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BBenenune

JlanHoe 1ocobue siBJisieTcsl IpojoJIzKeHneM paboThl «JIumHeitHas ajredpa.
Cospemennasi airebpasr (2012 r.) u oxBarbiBaeT GOJIBINOI OJIOK TeopeTnde-
CKOI'0 MaTepuaJjia 1o OUJIMHEHHbIM U KBaJPaTUIHBbIM (OpMaM U UX HPUJIO-
JKEHUsIM B JIMHEHO# ajireOpe 1 JIMHEHHbIX reoMeTpustX. Marepuas crpymmnm-
pOBaH TaKUM 0OPa30M, YTOOBI ITPOCIEINTH OJHOTUITHBIE CIOYKETHBIE XOJIbI B
Pa3BUTUU TEOPUIl €6KAUIOBHLL, IPMUMOBHIT, CUMNACKIMUYECKUL U NCEEI0EE-
KAUD0BbIL 6eKMOPHBLIE npocmparcms. Kaxk u B mocobun 2012 roja, Mbl 1pe/i-
IIOYUTAEM, IJIe 9TO BO3MOXKHO, CMOTPETh Ha U3ydaeMble 00bEKThI «C BBICOTEI
NTUYBErO 10JIeTay, YTO MO3BOJISET YJI0XKUTH YaCTHOCTU KOHKPETHBIX TEOPHUil
B €JINHYI0 BeCcbMa CTPONHYIO KapTUHY, U MEPUOIUYECKN «CHUXKATbCA» JIJIsI
paccMOTpeHnd JieTaJiei.

duyocodust paccMaTpuBaeMOro MaTepuaJa 3aK/II0YaeTcd B CJIETYIONEM.
[IpemeTom Hariero mHTepeca SBJIAIOTCS B OCHOBHOM BEKTOPHbLIE MTPOCTpPaH-
CTBa, KayKkJloe 13 KOTOPBIX CHAOXKEHO (PUKCUPOBAHHON (PyHKIINEH JIBYX BEK-
TOPHBIX aprymeHnToB. IlonpasymeBaercst, 94To Ta (DyHKIMs HaJjlesleHa J0CTa-
TOYHO XOPOIINME CBOMCTBaAMU CUMMETPHUH B HEKOTOPOM OOOOIIEHHOM CMbIC-
Jie 1 pUKCUPOBaHa JjIsi JAHHOI'O IIPOCTPAHCTBaA. Bexmoproe npocmparcmeo
¢ 3apurcuposarnoti na Hem GYHKUUET PacCMampusaemcs xax edunsili 06s-
exm. llo-nipexkaemy, Kak 1 B IEpBOil 9acTH, Mbl OyjIeM UHTEPECOBATHCS MOP-
dbusmamu (T. e. JIMHEHHBIME OTOOPAZKEHUSIMU, COXPAHSIONUMU (DYHKIIUIO) 1
KJaccuuranmeil Taknx o0bLEKTOB, KOTOPbIE B MaTeMATUUECKOl JIMTepaTy-
pe MHOT/Ia HA3BIBAIOTCS BEKMOPHLLMU NPOCMPAHCMEAMU € DONOAHUMEALHOT
cmpyrkmypoti. MopduaMbl IPOCTPAHCTB € JIONOJHUTE/IHHOM CTPYKTYPOI J1JIsT
KazKJIOro THUIIA, CTPYKTYP BeIyT cebsi NpU KOMIIO3UIUSIX COBEPIIEHHO IIPU-
BBIYHBIM 00pa30M; MaTeMaTHKH B 9TOM CJIydae T'OBOPST, UTO IMPOCTPAHCTBA
C JIONIOJTHUTEIBLHOM CTPYKTYPOIl JIJIst KayKJI0oro THIIa CTPYKTYP 00pa3yloT ka-
mezoputo.

st pa3BuTHs TEOpUH BHadaJle HEOOXOAUMO CKOHIIEHTPUPOBATLCS Ha, UC-
CJIeJJOBAHIK KJIACCOB «XOPOLINX» (DYHKIUIM, MOCTAB/ISIIONINX JIOINOJHUTE b
HbIEe CTPYKTYpPbl. TOMY IIOCBSIICHA IIepBas IJiaBa. 3aTeM JIJIsl KazKJoro u3
TaKUX KJIACCOB OYJIeT M3JI0XKEHA CBOsSI TEOPUSA <«IPOCTPAHCTBA C JIONMOJIHU-



TeJIbHOI cTpyKTypoii». [locie sToro mMbl oOpaTum cBOe BHHUMaHHE Ha JIU-
HeffHbIe orepaTophbl, JeficTByIoNnne B TaKuxX npocrpancTBax. Hakownerr, OyayT
PACCMOTPEHBI NeOMETPUYECKIE TTPOCTPAHCTBA, OCHOBAHHDBIE Ha, TOCTPOEHHBIX
aJredpamIecKnX TEOPUsX U COOTBETCTBYIONIUX UM CHMMETPUAX, U IOJIyUe-
HbI MHOTHE pe3yJbTAThl MHOTOMEpPHOI aHaJuTHIecKoil reomeTpun. Takke
MBI KOCHEMCS HEKOTOPDIX MPIJIOZKEHNH JTNO0 caMIX aredpo-reoMeTpuIecKnx
Teopuil, MO0 NX OYEBUHBIX OECKOHEUYHOMEPHBIX 0000I1eHnii. Bribop ocse-
maeMoit 00J1acTH MPUJIOYKEHUN — & 3TO TeopeTuyeckas (BU3MKa — MPOTUK-
TOBaH B IEPBYIO O4Yepe/b BKYCOBBIME IPUCTPACTUSAMEI aBTOPA HACTOSIIErO
1ocobusi. DTU TPUJIOKEHUST, €CJIN He BJIABATHCA B JIeTaJu UX peasm3aluu,
HPUHIUITNAIBLHO HECJIOXKHBI, BECbMa HAIISTHBI 1 OTTOTO CTAHOBSATCS elre 0o-
Jiee BIIEUATISIONIIME. Y YNTBIBasi CHUZKEHUE POJIM €CTECTBEHHOHAYYHBIX 3HA-
HUl B OOIIECTBEHHOM CO3HAHWH W IOJIMEHY HAyJYHBIX 3HAHNUN HEHAy THBIMU
YMOHACTPOEHUSAMU, aBTOP CUUTaeT HEeOOJbIIOH «KpeH» B 00J1acTb (PUBNKH

BeCbMa I10JIC3HbIM.

Eire oj1HOI cyIiecTBEHHOI YepToii n3/jiaraeMoro MaTepuala siBjsiercs 00J1b-
mas JI0Jsi reoMeTpun. ['eoMeTpudecKkne MOHSITHSI U PE3YJIbTAThI SIBJISIOTCSI
OCHOBHBIM IIOJINTOHOM HCIIOJIb30BaHUs ajredpamdeckoit Teopuu. Bmecre c
TEeM II0 Mepe Pa3BUTUs MaTeMaTHUKU I'DAHUILI MEXKIY pas3IndHbIMHI OTPac-
JISIME MaTeMaTHKU 1 0COOEHHO MEXKIy aJiredpoil u reomMeTpueil cTaHOBSITCSI
Bce OoJiee u DoJiee YCJOBHBIMU: T'€OMETPHUsi ollepupyeT obpas3amu, Bce OoJiee
JIAJICKUMI OT HaIJISITHOCTH, & ajredbpandeckne MeTo/Ibl CTAHOBATCS Bce HoJiee
YHUBEPCAJbHBIMI U PabOTAIOT BO Bce DoJiee TIMPOKOM KJIacce CUTYallnii.

B cBsa3u ¢ JsmmHeitHO ajrebpoit Mbl OyjieM KOMOMHMPOBATH JIBA OCHOB-
HBIX HAITpaBJIEHUs: 00IearedpandecKne MeTO bl KOHCTPYHUPOBAHNA JTOKa3a-
TEJILCTB U MPOUCXOK/IEHNE BBLIUNCIUTETBHBIX aJrOPUTMOB. [1e MoxKHO, Oy-
JIleM I30eraTh YaCTHBIX ITPUEMOB B MOJIH3Y CTAHIAPTHBIX YHUBEPCATIBHBIX PAC-
cyKjeHuil. AKIEHT jiesiaeTcst Ha OOIIyI0 cXeMy («MeXaHu3» ) JI0Ka3aTe/IbCTBA.
Takux oOImMIX cxeM OYeHb HEMHOIO, W KarKjasl TaKas cxeMa MPUMEHSEeTCA B
pPa3IMIHbIX (DOPMATBLHO OJTHOTHUITHBIX CUTYAITHSX.

ObmeasiredpandecKe MeTO/Ibl B HAIIel CUTYallnd — 3TO KOMMYTATHBHBIE
JinarpaMMbl, (puJIbTpaIun 1 KouabTparui. B mejoM BocTpeOOBAHHOCTD JTia-
I'paMM CYIIEeCTBEHHO MEHbIIe, YeM B [1epBOil YacTu. 3aTO BeJIUKa POJIb OPTO-
POHAJIBHBIX MPSIMBIX PA3JIOKEHUT B CAMOM MIHMPOKOM CMBIC/IE (SIBJISTFOIIIXCST
OJIHOBPEMEHHO (DIJIBTPAIUSAME U KOMDIIBTPAIISIMIE ), & TAKKe TTOBCIO/TY BH/I-
Ha, OIpee/Istionas poib cuMMeTpun. OTCTYILIeHNsT OTMeYeHbI 3Be310UKOi .
[Ipu mepBOM YTEHWH OTCTYILJIEHUS MOYKHO TTPOITYCTUTD.

Bberaucmre/ibHbIE aCIeKThl — 3TO 06a3UChl, Pa3HOOOpa3HbIE TPUIOXKEHUS



MATPUIHON aJIredphl, aJTOPUTMBI ITpeodbpazoBanus hopM. IIpuaTHbiM 60my-
COM CTYIEHTY SBJIE€TCH ICUXOJOTMYECKas eCTeCTBEHHOCTh U IPOCTOTa WX
MIPUMEHEHUS.

[lonpasymeBaercd Ha/4dne y CTYJIEHTOB 00Iea/redpanvdecKoil moroTos-
KN B 00'beMe IepPBBIX MOJyTOpa KypcoB yHuBepcuTera. Cauraercs, UTO Y-
TaTe/ b 3HAKOM C MOHSITHsIMU abejieBoii/HeabeieBoil IPYIIIbI, TOAIPYIIIbL I
(baKTOPrpyIIbl, KOMMYTATHBHOTO / HEKOMMYTATHBHOIO KOJIbIA, UMEET HABbBI-
KI MaTPUYHBIX BBIYHUC/IEHUN, TOHUMAET, UTO TAKOE BEKTOPHOE ITPOCTPAHCTBO
u JHeitHoe oToOparkeHnne BEKTOPHBIX MTPOCTPAHCTB, a TaKxKe CBOOOJHO Olre-
pupyer ¢ HadaJbHBIMEI IOHSITHSAMEI TEOPUU JIMHEHHBIX OIepaTopoB. ABTOD
MO-TIPEXKHEMY CTPEMUJICS CJIe/IaTh TaK, YTOOBI UTeHHUe T0co0us He ObLIO TPY/I-
HBIM, HO IIPU 9TOM CTapasicCh He »KEPTBOBATH COJIEPyKATE/ILHOI CTOPOHOI B
1oJIb3Yy Jierkoctu BocupusTus. [lonpasymeBaercs, 9aTo paboTtatoniuit ¢ moco-
OueM CTYJCHT MMeeT MOTHBAIMIO K CaMOCTOSTETbHON pabore n mpodeccuo-
HAJILHOMY CaMOPa3BUTHIO.

Hakomner, Hecko/1bKO ¢JioB 00 yuparkHeHusix. Cpejin HUX HeT 3a/1ad BbIYUC-
JINTEJILHOI'O XapaKTepa, HaIllPpaBJeHHbIX Ha OTTauuBaHUe BJIaJIeHUs aJIrOPUT-
mamn. Takux (oueHb BazKkHBIX!) 38181 MHOTO B KJIACCHIECKUX COOPHUKAX, U
II09TOMY HET 0COOOI'0 CMBICJIA KOIMPOBATh UX TUIIBI. Y IIPayKHEHUsI 3TOTO I10-
COOMST — «TEOPETUIECKOTO» XapaKTepa; OHI cojep:KaT pparMeHThl PacCy 7K 1e-
HUI, [TOJIJIeXKAIINEe CAMOCTOSITEILHON ITPOPAdOTKE, JITOO PACCYKIEHUsI, KOTO-
pble HYy2KHO CKOHCTPYHPOBATD, UCIIOJIL3YSI paHee IIOKa3aHHbIe IIPUeMbl. JacTh
3aJ1a9 HOCUT WJLIIOCTPATUBHBIN XapaKTep: OHU JeMOHCTPUPYIOT, «UTO U KaK
paboTaer» B KOHCTPYKIMSX U JOKA3aTeJIbCTBAX U UTO IPOUCXOIUT, €CJAU OT-
MEHUTh WJIK OCJa0UTh TO WM MHOE OI'PaHNYeHne. YIIparKHEeHUsI BO3HUKAIOT
110 XOJIy IIOBECTBOBAHUSI I «BMOPOXKEHbBI» B JIOTHKY TEKCTa, I09TOMY peliaTh
ux HeobxoauMo. OHU COCTaBJIEHBI C IIEJIbIO JaTh CTYJIEHTY ITOHUMaHue pas-
JINUHBIX CTPYKTYPHBIX ACIIEKTOB N3y daeMOil TeOpUN Ha TAKOM YPOBHE, ITOObBI
CBECTH K MUHUMYMY HAIDY3KY Ha MaMSATH (MEHBINe MTaHCOB BOSHUKHOBEHUST
CUTYAIINH «HE TOHUMAEITh — BhIyuny ). KKaxk mpaBuio, 3Toro MOKHO JIOCTHYb
BCKPBITHEM OOJIBIIONO YHC/Ia IPUINHHO-CJIeCTBEHHBIX CBsi3eil. 3a1a4un B Oc-
HOBHOM HETPYIHBI, I 4acTO UX pelleHne 3aHuMaeT OJHYy CTPouky. OgHAKO
OHM IIPU3BAHbI IIOHEMHOI'Y YUUTh TBOPYECKOMY JIey — IOJYyUYeHUIO 1 JIOKa-
3aTeJIbCTBY HOBBIX MaTEMATHYECKUX PE3YJIbTATOB U IIPUBUBATH ITPUBBIUKY
CaMOCTOSITEJILHOTO TIONCKa PEIIeHNI .

ITocobre opueHTHpPOBAHO B MEPBYIO OUYepeh Ha CTYAEHTOB BTOPOTO IoJa
00ydueHnsT Ha MaTeMaTHIecKoM (haKyJIbTeTe, OCBaNBAIOIIINX KYPChl JIMHEHHO
aJireOpbl. Bmecte ¢ paboroit «JIuneitnass anredbpa. CoBpeMenHast aJjiredpas



(2012 1.) oHO ITpeIHAHAYEHO JIJTsT 00C/TY )KIBAHUST TIOTPEOHOCTE T MMEHHO THUX
KYPCOB, OJTHAKO He O€3 OTCTYILICHH T OT 00s3aTe/IbHOI TPpOrpaMMbl, 0003HAYa~
IOIINX HEKOTOPbIE BO3MOXKHBIE «TOUKH POCTa» U IIPU3BAHHBIX XOTH HEMHOI'O
II0Ka3aTh CTYAEHTY OOraTcTBO, MOIIb M FapMOHHUIO IpejaMeTa. Kpome Toro,
1ocobue 0TYaCTH MOYKET OBITh IMOJIE3HO CTY/IEHTaM OCJIEIYIONUX TO0B 00Y-
YeHUsl, CJIYIIAIONINX Pa3/JIniHble ajaredpandeckne Kypebl, B 9acTHOCTH « DyH-
JlaMeHTaJIbHbIEe aJiredpandecKie CTPYKTYPhI», a TaKyKe JJIsi CUCTeMaTU3allii
3HAHUI IIPU OJATIOTOBKE K IOCYJIapPCTBEHHOI aTTeCTAINN.

[Tocobue pa3buTo Ha IJIaBhI, IJIaBbI — Ha, pa3Jie/ibl, pa3/ie/ibl — Ha ITYHKTHI.
Howmep nynkra m.n.k o3nadaer nyHkT k pasjesna n B ryiase m. st ymno0-
CTBA OPMEHTUPOBAHNUS B TEKCTE TPUHSITA CJIeLyolast HyMmepaius (hopmy (a
TaKyKe OIpejleIeHnil, JJeMM, TeopeM U T. 11.): HoMep m.n.k o3Hadaer hop-
MyJIy (COOTBETCTBEHHO, OIpeJieJieHne, JIEMMY, TeOpeMy W T. II.) ¢ HOMEPOM
k pasmena n riaasel m. Hymepaiust dpopmyst (ompeesiennii, jieMM, Teopem
U T. I1.) He OMeAedHcusaem HoMepa IyHKTOB. Bcee TeopeMbl, MpejiiozKeH s,
JIEMMbI CHaOYKeHbI Ha3BaHUSIMII.
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I'maBa 1

bunnneiinbie dopmbl

B s10oit riaBe MbI gaJiuM Oonpeje/ieHusl 0Aa30BbIX MOHATUNH U Pa30BHEM OC-
HOBHBIE CPeJICTBa UCCJIeI0BaHNA, C HUMI CBI3aHHbIE.

[Ipexk e Bcero obCy M KOHCTPYKIIMIO HCXOHBIX 00BEKTOB: 8 NMEHHO BbI-
SICHUM, TI0YeMY HUMEeEeT CMbICJI pacCMaTpuBaTh (PYHKIIUN BIIOJIHE OIPE/Ie/IeHHO-
ro Bujia. OcobEHHOCTH MaTeMaTUKKN KaK 00/1aCTU WHTEJIEKTYaIbHOIO TBOP-
YecTBa COCTOUT B TOM, YTO, C OJIHOIl CTOPOHBI, MOYKHO KOHCTPYHPOBATL W
n3ydaTb OObEKTHI ¢ IIMpovaiiiiiuM pasHoobpasueMm cBoiicTB. B sToMm 1iane
IPOCTOP I (paHTA3UU OIPAHMYUBAETCS JIMIIL TpeboBaHusiMu Jioruku. C
JIPYTOil CTOPOHBI, TIOCTPOEHHAS TEOpHUsl OyIeT JIMIIb TOT/Ia UMETh IIEHHOCTD 1
pa3BUBaThCA Jlajiee, Korja oHa OyJeT MMeTh aKTyaJbHbIe WU ITOTCHITNAJ b
HbIE TIPUJIOYKEHIsT BHYTPU CAMOfl MaTEeMATHKI ¥ /UK B IPYTUX HAYKAX.

Apenoit HaImmux JAeficTBU ABISETCA KOHETHOMEPHOE BEKTOPHOE MTPOCTPAH-
cro V naj nosiem k, umeroriee pazmepHocts dim V' = n. Ecjiu He oroBopeHo
IPOTUBHOE (B HEKOTOPBIX CIyUasx Oy/yT BBOJUTHCS OIPAHIYEHNSI), XapaK-
TEPUCTUKA M0JIsT k IMOApa3yMeBaeTcsl POU3BOJIbHOIL.

1.1. HagaapHble TOHATHUS
1.1.1. Buauneiinoe orobpakeHue. busmmHelinast dpopma

[Tycts V' — abesieBa rpyiia, 3amnucbiBaeMast ajuTuBHo, a f : V — k —
k-3HavHas QyHKIUS.

Omnpenenenune 1.1.1. Oyuxnus f : V — k nHasbiBaercs addumuehod,
eCJIn JI7Ts1 JIFOOBIX 9JIEMEHTOB vy, V9 € V Boinosmeno f(vi4vy) = f(v1)+ f(v2).

CorytacHO OIIpe/IeIEHII0 BEKTOPHOI'O IIPOCTPAHCTBA, aIUTHBHAs adeJie-
Ba rpymmna V' Hecer JieficTBIe TOJSA CKAJIAPOB Kk, OOBIYHO 3alliChIBAEMOe KaK
«YMHOKEHHIEe BEKTOpa Ha CKaJIAp»: (A, v) — Av.
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Omnpenenenune 1.1.2. Byjaem rosoputs, uro dyukius f : V — k BekTOp-
HOrO aprymenTa k-odnopodna cmenenu d, ecin jist Jiiobbix A € knuv € V
BLITIONIHEHO paBencTso f(Av) = A f(v).

Samevarue 1.1.3. OyHKINNT, OJHOPOIHBIE CTEIIEHN 1, 4aCTO HA3BIBAIOT IIPO-
CTO 00HOPOOHBILMU.

Samevarue 1.1.4. k-ognoponyto (DyHKINIO cTelleHn d Ha3bIBAIOT (hopmoti
cmenenu d.

[Iyctb V' — BeKTOpHOE MPOCTPAHCTBO HaJI 110JIeM k.

