM:

X, +2x, +x;, +x, +x; —> max

X, t4x, +2x; +2x, +x, = 8

X, —2x, +2x; —2x, —x; =—6

X, +2x, +2x, —x3 =-2

x; 20, i=12345

3. Haiitu s3xcTpeMyMbl QyHKIUU:

z=x"+yt =x"+2xy-y°.

4. PemmmTh 3a71a4y BBIMYKJIOTO ITPOTPAaMMHUPOBAHUSA
x; +x; +4x; —4x, — min
3x,+x, +2x; < 8
—X, —x, +2x;, 24

v v
S o o

X4 +X2

X, —X,

vV

X3
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5. Haittu skcTpemanu QpyHKIMOHaNA:
J-(x2 +y°+)dx — min

X

yx) =y, y(x)=y,
6. PemuTh 3a1a4y ONTUMAJILHOTO YIIPABICHHS:
X =-u

4
X, = u, ‘u‘Sl

BapuaHm 4

1. Pemmth 3a1a4y TMHEMHOTO TPOTPAMMUPOBAHUSA
X, +2x, — max

X, tXx, +x, =1
X, +x; +x,=1
X, +x, +x, =1

X, —Xs—Xg =2
x. 20, i=1-6

1

2. Pemnth 3amady JMHEWHOTO NPOTPAMMHUPOBAHUS CUMILICKC-

MCTOAOM:
X, +x, +x; +x, —2x; — max

3x, +x, + x;+ x,— 2x, =10
6x, +x, +2x;, +3x, —4x, =20
10x, +x, +3x; +6x, —7x5 =30
x;20, i=1-5

3. Haiitu s3xcTpeMyMbl QyHKIUU:
z=x"+y* +2xp.

4. PemmmTh 3a71a4y BBIMYKJIOTO TPOTPAMMHUPOBAHUSA
x; +4x; +x; —4x, — min
3x, +2x, +x;, < 8

—x, +2x, —x; 24

X, +x;2 0
X, -x;,20
X, =0
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5. PemnTh 3a1auy BapuallMOHHOTO UCYUCIICHUS:
T

I y?dx —> min

0

T

[y2dx=0, y(0)=ym)=0

0

6. PemuTh 3a1a4y Ha OBICTPOJICHCTBUE:
X =x,+u

4
X, =X, ‘u‘Sl

BapuaHm 5

1. Pemnth 3a1a4y TMHEMHOTO TPOTPAMMUPOBAHUSA
2x, +2x; +x, —> max

X +x, +x;+x, =1
x, 20, i=1234

2. Pemmth 3amauyy JIMHEWHOTO MPOTPAMMHUPOBAHUS CUMILICKC-

METOIOM:
X, +2x, +3x, +4x, +5x; — max

X, X, =2x, +7x5 =2

X, +x;, =2x, —6x; =2
X, +Xx, —2x, +7xy=2
x; 20, i=1-5

3. Haiitu s3xcTpeMyMbl QyHKIUU:
z=e (2x* +y?)

4. PemnTh 3a/1a4y BBIMYKIIOTO TPOTPaMMUPOBAHUSA:
x; +4x; +x; —2x, —4x, +2x, —>min

3x, +x, —x; <8

X, 22

X, -x;,20
X, >0

X, +x,20
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5. PemmTh M30NepuMETPUUECKYIO 3a/1a4y:

_[y”zdx — min

0

[y7dx =1 y(0)=y(m) =0, y(0)=y/(m) =0
0

6. PemuTh 3a1a4y Ha OBICTPOJICHCTBUE:
X =u

’
Xy, ==X, ‘u‘ <1

BapuaHm 6

1. Pemnth 3a1a4y TMHEMHOTO TPOTPAMMUPOBAHUSA
X, —X, +x;—x, —min

X +x, +x;+x, =1

x, 20, i=1-4

2. Pemnth 3amady JMHEWHOTO NPOTPAMMHUPOBAHUS CUMILICKC-
MCTOJOM:
X, +x, +x; —>min
X, - X, —2x,=5
X, +2x, +3x;— x,=3
Xy +2x, —5x;+6x, =5
x,20, i=1-6

3. HaiiTu s3kcTpeMyMbl (PYHKIIMU:
z=e ¥ (x*+y?)

4. PemmmTh 3a71a4y BBIMYKJIOTO TPOTPAaMMHUPOBAHUSA

X=X

e - X, —X, —min

x, +x, <1

x 20, x,=20

5. PemmTh M30NepuMETPUUECKYIO 3a/1a4y:
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1

_[y'zdx — min

0

1 1

[(r=y")de ==

) 12
1

»(0), y()= 2

6. Pemuth 3a1a4uy Ha OBICTPOJICHCTBUE:
X, =—X,

Xy =—x, +u, |u<l1

Bapuanm 7

1. PemuTh 3anauy JIMHEHHOTO NPOTPAMMHUPOBAHHUS:
X, —Xx, +2x;—x, — max
X, +x, =1
X, +x;—x, =1
x, 20, i=1-4

2. PemmTh 3amavyy JIMHEWHOTO IPOrPAMMHUPOBAHUS CUMILIEKC-
METOJOM:
X, —Xx, +x;—x, +X; — X, +x; —> max
2x, —x, +2x;, =3x,+ x;—x,+ x, =0
2x, — x;+2x, = 3x;+x,— x, =0
— X + 2x; +4x, =2
2x, +x, - X, +4x, =4
x; 20, i=1-7

