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['maBa 1

HekoTopsble npeasBapuTeibHbIC
cooOpakeHusl

Yucna HLUIH POKALHEBI B CYEBE
PHH ¥ BO3BBIITEHDLI B TANY, YHCHA
OJIHANILI CJLeIAJIHCEL OCHOBO| pe-
surun v dusiocodun, a QOKych ©
U pPaMu OKa3LIBAIOT YIUBUTENhH
Holi 5P eKT Ha JOBEPIUBLIX O~
e,

O@.B. llapkep

1.1. MareMardaueckas MIIYKIUA

B reopun auces (1o xpaiineil Mepe Ha saeMenTapioM ypoBue) pac
CMATPUBAIOT CBOMCTBA LEJILIX HHCe Z wuncen N = {1,2 3,...} (nary
painLibix unceda). Hanomuum, uro B Jipesneil I'peuny caopo "uucno"o3-
HAYAJO NOJOMKUTEHLHOE [eJJOe W HHYero Apyroro. I'|f|’J'}-’[1:i..‘1t.HI.l('. HYHCa
M3BECTHBL HaM ¢Tosb nasio, uro Kpouexep onnax s samernn: "Dor co-
31 HATYPANLHOE YHCIO, & BCE OCTAJILHOE —— TBOPEHHE yenonexa'. By-
nyuu gapom Hebec, Teopns Yrces nMedia JOJCYIo 1 AHOE Boaeznenuyio
HCTOPKIO, HCTOPHIO, KOTOPYIO MBI HAJICEMCSl PACCKABATH HA CJIC/LYIOLIHX
CTpaHWIIAX.

Mii ne 6ygem npuberaTh K aKCHOMATHYCCKOH KOHCTPYKLHMH LEJbIX
qHCEs, HO TPCANONANAEM, HTO OHA YIKE JaHa M 4HTATeSiM 3HAKOMbI €
sneMenTapibiMi akrami 0 Hux. B uX 9ueno MBI BKAIOYACM IPHELHIT
ronuol yropagodenioct. 1robnl 0CBEKUTE TAMATE, Mbl chopMyIHpy-

oM ero.

[Tpuauun nonyHoil ynopsa 0v4enHoCTH. Kazcioe Henyeroe MHOMKE-




CTBO S HCOTPHLATEALHBLIX TEJILIX THeeN COJIEPIKUT HNauMCHLIIHi aJie
MCHT, T.€. CYIICCTBYET YHCAO @ U3 S, TaKoe 470 a4 < 0 1is Beex uucen
b, npunapcxamux S,

B kavccrie mpuMeneius 3Toro npHHIANS JOKaKeM CHCIYIONEE YIBep-
AJEHNE

Teopema 1.1 (CsoiicTno Apxumena). Ecin a w b — npa nponsnons-
HBIX i|-"-"['I\I"[l21-..'||-Fll;[‘l\' '|Hf'.'|}1J ™ {‘.}'I’JL"_'l"l'li_}'("]' Fi NI I\I'l.}il..']!-ili}’.f HOO T.’.; T '5!]\'(\{%

41O 11 = b,

," I;(lh’:-l’%:l."l eNnhCTRO. ”[JI"r.'J‘IIlIJIL'J)f\' HM, 47T0 YyTBCPAJCHUE TCOPEMEI HOBEP-
HO, CACAOBATCHBHO, W HeKOTODLIX a4 | b BLINOANACTCH HepaBcHCcTRO

na < b s Kaxporo narypansuoro n. Takum obpasoM, MOoKecTso
S={b—na|necN}

ecTh noamuoxectso Muoskeersa N, B euny npumipna nojuolt ynopsno-
HCHHOCTH & oluiajiaer nauMennimuy suemencom. OB0s1a9uM ero yepes
b — ma. llo onpegenenuio muyoxeersa S aucio b (m + 1)a Taxxe

npuuaesuT emy. C apyrol cropount,
b - :im Flla=b—ma—a<b—ma,
HTO NPOTHBOPEIHT BLIOOPY b — ma Kak gaumensiieMy sueMenty n S.
Teopema nokazana.
[lepelimem & upuuipny KoHeunol WHIYKIHE, KOTODLIE 1aCT ocHoBy
A JOKASATCALCTEA METONOM MATEMATHICCKOR MIIYKIUU. DTOT NpHIT-
IHIT YTBEPAKOAST, TO €C/H HEKOTODOE MHOMCCTREO, COCTOAINCe U3 T0J10-

KUTCNLIBIX UCALIX 9Hcen, obaajgaeT JBYMSH CrieiudhnIeckuMn CBORCTBA-
MH, TO OHO COBIATACT ¢ .

Teopema 1.2 (Upunuun xoseunoit nuxyxkomu). Hyern, S ¢ N u
obuaaeT AByMA CBOICTRAMK

ccam ke S,rok+1€ S,

r J 2
Torma S5 = N,

Aokazarenverso. [lyers T N\ S nT s 0. B cuny upuninm

na noynoi yuopajgodennocrn T uMeer HauMenninuit aneMent, KOTOPBIH

MBl o6oanauuM yepea a. C noMoubio (1.1) saknouaem, yro @ > 1 n




rakuM obpazom, 0 < a — 1 < a. Ho a naumennmuit snement s 1, cne

2), noaydaeM, uTo a €

posarespno, a — 1 € 8. Yunrnisas (1
N.

nporusopeune npuroauT K pasedcrsam T =@ n S
B kauecTBe NpHMEHEHHS METOJA MATCMATHYCCKOR HHAYKUHH JOKa-

JKEM paBCHCTBO

R T O = n=123,.. (1.3)

”}u’t'.'l'l. S 0bozHAYACT MHOMKECTBO BCCX NOJOMHTCILHbIX HEJTLIX “THCCI 11,

s koTopbix suinoanserca (1.3), Tak kak

To 1 € §. Jdanee npegmonoxum, aro k €

I2 I.::I‘ i’ ’rbll = _— - _
1§
[orma
9 y ) k ] 'l}”. |
{440% k2 + (k+1 il
{ ) 6
+1)

F(k+1)| =(k+1)

6
2k% + Th+ 6 (k + 1)(2k + 3k +2)
- H- + l‘.‘ X — 8 G ik ! - L R
O i 6
(k+ D2(k+ 1)+ 1]{(
6
Taxkum obpasom, ecim k € S, 7o k+ 1 € S. Tlo reopeme 1.2 3akniouaem,

1 2: 355

aro S = N u papencrno (1.3) Buinosmsieres jyist 1 =
B ro BpeMs Kak MATCMATHYECKAS! MHIYKIHS JIAET CTAHAAPTHYIO TexX-
HHUKY JIA JoKazaTc)ibCTBE _\-"'l']!(fi)N(,‘_Lf‘llHﬁ O HATYPaJbHLIX YHCHAX, OHa

e noMmoraer B popmyaupoBke Takux yreepxgennii. C npyroft cropo-

MareMaTH4YecKkad HHAYKUHSH “acTo MO3BONAET ITPpOBCPHTE CHPABCH

HBl,
TUBOCTL TOM MiM Mol runoTesnl. PaceMorpuM, HANpHMep, CIUCOK pa




BCHOTE

| =1,
| +2=3,

| +24+ 22 =7,

| +2422 428 =15,

| 4-2 Fas 4 24 =31

Hafijiem npasuio, cornacio koropomy "yerpoeust"nmpasbie 4acTH 3THx
sasencre. Hocae nepoarnx pasMsimaenuil Unraresnh MOKET 3aMeTHTL,
| Al

O

15=21-1 31=2°-1, 63=2°-1.

[‘\’.’ll\' HPUXOJIHT TAKOC 3AKNONCHUE, TRYIHO CKAZATEL, HO NTOMOIaeT 2KCIe-

PHMECITT. Il[lll\'ﬁ’]ﬁ-l. HOABJSHIOILMCCH M3 3THX HECKOLKMX CHYHACE, 11pe)-

saraior pOpMyny JUid HONYHUeHns 3naveuns Bupaxkenus 1 4 2 4 22 4
2" °. UmMenno,

pgast o on. g (1.4)

JAE KA 0T TATYPAJLIOTO YT 1.

A mpoBepKy KOPPeKTHOCTH HAWENO HPEANOJoKeHa obo3nauum
qepes S MHOMCCTEO HATYPAJLHBIX YHCES T, L KOTOPHIX cpopmyna (1.4)
pepna juis 1= &, cnenoBaTenna,

U JIOKAZeM CHPABEIIMROCTE 3TON dopMyinl jast n = k + 1. lIpubapnce-
e caaracMoro 25 k obenM vacTim NOCJAeJHEr0 paBeHeTia jJaer

0y e ¢ k-1 ] eyl ak F ok k- "
14249 Fosl ol gk ] gkt _o ko g okl g

Dro nokasuipaet, aro k+1 € 5. kak Tosnbko & € S. Cormacho HPUTIAIY
MY Ky 9 = N,

damMeuanne. ”}JH JAOKAZATENLCTBE MeTONOM MATOMATHUYCCKON HH-

AYKIYH MLl OYIeM COKPAIATE HAINY apryMenThi, ne npuberas K Moo

Keerpy 5. VIMEHIO, TPOBEPUS, YTO COOTBETCTBYIOINMI PE3yILTAT Beper

JJIs T I:_ YCTAHOBHM €10 CUHPaBeIJHBOCTL JIJOd N k 4 1__ CClIH O

Bepen A n ks




M1 OMKHBL 3eCh OTMErHTh, 9T0 B Teopeme 1.2 1y opno M3 jByx
npeanoacKenuil nens3a onyeruts. Jdokazarennctro yenopus (1.1) B reo
peme 1.2 ofbluno uazpibaeTes Ho3ucom undyKyUuL, B TO BpEM# KaK JI0-
KasaTelbereo yesorus (1.2) naswiaeresn wazom undysyuw. Lpegmono-
MEHHC O BLITOJHCHHH 1Miara HHAVKIIHH Hal3LIBACTCH 'u_'n;')y-h;-m,u(mr,(}?'.'r 2UNo-
meaoti

CrpaBeiuBocth Hara HEIYKIHKE He 0053aTeIbio 3aBUCAT OT HCTHH-
HOCTH YTBEPIKJEHHs, KOTOPOE MbI CTPEMHMCH JoKasarh. Pacemorpum

JOKIYIO POPMYyILY

3HAS 370, MBI [IOJIYJaeM

14+3454+...+2k—1)+2k+1)=k*+3+2k+1=(k+1)*+3.

38 -~

Taxum obpazom, ecnu chopmysia (1.5) sepua jna n = k, vo ona sepia u
s n = k+ 1. C apyroii cropoust, dopmyia (1.5) e sepna aus moboro
mn.

Cytiectsyer BAPHAHT HPHHLUNA MaTeMaTHIecKol HHIYKIHH, KOTO
pLII 4acTO HCHOAL3YCTCH, Korga TeopeMa 1.2 oxasupaercs ueadyex-
ruproi. Kak u B ciay4ac ¢ neppoll epcueid, BTOpPOH TUPHHLIMIT KOHeY
HOI UHAYKIHH 0BeCHeMHBACT JBa YCJIOBHA, KOTOPLIC PAPaiTHPYIOT, '1TOo
ONPEAEAEHHOC HOAMHOMKCCTBO HATYPANbLHLIX YHCEN B AeHCTBHTEILHOCTH
cosuagacr ¢ N. [lpn 9rom mel ocrapasem Tpebosanve (1.1) reopemnr 1.2,
a ycnonrue (1.2) samenseM Ha cieayiouge,

Ecnu k& - warypajsioe YHCHNO, Takoe, 4To 1, .k npuHajaeRuT
MHoMXKeeTsy S, 10 k + 1 JOIKHO TaKkKe Npuiajierxars K S. (1.2)

JokazaTenserso Toro, wro S copnagaer ¢ N, umeer Ty e "MIOMHH-
ky", wro u npu gokazarenserse Teopemir 1.2 Cnora nyers 7= N\ S.
[pennonaras, wro T — Henyeroe, BuGUpacM 7 xax nauMenvmee B 7.
Torpa B cuny (1.1) yueno n > 1. Buibop n mosposser 3aKmioMuTh, HT0
Hi oMo 13 aucest 1,2, ..., n—1 ue gexkur 8 T. Cneposaresibio, Bee Unc-
aa 1,2, .1~ 1 npunaanexar k S. B euny (1.2) orcioga caenyer, uro
n=(n—1)+1¢ S, uro npusogur K nporusopeunto. Takum obpazom,
T=0uS=N.

OrMernm, 4ro oba BAPHANTS KOHEYHON MHAYKIMA MOTYT 6b1Th 0606-

mennl TakuM 0bpagoM, 4TobLl HauMHATh ¢ mioboro HaTypaasnoro n. B




ITOM cnyuae aakmodeine soirasipr rak: "Torna MuockecTeo S copna-
JEaeT ¢ MHOMKeCTROM BCEX MOJOKHTCALHLIX YTHCCI i 'H-f]”.
,\"151-']|"Mi]']‘li'I('[_‘I(i_].';l ”Il('l}"l(l.l\ﬂ}l HaCTo HCHOABIYCTCH HE TOJBKQO Kak Me-
TOJL JIOKAZATELCTEA, HO U Kax crocob onpejencius. Hanpumep, cumson
! =n-(n— D! gnan > 1. Yiobuo 910 onpejenenue JONOJTHUTE JI0
o |
Ipumep 1. Hpusenem ogun npamep npusmencius Broporo npuniw

a KoHeywoi HHAYKIHH. PEI(ZE‘.ME}'P'[NII\J HOCHENOBATENLHOCTT

1,8,4,7 11, 18,29, 47, 76, .

L) ?
Hexmouas nepprie jipa Wiena, Kasmaui aien eern CYMMa, OBYX [Ipejibl
AV, DTa H0CACHOBATCILHOCTE MOXKET DLITL OlPEJIe/eHd MHIYKTHR-

o

a2

Onp = Q-1 1+ Quy-0

Mui yrBep)KaacM, 110 i Kaxjaoro 7 € N BLIONHACTEH HOPABEHCTRO

i 7\
Q<] =1 =

Ipexae seero saMeTum, aTo

_ (T\ ‘ ’ (; 249
it < =) de =3 —,
g ,1} “ \f-|) 16

IHyers renepn £ 22 3 v upenodox)um, 4To nane HepaBeHcTno BEPHO

mmn=12..%k-—1. Toroa B yactnocTu

i K= oy k=2 en ]
{7 e : i
ap-1 < | : Mg o< , OTKVIA Qf = Qp 1 +ap 9 < | — -+
1 be — v

N s

foa k=2 k=2 ey N . rims k=2 pmi 2 i ik

1.2, 3Banaun

l. C noMoibio MaTeMaTHIecKoi HIYKINHE JOKA3ATL CIPABELTHBOCTL

chieayionmx chopmyd:




(a) 1 +243+ Lonnst peex n € N

: , )

(b) 1 +3-+5+4 n®, nna seex n € N;

¢ ; A ’ ; / aln+1{n+2) A
() 1-242-3434+...+n(n+1)= ", Juia Beex n € N;

! \2 [4n*--1) Y
F (20— 1)* =& '_—._. —, s seex n € N;

q (1) o : —~ Tl
s [R50 ana Beex n € N,

2. HokasaTn, 910 ccnu r # 1, o
2 ,
a+ar+ar+..4+ar" =

ceoamn € N

3. C momouisio Broporo npyHIHNA KOHCYHOR HHAYKIMH JJOKa3aTh ClIpa-
BEVIMBOCTE hopmynnt a” l =(a— D(a" " +a"?+...+a+1)

N.

Vrkazanwme. 3aMeTuM, 9TO

st n €

.r_f”.bl o= {.u | ;:ulf_r]'“ ]‘I - {,'[:.f[h 1 |}

. Jokasarn, yro kyf moboro Heloro MoMKHO HPeJICTABUTL KaK pas-
HOCTb JIBYX KBaApaTOB.
VYKazaHHe. 3aMeTuM, 4T0
3 3§ od J 3. a3 f Yy
1) ik S L S ) “ (PP # L = 1))
5. (a) Haiiru 3navenua n (n < 7), qas koropsix (n!+ 1) ectsh Tounbiil
KBaJIpaT

(b) Iyers m,n € N. Cnpasejymset #in ver dopmyns (mn)! =

]

minda (m+n) =m! +n!7

6. HokasaTe, yvron! >n” gnan 24 un! 2n’ gnan

7. JokasaTh, 4TO eciu n =, To

LN 4+ 2(2) + oo+ n(nd) = (n+ 1)1 — 1

1.3. Bunommanbuas Teopema

[lyere ne Nu0<k

< n. Onpegeann GusoMuasibil koadgunuent

('-;g ' n!
\1;) = Kl(n— k)




Coxpanas ancnurens w avamenarenn na k! wou (0 — k), nonyunm pa-

BORCTBA:
l’r.'-"‘ nn—-1)--(k+1}) nn-1)--(n—-k41)
) (rn— k) k!

Ipusepen 31eCh OMHO W3 TOXJICCTE, KACAIOIUXCH BMHOMHAILIBLIX KO-
spdungenTos, usnecTnoe, Kak npasuio Llackans:

n) ¥ ) (u. 1 J) agii

: N - o
k k=1, L |

JIndA ero JokasaTe]beTBa HADKINIEM PABCHCTBO:

————————_ Torma monyaum
D n — B!

H!

k4 1)(n — k)!

(n+ Dn!
k(k— )(n—k+ D(n—- k)’
OTKY i Caeayer, 1To
{n+ 1)}

DY Eln+1-=E)

n npasuno lackans fokasano. Dro coorHoinenue sejer Kk kondurypa
LYW, N3BECTHON Kak mpeyzoavhur [lackaas, B KOTOPOM f}} HOABIACTCH

kak (f+ 1)-0c uncno B n-# crpoke.

i B 15 2000806 i

Croponit 91010 TPeYroNbLHUKA COCTONT M3 €JHHNL, & YHCI0, HE HAXO/H-
Heecd Ha Cropone TpeyroibiiKa, paBno cyMume apyx Gunokaliiux amMee,

CTOSIMY B BepXIel CTPOKE,

]




Tak nasbiBacMasn GuNOMUAALHEA MEOPEMa eCThL BOPMYNa fNs TPe-
crasienua (o + b)), n = 1, B Buje cymmbl npousseieHnit crenenci a

u b. Jerko HENnoCpeJICTBCHHO IPpOBCPHTL, HTO HMCIOT MECTO PaBCHCTBA:

) =a-+b,

(a+ b)* = a® + 2ab + b,

(a + b)® = a® + 3a?b + 3ab® + b
( )

at 4 4a’h + 6a%b® + 4ab® + b

Bonpoc cocTouT B TOM, Kak yragarh koahdunpents. Kmoy — 5 nabmo-
HNEHWR, 4TO OHM HOABJIAIOTCH B COOTBETCTRYIONEH CTPOKE TPEeyrobiuKa
Ilackans. Bee 310 npUBOIAT K MPETIONOKEHHIO, 1TO KMeeT MecTo (hop-
MYyJIa

{a+b)" = II_'I a™+ " a™ b+ " a*2pr 4. oy " \"r;_h”"ll " il
0 1 \ 2 n [) 1

Maremaryueckas HHOYKIHA #ABJ

TrepyKIeHaa Halell runoress. dua n = 1 ameem

¢ 31 I“ (1 1 kpk (1 10 1 §
(a+Db) = >_J L;__J:r thY o (” ab"” 4 l)n. b=a+0b

[Ipennosaras, yro dopMysa sepna JJiid HEKOTOPOro GUKCHPOBATINOTO
HATYPAJLHONO 171, MBI JOJZKHDLI JOKA3AThL, YTO OHA BEpHA W JUisi 11 =
m+ 1.

3aMeTHM cHAYaad, U410
(a+b)" t ala + b6)" + bla + b)™.

B cuny BILYKIMONHOIO NPETOSOMKEHNA HMEEM:

i \ m
o (T m—k+11 -y LA il
“‘(.“_ 4 h.\]m - 2 ; )r’;"' k I“A — g™t 1 T §’ ( : al™ | !\H‘u

k=0




1 m-1

— fm’ - m
, s ’ dpiad z
I'I'J{l’i', | Illa'}” i > : a™t I p )u.nr ] .I-b.f- s
. . s\ 1§ L« \ ]
=0 N Eeq /
T Y
e, m i
> )“rrr I .J.bﬂ | hH. | l.
it \ 3
k=1 #
Tarnm 00pazoM, UMEET MCCTO PABCHCTRO;
RN ; j \ i
v ¥ e T moy 1 mt1
(” | l’!}" -1 o’ 141 b 2 | ] !”m 1 J.ha. | h ™
k k—1/]
k=1:"% A
m+1 I 5
-~ {1+
\ ‘ a™ 1 Lhﬁ
Rt K
k=0

Crenoparennio, GHNIOMHAJILHAH TEOPEeMa JTOKa3ana.

[lepei rem, KX paccTaTnes ¢ 9THMI HACAMHE, MBI IOMKEL OTMETHTD,
40 nepnasg POPMYSIMPORKA METOIA MATEMATHUCCKON HIIYKLHM 1HOARY-
aack i rpakrare Traite du Triangle Arithmétique" dbpaniysckoro mare-
mMarhka # puaocoda 17-ro sexa Buesa [lackans. Dra koporkas pabora
Oouia nanucana B 1653 rony, Ho ne nybiukosanacs 1o 1665 I'0J14, TAK Kak
[Mackans ypamines (s Bospacre 25 ner) or MATCMATHKM, STOBH N0CEA-
IHTL CBOH Tagant peaurun, Bro roukuil ananus cpoiters OHHOMHAILILIX

K{>'_:r]‘.’];]1’.l!_l:‘._.'ll' 'O HOMOD 38J0MHTHE OCHORLI 'I'{‘.l"JllIl“ f'.\".I'!f"J;I'J HocTred.
1.4. 3Banaan

1. Hoxazarh, yro pua n > 1

; .r.'\ n o8
Ifa;] : < TOTJa M TOJLKO Torda, korua 0 < k < —=(71
k/ k+1 2
L);
I'd
) n "
L_|}J (l (j Ll TOLA B TOALKO TOA, KOT/Aa 1 HOUCTHOC W

2. HokasaTh, 9T ccny n = /

&0 _{n—2 | I}(I?'r. St fipgass 3
(\!\:J T\ “Nlg=dif ( k




3. Hokazars, 9ro echid n = 1, TO cnpaBeijiusbl paBeHcTsa:

@ () ()¢ () () -

VYkazanue. [lpuvennrsh ONOMHANTBHYIO TEOpeMY JIJA Clyqast

a=b=1,

06+ ) )
02220 () -

VYkazanue. [lpumenurs GunoMuaahsuyio Teopemy naa n(l

” n—1 ;
by, korma b = 1. Yuecrh Takmxe, 4ro n ' (k +
) \
0" )
) k )

sy
} .u.) ik ('_,'1 } R “!n(n o,
Y, Ay n,
7 )
)+(
/ 2

(N
: :
© (5
Vrazanue. Wcnonpsopars 3anaun (3a) u (3b)

0

1
5

¢ ‘n\ “n /n\ n n'
f +()l { -I-( + )l“--—
) (1) 6, \1/ "\3/) \b
-)J‘J 1
JoxazaTs, uTo ecnu . = 2, 10

Vxa3anume. Mcnonbsosars uingykuuo y npasunio [lackans.

(b) C nomoupio zazaun (4a) u Toro daxra, 4ro

L fm 5 o
2 5 Lmo=m" ecnum =2
\ 2

1.5. PanHas Teopusi 9UCe

Ilepes TeM Kak nepeiTi K JIETAILHOMY OIHCANHIO HPEJMETa, Mbl JIOJIHC-

HbBl CKa3aTh HECKOJNLKO CHOB O HaAYalC TCOPHH HUHCOC. _|I(‘-()|_IHH qHCeN
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ABAACTCH OUNOH W3 cTapelinmuy sernell MaTeMATHEA. B 1o BpOMS KAk
BCPOATHO, 110 I'PEKH B 3HAYHTENLH0H Mepe obazannt Basunony u Eru-
TY BUAINAMYE HCPBOHavalbHoR HHOPMATINY 0 CBOACTEAX HATYPATLHLIX
GMCE, TIePBHIC 3aUaTKI HacTostueil reopui obLMno npuuscwmsaior 11n-
dharopy U ero yHeHuKaM.