Omnpenenenune 1.1.5. Oyuknusa [ : V — k HazbiBaeTcs Aunetinot, ecau
OHAa aJJUTHBHA U k-OIHOPOJ/HA, TO €CTh JIJIs JIFOOBIX BEKTOPOB v, Vs € V 1
JIIOOBIX CKAJIAPOB A1, Ay € k BBIIIOJIHEHO PaBEHCTBO

f()\1v1 + )\2?)2) = )\1f(’l)1) —+ )\Qf(UQ).

Takke MOXKHO paccMaTpuBaTh (DYHKIIMH HECKOJbKHUX BEKTOPHBIX apry-
MeHTOB. O0J1aCThIO 3HAYEHUN (PYHKIUU MPU 9TOM HEOOA3aTETbHO JOJIZKHO
ObITH 10JIe CKaJIAPOB k. IloCKOJIbKY Hac HMHTEpPECyIOT JIMHEHHbIe OIePallii
(T. e. GuHapHAas ornepaliyst B abeJIeBOi IPYIIe U «yMHOXKEHIe Ha CKaJISIPhI» ),
TO MbI OyJieM paccMaTpUBaTh OTOOparkeHUsI, 00/IaCThI0 3HAYEHUIT KOTOPHIX
SIBJIETCA BEKTOPHOE TpocTpancTBo W HaJi TeM Ke 1ojem k.

Omnpenenenue 1.1.6. k-nosusunetinovm omobpasicenuem Ha3biBaeTCs PyHK-

S
f:Vx---xV W
N————
m pa3
Takas, 9TO JIJIg BCeX ¢ = 1, ... M, JJIsd JIOOBIX U1, ..., V; 1, Vitl,---,Um € V|

v, v; € V i gt miobbix A, X € k BBITIOJIHEHO PaBEHCTBO

!/
for, .o i, Avp + Nog, Vi, -, ) =
/ /
= A (V1, -, Vi1, Vi Vigts - U)X (0L V1, U Vi, - V).
Samevanue 1.1.7. TpeboBanue, chopMyInpOBAaHHOE B OIIPEICJIEHIH O~

JINHEITHOTO OTOOParKeHMs, CJIOBECHO (POPMYJINPYIOT TaK: 0modpastcenue doatc-
HO OBIMb NUHETHO NO KAACIOMY U3 CBOUL AP2YMEHMOB.

Samevarue 1.1.8. Ilpu m = 2 nonyuaem dusunetinoe omobpastcerue. Ecin
K Tomy ke W = Kk, TO BO3SHHMKaeT OJMH U3 OCHOBHBIX OOBEKTOB HAIIErO
uHTepeca — OumHeiiHas dpopMma.

Nrak,
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Onpeaenenne 1.1.9. Buaunetinas opma na k-6exmoprom npocmpar-
cmee V. — 910 dyuxnust f 1V X V — k, jnHeiiHas 110 KaXKJIOMY U3 CBOUX
apryMeHTOB.

Herpyano mnpoBepuTb, 4YTO MHOMKECTBO BCeX OWJIMHEHHBIX (opM Ha
BEKTOPHOM IIpOCTpaHcTBe V' HaJl 1oJieM k COCTaB/ISIeT BEKTOPHOE MPOCTPAH-
CTBO HaJl TeM K€ I[O0JeM OTHOCUTEJILHO <IOTOYEYHOIO»  CJIOZKEHUST
(fi+ f2)(v,0) = fi(v,v") + fo(v,0") 1 «mOTOUETHOTO» YMHOMKEHUST Ha CKa-
asp (A f)(v,v") = Af(v,v"). Byzmem 0603Ha9aTH 9T0 BEKTOPHOE ITPOCTPAHCTBO
cumvBosioM Biling (V).

1.1.2. CumMmeTpudecKne u KoCoCuMMeTpudeckKnue ouinHeiinbie (hbopMbI
Paccmorpum npsimoe ipoussenenue V' X V' u orodpazkenue
T: VXV -SVXV,

IePECTABJISIOIEe COMHOXKHUTEJN, TO €CTh TaKoe, 4TO JJist JIHOOOH yIopsiIo-
qeHHofi mapel (vi,ve) € VX V 7(vi,v3) = (ve,v1). lonarno, uro 707 -
TOYKJIECTBEHHOE OTOOPasKeHMHe.

Samevarue 1.1.10. IIpeobpaszoBanne, obpaTHoe K camMomy cebe, Ha3bIBaeT-
cst unsoAtoyueti. Beskast THBOJTIOIUST T, OUEBHJIHO, ITOPOXKIAET MUKJINIECKYTO
rpyniy nopsiika 2: Co = (1) = {e, 7|7% = e}.

Omnpepesienne 1.1.11. Bununeiinasg dopma f € Biling(V') HasbiBaetcs
cummempuueckoti, eCim OHa NHBAPUAHTHA OTHOCUTEILHO IIEPECTAHOBKH CO-
MHOXKUTEJIE, T. €. JIJIsT JIIOOBIX BEKTOPOB U1, Vs € V BBIIOJHEHO PABEHCTBO

f(va,v1) = f(vr,v2).

Yupaxkuenue 1.1.12. fpnsiercss s muoxecrso Biling (V) Beex cum-
METPUUYECKUX OUINHEHHBIX (DOPM, OLIPEICIeHHBIX Ha, JAHHOM BEKTOPHOM IIPO-
crparctee V| nopnpoctpanctBoM B Biling(V)? JlokaxkuTe Barty rumoresy.

[IycTb Teneps xapaxmepucmura noaa k omauvra om 2.

Omnpenesienne 1.1.13. Buwnneiinag dopma f € Biling (V) nasbBa-
eTCsl KOCOCUMMEMPUueckoti, eC OHA MEHsieT 3HAaK IPH HMePeCTAHOBKE CO-
MHOXKUTEJIEH, T. €. JIJIsT JIIOOBIX BEKTOPOB U1, Vs € V BBLIIOJIHEHO PABEHCTBO

f(va,v1) = —f(v1,v2).

Yupaxkaenne 1.1.14. fAsnsierca i muoxxecrso Bilin, (V) Bcex Koco-
CUMMETPUYECKUX OMJIMHEeIHBIX (DOPM, OlpeIe/JeHHbIX Ha JAHHOM BEKTOPHOM
npocrpanctse V', mognpocrpancteom B Biling(V')? lokaxkure Bary rumo-
TE3y.
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Beenem Bcriomoraresibioe obosnauderue: f7(vi,v9) = f(vg,v1). OHO 1M03-
BOJIUT u30eraTh ABHOIO HAIMCAHUSI API'YMEHTOB TaM, IJIe OHO HE SABJISICTCS

HEOOXOIMMBIM.

Teopema 1.1.15. (Pasnoorcenue npocmparcmea busunetinux gopm) Had
nosaem k rapaxmepucmuru, omauunot om 2, npocmparncmeo Biling (V') 06-
AA0AEM NPAMBIM PA3NOHCEHUEM

Biling (V) = Bilin; (V) & Biling (V).

Jlokazamenvcmso. llyers [ € Biling(V) — owinneiinas dopma Ha k-
BeKTOpHOM IpocTpancTBe V. [TockobKy XapakTepucTuka 1ot Kodhuiu-
eHTOB k IpejirnoaraeTcss OTJAUIHON OT 2, TO UMEET CMBICT 3aINCh

1 1 ]
f:§(f+f)+§(f—f)-

IlepBoe ciiaraemoe mpejcTapiisieT co00i CUMMETPUYECKYI0 OMITMHEHHYI0 hop-
My, BTOpOE — KOCOCHMMEeTPHIECKyIo. Takmm oOpa3oM, Mpon3BOJIbHAs OMIN-
HeitHast hopma f MozKeT ObITH IIPeJCTaBIeHa B BUJIE CYyMMbI CHUMMETPUIECKOi
1 KOCOCUMMETPHIECKO OMINHETHBIX (OPM, U IMEET MECTO Pa3JI0KEHIe BEK-
TopHOro npocrpancTBa Biling (V) B cymMMy TOIIIPOCTPaHCTB

Biling (V) = Bilin} (V) + Biling (V).

Voeaumest B Tom, uto cymma npsamast. Iyers f € Biling (V) N Biling (V);
torjpa f7 = f = —f, orkyna 2f = 0. [TockoJIbKy XapaKTEepUCTUKa OCHOBHOTO
01T OTJIMYHA OT 2, TO 3aKjo4daeM, 4To f = 0. ]

Taxum obpazoMm, KazKgas OnanHeitHasg dpopma Hal I10JIeM XapaKTePUCTHK,
OTJIMYIHOI OT 2, MOYKeT OBbITb IIPeJCTaB/IeHa eIMHCTBeHHbBIM 00pa30M B BHJIE
CYMMBI CUMMETPHYECKON 1 KOCOCHMMeTPUUIecKoi OuyinHeitHbx dgpopM. IIpo-
eIy pa rnepexojia oT JIaHHOM OusimHeitHol (DOPMbI K COOTBETCTBYIOIIEH CHM-
METPUICCKON (COOTBeTCTBeHHO, KOCOCMMMeTpI/IquKOP’I) OmInHetHO dopme
HA3bIBACTCS CUMMEMPU3AUUET, WA CUMMEMPUPOSaHUeM (COOTBETCTBEHHO,
AHMUCUMMEMPUIAUUET, T AABMEPHUPOSAHUEM ) OUITNHETHON (DOPMBIL.

1.1.3. Buauneiinble popMbl B KOOPJAMHATAX

Bribepem u 3acdukcupyeM B BEKTOPHOM IPOCTpaHCTBe V KakoH-HUOY/Ib
basuc ey, ey, . .., e,; MyCTh BEKTOPBI U1 U Uy MMEIOT B HEM KOOD/MHATHbBIE
NPEJICTABIeHUA V1 = ), €;x; U vy = . €;y; coorsercrsento. [Tosnsyscs
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JINHEHOCTHIO OMJIMHETHOI POPMBI TT0 000UM apryMeHTaM, Ipeodpa3yeM Bbl-
parKeHue Jijisl ee 3Ha4YeHUs Ha YIIOPSJI0YEeHHOI 11ape BEKTOPOB U1, V3!

Flon o) = FOYeiwi Y ejyy) = D wif (e es)y;.
i j i

Taxum obpasomM, cama dusnHeiinast popma f B (pukcupoBaHHOM Oasuce ompe-
JeisieTcsl HabopOM CBOMX 3HadeHHi Ha OasUCHBIX BeKTOpax fij = f(e;, €;),
1,7 =1,...,n, aBbIYUCJICHUE €€ 3HAYCHUS Ha IIape MPON3BOJIbHO BHIOPAHHBIX
BEKTOPOB U1 = ), €T; U ¥y = ) _; €;y; MOKeT ObITh 3allMcaHo B MaTpPHIHOI

dopme

w129 ... xy] | S Ji2 oo S Y1
f(z €i T, Z ejy;) = f21 f22 . f2n y2
Z ’ fnl fn2 o fnn Yn

win, cokpaenno, f(_; eix;, ) ;5 ejy;) = XTFY, rie KoopHATBI BEKTOPA
3AIMCBIBAIOTCS B BHJIE MaTPUIBI-CTOI0NA, a F = (fij)ij=1..n — Mampuya
oururetinot opmur f 6 evibparHom basuce e, €s, . . ., €.

Takum obpa3oM, BbIOOP Ha3uca B BEKTOPHOM IPOCTPaHCTBE V' OCyIIecTB-
ager orobpaxkenue € : Biling(V) — Matg(n), craBsiiee B COOTBETCTBUE
Kazk 1011 ommaeitnoit hopme f ee marpuiyy F' B dbukcupoBaHHOM Oazuce.

Yupaxkuenune 1.1.16. Apjsiercss jiu 3T0 0TOOParkKeHUe MHBHEKTUBHBIM !
CropbeKTuBHbIM? JImHEITHBIM?

Yupaxkuenue 1.1.17. Boeruucinre pasMepHOCTH BEKTOPHOT'O ITPOCTPAH-

crBa Biling (V).

1.1.4. IIpeobpa3oBaHue MaTpuIlbl OUJIIMHEITHON (POPMBI IpU cMeHe ba3uca.
KoHrpysHTHBIE MaTPHUIIBI

Orobpaxenue € : Biling(V) — Matg(n) : f +— F, crassiee B COOTBET-
CTBHE Kaykj0i1 OmnmmHeiinoit ¢popme f ee marpuiy F' B BhIOpanHOM Oasnce,
3aBUCUT OT BbIOOpa Oasnca. B 9ToM myHKTE MbI TIOJIYYNM IIPaBUJIO Ipeobpa-
30BaHUsT MATPUIILI OMIMHEHOM (hopMbI IIpu cMeHe Hasuca.

[Iycts BekTOpBI Gasuca €),€h, ..., e, CBs3aHbl ¢ BeKTOpaMu Oa3mca
e1,€s,...,6, COOTHOIIEHUAME €], = » .e;h;, = 1,... n. Berancinm sJe-
MeHTbI MaTputibl F’ 6unneitnoit hopmbl f B 6asuce €, ), .. ., el (obparure

BHIMAIIE Ha TTOPSIIOK CJICIOBAHUS MHJCKCOB!):
fls = flep,ey) = f(z eihir, ejhjs) = Z Z hir f (€i, €5) .
i j i
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Bsenem odeBumanoe oboznadenne hfi := hy,; ecan hj, — 3JIEMEHTHI MaTPUIIBI
nepexosia H = (h;,) or 6asuca ey, es, . .., e, K 6asucy e, e, ..., e ro hl —
s7eMeHThl MaTpuiel H' | moydennoit u3 H tpancnonuposanueM. Tora

flo=flen,e) => > hlflei ej)hjs =Y hl;fihjs
{ J 1,7

wian, B MaTpuanoit popme, F' = HTFH. Tlpu srom MaTpuisl F u F' nazbl-
BaIOT KOH2PYIHMHBLMAU.

Samevanue 1.1.18. ITockonbKy marpuiia repexoja H HEBBIPpOXKICHHA,
TO KOHIpY3HTHbIe Marpullbl F' u F’ umeror pasubie panru. [Tosromy mme-
eT CMBICJI OIIPEJIC/INTD PAHT OMInHEeiHOW GOPMBbI f CieayonmumM 00pa3oM.

Omnpenenenue 1.1.19. Panrom 6uinHeiinoit popMbl f Ha3bIBACTCS PAHT
ee MaTpunbl F' B ymobom 6azuce: rank f := rank F'.

Samevarue 1.1.20. ITpeobpazoBannst KOOpANHAT, MATPHUIL 1 T. II. IPU CMEHE
0a31CoOB YyCTPOEHbI TaKUM O0pa30M, UTO CAMH BbIparKaeMble UMH OObEKThI
(BekTOpBI, QYHKINH, OTOOPAYKEHNUs) HE MEHSIOTCS TP ITUX [peobpa3oBa-
HUuAX. B 4dacTHOCTH, CTOJIONBI KOOPAMHAT BEKTOPOB IPEOOPA3YIOTCS 110 M3-
secrnomy npasmty X' = H7'X, Y’ = H™Y; Torna snadenne Guinmneii-
HOIT popMBI [ Ha yHODSOUEHHOIl [Tape BEKTOPOB U] = Y . €,XT; = » _ €.T),

_ o 10 B
Uy = )i €Y; = ) €Yy MOKET ObITh BBIYHCICHO JIBYMsl DA3JIMIHBIMU CIIO
cobamu

flor,v) =X"FY = X"(HYWH'FHH 'Y = X" F'Y’
1 He 3aBUCUT OT BbIOOpa Oazuca.

Onpepnenenne 1.1.21. Bununeiinoie hopmbl f u f' Ha oxHoM u TOM Ke
BEKTOPHOM IIPOCTPAHCTBE V' HABLIBAIOTCH IKGUSAACHMHbLMU, €CIIH CYIIECTBY-
er apromopdusm H € Auty (V) Takoil, 970 KOMMyTATHBHA JHATDAMMA

Vx Vg

)|
VxV

KoMMyTaTHBHOCTD JinarpaMMbl O3HAYAET, YTO JIIA JII0OOH yIOpsiI0ueH-

f/

HOM 1apbl BEKTOPOB (U1, U2) BbINOJHEHO paBeHCTBO f(v1,v2) = f'(Hvy, Huo)
(HEeBBIPOXK JIEHHBIH JINHETHBII ortepaTop H 0ToXK IecTBIIsieT OrinHeliHbe (hop-
mbl fu f).

Nnpivu coiosamu, GopMbl f 1 [/ 9KBUBaJIEHTHL, ecJiu B JII0O0M Oasuce Haii-
JIeTCS HeBBIPOZKIeHHad Marpuna H rakas, uro jusg marpun, F u F/) 3amaro-
mx bopMel f 1 f' B ToM ke 6aznce, BbIoIHEeHO cooTHOMmenne F = HT F'H.
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1.1.5. Marpunbl CMMMETPUYECKNX U KOCOCUMMETPUIeCKuxX (PpopM.
Pa3zmepHocTU 11OTPOCTPAHCTB CUMMETPUYECKUX
1 KOCOCMMMeTpHuIecKnX popM

BrisicHUM CBsI3b CBOMCTB CUMMETPHUN OMIMHENHHONH (OpPMBI CO CBOICTBa-
MI CUMMETPUN ee MaTpullbl B pukcupoBanunoM bazuce. [Tycts F' — marpuia
ommHeitnoit (popmbl f B Oasuce ey, e, . . ., €,. CBoiicTBa popMbI f OBITH CHM-
METPUIECKOiT (KOCOCHMMETPIUIECKOiT) MOTYT OBITh OJTHOBPEMEHHO BbIPAZKEHbI
dopmyioii fT = £ f. [Ipu 5TOM yca0BUMCS CUNTATH, YTO BEPXHUI 3HAK OT-
HOCHUTCS K CUMMETPUIECKOMY CJIYJalo, & HIKHIM — K KOCOCUMMETPUIECKOMY.

Wrak, jst 10000 yIIOPsiIOYEHHOIT 1apbl BEKTOPOB U1, Vs

fT(UhUZ) = f(UQ,Ul)
= YIFX = (YTFX)" = XTFTY = £XTFY = 4 f(v1,vy).

Bribupasi B KadecTBe V1, U2 BCEBO3MOXKHbBIE Hapbl 0a3MCHBIX BEKTOPOB €, €;,

1,7 = 1,...n, IPUXOJUM K COOTHOIIIEHUAM
fT(eisej) = flej,e) = fji = £fij = £f(eis e5),
TO €CThb, B MATPUYHON 3anucy, F! = £F.

Urak, nesasucumo om ewvibopa bOa3uca, CuMMEMPUUECKUE OUAUHETHDIE
dopmvl 3adaromea CUMMEMPUIECKUMU MAMPUUAMU, KOCOCUMMEMPULECKUE
ousunetinole PopMvl — KOCOCUMMEMPUUECKUMU MAMPUUAMU.

[Ipn sToMm JoOyio matpuity F' HaJl 1MojieM, XapaKTepUCTHKa KOTOPOIO
OTJIMYHA OT 2, MOKHO IPEJICTABUTL B BHUJIE CYMMBI cuMMeTpndeckoit F' u
KOCOCHMMeTPHUUIeCKoi F'~ MarTpuil, moJiarasi

1 1
F:FHJF,F+:§W+F5,F—:§W+F5

Yupaxkuenue 1.1.22. Vcnoab3ys peicTaBUMOCTb CAMMETPUIECKNIX O~
JMHERHBIX GOPM CHMMETPUYIECKIMI MATPUIIAMHI, & KOCOCHMMETPHIECKIX Ol
JIMHERHBIX POPM — KOCOCHMMETPUYECKIMHI MATPUIIAMH, BHIYUCJIUTE Pa3Mep-
Hoctu nojipocrpancts Bilin, (V) u Bilin, (V). Y6eaurech B TOM, 4TO CyM-

Ma BbIYMCJICHHDbIX paBMepHOCTefI cocTaBJideT Tl2.

1.1.6. JleBblii 1 npaBblii paJguKaJjbl OMJIMHENHON (HOPMBI.
Paur ousmmneiinoit dpopmbi

Omnpenenenune 1.1.23. Jlesvim padukarom, Wi AE6bM AOPOM, OUITITHET-
HOMt (bopMBI f HA3BIBAETCS MOIMHOYKECTBO

Li={zeV|VveVf(x,v)=0}
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AHAJIOrTIHO, NPasviM padurasom, W NPpasvim A0PoM, ONINHEITHONE POPMBI
f HasbIBaeTCsI MOAMHOXKECTBO

Ry={y e VVveVf(v,y) =0}

Hetpyano yoeanrbes B TOM, 4TO JieBOe U MpaBoe sjipa ouauneitnoit gpop-
MBI CyTb nojinpoctpancTBa B V. B cuny smaeiinoctn hopMbl f 110 KazK10My
apryMEHTY JIJI BBIUYMC/IEHUS JIEBOIO U IIPABOIO sijIep J0CTaTOYHO BLIOpATDH

Kakoli-uubyanL 6a3uc eq,. .., €, U PelIUTb CHUCTEMbI OJHOPOLHBIX JTUHEHHBIX
YPpaBHEHUIT
f(x,e;) =0,i=1,...,n, 11 JeBOro sijipa u

flei,y)=0,7=1,...,n, Iy 0paBoro sijipa.