3. Haiitu skcTpeMyMbl (PYHKIIHMH:
u=x+2+72 (x>0,y>0,z>0)
X V4

4. PemnTh 3a/1a4y BBIMYKIIOTO TPOTPaMMUPOBAHUSA:
5x) +x; +x; —2x,x, — min

x;+3x; <10

2x, +x;, <9
X, — X, >0
X, + X, =0
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5. PemnTh 3a1auy BapuallMOHHOTO UCYUCIICHUS:

1
[0 +27 +2y)dx - min
0

WO)=1, y(1)= j
z(0)=0, z(1)=1

6. PemuTh 3a1a4y Ha OBICTPOJICHCTBUE:
xl = x2 +u1

Xy ==x Huy, |uy <1, fuy| <1

BapuaHm 8
1. Pemnth 3aa4y TMHEMHOTO TPOTPAMMUPOBAHUS:
X, + X, —>max
x + x, =1

X, —x,=2
x; 20, i=1-4

2. PemmTh 3amavyy JIMHEWHOTO IPOrPAMMHUPOBAHUS CUMILIEKC-
METOJIOM:
-2x,—3x,+ 2x,+3x;, — max

2x, — x, +x, <12
X, +x, <5
2x, +2x, + x4 —2x, <20

X, — X, —2x;+2x, —2x, <10
— 2x,+2x, —=2x; = 2x,+ x;, <24

3. Haiitu skcTpeMyMbl PYyHKIIUH:
2 2

u=x+2 24 (x>0, y>0, z>0)
x y z

4. PemnTh 3a/1a4y BBIMYKIIOTO TPOTPaMMUPOBAHUSA:
x; +5x; +x; —2x,x, — min

3x; +x; <10
2x, +x; <9
X, = X, <0
X+ X, =0
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5. PemnTh 3a1auy BapuallMOHHOTO UCYUCIICHUS:

1 73
I(2xy -y + %)dx — min

-1

y)=0, y-1)=2
z(1) =1, z(-1)=-1

6. Pemmnts 3a1a4y Ha OBICTPOICHCTBHE:
X =-x, +u,

Xp= X tuy,  u|<1 ju,| <1

BapuaHT 9

1. Pemnth 3a1a4y TMHEMHOTO IPOTPAMMUPOBAHUA
X, t+Xx,+X,+x, —XxX; — max
X, +X, +x;+x,+x5 =5
—X, t X, —x;+x, —x, =—1
x, 20, i=1-5

2. Pemuth 3amady JUMHEWMHOTO MTPOrPAaMMHUPOBAHUS CUMILICKC-
MCTOJOM:

X+ X, +X; =X, + X5 —X, —> max

X+ x,+ x;+ x, + 3xg + 3x, =3

X, +2x,+ 3x;+ 4x,+ 6x;, + S5x; =3

x, +4x, + 9x; +16x, +14x, + 9x, =14

x, +8x, +27x; +64x, +36x, +17x, =36

x, 20, i=1-6

3. HaiiTu s3kcTpeMyMbl (PYHKIIHH:
u=x+y +z> —xy+2z+x

4. PemnTh 3a/1a4y BBIMYKIIOTO MTPOTPaMMUPOBAHUSA:
2x} +x; +x; +2x,x, —>min

x; + x5 +x,x, <10

X, +x, +x; <9

x, 20, x,=20
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5. PemnTh 3a1auy BapuallMOHHOTO UCYUCIICHUS:
1

J'(y2 +2y”? +y"*)dx — min

0

»(0)=0, y1)=0
Y'(0)=1, y'(1)=-shl

6. Pemmnts 3a1a4y Ha OBICTPOIECHCTBHE:
X =-x,+u

’
Xy = X, ‘u‘Sl

BapuaHTt 10

1. Pemnth 3a1a4y TMHEMHOTO IPOTPAMMUPOBAHUA
4x, —4x, +2x; —x, +x; —> min

2x, +x, + x;+2x, +3x; =1

2x, —x, +2x, + x=2

x;20, i=1-5

2. PemuTh 3agavyy JHMHEWHOTO IPOrPaMMHUPOBAHUS CUMILICKC-
METOJIOM:
X, +X, +X, +Xx, + X5 + X, +X, — max

X, +x, +x;+x, +3x; —4x,+ 3x, =4

X, —Xx, +x; —x, +8x; - 8, =0
X, +Xx, —4x, —2x,+ 5x, =2
X, —X, + X —10x, =0
x, 20, i=1-7

3. Haiitu s3xcTpeMyMbl QyHKIIUU:

u=-x"—-y’ -z —xy+2z+x

4. Pemnthb 3a/1a4y BBIITYKJIOTO TPOTPAMMUPOBAHUSL:

e —x, —min

X, +x,20
X, —x,20
x, <1
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5. PemnTh 3a1auy BapuallMOHHOTO UCYUCIICHUS:

J'(4ycosx—y'2 —-y%)dx — min
0

»(0)=0
»(7m)=0

6. Pemmts 3a1a4y Ha OBICTPOIECHCTBHE:
X =-x,+u

’
Xy ==X, ‘u‘ <1

BapuaHTt 11

1. Pemnth 3a1a4y TMHEMHOTO IPOTPAMMUPOBAHUA
x, —4x, —3x, +2x, — max

X, +2x, +2x,+x, =2

x, 20, i=1-4

2. PemmTh 3amauyy JIMHEWHOTO MPOTPAMMHUPOBAHUS CUMILICKC-
MCTOAOM:
2x,+x, —x; —x, —>min
2x,+x, =3x;+x, =6
X +x, +2x,—x, =2
X +x,+ x;+x,=7
x; 20, i=1-4