Hanm snanua o wusny Hudaropa Apisaiores CKyIibIMHM, ¥ Mbl MO-
KEM MAJIo cKazarh 0b aroM ¢ kakoit-mubo yeepennoernio. Qu popuincs
smoezay 980 u 562 rojom o pomsecrsa Xpucrosa na Camoce 0CT-
pose B Dreickom mope. Beposruo, on ofyuadics ne tolbko 5 Brunre,
110 u B Basunone. Koma Indarop sepayica nocne miuorux aer erpau-
cremii, on names yao0n0e MecTo IS NIKOJIbI M, HAKOHEIl, YCTPOUNCS Ha,
Kporone, npeycnesaioneh rpedeckoil Kogouud 1a Branpaickom "cano-
re!' (Anennuuckuit nosnyoerpor). Hlkosa cocpenorounnach na geTnipex
mathemata (npesmerax obyuctus): arithmetica (apudmernka, cxopee B
CMBICHE TEOPHH YHEEJ, A HEe HCKYCCTBA BRIMHCenvil), harmonia (Mysui

'l

geometra (reomerpus) n astrologia (acrponomus). Takoe nenenue

SHAHWH 1A 'l("l'h[!l(‘. JACTH CTaJlOo U3BeCTIHO B CpCOlHEC BCKd KaK (11]}!.(1“\"‘—
lum, K KOTOPLIM N004BMI JOIHKY, DPAMMATHKY W PUTOPHKY. DTH ceMb

CBOBOAIBIX HCKYCCTB CTalu HeoOXOAuMEIM Ky peom obyuelnst st obpa

sopananx ami. [adarop pasgenun tex, kro uocoiad ero Jekuun, Ha

ABe rpynnbl mensiryeMsie (Man cayurarenn) w madaropeiti. [locue
'I']}CK Jer of 1"-;"”‘”[1” l'..'l_\f]1|EJ.'I'(_'..II|--| MOITH 6|=|'I'J; HOCHBALIUCHL] B ||H(|)'r'LI'{'JI‘.I(_‘H
Ibl, KOTOPLIM HOBEPAIIH OCHOBIILIE OTKPLITHA HKOALL Lrndaropeiins o6-
PAB0BLIBATIE TCCHO CBAZANHOC DPATCTRO, WX KuTchcKue Beim Ouiu ob-
HPMH H BCOX HX CBA3BIBAJA KAATBA HE BLIAABATL CEKPETHI CBOCIO OCHO-
parend. Cyumiegersyer aerenja, wro 6onmansuii mucaropeciy VTOHYJ BO
BpeMs Kopabaekpytienust — nakasaude Hora 3a nyGIMYHI0e XBACTOBCTRO,
Oyaro on jobasin ABEHATATHIPATIHK K CIHCKY TIPABHILULIX TeJ, e
peancneninix Hundaropom. Bo spemena mupamiu nudgaropeiin Mmenn
JOMUIMPYIOLICE BAMAHKC B MECTHOM pykonojacree Kporona, 1o pocera-
rie B 501 rony mo poxaccrsa Xpucrosa npuseao K CMepTH MHODHX
uxX suigaomuxea npepcrasurenei. Bekope Guun rakake your cam Llnda
rop. Xors nojaruyeckoe piusine madaropefines Ouio TaxuM 06pazom
AIYAMPOBAHO, OlK IIPOAOIDKANIH CYIECTBOBATL Kak (bHUIoco(eKoe u
MATEMATHYECKOS 0DNIeCTRO 1o Kpalnci Mepe eule JiBa CroJieTns,
Hudbaropeinpt sepuiu, 4To Ko ¥ nocruxkenno Beenennoll nexut
B yKene u dopme, ux obmmi Teane — "Bed eory uneno". [og uncnom

OnK HOHUMAJIH taTypansinoe aueno. ndaropetinn cuwrany, uro jm
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PalonaJLnoro NOHUMAaHKWA lI]ll-f}}{J,‘Llsl JOCTATOMHO |]]’]fl?l.|]i'l...’|[r]'_]l'iE_][J[‘{l'['];
csolieTsa onpenenennuix unces. Joxrpuna lludaropa YIHBUTEN b
IHasd cMech f])l"l.]l()(‘.l](!}lﬁl HHW MHCTHIIMIMA, BHJL lf\\."l]t‘.[}f|_\;"!\.'T(!I)('}JI()I'HI[: KOTOpaA
CHH3BIBALT C KaXXIALIM MaTepHaJLILIM H JAYXOBHLIM SRJICHHEM OITpeie
nennoe vueno. Cpean ux paboT MBI HAXOAUM, 9TO 1 TPEJCTABISET [Tpu-
YHHY, 2 3AKPEINACTCs A58 MYy KYMHbL, 3 — 18 xeninuusl, Yncno 4 qns
nudaropeiines ObIO CUMBOJIOM COPABCITHBOCTH, DYIYYH MEPBLIM “HC
JIOM, ABJIKIOUEMCS NPOUBBEACHHEM PABIBIX, YACJIO § ACCOUUKPOBAIIOCE ¢
BpakoM, Tak KakK OHO ecTh cyMMa ducen 2 B 3 u 1. Bee yernbie uncha,
Hauupad ¢ 4, paccMaTpUBANIMCL KAK JKCHCKOC W 3eMHoe. Bymyum npe
MMYIICCTBCIHO MYKCKUM CooBIIEcTROM, MH(Aropefiunl paccMaTpPUBAITH
HCVIETHLHIE YHCTa, HavdYnllad C© EJ; KaK MYMCKOe K r}i)?{\'l’(";'[{i‘.[ili(}{!.

XoTsi 91U paccyKACHHS O THeHax, Kak Mogensax "semei" | ceitvac ka-
AYTCH JICNKOMBICHEHHBIMHA, CNEIYET HMCTDL B BUJLY, 9TO HHTC/UICKTYaJ bl
KJACCHYECKOT0 MPeYeCKOro neproa OLIY B 3HAYNTENLHOH Mepe BoBie
"elbl B (1)]‘1«'!0(\.0(_1'][1It_l W OHH 3aHUMAJINCEL YCTaHOBIICHHEM OCHOB MaTeMa-
THKH KaK CHCTeMLI MBIIIJICHUSA _,-IL._'I:".' [[11(1}1_1.|'[J]]}J. H ero yYeHukon Mare
MaTHKa OblLla B 31aYUTeNLHON Mepe CPEJICTBOM K HOCTHXKeHHIo (huiio-
coduu. Toabko ¢ OCHOBAHMEM alekcaljpHicKoll mKoNbLI Mbl BXOIHM B
HOBYI10 (hasy. rie MaTeMaTHKOR 3alMMAadHch Dajn Hee caMoil.

(.._.‘-.]'[(‘.I_."['_\-’I‘.']' OTMETHTL, 4TO MHCTHYCCKHC DA3MBINLICHWH 0 cpolcTpax 4YH-
cedl 6B CROMCTBEHIBI He TonbKo mHdaropeiiuam. B cpenuve Beka o
ol n3 abeypaubix GopM TaAKUX pasMbiunenuil Onina neepnoHayKa, Ms-
pecTHas Kak gematria mon arithmology. lpua srom kaxoit bykse anda
BUTA CTABUIOCH (HEKOTOPLIM 00PA30M) B COOTRCTCTRUC THCIO, & CIORY
CYMMa YHCeN, COOTBETCTBYIONMX BykpaM, obpasyloumm 370 cioso. C
TOYKH 3PeHUdA !{E‘![]El.r-ri}‘., JBa CJIOBA 9KBHBAJICHTHLL, €CJIW COOTBCTCTRYIO
ne UM uucia pasinl. Bee aro, Bepositio, naunnanocs B apesnel I'pe-
IMH, COe ecTecTienibil opsnoK DyKB B amndapute Japasi KOJMPOBKY
¢ noMoNILIo yucel: Bykse a B andanure coorsercrsyer 1, [ uncno 2
u .. Hampumep, enopo "amunn"no rpeueckw apny u 9TH BYKBBI
umesn anadenns 1, 40, 8 » 50 coorrercreniio , B cymMe — 99. Bo Muo-
rux crapbix u3gannsax Bubnuy qucno 99 0oaBAsANOCE B KONIE MOJHTBEL.
Haubonee u3pecTabiM uncaoM Onmio 666, "yueno 3pepa’, ynomsanyToe
B Anoxanuncnce. Bo spemena Pedopmanum mobuMbiM passicueHueM
KaTosuueckux Gorocnoson boia paspaboTka alhaBHTHBIX CXEM, B KO-
TopbIX 1Ko 666 yeranasnuBajock 3a umenem Maprun Jhiorep, 5 caasu

¢ HeM 3TO NOJUIEPHKUBAI0 WX yOexK JileHne, 110 on Boljl aHTHXPHCTOM. Jlio-




TEP OTBETHI TEM JKe! OH Hamen CUucTeMmy, B Koropoid dueno 666 crano
MMENeM 'OCHOJICTBYIoero nanst, Jieo X.

} Anexcanapun, a ve B Aduuax nayka o Yueiax nadala passHBaThCs
B oTpbise 01 Muctuky uw dugocodun. Lowrn Toieauy ner, 1o paspyiie-
Hust apabamu B 641 rojty Hameh apel, AJeKCanIpUA OCTABANACL KYJIh-
'T'_\_"l)l[];il\/‘u M 'I‘f'J!I"l'P]HJM Ll(?”'l"}l\'}l\«"l SJIHHHCTHYCCKOTD MH k. (1!()(7.:[('. IaJ1e-
nist Anexcanjipan SonLUIMICTEO €@ 1Ko nepeMectiiock B Koncran-
TuHonons. B reucune cnegyionmx 800 ner sror auknap b KoneranTu-
IIoImoae IJl‘l}UL(‘lJ}]".HliElJ[ MAaTCMaTHYCCKIG |H].E‘1f ITEI PPCYCCKIX F"R(L.‘l,} T}\I\'
HAasLIBACMBIN ajexkcanapuitckuit Myseil, NpeaiiccTBCHIMK COBPEMCHHOTO
yuupepearera, cobpall BMECTE BeAYIIHX TOATOR N yUeHbiX, a ero bubnuo
Teka Hacturhinana espiue 700000 vomos. Ms peex soyaommxes umen,
CBABAnNLIX ¢ MyseeM, nMs Eexaunga (350 ner jo poskyecersa Xpucrosa),
OCHOBATENA MATCMATHYCCKOR KoAbL, cTouT ocobo. Tocnenyommue no-
EKOINeunsd CcTaday 3HaTh ero Kak aBTOpa I.i'lil'li-l-._lln: ("1'J|IJl?i‘]ll|i?|'() I'pevecKo-
10 TPAKTATA, Momeamero 1o uac nonnoctsio. "Hauanaasnaorea KoM-
MUAALHE! MIOTHX MATEMATHYCCKUX paboT, cODPaHHBIX B TPUHATIATE
gacredl WIH KHUT, KaK Onu Terneph naswisaiorcsd. ¥Mims Esknuia uwacro
CBA3BIBAIOT TOMALKO ¢ reomerpueit, 3abbipad, 1ro rpy kunra (VI VIII
i IX), mocoamens reopun unce.

"Havana"Eexiauja seisuores BLQIOnaMes ABIeiieM B MEPOBo#d J1H-
reparype. Epsa ny kakag-nubo apyras kunra, kpome Bubuum, spisieres
bonee pactpoctpaneniol nan sntacmoit. Co BpeMen neproil nybirka-

nun B 1482 ropy "Havana'Beineprkann Bosiee roicsun u3nanuil,

1.6. Samaun

1. Kaxcnoe wz wucon:
1 1,3=1426=1424+3,10=1+24+34+4,...

ABNACTCA TUCIHOM TOUEK, PABHOMEPHO DACIIPEACIEHHLIX B PABHOCTO-
POHHEM TPEYTONLHUKE:

Jpesime rpexu nogroMy nasuisaiy 9T yucaa mpeyzoavisimy, Oun

-

ABIATOTCA CYMMOIL HoCTeoBaTeNLibIX Ynces, naunnag ¢ 1. Jloka-
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. Buipectn cnen

nl i ] W 2 1
. (:-1_‘1 Ecan 2n° + 1 sisngercs TOUHLIM KBaJpaTroM, ckaxenm 2n” 4 1 =

3aTL caeayioummne cpoiicTea TPEYTOJTBHBIX HHCEN:

(a) Yucsio asaseres TPEYTONLHLIM TOIIE M TOJLKO TODJIA, KOTIA OHO
nintl)

UMEeT BWJI - s wexkoroporo n 2. (Iludarop, 550 ner go
1.9.)

(b) Yucno n apasierest TPEYrodbLIM TOLAA M TOALKO TOTIA, KOTJA
8n + | asasercs TrounsM Keagparom. ([Liryrapx, 100 ger 1.3.)

(c) Cymma moOBLIX [BYX HOCAEIOBATC/LHBIX TPEYIOJILHBIX MHCE
eCTh TOMHBIN KBaJparT. (} lukomaxy, 100 ner u.3.)

(d) Ecim n — Tpeyronbnoe 4ucsio, TO TAKOBLIMY SBASIIOTCH U THCIIA
On + 1, 25n + 3 v 49n -+ 6. (Ditaep, 1775)

. EBenm 1, oboapagaeT n-0e TPeyroJaLioe YMelo, JM0Ka3aTh, YTo

r -+ 1
Ill'h' - ( ) 5 |r? = l .
2,

VIOHYIO (POPMYIY s CYMMBLlI TPEYPOJLHLIX HUCEN,

HPHITHCBIBACM Y IO M uiickomy MaTemaTuky Apbabxara (500 net n.3.):

n{n+ 1)(n+ 2) .
R T N PR (e == L _ns 1l
)

Ykazapue, CrpynnupoRaTh €AaracMeie B JeBoil TacTW napamy H

YUECTh, 4TO L1 + Iy k-

. _."‘Ll‘f-:}].:il.'l‘lu.l HTO KBaJpa'l .lI‘.i(J{’J"..’ HEHETHOrO YHCA, KPaTIoro Yuciy

3, cerb pasHoCTL JABYX TPEYTOALHBIX uuces, bonee Touno: 9(2n A

1}" f!ln L4 = j':".u 1

B nocaenoparenvuocty £, t9, ..., Ly, ... TPEYTONLHLIX YHCE] HAHTH:

(a) npa TPEYrONLHBLIX THCEN, CYMMA W PASHOCTL KOTOPBLIX ABJAOTCH
TAKIKE TPeyroJibHbBIMH HHCJIAMH,

Hn} TPH HOCHEAOBATENLHBIX TPEYIOJAbHLIX YHCIA, IPOU3BEICeHHEe KO-
TOPLIX €CTL KBaJpaT,

(c) TpH noOCAEIOBATCALHLIX TPEYFOALIBLIX YHCHa, CYMMa KOTOPBIX
eCTL TOYHBIH KBAJPAT.

m?, To fm.'u.}) SBJIACTCS TPEYroNLlbIM dncaoM. [JokaszaTs a1o
YTREPAJICHHC,
(b) Uenonnsosars yreepxpaenie (6a), urobul naliTy Tpu mpumepa

KBaJIPATOB, ABAAIOIMIHXCA TPpeyrofhibiME YHCITAMH.
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I'nasa 2

r.FC'-OpV[?I HACJIMMOCTH IIEJIbIX YUCCJ

Lenvie yncna spasoTCH
HePROMCTOYHHKOM BCeli MaTeMa-
THKH.

. Munkosckui

2.1. AJagropurMm aeneHud

.\:"Ial Hayydpaen 3ToT naparpad ¢ yreepx 1enya, ABasiomenrocs ocHOB-
b . ¥ 1
HLIM

3 TEOpPHH YHCeJ, ¢ alTopuTMa JCHeHnHA., -rT-]'I'f}'I' pe3viicTaT SHarkoM
iii}.ll[\lill1("i BY H3 BaC H IIEIl![‘)..‘]I-‘.'EII'i'l"..-‘!l:III.J o1l yTBCpHJlacT, 4TO LICJ0Ee YHC

10 a MoxHo "paziciants"Ha HaTYpansioe ycno b rakuM obpazom, uro

OCTATOK Menne, Yem b.
Teopema 2.1 (Anropurm gencuua). i saganubix nensix a,b, rye
b > 0, cywecrsyeT efHiCTBCHIAA NAPA LHEeAbIX YHCEN ¢ W T, YJIOBJICTBO-
PAIOILIHX YCJIOBHIO

a=>bqg+r 0<r<hb.
[lenpie uucaa ¢ ¥ 7 HA3BLIBAIOTCS COOTBETCTRCHHO (HCHOMHLIM) YACTHBIM
1 OCTATKOM IpH JeNenny a na b,

Hokazarenscrso. Jokaxem cnavalia, YT0 MHOXKECTBO

S={a—zb|lxz€Z, a—2zb=0}

nenyero. Jdns aroro jocrarodno HaiTi nenoe x, genaoiee a — rbh ueor
putarensaeiM. Tak kak b 2 1, 1o |alb = |a

H, TAKUM 0DpazomMm,
a—(—lalb) =a+|alb 2 a+lal 20.

Cnegosarenbio, ccam © = —|al, vueno a — xb € 5. Bro nosponseln

II[JHM(‘.TIH'I']- NPpHBIADI HOJIHON YIOpsA HOY9CHITOCTH, H3 KOTOPOIro claenyer,
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MTO S CONePHAT BauMennimil anement. ObospatrM ero gepez 1. Lo

ONpPEICICHHIO MHOXKECTRA 5 CYIICCTBYET 1IEJI0E § TAKOE, YT0
r=a-¢gb, 0L
Mot yrsepxiaem, 1o o < b, Ecau 611 310 661210 He TaK, tor = bw
a—(g+Lb=(a—gb)—b=r-5b20.

Caepcrsuen 31oro dbakra aBIsgeTes NpUIALICKIOCTL THCIA @ - (g+1)b
kK 5. Hoa— (g4 1)b < v, wro peger k npoTuBopedmio (r — nauMenninee
yueno B 5. Takum obpasom, v < b.

Hokaxkem eppncrsenuoerh naps Heen ¢ u 7. [Tpeanonoxum, wro a
UMeCT JBa IPCICTABJICHIA:

a=gb+r=qgb+1r

med<r<b 0<r <b Tomar —r=(q¢g—¢)bu

il ssaliay ) y
fr' — | = blqg — 4]. (2.1)
Tenepn, cknajmsas nepasencroa —bh < —r < 0u ) < ¢ < b, HoayuumM,
-b < —r <b re
|r" — 7] < b. (2.2)

W3 (2.1) u (2.2) sakmomaem, yro
blg —¢'| < b,
OTKY 18 CACIYCeT, 9TO
O0<lg—qgl <1

Tax kax |¢—¢'| €N, 1o |[g—~¢'| =0n g =¢'. Ho ' — 1| blg—q'| = 0.
(.?--"1‘1'-JLl}l.’-EJ.'I'i'.'JII:HfJI. u 1 =7r'. Teopema nonnocrnio nokasana.

Bonee obmast sepenst Teopemur 2.1 MONyuacTes [Py 3aMene VOB

! ] 3 R

B b€ N na rpeboganue b £ 0,

Cuepernue 1. Ecan a w b nenie, npuyem b £ 0, to CYIICCTRYET OTHT-

CTRCHHARA Tapa Helblx Yucen g H T TAKHX, 4YT0O

a=gb+r, 0<

Hoxaszareascrpo. Jocrarouno pacemorpers caydat b < 0. Torna
[b] > 0 1 TeopeMa aer exuBCTRONIYIO APY THCe q' Mo, I KOTOPLIX

a=qbl+r, 0<r<]b.
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Viureieag, uro |b| = —b, MLl MOXKEM NONOXKKTL ¢ = —¢' W TONYIATL
a=qb+r, O0<r<|b.

(:,FF('.,;'U'.'l']iM[' NOoKa3ano.
/1\

Jlns mamocTpanue anropuTMa iesicHus B cnydae b < () paceMoTpuM
HECKOJILKO [pHMEpon ¢ b 7. Torpa, Bwbupas a = 1,—2,61, —59,

HOJIY 4 HM:

Pacemorpum anropurM AedeHus B cayvae b = 2, 1py KOTOpoM BO3
MOKIEI fBa ocTarka: = 0 u r = 1. Ecnu r = 0, To tenoe a uMeeT BHL

a = 2q u ono naspipaeTes vEmnnm ducnoM. Korpa r = 1, To nesoe a

umMeer sl a = 2¢ + 1 1 ono nasvisacrest Hewémausta uctom. Hanee, ec
mb =2 10a* = (2¢9) = dk nom a® = (2¢+1)? = A(@P+q)+1 = 4k+1.
Takum obpasoM, Npu JAeacany na 4 KBajpara Henoro 4Heia BOZMOXKHbL
apa octarka: 0 wan 1.

[lokaen Teneph, 9To KRapaTt M0HOTo HEYCTHOTO YHCITA HMeeT BWJL

8k +1. CoryracHo aaropuTmy AescHust, 11000e LEJI0E THCI0 MOXKIO HPEL-
CTABHTE OnHUM Ha cnocobos: 4q,4q + 1,4q + 2,4 + 3. Cpenu nux
neuérnsie pmeior sug: 4g+1, 4g+3. Hocne pozreiennda B kBapat nomay-

qum (4g+1)% = 8(2¢°+q)+1 = 8k +1, (dg+3)* = 8(2¢° +3g+1) +1

8k + 1. Hanpumep, 72 =49 =8-6 + 1, kax 13% = 169 = 8- 21 + 1.

3aMeTHM, HaKoHEeL, uTo TpeboBaiue HEOTPHIATENLHOCTH OCTATKA 1
ABNACTCH cyllecTBennbiM. Bes 9Toro orpasuienus JoKa3arh CJiM HCTBCH-
HOCTD Hapbl (g, 1), YIOBICTBOPAIOEH COOTHOUICHIIO

a=bg+r, 0<r] < b,

YIKe HEeNb3sl, KaK 10KaauBacT cuenylomui npamep. [lyers @ = 15,6 = 4.

15=3-443,
15=4-4+(-1).

B mepsom cnyuae ocTaATOK T = 3, 4 BO BTOPOM — 1" —1. B obonx

cayuanx |r| < |b|. Dra HEOLHOZHAMHOCTL HHOLJA OKASBLIBACTCH HONESHOH.
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w2,

1

- Hoxkazarn, uro

3amacin

[Tyern a,b € Z,b > 0. Hoxazarn, uro CYNECTBYIOT eUICTREH HA
Hapa UeAblX YHCE ¢, 7, YIOBIeTBOPAIOUINX YCIOBUIO @ = qh+7, rie
b Bb;

. Hokazars, 4ro moboe wesoe vupa 6k + 5 MOXKHO TDPEACTABUTL B

chopme 3+ 2. Obparnoe yrsepxjicHue nesepro.

. C nHoMombio anropuTMa Jeaenus JOKa3aTh:

(a) wampoe veuérnoe uncso umeer sug 4k + 1wy 4k + 3

{b) KBagpar 1106000 NEAOTO MOXKIO NPEICTABHTL MIM KAK 3k, wnm

3k +1:
¢) kyB moboro uesioro ecrs wnu 9k, waw 9k + &:
\ ! - 1

n{n+ 1){(2n + 1) _
e yPhe 2 1, apnderes MensM auc-

MTOM,

Vrazanue. Yuceers, uro moboe & MOKHO NPCACTABUTE OJUIHM H3

cuocobon: Gk, 6k -+ 1, 6k + 2, 6k + 3, 6k -+ 4, 6k + 5

Hoxasatn, 4ro eciin HeNoe THCIo SBIHeTCS OJIHOBPEMEHHO KBAJIPa-

ToM U Kybom (Kak B cayvae 64 = §2 = 4%}, T0 ero MoxKHO npejicra-

BATL WU B Buae Tk, wnn 7k - 1.

. Jokazarn CHeJIYIOMY IO BepCHIo anroputMa peqnenva. s nennix a

w b, b # 0, cymecTsyioT eguHCTBENNAs 1apa NHeILIX YHCed ¢ W T

| |
TAKUX, IO G = r, ) < =
MCHX, 10 @ = gh 4 7, rie __,[E] <r < 5l
Vkazaume. [lpegcrasutn a b ouge: @ = ¢'b+1', (0 < o' < [b]. Econ
1 1
) = i HOMCUT " ! U B 1y B < e | hl
0 < v < =|bl, nosoxkurh 1 rug=gq.EBuu - < v < b,

nonoxutL r =1~ |blug=qg +lLecmb>0uqg=¢g —1, ecun
b < 0.

Jokazarn, 4o uu oano ¥3 HeaLx B nocaeosaTennsuoery 11, 111, 1111

1 1

LITTL, 0vie simsigerea ToMnnmM KBajaparom,

Ykazamme. YCTaloBuTh, UTO KANCILI WIeH HOCHE0BATeHbHOCTH

nMmeer su)l 4k 4 3.




2.3. Haunbonemuit obmmii genurennb

p-"l.l‘f(‘fMl)'l' MM Cavdalt, Koraa noche NpuMedHeHn s aJIropHTMa JeJeHnsd
} A | P!

nosydaem r = 0,

Onpenenenne 1. Bydem zosopumn, wmo yeaoe wucao b deaumea na
yeaoe wucao a, a # 0 (obosnavenue alb), ecau cyueemayem nexomopoe

ueace ¢ makoe, wmo b = ac. Bydem nucamv a 1 b, ecau b ne deaumca

HA Q.