B marpuunoit ¢popme sti cucreMsl nmetoT Bug X' F = 0 u FY = 0 co-
oTBeTcTBeHHO. [IpMenuB Teopemy o pazMepHOCTH MPOCTPAHCTBA PEITeHMIT
CUCTEMBI OJTHOPOTHBIX JIMHEHHBIX YPaBHEHU, TTOTYIIM CJIeTyIONNne COOTHO-
menus: dim Ly = n —rank F' = n — rank f = dim Ry.

Samevarue 1.1.24. HecMoTps Ha paBeHCTBO pa3MepHOCTEl, caMi O ITPO-
crpancrsa Ly u Ry 114 ofnoit u Toil »Ke ouinneiinoit popMbl He 00g3aHbI
coBnaiaTh. OIHAKO TaKoe COBIAJACHUE UMEET MecTo, ecjin (hopMa [ SIBJIAETCA
CHMMETPHYIECKOT MM KOCOCHMMETPUIecKoil (mokaxkure!).

1.1.7. BameuyaHus 0 NOJUJIMHENHBbIX (DOpMaX BaJIEHTHOCTHU BbIIIE 2

Hekoropble 3aa4un MaTeMaTHKI 1 €€ MPUIOKEHUI T00Y2K/Ial0T paccMar-
puBaThH MOJUINHEITHBIE 0TOOPAYKEHUST ¢ OOJIBIIIM, YeM JIBa, INCJIOM apryMeH-
ToB: Tpuinneitasie V X V XV — W kBajpuiuneitasie V XV XV XV — W

.., m-ynuHeitaple VX - -+ X V. — W. llpumepoM TpuimHeiiHOro orobpazke-

m pas
HUA MOZKET CJIIY2KHTD TpOﬁHOG (CMGLH&HHOG) IIpoOU3BEAECHNE BEKTOPOB TPEX-

MEPHOI'O IIPOCTPAHCTBA €BKJINJI0BOI IeOMeTPHH, IIPUMEPOM N-JIUHEHHOTO —
OIpeJIeJINTE b MATPHUIIBI pA3Mepa 7, CJIN ee CTPOKU (CTOJIOIbI) HHTEPIIPEeTH-
poBaTh Kak BeKTOpbl. O0a IpruMepa MocTaB/IsOT KOCOCUMMETPUIECKIEe 0T~
JINHEelHbIe 0ToOpaskeHusi B mojie kodddunuerToB. OIHAKO, €C/IN Mbl YKeJIaeM
ICCJIEe/IOBATH CBOMCTBA CUMMETPUU M-~JINHEITHOTO 0TOOparKeH!s

GV x-xV =W,
—_————
m pa3

HaM HEOOXO/INMO PACCMOTPETD JIefICTBHE IPYIIIBI IEPECTAaHOBOK 1717 9JIEMEHTOR
Sy, Ha npomsBejienun VX --- X V. ByjneM cunTarh, UTO XapaKTEPUCTUKA
—_——————

m pa3s
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OCHOBHOT'O TI0JII He JIeJINT HUuKakoe n3 vucen 1,2, ..., m. [lycts

= (oty o) " oy ) €5

— IepecTaHoOBKa; TOTJa ee JieficTBue Ha YIOPsAJI0YeHHOM Habope BeKTOPOB
(v1,V9, ..., Uy) €V XV X -+ X V umeer Bus

(V1, V2, .-, V) = (Vo(1), Vo(2)s - - - Vor(m))-

[To-ipezkHeMy OyjieM KCII0JIb30BaTh 0003HAYECHHE

97 (v1,v2, ... V) = G(Vs(1), Vo (2)s - - - 5 Vor(m))-

OrobparkeHnne ¢ HazbIBaeTcs cummempuyueckum, ecin g° = g. Orobpazke-
HUE ¢ HA3bIBAETCsl Kococummempuyeckum, ecin g° = sgn(o)g, tae sgn(o)
— 3HaK mepecTaHoBKH o. Onepanyuy CUMMETPU3AIUNA U aHTUCUMMETPU3aINN
OIIPEIeJISTIOTCST OUeBHIHBIM 00Pa30M:

1 1

+ . g - . g

9= E 97 9= E sgn(o)g’.
O'GSm UeSm

OTImIuTe/IbHOM 0COOEHHOCTHIO MOJIMINHEHHBIX 0TOOparKeHUil BaJCHTHOCTU
bosiee 2 siBjiieTcst TOT (DAKT, ITO CYIIECTBYIOT OTOOParKeH!s, He IIPeICTaBU-

MbI€ B BHJE€ CYMMblI CUMMETPUYICCKOI'O 1 KOCOCUMMETPHUYICCKOI'O.

ITpumep 1.1.25. Paccmorpum otobpazkenue g : k3 x k3 x k3 — k, onpe-
JIeJIEHHOE TI0 CJIeIYIOIIeMY IIPaBUIY. YII0PsiI0UeHHOI TPoitKe BEKTOPOB

T U1 21
U1 = o | , VU2 = Y |, U3z = z9
x3 Ys z3

[IOCTABUM B COOTBETCTBUE IMPOU3BEJCHNE T1Y223 (IIPOBEPHTE, UTO 9TO TPHU-
muHefinast popmal). Huraresro mpejiaraeTes BbIMOJHATH CHMMETPU3AIUIO 1
KOCOCUMMETPHU3AINIO 9TON (POPMBI U yOEUTHCA B TOM, YTO CyMMa €€ CHUM-
METPHUECKOl g7 1 KOCOCMMMETPUYecKoil ¢~ JacTeil OTIMYHA OT § U OIIPeJIe-
asiercst BeipazkerueM (g7 + g7 ) (v, vg, v3) = %(mlygzg + ToY321 + T3Y122).

1.2. KBagpaTtudabie (popMbI

1.2.1. OcHOBHBIE IOHATUA

Onpenenenune 1.2.1. Keadpamuuroti popmoti Ha BEKTOPHOM IIPOCTpaH-
ctBe V naswiBaeTcd pynkiusg q : V' — k Takag, 910

1. Oyukius g getnas, T. e. s jgoboro v € V q(—v) = q(v);
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2. OyHKIMS
Jo VXV — Kk,

(o) = slalon o) —alen) —a(e),  (12.1)

— OunHeliHas popMa.

IIpu srom cdopma f, mocrpoeHHas 1O JIAHHON KBaJipaTU4IHO dopme ¢, Ha-
3bIBACTCSI OUAUHETHOT Popmoti, noaaprol K xeadpamuywroti gopme q. IIpo-
eIy pa mepexojia OT KBaJIpaTuiHoil popMbl K HOJIAPHON OMINHEHOM hopme
HA3BIBACTCS NOAAPU3AUUET].

Samevarue 1.2.2. TIoHSTHO, 9TO NIPU MOJSTPU3AIUIN KBAIPATTIHON POPMBI
Bceryia MojiydaeTcs cUMMeTpuieckas ouanneiinas popma.

ObparHo, mycTh f — cuMMeTpudecKas OminHeliHass (hopMa Ha BEKTOPHOM
npoctpancTe V. Paccmorpum dynknuio g @ V. — k, onpejenseMyio i
Kazkjioro v € V' coornomenuem q(v) = f(v,v). Hemocpepcrsennoii nposep-
Koit ybexgaenmest B ToM, 410 ¢(—v) = f(—v, —v) = q(v) n uro dyuxknusa f,,
nocTpoeHHast u3 ¢ 1o npasmiy (1.2.1), paBaa

folvi,v2) = %(Q(Ul +v2) — q(v1) — q(v2))
— %(f(vl + v, v1 + UQ) — f(Ulavl) - f(v% U2)>
- %(f(vl, v2) + f(v2,v1)) = f(v1,v2).

[Tocenuit 3HaK paBeHCTBa BepeH B CUJIYy CUMMETPUM OMIMHEHHO! (POpMbI
f. Urax, mobas cummempuueckas busunetinas popma onpedessem xeadpa-
MUYHYIO HOPMY, NPU NOAAPUIAUUL KOMOPOT NOAYHAEMCA UCTOOHAA OUNU-
Hetnas hopma.

Tenepn mycrb ¢ — KBajparuunad dopma u f, — nosdpHasg K Heil Ouim-
nefinaa gopma. Pacemorpum dynximuio gr @ V. — k, onpejendemyio co-
orromtenueM ¢r(v) = f,(v,v). Ilokaxkem, uro ¢y = ¢q. Hernocrs cieyyer
HEIIOCPEACTBEHHO 13 OmnHeiiHocTn GyHKImN f,. BBIOIHIM 10/1CTaHOBKY B
Beipazkenue (1.2.1) napot (v, —v):

1

falv, —v) = = fy(v,0) = =45 (v) = 5(q(0) = 24(v)).

[Tockosbky f, — Gunnneitnas dopma, o f,(0,0) = 0 = ¢5(0) = %q(O), oT-
kyaa ¢(0) = 0. Takum obpasom, qr = q. Urak, aobas weadpamuunasn gopma
00HO3HAYHO BOCCMAHABAUBLEMCA NO CEOEL NOAAPHOT OUNUHETHOT hopMe.
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Takum obpazom, umeem mecmo bueKmueHoe COOMBEEMCMBEUE MEHCIY CUM-
MEMPUYECKUMU OUAUHETHDLMU HOPMAMU HA BEKMOPHOM NPOCMPAHCMEE HAJD
NOAEM TAPAKMEPUCTNUKY, OMAUYHOT 0Mm 2, U K68a0PaAMUYHHMU HOPMAMU Ha
MOM ICE BEKMOPHOM NPOCTPAHCNEGE.

[TosToMy J110OBIE CTPYKTYPHBIE PE3YJILTATHI, MOy IeHHBIE JIJIsT KB IPATHI-
HBIX (DOPM, MOTYT OBITHL MHTEPIPETUPOBAHBLI B TEPMUHAX CUMMETPUIECKITX
onmHeNHbIX (popM, 1 HAOOOPOT.

1.2.2. KBagpatuuyHasg ¢dopMa B KOOpPJMHATAX U €e MaTpuiia

Boibpa B npoctpancte V' 0asuc ey, es, ..., €,, NOJIYIUM KOOPIUHATHOE
IIpe/ICTAB/IEHNE BEKTOpA U = » . €;T;. Bblpasus kBaJparndnyio GopMmy ¢
yepes MOJIAPHYIO K Hell CHMMeTPHIecKyIo OnInneiinyto opmy

1

falv,w) = 5(a(v +w) = q(v) —gq(w)),

MPUJIEM K BBIPAyKEHNIO KBaIpATHIHON (POPMBI ¢ B KOOPIMHATAX:

q(v) = f(v,v) = f(z eixi,Zej:cj) = Za:if(ei, e;)x;.

B marpuunoii samucu umeeM ¢(v) = XTEFX, re F — mMaTpuna 1noJispHoit
CUMMETPUYIECKOil OuImHeHOi (hOpMBI JJIsT KBaJIPATUIHONH (POPMBI ¢ B TOM
ke basuce. Takum obpaszom,

1. Ksadpamuunasn popma 6 xoopduramax npedcmasasem cobot 00Hopoo-
HYy10 PyrKyulo cmenenu 2;

2. Keadpamuunas opma 6 xoopdunamaz 6 darrnom basuce sadaemcs moti
o1ce MAMPUUETi, ¥Mo U ee NOAAPHAA CUMMEMPUYECKAA OUNUNETHAA POD-
Ma 8 MOM dHce basuce.

Samevanue 1.2.3. B qacTHOCTH, /171 BBIUUCICHHUS 3JICMEHTOB fj; MaTpU-
IIbI KBaJIPATUIHONH (POPMBI ¢ B JIIOOOM IIPEII0KEHHOM Oas3uce €q, €, ..., e,
MOZKHO BOCIIOJIL30BaThCsA (hopMystoit fi; = %(q(ei +e;) —q(e;) — qley)).

Samevarue 1.2.4. J1as perrerust 3a1a49 10JI€3HO OTC/IEIUTE IIOBEIEHIE KO-
9pPUITNEHTOB KOOPAUHATHOIO [IPEACTABICHIS] CUMMETPIIECKO OMINHEITHO
dOPMBI 1 COOTBETCTBYIOMIEH KBaAPAaTUIHON (hopMbI Ipu (POPMUPOBAHUN OJ1-
HOI'0 00'beKTa U3 JApyroro. /JaHo KoopJnHATHOE IIpeICTaBIeHIe CUMMeTpIYe-
cKoll OumHeitHO# (bOpMBI B HEKOTOPOM Oasuce:

f(x,y) = fuziy + fio(@iye +2oy1) + - -+ fis(Tay; +2595) + - + fanTnn-
(1.2.2)
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[To aTOMy mpejIcTaBJICHNIO JIEMKO BBINMKICATH MATPHUILY paccMaTpuBaeMoil Ou-
JINHEHON POPMBI B TOM Ke Oasuce:

fll f12 fln
f12 f22 f2n

F = (1.2.3)

fln f2n s fnn
Termeps BbIUIIEM KOOPAUHATHOE TIPEJICTABIECHIE KBAJIPATHIHON (POPMBI, CO-
oTBeTCTBYIOMIElH OumuHeiinoit gpopme (1.2.2):

gr(z) = flz,2) = furi + 2fromizs + - + 2fymx; + -+ fopzr. (1.2.4)

Yuraresio ciieyer oOpaTuTh BHUMaHUE HA TO 0OCTOATETLCTBO, YTO 6CE GHe-
Juazonasvrvie Koappuruenmor dusunetinoti gopmo. (1.2.2) sowru 6 k6aod-
pamuynyro gopmy (1.2.4) ¢ ydsoenuem. Ilpu 3mroMm MaTpuiieii KBaIpaTHaHOi

dopubr (1.2.4) sBisiercss MaTpuIia ee MOJSPHOIT OUINHEHON (HOPMBI, T. €.
(1.2.3).

1.2.3. Kanonudeckuii (quaroHaJibHBINA) BU/ KBAAPATUIHON (bOPMBI

Onpeaenenne 1.2.5. Eciu B 6a3uce eq, €9, . . ., €, KBajpaTndHas opma
q 3a1ana BeIpazkenueM ¢(x) = Y. f;T?, TO TOBOPAT, 4TO B 3TOM Gasuce k6a0-
PAMUMHAA POPMA ¢ UMEEM KaHOHUMECKUT, W duazonaabhbil, éud. Basuc,
B KOTOPOM JlaHHasl KBaJpaTudHast (popMa MMeeT KaHOHUIECKUI BUJI, HA3bi-
BAETCS KAHOHUMECKUM.

Samevanue 1.2.6. Ha s13bIKe MaTpuIl JjaHHOe Olpe/eieHIe IPUMeT BII;
Keadpamuyuras popma umeem KaHoHuMeckutl, Ut Jua2oHaAbHbI, 6Ud B Da-
31CE €1, €9, ..., E,, €CIN € MATPUIA B 9TOM Oasnuce amaroHajbHa. [Ipn aTom
caM 6a31C HA3BIBACTCA KAHOHUYECKUM.

Samevanue 1.2.7. B cuny OMEKTHBHOTO COOTBETCTBHSI MEXK/1y KBaJIpaTH-
HBIMI W CUMMETPUYECKUMU OWJIMHENHBIMU pOpMaMi U paBeHCTBa MATPUI]
JUI KBaJIpaTUIHON (DOPMBI 1 ee IMOJIAPHOI OuanHeiiHoli (hOpPMBbI, aHaJIOI Y-
HbIe MTOHATUS UMEIOT MECTO JI/Isi CUMMETPUIECKOi OMInHEeTHONH (hOpPMBI.

Samevanue 1.2.8. VI3 naabHeiiniero crageT HOHATHO, UTO JIJIsI JIaHHOI KBaI-
paTuaHOil (GOPMBI ¢ KAHOHUYECKHiT 0a31¢ 1 KAHOHUYECKHI BIJI caMOil (hOpMBI
orpejeseHbl HeoHo3HATHO. OMHIM 13 UHBAPUAHTOB KBaIPATHIHON (DOPMEI
siBjisieTcst ee panr. OH paBeH KOJIMYeCTBY HEHYJIEBBIX JHarOHAJIbHBIX 9J1eMeH-
TOB B A1000M KaHOHHYIECKOM BHJIE 3TOI KBaIpATUIHON (POPMBIL.

Onpenenenne 1.2.9. Hopom ker ¢ kBajiparudHoit (popMbI ¢ Ha3bIBAETCS
JIeBoe A1po ee HOJIAPHOfl OnnHeiiHoi hopMbl f;.
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Samevanue 1.2.10. ITockonbKy f, — cuMMeTpudecKas ouinneiinas dhopMa,
TO ee JleBOoe U IIpaBoe sijipa COBIIAIAIOT.

Paccmorpes marpuunoe ypapaenue F'X = 0 gjpa KBaJpaTudIHONl POPMbI
¢, IMeeM COOTHOIeHne Jjisd ee panra: rank ¢ = rank /' = n — dim ker q.

Teopema 1.2.11. (IIpusederue xeadpamuunoti opmol K KGHOHUMECKOMY
eudy) Beakaa weadpamuunas gopma q moocem 6vimv npusedena x KaHOHU-
YeCcKoMy Budy.

Teopema nMeeT cJ1e/IyIONIyI0 MATPUIHYIO HHTEPITPETAIINATO:
OAst 8CAKOU CUMMEMPUMECKOT, MAMPUUDL HATdemca KoHepysHmHas et
JUA2OHANLHAA MAMPULQ.

oxazamesvcmeo. Nnjaykins o n. [pu n = 1 jmbo npu ¢ = 0 u mpous-
BOJILHOM 7 JTI00011 6a3uc saBageTcd KanoHndecknM. [Tosromy Oynem cauTaTh,
qTo ¢ # 0. B KauecTBe HHAYKTHUBHOIO MPEJIIIOI0KEHNs IPUMEM, UTO Ha IIPO-
CTpaHCTBaX pasMepHOCTH N — 1 Jiobasg KBajpaTuuHas (popma MOKeT ObITb
IpuBe/IicHa K KaHoHU4IecKoMmy Buy. IlyeTs e; — takoit BekTop, 1to ¢(eg) # 0.
Torna paccMOTpUM HOJIAPHYIO K ¢ OusnHeitnyto ¢opMy f, 1 JHuHeitHoe ypaB-
uenne f,(x,e;) = 0. [lognpocrpatcTBo L ero perennii nmeeT pasMepHOCTb,
paBHYyO n — 1, U, CJIeIOBATEIHHO, JIJIsl OTPAHUIEHUSI ¢|7, KBAIPATUIHO dop-
MbI ¢ Ha 9TO TOJIIPOCTPAHCTBO CYINECTBYET KAHOHUYCCKIIT Oa3uc es,. . ., €.
Taxum obpasom, fo(e;,e;) =0mnpui#ju2<i j<n.

YTBEPAKIAeTCsI, UTO €1, €3, . . . , €, — KAHOHUIECKIIT Oa3uC JI/I1sT KBaJIpaTud-
uoit ¢opmer ¢. Ilo nocrpoennto nogupocrpancrsa L umeem f,(eq,e;)
fo(eiyer) = 0 s Beex 1 < i < n. Ocraercs yoeanTbhCsA B TOM, UTO BEK-
TODPBI €1, €9, . .. €, JIMHEHHO He3aBUCUMBI. [Ipejno/ioxKuM MpoTUBHOE; MYCThH
aie1 + ases + - - - + ape, = 0. ITocKobKy BEKTODHI €9, . . . , €, JUHEITHO He3a-
BUCHUMBI, TIPEJIIOI0KNM, 9TO vy 7 0. Torma BeKTop e nMeeT JImHeitHoe 1pe/I-
craBjaenne e; = [Fseg + - -+ + B,e,. BoraucanuMm ¢ ero momompio 3HadeHue
q(e1) # 0: q(e1) = fyler,e1) = fo(Baea + -+ + Bren, e1) = 0. Homyuennoe
IIPOTUBOPEYNE JOKA3bIBACT JUHEIHYIO HE3aBICUMOCTL BEKTOPOB €1, €3, . . . €,
U 3aBepIiaeT J0Ka3aTe/1bCTBO TEOPEMbI. O

1.2.4. 3ameuanus o6 OPTOroHAJILHOCTH.
IlepBoe moHsATHE 00 OPTOTOHAJILHBIX PA3JIOXKEHUAX

B teopeme 1.2.11 u B ee jjokazaTeqbCcTBE BIEPBbIE B 9TOM Kypce B UTDPY
BCTYITaeT OJIMH U3 OCHOBHBIX WHCTPYMEHTOB JIMHEIHON ajiredpbl — OpTOro-
HaJibHOEe paszjiokenue. Hapsay ¢ dpuabrpanusMu, KOPUILTpaIusIMi 1 Tpsi-
MBIMU Pa3JIOKEHUSIMI BEKTOPHBIX MMPOCTPAHCTB 03 JOMOJTHUTETLHOM CTPYK-
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Typbl, OPTOrOHAJLHOE pa3JIOXKeHne SBJsIeTcs Hanbosee BOCTPEOOBAHHBIM
UHCTPYMEHTOM IIOCTPOEHUs WHJIYKTUBHBIX PACCYZKJIeHUII B BEKTOPHBIX IIPO-
CTPAHCTBAX, HAJICJIEHHBIX OMJIMHEHHBIMEI (hOpMaMHU.