3. HaiiTu s3kcTpeMyMbl (PYHKIIMU:

2 2
u=l+x—+y—+zz, (x>0,y>0,z>0)

X y z

4. Pemnthb 3a/1a4y BBITYKJIOTO TPOTPaMMUPOBAHUS:

X

e —x, — min
X +x,20

X, —x,<0

x <0
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5. PemnTh BapuanmoHHYIO 33/1a4y:

1

J'(y'2 -y’ —yp)e*dx — min

0

y0)=1 yD=e"

6. Pemmts 3a1a4y Ha OBICTPOIECHCTBHE:

X =-x, +u

X=X, +u, |u<l

BapunaHT 12

1. Pemnth 3aa4y TMHEMHOTO TPOTPAMMUPOBAHUS:
X, t+X, +X;, +x, +x; +Xx, — max
X tx, +x;+x, —x,—x, =1

Xyt X=X, —Xs — X, =1

X, —Xg=2

2. Pemnth 3amady JMHEWHOTO NPOTPAMMHUPOBAHUS CUMILICKC-
MCTOJIOM:
X, —X; — max
2x, +2x;,—x,+x520
2x, — X;—x,+x;,20
X, —2x, —x, +x,,20
x. 20, i=1-5

1

3. Haiitu s3xcTpeMyMbl QyHKIUU:
u=x> -y’ -z +2z+x

4. Pemnthb 3a/1a4y BBIITYKJIOTO TPOTPAMMUPOBAHUSL:
2x] +x; +x; +2xx, — max

x; + x5 +x,x, <10

X, +x,+x; <9

x 20

x, 20
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5. PemnTh BapuanmoHHYIO 33/1a4y:
1

J'(y2 +2y”? +y"*)dx — min

0

»(0)=0, y1)=0
Y'(0)=1 y'(1)=—shl

6. Pemmnts 3a1a4y Ha OBICTPOIECHCTBHE:
X =-x,+u

’
X, =X, ‘u‘Sl

12. Pa3bop peleHnn HeKOTOPbIX
BapuvauMOHHbLIX 3aaay

3amaua 1. Haitu AKCTpEMAIIU dbyHKIIMOHATA

2
F(y) = [(»”?-2xy)dx, yIOBIETBOPAIOIME HAYAIBHBIM  yCIOBHAM

1

1) = 0, y2) = -1

. oL d (oL
Pemenue. YpaBHenue Disiepa — - | | = 0 I JAHHOTO WH-
dy dx\dy
TerpaHTa UMEET BUI -2x - 2y” = 0. J[BaXKJbl UHTErpuUpysl ypaBHE-
HUE )" = -x, TMoJiydaeM OOIIMK BHJ CEeMEHCTBa JKCTpeMasei
3
y(x) = —% + Cx + C,. Mcxond 3 KpaeBbIX yCIOBUW, BBIYMCIISIEM
1
KOHCTaHThl C, = . C, = 0 . Takum oOpa3zom, pelieHHe 3ajauu
3
uMeeT BuA y(x) = —% + % . Tenepb I HAXOKICHWA 3HAYCHHS

(GyHKIMOHANIa JIOCTATOYHO TMOJCTABUTh TOJYYEHHYIO (DYHKIIHIO-
AKCTpEeMajib B MHTErPaHT JAHHOTO ()YHKIMOHAJA U BBIYMCIUTH WHTE-

rpa.
3amaua 2. Haitu DKCTpEMAIIU dbyHKIIMOHATA
2
F(y) = [(»?-2y")dx, yNOBNETBOPSIONIME HAYAILHBIM  YCJIOBHAM
0
¥0) = 1, y27) = 1L
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Pemienue. YpaBHenue Ousepa oL —d[ oL

dy dx\dy

TerpaHTa e€CcThb OJHOPOJIHOE AuddepeHInaIbHOe YpaBHEHHE BTOPOTO
nopstaka y” + y = 0.

COOTBETCTBYIOIIIEE €My  XapaKTEPUCTUYECKOE  YPABHECHUE

A + 1 = 0 UMEET KOMIUICKCHbIE KOPHU A = +i. Torma peueHue

J = 0 JJIS JAHHOTO WH-

JTAHHOTO niddepeHIaILHOTO YpPaBHECHUS HMEET BU]T
y(x) = C e + C,e’*. Mcnonb3ysi HaYaJbHBIE YCJIOBHS, MOIYyYaeM,
9TO0 C, = 1, a KOHCTaHTa C, MOXXET IPUHUMATh JIFOObIC 3HAYCHUSI.