Hanpumep, —12 genurcst na 4, tak kak —12 = 4(—3), oxnako 10 ne
HEJHATCH Ha 3, TAK KAk HE CYHIECTBYET HeJoro ¢ Takoro, yro 10 = 3c.

I.'I II.HS'I BBEIPAACHUWH JIEJTHMOCTH L’ Ha & TTPHMCHHIOT TaKHKC ,.'i'I)'\,"!'I-'If‘. CJIOB#H. ”fn’.
apnAerca jgenuteneM quciaa b, "a apnaercs Muoxkutenem (akropom)

uncna b"."b apnaercs aucsoM, kparnniv yneny a',

FEenu a apusercs gendreneM 4ucaa b, to b genwres Takxe na (—a)
(n3 b = ac cneayer, yro b = (—a)(—c)). Takum obpasom, gejuTesn Yuc-

Ja peerga nosisasioTea napamu. Jng toro, wrobnl nallty Bee jlenureny

eJION0 Yuchna, JoCTaTOoYHO HalTH NOJAOKRIeNLALIC JeJIHTCI W 3aTeM
IMPHCOCIMHHTEL COOTBCTCTBYIONIHE OTPHIATENLHBIC YTHCITIA, Ilt) ITOH mph-
YHHE Mbl =.:flhi'i]|1:!',-_\-'_'I{'M OrpalHYyYuBaTLC HONOMHTENLHBIM JEJIUTCIAME.

(:..’If‘/!‘_\" HOLLEC YTBEPAICHHE ABAACTCA NPOCTBIM CJICHNCTEHEM OlTpenee

nuA 1

Teopema 2.2. Jlng nensix a, b, ¢ cnpapeusLl cienyomee:
] } (}.|f}. | jr:.‘ r:|(!.,

2) a|l Toraa u ToabKO TOrNA, Korga @ = +1

3) Ecnu alb u c|ld, To aclbd.

4) Ecnu alb v bc, To ale.

5) alb n bla Torga n TonLKO TONIA, KOMIA 4 kb,

< |h

7) Ecnu alb u alc, To a|(bx 4 cy) past NPOMIBONLABIX HEJABIX YHCEN & H

6) Eciu albn b # 0, 10 |a

Y.

Hoxazarenscrso. Jokaxem yrsepkeis 6) u 7), ocraibHbie ocTa-
rUM, Kak ynpaxuaeaue. Eciu alb, 1o b = ac qus nexoroporo nenoro c.
Tak kak b # 0, To ¢ # 0, cnegoparensuo, |k| = 1. Takum obpazom,
lb] = |ac| = |alle| u |b] = lal.

Ilepexons K JOKa3aTeaALCTBY 7), 3aMeTaM, uTo U3 yenosus alb u alc

clieJiyeT CYIUCCTBORAHHE LENBIX ¥ H § TAKHX, 4TO b=aruc=as. Ho
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TOra
bx 4 cy = ara + asy = al(rz -+ sy)
upn mobbix nesavix x u y. Taknum obpasom, af (ba + cy).
3aMCeTHM, UTO yreepxaenue 7) npeaniiyineit reopemi pacnpocTpa-
nAeTed mo MHAYKIHYE ta cayqai bojgce, yem Jipyx caaraemoix. 'To ecrn,
ecou alby, k=1,2

oy T2, TO

y e

al(byxy + boxg 4 - - 4 bay,)

ST HOOBIX 1eNBIX Ty, Lo, ..., . Beau a u b nporzposnibic uenne duc-
Je, PO POBOPST, YITO H2noe Yoo {f{ ABNIACTCHA (?l'rﬂ-e’r’{'H,A-f. {i{'.‘.ﬂ?.f.???f‘.-‘?-(u'f. THCCH
au b, ccov dio v dlb. Tak kak 1 annsercs genwreaeM Kaskaoro HEJI0T0
gyueaa, To 1 eers 0bImEi penuTens ueen a v b, CHENOBATENLIO, MHOXKC
CTBO HOJOKUTENLHLIX 0bmux geanteneli ducen a v b nenycro, Samerum
renepn, 9ro yueso 0 genures wa moboe nenoe MHCIo, CACHOBATENLIO.
ccin a = b = 0, To KaXKI0e 1EA0e ABAACTCH HX OOLMM JeNHTeNeM 1 b
ITOM HPUMEpe MEOKECTBO NOJOMHICALILIX 00uX gennrenell Tucen o
n b beckoneuno. Ecin xe 1o kpaiineli mepe omno w3 auces a u b orm-
o ot 0, 1o CYHIECTBYET TOJLKO KOHEYH0Ee MHOMKECTRO MOJIOMKUTENLHELIX
obwux fesurescit. Do UPHBOINT K CIACAVIOIIECMY OHPEACTEHUIO.
Omnpenenenue 2. Hyemy a u b ULADIE “UCAL, TOmA Ob. 00M0 U3
KOMOPHL omannno om uysr. Hauboavuiusm obuum deaumenem wicen
a u b, obosnarnaemum wepea HOM(a, b), Hasweaemes noaoscumMenvHoe
yeaoe Hueao d, ydosaemeopaou,ee YeaoGuam:

1) dia u dlb,

2) ecau cla u clb, mo ¢ < 4.

ITpumep 2. Tonokurenninivu geanwreasmy ducia — 12 asiasnores
unena: 1,2, 3,4,6, 12, a nonomurennsnbimy aennrenamu uueha 30 sap-
agiores ancna 1,2,3 5,6, 10,15, 30. Chenoparennio, obmue monomiu-
Teabunie gennreny sneen —12 u 30 obpazyior ykena: 1,2, 3, 6. Tax kax
6 — wanbonpwee us srux uncen, 1o HOJ(—12,30) = 6. Takum e
obpasom MOXHO nokasaTh, yro HOJ(-5,5) = 5, HOJ(8,17) = 1 u
HOJI(-8, —36) = 4. Caejyoman Teopema N0KA3LIBACT, Y4T0 HOMd(a, b)
MOMeT OLITL tpejacTaBien B BHAE JHHCHHOM KOMOMHAIMY udces a u b
(re. pBuge ax + by, e v,y € 7).

Teopema 2.3. Jlna sananunix uesuix ances a u b, xors 6w OO U3
KOTOPLEX OTIHMHO OT HYJA, CYMECTRYIOT TEJBIE THCIA & | {f TAKHE, YT0

HOM(a,b) = ax + by.
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I,-'I I‘('}K}‘l..'{i'l'l‘('..ﬂh{:'l'li(]. PEH'("’\-'IU'I'[N-II\-"I MHOMKCCTBO l“:“ COCTOAIICE B3 BCCX
OJOMHTCNLUBIX JUHCHHBLIX KOMDYHAIMH gncen a 1 b:

A

S={av+bv|au+bv>0: uvell

Cnauaga samerum, uro S # (). Hanpumep, ecin a # 0, o nenoe |al
au + b+ 0 upunamnexur k S, rpe Mbl Beibupaem © = 1, ecnn a > 0
nou -1, ecoiv @ < 0. B cuany npunnuna noaHol ynopagodeHHOCTH

MHOMKCCTBO S copeprkuT uanMenbiuy sneMent d. Takum obpazom, no
ONPEHCICHKIO MHOXKECTRA S CYIIECTBYIOT LEABIe & U ¥, JUIA KOTOPHIX
d = ax + by. Mur yreepxkaaeM, yro d = HO/l(a, D).

Hpumenun anropurm aenenus, uMeem a = gd + 7, 0 < r < d. Torpa

r=a—qd=a— glaz + by) = a(l — qx) + b(—qy).

Ecnu 661 sbinomisiocs fepasencrso v > 0, 1o 910 Gbl NPUBOJKIO K HPO
Tugopeunio, Tak Kak r € S u r < d. [loaromy r = 0 u d|a. Anayorutno
noayunm, uto d|b. Taxum obpazom, d ssnsercs obimM leuTesnem Ynce
aub.

Tenepn NPEITONOMKAM, YTO ¢ €CTh MPOU3BONLHLIA TOJOKHTENbHbIH
obuwmit renurens uncen a u b, Torpa yreepxgenue 7) reopemnt 2.2 no3-
ponacT 3aKmouuTts, uto cf(ax + by), To ecth ¢|d. C nomonguo yTBep-
aonenna 6) rolt ke TeopeMmut ¢ le| < |d| = d. Takum oBpazom,
d = HO(a, b). Teopema mokasana.

Samerum, 4To TeopeMa 2.3 He Jaet NPaKTHYeCKOro MeToA JIis OThIC-
KaHus © 1 y (B coBpeMeHHoi MaTeMaTHYecKo#l JMTepaType OHM HHOP-
Ja nassipalores koadguunenrtamu Besy). B pansneiuiem Mot npusejem
MCTOJ, NAXO0XMICHHA 9THX KoahdunuenTon

Canencrsue 2. Eciv a u b — uennle qucna, Xorst 61 Of(HO U3 KOTOPBIX
HE PABHO HYJ0D, TO MHOMXECTBO
T={axr+by|xyeci}
ecTh MHOMECTBO BCCX HeniX uneen, kparauix dueny d = HO(a, b).
Joxkasarenscrno. Tak kax dla u d|b, To (cMm. yreepxkuenue 7) reo-
pemit 2.2) d|(ax + by) ans seex z,y € Z. CnejloBaTeNbHO, KaX AL
sneMent 3 Muoxkeersa T ecrn yucno, kparnoe d. C ppyroi cToponb

d = axg + byg pust coorserersyommx o, yo € Z. Takum obpaszom, upe
n3BoOJLIOe KpaTHoe nd yucho d uMeeT Buj

nd = n(axy + byo) = a(nxy) + b(ny).




Caeposarensuo, nd € T' u cnepersue goKkazano.
Mosker cnyunries, 4o MHOKECTBO OBLMX AeanTeNel uices a u b
cocrour uz 1w —1. B arom caywae HO/l(a, b) = 1, nanpumep,

HO/1(2,5) = HOJ [(—9,16) = HOI(-27, 35) |
DTO OPUBOLUT K CleLy HOIICMY OIPeneeHHio

Onpenenenne 3. Jeo yeavix wucaa a u b, zoma 6s 0dno uz xo-

TH-!‘J:r.i'bt.;f.' QTG OTn HYAA, HAIBGANOMCR G3GUMHO NPpOCImmMy, ecau
HOJl(a,b) = 1.

Caenyiomas reopema XapaKTCPU3YeT B3auMHO NPOCTLIC YHCHA B Tep-
MHHAX JHHEHILIX KoMOunanmii,
Teopema 2.4. ITyern a u b neanie vnena, Torga a v b szaumno
NPOCTHIC B TOM M TOJLKO B TOM CJIYyYae, KOLJa CYIICCTBYIOT HEJbie & 0
Y, JUIST KOTOPDLIX

1 = ax + by.

Hoxazarennerso. T

s HOM(a, b) = 1, 1o Teopema 2.3 rapanrn-
pyoer CYIECTROBANTHE LHOJLIX “THCCH T # fjl' ‘, LI}H'I“]IS“IJ;iIIJHUI)\ YCNOBHIOG
L = aw+ by 1 nepsas 1acTL TeOpEMbI JJ0KAZAHA. Hpepnonoxum renepn,
470 | ax -+ by nas Ht:J(tP'['r:I)I-.I)\' x,y € LZwud=HOHd(a,b). Tak xax
dla w d|h, vo reopema 2.2 naer d|(ax + by), re. d[l. Tax kak d >
TO, pUMEHHE Teopemy 2.2 (yTBeprkjienne 2), sakmouaeM, 4ro d —
Teopewma jokasana.,

(15 zl‘
Caepncrsune 3. Ecan HOJ/l(a, b) = d, ro HOJI -J-, _r') 1
il

d
Hoxazarenwcrpo. Benn HO/I(a,b) = d, 10 5 cHIly Teopembl 2.3
e a b
umeem d = ax + by, x,y € Z. Cnenyer, uro 1 = T+ (= ]y, n
i (e i

OCTANIOCH TONLKO TPUMCHHTEL Teopemy 2.4,
B kauccTse npumepa npuMenenns Mocaeanero cuencTsus 3AMETHM,
uro HOJM(-12,30) = 6 u

- 12
HOJ[ —= “.}) = HOJI(-2,5) = 1.

Wz roro, uro ale n ble Boobmie ne caenyer, wro able. Hanpumep, 6/24 u
8|24, 1o 6 - 81 24. Onnaxo ¢ HPABEIVIHBO CIIC/YIONICE YTBEPIXK ICHHIO,

Caencreue 4. Ecim alc u ble, a HO/(a,b) = 1, o ablc.
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Joxaszarenncreo. Taxk kak alc u ble, To cymecrsyior uensie v u s
rakue, 4o ¢ = ar = bs. M3 ycnosna HOJ/(a, b) = 1 B cuny reopemer 2.4
sakgodaeM, uto 1 = ax+by, «,y € Z. ¥YMuOKan nocneanee pasescTio

HA ¢, HOJYUYHM:

c=c-1=clax + by) = acx + bey,
OTKYJIA CICAYET PABEHCTBO

¢ = a(bs)x + blar)y = ab(sz + ry),
Takum obpazom, able 1 cieneTBre IOKa3aHo.

Cremyiommti pesyJbTaT uMeeT dyizaMenTanbHoe 3naucHue.
Teopema 2.5 (Jlemma Esxnupa). Ecnu albe w HOMl(a, b} = 1, 10
ale.

Hoxasarenscrso. Havuem ¢ npumenenns reopembl 2.3 0 HaHInEM

1 =ax + by, x,y € Z. YMHOXUB 5TO PABCHCTRO HAa €, TIOJNYYUM
¢=c- 1= (ar+ by)e=acr + bey.

Tax kax alac u albe, 10 oTciona sakmouaem, uto al(acz + bey), T.e. alc
H TCOpeMa JOKa3aja.

}':('J“‘I a M h e siBaAKTCH B3aMMHO ]I[Jl ICTHIMH, TO _\_u"l']!('l).’l{)L(.‘l||r1(3 TEO~
pembl 2.5, BooDiie rosopst, HEBEPHO, KAK MoKasnipaer npumep: 1219 - 8,
mo 1249 wu 12 8.

Creyiomas TeopeMa NpUBouT K gpyromy onpejeneunnio HOM(ab).
F:J'tl ||!‘(.‘HM)-'l].[‘.f[‘.'l'lil) COCTOHT B TOM, HTO H[)H 3ITOM HEe H(‘.I!f'JJII';:j}"(‘.']'('.ﬂ _\_"l]“—
PANOMCHHOCTL Hesibix yuced. Takoe onpejeleHne MOXKHO UCIONb30BATE

£ E:IJII'(‘.(:li)iiﬁ‘!l‘('.l\'lix cHCTeMAaX, HC HMCIOIWHX OTHOUICHKS [TOPRs KA.

Teopema 2.6. [lycTb @ v b — jipa HeJLIX YHCaa, Xord Obl OIHO H3 KOTO-
lJI)IX OTJIHHHEHO OT “_‘!’Jlﬂ. “(Jf]()}'l\' HTCBHOC YHCITO I(l ABJIACTCH |121.H(il’)J||1[||HI\-§
U()”{HM r’l\(\.ﬂRTQJI(‘.M YUCEND O M IJ) ']‘l}l'(r_l‘il. H TOJABKOD 'I'U!‘,"lil: KO

1) dla u d|b,

2) ecaiv ¢

a u clb, To c|d.

Joxkazareancrro. [lycrs d = HOM(a, b). Torga d|a, d|b u sbinose-
1o ycaosue 1). B cuny teopemut 2.3 uncno d = ax + by nna z,y, z € Z.
Taxum obpasom, ecnn cla u clb, 1o ¢|(azx + by), 1e. c|d u ycnosue 2)
BLINOJTHEHO.

[1pesumonmKumM Teneps, 4To Buinosanenst yeaonnda 1) u 2). B atom cuy-
yae d spngercs obuwmM jgendreneM aucen a v b u ¢ < d (cM. yrB. 6)

reopemsl 2.2). Teopema nokaszaua.




2.4.

L
2.

10.
11

3anaan

Iposepurs, uro ecou alb, ro (—a)|b, al(—b) u ( a)|(—b).
st saganmnix a, b, ¢ € Z nposepurn, uTo:

(a) ecom alb, o albe,

(b) ecan alb w ale, o a?|be,

(c) alb Torna u Tonbko TORTA, Koraa aclbe, rie ¢4 0.

. Jloxazars wad ompoBePrIYTL YTREPIKACHUE: CCiln al(b + ¢), To unn

alb, nin alc.

4. Jloxazars, wro aas moboro ¢ € 7. onno ua uuces a,a+2,a-+4

nenuTest na 3.

¥xazanne. Coracuo anropurmy Jenenus, YMCIo @ MOYKIHO 1pe-
craputn B puge 3k, 3k 4+ 1 wnu 3k + 2.

() s npoussonnuoro menoro o ycranoputn, uro 2la(a + 1), a

3ala [{a+ 2).
(b) [l

Ha 4.

L3aTh, 110 HH JUIs KAKOTO HEeJOro ¢ Mucho a + 2 ve JIenuTes

. MMonwzysics WHAYKIMEeHR, JIOKazaTh, 470, ccan n = 1. 1o

]_) ‘Ir'|-‘_}.'5u 1u HJR.-’.H J- ?,

p—

- Hokasarn, yro eciv 24 a u 31 @, 1o 24|(a® - 1).

Hoxazarn, uro cupage s CACAYIOIINEC YTBEDHAJICITHS
(a) cymma xpaaparon ABYX HCHUETHDLIX YHCE] e SIBJISETCT TOUYHLIM
KBAJIpaTom;

(h) HPOHIBCACHUE YETHIPEX HOCICA0BATCALHBIX IEJLIX YHCEN Ha, ¢JIH-
WY MCHLIIE TTOJHOTO KBAJPATa.

. Jokazsars, wro pazuocrs ABYX HOCHCA0BATCALILIX KYOOR He JenuTess

Ha 2.

Hyers a # 0. Hoxkasars, wro HOM(a,0) = |a| n HOM(a, a) = |al.

- Hyerb a, b nenvie wncna, ne papusie nymo. Iokasars, uro HOll{a, b) =

HOA(—a,b) = HOMl(a, —b) = HOJI(—a, b).
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. Jokasarn, wro ecsiu n € N w a € Z, 1o yncno HO/ L a,a-+mn) genur

1, BBIBECTH OTCIONA, 4TO ]'l(),fl{u\f_s +1) =

. Hauwt a,b € Z. JJoxazarts, uyro:

(a) Cywecrsylor teasie & ¥ ¥, JU18 KOTOPLIX ¢ = ax + by torga u
ronbko Toraa, korga HOJ(a, b)|e;

(b) Ecnn az + by = HO/(a, b), ro HOM(z, y) = 1.

4, Hokazarsh, 94To MpoUaBEeine JIOLIX TPeX HOCACA0BATENLHBIX 1€

JIBIX MHCe)T JeJIHTCA 1A “ ITPONIBENCHHE ..’II(}E‘)MX HETLIPEX MOCJHE IO
BATCABHLIX HEJbLIX YHCCH JACJIHMWTCH [a 2’ [pouspecnve MyATH nNoclic

HOBATENLULIX HeJblX YHcen nendres Ha 120,

Ykazanue. Uenoansosars cneacrsue 4 Teopembr 2.4
Jokasars cleyonme yraepxenus.

(a) Eenu a — meuérnoe uesoe unucto, to 24|ala? — 1).
VYkaszanue. Bocnons3oBaThes TeM, 4To KBaJApaT HeYETHOIO YHC-
J14 MOXCHO NPCACTABUTL B BUIe 8k + 1.

(b) Ecnu a u b — geydrnue nenvie quena, to 8|(a® — b%).

(c) Ecau a 1e10e, KOTOpOe He ACHWTCH HM ua 2, uM na 3, To
24|(a* + 23).

Vkazanue. Beakoe nesoe 4Hesio @ MOXKHO UPEJICTABATL OJHUM
u3 cnocobon: 6k, 6k + 1,6k + 2,6k + 3,6k + 4,6k + 5.

(d) Ecnu a — nenoe uncno, To 360(a®(a® — 1)(a® - 4).

), Hokazars creaylomme ceoicTBa HauboJibinero obmero JeJuTens.

(a) Ecin HOM(a,b) = 1 n HOMl(a, c) = 1, ro HO/(a, bc) =
N’Ka:mnm:. Ta,h' kKak 1| = ax + by = au + av g HEKOTOPLIX
vy, v € 2, 1o 1= (az +by){au+ cv) = alz + byu) + be(yv).

(b) Ecoiu HOM(a, b) = 1 u c|a, ro HOM(b, ¢) =

(¢) Ecoimn HO/I(a,b) = 1, To HO/(ac, b) - Il{),-"l[f':? b).

(d) Ecoim HOM(a, b) = 1 u ¢|(a+b), o HOM(a, c) = HOH(b, c) =

YKaszanue. ilw ™ d = HOM(a, ¢). Torpa dla, tf|( OTCIONa CJIC-
ayer, uro d|[(a + b) — al, re. d|b.
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2.5. Ausropurm Epxnuna

Hanbonbiuit o6immit menwresns aByx 0ensix wHeed Mosxker Gorrh Hait-
JieH llv\"'f'l‘.}\-'l H\‘.‘.[]""'fH(I.f'('lILIH BCOX HONOHCHTCIBHBIX 'JIH'.E‘..‘L_ ACJISIIHY Kaxk
J0C M3 ATUX urced), ¥ BLbopa nanbonniiero cpean nux. Ho sro ennmxom
neynobuo s Gonniumx yucen. Bosee o hEKTUBHLI TTpoLICCe, BKIIOYA
01U TOBTOPHOE IPUMEHCHUe alropuTMa JENeHHsST, HPHBCACH B CCJlb-
moit kuure "Hauan". Xors CYHIECTBYIOT CBRACTCABCTRA TOIO, YTO 10T
MeTo OLIT H3BeCTEH ene JIo Epkanya, cerofigs ua mero cebliaiores Kax
na anropurm Esknuna.

Anropury Esknuga moxker 6L, oniean crienyomuy obpasom. yers,
@ W b — Jpa UeHbLIX MUCHa, s KOTOPLIX Tpebyerea naltu uanbon-
it obmuit genurenn, Tak kax HO)J [({a], |b]) = HOM(a,b), 10 Gynem
npeanonararth, 4o ¢ = b > 0. llepsbii war cocrouT B npuMencuun
anropaT™Ma penenud K a u b, Umeem

a=qb+r, 0<r <b

0, 1o bla w HOM(a,b) = b. Ecnu r; = 0, 70 umeem

b=gri+ry, 0Lrs<r.
Ecau ry = 0, To nponece OCTAHABIMBACTCH, B IPOTHBHOM CAYMAE MOy
YHM

m=gro+rg, 0L ry<m.
[pouece penenna npononkacres JI0 TCX HOP, IOK& HE TOSBUTCA HYJICBO
ocrarox na {(n -+ 1) mare, p KOTOPOM 1,1 JIGJIHTCS Ha 7y, 3aMCTHM, 1TO
PAHO WK TTO3AN0 NOSIBHTCSE HYJICBOHA OCTATOK, TaK Kak yOwIBaiomas 1o-
CAEJOBATCILHOCTE O > 1) > ra > --- 2 () ne MoXKeT COCPXRaTL Bodibie
qeM b neanix. B peaynnrare TOJIYYHM CACYIONYIO TOCHCHOBATCI bHOCTD
I)H.H"H(:'l'lif

@ = b+ 7,

b qary + 1y,

T = g3y + 1y,
Fpe2 ={uPn-1+71y, 0< Ty < Ty-nl
Tp=1, = In 17 1 {}

Mur yrsepakaaeM, wro ry,, NOCACAHHA HCHYACBON 0CTATOK, KOTODBLIN no-
AbnAeTCA BoaroM npouecce, pasen HOJ/(a, b). Hame nokasarennerso
OCHOBAHO HA CHEIYIONEH JeMMme.




Jlemma 1. Eciu a = gb + r, 1o HO(a, b) = HOJ(b, r).

Hoxazarenscrpo, Eciu HO/(a, b), To ua roro, uto d|a u d|b cne
IyeT, 4To {J’.:(_U, q-’;}, T.2. r."g'.!'. Takum obpaszowm, d ecth obupil njeauTens
yucen bu r. C JPYroil cropotbl, eciu ¢ NMPOU3BOILHLIA 0Duwit fie-

nurens gucen b u r, To c/(gb - CrnegoBaTennuo, ¢la u ¢ ABnACTCH
obumuM genuteneM yucen a v b, nostomy ¢ < d. Jlemma jlokazana.