Omnpenenenue 1.2.12. Ilyctb V' — k-BeKTOpHOE IHPOCTPAHCTBO, HaJle-
JIEHHOE CUMMETPUYECKON MJIM KOCOCUMMETPUIECKOil OutmHeitHoit hopmoit f.
Bekropsl v,v" € V' nHassiBatores f-opmozonanvivmu (obosnadenne: v L v'),
ecin f(v,v') = 0. Ecin hopma f KococuMmeTprieckast, TO 9aCTO TOBOPST O
KOCOOPMO20HANLHOCTIAU.

Samevarue 1.2.13. OTHOIIEHNE OPTOTOHAJLHOCTH B TOM BHJIe, KAK OHO
olpejiesieHo Bbliie, cuMMerpudno. OnHako, ecin OuinmHeiiHas dopma [ He
SIBJISIETCSI HI CHMMETPUYIECKOMN, HI KOCOCUMMETPUIECKOI, MOYKHO OIIPEJIETNTD
AHAJIOTMYHOE OTHOIIIEHUE, HO OHO MOXKET He 00/1a/[aTh CBOHCTBOM CUMMETPUN:
ecn f(v,v") = 0, To BEKTOp v HA3BIBACTCA f-A€800PMO20HANLHBIM K 6EKMO-
py v, a BekTop v — f-npasoopmozonasvibim K éexmopy v. Bee oTHOmeHMSI
OpPTOTrOHAJIBHOCTH, BCTPEUAIOIINECs B 9TOM Kypce, OYIyT CHMMETPUIHBIMIL.

[Iycts W C V' — noanpoctpancTBo k-nipoctpancTBa V', f — cumMerpude-
ckasl (KococmMMeTprieckas) OuanHeiinast popma, onpejeneHtas Ha V.

Onpenenenne 1.2.14. f-opmozonasvrvim donosrernuem noonpocmpa-
cmea VW Has3bIBaeTCsl 110JIMHOYKECTBO

Wt={veVVvweW f(v,w)=0}.

[TockosbKy f— GuamHeiiHas dopma, To W aBisgercs MoampocTpaHCTBOM
npocrpancTsa V' (ybeaurech B atom!). Ecim V. = W + W+, To rosopsr,
9T0 UMEET MECTO f-opmozonanvhoe passoscenue upocrpancrsa V. Eciu npu
9TOM CyMMa IpsiMasi (B 9aCTHOCTH, TaK CJIy4aeTCs, KOTJia ClpaBej[jInBa M-
wimkaius f(v,v) =0 = v = 0), To uUMeeT MecTo f-opmozonarvhoe npamoe

1
pasnooicenue V =W @& W+ npocrpancrsa V.

Yupaxkuenue 1.2.15. I[Iycts nopnpocrpancrso W 3a1ano kax JuHeiinast
obostouka cBoero noamuozkecrsa M: W = (M), f — cuvmmerputeckas gn6o
KococuMMeTpuiecKas omnmneitnas popma. Jlokaxkure, 910 f-0pTOroHaJbLHOE
nonosnenne W onpenensiercst cucremoit ypasuenuit f(x,m) = 0,m € M.
B gacTHOCTH, 5TO 1O3BOJISIET BBIYUC/ISTH OPTOrOHAJIBHOE JIONOJTHEHNE T10I-
IIPOCTPAHCTBA, MCIIOJIB3YsI DA3KMC STOrO MOITPOCTPAHCTBA.

Yupaxkuenue 1.2.16. Ilyctb f — HeBbIpOXKIeHHas OuJinHeltHast popMma.
TlokazkuTe, uTo ecan f cuMMmerpndeckad, To V. = W @ W, Tlouemy ana-
JIOTUYHOE YTBEPKIeHIEe HEBEPHO JIJIsT KococuMmMmeTpudeckoit hopmbr? I1puse-
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AUTE IIpUMEp CUuTyalinun, KOrJa CyMMa IIOAIIPOCTPaHCTBa U €0 KOCOOPTOI'O-
HaJIBHOT'O AOIIOJIHCHUA HE ABJIACTCA HpHMOﬁ.

B nokazarenbcTBe TeopeMbl 1.2.11 mommpocTpaHcTBO L OlpeieeHo Kak
OPTOrOHAJIbHOE JI0TIoIHeHne mojnpocTpancTBa (e1). [Tockosbky BekTOp €1
BBIOpaH Tak, u4to g(e1) = fy(e1,e1) # 0, TO HoJIyUeHHOE pa3IoXKeHne oKa3a-
JIOCh TIpsiMBIM. VTepalius mpolielypbl, OINCAHHON B T0Ka3aTeIbCTBE, ITPUBO-
JTUT K OPTOTOHAJIBHOMY TIPSIMOMY DA3JIOXKeHHO U3 1 ([OmapHo OPTOTOHAJIb-

HBIX) CJIAraeMbIX
L

I 1
V={(e1) © (e2) - D (en)-
Nuasivu cioBaM#, JoKa3aTeILCTBO TeopeMbl 1.2.11 mpuBouT K CyIIecTBOBA~
HUIO TaKOI'O Pa3JIOXKEeHUsI JIJIsI IPOCTPAHCTBA ¢ CUMMETPUYIECKOH OMINHEITHO
dopwmoit j1r0b60ro panra.

Teopema 1.2.17. (Pegaexcusrocms opmozonasvonux  donosnenu)
ITycmo L — nodnpocmpancmeo sexmoprozo npocmpancmea V', Hadesernrozo

maxot cummempuyeckot dusunetinot gopmot f, wmo f(v,v) = 0 moavko
npu v = 0. Toeda L+ = L.

Joxazamenvcmso. Tlockonsky V = L @ L*, To Begxmit BekTop v € V
npejcTaBuM B Bujge v = [ + [+, rne | € L, I+ € L*. Torna crupasennsbl
paBeHCTBA:

f(U,l) = f(lvl) =+ f(lj_vl) = f(l7l>>
f(U, ZL) = f(l7 ZJ_) + f(lJ_v ZL) - f(lJ_v lJ_)' (1'2'5)

Ecin tpu stom v € LY 1o f(v,11) = 0, orkyna u 3 (1.2.5) 3ak/mouaem,
aro f(I4,14) =0, u I+ = 0. Hosromy L+ C L. ITocKoabKy HOAIpoCTpan-

ctBo L sBIsercss f-opTOroHaJBHBIM K mojnpoctpanctsy L©, o | C L+,
Takum obpaszom, L+ = L. ]
1.2.5. Ajaroputm npuBelieHUs KBaApaTUIHON (HPOPMbI
K KAaHOHMYEeCKOMY BHJy B KoopamHaTtax (Meros Jlarpamxka)
JlaHO BBIpasKeHne KBaJIpaTuIHON (pOpPMbI B KOOpANHATAX:
2
q(r) = fur] + 2fiew120 + 2 fizw123 + - - + 2 f1117,
2

—|—f22332 + 2f23$2333 + -+ 2f2n$233n

(1.2.6)

2
+fn—1,n—1xn_1 + 2fn—1,najn—1xn

+ fnnx,%
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0. Ecoin B HeM Bce jinaroHaJibHble KoadduienTs! f;; paBhbl 0, TO He0OXO-

JIIMO BBIOpPATH OTJIMYHBIH OT HyJIsl BHEAMATOHAILHBIN KOI(DMUIUEHT; TyCTh

/

7

x) = x; upn | # i, | # j. Teneps omycTuM mTpux B 0003HAYEHIN BBeIEHHO
| =@ up LA pb oIty D it

o / o
9T0 2fij, W BBIIOJHUTD 3aMeHy [ePeMeHHbIX ¥ = T; + &), &j = X — &

CHUCTEMBI TIepEMEHHBIX 1 OYIeM CUUTATH HOCEe, OBITH MOXKET, CMEHBI IIOPSI KA
ux Hymeparuu, 9to fi; # 0.

1. Crpynmupyem B OTJe/bHYIO («pabodyro») CTPOKY BCe claraembie, Co-
nepxarne x1. B (1.2.6) oHr cobpatbl B epBOil CTPOKE.

2. JIonoiHuM cyMMYy, HAXOJAILYIoca B pabodeil cTpoKe, JI0 TOJHOIO KBaJl-
para, IpubaBJIsid HEJOCTAIOIINE CaraeMble, a 3aTeM BbIUUTasd UX Tak, YTOObI
[OJIyYeHHOE BbIparkKeHue ObLIO TOXKIECTBEHHO PABHO UCXOIHOMY:

q(z) = f11X% + 2f19x1Xg + 2f13x1X3 + - - - + 2f X1 Xy
‘|—f22$g + 2f23$2$3 + -+ 2f2nx2xn

2
+fn—1,n—1$nf1 + an—l,nivn—lxn

+ T,

= f11(x1 + (fi2/f11)x2 + - - - + (fin/f11)Xn)
—(ffy/f11)x5 — -+ — (Fn/f1)x;
—2(f12f13/f11)xox3 — -+ — 2(fin-1fin/f11) X0 1Xn

+f225€% + 2f23$25€3 + -+ 2f2n$25€n (127)

2
+fn—17n—1xn_1 + 2fn—1,nwn—1xn

+ fnn:v%

Yuraresnio ciemyer oOpaTuTh BHUMaHUEe Ha TO, YTO cjaraeMble, jgobaBJise-
Mble TIPH JIONOJTHeH!H 11epBoit ¢Tpoku (1.2.6) 110 MOJIHOTO KBapaTa u 3aTeM
BBIUMTAEMbBIE, HE COJIepXKaT T1.

3. BBenist HOBY1O TIEpeMeHHYTO
) =21+ (fiz/ fr)we + -+ (fin/ fr1)zn
1 [IpUBeJisi 0100HbIe caraembie B (1.2.7), MpUXOIUM K BBIDAKEHUIO
a(x) = fual” + fiorh + 2sgwams + - + 2fs, 10,
1Ty 2 1 1
+fn-
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Tem cambiM KBajpaTuinas popMa ¢ MpUBeJieHa K BUILY

q(x) = f11£13/12 + ¢ (22,..., 1),
rie ¢ (xg, ..., 2,) — KBaApaTuIHas QYHKINA OT MEHBIIEro IHC/Ia MePeMeH-
HBIX.
Tenepsb Bech ajropuTM CjaeayeT NPUMEHUTb K Heil, 3aMeHUB B OIICAHIIN
ANANA30H MHIEKCOB Ha 2,...,n, fi1 Ha fi, u f;; Ha z.’j; Oy/leT BbIJEICHA
HOBasl IlepeMeHHas

thy = 1y + (fog/ far) 3 + -+ + (fan/ f22) s
UT .

[Tocne < n — 1 npuMeHeHnit aJrOpuTMa IMOJIYUNTCA HEBBIPOXKICHHAs 3a-
MeHa [IePEeMEeHHbIX

!/

332 _ H I9
/

x, T

C ManI/ILLGﬁ TPEYTOJILHOT'O BHa

1 0 0 .0

Jiz/ fun 1 0
H= | fis/fu [fss/[e 1

o O

/ / 17 "
fln/fll an/f22 f3n/f33 1
HpI/I 9TOM HeKOTOpre n3 1noagraroHaJibHBbIX 39JIEMCECHTOB MOFyT O6paTI/ITbCH
B 0. Marpuia mepexoga OT HCXOIHOIO Oasmca eq,€s,...,€, K TOMY KaHO-

HUIEeCKOMY Oasucy ej,eh, ..., e, B KOTOPOM MOCTPOEH KAHOHUYECKHUi BHUJL

y Cno
KBa/IpATUIHON (POPMBI, MMOJIyIaeTCsd 00palleHIeM:

(e],eh,....e) = (er, e, ... en)H

(cnpaBa OT 3HaKa paBEHCTBa 3alliCaHO IIPOU3BE€ACHNE CTPOKHU 0a3MCHBIX BEK-

TOPOB Ha MaTPUILY ).

1.2.6. BermecTBennslii ciay4vaii: curHaATypa U HOPMAaJIbHBIA BUT
KBaApaTu4dHoil hopMbI

Bsugy pasznooOpasusi NPUIOXKEHHIT COCPEIOTOUNMCS Ha, YaCTHOM CJIydae,
KOIJla B KadyecTBe I10Jis1 KO3 (PUIIMEHTOB BBICTYIAET I10JI€ BEIEeCTBEHHBIX
quces1 k = RR.

[Tycrb kBajiparnunasi (popMa ¢ MpuBeeHA K KAHOHIIECKOMY BIILY:
q(z) = Ma? + Xoxs + -+ + N2
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[Ipu 3TOM He UCK/IIOUeH ciIydail, KOoTia HeKOTOpble KO(MMUIIMEHTh \; paABHbI
0. Boibepem Takyio HyMepalluio IIepeMeHHBIX, B KOTOPOii 1epBble 7 = rank ¢
KodddunmerToB oTyindHbl 0T (), U3 HUX IepBble S MOJIOXKUTEIbHBI, & 3aTeM
CJAEAYIOT 7 — S OTPUIATEIbHBIX KO3 duimeHToB. Takum odpasom,

q(x) - ‘>‘1|$% +oeee Tt |)\5|$§ - |>\s+1|$§+1 — ‘)\T|$z (1.2.8)

Samevwanue 1.2.18. Boipaxkenne (1.2.8) ksajparudsoii HhopMbl ¢ u
PEANNBYIOIIUIT €0 OA3UC €1, ..., €Eq, Coply -+ CryCril, .., En OUPEICIISIOT
CBSI3AHHOE C HUMH f,-OPTOTOHATIBLHOE HPSAMOE PA3JIOKEHUE

1 1
V=VtoVv oV,

rJe OUeBUIHBIM 00pa3oM BBEJEHBI noaosicumesvhoe VT = (e, ..., es),
ompuuyamenvroe V- = (esy1,...,€) U HYAeB0€, WIH UIOMPONHOE
VY= (e.41,...,en), noonpocmparcmea.

Onpenesenne 1.2.19. Yucjio s 1M0OJIOKUTEIBHBIX CJIaraéMbIX B KQHOHI-
JECKOM BUJIEC KBAJIPATUIHON (POPMBI ¢ HA3BIBACTCA NOAOHCUTMEADHBIM UHOEK-
com unepuuy, GOPMBIL ¢; TUCIO T — § OTPUIATE/ILHBIX CJIAraeMbIX — OMPULQ-
meavHuLM undexcom unepyuu, napy (s,r — s) aubo pasaoctsb s — (1 — §) =
25 —1 — cuenamypoti GopMbl ¢. Panr r HHOTa HASBIBAIOT UHJEKCOM UHEPUUL
KBaJIPATUIHONI (DOPMBL (.

Samevarue 1.2.20. B To Bpemst Kak HE3aBUCUMOCTD PaHra MaTPUILhl KBa/I-
paTuyHoit GopMbI OT BhIOOpa Das3nca jjokaszaHa, He3aBUCUMOCTD TOJIOXKUTE b
HOTrO (U, CJIeJIOBATE/ILHO, OTPUIATEILHOIO) MHIEKCA HHEPIMN OT BbIOOPA Ka-
HOHMYECKOro 6a3mca MoKa uTO HYXKJIAeTCAd B MPOBEPKE. ITO YTBEPIKIACTCS
3AKOHOM UHEPUUU KBAIPAMUNHLLT POopM, KOTOPBIH OyIeT JIoKa3aH B OJHOM
U3 CJIEJIYIONINX MTyHKTOB.

Bormosanm B (1.2.8) 3ameny mepeMeHHbIX T, = /| N\j|z; tpu @ = 1,... 7,
! y —
rf=xjupu j =r+1,... ,n Ksagparuunasg dbopma B HOBBIX KOOp/MHATAX
IPUMET BT
12 72 ;7 2 72 129

Onpenenenune 1.2.21. [lpencrasienne Buga (1.2.9) HasbiBaercs Hop-
MAALHOM GUIOM KBAJIPATHIHON (HPOPMBI (.

Taxum obpazom, npu k = R umeem ciegcTust Teopembr 1.2.11:

CaencrBue 1.2.22. (Ilpusedenue sewecmsernnoti keadpamuunots @op-
ML K HOPMaAbHOMY 6udy) JTobas eewecmeentan kK6adpamuyHas Gopma Mo-
orcem 0vimb Npusedena K HOPMAALLHOMY SUDY.
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CaencrBue 1.2.23. (Kaaccudurayus 6€uecmEeHHbT KEAOPAMUYHHLEL
popm) Kaace sK6UBANEHMHDIT BEULCTNEEHHVLT KEAOPAMUNHDIT HOPM HA GEK-
mopHom npocmpancmee V. pasmepHocmu n noAHOCMbIO 0NPEIEAAEMCH A0
601 U3 Nap “UcCe: PaH2 T U NOAOHCUMEALHVIT UHOEKC UHEPUUL S, PAH2 T U
OMPUUAMENbHOIT UHIEKC uHepyuY S, cugnamypa (S,n — ), paHez r u pas-
HOCTD NOAOHCUMEADHO20 U OMPUUAMENLHO20 UHIEKCO8 UHEPUUL 28 — T.

1.2.7. 3HaKOoONpPEJIEJI€EHHOCTD

Onpenenenne 1.2.24. Ksaaparuunasi popMa ¢ HA3BIBACTCST HEBBLIPOIHC-
deHHot, ecau r = n.

Onpenenenne 1.2.25. Kpagparuunasi (popMa ¢ HA3bIBAETCST HEOMPUU Q-
MeALHOT, W NOAOHCUMEALHO NoAYonpedeserntot, ecan st BceXx v € V
q(v) > 0. Kagparuanast popMa ¢ HA3BIBAETCS NOAOHCUMENLHO ONPEJENEH-
not, ecyu Jyist Beex v # 0 q(v) > 0.

Takum obpazom, KBajpaTudHas popMa ¢ TMOJOKUTETHLHO Olpejiesiena To-
IJla U TOJILKO TOT/Jia, KOTJla OHa HEBBIPOXKJIEHHA U HEOTPHUIlaTeIbHA.

Onpegeinenne 1.2.26. Kpanparnanas (hopMa ¢ HA3BIBAETCS HENOAONHCU-
MeAbHOotl, WIN OMPUUAMENLHO NOAYONPedeseHnoli, ecin it BceXx v € V
q(v) > 0. Keagparuunast popma ¢ Ha3bIBAETCS OMPUYAMEALHO ONPEJEAEH-
not, ecin st Beex v # 0 g(v) < 0.

Taxum obpazom, KBajIpaTudHas popMa ¢ OTpHUIATETLHO Ollpe/ie/ieHa Tora
1 TOJIBKO TOTJIa, KOIJa OHA HEBLIPOXKICHHA U HEITOJIOXKUTEIbHA.

Omnpenenenue 1.2.27. FEcin kBajipatudnas gpopMa NPpUHUMAET Kak I0-
JIOZKUTE/IbHBIE, TaK U OTPHUIATEIbHBIE 3HAUEHNI, TO OHA HA3BIBAETCA HEOnpe-
desernorl.

Hopmasibibie hopMbI i KJIACCOB 3HAKOOIPEIEIEHHOCTH KBaAPaTHIHbIX
dopmM cyTh cienyiomnue:

NOJIOXKUTE/ILHO ompejieientast q(r) = x3 + -+« + x2;

HOJIOZKUTE/ILHO TIojiyolpejienentas q(x) = x5 + -+ + 22, r < n;

oTpulaTeabHo onpeenennas q(r) = —x3 — - — x2;
oTpuIaTeLHO Nojyonpeienentas q(z) = —a3 — - — 22, r < n;
neonpejenennas q(r) = % + -+ + a2 —xzﬂ — =22 1<s<r<n

3ameTnM, UTO Heolpe/eeHHas hopMa, JIazke eCim OHa HEBBIPOZKJICHHAS,
MOZKET OOpAIaThCsl B HYJIb Ha HEKOTOPBIX HEHYJEBBIX BEKTOPax. BeKTOpHI,
AHHYJINPYIOIINE HeOTPe/IeJIeHHY 0 KB IPATHIHY0 (hOpMY, He 00pa3yioT Mo/I-
IPOCTPAHCTBA, HO UX TOJMHOYKECTBO COAEPKUT sijipo dhopmbl (ybegurech B
sTom!).
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Bunnneitnas dbopma f,, nosndapHas K KBaJpaTndHoit dhopMe ¢, Ha3bIBacT-
CST NOAOACUMENLHO onpedenenioli (COOTBETCTBEHHO, NOAOAHCUMEALHO TOAY-
onpedesennoti, ompuyamesvbHo onpedesernoti, OmpuYaAMesLHO NoAYONPede-
AeHHOT, HeonpedeaeHHotl), ecin TAKOBa KBaIpaTndHas (opMa q.

Tenepb obOpaTuMcs K TOJIOYKUTEIBLHO OIPEICICHHON KBaIpaTudIHOl (hop-
Me. B npousBobHOM Oasuce eil cooTBeTcTByeT Marpuiia F', KOTOPYIO TOXKe
HA3bIBAIOT NOA0ACUMENLHO onpedesehtoti. B HOpMaJIbHOM BUJIE MaTPHILA 10-
JIOZKUTE/ILHO ONpeJie/IeHHO KBaIpaTudHol (hopMbI paBHa ennmHUYIHOM. Ta-
KM 00pas3oM, CUMMeTpUUIecKas II0JIOXKHUTENIbHO Oolpeje/ieHHast MaTpuia
KOHI'PYSHTHA €JIMHIUYHOI, TO €CTh CYIIEeCTBYET BellleCTBEHHAsI HEBBIPOXKICH-
Hast MaTpuna H Taxas, uro F = HT H.