Takum o6pazom, 1 JaHHOTO (PYHKIIMOHAJIA CYIIECTBYET O€CUUCIICH-
HO€ MHOXECTBO JKCTpeMaJied BHAA y(x) = cosx + Csinx, JOCTaB-
AKX (YHKIIMOHATY HaWMEHbIIee 3HauyeHue (ISl MPOBEPKHU J0C-
TaTOYHOCTU 3TOrO (pakTa TpeOyeTcsi, HApUMEpP, BBIMYKIOCTh HHTE-
rpaHTa JaHHOTO (yHKIIMOHAJIA [0 COBOKYITHOCTH apTyMEHTOB).
3apnaya 3. Halitu MuHUManbHOE 3HauYeHWE (YHKIIMOHAIA

b
F(y) = [(* + 2xyy)dx, ecnu JBAYKIbI HENPEPBIBHO-

a

muddepeHupyemMbie  QYHKIUH  y(x) YIOBJIECTBOPSIOT YCIOBUSIM
via) = 4, y@®) = B.
oL d [aL

Pemienue. YpaBuenue Junepa — — | —,
dy dx\dy

TETpaHTa UMEET BHUJ 2y + 2x’ - 2y - 2x’ = 0. OHO O3Hayaer,
YTO 3HAYCHUE MHTETPAJIa HE 3aBUCUT OT IyTU UHTETPAIH, & JIUIIb OT
HayaJbHOW U KOHEYHOM TOUEK ATOr0 MyTH (TO €CTh B Kau€CTBE MCKO-
MOM (PYHKIIUM MOKHO OBUIO OBl B3ATh JIOOYIH0 KPHUBYIO (IIPSMYIO),
MPOXOJIAIIYI0 Uepe3 JABE 3ajJaHHble TOuku). B cBOl ouepean, 3TOT
dbakT o3HauvaeT, 4YTO MOJABUHTETPATIBLHOE BBIPAXKECHHUE MPEJICTABISACT
co0oit motHbIN quddepeniman HekoTopod GYHKIUU U (x,y), KOTOPYIO
MO>KHO BOCCTAaHOBUTb, TO €CTb dU = P(x,y)dx + Ol(x,y)dy, TIe€
P(x,y) ¥ Q(x,y) €CTh YaCTHBIC MPOU3BOJIHBIC ATON (YHKIIMU IO Ka-

J = 0 JJIS JQHHOTO WH-

KJIOM U3 IMEpeMEHHbIX. B Hamem ciydae dU = [y2+2xy jyj dx
X

WINdU = y*dx + 2xydy, OTKyJda QyHKIHUS U (x,y)=xy>. Tenepp 3Ha-
(b.5)
YEHHE UHTErpaNa [dU = U(a,4) — U(B,B) = ad® — bB.

(a,4)
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3amaya 4. O HauMeHbIIeH MOBEPXHOCTH BPallleHUS.

Ilocmanoseka 3a0auu. Cpeau BceX JIMHUM, COCOUHSIOMIMNX ABE
TOYKH IUIOCKOCTH, HANTHU Ty, AyTra KOTOPOW IIPU BPAILLIEHUH OKOJIO OCH
OX 00pa3yeT NOBEPXHOCTb C HAMMEHBIIEH TIJI0IA/IbIO.

[lycte naHHBIE TOYKH OymyT dlx, y,) U Blx,,y,) U IyCTh

y = f(x) -- ypaBHEHHE JIMHUM, UX COCAUHSAIONICH. Torma BeJImyrnHa
IJIOIIA/IA TOBEPXHOCTHU BPAIIEHUS BBIPA3UTCSI HHTErPAIOM

S = 27[]1)/«/1 + y? dx.

TakuMm 00pa3oM, MOCTAaBJICHHAS 3ajJada CBOJUTCS K OTHICKAHHUIO
JIMHUU, TPOXOMSAIIEH Yyepe3 IBE 3aJaHHbIC TOUKH, JJIsI KOTOPOM BEJIHU-
YMHA NOJYYEHHOT0 MHTErpaia JOCTUTAET HAUMEHBIIETO 3HAYECHHS.

Pemienne. B paHHOM 3agaue HMHTETPAHT MUHUMHU3UPYEMOIO
(GyHKIMOHANIa HE 3aBUCHUT OT MEPEMEHHON x, a ABISETCS (PyHKIUEH
JIBYX MEPEMEHHBIX y U y', TO €CTb L = L(y,)’). B oOmem ciyuae
ypaBHEHUE Oiiiepa MpeacTaBiser coboi nuddepeHnnanbHoe ypaB-
HEHUE BTOPOW cremneHu. JUJIsi TaHHOrO MHTErpaHTa MOPSAIOK YpaBHE-
HUs Diiepa MOXKET ObITh MOHMKEH. B 3TOM 4acTHOM cilydae ypaBHe-

HUE
L.y) - v L) ¢
dy
JaeT MEPBBIM MHTErpasl ypaBHeHUs Ouiepa. [Ipu 3ToM uHTErpH-
POBaHHUE MOXKET OBITH JIOBEICHO JI0 KOHIIA C MOMOIIBIO KBaJAPATYPHI.
[TocnenHee COOTHOLIEHUE HA3BIBAOT UHTETPAIIOM SHEPTUU.
NUmeem L(y,y’) = y 1 + 7. Torga ypaBHEHUE YHEPTUMU MPE-

CTAaBJICHO B BUJC

yalt + 37 - Yy—— =c,
y

1 +
NN y(l + y'z) - yy? = CcJt + y?*.Torma y = Cc1 + y*,
OTKy1a
2
o= X = ymm =Y Tlonyumtu ypasmenne ¢
C? yz — ?

PA3ICIAIOMIUMHUCS TIEPEMEHHBIMHA, B KOTOPOM CJZI€Iae€M IOJCTAaHOBKY
y=Ccht. UMeeM
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C*shtdt

dx = R
JCeht - C?
2
TO €CTh dx = jﬂ WIH dx = Cdt. IaTEerpupys mnocieaHee
C sh t
x + C
ypaBHEHUE, NojydyaeM Ct = x + C, WIHA t = R Takum 00-

pa3oM, pelIeHUE YPAaBHEHUS SJHEPTUU UMEET BU/L

yix) = C chLC1 .