[][)HM“HSI‘}I IH‘flfiX()','Ll'iM”(‘. HUCHO pas 3Ty JNEeMMY, MbI YCTAaHABJIWBAEM,
yro HOM(a, b) = HOJ(b,r) = -~ = HO(r,-1,7,) = HOL(r,,0) =
Ty YTO M TPEGOBAIOCH JIOKA3ATL.

Xora reopema 2.3 yreepxgaer, uto HOJI(a, b) MoKHO pecTaRuTh
B BHJIE QT + !]'.'If)'. €e NOKa3aTeILCTBEO He VEKasLhiBaeT, Kax HaliTH nedple
T U Y. Dror npoben socnonnseTcs anropurMom Eskampa. C noMombio

npeanocaegnero mara alropiTMa iMecM
n Tu-2— QuTn-1,
1]"“}\‘:‘;’,‘[@].._ },’”JHT'-]"H.WI 1O cornacio ‘(’l.-‘“'(l“”lri\l_\:
Fa—4 = 9n—-1Tn—-2 7T Tpn-1,
||{}..||_\:"|H M
: i o 5 \ (14 o Lf Yoo
I'n, T2 — ‘J’r:‘.’n -3 Gn-1Tp—-2) = |1 Hnlin J._}'r n=2 + L —4n ITn—3.

3To paBeHCTBO [PCIACTABASCT T, KaK Jnneituyio xKombunauuio ocrat-
KOB I'p-2 H Tn-3 11;):‘),10,-'|;~K;1,>1 3TOT Nnponecc, Mbl NOCHeIOBATEIBHO HC-
KJOYUM OCTATKM Ty | Ty -y P2, 71 M HPHECM K IPEJCTABICHUIO T) =
HO/H(a,b) B Buae nuue#noll koMbunaiuu <uces o u b,

Mpumep 3. llpumennm anroputm Esknaupa nna BLIMHCICHHS HAMH-

ponpiero obutero nenurensa uncen 12378 u 3054,

12378 = 4 - 3054 + 162,

3054 = 18 - 162 + 138,
162 = 1138 4 24,
138 =524 + 18,
24 =1-18 +6,
18=3-6+0.

Taxum obpasom, 6 = HOJ[(12378, 30564 ).




Hpeacrapum renepn uueno 6 B suge auneiinod KOMOWHAUMH yucen
12378 w 3054, Mu1 naunnaem ¢ NPCAIOCHSIICIO PABCHCTRBA W 1TOCIIEN0-
BaTelLHO MeKJvaeM octarku 18,24 138 u 162:

6=24—-18 =

=6-24 138 =

= 6(162 ~ 138) — 138 =
=6-162—7.138 -

= 6162 — 7(3054 — 18 - 162) =
= 132162 — 7 - 3054

= 132 - 12378 + (—535)3054.

Taxum obpaszom,
6 = HOJ(12378, 3054) = 12378z 2054y,

rie @ = 132 n y = —535. HyKHo OTMCTHTL, 4TO 5TO He eMICTBeH-
Huii cnocob npegerasnTh 6, Kak Junelinyio kombunanuio uncen 12378
u 3054, nanpumep, apyroc upencTasnenue MOJYUHTCH HOCHe Tpubanie
st pbivuraing yunena 3004 - 12378, Toraa nosyumm

6 = (1324-3054) 12378+ (-535-~1237

8)3054 = 3186-12378 t(—12913)3054

Ppavuysckuit maremaruk Jlama (1795-1870) aokasan, YTo YHEAO MALOE
+ anroputMe Epknuna we GoJsliie yeM qHeno UMpP B HAHUMEHBINEM W3
umEeen a u b, ymuokenuom na 5. B Ipumepe 3 nanmenniee us uucen a
b ecrs 3054, y xoroporo 4 uudpnt. Hostomy obuiee amcio Jesenui
< O-4 = 20. B pelicrenrensuocery nam norpebosanoct peero 6 neneHui.

Baskuniuv cienersuem anropurma Esknnia sisngercs cnenyiomee Y-
BePHKUCHHE.

Teopema 2.7, Ecan k > 0, 10 HOM(ka, £b) = EHO(a, b).
Hokazarennerso. Ecnu kaxoe u3 pasencrs n anropurme Epknuna
JaA aucen a v b ymuoxurs na k, 10 nonyvms
ak = q(bk) + rk, 0 < mk < bk,
bl = qu(rik) + rk

; 0 <k <k,

Top—gk =@ (rn1k)+rk 0<r
'n lk = ny [(_rn.;‘:) + 0

4




fcio, wTo 9TH PABEHCTRA CTh NpUMeHeHne anropuTma Esknnia K ync-
nam ak, bk v nanGonsmui oBUMA LeauTenL 3THX YTHCe ecTh mocheainit
nenynenoit ocratok, T.e. k. CregoparesibHo,

HO(ak, bk) = rok = EHO(a, b),
4TO B TPEBOBAJIOCH JIOKA3ATD,
Cnaencrsue 5. IIna moboro nenoro k # (
HO/I(ka, kb) = |k|HOO(a, b).

Hoxazarenwscreo. JlocTatouno paceMoTpers ciiyuail, B KoTopoM k <
0. Torga —k = |k| > 0 u no reopeme 2.7 nmeeM

HO/I(ak, bk) = HOJI(—ak, —bk) = HOJI(alk|, blk|) = |k|HO(a, b).
B kauecTse wimocTpaliy TeopeMsl 2.7 3aMCTUM, UTO
HOJI(12, 30) = 3HOI(4,10) = 3 - 2HOJI(2,5) = 6 - 1 = 6.

Cyecrsyer notsiTue, ABORCTECHIOE NOHATHIO HanboILImero obuero me-
JUTCs JIBYX 9ACEN, HABECTHOE KaK HauMmeHbinee obiee kpatioe. ToBo-
PAT, YTO HEJ0E ¢ eCTh 061Hee KPATHOE JIBYX HeHYJIEBbIX HEedbIX @ 1 b, ccnu

¢ u ble. Ouesupuo, vro 0 ecri, obiee kparnoe g aioboix a w b, daa
TOro, 4TohL! YHeIUTLCA B CYIICCTROBAHUN HETPHBHAJBHBEIX 0BIIMX KpaT-
HLIX, JIOCTATOYHO paceMoTperh ducna ab u —(ab), koropuie apnaores
obmumu kpaTubiMa a u b, SamernM, aro aubo ab, nubo —ab nonoxu-
renbio, C HOMOMBLIO TPHHLMIA HOJHON YIOPAA0YCHHOCTH 3aKII0TACM,
YTO MHOXKECTRO TONOMKHTCALILIX 0DIIUX KPATHBIX HeALIX a W b 1omK-
[0 COAEPIKATL HanMenbInuii anemMent. Mbl HAZRIBAEM €ro HaHMEeHbHIUM
obIMM KpaTHbIM a U b,
Onpeapenenue 4. Haumenvwee obuiee Kpomuoe dsys HENYAEEHT Ue-
A a u b, oboanavnaemoe wepes HOK(a, b), ecmo noaoscumeavnoe e-
A0€ T, YOOBAEMEOPAIOULEE YCAOCUAM.
(1) alm u bjm,
(2) ecau alc u ble, ¢ > 0, o m <«

Hanpumep, nonoxureivibie obimue kpaTunie genslx —12 1 30 ecrs
60, 120, 180, ..., caegosarensio, HOK(—12, 30) = 60.

SaMeTHM, YTO JUTS 3aAANHBIX Henynessix mennix yuecest a u b HOK(a, b)
seersa cymecrsyer 1 HOK(a, b) < |abl.

Kaxas csazp mexny HOK(a, b) 1 HO/(a, b)? Orserom na stor no-

Opoc ABAACTCH chaeyiolee YTBEDHJEeHHE.
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Teopema 2.8. JIns nonomure pibix HEJBIX @ W b
HO/(a, b)HOK(a, b) = ab.

Hoxkazarenncrso. [lyery d - HO/(a, b), Torya a = dr, b = d, re
ubh :
T H S o ueanie. Ronw m —1 T0M = as = rbu m apnsercs obuIHM
[/
KPaTHLIM JU1d a 1 b,
Tenepn nycrs ¢ ecTh NPOMSBOABLHOC HOJOKHTENLIOE UHCHO, ABIIO-

weecd 00MAM KPaTHLIM qucen a U b, Te. ¢ = au = by, Kak U3BECTHO,

CYUICCTBYIOT HEJbLIe

‘U Y Takoe, uTo d = ax + by, Caegosarensno,

c cd  olaz + w) ¢ «
— = Tl = )y =us+ VY.
m ab " ab b a '

Oraiona cnenyer, uro mle, nosromy m < ¢ Takuy obpazoM, m =

HOK(«, b), .c.
ab ab
HOKL B = o a2
JK(a,b) = m g O (a. b)

Teopema joxazana.

Caepcrvue 6. J1ng nannnix noaomurensnpx neisix au b HOK (@, b)
ab Torna W ToNLKO TOrNA, KOrA HO(a,b) = 1.

Teopema 2.8 103B0ASET BLIMHCISTL HAMMEHBITEE 0BITee KPaTioe Jipyx
HEJLIX HHCETT ¢ HOMOMBLIO HauboJibinero obuiero JACIHTENA 3THX THCI,
HTO B CBOIO OYepe/ib ONupacTea Ha anropury Eexauna. Yuurnipas pe

ayanrrarect n3 Hpumepa 3, nmeem:

HOK(3054, 12378) -?-UL)] il 6300402,
: 6

3amerTm, 1o nonsrHe HaBOALIEro obIEro AeaHTeS JABYX "THCCH MO-
AKET OLITHL PACIUMPEHO N0 TOHATHSA HAHOOALIICro 1eAHTeIs Bosee, uem
ABYX "ucen oesninniM obpasom. B ciyuae tpex uncen a, b, ¢, 1e see ua
koropux pasiu nymo HOM(a, b, ¢) onpepcansneres kax nonomurensuoe
Hesoe d, yJIOBICTEOPSIONIEE CACAYIONMM CBOHCTBAM:
(1) d apnsicren genureneM kaxaoro ua wreen a, b c.
(2) ecam ¢ peaur wmena a, b, ¢, 10 ¢ < d.

Hanpumep, ]'](Ml(.{{],tu,ﬁf ) = 3, HOJI(49, 210, 350) = 7.

2.6. 3amaun

. Hanrn HOJI(143, 227), HOJI(306, 657), HOJL(272, 1479).
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2. Halitm © u y, yIOBICTBOPAIOLINEG PABCHCTRY
(a) HOI(56, 72) = 56x + T2y;
(b) HOJI(24, 138) = 24z + 138y;
(¢) HO(119,272) = 1192 + 272y,
(d) HOO(1769, 2378) = 1769z + 2378y.
3. Jokazars, wro ecnu d asaderca obLUIMM JednTeneM unucen a u b, To
- f ; Sepon i/ | b
d = HO/I(a, b) Torna n Tonsko toraa, korpa HOJ [(_i "})
L 1
VYkazaaue. Ucnonbsosars Teopemy 2.7
4. llpeanonoxum, yro HOJM(a, b) = 1. lokazars, uro:
{a) HOHd(a + b,a — b) = 1 nan 2.
VYkazanue. [lycrs d = HO(a + b, a — b). llokazats, yro d|2a,
d|26. Taxum obpazom, d < HOJ(2a,20) = 2HOI(a, b).
(b) HOO(2a + b,a + 2b) = 1 unn 3.
(¢) HO/(a + b, a2 +b%) =1 uanm 2.
Vkazanue. o’ + b = (a +b){a - b) + 20°.
(d) HOd(a + b, a® — ab + b*) = 1 uan 3.

Vkazaame, a> — ab+ b* = (a + b)? — 3ab.

[

. Hyers a w b — nonoxurensunie neie, 2 1. Jokazars, aTo:

(a) ecnia HOM(a, b) =1, 10 HOd(a", 6™) = 1.
Vkazanme. Hcnonbsosarh penenue sajaun 16 a) ua naparpa-
a 2.5,

(b) Ecau a™b", To alb.
Vkazaune. llyers d = HOM(a, b), Torga a = rd, b = sd, rue
HO/M(r, 5) = 1. C nomowsio 5a sakmouaem, aro HOJ(r*, d*)

1. Tlokasars, yto ¥ = 1, orkyna ¢ = d.

6. IMyern a v b - nenwie, omnunyusie or vyas. JdokazaTes, 4ro caenyio-

I{e CBOWCTEA IKRUBAIEHTIbI!
7. alb,
. HOd(a, b) = |al,
). HOK(a, b) = |b].
10. Hairw HOK(143, 227), HOK(306, 651), HOK(272, 1479).

o0
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11, Hokasars, wro naunbonnuui obmuit nenurein HBYX HOJOMKHTEN L
HLIX HeJLX peeria ACITHT BUX HAUMEH LI U{’i[ll‘f‘.(‘. Kl‘]fl.’[']l()e.
12, [lycrbs a m b~ ppa yenwvix, orananwx ot nyus. Jokazars CIEJYI0-
LHue YTBCDACICH A,
(a) HO(a, b) = HOK(a, b) Torma u To1bKo TOA, Kora a = b,
(b) Ecnu k& > 0, ro HOK(ka, kb) = kHOK(a, b).
{c) Ecint m — npowssosnnoe obmee Kparuoe unces a u b, 1o HOK(a, b)|m
Vxazanue. llycrs ¢ = HOK(a, b). Cornacno ANTOPUTMY Jiene-

uas m o= gt + r, rae r < t. Hokazars, yto r — obuee

KpaTtioe a v b,

13, Hyers a,b, ¢ neavie, nukakmue Jsa 13 KOTOPLIX He PABHBI HYIIO, K
d = HOHM(a, b, ¢). Hokazars, yro

d = HOJW(HO/I(a, b), ¢) = HOJl(a, HOZ(b, ¢)) = HOJI(HO(a, c), b)

14. Hajirn uenvie yuena 2, y, 2, YAOBACTROPSIIONIE CCAYIONIEMY YCIO-
puro: HOJI(198, 288, 512) = 1082 + 288y + 5122,
Vxazanue. Ilycrs d = HOJI(198, 288). Tak xak H( )I(198, 28R, 512) =
HOM(d, 512), cuauaia nality weavie Qucns o u U, J18 KOTOPDLIX
HOJM(d, 512) = du + 512v.

2.7. Jlmodanroso ypasuenue az -+ by=-c¢

Hepefinem k naydennio nuodbanTosnx ypasnenuit. Hassanue HAHO B
aeerh MareMaTuka JQuodanra, koropurii BICPBLIC M3YUANT TAKHE YPAR-
nenns. Hpakruuecky nam nudero neussecrio o HEM, KPOME TOro, YTo
o kun B AdeKcauapun npHOIMEHTCILHO oKoo 250 roga 1.3. Xors
paborsl Jduodanta nanucain 1wa PPEUeCKOM M 011 JCMOUCTPUPOBAT rpe-
HECKUH TeNHI B TCOPETHYECKUX HCCHCAOBANUAX, OH GOJLIIe NOXOM Ha
QIUHTHU3HPOBARIIOIO BABUIOHIIA,

Masecrna snamemran pabora Juodanta noy nassanmen "Apndme-
THKa", KOTOPYIO MOXKIO CYMTATL OHAM H3 CAMBLX PAHHNAX TPAKTATOB IO
anrebpe. Coxpanunocs Tonbko 6 Kuur ua 13 nanucanipix Hnodanrom, BB
"ApudmeTuke MBI BICPBLIC HAXOIUM HCHIONB3OBAIHE MATEMATHICCKIX
0bo3HAYCHNY HCH3BCCTUAS BEIWIHHA B YPaBHCHHHW, CTCICHN LHCHIBECT-
HOTO, CHMBOJI [T BLIMHTaNMs M pasercrra. Obuiuio Tepmun anodan-

TOBO YPaBHCHHC MPHMCHIETCH K YPABHCHHIO C OJHHM HIH QONLITAM YHC-
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JIOM TICH3BECTHLIX, PCHICHHE KOTOPOTO MBI HileM B ueipix yucnax. Ipo-
crenmil T guodanTosa ypapHeHHH, KOTOPBIA Mbl Oy/eM paccMaTpu-

BATDH, €CTh JHHeHHOe AModanToRO YPaBueinue ¢ ABYMA HCH3BECTHLIMH:
ax + by = ¢,

rje a,b, ¢ - ganyple LeJbie YKea, TpuYeM a U b He paBibl HYIJIO O/iHO
speMento, Pemenns 31010 YPaBHCHUS €CThL Haphl UENBIX THCEN X, Yo,
JJIA KOTOPBIX @iy + byy = ¢
Hannoe nuneiinoe puodainToBo YpaBHenue MoOXKeT UMeTh HECKOJbhKO
peltenuit, nanpumep oas ypasuenus 3z + 6y = 18, umeem
3:44+6-1=18,
3:(—6)4+6-6=1§,
3:(10)+6-(—2) =18.

C apyro#t cropousl, ypasnenue 2 4 10y = 17 ne umeer uu opnoro pe
IneHnsH. %; CAMOM JIeJie, JIeBaAd 4acTh 3T0ro yl’}i-].!ilil?ﬂ]-”'i eCThH 'Tif".'l"!]f)(! HHOC-
a0 mpu moboM BLibope = M ¥ , B TO BpeMs KaK NPaBasi YacTh ABAUETCH
HEYMETHLIM “THCJIOM, .\‘-f‘..:]lli‘.lll‘. H RS | ])Et-'i[ll'-illﬁ MOCTH COCTOHT B (‘..ﬂl".l,"flyiﬂli!,QI‘»T.

I
_,-I—E!-Hl{l}'ri.ll'l OBO YpasHeuue ax + oYy = € UIMCCT PCHICHHE TOT A U TOJBKO TO

raa, korga die, roe d = HOJM (e, b). Mur snaeM, uto cymecrsyior uensie
YHCA, 7 W S, 108 KoTopbix @ = dr u b = ds. Ecnu pemenne ypasnenns
ax + by + ¢ cymecrsyer u azg + byg = ¢ A HEKOTOPBIX 1ENLIX Ty M i,
TO

c = axy + byy = drazg + dsyy = d(raeg + syy),
ortkysa cieayer, 4ro dlc. C apyroii cropount, cenn dle, To ¢ = dt u,
npuMelsis TeopeMy 2.3, naijiem leJble YHCHa Ty ¥ Uy, JTH KOTOPBLIX

d = axq + byy. Eciu nocsiejiiee paBeicTsBo YMHOMKAM Ha §, TO MOJYYUM

¢ =dl = (azxg + byo)t = a(txg) + btyy).

Caenosarennno, auodanTopo ypapienne ax + by = ¢ uMeer peiieHue
x = txg, i = typ. DTO paccyKACHUC NOKAIBIBALT [IEPBOC YTBCPKJEHUE
caenylouei TeopeMul.

Teopema 2.9. Jluueitnoe guodanroso ypasuenne ax + by + ¢ = 0
HMECT peleHHe TOrMa M TOJLKO Toraa, korga dle, e d = HO/(a, b).

Ecnu 2g, yp €CTL 4acTHOE PEHIEHKE HTOI0 YpaBHenusd, To obilee penienue

3a1aeTCsd PapcHCTBOM

| b : a ;
€r = Ty - 1Ly 1 ! il L]
% Ly ) ’ o ]




rje £ NPOUBROILHOE YHENO.

Jokazarenncrno. Yrobu jokasar, BTOPOC YTHEDIKICITHE 3T0H Teo-
PCMLI, HPCATONONKHM, MTO PEHIeHne Xy, ¥y JAHHOIO YPABHEHHA H3BECTHO.
Eenu napa uncen 2/, Y ABIACTCH HPOMBBOJLHLIM JAPYTUM pPeIeHueM, TO

| !
axg + byg = ¢ = ax’ + by,
O SKBUBAICHTHO DABEUCTRY
! 3\ !
alx’ — zp) = b(yg — o').

B enay caencrsus 3 uz reopembt 2.4 CYUWECTRYIOT B3AHMHO MPOCTHIC
Lenele v ¥ 8 Takue, u4To @ dr, b ds, NOJCTABNSSI ITH 3HAYCHUS B

NMOCACHee PABCHCTBO W COKpatas obimit Muoxuresn Vi HONYYHM
' : ’
(" — mg) = s(yp — ¥).

U3 vroro pasencrsa caenyer, yro rls(yo — '), npuuem H( (r,s) = 1.
y") wan Yo—1y = rt
~ o) = s(yo — '),

Uenonssys nemvy Eskanna, sakiiouaeM. Yro rl(w
- . r 1 i | L
il

JJiA HekoToporo genoro . CrefosaTensio, ...

f

T rg = 5. D10 npUBOIUT K popmMynam

' : | (]rf .'\! |r
X 8 5 Sl =T "
> 9 ] = \ rJ{.',-f

' i !
¥ =y —rt=1to~ )f :
L8 tl

Jlerko mugers, wro sty uncia YROBICTBOPAIOT JAHHOMY IHODAHTORY

ypasnenmo sipn niobom seibope . B camom nee,

' b a
az' + by =a ["-'n 1 (—ft by 'Jf'

(axq + byy) + i Gl t=c+0-t=r¢,
Takum obpasom, cymecrnyer 6eckoneunoe Tneo pemeHiii aHioro ypan-

HCHKA.
IMpumep 4. Pacemorpum nuncitnoe JMohanToRo ypasnenue

172 + 20y = 1000.
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[pumensa ajropury Eskauna nas peivucaenns HOJI(172, 20), mna-
JEM, UTO

179 = B 0 12

20=1-12+4 8,

12=1-8+4

R

cnegosarenasio, HOJM(172,20) = 4. T.x. 4[1000, ro ganuoe ypasnenue
paspemumo. [pejcrasam Termepns 4 Kak Juueidnyio KoMOUHANAI0 9HCEN
172 u 20. Umeem

4=12 -8
12— {20~ 12)
24 12~ 20 =

2(172 —-8-20) - 20
= 2172 + (—-17)20.

Taxum obpazom,

4=2-1724(-17)20

YMuoxas 310 pasencTso Ha 250, nosyunm

1000 = 250 - 4 = 250(2 - 172 + (—17)20] = 500 - 172 + (—4250)20.

Takum obpazom, xy = H00, yy = —4250 ecrn gacrioe pemenue namero

ypasuenus. Bee apyrue penienust KMeoT BH],

Caencreue 7. Ecov HOM(a,b) = 1 u 20, o YACTHOE DElIeHHEe JIU-
nefinoro guodanTtosa ypasHenust ar + by = ¢, To obuee pelienye yMeer
BHI,

x=xp+bt, ¥y Uy — af,

rae t [TPOH3BOJBLHOE 1120,




2.8. Anropurm Bepnieksmrna

Chepyer ormernts, uro anropury Eskiuga, s uacrnocrs, HAXOM e
Hue kostpdunpentos Besy, sechma wacto neobxomum p COBPEMCHH O
BoivyncauTentnoll rexuuke. Or ckopoctn puvcaenmns Koachbunmenron

I;(_'-f." / JABHCUT BO MHOTOM 3(1'}(_])(:[{"I'HIHI()("I‘I\ MPHMHACMBIX OCTAJbHBIX &

f'f)]ll-'['l‘Mi 6. I{,illl(.‘(_'.}!'il‘('.liliﬁ lln'()(‘-()ﬁ BBITHCHCHHA BCCBMA PacTOTHTCNICH B
aroM embicae. Jus naxoxaenus xoadduuucaron Beay mpebyerca nou-
HHTH PEIYALTATEL NPOMEXKYTOURLIX BBIYUCHCHUN, & 3aTeM 1IIPOACHbIBATE
B0sibIyI0 YacTh BLMKCICIHE B 0BpaTioM nopgike. o nossaenus poi-
HHCHHTEIRHON Texnuky, OGasupyoieitcs na TCOPCTHKO-THCIOBLIX &110
PHTMAX U COOTRCTCTBYIONMX NPHKIAJHLIX 34124 (Teopus KopupoBanm 5,
Auckperioe npeobpazosanue Oypne, GLCTpLIC BLI TUCHCHUST ), BONPOCH
TAKOT'O POJia Jlaxe He Bo3nUKalIn. MaccoBoCTL TeopeTHKO-YnCIOREIX 34
At HCIONL3YCMBIX B COBPEMCHHON TEXHHKE, 3aCTABUIIA NO-TOBOMY B3II-
HyTth 1a anropurm Esknnga cinyers 6osee uem 2000 net nocie ero omnm
caiust 1 paspaborars Bosee yiobuyio sepeunio. Hpuieuém npumep Takoro
YCOBCpHIEHCTROBA UM, pWUHa Iexauit 9. Bepaekamny (naspaunni UM
ANTOPHTMOM HCHPEPLIBHBIX I

pobeit),
PaceMoTpum nocnenosarenbroeTn Adenennit ajiropurma Epkawpa, na-
tunatommxes cuueen au b. Torpa a = gib4+r ¢ 0 < ry < b, b = gari+ry

€0 <ry <<ry. Torga wa k 4 2-oM mare uMeem pPABCHCTBO
Th = Qe2Th41 + Theoy 0 < rpgo < Ty

Host Gonwrero cAuHo0bpazus obo3nayum a = r 1, b = 1o Hanommmm,
UTO NOCHeJNAR Al UMECT BUJ 1y 1 = (1T, TAE Ty B €CTH HCKOMI
naubossinuil ot reauTens aHcen a u b,

Kasnniit war anropurma Eskauna upegcrapaser coboil nepexos or
mapol vucen {1y, rpq) K nape (Tkt1, Thp2). YuuTLIBAS cKasannoe BLIlIE,
MOZKHO 38IIHCATL 3TOT MCPEXO)] ¢ HOMOMIBLIO MATPHYHONO PaBEHCTBA!