Oo6patHo, nycTh H — BelllecTBeHHAS HEBBIPOXK IeHHAS MaTpuila. Torma Mar-
puna HT H onpejesnsier H0JI0KUTEIBHO OIPE/IeJIEHHYIO KBaJIPATHUHYIO (hop-
my. eitcrsurensuo, q(x) = XTHTHX — xksagparuunas dopma. [Ipeobpa-
soBanne koopunar X = H X' npusopur x Buipaxenuio q(z) = X'TX'
[IPEJICTABJIAIONIEMY COOOI HOPMAaJIbHBII BHJ| HOJOXKUTEIBHO OIIPEJIe/IeHHOI
KBaIpaTHIHON bopMbl. Tem cambim, Marpuria HT H SBIsSeTCS T0JI0KITE b
HO olpejeseHHoit. Mbl jlokazain cjielyonnii pe3yJibTar.

Teopema 1.2.28. (Keadpammviti KopeHv u3 noAOHCUMEALHOT MAMPULDL)
Cummempuueckas mampuua F asasemes nosostcumenvro onpedenennod
mozda u Moavko moeda, ko020a Hatldemcsa BeULCMEEHHAA HEGHLPOHCICHHAA
mampuya H maxas, wmo F = HTH.

Ynpaxxkneuue 1.2.29. Chopmynupyiite n gokazkute 0600IIEHIE Teope-
Mbl 1.2.28 Ha cjiydail HOJ0KUTEJbHO TOJIYOIPEJIeJIEHHO MaTPUILbI.

1.2.8. 3aKOH MHEPNUHU KBaJApPaTUYIHbIX (POPM

3a 3TUM UCTOPUUECKU 3aKPEIUBIINMCs Ha3BaHIEeM CKPbIBAETC TeopeMa 00
NHBApPUAHTHOCTH PAHIra U MMOJIOKUTEIbHOIO MHIEKCA NHEPINN KBaIPaTHIHOI
dopmbl. Ee Tpajunmontast hopMyJIMpOBKa, CJIeIyoIasi.

Teopema 1.2.30. (Baxon unepyuu) Jlas 110600 xeadpamuunot Bopmoi
g HUCAQ T U S 3ABUCAM MOALKO OM (.

Joxazamesvcmeo. VITHBapHAHTHOCTL paHra r KBAJPATHIHON (POPMbI 13-
BeCTHA U CJIeJIyeT U3 IMOCTOAHCTBA PaHra Ha KJIaccax KOHIPYIHTHBIX MATPHIIL.
JlJtst TIOJI0YKUTETHHOTO UHJIEKCA WHEPIUN IIPEJIITONI0KNAM, ITO HAILIOCH JIBA
pejicTaBieHnsi OpMbI ¢ B Pa3INIHBIX 0a3ucax ¢ YUCIaMi S U T MOJIOXKMI-
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TeJIbHBIX cjaraembix. [IycTnb
+E - & 0
V=W oW oW
+ & 77— & 770
V=U"eU U
— COOTBETCTBYIOMINE UM f,-OPTOrOHAJIbHBIC IIPSIMbIE PA3JIOXKEHUSA IIPOCTPAH-

crea V, npuuem dim W' = s, dim W+ é W~ = dimU™" é U =,
dimU*T =t t <s.

Pacemorpum cymmy nognpoctpancts W+ (U~ @ UY) C V' u onennm ee
pasmeproctb n > dim (WH+(U~@UY)) = s+(n—t)—dim (W TN({U~aU)).
Otciona zakouaem, uro dim (W N (U~ @ U)) > s—t. Ecoimm s —t > 0, 1o
nafigercs sexkrop w € W N (U~ @ UY), w # 0, uTo Hensbe:KHO NpUBEIET K
IPOTHBOPEYNIO: HocKoAbKY w € W, To g(w) > 0, a Tak xak w € U~ @ UY,
t0 ¢(w) < 0. Takum obpazom, W N (U~ @ U%) = 0, s = t, ciejopare/bHo,
cymma W+ (U~ @ U°) npsimast. ]

Sameuarue 1.2.31. XoTd paHr ¥ CUTHATYPA KBAPATHIHON (POPMbI MHBA-
PUAHTHBI, OPTOTOHABHOE TIPSIMOE PA3JIOKEHIEe Ha TOJOKUTETbHOE, OTPUIIA-
TeJbHOE U HYJIEBOE MOJIPOCTPAHCTBA TAKOBBIM HE SIBJISIETCS U 3aBHCHT OT
criocoba npuse/ieHnst (hOpMbI K KAHOHIIECKOMY BHIy. Paccy’kjienne B joKa-
3aTeJIbCTBE 3aKOHA MHEPIUH [OCTABJISIET JIUIIb HYJIEBOE TIePeceveHne TIO/IIPO-
CTPAHCTB, & He UX OPTOrOHAJLHOCTL. VIHBAPUAHTHDBIM SIBJISIETCSI MHOYKECTBO
BEKTOPOB X, YJIOBJIETBOPAIONINX ypaBHeHuio ¢(x) = 0, (Tak Ha3bIBaeMblil u30-
mponnwlil KOnyc) 1 CBA3aHHOE ¢ HUM pa3bHeHne BCEeX OCTATbHBIX BEKTOPOB
mpocTpaHcTBa Vo HA MOAMHO)KeCTBA noaoscumervivir (q(x) > 0) u ompu-
yameavnoix (q(z) < 0) BEKTOPOB. DTH MOIMHOXKECTBA HE SIBJISIOTCS BEK-
TOPHBIMU TIO/IITPOCTPAHCTBAMH, 1 MOJIOXKUTEIbHOE V' orpunarenshoe V'~ u
nyesoe VY nojiipocTpancTBa BLIGUPAIOTCS: B HEKOTOPOIH CTeleHH TTPOU3BOIb-
HO, B <«II0JIOXKUTETHLHOM», «OTPUIATEIBHOMY 1 «HYJIEBOM» (M30TPOITHOM KO-
HyCe) MOJMHOYKECTBAX COOTBETCTBEHHO. PaceMOTpUM KBapaTHIHYI0 (opMy
q(x) = 23+ 431209+ 23. Peanusyem ajropuT™ IpUBeIeHUs K KAHOHUYECKOMY
BuLy JBask bl Hauap ¢ nepemennoii o1, noayunm q(x) = (1 +222)? — 323 n

1
OpTOroHA/IBHOE TIpsAMoe pasioxenue V = (es)™ @ (es). Ananornuno, nauan
C HepeMeHHol To, npujeM K suiy q(z) = (w3 + 2x1)? — 323 u oproronab-

HOMY IIpsIMOMY pasJoxkennto V = (eg)+ GL} (e1). B 0boux paszjokeHUsiX Ha
LIEPBOM MECTE CTOUT IOJIOKUTEILHOE, a Ha BTOPOM — OTPUIATEILHOE II0JI-
upocrpancTsa. OYeBUIHO, PA3/IOKEHUd PA3/IMYHbI, XOTS U UMEIOT DABHDLIE
PA3MEPHOCTU COOTBETCTBYIOIINX MPAMDIX CJIATAEMbIX.
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1.2.9. IIpuBenenue KBaJipaTudHOl (pOopMBbI K KAHOHNYECKOMY BH/IY:
Mmeron fkobu

z/1araemMblit B 9TOM IIYHKTE METOJ, XOTsI 1 UMeeT DoJiee CJI0yKHOe 000CHO-
BaHUe 110 CPABHEHUIO C paHee M3JI0XKEHHBIM METOJIOM, HO B Psijie BbIYUCJIU-
TeJILHBIX TIPUJIOXKEHUI OKas3bIBaeTcst 6oJiee YJ0OHBIM. DTO KacaeTcs 3ajiad,
B KOTOPBIX HE HYKHO BBIUNC/ISITH KaHOHWYecKnii 6asuc. Kpome Toro, B Ka-
YecTBe CJIEJICTBUsI MBI JIEI'KO IIOJIYUNM 3HaMeHUTBI Kpurepuit CuibBecTpa

MOJIOYKUTETHHON ONpeIeIEHHOCTH KBaIPATHIHON (DOPMHBI.

Teopema 1.2.32. (Memod Hrobu npusedenus keadpamuynot Gopmos K
Kanonuueckomy eudy) Ilycmo mampuuya F xeadpamuyunots  dopmol

q(r) = XTFX maxosa, wmo ece ee anaenvie munopv, A;, i = 1,...,n,

/

omauuno, om 0. Honoorcum Ay = 1. Tozda cywecmsyem 6asuc €}, ... e,

6
Komopom gopma q(x) npumem 6ud

Ao ;2 A1 o Ap1 2
q(;z:):A—lx'1 +A—2x'2+---+ A x

Jloxasameavcmeo. Nupyknus no pasmepuocTu npocrpancrsa V. s n =
1 Teopema ouesujaHa. IIpeunoyioxKumM, 4To OHa BepHa I KBaJPaTUIHBIX
(opM Ha IIPOCTPAHCTBAX, UMEIOIINX PA3MEPHOCTL HuzKe 1. s 1mara nuyK-
UK BO3bMEM IIePBOHAYAJILHDII 6a3uc €1, es, ..., e,, B KOTOPOM KBaJIpaTHy-
nast popMa ¢ mpejcrapieHa Marpuleil F, 1 paccMOTpUM HOIIIPOCTPAHCTBO
L = {(e1,eq,...,e,_1). Orpannuenne q|; KBajgpaTudHoil (pOpMBI ¢ Ha 9TO
HOJIPOCTPAHCTEO TPEICTABICHO B €r0 BABNCE €1, €9, . . . , €y_q MATDHICH F,
HOJIy4YeHHOH n3 MaTpunbl F'yjajieHneM ¢TpoKK 1 cTojbma ¢ noMepom n. Ee
IJIaBHBIE MUHOPBI HOPSKOB OT IIEPBOIO JI0 N — 1-I'0 PABHLI COOTBETCTBY FOLIIM
MUHOpaM MaTpUILl F': ﬁl =A;;i=1,...,n—1. Ilo ycioButo TeopeMbl OHI
oranunbl or 0. ITo mpeanonoKenno NHAYKIUE B HOAIIPOCTpAaHCTBe L cylie-
cTByeT Oasmc €}, ..., €], | Takoil, 9To B HeM KBaJpaTudHas (hopMa q|z nmeer
BILL

qlr(7) Aoa:'2 + —Alx'Q + o+ An_zx' 2
L - — 1 2 o o o n .

Ay Ay AV
Tenepb chopMI/IpyeM fq—OpTOFOHaﬂbHOe JOIOJIHEHE L+ IMO/IIPOCTPAHCTBA
L. Ono [IPEJCTABJICHO IPOCTPAHCTBOM PEIIeHUl CUCTEMbI OJTHOPOJIHBIX YPaB-
HEHU:

fq(ZLU 6%71) = 0.

[TockosbKy f, HEBBIPOZK/IEHHA, TO CUCTEMa UMeeT PaHr, paBHblil n— 1, u npo-
cTpaHcTBO pertenuii pasmepuoctu 1. Ilyers €, — ero 6asucubiii BekTop. Ha-
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oop €, ...,€e. 1, e, cocrapisier 6asuc npocrpancrBa V. JIOMHOKIM BEKTOD

n—1»
€, Ha IIOIXOIAIINIA HEHYJIeBOIl cKaJisip A Tak, 4ToObI Marpuia H 1epexoia

or Gasuca ey, ..., e, K basucy €|,... e, e = \e, umesa omnpeiennreb,
paenbiit AL Toraa

a A A, 1
qu(e;,e;) =02 (e ey = det HTFH = (det H)?A, = —,
i1 A1 An—l An
OTKYy/la f(elm 6;1) = Anfl/An- [

Caencrue 1.2.33. (Ilpasuno snaxos) Ecau k = R, mo ompuyamenn-
nolll underc unepyuy Gopmovl q(T) paseH wuUcAy nepemer, 3HaKaG 6 nocaedo-
sameavrocmu Ng = 1, Aq, ..., A,.

Caeacrue 1.2.34. (Kpumepuii Cuaveecmpa nososcumenvroti onpede-
AeHnocmu keadpamuunot gopmou,) Bewecmeennan keadpamuunas @hopma
NOAOACUMENLHO Onpedesera Mo20a U MoAbKo Mo20a, K020a 6Ce 2Aa68MHLE MU-
HOPBL €€ MAMPUUDL 6 KAKOM-AUOO 0a3UCE NOAOACUMEALHDL.

Hoxazameavcmeo. CorytacHo ciejcTBuio 1.2.33, MOJOKUTEILHOCTD TJ1aB-
HBIX MHIHOPOB BJIEYET II0JIOYKUTEJIbHOCTh (popMbl ¢. st jjokazaresibeTBa
00paTHON MMILIUKAIUN UCIOIb3YeM WHAYKIIMIO 10 PAa3MEPHOCTH IPOCTPaH-
crBa n. Ilpu n = 1 ummiukanus BepHa. [IpejnosoxKum, 9T0 OHA BepHa
JUIsT KBaJIpATUIHBIX (OPM Ha IpocTpaHcTBax paszmepnoctu n — 1. Ilycrs
€1,...,e, — 0a3uc npocrpancrsa V, F — MaTpuia KBaJpaTudHoi (DOPMBI ¢
B 9TOM Oasnce. Pacemorpum noanpocrpanctso L = (eq, ..., €, 1) 1 OrpaHu-
gerue ¢l dopmbr ¢ Ha Hero. Popma ¢ MOTOKUTETLHO OMpEIeeHa U, TI0
IIPEJITOIOYKEHNI0 NHIYKIIUK, TJIaBHbIE MIHOPBI 32 ee MaTPHILbI F B 6asuce
€1,...,€n_1 NOJOKUTEIbHDI: 32 = A; > 0. BoisiciuM 3HaK oIpeemTe;ist
A, = det F. IzBectHo, uT0 MaTpuiia F 10J0KUTEIBHO Olpejie/eHa. Torma
CYIIECTBYET HEBLIPOKIeHHad Marpuia H Taxas, uro F = HTH. Orciona
A, =det F = (det H )2 > 0, 4TO 1 3aBepIIaeT J0Ka3aTe/ILCTBO. n

1.3. Kococummerpudeckne popMbI
1.3.1. Peaykuusi K HEBBIPOXKEHHOMY CJLydYalo

[Iycrs f(x,y) — KococumMmerpudeckast Ounaeiitaas popma Ha k-BEKTOPHOM
upoctpancTee V', Vi = ker f — ee aapo.

ITpeanoxenune 1.3.1. (Pedyruus k He6uportcIeHnots Kococummempuse-
ckoti hopme) Ilyemo Vi — moboe npamoe donoanenue nodnpocmparcmea Vo,
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f1:= flv, — oeparunenue gopmo. f na Vi, onpedeasemoe duazpammor

VxV-ILop

h
VixWV

Tozda fi — Hesvipootcdennan dururetinas opma Ha nodnpocmparcmee Vi.

oxazameavcmeo. Bo-1iepBbIX, J11000€ mpsiMoe goroiHenue Vi siapa V) siB-
asiercs f-oproroHasbHbiM K Vi. HdeficrBuresnbHo, st 106010 BEeKTOpa v €
Vi u st siioboro vy € Vi mmeem f(vg, v1) = 0. Bo-BTopbix, mycTs v; € ker fi
— HEHYJIeBOW BEeKTOp; Torja jyist Bcex v) € Vi Beimosmeno fi(v,vy) = 0.
Ho mpu srom fi(v,v]) = f(v,v]) = 0. Paccmorpum mpousBosibHBI BEKTOD
v € V; B cuty npsamoro pazioxkenus V. = V(@ V] umeer MecTo e IMHCTBEHHOE
npejicTaBienne v = vy + vy, v; € Vi, i = 0, 1. [oxcranoska B f(—,v]) gaer
f(v,v)) = f(vo+v1,v]) =0, 1 e v] € V. Takum obpaszom, v] € VyNVy # 0,
YTO IPOTUBOPEUUT (PaKTy IPSMOro pasjoxkenus V = Vo @ V. []

Taxum obpaszoM, [ UCCIeI0BAHUS JII000i KOCOCHMMETPHIECKO (hOpMbI
f nocraTouHo paccMoTperh orpaHmueHne 3Toil popMbl Ha JI000€ IPSMOe
nonosiHeHne ee sijapa. CocpeoToYnM BHUMAHIE Ha HEBBIPOXKIECHHBIX KOCO-
CIMMEeTPUUIECKUX OMIMHEeHBIX (hopMax.

Omnpepesienne 1.3.2. Cumniexmuyeckum (WIH 2unepbosuUMecKum) 6ek-
MOPHBLM NPOCMPAHCMBOM HA3BIBAETCs k-BEKTOPHOE IIPOCTPAHCTBO V' ¢ olipe-
JIeJICHHOI Ha HEeM HEBBIPOXKJIEHHOI KococuMMeTprdecKoilt hopmoit f.

1.3.2. CTpyKTypa CUMIJIEKTUYECKOTO IMMPOCTPAHCTBA

[Iycrs (V) f) — cumiuiekTudeckoe mpocTpaHcTBO. 3ahUKCUPOBAB KaKoOii-
HUOy/Ib 0a3uc eq,€s,...,e,, HPUJIEM K KOOPJAMHATHOMY IPEJICTABJICHIIO
dbopmbr f:

f(z,y) = Zﬂfz‘fijyj = Z fij(@iy; — x9:),
irj i<j
rae fij = f(ei,e;) = —f(ej,ei) = —fji — 2/71eMeHTbl (KOCOCHMMETPUYECKOI )
MaTpUIbl OunHeitHoi dopmbl f B 6asuce €1, s, ..., €,.

Omnpenenenue 1.3.3. Cumnaexmuyeckoti, Win 2unepbosuveckoti, naoc-

KOCmbl0 Ha3bIBaeTCsI JByMepHoe mojnpoctpancrso W C V' takoe, 4To

flw # 0.

Jlemma 1.3.4. (Cywecmeosanue cumnaexmuseckot naockocmu) Beskoe
2UNEPOOAUYECKOE NPOCNPAHCNEO COOEPAHCUM, CUMNACKIMUYCKYIO NAOCKOCTD.
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Jlokazamenvcmeo. TIockonbKy [ HEBBIPOXKICHHA, TO I JIIOOOI0 HEHYyJIe-
BOI'O BEKTOpA €] HalIeTcst BEKTOP ey Takoil, uro f(e1, es) # 0. Torga (eq, es)
— MCKOMas TUNepoo/InIecKas MIOCKOCTD. []

Yupaxkuenue 1.3.5. [Iycte W — cumriuieKTnyeckas MmJIOCKOCTh B CUM-
mnexTudeckom npoerpancrse (V) f). Jokaxure, uto V = W @ W,

Teopema 1.3.6. (Kocoopmoz2onaivHoe passoncenue CumMniekmuieckozo
npocmpancmea) Beakoe cumnaexmuyeckoe npocmpancmeo (V) f) moorcem
OBIMB PA3N0ACEHO 6 f-0pmMOo20HANOHYIO NPAMYIO CYMMY CUMNAEKMUYECKUT
naockocmet. B wacmuocmu, 8caxoe CuUMNAEKMUYECKOE NPOCTPAHCMBO UME-
em YemHy10 pPasmMepHoCcmb.

Jlokazamenvecmeo. VIHAyKIus 110 pa3MEPHOCTH IIPOCTPAHCTBA, ¢ IPUMEHe-
HHIEM [-OPTOrOHAJBLHOIO pas3joyKeHus. Basa MHIYKIUN [IpeICTABICHA CHM-
IJIEKTHYECKON TLJIOCKOCTBIO (pasMepHocTh 2). [IpesnoiozkuM, 410 Teopema
BepHA JId CUMILICKTUYCCKHUX NPOCTPAHCTB, UMEIONINX PAa3MEPHOCTH MEHb-
myto, aem n. Ilycrs (V) f) — cuMIiniekTiHaeckoe mpocTpaHCTBO Pa3MEPHOCTH
n. Cornacno gemme 1.3.4, V' colepKUT CUMILICKTHYECKYIO IJIOCKOCTE; IIYCTh
510 (e1, e2). PaccMoTpuM ee f-opTorona/bHoe JoNojHeHne (e1, ez)®, 3a1an-
HOE CUCTEeMOI OJTHOPOAHBIX JIMHEHHBIX YPaBHEHUII:

f(er,z) =0,
f(eg,z) = 0.
Cucrema MMeeT CTyIIeHYAThIH BUJ U IIOTOMY ee PaHr pasen 2. Takum obpa-

L

L = n—2, uTo no3BOIAET NPUMEHUTD K (€1, €2) MHJLYKTHB-

30M, dim (eq, €2)

Hoe npenosoxkenne. tak, {e;, ea)= — f-opTroronajibHas IpsMasi CyMMa CHM-
- 1

ek THIeckux mockocteil. Torma mpoctpatcrBo V= (e, e9) @ (€1, €9)~ ToO-

JKe PasJIoyKeHO B f-OpTOrOHAJIBLHYIO MPSAMYIO CYMMY CUMILIEKTHYECKIX ILI0C-
KOCTCIA. ]

[Tyctes W = (eq, €9) — CUMILIEKTHYECKAS [JIOCKOCTb B CUMILIEKTHYECKOM
npocrpanctse (V) f). Torna orpanudenue fly B 6a3uce eq, €9 33/1aeTCA BbI-

paxkenueMm f(x,y) = fio(x1ye — woy1), e fi2 # 0. omHOXKUB ofuH U3
Oa3MCHBIX BEKTOPOB Ha, MOJIXOJSINNI KOdMPUINEHT, HAIIpUMED €y Ha f1’21,

nobbeMces mpejicTaBieHnst f(eq, ex) = T1Ye — Toyy WK, B MATPUIHOI hopme,

0 1
)=o) (o),

Takum obpazoMm nmeem
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CaencrBue 1.3.7. (Kaaccol KoH2PYsHMHOCMU KOCOCUMMEMPUUECKUT
mampuy) J106as He6PONCIEHHAA KOCOCUMMEMPUIECKAA MAMPULA UMEET
YeMMBILT PASMED U KOHZDYIHMHA OA0YHO-0UG2OHANLHOT MAMPUUE 6Uda

0 1] 0o o|l...] o o
-1 0] 0 0 0 0
0 0] 0 1 0 0
J=| 0 0/-1 0 0 0
0 0] 0 0f...] 0 1

| 0 0] 0 0]... -1 0]

Hnvimu crosamu, 0ad 6cAK0T HEGbPOAHCIEHHOT KOCOCUMMEMPUYECKOT MAM-
puyse F natidemes neswpooicdennan mampuue H maxas, wmo HT FH = J.