CrienoBarenbHO, UCKOMBIE SKCTPEMAJIbHBIE KPUBBIEC MPEICTABIIA-
IOT CEMEMCTBO LEMHBIX JIMHUW, MUMEIIUX OCh CHMMETPHUU, IMapaJI-
JIEJIbHYI0 ocU OY . [IoBEpXHOCTH BpallleHUsI TAKOW LENHOW JIMHUU Ha-
3bIBACTCS KaTeHOuA0OM. [[oCTOsSIHHBIE C M C, ONPEACHSAIOTCS U3 YCIO-
BUSI, YTO MCKOMAsl KPUBAS MPOXOIUT YEpe3 JBE 3aIaHHBIC TOUYKU 4 U
B. DTa 3a/1a4da, OJHAKO, pa3peliuMa HE IPU BCEX IMOJIOKEHUAX ITUX
TOYEK 4 W B. llpn pa3nmUUHBIX MOJIOKEHUSIX 4 W B 3ajada MOXET
MMETh JIBA, OJIHO WJIM HU OJHOro pelreHus (cM. [8] U3 cmmcka peko-
MEH]1yEeMOM JINTEPATYPBHI).

3agaua S. O JIUHMM HAMCKOPEHIIIEro CKATAa — OPaXUCTOXPOHe.

Ilocmanosxa 3a0auu. Halitm cpenu JUHUH, COCAUHSIONIUX JIBE
JAHHbIC TOUYKU A4 U B , TY, IBUTAsICh IO KOTOPOU CBOOOHO MYIIICHHAS
MaTepuaabHas TOYKa IMIPOUJIET IYyTh B KpaTyanuiee Bpems.

Pemenne. [lpumeM mepByr0 TOUKY 3a Ha4allo KOOPAWHAT W Ha-
IPAaBUM OCh OY BEPTUKaIbHO BHU3. IlycTh y = f(x) — ypaBHECHUE
KPUBOM, COCHUHSIONICH TOYKY A (x, y,) CO BTOPOH TOYKOH B (x,,y,).

Haipgem BpeMst 7T, Hy»KHOE IJISI TTPOXOXKACHUS TKEIOM MaTepualib-
HOW TOYKOM IYTH AB TIPU ABUKECHUHU MO ITOU KPUBOU.

[IycTh ABMXKyIIAsICS TOUKA B MOMEHT BPEMEHU ¢ 3aHUMAET MOJIO-
KEHUE M (x,y) U UMEET CKOPOCTh v. Toraa o ypaBHEHUIO CUIIbI

2
my

= mgy,

2
my

rac --IIpUpaCcHUC CUJIbI OT ¢+ = 0 OO ¢, TaK KaK B Ha4daJib-

HbII1 MOMEHT BPEMEHU CKOPOCTh paBHa HYJIIO, & m g y €CTh paboTa Cu-
JIbI TSIKECTH.
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N3 »TOr0 ypaBHEHHs OMpEAessieM CKOpOCTb v : v = .[2gy, OT-

1 + y?
Kyga v = ‘2:, as = 1 + y?dx, dt = ZS - BTV wim
v %

dt o+ ¥,
= = dx.
J2gy

Torz[a BCE BpCMH T, HY’)KHO€ ISl IPOXOXKJACHUS MyTU 4B, OyJleT

j /! dx, Il€ ¢ — YCKOpEHHE CBOOOJHOTO MaJeHUs — KOH-

CTaHTA. CHOBa 3a7a4a CBEJacCh K HAXOXKJICHUIO (DYHKIMH, Tarolien
MUHHUMYM HEKOTOPOMY MHTErpany T .

[IpumeHrM TEeopeMy O HEOOXOAWMOM YCIIOBHH HATMYHS MHHU-
MyMa (yHKIIMOHAIa 7T, JIOCTUTAIOIIErocss B HEKOTOPOM TOUKe —
by y = f(x), KOTOpas SIBISETCS JBaXKJbl HEMPEPHIBHO-
nuddepeHIMpPyeMOr U yAOBIECTBOPSECT HAYaJIbHBIM YCIOBHUSAM — MPO-
XOJIUT 4epe3 TOUKH (x,,y,) U (x,,y,). Teopema yTBEpKIAET, YTO TaKas
(GYHKLIMS TOJDKHA SBJISTHCSA PEIICHUEM YpaBHEHHUS Dillepa, COOTBET-
CTBYIOIIIEro JaHHOMY (yHKIuoHanTy. [IoCKoIbKYy B JTaHHOM cCiydae
UHTETpaHT (YHKIMOHAJA 3aBUCUT TOJBKO OT caMOM ()YHKIUM U €€
MPOM3BOJIHOM, YypaBHEHHWE OJiliepa €CTb YPABHCHUE DSHEPIUU
L-y L,=C.

Nmeem

I
\y Jy ey el

1+ y?) - o 1 1
\/7«/1+y _ﬁ’ y L+ 7)o
[Tomyyaem ypaBHEHUE
= S
y

bynewm pemats ero asymsa criocooamu. [lepsoiii crioco6. U3 ypas-
HEHHUS (+) MOJIy4aeM YpaBHEHUE C Pa3ACsSIONIMMUCS IEPEMEHHBIMU

dx = Ldy.