{?'»H 1, The) = {Tk, "'L--H)-c"hq

riae gepes A oboznaucna MaTpHIR




Taxum obpaszom,

S (15. ]fz- )

a4 H3 acCOouMaATHRHIOCTH Onepalliy YMHOMKCHHA MaTpHI, JIErKO CHCIVeT,
HTO

(r-y, o) (A1 Ag - Anr) (70s Tnad),

rne ry, yke naubonniuuit obumit pesnrens quces ¢ w b, B atoM cuyuae,
HOHSTHO, Thyp = 0, a marpuua M = A_Ag--- A, obnagaer cnoii
creoM (r 4, 1g)M (Ty, Ts1). Benu oboznavurs depes my; sJeMenTh
MaTpunpl M, To MOAYYUM, YT

roymag -+ roMey = 1, = amyy + bme,

T.¢. coorHomenne Besy. JueMenTnl nepporo croabua mMarpuns Mokak
pa3 ¥ gaorT wekombie koaddunuenrn. Hpu atoM posee neobasaresnino
MOMIATE BCE NPOMEXYTOYHBIC Pe3ynsTarst jgenennd. Jocrarodno uMers
TEKYIIEe Ha JaHubi MOMenT suadctine Marpuun M u ouepennoe nenod

HOe HacTHOC (g0, YMHOMNKAA TEKYHICE 3HAYMEHHEC MAaTDHIIL! M na 1

KO 9TO noayuennyio marpuily A, B kadecrse navdannbioro sHaudeHus
marpunbl M ecrecTpenno puibpath epunnanyo Marpuuny. Hymeposars
NPOMENKYTOMHLIC MATPHITLL B POLLCCE BRIYUCACHUH (1T0 Mpr nporpam-
MUPOBAHMH HA BLIMHCIHTENLHON MATIHEC HOLPA3yMeBacT BLIGICHIE CO
OTBETCTRYIOEH naMaTH MauiLl) Takxke neobazarensno. Mocrarouno

UMCTL JHITL TeKY ULy 10 MaTpUIly A= .-'1|.r,-,_ H3MEH AN e COJMCPAHUMOE B CO

OTRETCTENH C ()'-[{"1){')““‘[.\1 JICJICHHEM ( IPYETY Da M?l"l'[)lri[[hl ,"‘A.; KaK BH]II-
IO M3 eC OUUcalus, MO3BOJACT BLIMHCIHTEL oYepelHoe 3HaUCHue MaTpH-
1111 lll! H(‘.I[{IJII'.Z'{_\I":I BCCIO OJIHY (}II(.’[J{L[I,IIIU _}".’\ri;l\])*((‘.l[li}l H {},-Lll._\,r' EJH{I}JE.H\LHL'
BLIYHTANIHA.

Pacemorpum eié paa npusmep 3 ¢ uenosn3osanwem airopurma Bep-
gekamna. [pumenum anropurm EBkanja Ui suiaucienus nanboasue-
ro obmero meguTenst yucen roq = 12378 = a u g = 3054 = b.

Hycrs M = [ — epunuunasg 2 X 2- MaTpuiia.
i 0 1
Tak kak 12378 = 4-30544162, ro Mmarpuna A = A_| = ( | 4 ) -
M A '
Tansnemue suupcnenan paor 3054 = 18 - 162 + 138, A = A

01 1 —18°
W =] A P
( . =18 ) M= 4 73 )




3uech sanues M = M A oznanaer, uro Ha Meero koahunmuenron
MaTprun M sanncusaiores koopduipentn marpumm MA. Ocrannine

BBINTUCHCHUS MBI ITPUBOIHM 6ea KOMMEenTapues.

). it
162 = 1138424, A=Ay = [ © * YV M= MA 1 L
L e 3 =77
(. ] 19 -113

ka Wil ( 1, ) i ‘ ( 77 458

_ 0 1 “113 132

04 =T 1806 4 = A; = M= M = ]
94 = 1.1846, A = A, (1 _J,u M A ( - 535)

_ g 132 —509
) = 3640, A = Ay = M = MA = i
e = ( I =3 ) e ( ~535 2063 )

Teneps Mul moeM npourTar, koathpunpentii Beay uz nepporo cront
na "nakonsennoi "marpunot M. Tlonyuaem

6 = 12378 - 132 + 3054 - (—535).

Caepyer 3aMeTuThL, 1o POrpaMMUPOBAIKAC aAI'0PUTMA HECKOJNLKO OT
JIMHACTCH OT ONHCAHNON MOCHCHOBATENLHOCTH BLIMUCICHUH | ropasio
DOJIBINE HATOMULACT UPOHECE MOCTPOCHHA HCUPCPRIBHONR npobu, K yeMmy

MBI CHIE BCPHEM ST BIIOCTCACTBAM.

2.9. 3anaun

1. Haiiryt kee nesovuciacHnnie perenus kaxxioro us CNeAYIOmMX ypas-
HeHwii:
(a) 56z | 72y == A0);

F 188y = 1§;

(c) 221x + 91y = 11T;

(d) 84z — 438y = 156.

2. Haliru nee noaoxurensunie LECHOYHCHEHHDIC PeIICNUA KaxXJoro 3
CHENYIONMX ypasueny:

(a

30x 4 17y = 300;

b ;4 21y = 900,

1)
(b) &
[c] 123z + 360y = 99;
(d) 1

d) 158z — 57y = 7




3. Hokazarsh, wro eciu a ¥ b B3aUMHO [TDOCTHIE HATYDAILHBIE YHCJIA,
~H s " 1 ]

TO JHoAHTOBO ypaBHenne IMeeT HeCKONeUY N0 MEOKECTBO [OJI0MKH -
TCABHBIX W EJRIX DEHICHUI,

Ykazanme. CylecTpyior neasie Iy, o Takue, 9to ary + byg = 1.

i P L o |J'“| |-U”|

Hnst moboro nexoro t, Goauuiero, uem - M, uynena & = xg+ bl
. ) a

" .U = {\T."l.] = r'.f.."} JaT HOJOXKHTCHBHLIE B TeNLIe [)(’.[II('.IIHI'] JaHnoro

VPABHCHUA,

(a) doxazars, yro jmodanroso ypasuenve ar + by + cz = d paspe-
IMHMO B IEIBIX MHCIaX TOrLa v Toasko Torga, korga HO(a, b, ¢)id.

{(b) Haiire Bce nenouuciennbie pemenus ypapteius 15z + 12y +

30z =24,

Vxazaunue. [Mogomur, y = 3s — bl, 2 = —s + 2t.

2.10. Hononnenue

OTHOCHTEIBLHO ONEPATTHE CITOMKEHUS W YMHOMEHUST MIOXKECTBO Z 1e
JIBIX HHCed obpasyeT CTPYKTYPY, M3BECTHYIO KAK Koabyo, T.c. obiajaer
CICOYIOIGHMH CBOHCTBAMK:

i]u CYMMa W MTPOU3BEEHNAC OBYX HEJLIX 9HCCN €CTE [

2) YMHOMXKEHHE W CHIOKCHUE KOMMYyTaruslb, T.e. ab =ba, a4+ b= b+ a;
Na+0=a,a-1=aqa;

) a+ (—a) =0

5} yjmerpubyTusani sakon: (a + b)c = ac + be;

6) accoumarnpunit saxkon: (ab)e = (able, (a+b)+c=a+ (b-+ c).

Tax kak YMHOMECHHE 3JCCH KOMMYTATHBEHO, TO ABJIAETCH ROMMYUYTLA-

rnueHuM KoJbloM, Kpome Toro, 7 obiagact eie ofiuM cBOHCTBOM:
sakon  cokpamenus: eccnn ab=0 u a# 0, To b=10.

Do epoieTpo obecrednBaeT 108 7 CTPYKTYPY, HASLIBACMYIO 00AGCMBI0
UEAOCTLHOCTILU.

Panuonanbupie 9uciaa, KoTopeie Mul obosznavaem ¢ nomouisio (@) rax
e 0DPas3yIOT KOMMY TATHBHOE KOJIbIIO OTHOCHTENbHO CHOKEHHA U YMHO-
kenus. OMHAKO B JONOJHENNE K yojuosusM 1)-5), nepedncienibm Boi-

e, () yiosaersopaeT MyJdbTHILIAKATHBHOMY AHAIOTY yeaosua 1), HMew:

1o, ecau a # 0, 10




B pesyasrare panmonanbubie unena HAIOT TIPUMED CTPYKTYPBI, H3BECT-
Hoi Kak noac. Zleno, vro Koaenoe Z e snnscres NojieM. Toatomy npo
cCroe }"I}'rl]{}l(‘.?l!l{".

ar =0b, roea,beZ,

BoOGLHE roBOPH, He uMeeT pemenua B Z. Biosme CCTECTBCHHLIM, CJIC0-
BATCALIO, BLITIIAAWT onpegesenyue 1 QenuMocTH (eauiX Suee,

Muorue 3a)aum TeOPHU YHCEN CRAZANLI CO CBORCTBAMY TOJMHOMKECTE
muokeersa Z. ITpoctoll THn moaMuokeers Moxker 6hITh onpejeien, pac-

CMAaTPHEAH BCC YHCIa, Kparbuple AaHnoMy “THcH

y &. Mul Byjem obosna-
HATH BTO HOAMHOKCCTBO ¢ noMomibio M, Ono obnamaeT cacayiommmu
OYUCBHUIDLIMHY CBOHCTBAMH:

ccan m,n € M,,rom —n € M,;

et € Z,ne M, 1o tn € M,.
ITO HPUBOJUT K CHCAYIOMEMY ONpeieaeHuio,
Onpeaenenue 5. Henyemoe nodmmnoocecmeo T smooceemen 7, nason-
aaemcea wdearom xoavua 72, ecau

bilo € T eaevem ty — o € T

~

meZ,teT earevem mt € T,

WUz sroro onpenenenus caeayer, uro M., rie s HPON3RONLHOC HEOT-

WMBHOC TRN0e, ABIACTCA HIeanoM koabua Z. deno, yro My cocto-
; P | 3 0

pHLA;
HT T0NLKO 13 uncna 0, a M)y = Z. Eereersenno ciipocuts, CYLICCTBYIOT
JM njeadtnl Konbia Z, ommiuasie or MY Orper OTPUIATENLILI, Kak

INMOKA3LIBACT CHCAYIONee YTBePIKJICHHE,

Teopema 2.10. Ilycrs 7 — unean xonuna Z. Torpa cymecrsyer neor-
pHLaTeNbHOe Henoe s, Takoe, uro 7 = M,.

Hoxazarenscrso. Ecnu T cocrout Tonbko us vueia 0. 1o T M.
B nporusnom cnyuae 7 COZIEPXKHT HEeHYyIeRoe nenoe yneso . Kean ¢ < 0,
o 7 copepxur (- - =t >0, CEAOBATENBIO, T CORCPIKUT TTOJI0MKH
Tenkubie ennie gucna. B enny npunmsina noanoi ynopsjioaenuoctu 7T
COACPIKHT HAHMCIIBLICE HOJOKHTEILHOE HEJ0E YMCI0, KOTOPOE MLI 060-
snaumm vepes s. Mol yreepxkaaem, yro 7 = M,. Jlns gokasarennersa
JOCTATOYMNO NOKARaTh, YT0 pee ajieMenTh w3 7 nmensgres na s. [lycrs
L€ T 150, upuMenuM airopuT™ IencHus:

t=sq4+r, 0<r<s.




Tak kak r = Lt —sq € T; 1o ecyn 611 Boio v > 0, 970 npoTuBoOpeHnio Ot

BRIDOPY 8, KAK HAMMCHLINErO NonoKuTensuoro anementa w3 7. Takum

obpazom, = 0, t = sq u s geant t. TeopeMa Jjokazana,

W neannl, cocrosime U3 KpATHBIX OQHON0 2JICMEITA, HALIBAIOTCS 2406~
oty udeasamt. Takum ofpazom, Teopema 2.10 yraepmaer, uTo Bee
HACANBI KOJNLUA 70 ABASIOTCH [JIABHBLIMA.

OTcio/a Nerko cieiyer, 1To cyMMa JIBYX TIaBHbIX HJCAJIOB KOMbIA
7 — rnasuntil uuean. Tak KAk MHOMKECTBO BCEX 1EJIBIX YHCEN, KPATHBIX
qHeny 8, ecth ugead 7 = M, 10 yeaopue m|n Moxer OpITh 3aHCANIO B

BHJIC OTHOUICHHUH BRJIOYEHHH MEXIY WIcaJaMu:
m|n  papuocuneno Brmoucnnio M, C M,,.

O6parum BruManue 1a "meperépHyToCTL 'OTHOINEHHSA BKIIOYEHUST K
OTHOTHEHWIO ACJTHMOCTH.
M3 ckasannoro u Teopemnl 2.10 neMenenno ciaeayer, 4To g mobbnix

JIBYX LEJLIX Yuce) a W b valIéTes Takoe Harypanbioe Tucao d, 4o
M, -+ M, My,

Tak 4To d = ua -+ vh, upuaéM u ¥ v — uedsie yueaa v d — nanMensinee
HATYPANIBIOEC YHCJIO, PEICTABUMOC B BHIC HEJOYMCHenuol nuneinoi
komOHnauwy snementos a v b, Pazymeeres, d okasniaerest nanbonsnmm

ODIEM JAeNHTeHeM Heell a ¥ b, a u n v koadduupentamp Beay.

2.11. 3Banaun

1. [Momusom f(x) ¢ uenwivi KoahbriMenTaMy ecTh BuipaKenue B
n—1

7. E

flz) = a,2" + a, 1@ b oag, 2 € Z. 1 a, 7 0, T0 ro-
popar, yto f(x) ecth nomumioM cmenenu deg f = n. Oboznavas
MIOMKECTRO BCEX TAKMX TOJUHOMOB Yyepes 7 :a:i‘ JOKA3aTh, 4TO

ABRIALTCH KOMMYTATHBHBIM KOJIBLLOM, OTHOCHTCHBHO CCTCCTBCHHOIO

onpejeyIicHUs CHOAENRA H YMHIOAETHA nonunomos, llokazaTs Tak-

HE, ITO l eCTh 0DIACTR HEJNOCTHOCTH., ,r['UKs':ll{i].'I'lu TO XKe CaMOoC

nas Q] — MuoKecTBa BCEX MOJHIOMOB € PAHMOIATLHBIME K03

(t]lr! HHEHTAMMK.

‘aAxrue, 4HTo

flz)=az"+ - +ay, a,7#0

9(x) = bpx™ 4+ by, b, #F0.




=1

i Jlns JanuLix AByX moJHHOMOR f,g e @

Mokasare, 4ro cenu 1 = M, TO CTENCHL HOJMHOMA h(z) = f(x) -
Ly,

—a" Mg(x) Menne, yem n.

{"JH

2 }\J]I'HIIH'I'M JACTeHHs UMeeT alanior B [E_Jj'[.'!.'f‘ T.e. ClIpaBelJuBo clie-

JAysoiiee yrpepxacune. Jdna ganunix anyx nomuuomos f(2) n glx)
3 Qz], tae g(x) we pasen mymo, cymecreyior ¢(z), r{z) € Qlz],
'I'f!.l(li(f.l Y10

f(z) = g(x)q(z) + r(z), ()
rie miu r{x) = 0, nau 0 < deg ':'{'_;i.‘) < deg g(z). Mokasatn s10.
Yxkazanne. Cnavazna pacemorpers cayvait f(z) = 0 wau crenens
nonunoma f(x) papua O (f(2) - koucranta). Barem npumenum ui-
AYKUAIO IO CTeNen noganomMa f(2) 1 npeuionoxum, 1o pesyanTral
Bepen ans peex nonnuomos f(x) crenenn < n. llyern f(z) umeer
crenens n. Pacemorpern enavana cayyai, korya degg > deg f. B
cayae, korja deg f = deg g, pacemorpers nominom b uz zamauu
L,

4. lokasare equncrennoets npencrapicins (+).

. Hoxazars, 9o yreepxenue 3JaMH 3 MOXKHO NCPEneeT s cly-

vast, Korga f{x), g(x), ¢(x), r(x) upunagnexar }!-",[';::|_ NpH yeIo-
BUM, UTO b, l.

J (ua f xparuo g), ecim cymecrnyer h ¢ Q[x], rakoi, uro [ =
gh. lyers My ecth nogMuomecTBO MEOKECTRA Q[z], cocroamee uz

TOBOPAT, 9TO ¢ JCIWT

MHorowsaenos, kparneix f. Jokazars, wro My sisnsieres waeanom
kounnita (Plz].

. JMokasatp, 410 KawIbI Hjeas Konbla Qlz] umeer suy My pan

HeKOTOpOro Muorowiena f € Qlx].
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I'naBa 3

[IpocThie uncia n ux pacupenejicHue

[IpagTuyeckoe npunokenue
HAXOOAT TOrAa, KOrga ero

HC HINVT, ¥ MOXHO CKA3aTh,

9TO BCA MPOIpaMMa COBPEMCHHOH
HHBHITH3AIHY 3U¥IeTCH Ha 3TOM
NIPHHIRIIC,

A, Agamap

3.1. Ocnoeuas Teopema apuhMeTHKn

B sToil riase paxkueifwuM Apisercst MOHATHE npocToro ducaa. Orme

THM, UTO NPOU3BOJILHOE HeAoe YHeao a > | feawres ua +1 w +a. Ecan
unesa 1 1 ta ucHepnpiBalor B¢ JEJIMTENH YHCIR @, TO TOBOPAT, YT0

¥ HPOCTOC YHCTIO.

Onpenenenue 6. feaoe vucao p > 1 nazweaemes npocmum “uciom,
ECAT NOAOHCUTREADHUMY JEAUTNCAAMY €20 AGARIOMCA MOABKO Yucaa ]
u p. Heaoe wucao, Goavuiee edunuyvt, KOTMOPOE He AGAACICA MPOCTABIM,

HAIWOAEMCA COCTIHIEHDLM,

Cpejin nepsbix ACCATH HATYPAJILHLIX Yrce uncia 2, 3, 5, 7 asnsaiores
HPOCTLIMU, B TO BpeMs Kak 4,6,8,9, 10 — cocrarubie unciaa. 3aMeTHM,
YO UEJIoe YHCHo 2 ABIAETCH eJHHCTBEHHBIM YETHBIM NPOCTHIM U B CO-
OTBCTCTBUM € HAIIMM ONpeAesicHueM YHeJIo 1 HrpaeT ocobyio poib, Tak
KAK OHO HE SABASCTCH UM MPOCTLIM, UH COCTABHLIM.

[pepnoxenne 14 na knuen [X "Havan"Esknupa sxmiosaer pesyin
TaT, KOTOPLIH BIOCJACACTBHE CTAJ H3BECTCH KakK hyHJaMenTalbHas Teo-

peMa apiMeTHKH, H COCTOSIIN B TOM, 4TO KaXI0e Neoe yueno, bonnb-

AT




BICE CAMEULLL, ¢ TOYHOCTRIO O HOPSJIKA COMUODKHTRNEH, TPeACTABEMO
KaK 1POU3BCIACHHE NPOCTHIX OAIAM W TOILKO OLHHM COCOBOM.

.IIIH.}\' Kakr KA 0C eJ10e THCO SBJIFeTCH WIH ”pl‘}(‘.’l'l:im: HJIH, COIJIACHO
OCHOBHOH TCOPEME, MOXKET ObITh PEICTABNEIO IPOUIBEACITNEM TPOCTHIX
THCEIT M3 ONOBHAYI0 OPEALNEHHOr0 Habopa, TO HPOCTHIE YHCHTA CIIyIKAT
"erponrensunivu GiokaMu", U3 KOTOPBIX BCe JIPYTHE UeNBIe YHCTA MO-
ryT 6biTh cobpanst, [loaromy npocrsie unesia NpHBICKAIM MATCMATHKOR
BO pee Bpemena. XoTs 3a UPOIeAIee BpeMs Dbl JIOKA3aH psif| 3aMe-
HATENBHLIX Pe3YNLTATOR, KACAIIHMXCA PACHPENENCHNA HPOCTHIX THCEI
l']J(?,.'LH BCeX [IlJ..'Il))I{H'i'f".-']I\IHJK: OCTaN0CE CHIe MHOTO 3HAMEHHTLIX |lCl}(.‘-—
HIEHHBIX 11pobiieM.

Haunewm ¢ npocroro samevanug, Yneno 3 aesmr dncno 36, npu atom
36 MOXKIIO NPEeLCTABUTL KaK OO M3 NPONIBeeHHIT:

6:6=9.4=12.3=18.9.

B xaxpioM n3 arHx npuMepor uncio 3 neauT no Kpaitieii Mepe onun ua
COMIOKUTENCH |, BXOAAIIMX B IPOUIBCACUMC. D10 ARJIACTCH THITHYHLIM
npumMepom Honee obuel curTyaiiny,
Teopema 3.1. Ecan p — wpocroe u plab, o pla wam plb.
Joxazarenserso Ecnn plo, 10 neucro Hokasbinarsh. Hpennonoxum,
4ro P a. Tak Kak CAsICTBeNIBIMH T0NOMUTCI bITBLIME JEeNUTeNAME YuC-
Ja p asnsiorea 1w p, ro HOJi(p, a) = 1. Creposaresnno, yunrnipas
aeMmy Esxnnpa, nonyuaen, uyro plb.
Jra TeOPEMa JCIKO PACHPOCTPANACTCH Na ciydail, Korja npoussee-
HME COACPAHT DoNee AByX coMumruTenet.

Caepcrene 8. Ecin p - npocroe u playay - a,, To play. nag nexoroporo

k,1<k<n.

Hokasarennerso. pumenum MHYKIHIO 110 YHCHY COMHOMXKUTENCH.

Ecivn =1, 1o YTBEPAHUCHHC TCOPEMBE, OUERNJIIO, ClIpaBeJyUinBo, a Jjina
== 2 peaynnrar BhTeKaeT uz Teopemuol 3. 1. [pepnonomuam, uro n > 2
W uTO cenu play..a, (m < n), TO P JACHKHT OJMH 770 ITHX COMHOMNH-

reneit. Ilyers rerepn play...a,,. Tlo Teopeme 3.1 wiu play...a,.q. Ecan
pla,, To yreepsxacnne Jdokasano. ro kacaercs ciyuas play...a,_y, TO
HPEANONOKEHHE HIAYKLUHA TIPUBOJNT K TOMY, “TO pl‘fr:.; J1s HEKOTOPOIro
k, 1 <k<n-—1.B mobom cayuae p nmennt OJIHO M3 UEJILIX Gy, ..., 4.
J 7 ' A 1 s Un
Caencrsue 9. Ecnv p, g1, o, ..., g NpoCThie YHCha W plg...q,, TO

k

P = g nas nekoroporo k, 1 <




Hoxkasareancrso. C nomounio chegetsust 8 saxmouaeM, 4to plgx
qast nekoroporo k, 1 < k < n. Byjiyys npocTuiM, YMCHO ¢ ACIHTCH
ronLKo Ha 1 M na camoro cefst, HO Tak Kak p > 1, TO oTCloNa chieayer,

HTO 1 .

Teopema 3.2 (Ocuosrast reopema apudmernku). Kaxnoe nouo-
FHUTCALIIOS IICJ0C i = I MOXHO 1TPEACTABHTH KaK HPOHIBECOCHHE PO~
CTLIX. DTO NPEACTABICHEC CAWHCTBEINO ¢ TOUNOCTLIO JI0 NOPAJKa CO

MHOMHTEITCH .