Samevarue 1.3.8. Tlepeynopsigounm 6a3uc, IOMECTUB CHAYA/IA BCe BEKTO-
Pbl C HEUETHBIMU HOMEPAMU €1, €3, . . . , €2, 1, & 3aTE€M — BEKTOPbI C YeTHBIMH
HOMEPAMHU €9, €y, . . . .€9y,, CTAHJIAPTHYIO MATPUILy HEBBIPOXKJIEHHONH KOCOCHM-
MeTPHYECKON pOPMbI MHOT/Ia, IIPUBOIST K BUJLY

0 |En
—E,| 0

Onpenenenne 1.3.9. Ba3uc cuMIIeKTHYECKOIO MIPOCTPAHCTBA, B KOTO-

Jo =

POM MaTPUIA KOCOCKAJISIPHOTI'O MMPOU3BEJICHNS UMeeT CTaHIaPTHBI BUJ, Ha-
3bIBACTCH CUMNACKIMUYECKUM.

Onpenenenne 1.3.10. H3omophusmom CumMniekmuseckus npocmpaHcmes
Ha3bIBAETCsl M30MOPMU3M COOTBETCTBYIONIUX WM BEKTOPHBIX ITPOCTPAHCTB
¢V — V' 0roKIecTBIMIONNIA KOCOCUMMETPIUIEeCKe POPMBI, T. €. BKJIIO-
JaeMblil B KOMMYTaTUBHYIO JuarpaMMmy

Vx VLo
wo|
Vix V!
BBeﬂeHHOQ IIOHATUEC I/ISOMOp(bI/IBMa CUMIIJIEKTUYIECKUX IIPOCTPAaHCTB I103-
BOJIIE€T C(POPMYJIUPOBATEL €IIEe OJIHO

Caencrsue 1.3.11. (Kaaccudurayus cumniexmusieckus npocmparcms)
Bce cumniexmuneckue npocmpancmasa 00noti u moti oce pazmeprocmu Hao
OOHUM U TEM HCE NOAEM USOMOPPHBL. Kaacc IKBUBAAECHMHBLT KOCOCUMMEM -
puveckuxr dopm na k-eexmoprom npocmparcmee Vo pazmeprocmu o 00HO-
BHAYHO ONPEIEAAEMCA PASMEPHOCTIBIO Ty A0PA MAK, YIMO PA3HOCMD N — Ny
— YemHoe YUCAO.
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1.3.3. IlpuBenenue KkococuMMeTpuieckoii GopMbl K KAHOHUYECKOMY BULY
B KoopauHarax (Meroz Jlarpam>xka)

3/1ech OIMCAH aJI'OPUTM IEPErpyIIupPOBKH II€PEMEHHbIX, [T03BOJISIIONINI
BBIJICJINTH MUIIEPOOIMYECKIE IIJIOCKOCTH, KOCOOPTOI'OHAJIbHBIE JIPYT JIPYTY.
Jlana HeHyJIeBasi KococuMMeTprdecKast (hopma

f(x,y) = fis(@ry2 — 2ayn) + frs(z1ys —x3p1) + - -+ fn—1,n($n—1yn — TnYn—1)-
(1.3.1)
[Tocsie, OBITH MOXKET, MOIXOJIAIIEH TIePeHYyMEPAITIU TTePEMEHHBIX YCJIOBUMCH
cauTaTh, 9T0 f19 # 0.
1. CrpyumnupyeMm B pabodyio CTPOKY BCe cjaraeMble, cojeprKallue xi, U
BCe cjaraeMble, cojiepzKaiiue y;. B cury antucumMerpun (popMbl f Oy IiM
cJIeayIolee BhIpazkKeHune:

w1(fr2ye + fi3ys + -+ fintn) — (fraze + fizzs + - 4 fin®n)y1.
2. BBGILGM HOBbBIE HepeMeHHble:
1’/2 = fiowa + fizxs + - + finTn,
vy = fioye+ f13ys + -+ finYn.

/ /
B cnny antucnmmerpun (hopMbl BBIDAYKEHNS JJIs T4 U JJIs Yo JOTKHBI OBITH
AHAJIOTMIHBIMEI. Bbipaykast xo u yo u3 (1.3.2) u (1.3.3) coOTBETCTBEHHO 1
BBITIOJTHsIST TI0/ICTaHOBKY B (1.3.1), mocjie puBeieHnsT MOJI00HBIX CJIaraeMbIX

HOJTY YU M
f(x,y) = x1yhy — 2hyn + fag(@hys — yaxs) + - -+ + fo, (2hyn — yozy)
+f34<$3y4 - $4y3) Tt fnfl,n(xnflyn - xnynfl)(134)

3. Crpymmupyem B pabouyio CTPOKY CJaraeMble, COAEPKAIINE Ty, U Cara-
eMble, COJIePIKAIIIe Yy, DTO IPUBEET K BBIPAZKEHUIO

/

—x5(y1 = fogys — -+ = Soutn) + (21— fopws — - = fo, ) v,
4. BBejieM HOBbIE IIEpEMEHHBIE:
Ty = 11— fyyrs— = fo, T,
vio= y— fays — = foune
[Tocsre mopcranoskn (1.3.5) n (1.3.6) B (1.3.4) mpujem K BbIPaKEHHIO
f(xa y) = (xllyé - x;yi) + f34($3y4 - :1:4y3) + fnfl,n(xnflyn — mnyn—l)-

[aiee BbIOMpaeTcs: CjeAyIoNnuil HeHy/IeBoil KoM (MUINEHT, CKarKeM f34.
[IyHKTBI 1-4 BBIOJIHSIIOTCSA ¢ OYEBHUIHON 3aMeHOl T1 Ha T3, Lo HA Ty U T. II.
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I'1aBa 2

BekTopHble nmpocTpaHcTBa
CO CKaJIIPHbBIMU IIPOU3BEJIeHUAMMU

B s10it riaBe OyayT paccMOTpeHbl HamboJjiee 9acTo IpUMEHsIeMble BUJIbI
IPOCTPAHCTB C JOTOJHUTETbHBIMU CTPYKTYpaMu. [1pu sTom ecTrecTBEHHO BO3-
HUKAIOT ClleliaJibHble KJIACChl HEBBIPOXKIEHHBIX JIUHEIHBIX OI€PaTOpPOB, CO-
XPaAHSIONINX JIOTIOJHUTE/ILHYIO CTPYKTYPY. DTH KJIACCHI COCTABJISIIOT TPYIIIHI
OTHOCHUTEJIbHO KOMIIO3UIIMU — TaK Ha3bIBacMble KJIACCUYECKUE TI'PYIIIbI, UMe-
IOIUe pa3HOOOPa3HbIe MPUJIOXKEHNS B MaTeMaThKe 1 (hU3NKe.

2.1. EBKInNI0OBBI IPOCTPAaHCTBA
2.1.1. OcHoOBHBIE ONpeJieIeHUs

Onpegenenune 2.1.1. Eexaudosvim 6eKmMoOpHbLM NPOCMPAHCMEOM HAZHI-
BACTCs BEIIECTBEHHOE BEKTOPHOE MPOCTPAHCTBO V' ¢ (DUKCHPOBAHHON T10JI0-
JKUTEIBHO OTPEJIC/IEHHON cuMMeTpraeckoil oumnneitnoit dpopmoii (+|-). s
000#i TTapbl BEKTOPOB (U1, U9) 3HaueHne (vq|vy) Gmruneitnoit dopmer (+|-)
HA3BbIBAETCS CKAAAPHLIM NPOUEEIEHUEM BEKMOPOS V1, V2.

IIpumep 2.1.2. PaccMoTpuM KOOPAMHATHOE IIPOCTPaHCTBO k™ ¢ OunHeli-
HOit hbopmoit (+]-), 3a/1aBaeMoii B cTaHIapTHOM Oasuce BhIparKeHHEM

(zly) = 2191 + Tay2 + - - + TpYn.

O4eBUJIHO, ITO TIOJOKUTENLHO ONPEJIEICHHAsA CUMMETPUYIeCKas OunHefinas
dbopma B HOpMasbHOM Buje. Ilpun n = 2 nojdydaeM <IIKOJILHOE» CKAJIsIpP-
HOE MPOM3BeJIeHIe BEKTOPOB Ha ILJIOCKOCTH, JIJIsi KOTOPOIO JIMHA BEKTODA
BbIuncsiercs 1o dbopmyde ||z||? = (x|z) = 2% + 3.

Onpenenenne 2.1.3. Jlauroti, Wim Hopmotl, BEKTOPa & B €BKJ/III0BOM
BEKTOPHOM TIpocTpancTie V, (+|-) HasbIBaeTCst HEOTPHUIIATETHLHOE JIeHiCTBUTE b

[lz]| =/ (z]x).
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Samevanue 2.1.4. JIns onpeesieHnsl HOPMbI BazKHa MOJIOYKUTEIbHAS Olpe-
JeJIeHHOCTh GunaeitHoit hopmbr (+|-), 3a/1aro1meil cKaisipHOe TPOU3Be/IeHIe.

Sameuanue 2.1.5. Tlockonbky dopma (+|-) HEBBIPOXK/EHHA, TO HYJIEBOi
BEKTOP ¥ TOJBLKO OH UMeeT HyJIeByIo HOpMY. VITak, B éBK/IMJIOBOM IPOCTPAH-
CTBe

|z]| =0« 2 =0,

Onpenenenne 2.1.6. BexkTop A/uHBI 1 HAZBIBAETCST HOPMUPOBAHHBLM.

Samevarue 2.1.7. JIroboit HeHyJIEBOII BEKTODP & MOXKHO HOPMHPOBAThH, J0O-
MHOZKUB Ha cKaJiap, pasbiit ||z]| 7!, deficTBuTeIbHO, BEIYUCIIM HOPMY BeK-
ropa |||~ e [ [Jof| el = (|||~ o] [Jo|| 7 a) 2 = ||| (z]a) ' = 1.

Onpenenenue 2.1.8. [lodnpocmparcmeom e8kAUIOBG  GEKMOPHO20
npocmpancmea (V,(-|)) HasbiBaeTcss J11060€ BEKTOPHOE MOIPOCTPAHCTBO
U C V ¢ 6uwnneiinoit dpopmoit (+|-)y, monydennoii orpaandennem xva U 6u-
mmueiinoit hopmsl (+]-).

CxkaJisipHOe IIpou3BejieHre, 3a/laHHOe Ha JAHHOM IIPOCTPAHCTBE, MHOIJA
Ha3bIBAIOT Mempukot. CBOCTBA MaTeMaTHIECKUX O0ObEKTOB U PE3YJIbTaThI,
CBSI3aHHBIE CO CKAJIAPHBIM IPOU3BEJCHUEM U OlpejelisieMble ero BUJIOM, Ha-
3bIBAIOTCS MEMPUUECKUMU.

2.1.2. OcHOBHBIE MeTPUYECKIE COOTHOIIEHUS

B sTom myHKTe MBI JIOKaXkeM 3HaAMEHUTOe HepaBeHCTBO Komm—bynsakos-
CKOT'O JIJIsT €BKJINJIOBa BEKTOPHOTO TPOCTpaHcTBa. Mmenno 6yrarogaps sTromy
HEPaBEHCTBY aOCTPAKTHOE €BKJIMJIOBO MPOCTPAHCTBO 00JIa/1aeT CBOICTBAMU,
OYeHb TTOXOKUMHU Ha, CBOMCTBA MPUBBITHOIO HAM (DU3UIECKOTO ITPOCTPAHCTBA.

Teopema 2.1.9. (Hepasencmeo Kowu — Bynaxosckoeo) Jaa mobvir eex-
Mopos T,y e8KAUAOBA NPOCMPAHCMEA CNPABEINUBO HEPABEHCTMEO

|(ly)] <[] - [yl

3Hax paseHCMEBA UMEET, MECITNO 6 TMOM U TNOABKO TMOM CAYHAE, Koe2da 6ex-
mopuvl x Uy AURETUHO 3a6UCUMDL.

Hoxazameavcmeo. ChopMmupyem JImHETHYIO KOMOUHAIMO Ax — 4y, A € R,
U BBIUNCJINM CKaJISIPHBIN KBaJIpaT I0JIYIEeHHOIO BEKTOPA:

Az —y|Az —y) = N*[[]]* = 2X(x[y) + [|y]|*. (2.1.1)

Bo-niepebix, (Az — y|Az — y) = 0 Torjga m TOJBKO TOrja, KOTJIA T W Y
JIMHEITHO 3aBUCHMBI. KBajgpaTHBII TpexdIeH B HpaBOil YacTU BbIparKeHUSsI
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(2.1.1) meorpunareseH. DTO 3HAUUT, UTO €rO JUCKPUMUHAHT HEMOJIOKUTe-
nen: (zly)? —1|z]|?||y]|? < 0, orkyna ciempyer nepsoe yTBepIKIeHIE TEOPEMBL.
PaccmaTpuBaeMblii TpeXUieH MOKET UMETh JIUIb KPATHBIN KOPEHb, YTO CO-
orsercriyetr pasenctsy (z|y)?—||z||*||y||*> = 0. IIpu srom (Az—y|Az—y) = 0,
oTKya Ax —y = 0, 9T0 JI0OKAa3BIBAET BTOPOE YTBEPIKICHIE. []

CaencrBue 2.1.10. (Bozmooicrocmo usmepenua yenos) Hepaserncmeo
—_—

Kowu — Bynaxosckoeo noszeossem esecmu sesuvuny (T,y) yeaa mexncoy
BEKMOPAMU T U Y, NOAALAA

0<(z,y) <7 u cos(z,y)= el ol

Caenctsue 2.1.11. (Hepasencmeso mpeyzoavhuka) Jlas 110601 napov. 6ex-
MOpPo6 T, Y GbINOAHEHO HEPABEHCTNE0

z £yl < ||| + [|y]]-
Hoxazamensvecmeo. OlieHNM CKaJIIPHBIN KBaJIpaT BbIpaykKeHus T + y:
|z £y|] = (z£ylzty) = (z]2) + (yly) £2(z|y) < (z]x) + (y|y) +2[(z]y)]-

[Ipumenns nepasencTso Komm — Bymsikopckoro, mosyunm ||z 4+ y|? <
(z]z) + (yly) + 2[(z|y)] < M2l + |yl + 2[z]] - [yl = (=] +yl)? O

Caenctue 2.1.12. (Mnozomeproiii ananoe meopemwvt [ugazopa) ITycmo
BEKMOPL L1, . . . , Ty €BKAUDOBA NPOCMPAHCNEA NONAPHO OPMO2OHANLHYL, M. €.
(xilz;) =0 npu @ # j. Toeda cnpasedauso pasercmeo

o1+ 4zl * = [l ]+ o+ o]
Joxasamenvbcmeo.

x4 Fzml)® = (214 + Tl + -+ 24)
= (zilz1) + -+ (@)
+ 2(x1|xe) +. ..+ 2(x1|Tp) + 2(22|23) +. A 2(T 1| T)
= [Jo][* + -+ [l

2.1.3. OproHOopMUpPOBaHHBII Ga3uc

CoriacHO TeopeMe O IPUBEJICHUN KBaJIPATUIHONH (POPMBI K KAHOHIYECKO-
My BHJy, B IIpocTpancTBe V CyIIECTBYIOT KAHOHMYECKHE OA3UCHLI, B KOTO-
pbix dopma (+|-), 3a1at01ast cKaJIsipHOE TIPOU3BE/ICHNE, UMEET THATOHAJIBHYTO
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marpuiy. [lockonbky 9ta GopMa MOJ0KUTEIBLHO OMpe/Ie/ieHa, YMHOKEHIEM
BEKTOPOB KAHOHIYECKOTO 0a31ca Ha MOIXO/IAIINE CKAJSIPhl MOYKHO JTOOUTHCST
TOTO, ITOOBI MaTpHIla GuinHeRHON GOPMBI(+|-) cTama e uHITHOIL.

Onpegenenune 2.1.13. Kanonnuecknit 6a3uc npocrpancTsa Vo st gpop-
Mbl (+|-) HasbIBaeTCst opmozonasvhvim. Basuce, B kotopom dopma (+|-) nmeer
HOPMAJILHDII BUJ, HA3BIBAECTCH OPMOHOPMUPOSAHHDIM.

Samevanue 2.1.14. Ecau eq, ..., e, — OpTOrOHAJILHDBIN Oa31c, TO JJIsd JIIO-
ObIX i # j COOTBETCTBYIONIMI BHEIUAIOHAJILHDII 9JIEMEHT MaTPUIbI OMInHei-
Hoit popmsl (€;|e;) pasen nyso. Takium obpasoM, 6exmopb 0pMO2OHANLHO20
bazuca opmoz2orasvHul dpye dpyey. Ecan eq, ..., e, — OPTOHOPMUPOBAHHBII
basuc, To JUAroHAJIbHbIE 3JIeMeHTHI (€;|e;) paBubl 1. Takum obpazom, eexmo-
POl OPMOHOPMUPOSANHO20 DA3UCA 0PMO20HANGIbL OpY2 OPY2Y U HOPMUPOGAH-
HbL.

B J1elicTBUTEILHOCTH OPTOrOHAJbHBIE W OPTOHOPMHUPOBAHHDLIE CUCTEMbI
MOKHO I0JIy9aTh, COCTaBJIsIst HAOOPHI M3 ITOIAPHO OPTOrOHAJIBLHBIX BEKTOPOB.

Teopema 2.1.15. (Hesasucumocmsv opmozonanvivir eexmopos) Jhobas
cuUCmema NOnapHo 0PMO20HANLHBIL HEHYNEEHLL BEKMOPOS €1, . . . ECy EBKAU-
dosa npocmpancmea AuHelino Hedasucuma. OpmozoHaivHas CUcCmema u3
n = dim V' eexmopos cocmasasem basuc npocmparcmea V.

oxazamesvcmeo. CocTaBuM JIMHEHHYI0 KOMOMHAIIMIO BEKTOPOB €1, . . . €y
aje; + - -+ ae, = 0. Boimosus ckaagpioe YMHOXKEHUe Ha €;, TOJTYIuM

ai(eiler) + -+ - + aileiler) + - - - + am(eilen) = 0.

B cumiy mnomnapHoil OpTOroHAJLHOCTH BEKTOPOB CUCTEMBI €1, . ..€,, HMEEM

_ : : 2
(eilej) = 0 mpu i # j, orkyna aile;|
¢t = 1,...m, OIpUXOAUM K BBIBOILY O TOM, 4T0 o; = 0, 2 = 1,...,m. D10 110-

= 0, m a; = 0. PaccmorpeB Bce

Ka3bIBAET HEBO3MOYKHOCTH HETPUBHUAJILHOI paBHON HY/IIO JTUHEHHON KOMOU-
nanun. Takum oOpa3oM, BEKTOPHI €1, . . . , €, JUHEITHO He3aBucuMbI. Ecam nx
YUCJIO0 PABHO PA3MEPHOCTH MMPOCTPAHCTBA V', TO OHU cOCTaBJIAIOT Oa3uc. [

[IycTh € — HOpMUPOBAHHBII BEKTOP.

Onpenenenune 2.1.16. [lpoexyueti sexmopa x Ha HANPaB.AEHUE HOPMU-
POBAHHOTO 6EKMOPA € HA3BIBAETCST BEIIECTBEHHOE UNCIIO Prox = (ze).