¢ - vy

WNHTerpan B mpaBoil 4acTH MOCJICAHETO YPAaBHEHUS €CTh UHTETpal

oT nuddepeHimaIbHOro OMHOMa, B KOTOPOM JENaeTcs MOJCTaHOBKA
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“L -1 = 7. B pesynprare mnosydyaeM UHTErpaJ OT JIPOOHO-

. d .
panuoHanbHON (PyHKUIMU j(zzz, KOTOPBIM MOYKHO PEIIUTh METOAOM
z

+1)

Octporpajgckoro. OKOHYATENbHO YpPaBHEHHUE (x) HMEET PEHICHUE

Gy =y C, -
x + C = lyzc Yoo ;arctg =17 KoTOpoe MpeNCTaBiIsAeT Co-
y

1

0ol pyHKIMIO0, OOPATHYIO UCKOMOUM (DYHKIIUU y = f (x).
Btopoii cnoco0. B ypaBHeHuum (x) craeiaemM 3ameHy, moJjaras

C ’ C . ,
y = 71(1 — cosu), OTKyJa y’ = jsmuu . Torma
2 CI—Q+QCOSM
—Lsin*u-u”? = C2 2
—L(1-cosu
L1 cosu)
nJIn
2
U l—cos?u)u? = L Focosu
I — cosu
Torna
.o !
2
C—'(l cosu)2
4
nJin
du +1
dx C;(l - cosu)

[Monyunnu nuddepeHnmanbHOe YpaBHEHHE C Pa3aeISIONUMUCS

MNEPEMCHHBIMHU
C
71(1 — cosu)du = =*dx.

PermenueM 3Toro ypaBHEHHMsI SBIISICTCS KpHBas, 3a/IaHHAs B Iapa-
MeTpHUUIeCcKOr popme

X = i?(u — sinu) + C,,
y = C2"(1 — cosu).
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Tak kak KpuBas IOKHA MPOXOAUTH YE€PE3 HAYAIO KOOPJIUHAT, TO
HYHO TIOJIOKHUTh C, = 0 (OIpu « = 0). BugHo, 4T0 MCKOMasi KpuBas
— OpaxucToxpoHa ecTh Iukionaa. [locrosHHas ¢, noaxkHa OBITh Hall-
JICHA U3 YCJIOBUS, YTO KPUBas MIPOXOJUT YEPE3 3aTAHHBIC TOUKHU.

3ajgaua 6. 3agaya reoMeTpU4ECKOM ONTUKH.

Ilocmanoeka 3adauu. 11ycTh B MPO3pavHON Cpelie ¢ MePEMEHHOM
ONTUYECKOU TJIOTHOCTHIO JIaHBI ABE TOUKU 4 U B. Tpebyercs ompe-
JEIIATh TPACKTOPHIO JTyda CBETA, UIYILETO OT 4 K B.

Pemienue 3a1aum OCHOBAaHO Ha Tak Ha3bIBAEMOM IpuHLHIIE Dep-
Ma: U3 BCEX KPHUBBIX, COCUHSIONUX 4 U B, TPACKTOPHUS Jyda CBETA
€CTh JIMHHUS, 110 KOTOPOU CBET MPOXOIUT U3 4 B B B Kpardaumiee Bpe-
MH.

OrpaHnumuBasich IJIOCKMM CJIy4YaeM, IPUMEM 3a IUIOCKOCTh pac-
IIPOCTPAHEHUS CBETa IJIOCKOCTh Xoy 151 MyCTh
A4 = (x,») B = (x,»), a x, < x < x — HEKOTOpas KpHBas, CO-
€MHSIONIAs 3TU TOUKH.

O6o03HauuM 4yepe3 v(x,y) CKOPOCTh CBETa B TOYKE (x,y). [IycTh
y = y(x) eCTb ypaBHEHUE KPUBOU, IT0 KOTOPOU ABUKETCS TOUYKA U3 A

o+ 7
B B. CKOpOCTb JBUXCHHUS TOUKH paBHA v = cf = dydx, e
t t

J1o+ 7
dt — 3JIeMEHT BpeMeHu. OTcrona dt = (y)dx. NuTerpupys, no-
ViX,y

Jy4UM BpeMmsi T, IOTpeOHOE JIJIsi MOKPBITHS Jyda CBETa OT TOUKU 4 JI0
TOYKHU B TI0 KPUBOH y = y(x):

L (®)
T = j lv(x,(;l)xj

CormacHo npuHnuny ®depma 3amava ONpenereHus TPACKTOPUHU
Jdy4ya CBETa CBOJUTCS K ONPEIEICHUIO JINHUHU, JJI1 KOTOPON MHTErpal
7 (pyHKUMOHAN T ) NPUHUMAET HAUMEHBbIIIEE 3HAYEHUE: T — min.

PaccmoTpum 4acTHbIM ciyyau, koraa v(x,y) = y. Torama uHTE-
rpadT (yHKIIMOHAJA 3aBHUCUT JIMIIb OT y U ', TOITOMY YpaBHEHHE
OHnepa €CTb ypaBHEHHE DHEPIUU L - 'L, = C.

dx .

HNmeem
, yl 1 + y’Z C
y - = .
y1 + 7 y
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OkcTpemansiMu (YyHKIIMOHANIA SIBJIAIOTCA OKPY>KHOCTH B MOJY-
IJIOCKOCTH y > 0 C LEHTPAaMH Ha OCHU OX .