Hoxazarenscreo. Kaxkpoe 9ueso 1 sABIACTCA MIH IPOCTLIM, WIH
COCTABHBLIM. ]5 NePpBOM CayHac NOKA3LIBATL HEYETD, r";f_'J[H T COCTABHOR,
TO cywecrsyer nenoe d, takoe, yro din v 1 < d < n. Cpean Beex
TAKuX Uelbix d BuibepeM pp, KaK HAHMCHLINEE (370 BOIMOMXKIIO B CHITY
NPUHHIANA Hoasol ynopsaodeHtoceTi ). Torua py DoaKHo GbITh HPOCTHIM.
B caMom jene, ecnn py e ARBNACTCS NPOCTLIM, TO OHO MMEET JIeJIHTEH
q, 1 < g < py. Torma g|p) v cnepoBarenbio, T.K. pln, nmoayyuumM, uTo
qit, 4T0 NpOTHBOPEYHT Isl,li'}tl_[J_\_-’ 1 KaK HaHMCHBLINCIO JCJHTCIH YHeJld

n, oTnu4aoro or 1.

Tenepk Mbl MOMKEM TIPEJIIONOXKUTL, YTO 1L = pyniy, TIe p o 1pOCTOe
1 < ny < n Ecin iy 66110 B61 npoctbiM, TO MBI HMEaH 6ul Tpebyemoce
Teopemol npejgcrapaenye. B npoTHBHIOM Cliytae NOBTOPHM HAINC pac
CYAJCHHE H NOJIYYHM BTOpOC [MPOCTOE YHCJO P TAKOE, HTO Ty = paliy,
I.C.

n = pipPans, 1 < ny < ny.

E:f.'JlV.I iy HpocToc, ToO HEHEro JAOKAILIBATL. B NPOTHBHOM CAY'IAC HMOCM

Ty = Patly, THE Py npocToc. CaejloBaTeNbHO,
1= pP1papPanis, 1 < 11g < no.
YopiBaomasa nocsenoBaTeaLHoCTL
n>mn>n > ... >1

He MoxKeT Otk Geckoneunoli. [loaToMy nocne KoueuHoro uYMcia aros
NPHJEM K SHCIY Tk, SBAAIOLIMMCS 11POCTLIM, KoTopoe obosnaunM vepea

Pk 1o HPHBOJUT K Pa3JOXCHHIO "HCIa Tt B [POM3BeLeHNe ITPOCTLIX:
n=mp2...Pk.

Ytobul goka3aTh BTOPYID HacTh TEOpPeMbl (eQUHCTBEHHOCTL Pa3JiorKe-

HI-‘IH) MPpeJnoosaM, YT NeJoec HHCI0 1t MOMCT OBITH npeicTaplcHo B
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BHJC IPOUSBCLCHUA NDOCTRIX ApyraM cniocobom. Torua nomyyum

n= PPy = 10245, T S

rje py Mgy HpocTLIe I 1 L; ._.,-?',__j = ]S
MmMEPpE.. <oy SR <. L(G,

Tax kax p1|q142--.qs, 10 B cuity cnegersus 9 us Teopembt 3.1 3aKiovacw,
uTo p1 = g Jus Hekoroporo k, 1 < k < s, Orciopa coenyer, uro q; <
py. Hopobunie pacey K aeHus NMoxasnpalor, 4ro P1 < 1, CHEOBATENLHO,
p1 = q1- Cokpaniense na obumit MHOMKHTCNL TPABOJMT K pPaBeHCTRY

Papa...Pr = Gol3...gs.

fl])f_'!r-‘T‘f]_.'lz‘[\'llili 10T npounece, HPpHACM B UPENNONOKCHHH, 4YTO r < &, K
p?l}if‘liff'i'l‘_\'
L= @p1Gr42.--Gs,

HTO II('.Ii(J'iM[‘J}E([H): TiK: q = ]

; » 1 < i < s. Cneosarensho, 1 = s u

CIIPABCIJHBO PaBCcHCTRO

P1=q1,P2 = G2, ... Pr = Gr,

UTO JIOKASLIBACT COBTIALCINE ABYX PA3NOKCHUH ¥ TEOPEMA TOMHOCTLIO
JIoKazana.

Cosepiento oUeBRALO, 4T0 HEKOTOPLIC HPOCTLIE MUCIA, TIOABJIH OTH-
€Cs1 I8 PABIIOKCHMY YMCHA, MOTYT MOBTOPSITLCH, KAK BUJIHO H3 TPHMEDA ¢
unenom 360, xoropoe pagno 2-2-2-3- 35, Cofinpas opnnakonbie npo-
CTRIC W HOMEIAR UX B OLHH MUOMKHTEIh, Mhi MOXEM nepedpasuposaTh
TeOpeMY 3.2 cnenyommum obpazoM.

Caencrsre 10, Kaxgioe noaoxuTensnoe nesoe n > 1 MoMeT Ghirh

CHHHCTBOHHLIM {IG[)H.I:{)M IPEACTABICHO B KAHOHMYCCKOM BHIE:
4 R ke Lk,
=1 Py,

PHC P < pg << o < Pp o OPOCTBIC YHCHa U ky, ..., Kk — HOJOKHATEALUBIC
HEeJ LIS,

Teopemy 3.2 ne caenyer BOCIIPUHHUMATL KAK HEeYT0 OYERMJIHOC, Tak
KaK CYLICCTBYIOT YHCIOBLIC CHCTEMDE, B KOTOPBIX pasnmkenue ua "mpo-
CTHIC MEOXKUTENN e SBIACTCH €IHHCTHREHHBIM. Boamoxno, naubosee
SNEMEHTAPHLIM TTPHMCPOM SBASETCHS MHOMECTBO [ BCEX HOJNOMUTEIh-

ULIX HCTHLIX uwuces, ByneM nazoisars 4éraoc nesioe umcio E-TIPOCTbIM

al




, CCIH OHO HE ABJHCTCH [TPOWIBEINENHCM /l,i‘._}-’,\' ,'H]\\;"PHX HMETHBIX YHCEN.
Hanpumep, uncna 2,6, 10, 14 apagiores e-IpoeTLIME, TOMIA KK YHCIA
4, 8,12, 16 rakoBbivu ne asasiored. Herpynno sugers, uro uueno 60

MOXKITO PaKTOPHI0BATL B €-IPOCTLIE JIBYMH PASHBIMK criocobamu:
60=2-30=6-10.

Llpuampa cocronT B TOM, 470 TeopeMa 3.1 He MMeeT MecTa JUTA MHOMKE:
crsa F. Ouesuppo, 6|2 - 30, 1o 612 u 61 30.

Jpa gpyrux npuMepa NoKasbiBaior, YTo CYIECTBYIOT BECHMA CCTe
creenibie oDoBIEeNH KONbIA HEJbIX YHCel, B KOTOPBIX CIIPABe/JIHEA,

(){_‘U{JHHEL}I TEOpeMa .':[)I-!d]?.'li_‘.'T'IIKI!._ i TARAC HNOTPHBUANBHOCTL BOITPOCOB

OTHOCHTENLHO OIIO3HAYMHOCTH PAINOMCHEA B 9THX KOALITAX.
|

-

{a bila,b € Z,i* 1} KOJILILO

IIpumep 5. Ilycrs |
nennix layccopuix udees, 1 — MEMMAas €IHHHLA, PACCMATPUBACMOE Kak
HOJAMBOMAMECTREO MIEOKEeCT Ba KOMIINICKCHBIX YHCO.

Moskno nokazarn, 4ro JoBOH BICAn 3TOr0 KOMLLA ABJIACTCH ITTABHLIM
H YTO ()" HOBHAaA ':"l".i"ilﬂ‘_\l(l. El}‘lll(;._l]\,ﬂ"l‘lfll{l‘{ f'][!)F].r‘:{',."[..[fi1Iif_l. H B 3TOM KOJILIE.
"Tpocramn"snementamn 3jech yke Bynyr ducna suja a + bi, 18 Ko-

i i il 3 i .
TOPLIX a4° + O MpOCTOC LK

JIOC HHCAO, a TAKKE [IPOCTLIC HENLIC 1Heia,
He sIBASIOIUecH CYMMOH J { KBAJPATOR EJILIX YHCen
B w2

5] {a+bla,beZ,?=- GH KOJIBLO

lpumep 6. [Tycrs Z
qHCed BiJA at+be, ae ¢ - Kopenh KBAIPATHLIN U3 —5, PACCMATPUBAECMOE
KaK DOIMBOKECTEO MIOHKCCTEA KOMINERCHLIX YHOC.

B arom xosbue Ocnospas Teopema apubMCTHKR yiKe HC UMCCT MC
cra. Bodgee roro, nerpymio ykasaTh IBa DasnodKernst 4Hcia 6, rie Kkax
Jntl u3 compowuTeneil Moxer paceMarpusarses Kak "npoeroi! anement
KOJIBIIE

6=2x3=(1+c)(l-c).
R CBHIW C 3THM GLJ..'IL‘.\" IO KaH 'J'(_‘Upl‘]ﬂ JCITHMOCTH B KOJLIAX [\E'lf'_l.l:ﬂ‘if".!“i'
IIf_‘rIpHISl]I_T[:H]\.ﬂ,]("_ H ﬂl'_)l')(_l']'lt[(‘? 3ANeMeHTERI I:'I.(‘. TarHe, JiJjd KI]’I'{:)EH»I.‘C U3 Je-
JHAMOCTH I![]{)l'tf'i}‘}('...'Ll‘.|||‘T'(| Ha TAKOH aJeMeHT [:.-:lfllll_\"l"l'. HTO XOTH [‘\I;I OJIHH
H3 COMHOMUTEICH JeNNTCS HA Hero),

Ilpusenem reneps HOKA3ATEILCTBO 3HaMcHHTOrO pesynbrara Iuda-
ropa, Kak cJaelcTEMe 0CHOBHOM Teopemit apudmernkn. Matemarnka kak
nayka nauagach ¢ [Tudaropa (569-500 no H.3.) ¥ MuOroe w3 cojepxa
nus "Havan"Eskauna npunagaexut ndaropy v ero mxone. Hudarop
Ii]l(.‘l!l}l:[c BECJ NMOHATHC 'I(”"!'III-IE‘ H ”".‘Ii""f']”,i"._‘. HUCHa, JIPU(:"FI'-TE\ H coCTaB

HEIE.
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Teopema 3.3 (IMadarop). Uncno V2 sisasiercs MppatdonaibibIM,

Hoxazarenncrso. [lpegnonoxkum, uro 2 sasicres DALMOHATIT-
HLIM MHCIOM W /2 = 'L rae a v b uensie, taxue wro HOJ(a, b) = 1.
Orciona caenyer, vro o 207 enenoBaTeinLio, b‘lui:. Ecov b > 1. 1o
OCHOBHAS TCOPEMA APHDMETHKN TAPAHTHPYET CYIECTROBAIING IPOCTOO
unena p rakoro, uro plb. Toraa pla® u us reopemsr 3.1 zakmouaem, uro
pla, ciepoparesnio, HO/(a,b) = p, uro npusojur NPOTHBOPETRIO,
Ocraerea npepnonours, yro b = 1. Ho morna o? 2, 4T0 HEBO3MOXKHO,
TaK Kak a-nenoe. Hame npepnionoxenne o roM, uro v/2 — paigonanbaoe

npuBeno K HPOTHBOPEYHID, CHe 0BATeNBHO, \,-"J?- HppalMobaibLaOe,

3.2, 3amaun

L. Haftrn nsirh npOCTBIX YMCEN CPeIM YHOCH BHJIA
=i
2 |i_[}|-||-:{-f"| W IpUMeR, TOKasbiBaiomuii, yro OPEAMOIOMKESHHC O TOM, "ITO
W
KaXJ0e HaTypalbioe 9UCI0 NPECTatuMo B B p + a’, e p

npocroe unn 1, a yueso a > (0, apnsiercs HEBEPULIM,
3. Jokazars kaxaoe ns CHeNYIONMMUX YTRECPAICHKI.

(a) Kasxpoe npocroe uncno, umeiomee s 3n + 1, MORIIO npepceTa
BUTL B hopme Gm + 1,

U"] Kazxkaoe nenoe uncao BHR 31+ 2 HMCCT MHOMKHTENOM [POCTOR
HHCHO TAKOTO MO BHJIA.

(¢) EapncrsenyniM npoeTeiM quenom, KOTOPOE MOMHO NPEICTABAT L
Bunae nt — 1, sasnsercs aueno 7.
Yrazanne. Yaecrh, uro n® — 1 = (n 1 {n* + n 1).

(d) EgaHCTBEHIRIM TPOCTHLIM THCIOM P, A Koroporo 3p -+ 1 sisiis-

CTCA TOILIM KBAJADATOM, eCTh 7 5.

4. lokazars, 40 p? + 2 ABNACTCH COCTABHLIM YHCJIOM, €CJIH P 1TPO-
CTOC U p 2= O

Ykazanue. Yueno p Moxer umersn oy wa opm: 6k+1 wn 6k 45,

5. (a) p-upocroe u pla™. lokaszars, uro p"a.
(b) Nyctn HOM(a,b) = p — npocroe yncno. KakoBbl BO3MONKHLIE
snagenua gan HOJ(a® 6%), HOM(a? b) u HOJI(a*, b%)7
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6.

10.

Jlokasarh Kama0e U3 CIeIYIONHY YTREPACICHHI,

/ - | .

(a) Kamxpoe nesoe suga n' + 1, rie n > 1, apasercs COCTABHBIM .

(b)) Kaxyioe nenoe suaa n + 4, toe no > 1, anigeres coctaBubim
(reopema Codgm 2Kepmen).

(¢) Ecim n > 4 u cocrasnoe, To n gesur (n— 1)
s aTE -

(d) Kaxnoe nenoe suja 8" + 1, e n < 1, ABAsieTes COCTABHLIM,
Ykazauue. Yuecrth, uro 2" + 1|29 + 1

(e) Kaxcoe nenoe n > 11 MoxeT BLITL NpejcTaBieno Kak cyMMa
OBYX COCTARHBIX YHCEJ,

Ykazanue. Ecnu n — uérnoe (n = 2k), 1o n — 6 = 2(k — 3);

ecln N — HedyeTHoe, PAcCMOTPeTh enoe n — 9,

. Haitru Bce npocrnie umcia, koropoie genst 50!

"

. Hokazarte, uro 24|p° —q°, ecxin p 22 ¢ 2 5 M P, ¢ — TPOCTRHIE THCIA

. (a) Hepemenuag npobaema cocront o cacayomenm. Cywieersyer au

Heckoneanoe Maoxectreo uucen ruga 2" + L. roe n > 1. Haiin

HECKOJIBKO NPOCThIX HHCEJT 3TOTO B,

(b) Ewe ojna rumoresa: cylmigeTByeT Jin DECKOHEHMHOE MHOMKECTBO
2 g e i )
HpoctThiX uncen suaa n” + 17 Halltu HecKoNILEO DpoCTLIX 4HCes
’ b ot 22
sroro suga? Hanpumep, 257 16=+ 1.

T F- e r 2

Hokazars, yro aubo p° — 1, mubo p* + 1 penwres nwa 10, ecnu p
HeuéTioe npocroe, OTIHIHOe OT 5.

Vkazanue. Yucno p umeer oany uz dopm: 5k + 1,5k + 2,5k 4
3.0k + 4.

. Apyraa sepemensas npobiaema: cyliectsyer nu Geckoneunoe MHO-

JKECTBO NPOCTBIX wHeen suja 2" — 17

3 .”}lﬂ"I'H HECKOJNBKO DPOCTLIX YHCES 3TOro BHJa.

HoKasaTh, YTO CClu p = 2F 1 aBaseTes NpocTLIM YHEIOM, To Kk

nedérioe, Kpome k = 2.
Ykazauue, Yucers, uto 54" — 1 nna seex n = 1.

[lpencrasur, ynena 1234, 10140, 36000 B Bujie npoussegeHus npo
CThIX.
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16.

18,

19.

20.

CCMOTPHM MHOMKECTBO S MONOMUTCABHBIX HEABIX THCe BrIa Sk
1, 1e S ={1,4,7,10, 13,186, ...}. Bynem rOBOPUTL, YTO LEJoe a >
I, npuHajanexauniee K S, HA3LIBACTCH NPOCTHIM, €CIH €0 HeJb3s
MPEJNCTABUTE TPOH3BCACHUCM JIBYX MeHbLINMX yncen uz S, Hanpn-
mep, 10, 25 apnaores npocreivm, a unena 16 =4 -4 4 28 =7 -4
HEeT.

(a) Jlokasatn, uro kamoe YuciHo w3 S asinercs Jn6o NPOCTLIM,

B0 IPOMBBEICHHEM ITPOCTHIX,
(b) Ilpusectu npumep, NOKAZLIBAIONIMEA, 1T0 B 8 HeT eIHHCTEeHHO-

CTH nn4 mpereTapliCiu Hepes TpoOH3BCNCHHAC III’)(_IE‘."I'M}{.

CytecTByet runo1esa, 1o Kaxk 10e HETHOE YHCI0 MOXKET OLITh npej-
CTABNCHO PASHOCTLIO JIRYX COCCMIIHX NPOCTLIX YHCE) DECKOHETHLIM
uncnoM cnocobos, Hanpumep,

6=29—23=137 - 131 = 599 — 593 = 1019 -~ 1013 = ...

Buipasurs vueno 10 nogobubiv obpazoM mSTHANIATRIO CHOCOBAMMA.

. ,-r_i,l.?lf.il'.;'r} Ub, 910 HOJOKUTENLHOE ¢ > 1 #4BI8CTCH TOYHBIM KBaJPaToM

LOIJIA ¥ TOJBKO TOTAA, KOLJia B KanoHuueckol ¢GopMe qucia a Bee

HOKAZATCIH MPOCTLIX MUCE SBJAITCH YCTHBIMH,

lopopsit, YTO Henoe uKeno crOBOAHO OT KBAJPATOB, ECHN OHO e
AEJUTCA Ha KBaapar neqaoro, donwvwero egunnupl. Jokasars, wro
CHPABCINEBL CAEAYIONNE YTHEPKACHUS:

[:L:_I nedaoe oz 1 asnseres csobogupiM o7 KBaJAPATOR TOMA W TOMb-
KO TOIJIA, KO3 OHO PEACTABMMO fPOUBCACHHCM PABHBIX IPO
CThIX;

(b) xam0e nenoe n > 1 asnsercs UPOH3BEJCHHEeM YHcaa, crobon-
Horo or f\'ki.’l,-'l_[]i".'l'()li: H 'IH(f..‘Iﬂ: ABJIs 1IOLHCTOCH TOYHLIM H'HF!.I,-"lpf_l"l'{-JM.
Vxkazanue. Eciy n = ;;?_:‘pg-’-_,_-‘ui" — Kanonuueckas popma dHc-
na k, upencrasum ki o sune k; = 20, + 7y, vae vy = 0 wam 1.

[IpoBepuTn, wre Kasxuoe Hetoe 7 MOKIO OPeNCTABUTE B BHAC 7 =
'..t‘km.. e k=0, am — neudrnoe nenoe.

Hucnenupie sKenepuMenT AeNaioT HPaBLonoI00HbIM 1 peaIoNoNKE-
HUE O TOM, 1ITO CYIIECTBYET DeCKOHCUHOE MIDKCCTRO TPOCTHIX YHCe
p, Takny, uro p-+50 raxoke npoetrie. Ilpusegure 15 rakux npoctoix,

o4




3.3. Pemero Dparocdena

I\"}].}\' YCTAHOBUTE JUJIA NMAHHOIO HEJIOTO YRcla, ARIdercd Jd OHo Upo
CThHIM HJIH ‘:lJt:'l'H‘.;”l:i!\']‘? I; NOCJC/JHEM CHYYac, KaK Hal T IIt‘.’I'l}HliHPLIEI;]il;lﬁ

aenyrens? Hanbosee odesnaHbii NOAX0M COCTORT B NOCTEI0BATCILHOM

JEJeHUN JAHHOIO THC/a HA Kad(0oe M3 YuUced, NpefiiecTBYIONIUX cMY.
Eicors oo w3 upx (Kpome 1) ne apasercst AeJIHTCICM, TO HCXOAH0E
YUCI0 — TPocToe., XOTS 3TOT METO/ OUCHb MPOCT, ero HeJL3s PU3HATD
HOJIE3HBIM C NPaKTHIECKON TOYKN 3PEHA.

Mbl MOXKEM CIETIKA COKPATUTL BLIMUCHEHH, CCAHM BOCHOILIYEMCH Clle
IYIONMM cOieTBOM cocTaBHbIX unces. Benu nesnoe a > 1 cocrasnoe, 1o
€ro MOXHO NpeICTaBuTh, Kak a = be, e |l < b < an 1l < ¢ < a. Hpen-
nonaras, 1to b < ¢, nonyuuM b? < be = a u, TAKKM obpasom, b < \,."f_:..

Tak xak b > 1, To, cornacuo Teopeme 3.2, b ume

T 110 Kpaidneit mepe
. i ae S m —_— . P | "
onnn npocroit muoxkurent p. Torna p < b < /a. Boaee Toro, rak kak
plb u hi"-"\ 1o pla. OTeioga BHIROM COCTABHOE THCAO @ Beerjga obnajaeT
HPOCTLIM JIEITUTCACM P, YIOBJICTBOPHIONIMM Hepasenctry p < /a.
Takum obpazom, poBepsisl NPOCTOTY AAHIOTNO YHeaa ¢ > 1, jocra

TOYHO ASTUTH 0 HA HPOCTLIE, HE TPEBOCXOALLMe Yneaa «/a. Pacemorpum
1

Jioe @ = 509, Taxk kax 22 < /509 < 23, To MBI JOJ2KHB PACCMOT
pert npocrsie unena 2,3, 5, 11, 13,17, 19, Jena 509 na kaxjioe U2 HuUX,

HAXOJAMM, 9T0 UM OJUN W3 HUX 1e apngercs aeauteaeM aucen H509, Cre

Josarennio, 309 — mpocroe.

[Tpumep 7. llpunescnnan BoIIIC TEXHHEA JACT DPaAKTHUCCKAR METO/]

A0S NaXoRIenusa Kalonuueckoil dopmu nejoro udena a. llyern a

2003. Tak kak 45 < /2003 < 46, noctarouyno UPOBCPHTHL NPOCTLIE
2.3.5 7,11,13,17, 19,23, 29,31, 37,41, 43. Y6exxugaeMcs1, YTO LEPBLIM
W3 ATOrO CHHCKA NeauT mannoe ducsno 7. 2003 = 7- 299, [lpumenum

ror ke npuem k uncny 209. Mmeem uepasencrso 17 < /299 < 18 u

PACCMOTPHM HPOCTBLIE THCTA 2,3.5,7,11,13, 17, Ilepsuim B 970M CIOHCKE

Tak kak 23

qucaoM, geaamem ducio 299, asnserca 13 n 299 = 13 -1
MpocToe, TO NOJYYUM Kanolndeckoe pasnoxkenue: 2093 = 7-13 - 23,
Dparocden ua Kupenw (276-194 10 n.s.) — rpedecknii maremarux,

YLy pabOTLl OCTABKIIM BHAYMTEABLI LI el B Teopuut ducedt, B 1o spems

KAK (10TOMCTBRO [NOMHUT €1'o NiaBHblM l‘_}ﬁ]‘li].’;{‘iM KaK OHPCKTOpPa JnaMe

nutolf Gubsnmorexn B Anckcangpuu, Iparocden DL OfapeH BO BCEX

BOTBAX 3HAHHA M HOJAYYHT HMHA “{"['}i\_ T.K., 10 €ro clopaM, CTOoHI 110

Kpaiine#t Mepe 1a BTOPOM MecTe B Kaxoi us obsacred. Bozmoxkio,
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naubosice BICHATIIONEE MACTEPCTRO Dpatocden Npossui IPU AKKY-
PATHOM BhIMUCAEHUH TPACKTOPHH 3CMJIIM ¢ IOMOLILIO eBKJIMIOBOH reo
METPHU

Mur yxe ybeauinch B ToM, 4To eciv a > 1 ne jenures na 1pocToOe
P ‘: V”.Jt’!., TO 4 ABNACTCH ”]TI(‘D(_"]"i,]J\u‘J THCIIOM, :;“Jl)i].']‘l)(.‘!j)l:ll HCITOIBIOBAJ 2TOT
cbaxr kax ocrosy Hekyeno# Texnuku, nasuisaemolt "Peniero Dparocde-
Hal, U HAXOMKACHUS BEeX HPOCTRIX YHCE, HE IPeBOCKXOMALIAX JAIHOrO
uncna . Merog cocrour B enenyomem. Hammues unena ot 2 10 n B
CCTECTBCHHOM TIOPAJNIKE W 3aTeM YIAJIHM H3 3T0I'0 CIIUCKA BCE COCTAB-
NHIC MHCA, BLIMCPKUBAs YHCHa, KpaTHbie p, 2p, 3p, Ap, ... rae p < /n u
pocroe. UeraBninecs B 9TOM CIMCKE MHCIA, T.C. YUCIA, He HpOmeAIe
CKBO3L ”{'H'JUI": ABJAIOTCH l]['iﬂ(:']'l:FMH.