Teopema 2.1.17. (Koopdunamu kax npoexyuu) Koopdurnamuv: sexmopa 6
OPMOHOPMUPOBAHHOM 0a3UCE E6KAUIOBA NPOCPAHCEA CYMBH €20 NPOEKUUL
HA HANPABAEHUA OA3UCHIT 6EKMOPOS.
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oxazameavcmeo. Ilycts  eq,...,e, — OPTOHOPMHUPOBAHHBIN Oa3wuc,
T = ) .€T; — BEKTOD. Bblunciss cKajsipHble IPOU3BEIEHUS, [OJIYINM
pre,x = (zlej) = >, (eilej)w; = x; s kazkgoro j =1,...,n. []

2.1.4. Anroputrm oproroHaju3amun I'pama — IlIMmuara

B nepBoit gacTi HacTOsIIEro mocodusi Hapsly ¢ DasucaMu paccMaTpUBa-
JINCH (PUIBTPAIIE BEKTOPHOI'O MPOCTPAHCTBA MojrpocTpancTBamu. Obcy K-
JlaJIach B3aUMOCBA3b 9THX MOHATHI, B YACTHOCTH MTOCTpOEHUE (BUIBTPAITIH
1o 6a3ucy m HaoObopoT. Kcm pe3ysibrar nepBoit mpore Iy pbl opeaeaeH 0/IHO-
3HAYHO, TO PE3YILTAT BTOPOit — HeT. B eBKJINI0BOM BEKTOPHOM MTPOCTPAHCTBE
10 JIaHHOM (UIbTPalNN MaKCHMAJIbHON JIJIMHBI MOYKHO IIOCTPOUTH Oaswuc,
SIBJISTIOIIUICS OPTONOHAJIBHBIM. DTOT PE3YJIbTaT U COCTABJISIET COJeprKaHue
caejyioneit TeopeMbl. [Ipuem, ncmob3yemMblil B ee J0Ka3aTe/IbCTBE, TOPOXK-
JIaeT OYEBMJIHBII aJTOPUTM Ipeodpa30BaHms ITPOM3BOJIBLHOIO 0asnuca B Op-
TOTOHAJIBHBI. DTOT AJTOPUTM HOCUT HA3BAHUE NPOUECCH OPMO20HANUZAUUL
I'pama — IIlmudma 1 MUPOKO HTPUMEHSIETCST B PA3HOOOPA3HBIX BBIUUC/INTE b

HBbIX 3aJa4aXx.

Teopema 2.1.18. (06 opmozonaausayuu) Ilycmow ey, ... e, — 6asuc es-
Kaudosa eexmoprozo npocmpancmea V. Toeda cywecmeyem opmoHopmu-
posannwiil basuc €y, . .. el makotd, umo (e1,...,e;) = (€],...,€.) daa ecex
1=1,...,n.

Joxazamesvcmeo. 1locTpoenne nckomMoro 6asnca mMpoBOJUTCS 0 CIIEYTO-
el HarJIsIHONM MHIYKTUBHOI CXeMe, B KOTOPOil IIOC/IeI0BATE/JIbHOCTD JIeli-
CTBUII COOTBETCTBYET JIBUKEHUIO CBEPXY BHU3:

~ )
oy ) 1 .
(€1, €2) ———— (€}, &) ey = es — alVe], “ = T2
(e1,e e;) ——(€],€h,...€) i L aWe e = e
1,62, Ley . G) e =6 =) a5, IEIRE
< > </ / /> " o_ n (n) s — P
€1,€2,...,6p) =——1(€1,€9,...€, €p = €n 23:1 o, "€, no lep]| e



(4)

KoaddurmenTsr (v; BBIYHUC/IAIOTCS Ha IIare ¢ HOMEPOM &, HCXOJst U3 Tpedo-
BaHUs OPTOIOHAJILHOCTU: 1IPU BceX J = 1,...,1

i
(ef]ef) = (ei = ) auefle)) = (eile)) — aj(€jle)) = (eile)) —ay = 0.
=1

Bo BTOpOM 3Hake paBeHCTBa yuTeHa IONapHas OPTOrOHAJILHOCTH BEKTOPOB
/ /
€1, -, €. L]
Caeacrue 2.1.19. (Jonoansaemocmsv do opmoHopmuposanozo 6a3uca)
JI0bas 0pmoHopMUPOBAHHAA CUCTNEMA BEKMOPOS MOAHCEM ObiMb JONONHEHA
00 OPMOHOPMUPOBANH020 DA3UCAE.

Joxaszamenvcmeo. 11ockoIbKy TOTapHO OPTOTOHAJIBHBIE BEKTOPHI JIMHEH-

HO HE3aBUCUMBI, TO JIIOOYIO OPTOTOHAJBHYIO CUCTEMY €7, . . ., €y MOYKHO JIO-
HOJIHUTD JI0 0a31Ca €1, ..., €Em, Cmil, .., En. 3ATEM HEOOXOINMO IIPUMEHUTD
OpPTOrOHAJIN3AINIO, HAYUHAA C IIara ¢ Homepom m + 1. O

2.1.5. Kimaccudukaius eBKJINJOBBIX BEKTOPHBIX ITPOCTPAHCTB

Onpenenenne 2.1.20. Esximioser npocrpanctsa (V, (<)) u (V7/, (+]-)")
HA3BIBAIOTCS U30MOPHHOLMU, €CJIN CYIIECTBYET N30MOP(MU3M BEKTOPHBIX IIPO-
crpancTs ¢ : V = V' oToxKaecTBiasionmii 6uinneitasie GOpMEIL, T. €. BKJIIO-
JaeMblll B KOMMYTATHBHYIO JUArpaMMYy

v xv-"LR (2.1.2)
@0)]

Vi x V!

(1)

Samevwanue 2.1.21. KommyraruBHocTh auarpammbl (2.1.2) o3nadaer, 9To
715t TIOOBIX BEKTOPOB «,y € V' Beinmosneno paserctso (x|y) = (o(x)|o(y)).
UnbiMu ciioBamMu, u3omophudm ¢ coxparsem craaapHoe Npoussedere.

Teopema 2.1.22. (Kaaccugpurayus eskiudosux npocmpancms) Jobvie
006G €6KAUOBVIT  BEKMOPHYIL — NMPOCMPAHCNEA  PABHVIL — PASMEPHOCEL
U3OMOPPHDL.

Joxazameavcmeo. ycrs (V,(+|-)) n (V' (-|-)) — eBkimaoBbI mpocTpa-
CTBa, UMeEIOIUe PaBHbIE Pa3MEPHOCTH. BribepeM B HUX OPTOHOPMUPOBAHHLIE
basucel e1,...,e, BV mel, ..., e BV’ Buekrusaoe coorsercTBue Ha 6a3mc-
HBIX BEKTODax €; — €, i = 1,..., n, onpeeseTr NCKOMbIii m3omopdusm. [
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Jlokazannas TeopeMa KJIacCU(UKAIIH TT03BOJISIET TEPEHOCUTD JTI0ObIE MeT-
pUYecKue pe3yabTaThl, IOy YeHHbIe JJId CTaHIapPTHOIO €BKJINI0Ba IPOCTPaH-
crBa R" (€O cKaJISIPHBIM [TPOU3BE/ICHIEM, 33/[aBAeMbIM B CTaHIAPTHOM Hasuce
eIMHNYIHOM ManHueﬁ) Ha MIPOU3BOJILHOE €BKJINJIOBO IIPOCTPAHCTBO TOM ZKe
pPa3sMepHOCTH.

2.1.6. /IBoiicTBEHHOE €BKJIMJIO0BO IIPOCTPAHCTBO

[Iycts (V, (")) — eBRIMIOBO BEKTOPHOE POCTPAHCTBO. Torja KayKjioMy
BeKTOpPY v € V craBuTCsi B coOTBeTCTBUE JmHelHas dopma (v]-) 1 V. — R,

(v]-) e VY.

Teopema 2.1.23. (/[soticmsernrocmyv eskaudosvir npocmpancme) Coom-
semcemeue v — (v]-) onpedessem karnonuveckuts udomoppusm R-sexmoproir
npocmparcme P 1 V. — V'V omostcdecmensowut 110607 opmonopmuposar-
wouti bazuc npocmpancmea V¢ deoticmeernnvim x nemy basucom 6 V. Hzo-
mopdusm 1 nadeasem deoticmeennoe npocmparncmeo V'V cmpyxmypoti ec-
KAUDOBG NPOCMPAHCMBEA, 6 KOMOPOT OPMOHOPMUPOSAHHBLMU ABAAIOMCA OG-
3ucol, dsoticmeenHovie K OPMOHOPMUPOSAHHBLM basucam 6 V' , U moavbko oM.

Jloxasamenvcmso. Tlockonbky (|-) — 6usnuneitnast hopma, T0 oTobpazKe-
mue 1 1 V — V'V — romoMopdusM BEKTOPHBIX POCTPAHCTB. BbIYnNcInM ero
spo. Ilycers v € ker); Torna (v|-) — HysneBas dopma; B 9aCTHOCTH, ee 3Ha-
JeHrne Ha BEKTOpe v paBHO HYO, T. €. (v|v) = 0. [lockosbky Ouinaeiinast
dbopma (-|-) 3nakoomnpenenenna, To v = 0. Takum obpazom, romoMopdu3M
ker ¢ unbexrusen. [Tockobky npu sToMm dim V' = dim V'V, 10 1) — uzomop-
puszm.

[IycTb €4, ..., €, — OPTOHOPMUPOBAHHLII Oa3uc npoctpancTBa V. Paccmor-
puM JinHerHbIe (hOPMBI 1)(e;); [T UX OMUCAHHST HEOOXOMMO U JIOCTATOTHO
3HATH UX 3HAUYEHHs Ha BEeKTopax Oasmca:

w(ei)(ej) = (€i|ej) = 045 = ei(ej), Z,j = 1, .o n.

Tem cambiM, (e;) coBIaIAIOT ¢ BeKTOpaMu €' JIBOHCTBEHHOro Gasuca.

Bunneitnaa dopma, 3ajamomas cKaJasgpHoe npoussejenne Ha V'V, nHjy-
IIPOBAHHOE M30MOP(MU3IMOM 1), OlpeJie/isieTcsl HaKJIOHHOM CTPesIKOil B Jina-
rpaMme

VxV-hp
(w_l’w_l)T /):
VVx VY
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Buauenue dhopmbl (-|-)Y Ha nape ymneiinbix dhopm (ul-), (v]-) pasho

((l)I(v])" = (ulv).

[Ipu sTom oTobpazkenune 1 MePeBOIUT OPTOHOPMUPOBAHHBIE OA3UCHI B OPTO-
nopMuposannbie. QueBnIHo, obpaTHOe K HeMy oTobpaskenue 1)~ 1 ob/aiaer
TEM K€ CBOCTBOM. []

2.1.7. OproronajibHas rpynmna

B 3T0M IIyHKTE MBI OXapaKTepu3yeM aBTOMOP(MU3MbI €BKJIMI0BA IIPOCTPAH-
crBa (V, (+]-)). Dro, ogeBuHO, TaKkme aBTOMOPMU3MbBI BEKTOPHOTO TPOCTPAH-
crBa V', KOTOpBIE COXPaHSIOT OUIMHEHHYIO (POPMY CKAJIAPHOIO HPOU3BEjIe-
HUA.

Omnpenenenue 2.1.24. AproMopdusM eBKJINIOBA MPOCTPAHCTBA Ha3bI-
BAETCS OPMO20HAALHM NPEOOPAZ0BAHUEM.

st xapakrepusanun n3oMopgu3MoB H, COXpaHSIONMX €BKJINI0BO CKa-
JIIPHOE IPOM3BEJCHNUE, JIOCTATOUYHO M3y4YaTh OTOOParKeHUsl, COXPAHSIONINE
BUJ, MATPUILI OMJINHEHHON (hOPMBI CKAISPHOIO IPOU3BEICHIA: s JTHOObIX
r,y € V (Hx|Hy) = (z|y). Yrobsl 3adukcuposars OuinHeiHyo (hopmy,
HEOOXOIUMO U JJOCTATOYHO 3HATL €€ 3HAYEHUsI Ha BCEBO3MOKHDIX IIapax BeK-
TOPOB KAKOTO-HUOY/Ib Oasuca. VIHbIMU cJioBaMU, HEOOXOIMMO OXapaKTepU30-
BATh KJIACC HEBBIPOYKIEHHBIX MATpHIl H (BBICTYNAIOIINX B KAYECTBE MATPHIL
nepexojia ot basmuca ey, . . ., €, K 6a3ucy €}, ..., e, ), yI0BIeTBOPSIONINX YDaB-
HEHUIO

H"FH = F, (2.1.3)

rie F' — marpuna OmimHeiiHoit bopMbl, 3aJialoleil cKaJIgpHOe IIPOU3Bee-
Hue, B Oasuce eq,...,e,. lIpome Bcero m3yvyarhb opTOroHaJLHLIE TTpeobpa-
30BaHId KaK IIpeodpa3oBaHusi, IepeBoJidiie OPTOHOPMUPOBAHHbI O6a3uc B
(BOBMOKHO, JPYTOii) OPTOHOPMUPOBAHHBI OA3KC, T. €. MbI IIPUXOIUM K CJIy-

qao F'= E:
H'H =F. (2.1.4)

Vpasuenue (2.1.4) B Tounocru oznadaer, uro H ! = H' unn, pasrocuibHo,

HHT = F.

Onpenenenne 2.1.25. BerecTBenHasi MaTpuiia, yA0BIETBOPSIOMIAsT O
HOMY 13 PaBHOCHIbHBIX ypasHernit HT H = E mm6o HH' = E, na3biBaeTcs
0PMO20HANLHOU.
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OpToronasbible IpeobpasoBais JAHHOTO €BKJIHJIOBA ITPOCTPAHCTBA CO-
CTABJISIIOT TPYIIILY OTHOCUTEJHHO KoMIto3uimn (gokaxkuTe!). OproronabHbie
MATPHIIBI pa3Mepa 1 COCTABJISIOT TPYIILY OTHOCHTEIBHO MATPUTHOTO YMHO-
Kenns (Jokazkure!).

Yupaxkuenune 2.1.26. okaxkuTe, 9T0O I'PYIIIIa OPTOIOHAJIbHBIX 11PE0D-
pa3oBaHuii N-MEPHOI'O €BKJIN/I0BA IIPOCTPAHCTBA N30MOP(MHA I'PYIIIE OPTOTO-
HAJIbHBIX MAaTPUI pas3Mepa n.

['pymma oproronaibHbIX MaTpur pasmepa n obosnadaercss O(n). lpu
n > 2 ona neabeJieBa.
Boeraucsinm onpeesinreib JieBoil u npaBoil dacreii ypasuenus (2.1.4):

det(H'H) = det H" det H = (det H)* = 1,

orkya det H = +1. Takum obpasom, oproronasbhast rpymma O(n) mompas-
nessiercst B 0ObeJINHEHNE JIBYX HelepeceKkaromuxcs noavuozkects: OF(n) —
ITOJIMHOYKECTBO MaTpuIl ¢ onpejesmreseM 1 u O~ (n) — HOJAMHOKECTBO MaT-
pull ¢ onpejeanTeseM —1. MexKjy aTuMu JBYyMsI HOJMHOKECTBAMHI CYIIe-
CTBYeT OMEKIUsI, OCYNIeCTBIIAeMAsl YMHOKEHIEM MATpUIlLl Ha — 1.

Vopaxkaeune 2.1.27. Jokaxure, uro O (n) sapjsiercst oArpynoi B

O(n), a O~ (n) — ner.

Omnpenenenne 2.1.28. I'pynna OT(n) oproroHaIbHBIX MATPUIL C OIpe-
JICJINTEJIEM, PABHBIM 1, HA3BIBACTCS CNEyUaAbHot 0pmo2onaivhot 2pynnoti 6
pasmeprocmu n 1 oboznadaercs SO(n).

[pymma O(n) sBiasiercst noarpymoii rpytibl G Lg(n) BceX BEIECTBEHHBIX
HEBBIPOXK ICHHBIX MaTpHuil. Beskas Bemecrsennas Marpuiia H pasmepa n Mo-
JKeT OBITh MHTEPIPETHPOBaHa KaK TOYKa HEKOTOPOTrO n2-MEpHOTO <«I'eOMeT-
pudeckoroy (mim addUHHONO — TOYHBIH CMBIC 9TOIO HOHSITHs OYIeT pac-
KPBIT B OTJIEJIbHOI TJIaBe) BEIECTBEHHOTO MPOCTPAHCTBA, Aﬂ’g = Matgr(n),
B KOTOPOM MAaTPHYHBIE JIEMEHTBI h;; UIPAIOT PoJib KoopAuHaT. [Ipn sTom
HEBBIPOKIEHHBIE MATPUIILI COCTABJISIIOT B 9TOM IIPOCTPAHCTBE OTKPHITOE M0/I-
MHOKECTBO, M0JIyYaeMoe yaaJeHneM MeOMEeTPUIECKOro MecTa /\g MaTpHIL C
HYJIEBBIM OIIPEJCJIUTEIEM, TO €CTh MATPHUIL, YIOBJICTBOPSIONNX yPABHEHUIO
n-it crenenn det H = 0. Urax, GLg(n) = Ag \ A\g. Kpome Toro, noarpyima
O(n) cocrajsieT 3aMKHYTO€e MOJIMHOYKECTBO, 3a/iaBaeMoe CHCTEMON KBajipa-
TUYHBIX ypaBHeHuii (2.1.4), npudem nMeer MeCTo Pa3jioKeHne B 00be INHeHne
JBYX 3aMKHYTHIX oMHOKecTB O(n) = OF(n)UO™ (n), 3ajaBaeMbIX B IPyII-
e O(n) ypasnenusivn det H = 1 u det H = —1 coorsercrserno. [Tockonbky
oupejennTeb det : Aﬁ; — R — dyHKIU, HEIpepbIiBHAS 110 KOOPINHATAM,
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T0 o6bemunenne OF (n) UO™ (n) wecsasnoe. Pacemorpes B G Lg(n) erme mof-

IPYIILY MaTPHI] ¢ OIpeJIeuTe/IeM, PABHbIM 1 (Tak Ha3bIBAEMYIO YHUMO,LY-
asiphyio rpymiy SLg(n)), noayaum SO(n) = OF(n) = SLr(n) N O(n).

2.2. CuMmmiekTuvyeckue nmpeodpa3oBaHUA
CUMILJIEKTUYECKNX ITPOCTPAHCTB

2.2.1. Orcrynaenne: ndadduan

CoryiacHo TeopeMe O IIPUBEICHUN KOCOCUMMETPUUIeCKoii (pOPMbI K KAaHOHM-
YEeCKOMY BUJLY, JIJI JIFOOO# HEBBIPOXKICHHONH KOCOCHMMETPUYIECKONH MaTpPHIThI
F mafijiercst HeBbIpOXKIeHHas Marpuia H rtakas, uro H'FH = J,. Be-
YUCJIMB JIETEPMUHAHTHI JIEBOW U 1IPaBOil HacTell, IPUXOJUM K COOTHOIIEHUIO
(det H)?det F' = 1. Orciofa 3aKouaeM, 4To

det ' = 1/(det H)?, (2.2.1)

T. €. 0eMEPMUHAHM HEBVPOAHCIEHHOT, KOCOCUMMEMPUYECKOT MAMPUUDL AG-
AAEMCA NOAHBM KEaIPamom 6 noae Koahhuuyuenmos.

Teneps obpaTnm BHUMAaHIE Ha TOT dakT, uro (2.2.1) npencrasisier coboit
PABEHCTBO HOJMHOMUAIBHBIX (DYHKIINI OT MATPUYIHBIX 9J1eMeHTOB. Kococmm-
MeTpudeckas marpura F' 3agaercs n(n— 1) sjgemMeHTaMu, pacioioKeHHbIMI,
CKazKeM, HaJ[ TJIaBHOM JuaroHabio. Ilycrs T' — KococuMmmeTpudeckast MaTpi-
Ia C IIePeMeHHbIMY 3JIeMEeHTaMu b2, . . ., tiy, t23, . . . s toan, - . ., tp—1. BosbMeM
KOJIbI0 nosimHOMOB Z [T := Z[t12, ..., tin,tag, -« ton, ..., tn_1,] OT HEX C
kodpdunmentTamu B 4 = 7, ecqin k — 10Jie HYJIEBOII XapaKTEePUCTUKU, W B
Ly, ecnn 110Jie k nMeeT XapaKTepucTuky p. OdeBuaHo, 3T0 06/aCTb 1EJIOCT-
HOCTH (ACcCOIMATHBHOE KOMMYTATUBHOE KOJIBIIO C eAuHuIel u 6e3 menreseit
HYJIs1), U TI09TOMY MOXKHO C(DOPMHUPOBATH €€ I0Jie YaCTHBIX, KOTOPOEe eCTb
nosie Q(Z)(T') panmonaibubix GyHKIHHA OT 3JeMEHTOB MaTpHIlsl 1’ ¢ K03bh-
dbunmentamu B moJie dactbix Q(Z) Kosbia Z.