B camowm niene
’2 _ 1 2
N

yit
Cyt + 7 = -1, YU +)?) =1, = ﬂ’

C2y2
A U I T f
dx Cy 1 - C*y’ Cc’ n
—él— >y = x + C, 012(1 - C*y) = (x + C).

OKOHYATEIBHO UMEEM CIEAYIOIINN BUJ CEMENCTBA IKCTPEMAIICH:
1

o

3agaua 7. V3BECTHO, YTO CYIIECTBYET ABAXKIbl HENPEPBIBHO-
nuddepenupyemas BeKTop-PyHKIMS (x, (), x, (t), KOTOpas yAOBIe-
TBOPSIET HavyaJbHbIM YCJIOBUSAM
x1) =1, x,2) =2, x,(1) = 0, x,(2) = 1 4 AOCTABIACT MUHUMYM
(GyHKIIMOHATY

(x + C1)2 + y2 =

j(xl'z + X7+ xzz)dt.

Haiitu 3Ty QyHKIIMIO.
Pemenne. U3BecTHO, UTO ecmu BEeKTOP-QyHKIMSA (x) (¢), x; () M-

HUMU3HUPYET (PYHKIIMOHAJT, TO OHA SIBIIAETCS PEUICHHUEM CIEAYyIOIIeH
CUCTEMBI:

o afa) _
ox, dt | ox]
o dfa) _ o
ox, dr \ ox,

rie L — UHTETPaHT (PyHKIHMOHANA (MOABIHTETpaabHas QyHKIIHS).
B manHOM ciydae cucrema UMeeT BU/L:
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Ee pemienue nmeet Bua

{xl” = 0,x, — x; = O}, {xl = Ct + C, x, = Cye + C, e_t}.
N3 KPaeBbIX YCIIOBUM HAXOJAUM KOHCTAHTBI
c, =1, ¢, = 0, C, = 621_1, C, = 1iz.Toma pElICHUE 3a1a49u
e' e’ e
I/IMeeTBI/m[t e Ml 1}'

3apauya 8. Haiitu skctpemanu QyHKimoHana F (y), 3aBUCSIIETO
OT CTapIux Mpou3BojHbIX. [Ipeanonaraercs, 4To UCKOMbIE (PYHKIIUU
SBJISIFOTCSL IBAXIbI HEMPEepbIBHO-IUGPEPEHIIUPYEMBIMU Ha OTPE3KE
[x, ,x,] ¥ YIOBIETBOPSIOT HEKOTOPHIM I'PAHUYHBIM yCJIOBUsAM. NMeeM

BApUAIMOHHYIO 3a]1a4y:

F(y) = j.(360x2y - y”z)dx — min,
0

»(0) = 0, »(1) = o0,
4 7 5
v0) = 1, ) = 3
Pemenue. CornacHo TeopemMe 0 HEOOXOAUMBIX YCIOBHUSIX MUHU-
MyMa JaHHOW BapHallMOHHOM 3ajayu, pEeUIeHUs 3aJaud JOJKHBI

YIOBIIETBOPSATH YPaBHEHHIO Oinepa — [lyaccona
oL d (oL d’ (oL

- - = + — = 0. 3mecy uHTETrpaHT L = L(x,y,)").
dy dx (ay'j dx* (ay”j A p SR

Ypasaenue Juiepa — [lyaccona numeeT Buj

2

360 x>+ 6j;;z(—zy”) =0

wm y* = 180x’. [lociemoBaTenbHO WHTETPUPYS JIEBYIO H TIpa-
BYIO 4acTu YpaBHEHUS, IIOJIYYUM
yWo= 60X + ¢, Y = 15x" + Cx + G,
2 6 C x° C. x2
y o= 3x° 4+ Cl%+C2x+C3, y:%+ 16 + 22x + Cx + C,

Koncrante! C,,C,,C,,C, HAXOAUM W3 HA4YaJIbHBIX YCJOBUN. OKOHYA-
TEJIBHO DKCTpeMalib (PyHKIIMOHANA F (y) UMEET BUJ

6 3
y:x—+3i—3x2+x.
2 2
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13. N3onepumeTpuyeckasa sapgayda —
3agava [lnaoHbl

llocmanoska 3a0auyu. Cpeau BceX KPUBBIX 3aJaHHOW JUIMHBI /,
COEIMHSIONIMX JIBE 3aIaHHBIE TOYKU 4 U B, ONPEAECIUTh KPUBYIO, OT-
PAaHUYHMBAIOILYIO0 BMECTE C OTPE3KOM 4B HAaWOOJBIIYIO TUIOMIATb.

JlaHHas 3a7a4a OTHOCHUTCS K THILYy H30NEPUMETPUUYECKUX 3a7a4
00 3KCTpeMyMe ONpeIeIEHHOrO UHTErpasa, Korjna HICKoMble PyHKIUU
KpOME TpPaHUYHBIX YCJIOBHM M YCJIOBHM HENPEPHIBHOCTH JOJKHBI
YAOBJIETBOPATH €IIE JOMOIHUTEIBHBIM TPEOOBAHUSM, OTHOCSIIUMCS K
MOBEJICHUIO ATUX (YHKIMH Ha BCEM MPOMEXKYTKE HWHTETPUPOBAHUSI.
VYpaBHEHUS, BBIpAKAIOIIUE 3TH TPEOOBAHUS, Ha3bIBAIOTCS YCIOBUSIMU
CBA3U. B 0011eM BrIe N30MIepUMETpUYECKas 3a/1a4a UMEET BUJL:

Fo(y) = ILO(x,y,y')dx — min,

Yo

FO) = [Lley e = ¢ = 1-m),

J’(xo) = Voo J/(xl) = .