Halinem ¢ nomomuio npupefieiiiore BLe Meroma (pemero Dparo-
cdhena) Bee npocTeie Yuena, ue npesocxonamnue ymena 100, Pacemorpum
CHHCOK peex uucen 2,3, 4, ..., 100, nomecrun ux B caeayionyio Tabauny.

2 =3 A s gk Qg

1119 1314 1516 17 I8 19 20

2122 23N 2526 2728 29 30

3130 333¢ 3536 3738 39 40

41 4Q 43 44 4 b 47 48 49 50

a1 5% 53 B¢ 57 38 59 60

Oy 67 68 69 70

: TG TR 79 &)

81 82 83 & 858 87 88 89 9

91 9% 939N 9596 97 98 99 180
Ly}

Yuursisast, yTo 2 HPOCTOE, BRIYEDKHBAGM BCC YOTHLIC YHCHIA U3 3TOMO

b
4
s
-~
ot

=
=
=

CUMCKa, KpoMme camoro vucna 2. llepsoe m3 ocrasimmxest aucen B 51om
CIMCKE €CTh MO0 3, Apnsiomeccs npocThiM. CoXpasuM ero, 1o Bbk-
HEPKREM nee qucha, kparusie emy. HamMeusmee umeno nocte 3, ko-
TOpoe ne yjaneno, ecth 5. Ono ne genured v a2, oY Ha 3, Muaue
Mbl Gt ero suruepknysu. Cresoparennio, oo upocroe, Ocrapns-
CM UMCIO D M BLIMCPKMBACM Bee kpartHuie emy. Hepsoe na ocrapumx
e, KpoMe 2,3, 5, ectt 7, KOTOpoe ABJIAETCH LPOCTBIM, T.K. OHO HE Ae-
Jaures uu Ha 2, nuova 3, un na 5. Ocradres BLINEPKHYTEL BCe Yuena,
Kparupie 7, KpoMme camoro uuena 7, 3aMeTum, uro 7 HaubonwIee

U3 NpPOCTBIX, KOTOpOe He npessisaer +/100. B pesyanrare n nawem
CIMCKe ocTanuen guena 2,3,0,7,11,13,17,19, 23,29, 31,37, 4 1,43, 47,
53,59,61,67,71,73,79, 83,




89, 97, 1.e. Bee HpoOCTHIE YHCTa, He npesbinawuige 100

OyesuIHbIE BOUPOC, BO3NMKAIIIMA TP 3HAKOMCTEE ¢ MPOCTHIMEA YHC-
aamu takos: "cywecrsyer nu camoe Bosnnroe upocroe ducio?"Oreer
ORI IAH B YJIMBUTENEHO TPOCTOM MOKA3ATENLCTRE, TPUBeeHoM FBKIn-
oM B knure IX ero "Haue

", Jokasarenserso Epxinja obienpussano

0DPAZHOM MAaTEMATHHYECKON IeranTHOCTH, CyTh COCTOUT B CHELYIONIEM.
Ecnu 661 npocreie yuena obpa30BhIBAIN KOHEYHOE MHOMKECTEO, TO MOXK-
HO Ono Obl HARTH 1POCTOE, HE HAXOASIICECH B HEM, CJEI0BATENbLHO,

HHCIIO NPOCTLIX YHCRH HECKOHeTHO.

Teopema 3.4 (Epxana). [lpocte yncsa obpasyior beckoneaHOE MHO-

HHCCTBO

HoxkazarenncTro. Jlokazareinerso Bskianga — upaMep MeTosa 1pu
pejgenns X abeypay. llyers py = 2, pp = 3, py = 5, pg = T,
MMPOCTHIE YHCAE, CCTECTBEHNO yropsaaovyernne. 1lpegmonokumM, 910 cy-

MecTRyeT H.‘\H(:(JJTI‘IIH"P UX HUX. ¥ 0DO3HAYHM ero Hepes py,. Pac MOTPHM

HOJOMHT

JNBHOC 1eno0e YHCIO

[

P = pip2...py

Tak kax p > 1, coruacno Teopeme 3.2, p HeJiMTCA HA HEKOTOpPOE NPOCTOC

p. Tak kax py, Py, ..., P 00PA3YIOT Bee MPOCTLIE UHCHa , TO {2 corna

¢ oM w3 nux. Caegosatennno, plpypo...py v p|FP 4, rakum obpasom,
p|P—pipo...py, re. p|l. Ho euicreenibiv no00KHICHLHBIM JeIRTCICM
uypesa 1 aenseres 1, 4 Tak Kak p > |, 370 upuBOoART K TPOTHBOPEYHIO.
Teopema gokazaHa.

WMurepecno orMeTHTh, 910 00030a49ad 4YHCI0 pips...pr + 1, epes Py,

HEPBHIC 8TL YHCes 2TOH NOCHeIOBATCNBLHOCTH !

Py=2+41=3,

Pp=2-3+1=7,

Ps=2-3-5.7-11+1=2311,

AT npoctbiMu gucnamu. Opnako Py 59 -509, P; = 19-97 -
277, Py = 347 - 27953 — cocrapnpie uncaa. Jo cux mop Hemsmecro, cy-

HECTBYET Ju DeCKOHeYHoe MHOMKECTBO 3uadenuil &, ang koropoix Py

upocroe?




Hyers p, N-0€ 1POCTOC YHCIIO, NPH CCTCCTBCIIOM YIOPSJIOMenK
BCEX LPOCTLIX uncedr. JJoKazareaberso Teopemst 3.4 NoKa3niBact, 4ro

Atk

Pt < P1P2-.-Pp -+ 1 < Py L.

HanpuMep, ccnu n = 3, umeem

D]

F1l=0"41= 126,

7 P 22 f
uTo nokaseizaer "rpybocrs"sroit onenxu. [pusegem Gonee rounyio onen-
Ky pocta py, !

. - ym—l

Teopema 3.5. Eean p, — npocroe YHCHI0, TO P, < 2
Hoxazarenscrro. Hposegem maykuuno oo n. Seno, yro npu n = 1

YTBCPICHHC TCOPeMBI CHpanenuBo. Hpenonomkun, 1To yreepxictue

BEPHO JUI BCEX HOMEPOB TOCICA0BATCILHBIX TIPOCTLIX YHCCI, MCHBIIHX,

yem 1. Torna

1424224, 42n-!
.92 = I A_.)_[I e T o i B

P+l 1P Py Fd
Ecnu npumenum pasencrso
s a2 an N
l +242%4 , +27 =20 — 1.

T0O K3 NIoCHeJHero HepapeHersa clelyer, uTo

DAt T

Pu i1
~ oyam ‘
Hol € 287t n=1.2. ... CHEAOBATCILHO,
an_ g an_1 an_q on

Pl & 20 427 B FET i

H TeopeMa JoKasaHa.

Crnencreue 11. Jlns n = | CylecTByer no kpaiuoeik mepe n + 1 npo-
CTLIX YHCEN, Menbinux, yem 22

Hokasarenscrpo. Vs npejbiaynieli Teopembr BUIIO, 4T0 KASKIOC U3
MHECH P, P9, .. Pagl MOUbLIC, YoM 277,

Metouut, passusaionpe uaeio pemera Sparocdena, 3AHUMAIOT BECh-
Ma I0YETHOE MECTO B coBPeMen ol Teopun ynces. OcHonnas 3anava npu
ATOM - OLCHHTDL KOJHYCCTBO NPOCTHIX THCEN ¢ PASIMIHLIME CBOHCTRA-
mu. Hanbonee nasecrnsie — pemero Bpyna (1920 r.), pemero Cennéep-
ra (1947 r.) u "Gonnwoe pewero Jlunnuia"(1941 r.). Ouno# nz nauto-

JIEEC MHTPUTYIOMAX 3a/lad TCOPUH YHCE J0 TOCHCIHero BpeMenn bOnira
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3aa49a PAcio3HaBalus TPOCTOTLI YHCIA MO ero 3AMHCH B NecATHIHOH
cucreme cunenenus. Benn uncno N 3anmcalo ¢ ucuonb30BAHUCM N je-
carHanbx wpdp (T, JIMHA ero 3ANHCH PaBHa 7)., TO MeTox nepebopa
neauresell, MEHLUIMX, YeM Kopenb xpagpartusit uz N, Tpebyer sxcrno-
HEHIHAJIBHOIO KOJMMCCTBA ONepalnil 1 HoToMy HEMPUIOAeH IS Npak-
THUYCCKWXN 3ajiad, koraa pnupa n bonee cornu suakos. Opuako B 1980
roay Apneman, Homepaic v Pamenu mainnu ajropuT™ CyuecTBeHHO
MEHLINEH TPYJAOEMKOCTH, OCHOBAHHBIR Ha 1NYOOKHX TCOPETHKO - 4HC
JIOBLIX COOBpaXkensaxX, DTOT AJTOPUTM MO3BOAAI 3MQCKTHBHO PewaTs
3a4avy onpejejaenus poCcTOTE Yueaa s unces, uMetonpx 100 — 200
akon 8 csoeit ganued. Qnuako npobieMa CylecTROBAINA AJIIOPHTMA
C NOJIMHOMHANLHOR OT THCHA 71 CTOAKHOCTBIO JIONT0e BpeMsl OCTaBalach
orkpLiToil, JInus 5 2002 ropy unpuiickue Matemarnku Arpasan, Kaii-
an u Cakcena vainay ajgroput™, Tpebylowui nopaaka n'® apudmeru
YECKMX ONepamyil IUis pementst 3Tol sagadn. 3a1ata e passioKeHus
HATYDAJILHOI'O YHCHA HA MHOXKUTCAH ¥ B HACTOALIME MOMENT PERCTAB-
NACTCHA BECHMA TPYIHOR.

3.4. 3anauu

1. Borsicuurs, spaderca jan dacno 701 npocTniM, gens ero na ee mnpo-

CTLIE, 1€ npesLiinanme /70

2. Uenonesys peinero Dpatocdena, HallTH Bee TPOCThIC P, TAKHE, YTO
100 < p < 200.

3. HUssecrno, aro p # n just seex npoeterx p < /n. Jokazars, uro

Jubo n pocToe, JUDO oHo ABIACTCH HpouspejcHHeM OAByX IIpo-

CThIX.

Viazanue. TIpeiiooKuBs DPOTHBHOE, YCTAHOBHTL, 4T0 71 COJCP-

KHT N0 Kpalinel mMepe TPH NPOCTLIX COMIOMKHTENS,

4. Brisicnin, CHPABEJTUELL MITH HET CIICAYIOINE YTBCPKACTH !

(a) /P MPPALMOHATBIOE I HOBOI0 HPOCTOTo P;

(b) Ecnu a >0 n Ya — paponalsioe, To {a — 1enoe;

(¢) dna n > 2 uncio /n — APpalMOHAIBHO.
Vkaszanme. Mcnonbzorars nepasencrso 2" > n.

(d) Hoxkaszarb, uTo ecii n > 2, TO CYIUECTBYET [POCTOE YHCIO P,
VAOBJETROPAIOUIEE HEpaBeHCTBY 11 < p < n!
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VYkasanue. Ecim n! — 1~ ne npocroe, 10 cymecrsyer y storo
uMesa npoctoll senurens p. C Apyroit cToOponsl, HEpaBEHCTRO
p < n sacuer pin! (npoTuBopeune).

. F)['.JIH i NpocToe MHCTO ¢ HOMCDOM 11 ITpH eCTeCTBeHHOM ynopsano-
HOCHHH MHOMKECTRA MTPOCTRIX YHCERN, NOKA3AThL, "I'TO HH OIHO H3 YUCeN

Pp = pipe...py + 1 1 apunercs TOYHBIM KBAJAPATOM,

Ykazanue. Kaxoe p, umeer sug 4k + 3.

«

3.5. Tumnoresa lNonnabaxa

fo'l".{ H3BECTHO, YTO [Ip()(."l'bl(: HHCHA ()ﬁl)ﬁi:ﬁ_‘)"]ﬂ'l" (ii‘f‘]\‘l’)}](f‘lfi(l(‘ MITOZEC-
v:"l'l_(-l'!.r }Iﬂ{fl‘i[l{‘.;L(’..?li_‘.ilH('. HX (_'.|.Jf.3|ﬂ,” “i“l.'l'_\«’[)}l..‘llalil:l,\ HHCCH BeChMa 3aradovno.
Pasiocts Mexly COCEHUMEU APOCTLIMA MHCHAMHE MOKeT GbiTh Mana,
kak B caydae nap 11 v 13, 17 » 19, wnu, nanpumep, 1000000000061 »
1000000000063, B 1o ke caMoe BpeM# CYIIECTBYIOT CKOML YROAHO GO,
e l-}fl'l'l‘[}[i?i.”l.l HOCHCNOBATENLHOCTH “i]-T_‘y’[)ﬂj”»!llrL\ HHCCH, B J((‘}'J'L}I)I‘IX
HET HH OAHONO MPOCTOro HCHa.

'k'; CHX 1TOP NEeH3BCCTHO, CYINCCTRYET JIH HECKONEUHO MHOTO npocmux

O

KOTOPHIX eCTL NpocToe “THeJIo. 1{!](’.II(‘.|1III>H‘ SHCIICPUMENTE NMO3BOJAA10T

FHEYUOG, T.C. AP COCEAHMX HEUeTHLIX YMCHe P W p - 2, Kaxjioe ui

OpeAnoNOMKUTL, “ITO OTBET — LHOJOXKHTCILH LI,

Hokaxkem renepn ogun dakt, yooMmanyroii suiue. Jlig nasnoro na
TYPAILHOrO N2 CYIECTRYET 71 HOCHEJOBATENLHBIX HATYDPAILHBIX THOE,
KAy /l0¢ U3 KOTOPLIX cocrapstoe. s nokazarennersa paccMoTpumM

HHCIa

(

(4142 (41043, (n+ 1)+ (n+1).

5{(2”1): 10 ATH II}I-'r'}"l)ﬂ.Tl];]ll'l(: HUCHTE OTJIHMYaioTeH Ha {'.JI.HHHIL_V: T.€. OIH
06pasyIoT N NOCHCHOBATENBHLIX HATYPAILHLIX yucen, C JAPYTro# cropo-
HBL, KQOXKJIOC B3 HUX ABIACTCA COCTABHBIM YHCIOM, Tak Kak (n + 1)1 4 2
peqnrest ua 2, (n+ 1) 4 3 neaures na 3w oL

Hanpumep, jua n = 4 umeem

54 2=122=2.6]
al+3=123=13 41,
Sl4+4=124=4-381,

5l 4+ 5=125="5-25

L.

LiN]




Ki}llt'.‘l]l{). MO0 nailTu u APYIYIO HeTBRCPKY NOCHCLOBATC/ABHLIX HaATY
pannueix gueen 24, 25, 26, 27 wim 32,33, 34, 35,

[Mepeiiaem K apyroft nepeurenuodl npobneMe, kacawmelcs MPOCTLIX
yHeen, runorese Lonpabaxa. B numcnme k Dinepy (1742) Kpucru-
af Tonbabax pHCKHY NPEIIONOAKHTE, YTO KAMKI0C YETHOS MEJI0E MHC-

JO eCTE CYMMa JIBYX HHCCS, Kaxoe U3 J\'[’J'I'l_’?l)l»lf\ IpocToe WKW CJUHU-

na. Heckonbko Gosce obmast hOpMyNIMpPOBKa BRITISIMT TAK: Kax/joe

4ETHOE YnCa0, Bosbiee, 9eM 4, MoxkeT DHTE TPEACTABICHO CYMMOR 1By X
HEeYETHBIX TPOCTHIX. [ HOOTE3a HONTBCPK IACTCH CASAYIOUMMY IPAMepa-

MH:

12=54T=1411
14=3+11=7+7=1-+13
16 }+13=5+ 11
18 y+ 13 =7+ 11 1 4 17

24=54+19=7+17=11+13=1+23,

26 } 423 =T+ 19 13+ 13,
28 =5+23=11+17
J0=T7++23 11419 13+ 17=1+ 29,

[o-pupumonmy, icp HRKOTIA He HLITANICH JOKAZLIBATE 3Ty MHITIOTESY,
HO B oTeTHOM mHchLMe loannbaxy BblcKasas cobCTBeHnylo MioTe3sy:

Kaxcnoe yetHoe ueaoe (2 6) suna dn4-2 ecTh cyMMa By X YHCOI, KAN(I0E
pit \ b ABY s

H3 KOTOPLIX HAH [ITpoCcTOoC BHAA dn + 1, wam 1.

l_:‘)[j‘,’”,I“L_]!f KOJHYCCTEO MTHCHCHHDLUX ';'}I\'(‘.II{‘.[}l'i!\'it'.}l'l'{lli !|lJI,|I\'J'|i!_'iJ}!-._,']‘.'].‘."T 'H-
noresy Tombabaxa (ona nposepera s seex yerneix jio 100000 skaro
YUTENALHO), HO 00IEr0 A0KA3aTeNLeTRa ¢ HIIH KOHTPIPHMEpA JI0 CHX
nop ner, CoppeMennpit noaxof K runorese [oasabaxa jeMOHCTPUDYET
snamenuToiit peaynsrar MM, Buuorpajiosa: nourn see uéravie Mucna

ABASIOTCH CYMMO#t Jiyx npoctnix. Texuunueckoe siatenue TepMHAa "11o-

Gl




urn see' cocrour p TOM, UTO CCJITH A(H} obosnavaer YHCIO Henbix m = n,

F{(i'l't_!}ll_.ll.‘ HEe HpeHCTaBHMbI ('-_\"'MM(]H JBYX HPOCTRIX, TO

i
TR ORI

Ahee
Bamernm, uto ecnn runotesa Donnabaxa BEpHA, TO KA 0€ HEYETHOE
uucio, Gonbnice, yem 7, JOJOKHO BBITH CyMMO TPEX HEUBTHLIX HpPO-
eruix. B camom gene, ccam o neuérioe uon > 7, 10 n— 3 uérnoe u
n—3 >4, Ecin n — 3 npejcraBuMo cyMMOoR IpyxX neugTHbIX HPOCTBIX,
TO 1L CCTH CYMMA TPeX HeaéTHRIX npocthix. B 1937 rogy U.M. Bunorpa-
JOB JIOKA3AN, YTO 3T0 MeHeTBUTEALIO TAK JUiH JOCTATOuUN0 BoNLIoro
neutTioro nenoro, ckaxem Goapmiero, 9eM N, Takum ob6pasom, jocra-
TOYHO OTBCTHTEL Hd BONPOC A0A Kaxaoro Heuérnoro n, 9 < n < N, K
COXMANCHUIO, N CTONL REJIMKO, UTO 9TO HPEBLILACT BO3MOXKHOCTH COBPE-
MEHHBIX l{{ﬁl\-‘“||=|E‘.I'I'!‘.II{IJ-1.

a Bunorpagosa coepyer, uro Kaxioe Jo0craTonno 6Goih-

W3 peaynuraz

WIOe METHOE NEI0e CTh cyMMa e Bosee MeThIipex HeuSTubIX IpocTbix.

Tenepn MBI HEMIIOIO OTKIOHMMCSE OT 9TOH TEMbl W 3AMCTHM, UTO CO-

FIIACHO aJITOPUTMY HCJeHHsA, Kad Jl0¢ HATYPAJLHOC MHCIO MOGKHO npem-

CTABUTE ONHUM U3 crnocobos;
dn.dn + 1,4n 4+ 2,40+ 3

st nexoroporo 1 2 0. feno, wro dn n dn-+2 = 2(2n+1) — oba uernwie.
Taxym 06PasoM, BCC HEYETHBIE HEJILIC TONAJAIOT B JRe MPOrPeccHH: OIHA
CONEPKUT ugeibie suag An 4+ 1, Te.

1,5,9,13,17,21,
a Jipyrast CoucpxuT ueasie suna 4dn -+ 3, e,
3,7,11,15,19,23, ...

fleno, aro Kaxkas M3 STUX HPOrPECCHTl COACPKIT POCTLIE TUCTA U TO3-
HHKACT BOUPOC, CONCPXKHUT JIM KazkJas W3 3THX nporpeccuit beckoneamoe
UHCIO TPOCTBIX, DTO JACT MPHATHYIO BOIMOMKHOCTL JJIs HOBTOPHOH Jie-
MOHCTPalMH MeToAa EBKinja nokasaresibersa BECKOHEUHOCTH 1POCTBIX
uucest. Hebosvinan mojndukanus ero aprymentos obnapysxkusaer | yrto
CymiecTByer Deckone noe Yneio npoctuix Buia 4n -+ 3. Jlokazarenncany
ATOTO HPEITOTIIEM JIeMMY.

Jlemma 2. llpoussenenue (Byx Hiau BONBIIETO YHCHA HETBIX eujia dn+1
CCTL HUCHO TAKOID XKe BH A,
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Hoxasarenberso. Hocrarotuno paceMorpers NPOU3Be(eHAe IBYX Ti-

cex. llyers k& n41uk =4m+ 1. YMuomkan ux. nojiyuum
kE = (An+1)(4m+1) 16nm +4An+4m -+ 1 =4{dnm+n-+m)+ 1.

Teopema 3.6. Cyueereyer GECKOHEHHOE YUCIIO MPOCTHIX CPEIM YHCE!
puja 4dn + 3.

HoxazarenbcTro. B oxuganun nporuBopedus NPeanoiomuM, YTo
yrcsna suaa 4dn + 3 0bpasylor KoneHnoe MuoKeeTBo, KoTopoe Mhl 060

BHAMUM (1, §2, ... PACCMOTPUM HATYPAALHOEC YHCIO

N =4qnq...qs — 1 = Hqg2-.qs — 1) + 3

u nyers N = 7o, ero KalonuiecKoe pasliorkeHue ¢ IoMoIILIo npo
creix. Tak xkak N ieuérnoe, To rp # 2 ana seex k. Iostomy ry
dn 4+ 1 nom An + 3. B enny JeMMbl npousseaenne Juoboro vuena

comumxuTesell suna 4n + 1 cors yneao Takoro ke suga. Tak kak N
umeer puJ dn+ 3, To orcona gcto, 9To N J0JKHO UMeTh X0Td DLl 0jiH
MHOKHTENE 15 = 4n + 3. Ho, ¢ apyroit croponv, v; He naxojures B
CIUCKE q1, §, ...¢s, MO0 3T0 mpuBeso Bu K nporusopeduio: ri|l. OcraeT-
G5 OOHa BO3MOKHOCTL cCyumecTsyer feckoeYHoe MHOMAKECTBO MpOCTHIX
Buia Adn + 3.

()".'l?L'.f'Ji'.‘/l l'.L\Hl_!UE_', :I\'il.f".:'_l.'.(!lil,liﬁf'-ﬂ l]})t'ﬂ'pf‘ti!'i“-l. ["\f_'.'I'IJ}I.II.I‘{'.l'-]. H3 YHCell BH-
ma dn41. Orer 31eck TAKKe HOJOMKHTCICH, HO JIOKasaTesbeTBo Tpedy-
er cneluanbioil Texnuky, O0a 3TH pesyanTaTa ABAsIOTC COCIHAILIIbL-
MU CAyuasMi 3aMmedaTenuoi Teopemer Jdupuxae, nokasannoi B 1837.
/I EI\"J}{E'!.'{E'['I'(!.'Il‘l'TI'i'rl ﬂl)” ATOM CIHINKOM 'POMO3IKOE, ‘I'I'l.‘l’;l;l ero 30echL npH
BOANTEL. 1loaToMy OrpamuHuYuMes JANIL (POPMYIHPOBKON YTREDIKJICHUA
Teopema 3.7 (IupuxJyie). Eciu a u b B3aUMHEO IPOCTELIC HATYPAJIb-

HBIE YHCHA, TO aprdMeTHICCKAdA PO Peccud

a,a+ba+2b a4 3b

COHCPMUT ﬂt'fih’l’ﬂll"l“l_?!“ THCIO NPOCTBLIX.

He cymecrryer apudmMerndeckoll nporpeceuu a,a + b, a + 20, ... co-
crosmeli TONLKO W3 NpocThiX wuce. Irobui B aTOM yOeuTLes, 1PEJIo-
JIOWHUM, 970 ¢+ nb = p, rae p — npocroe. Ecnu nonoxutes ng = n+ kp,
rme k = 1,2.3 ... TO Yaen ¢ HOMCPOM Ny AANNON NPOrpeccHn uMeeT
BW /L

a4 nb=a+ (n+kp)b=a+nb+ kpb=p+ kpb.
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Taxk Kax KakJoe craraeMoe copaba ACHHTCA Ha P, T0 a + ngb co
crapnoe. Takum obpasom, Tporpeceus joskna conepxiarh HecKoneyHoe
MIOMKCCTBO COCTABHBIX YHCEJ.