JJ1st n30mepUMeTpUUECKOM 3a/1aul €CTECTBEHHBIM 00pa3oM ompe-
NEJSAIOTCA TOHATUS PELICHHWS W JIOKAJIbHOro pemeHus. Cuuraercs
TaKXXe, 4YT0 PYHKUUU L, (x,y,)’), i=1-m U UX YaCTHbIC MPOU3BOHBIC
0 y U y HENPEPBIBHBI 110 COBOKYIMHOCTH NEpPEMEHHbIX. s peme-
HUs U30MEPUMETPUYECKOMN 3a1a4M MCIOJIb3YETCs MPABUIO MHOXKHUTE-
ner Jlarpanxka, COTJJaCHO KOTOPOMY pELICHHWE HMCXOAHOW 3aJa4du
JNOJDKHO  yAOBJIETBOPATH YPABHEHUIO OWjepa i1 HWHTETPaHTa

L = L, + Y AL, COOTBETCTBYIOIIIETO byHKIIMOHATY
i=1

F(y) = F,(y) + i A, F,(y), TA€ A, i=1-m — KOHCTAHTBI, HE BCE OJI-

i=1
HOBPEMEHHO PaBHBIE HYJIIO, HA3bIBAEMbIC MHOKUTEISIMU Jlarpanxa.
Haunnas pemenne 3a1aun J{ua0HbI, OTMETUM, ITPEKE BCETO, UTO
HCKOMas KpHBasi IOJKHA OBITh BRIMYKJIONH. B MpoTUBHOM ciiydae cy-
HIECTBOBaJIa OBl MpsAMasi, UMEIOIIAsl C pacCMaTpUBAEMOM 00JIACThIO S
BHYTPHU ATOW KPHUBOM IO KpaHEH Mepe JBa HE UMEIOIINX OOIIUX TO-
YEK 3aMKHYTBIX OTpe3Kka 4B U DE. OTpa3uB 3€pKalbHO BCD B BC'D,
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MOJIYYUM KPHUBYIO TOH K€ JJIMHBI [/, HO OrpaHWYMBacMas ILIOIIAIb
oyaet 6ounblie (puc. 1).

Puc. 1 Puc. 2

[TpumemM 3a och OX TpsiMyr0 4B, Toraa miomaab, OrpaHUYCHHAS
KPUBOM y = y(x), paCIOJIOKEHHOW HAJ OChIO OX, BBIPA3UTCI UHTE-

b
rpajioMm S (y) = J.y dx,TH€ a U b —aOCIIUCCHI TOUEK 4 U B (pucC. 2).

[TocTaBieHHas u3onepuMeTpruyecKas 3ajgada OyaeT UMeTh BU/I;

b
F,(y) = —.[ ydx — min,

b
FQ) = [+ ya =1,
y(@ =0, y) = 0

Crnenys npaBwity MHOXHUTenel Jlarpanka, coctaBisieM (QyHKITHO-
Haj

F(y) = j‘[—y + A1 + y'z]dx.

HNuTterpanT 3Toro GyHKIMOHAIA HE 3aBUCHUT OT x, a JUIIb OT y U
y", IO3TOMY MMEET MECTO YaCTHBIM CIy4Yaill ypaBHEHUs JWjepa — UH-

Terpaj 3Hepruu y'-L, — L = C:

’
’2

’ Yy
Ay ———o + y — A1 + y? = C.
J1o+ 7

[IpuBess B 1€BOM YaCTH ypaBHEHUS K OOIlEMYy 3HAMEHATEIO, MO-
JYYUM:
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= C

1+ y?
nJINn
y = C +

1+ y7
ITonoxum y = tgo. Torna y = C + Acosg ;

y = —/lsin(p-@ = tgQ,
dx
j;x = —Acosp, dc = —Acospdp, x = —Asing + C,. Ciaenona-
@

TEJIbHO, UMEEM MAPAMETPUUYECKOE YPABHEHHUE OKPYKHOCTHU

x = —Asing + C,

y = Acosgp + C.

B sBHOW (opme ceMelCcTBO 3KCTpeMalield MCCIIeyeMOM 3adadu
3aIIMCHIBACTCS B BUJE:

x - ¢y + ( - ¢ = 2

[loacTaBnsis 3HAYEHUS y U dx B QYHKIMOHAI F,(y), TOIyYUM HC-
KOMO€ 3Ha4YCHUE MUHUMYyMa.

N3onepumerpuueckas 3ajada 001a1aeT UHTEPECHBIM CBOMCTBOM,
Ha3bIBAEMBbIM 3aKOHOM B3aMMHOCTHU. [l0NB3ysCh 3TUM NPUHUHUIIOM,
MO>KHO BBICKa3aTh 0OpaTHOE MPEANO0oKEeHUE 3anaue [uaoHsl: cpeau
KPUBBIX, OTPAHWYMBAIOIINX IUIOMIAb 3aJaHHOM BEJIWYUHBI, OKPYK-
HOCTbh UMEET SKCTPEMaIbHYIO (0U€BUAHO, HAMMEHBIIYIO) JJIUHY.
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