Mueeres ranoresa, 170 CyIECTBYET apUgOMETHYCCKAS [POCPECCH KO
HeuHoi (1|0 ||]'m|-1:%!".f:.ili-.rmii) JNUNLL, COCTABJICHIA M3 1OCACHOBATC b=
HLIX HpocThiX yucest. HpuMepoM Takux nporpeccuii, cocroammx ua Tpex
M ICTLIPeX upocrnix, asuasores 41,47,53 » 251,257, 263, 269. He Tak
JABI0 KOMITLIOTEPHBIE HECAETOBAN TS ODHAPYAHIN TPOrPECCHH U3 [IHTH
M IHECTH TOCHEHOBATCNLILIX IpocThix. Ux wnennt uMeior ob1y10 pas-
nocth 30 v onn naunpaloTes ¢ npoeTniX duces 9843019 v 121174811, B
HACTOALLCE BPEMS HCHBBECTHA ADHPMETHY CCKAS TPOTPeCCH S, COCTOSIARA
U3 COMHI TOCTSJOBATENLHLIX NpocThix. Kenu orpanuuenue, cocrosmee B
OTCYTCTRMM MEXJY COCCIHIUMHU ITPOCTLIMU MHCIAMU HPOIPECCHHT IPYTHX
NPOCTBIX MHCRJL, YOTPAHHTL, TO MOMXKHO HalTH DECKOHCHHOE MHOMKCCTBO

SL.'I.]1}[[‘])]"‘]("]'}’]'li’(.’KHX II[]UI'})(‘.C(LI‘Iﬁ H3 CCMH “JICHOB, HANDHMED,

7,157, 307,457,607, 757, 907.

” HENHX ITOJHOTLE ML JOJMKHBI YIIOMABRYTH JAPYryio 3HaMenHTyIo [Ipo
ﬁ.]l(tr.q_\,-', KOTOPpasd 10 CHX NOP He NOJIIacTed HHKaKHM YCHIIHAM MaTCMAaTH-
KORB. DBeKaMu MATEMATHKY MLITANHCE HAHTH IPOCTYIO hOPMYIIY, KOTOpasH
Japajia OLl KA I0e TpocToe 1HCH0 Hin xord Onl Geckodeunoe TTOJIM 110-
AHECTBO OPOCTLIX W HuKakue apyrie, Ha nepsbiit p3rns) 3o Tpebosa-
HHC KaKCTes JOBOIBLHO CKpoMHbIM: Hality dyuxiuio f(n) ¢ obuacrsio
onpejenends N u ¢ obnacreio suaucnuii - GecKoHeNOE MOJMHOMKECTBO
MIIOKECTBA BeEX NPOCTLIX. 1B cpennue Beka OYCHL BEPHIH, Y4TO KBAJIPA-
THUCCKHUE TTOJHNOM

JONycKaeT TojibKe npoctiic snavenus, Chegyomas Tabanma mokassina-
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©T, 4TO 9Ta BEpa NoAKpenagered Toluko nas no=0,1,2 39,

T

7 _.,f'l'u.:] n .l'ln\| n _I"['.':}|
0 41|14 3|

| | 13115
2 A7 1 16
3 33117 347 |31 1033
! 6118 383|32 1097

5 71|19 421(33 1163
6 81|20 461[34 1231
135 1301
8 113|122 547|136 1373 |
9 131(23 593|37 1447
[10 15124 64138 1523

11 173125 691139 1601

{

Opnaxo, f(40) = 40 - 41 + 41 41%, f(41) =41 - 42+ 41 =41 - 43.

Caenyomee ssagcnue f(42) = 1744 cnona npocroe. o cux nop neus
BECTHO, COACPKUT au obaacTh snavennil dbynkuny f Heckoneuno Muoro
IPOCTBIX.

Heynaua, ceasanuas ¢ paceMorpenneM Boine hyakiui f necoygai-
HA, T.K. JIEIKO JIOKA3aTh, 4TO HE CYIECTBYET MOJuioMa (OTJIMUHOIO OT
KOHCTAHTHI), € LeJILIME KO3 MUIHCTTAMM, KOTOPLIA IPUIHMAECT TOJALKO
npoctoie suavenns na N, [peanonoynm, 4To Takol TOJIHHOM CYILECTRY-

er. Tlyern

f(n) = an® + agn b aan® 4+ an + ag,

rae a; € 0,1, ...,n. Ho opeanonoxenno pist (hUKCHPOBAIIOTO
IHAYEHWA N ng yneao p = f(ng) npocroe. Tenepn paa moboro
t € Z pacemorpum soipaxkenue f(ng + tp):

J(no + tp) =ar(ng +tp)™ + ... + a1(ng + tp) + ap =
-( (1. n.,’l} + o ang + ap) + pQ(t)
=f(no) + pQ(L) -
=1 - ?J!:L.f.f” # p{] | (.“1':_"]..‘- ),
rae Q) noaunom ¢ nesniMu KO3 gunEeHTaMi. 3T0 NOKASLIBACT, 1TO

flng + tp) — cocrasHoe yucno, uiade ou10 6B f(ng + tp) Ep nau
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0, =170 neroaMoXknO, Tak Kak f HOJHHOM CTeneHn k, oTiIHYHbLI oT
KOHCTAHTHI.

Hyrn Donee obiee yTBep:ienue Kacaeres MIOTOUICHOB MHOIHX 11e
peMeinixX. A uMeno MIOXCCTBO dHaveHull muorodaena f(xy, zs, . .., 7x)
or k 1iepeMennbix ¢ NelbIME KoadpuupenraMi B T0UKaAX ¢ NeJLIME KO-
OPJIMHATAMA HE MOXKET COCTOATL TONBKO U3 TpocThIX Yucen. Tem ne me-
ee 1 1976 rogy O nadijicn MHOTOWIEH cTenenn 25 or 26 nepeMennnix
(rmcno OGyks anriuniickoro aadasnra), JUIs KOTOPOIO MHOMKECTRO BCEX
HOJOKUTENBLABIX 3HAUYCHHI, TPUHUMACMBIX UM B HEJILIX TOMKAX COBITA-
JAET €O MHOMECTROM BCEX MPOCTLIX MUCe.

Ormernm, uto B 1947 rogy Munac (W.H. Mills) pokasain, uro cyime-
CTYCT NOJOKUTEALHOE BEIECTBEHHOE THCI0 7, TAKOE, UTO BLIPAMKCHMC
Jn) =1 3 sinnseres npocThiM wueaoM s no= 1,2, 3. ... Dro pesyh
TAT THHA TCOPEMBLI CYIECTBOBAIMS M HHYCTO HEU3BCCTHO O 3HAYEHWH
umnena 1. B 1951 ropy Hupen neckonuko yrounun sty reopemy, nokasas,
uro juia moboro ¢ > 8/3 eymwecreyer takoe uueno r, uro f(n) = [rn‘

peerjia rmpocroe.

3.6. 3Sanaawm

1. Vbenurnest, uro yncna 1949 » 1951 npocTLIC BuMBHEeIbI.

2. (a) MokasaTs, viro, ccam K 0pouMaseAcHnio J0OLIX pocThX Gausie-
HoB JODABATH CUUHUILY, TO TOJYHUHTCH TOUNBLIN KBajpart.
(b) Hokazars, uro, cean p > 3 M HPOCTOE, TO CYMMA NPOCTLIX BIUS-
HEHOB p B p + 2 nenwresa na 12,

3. Haitru see napnl npoctuix p u g, Jsi KOTOPLIX p — q = 3.

4. Cuansecrp (1896) nepedpazuposan runoresy Fossabaxa: "Kaxioe
gtrnoe yenoe 2n, bonsumice yem 4, ecrs eymma JABYX npoctuix. [1pu

n an

ATOM OJIHO — DOJLIIC, YeM 7 a JIpyroe — Menbie, yeM -—."

[Ipoeputs oty sepenio runoress Tonnibaxa s BCEX METHLIX 7.
6 < n < 76.

5. B 17562 1. Tonppbax npepnoxkun Ditiepy Clepyiomylo runoresy:
"Kazgoe neubruoe nenoe MoKuo NpeicTapuTh B BHAC P + a, rue
p wiu npocroe, uinn 1, nenoe a = 0. llposeputes, yro aucno 5777
‘.,‘IJ;J(‘Iil:'}I'H.H'l '.‘l'l'y I'H”l’)’]‘.’.‘:-!_\_?.
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NoxasaTb, uro runoresa lomnpbaxa (kayknoe uérnoe uucio, HGOIb-
mee, 4eM 2, ecTh CyMMA JIBYX 1POCTHIX) 9KBHBAJIEHTHA YTBCPXKIC
HMIO O TOM, 4T0 Kanoe negoe, Boabiee, MeM 5, ecTh CyMMa Tpex
ITPOCTLIX.

Ykazaaue. Ecinu 2n—2 = py+po, 10 2n = p+mm+2, a 2n+1

Vi P2 —+ 3

7. 'unoresa Jlarpanska (1775) yreepKaaeT, 4To KaxKjoe He1ETHOT 11e-
noe, DoJipinee, YeM D, OpejcTasuMo cyMMOR py + 2pg, 171e P12
npocruie. [lposepuTs 9710 JUist Beex neveTHwx 7,9, ..., 75.

8. Moo pokaszars, wro Juis gadnoro n € N cyumecrsyer uéTnoe
YUCI0 (1, KOTOPOE MPEJCTaguMo CyMMOR JIBYX MPOCTLIX 1 PASHBIMHA
crocobaMu,. Yoeurnes, 4To uncaa 60, 78 » 84 MoKHO OpeicTaBuTh
f'_\,-'.'vir\mﬁ JBYX NpOCTBIX HEeCThIO, CCMBIO, H BOCEMEIO criocobaMu co-
OTBETCTREHHO.

9. (a) [Ina n > | nokazai

. 9TO Heabie 1, 1+ 2, 1+ 4 He MoryT ObiTh
BCC H [)l WTHIMHK

(b) Tpu neawix p, p-+2, p-+ 6, KAXKA0E U3 KOTOPLIX 1POCTOE, HA3BIBA-
e TPOCTIVBLM TMPUTLACTIVOM, ].!i]’:'l'I'H HHTH [TPOCTREX 'I'[]I']II..'!"".'\'H&

10. Hafity nanmensiee n, ana koroporo f(n) = n“+n+ 17 — cocrak-
noe. Cpenats To e camoe s dynknalt g{n) = n® + 21n+ 1 u
h(n) = 3n? + 3n + 23.

11. Crnepyionuit peaysinTar H3BecTen Kak HocTyiar Beprpauna (pokazan
[1.J1. Yebpinensim s 1850 ). Jas kampgoro marypannioro n > |
CYMECTBYCT 110 KpalHell Mepe OJiHO [IPocToe f, JIJId KOTOpPOro i
p < 2n. Menonnsonath 310T Pe3YILTAT A0S I0KAZATEILCTBA Hepa

BelcTsa p, < 2", rae p, — n-0e IpocToe MHCII0

3.7. 3HamMeHurTas TeopemMa O MPOCThIX
YHCJIAX

th'i':i IIL)(‘..-ll‘,'.[_i.}ljil'l"’.‘.ll1-|Il}lf’l‘l: [I]_){'!I"'."I»]N qucen ,-!'_f’.!\-lfl}-[(','.f‘]iHl!}'E"-’-' CHI L=
I[}’!E} !l(;'.[){']'_\-’.ll}'l[')HL‘('.".'],\ JTO KacaeTCH ,'[-'”I.‘I..'E{‘.rl, OHda, MMeeT TeHJICHIHIO
K Oupejieneniol ACHOCTH B IICJIOM. SHaMeHuTas TCOPCMA O TPOCTBIX
YUCJIaX 1O3BOAACT HaM [PejiCKasbiBaTh, 0 Kpainell Mepe acuMNITOTH-

HECKH, CKOJILKO UMeeTCd HPOoCTLIX HYHCesN, HTO JUJIH TaHHODO 7L HMEETCH
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i
”npnm:tpura"l—— ITPOCTRIX YHCEJ, HE DPEBLIIAIONIAX 71,
g
Mepoii pacnipenenenvs npocruix smiserca dynxiuua w{z), onpenc
neunan qan 1 € R Ipu vrom () ecrs uncio npoersix aucen, Koro-

PLIE HE IPERLIIAIOT £, T.¢. 7{x) = 2 1. B rimase 3 Mu1 jlokazany, 4ro
P

lim 7(x) = +oo. C gpyroil cropons, Tabimia NPOCTHIX YHCEN TOKAZLI

r

BAaeT, YTO ONK pacnpenenens ¢ Gonsmumu npomexkyrkamu, Ha nedop-

MAJHHOM A3LIKE MOXHO CKA3ATL, 4YTO MO4YTH BCE HATYDAJILILIC YHCIA

i - )
"Yrobw 0bocHOBATL TOCAE e YTRCPXKACIHE, MOKAKEM, uTo lim ——- =
r—00 T
0. Mp1 jnogxnn jlokazars, wro ecan € > 0, 1o cymecrsyer HATY PANTLIOE

wl{x) N

yueno N, raxoe, 410 < E, KOTJia o =
: T
Iycrs n — nonoxkurensnoe nenoe, C noMonnio nocrynara Beprpana
1

COCTRBILIC,

pibcpeM npoctoe p, uis Koroporo 2" < p < 2" Torma p|(2™)!. Ho p 4

Bl
an—1
& )

caejosarelbno, OusoMuaansamit koaddbunpenT ACIWTCs

1
Ha p. 91O OPUBOIHT K HEPaBCHCTBAM

on
...‘:J“ 2 ( . = I | P =27 ‘\ﬂ m(2")—m{27~1)
g A % A g e 4 !

on - gn
OTCIONA CHSJAYET, YTO

92" 5 oln=1)(r(2")-#(2"""))

Iosromy,
“EH
r(2") - {207 £ ——. (3.1)

n-—1
Ecitn mul nonoxum no = 2k, 2k - 1,2k -2, ....3p (3.1) u cnoxuM coor-
BOTCTBYIOIWME NEPABEHCTBA, TO HOJYYHM
2k Hip
52 Iy - N
m(22%) 7(27) < vt

~ ]
r=3

R
Tak kak, ouesnino, aro (2%} < 2% 10 w3 wocnesHero HEePAReNnCTRa

SaRJIONACM, UTO CTpaBCIUIHBO HepaBelcrso

2h 5 k 2k :
i 1 0r alty o
i ™ r ) 4] - E4
T (L,JR) < > : e } ogiss 4 i
— P sl e
=D =2 r=k41 4




B nocnennux HABYX CYMMAaX 3aMCHUM 3HaMCHATENW 7 — 1 na 1w & coor-

percrsenio. Tora noJyduM HepaBencrso

k 25 31 ~2H. 1
2k Ty o i akt1
[ 277) & N oy \ ) j
et L k
2 r=k+1
WM
1
i (3.2)
4 K
Acro, yro gng nodoro BeneCTBENNONO & =2 2 CyIecTeyer cAuncTiel
Hoe narypanbuoe k, juia koroporo 29F7% < o < 2% [losromy ns (3.2)
CJIGJIYET, MTO CHPABEIJINBO HCPABCHCTBO
w(x) 2% 16
x o k
Eeny Mul renepn BosbMem © 2 N 22 g0 k [£] + 1. Cneno

paTenLHO,

HT0O H I'i}l?‘-}lPlii!...’]l..li'ls JIOKR3ATDh.

B 1740 rony D#maep need

I B MATEMATHYECKWH ananus neera-(pyukumnmo
=1
(s} AN - = 7742774+ 37+
/ Ao
" Tt
n i

(i)}"!llill_'}llt]: OT CBOMCTB KOTOPOH B KOHEYUHOM CHCOTE 3ABUCHT JOKA3ATe H-
CTRO TEOPEMBI O NMTPOCTLIX YHCHAX. |I;au ATOM OCHOBHOH pesyibTar ik

HGPa, i\.'I{ZHIU!II‘IIﬁ[‘.'A HE3C T ‘-l‘_\"[lf\'-’illﬂ. COCTOHT B {11'?{!.’\‘}

yiie, lpejeTanas-
rote QI\.\';.] E BHIE CXOAAMWErocH DECKOHCHHOTO ITPORIBeICHHA!

rae p npoberac

>T BCE MPOCTBLIE YHCTA.
Dro npejcragiesue g ((§) cacuyer w3 pasnoKenns Kaxuoro co
MHOKHUTENA B [)H'l,'[".

; LT ‘;;E'(é)?+(%)

P Y, \ L

CHHE eCTL CYMMa 4JjeHon BH 4




PHsowies P pasanunbie npoernie. Tak Kak Kaskjoe HaTypaisioe n en-
CTHBCNTLIM 00PAZOM TPEACTABUMO IPOHBBEACHUCM CTereHel HPOCThIX i -

cedr, TO Kad o clraracMoe m HOSABAACTCH OHHH B TONLKO OJHH DAl B
) o |
ATOH I\f M :'qu'.__ e, B > ——

Jeskangp s ero knure Essal sur la Théorie des Nombers (1798) noi-
cKasan npeanonokenue, yro () npubamkenno pasia Hynkiuu
£
itjﬂg" T — 1 ; 08366

l‘.'_ll‘y’!'i('f HPeANOJ0MNAN, YTO r;(r} HMCCT TaKyI0 Ke CKOPOCTL pocTa, UTo M

dyHKIMS i .4

0g
a£

; Cdu
f.-,f.{.e') - / =
J logu

naet nyuiiee npubioxkenne gas w(x).
3aMeTHM, 4T0 34eChL U BCIoAy B 3ToM maparpadge log oznayaer jora-
prdiv 1o ocHoBARMIO @ (HATYPATLHLIH Jorapudm).

L'jl!'l'l"[-‘{f“'l“ CPaBHuTL 9TH NpeJINoONoAKCeHs ¢ 1alibIMH 'i‘?}f’jj][i[]}-!:

LT () loga 'il.'.ux:u;r.i ; La(x)
1000 168 172 145 |78
10000 1229 1231 1086 1246
100000 9592 9588 3686 9630
1000000 78498 78534 72382 78628

10000000 664579 665138 620420 664918
100000000 5761455 5769341 5428681 5762209

[epsuiit suaunTensunii nporpece B cpasuenvu n(z) ¢ II" — Ooin J10
ogx
crurnyr [LJL. Yebpnnesn. B 1850 1 on gokazan, uTo CyIICETBYIOT

HOJOAHUTCNLHBIC KOHCTANTL & U I'IJ? gl = b.' TaKHe, YTo

oL €

a <w(z) <b

log @ log

At pocrarouno bonpmmx &, Janee Hebnimes gokasasn, 91o ecion dynk-
1t ;1(;:‘_)](:;:/' logx)} umeer npenen npn z, crpeMsimiemes kK Geckones-

HOCTH, TO on pasen 1. Dror sameuare sHbl pesysurar OLT oMpaden
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neyjauell (oTcyTeTEre J0KA3ZATENLCTRA CYWeCTBOBau:A upeaeda). llpo
Ocu D yerpanen 45 Jer cryerd.

Mur mosKHbl 3aMeTHTh, Wro 13 pesynsrara Yebnnuesa caejpyer pac-

— 1 )
XOAHMOCTL Psiia N o rae p poberaeT Bee MHOXKCCTRO 1TPOCTBIX MHCeI.
b 1)
¥ :
B caMom jiesie, nyers p, — n-oe nNpocToe TUCho, T.e. m(pa) = n. Tak kax
L T
T r) > a -

Ii I:_' M

AR JOCTATOTHO DOJILINAX €, TO OTCIOAA CACAYCT CHPABEIUIMBOCTDL HEPA

BENCTBA

L1t JoCTATOYH0 DoJLINKX 1.

Ho n® > p, u logp, < 2logn. Takum obpazom,

ap, < nlogp, < 2nlogn
o
- -y N ]
Jutsi goctaTodno bonbmimx n. Cregosarensno, pag ‘) — PACXOJIHTC
..!}nln’
=1
™
e |

Tk Kak H3IBCCTHO, YT0 DAl

] PACKOJIHTCS.
—n |'._);.1 T
n=2

i”}l.‘l_:l]{?l.iil;l[i) HOBLIC HOCH, JTaBIIIHC KJIOY K JIOKa3aT

CTRY 3HaMe-
HATOH TCOPEMLI O HPOCTHIX YHCTAX, COLCpPMKATCS B 300Xa/buoi pabo-

re Pumana "Uber die Anflahe der Primflahlen unter einer geqebenen

Grosse"(1859). B 1o spema xak Diljiep orpanuyuBaiIcs BEHICCTREHHBIMYA

suadcHuaMu gin s B gyukimu ((s), Paman yeranosun cash Mmexy

YACIHPCACJICHHEM ITPOCTEIX H NHOBEJCHHEM ( i), KAK {“\"J'.I\'ll,!«fl-l KOMILIEKC-

HO# ttepemennolt § = a+ bi. On yeTaHoBHA psi) cBOHCTE azeTa-hyKiin

BMEeCTe ¢ 3aMCUYATeNLHLIM TOMHJICCTBOM li)li:l-]i!}l f.i)i)}li‘.-’;‘_e'.,'!il. i.'F'I'.\al.ll[-'r‘J.l CBA-
\ oy

auiBalolaM 7{(x) ¢ HyaaMu dyninun

B yoomsnyro#t spuue pabore Pumana spickazan paj CHIOTES, Ka-

CAIOIUXCH pacnpeiejseHus Hynei ra-chynkuun, Hanbonee wuasecr

HAst M3 HUX — zunomess Pusmaina, KOTopast yTBepyKIaeT, 4To BCe Hese

HICCTRCIHLIC HYJTH (]J\:’”l\'ﬂ,lfﬂ :.‘-': "':| ABNAIOTCA ]llf]‘\'[)l'il!!l,l?\-‘.ﬁ TOYMKaMH BH-
l

2 = + b KOMIUICKCHOW MJIOCKOCTH, T.€. OHK JIexkar Ha "KPUTHUCCKOH

|
= -’.")]F! JHaMCHUTA; MHIOTE3a 10 CHX oD He JOKasaHa
B

1135 ML ']1‘\
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Meeneposanus Pumana 6nmm uenonnzosannl A jamapowm n Banne [Tyece-
HoM, Koropole B 1896 rogy HesaBucuMo M OJHOBPEMENIO JOKA3AIN, YT0
{ w{)
lim =t = ]
rsco 1/ logw
DTOT PE3YNLTAT CTAJ HIBECTEH KAK 3HAMEHMTAS TEOpeMa O NPOCTHIX
apcaax. Bamne llyecen nomen gannme o ceonx ucenenopanusix. Ouw no
Kasad, 9To Jiid gocraTodno bonsimx snadenuit © dyuxuus w(z) 6o-
Jjee rouno npubimkacres ¢ nomouplo Li(x), yem ¢ nomotpio ghyukunm
il | kaK 661 0y BLIGHPATL A.
logx — A
Ho nepasiero speMein npeobiajaino MECHKHE, Y70 TEOPEeMa, O TPOCTHIX
ypeaax e MoxeT OuTL goKasana 003 MCHONL3OBANMA CBOACTB j3cra
Gyuknpr ¥ 6e3 cregenus K Teopdd (MYHKIUE KOMIUIEKCHOTO NepeMen
noro. Tem ne mence B 1949 1. nopserkckuit maremarur Cenbepr nanien
qHCTO apudMeTHIeCKoe oKazaTennerso. Kro pabora Alte Selberg "On
elementary Proof of the Prime Number Theorem"siznsieres "snementap-
HoH"B TOM CMBICHIE, YTO HE HENOJB3YET METONOT COBPEeMEHIION0 AHAJINAA,
Cenbepr 6nin ynocroen @unnconekoit megann & 1950 rogy wa Mexcry-

HAPOLHOM MATEeMATHUCCKOM Kourpecce za pabory 8 210# obuacTy.

3.8. 3apaau

1. Hoxazary, uro mnsg gocrarouno bonpimoro uucaa N cymecrsyer
e MeHLWeH Mepe 3 HpocTbiX YHCAa, SAKINOUSHIBIX B ITPOMENKYT-

ke ey N u 2NV, Moxno siu yrounnrs senuyuny N7

2. Uenonsays npesinyuyIo 3ajiauy, JJ0Kazarh, yTo Joboe JocTarouno
OONLITOE HATYPAILIIOC YHCAO0 NPCACTABIMO B BHJIE CYMMDbI pasiany-
HEBIX 'II{I(_':E"I'I-T)( MHUCCTT,

3. Haitmu konumecTBo NpocTLIX Ykeen b upoMexyrke or 1 po 1250,

4. Haiity kanonuuecxoe PAasIOACITHE THCIA n!n npoHiBeacHue npo-
crex uuces. BEcan MpocTOe YRG0 p < N, TO KakKoBa naubonninas

crenens yuena p, neaamasa nl?
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