Peanuzarus meroma Jlarpanzka Jijisi NPUBEJIEHUS KOCOCHMMETPUUIECKO
dopMbl K KAHOHUYIECKOMY BUJLY HPUBOJIUT, IPU JIETKO BBIIOJHUMBIX IPE/I-
IIOJIOZKCHUAX O HEOOPAIeHNH B HYJIb HEKOTOPBIX 3JICMEHTOB ¢, K JIOKAJIBHO
olpejieIeHHBIM (DyHKIIMOHAIBHBIM 3aBIUCHMOCTSIM 9JIEMEHTOB MaTpuIilbl H or
BCero Habopa 3JIECMEHTOB t;;. DTH 3aBUCHMOCTH BBIPAsKAIOTCS PAIlNOHAJIBHBI-
MU (PYHKIMAMY OT IepeMeHHbIX ;. Takum obpasom, det T' siB/1geTcst HOJIHBIM
KkBa[paToM B 1oste jipobeit Q(Z)(T'). Bosee Toro, nockobky det ' € Z[T| n
Z|T] — KOJIBIIO ¢ OJTHO3HAYHBIM PA3JIOYKeHIeM Ha HempuBoauMble, To det T —
noJiHbI KBasipatT B kosibiie Z [T, T. e. cymectsyer nosutaom P, (1) € Z[T] ra-
koit, uro det T' = (P,(T))?. Hopmupyewm nosmunom B, (T) Tak, uro P,(J) = 1.
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[TosryueHHBII TOJTMHOM HA3BIBAETCSA 0bujum ngapduarom pasmepa n 1 0060-
snauaercs Pf,(T). Husmne ndadduanbl nMeOT CJiey i Bu;

Pfg(T) = t;
Pfy(T) = tiotsy — tistos + tiatos (kBajgpuka [Lmokkepa).

Teopema 2.2.1. (Bunecernue nadduara 3a crxobru) s 110601 Koco-

cummempuueckol mampuyse Fu daa mo60t mampuyos H svinoaneno pa-
sercmeo Pf,(HT FH) = det H Pf, F.

Howxasamenvcmso. Ilycrs U = (u;) — npousBosibHast MaTpunia ¢ k-ajarebpan-
4eCKH He3aBUCUMBIMU Kodddunnentamn u;;, 1’ — KococumMeTpuiecKas MaT-
puna. [Torssysacs onpenenennem ndadduana, moryanm

(Pf,UTTU)? = det UT'TU = (det U)*det T = (det U)?*(Pf,T)?,

orkyna Pf,UTTU = =detUPf,T. Jl1a BbICHEHUS 3HAKA IOJIOKIM
U=EFE,T=J, orkyna Pf, U'TU = det U Pf,T. ]

2.2.2. CuMmnyieKTuYeckas rpyIiia

Onpegenienue 2.2.2. ABTOMOPIU3M CHUMILIEKTHIECKOIO IIPOCTPAHCTBA,
HA3BIBACTCS CUMNAECKMUYECKUM NPEoOPA30BAHUEM.

OueBnJIHO, CUMILIEKTUYIECKIE MPeoOpPa30BAHMA CUMILIEKTHIECKOTO ITPO-
cTpaHCcTBa V' pasMepHOCTH 2m COCTABJIAIOT TPYIITY OTHOCUTEIHHO KOMITO-
surun. OHa Ha3bIBACTCS CUMNAEKMUYECKOT 2pYynnoti padmepa 2m 1 0003Ha-
qaeTcst cuMBOJIOM SP i (2m). Marpuanast (hopma yeioBusi, KOTOPOMY JIOJIZKEH
VJIOBJIETBOPATH CUMILIEKTHYeCKUiT aBroMopdusm, mosrydaercs us (2.1.3) mos-
craHoBkoit ' = Jj :

HY L H = J,. (2.2.2)

Marpura, yaoBiaeTBOpSAONias 3TOMY YCJIOBUIO, HA3BIBAETCS CUMNAEKMAUYE-
ckot. Beramesisst onpe/ie/inTestn JIeBoit i IpaBoii dacteit B (2.2.2), mosydaem
(det H)?> = 1, u det H = 41. Ucnonbzys ndadduan, BHIMUCIUM 3HAK Olpe-
nemurens: 1 = Pf Jy = Pf (HT JyH) = det H Pf Jy = det A.

Husmias cnviiektudeckast rpymmna Spg(2) nmeer cieyoniee omucanue.

Ymeepotcdenue 2.2.3. Spr(2) = SLr(2).

Joxazamenvcmeo. TpedyeMoe morydaeTcs U3 sIBHOIO BHIUNCIECHUS:

G (o) (D) (o) =(50)
[]
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2.2.3. CrieKTp CUMILJIEKTUYECKOT'0 olepaTropa

Omnpenenenne 2.2.4. [lommmom f(t) € k[t] crenenn d naspiBaercsa 603-
6PAMMLLM, €CJIN OH YJIoBJIeTBOpsieT cooTHomenuto f(t) = t4f(1/t).

IIpennoxenune 2.2.5. (Kopnu ozepammozo noaunoma) Ecau f(t) — 603-
BPAMHVLT NOAUHOM U A — €20 Kopens, mo 1/\ — makorce e2o Kopenw.

Jloxasameavcmeo. Toncranoska A B coornomenne f(t) = t2f(1/t) naer
M F(1/X) =0 mpu XA # 0. Torma f(1/)\) = 0. O

IIpeanoxenune 2.2.6. (Xapaxmepucmuueckut noAuHoM CUMNAEKMUYE-
cK020 onepamopa) Xapaxmepucmuveckutds noAUHOM CUMNAEKMUYECKO20 ONe-
PAMOPQ ABAAEMCA 8036PATNHDIM.

oxasameavemeo. llycts H — cumiuiekTudeckuii oneparop, H — ero
MaTpuila B HEKOTOpoMm Oasmce. Torja oHa y/JIOBJIETBOPSET COOTHOIIEHUIO
HT JyH = Jy. Bepaxaa HT, nonyuaem HT = JgH_lJO_1 u, nocJjie obpa-
wenust, (H)™' = JoHJy V' — _ JyH J,. Temepsb BLIYUCINM XapaKTEPUCTHIIE-
CKUIT TTOJIMHOM:

xA(t) = det(tE — A) = det Jy(tE — A)Jy ' = det(tE — JoHJ, )
= det(tE — (H")™) = det(tE — H ) = det(tE — H™).

Haustee 3amerumM, uro det H = 1, mosromy

det(tE — H™ ') = det(tE — H ')det H = det(tH — E)
1
= 1*" det(H — 2E) = 7"y (1/1).

[]

Takum 00pasoM, TapaKkmepucmuveckue KOpHu, a 3Havum, U cobcmeentie
BHAMEHUA CUMNAECKMUNECK020 ONEPAMOPa, 006edUHEHb, 68 NAPbL B3AUMHO 00-
pammuulr dpye Opyey SNeMEHMO8.

[lycTh paccMmarpuBaeTcsi CUMILIEKTHIECKUN OlepaTop HaJl IO0JIeM Bellle-
CTBEHHBIX 1nces1. Torja ero KOMILIEKCHbIE XapaKTePUCTUIeCKne KOPHU 00pa-
3YIOT TaK:Ke Iapbl KOMILJICKCHO COTIPSIzKEHHBIX 3J1eMeHTOB. MTak, xomnaerc-
HOlEe TAPAKMEPUCTNUNECKUE KOPHU BEULECMBEHHO020 CUMNAEKMUYECKO20 ONE-
pamopa 066e0UHAIMCA 6 Yemeepku No Npasusy A, \, 1 /A1 /X. Cobcmeen-
Hble 3HAYEHUA MAK020 ONEPamopa, bydy4u 8euULeCMmeerHbuLMU, 006eUHANOMCA
8 NAPbvL B3AUMHO 0OPAMHHLL INEMEHMOE.
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2.3. DpMuUTOBBI BEKTOPHbIE MMPOCTPAHCTBA
2.3.1. ITonyTopanuHeiinbie 1 3PMUTOBBI (POPMBI

IIyctb V' — n-meproe BekTOpHOE 1pocTpancTBo Haj mnojeM C. IlombiTka
BBECTH Ha HEM CKAJIIPHOE IIPOM3BENIEHNE 0 00pa3Ily eBK/INI0BA IIPOCTPAH-
CTBa C MCIIOJIb30BaHUEM YyJIadHO I0J00PaHHOI OMJIMHEHOl (POPMBI TEPIIUT
Heyady. Eciu, Hanpumep, f — Ousnbelinas ¢popMma, omnpejeeHHas Ha 11pOo-
crpaHcTBe V| u Jyist BeKTopa v € V «ckajsipHbIil KBajpars f(v,v) moso-
JKUTEJIEH, TO JIJIsT BEKTOPa v MbI IpHjeM K HepaBeHCTBY f(iv,iv) < 0. Tem
caMbIM, Ha KOMILJIEKCHOM BEKTOPHOM IIPOCTPAHCTBE ¢ OMIMHEHON dhopMoil
OIIpeIe/INTh HOPMY BEKTOpa KaK HeOTpUIATe/bHbIN KBaJIpaTHbII KOpEeHb U3
CKaJISIPHOI'O KBa/JIpaTa He IPeJICTaB/IsIeTCs] BO3MOKHBIM.

Onpenenenne 2.3.1. [loaymopanruretinot gopmoti Ha KOMILJIEKCHOM BEK-
TopHOM TpocTpancTBe V HasbiBaercs pyHkmus f: V xV — C, obiagatomast
CBOMICTBaAMU:

1. Jlunetirnocms no nepsomy apeymenmy: st goobix o, 3 € C u as
JIOOBIX T, Y, 2z € V BBINIOJHEHO

flax + By, z) = af (z,2) + B (y, 2);

2. Ioaysunetinocms no emopomy apeymenmy: aias joobix o, 3 € C u
JUUTS JTIOOBIX T, Y, 2 € V' BBITIOJTHEHO

f(z,ay + Bz) =af(z,y) + Bf(z, 2).

Omnpenenenune 2.3.2. [lonyropanuneiinas dopma f: V x V — C Hasbr-
BaCTCSI APMUMOBOTU, €CJIN JJIsl JTFOOBIX BEKTOPOB X,y € V' BBIIIOJHEHO

f(x,y) = [y, 2).

Boibepem B mpocrpancTse V' Kakoil-HuOyIbL 0a3uc eq, ..., €,; IyCTh BEK-
) ) n»y

TOPBL X,y € V HMEIOT B HeM KOOD/HUHATHDIE LPEJCTABICHUS & = Y . €;T; 1

y=>_ ; €jYj COOTBETCTBEHHO. Torpa 3HaveHue moJiyropaanHeiinoit popmer f

Ha YIOPSI0UEHHOIl I1ape BEKTOPOB T, Y JIAaeTCsl BbIparKeHHeM

f(x,y) = f(z €T, Zejyj) = Z:Cif(ei, ej)yj.
U J i,]

Mrak, ecrecTBeHHO BO3HUKAET mampuua ' nosymopasunetinot opmor f 6
basuce ey, ..., ey, cocrogimas u3 sjueMeHToB f;; = f(e;, e;). B Marpuunoii
dbopme, 0603HaUNB 3a Y CTOJIOEI KOMILIEKCHBIX HICe/I, KOMILIEKCHO COIIpS-
JKEHHBIX K COOTBETCTBYIOIIIM KOOPJIMHATAM BEKTOPA Y, HOJIY UM

f(z,y) = XTFY.
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[IycTb nosyropasinneiinas ¢popma f apmurosa. Torja
fii = flei,ej) = flej e) = [

B marpuvnbIx obo3HadeHUSAX nMeeM F' = FT, rje cuMBOJI F' O3HAadaeT MaT-
PUILY, COCTOSIIYIO U3 3JIEMEHTOB, KOMIIJIEKCHO CONPSYKEHHBIX K COOTBETCTBY-
oM 3jieMenTaM Marpuiibl F. Ouepanus F— F UHOT/Ia, 0003HAYAETCS
3Be3ioil F© =: F* 1 Ha3bIBACTCHA IPMUMOGHIM CONPANCEHUEM HA MATPU-
yax. B Takoit Tepmunosiorun Marpuia F', yIoBIeTBOPSIONIAS COOTHOIIECHIIO
F' = F*, HazbiBaeTcs apmumoso cummempuyroti. VITak, Mbl JoKa3a/M, 4TO
MAMPUUE IPMUMOBOT POPMDBL IPMUMOBO CUMMEMPUIHA.

[Ipr TOM CBOMCTBO MATPUIIBI TOJYTOpPAJUHENHHON POPMBI OBITH SPMUTO-

BO CUMMETPUYHOI He HapylaeTcd npu cmene dasuca. [lycts H — marpuna

nepexojia o1 basuca ey, . .., e, K bazucy €}, ..., e, . Torga marpuna F’ nosy-
TopaJsinneiinoit popmbl f(-, -) B 6asuce €}, ..., e cBa3ana ¢ marpureit F Toii
e opMbl B Gasuce eq,. .., e, coornomennem F' = HTFH. Ilpumenus K

MaTpHUIlaM JIEBOI 1 IIPaBOil YacTeil 3TOr0 PaBEHCTBA 3PMUTOBO COIPIAZKEHUE,
nonyanm F* = (HT'FH)* = (H'FH)T = HT F*H. U3 noryuenHoit memoy-
KI PABEHCTB 3aKJ/IovaeM, 4To Marpula F’ spMUTOBO cuMMeTpUdHa TOrIa U
TOJIBKO TOTJIa, KOIJla TaKMM »Ke CBOMCTBOM 0bJiajlaeT MaTpuia F.

2.3.2. D9pMUTOBO CKaJIIpHOE IIpOou3BeieHne

Omnpenenenune 2.3.3. Ipmumosoti keadpamuunoli $opmoti Ha3bIBAETCS
g f
komrosuiiust ¢V —= VXV S Cirmed : V- VXxV:izewe (r,z)-
JinaroHajibHOe BJIOKeHMe, [ — 3pMUTOBa (popMma.

B cuty spmuToBoit cumMerpun popMbl f 1T KazKJIoro Bektopa r € V

nveeM pasernctBa ¢(x) = f(z,x) = f(x,x) = q(x). Takum obpasom, spmu-
TOBa KBaIpaTndHas GopMa MPUHIMAET TOJILKO BEMIECTBEHHDbIE 3HAUCHHUS.

Omnpenesienne 2.3.4. Eciu jjist Bcex BeKTOpoB & € V' BbINOJIHEHO q(X) >
0, mpudem ¢(z) = 0 TOJIBKO JJIsi HYJIEBOIO BEKTOpA, TO IPMUTOBA KBa/pa-
TIHAs (HOPMA ¢ HABBIBAETCS NOAOHCUMENLHO onpedeaernoti. TTopoausias
ee spMuToBa (hopMa f B TOUHOCTU NPU ITUX YCJIOBUAX TOXKE HA3HIBACTCSI
NOAOAHCUTNENLHO OnpedeneHno.

[Tocko/bKYy Jitobast SpMuTOBa (POPMa €CTh KOMILIEKCHO3HAUHAsT (DYHKIINS,
TO ee MOXKHO 3amucarh B Bujge f(-,-) = g(+,+) + th(:,+) Ia TOIXOAAINX
BEIeCTBEHHO3HAYHBIX (DYHKINI g 1 h.

Yupaxkuenue 2.3.5. HernocpejcTBeHHOI NTpoBepKoit yoeanTech B TOM,
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yro byuknun g n h R-Onnmneiinsl, npudemM g cuMMeTpuyeckas, a h Koco-
CIMMEeTPUYIeCKas.

Ynopaxknaeunne 2.3.6. /Jokaxkure, 4T0 3pMHUTOBa PpopMa [ TOJTOKUTETHHO
olpeJjiesieHa TOrjia U TOJIBKO TOTJA, KOIjla KOMIIO3UIA g © 0 Ha MHOYKECTBE
V'\ 0 mpuHEMAaeT TOJbKO MOJOKNTEIbHbIE 3HATCHHS,

Omnpenenenune 2.3.7. Koneanomepnoe C-ektopnoe mpocrpancTtso V,
cHAOXKEHHOE  MOJIOXKUTEJIbHO — OIpeJIe/IeHHOlt  spMuToBoit  (opmoii — (+|-),
HA3BIBAECTCS APMUMOGHIM, WIA YHUMAPHM, BEKMOPHHLM NPOCMPAHCTIGOM.
Jjist  yrnopsijiodueHHoli mapbl BEKTOPOB T,y 3HadeHue (r|y) HasbiBaeTCst
CRANAPHVLM NPOU3BEIEHUEM BEKTOPOB I, 1.

[Tosmoxkurenbaasg ompee/IeHHOCTD CKAJISIPHOr0 MIPON3BEJICHIA JIe/IaeT BO3-
MOKHBIM BBEJICHIEe HOPMbI (JIJIMHBI) BEKTOPa, MOCKOJIBKY CKAIAPHBII KB/~
paT JII000ro BEKTOpa — HEOTPUIIATEILHOE BEIeCTBEHHOE JHCJIO.

Onpenenenune 2.3.8. /launoti, Wi Hopmot, 6EKMOPa T B 3PMUTOBOM
BEKTOPHOM IPOCTpaHcTBe V' Ha3blBaeTcsd HEOTPUIlATE/ILHOE BeleCTBEHHOEe

anciio, pasuoe ||x|| = v/ (x|x).

OueBnjHO, 4TO JijIsi Jtoboro ckajyisipa A € C u yiroboro BeKkTOpa T B 3p-
MITOBOM TipocTpancTse V' BbInosHeno pasenctso |[Az|| = |A| - ||z||. Tax-
Ke, TIOCKOJIBKY 9PMUTOBO CKAJISIPHOE [IPOU3BEJICHIIE HEBLIPOZK IEHHO, HYIEBOI
BEKTOD U TOJILKO OH 00J1a/1aeT HYJIEBOII HOPMOIi.

ITpumep 2.3.9. Pasencrro (x|y) = 17, + - - + 2,7, UpejcTasisier coboit
HOJIOKUTEJILHO OIPEIEJICHHYIO 3PMUTOBY (DOPMY Ha KOMILIEKCHOM KOODJIU-
naTHoM npocrpancrse C", 0b1a1a1011yI0 B CTaHAapTHOM 6asuce eJuHnIHO
MATpUIeH. DTO BbIparKeHUe 3a/1aeT SPMUTOBO CKAJISIPHOE IIPOU3BEICHUE, Ha-
spiBaeMoe cmandapmuvim. Utax, (C", (+|-)) — 9pMHUTOBO BEKTOPHOE TPOCTPAH-
crBo. Hopma ||z || BekTOpa & B 9TOM IPOCTPAHCTBE BHIUUCISETCS IO POPMYJIE
2| = Va1T1 + - F TpTn = |12+ + 2]

2.3.3. DpMHUTOBO IIPOCTPAHCTBO: OCHOBHbIE PE3YJIbTAThI

ITpeanoxenune 2.3.10. (Dpmumoso ckaraproe npoussedenue 6 mepmu-
nax Hopm) Jlas a100ur 06YT 6€KMOPO6 U,V IPMUMOBA BEKMOPHO20 NPO-
cmparcmea V- cnpasediuso pasencmeo

2(ufv) = |lu+ o[ + ilfu + vl |* = (L + D) ([ul* + [Jo]]?).
Yupaxkuenue 2.3.11. Jlokaxkute TOXKeCcTBO npeioxkenns 2.3.10.

52



Teopema 2.3.12. (Hepasencmeo Kowu — Bynaxosckozo — [llsapuya) /s
A00bLT BEKMOPOB T, Y IPMUMOBA NPOCMPAHCNEA CNPAEEINUBO HEPABEHCTMEO

|ly)] < [l=]] - [yl

3Hax paseHCMEBA UMEET, MECITMO 6 TMOM U TNOABKO TMOM CAYHAE, Koe2da 6ex-
mopuvl x Uy AUHEUHO 3a68UCUMDL.

Jloxasameavcmeo. Jljist 1okazaTesibcTBa PACCMOTPUM TPUTOHOMETPHYE-
ckylo opmy 3anmcu Komiuiekcoro uncia (xly) = |(z|y)]e’¥, rae ¢ — ap-
rymeHT dncsa (x|y). Beemem BerecTBeHHYIO TIEpEMEHHYIO ¢ U PACCMOTPHM
CKaJISIPHBII KBaJpaT JMHeiiHoit KomOunanuu xt + yew:

(2t + ye|at + ye'?) = ||z||** + (z|y)te ™ + (z|y)te’” + ||y||> > 0.

Bamerus, uto (z]y)e ™ = |(z|y)| = (z]y)e’?, mpuxomum K HEpABEHCTBY ¢ Be-
mecreenHbME Koadduimentamu ||| %2 + 2| (x|y)|t + ||y||> > 0, koTopoe, 1o
IIKOJILHOMY HpaBUJLy, papHocuIbHo cieayiomenmy: |(z|y)|? — [|z]?||y||* < 0.
B ciyvae pasencrsa t — eMHCTBEHHbI JBYKPATHDIH KOPEHb BEIIECTBEHHOIO
kBajparHoro rpexwiena ||z|[*2 + 2(z|y)|lt + ||y||>, To ecrb
[(z]y)]* = [|z]%||y]]> = 0. C apyroii cTOpoHbI, U3 HEBBIPOKJIEHHOCTH CKa-
JIIPHOTO IIpou3BeieHns nMeeM xt + ye'? = 0. []

CaencrBue 2.3.13. (Bosmootcrocms usmepenusa yeaos) Hepasencmso
—_—

Kowu — Bynaxosckozo nossoasem esecmu eeaununy (T,y) yeaa mexncoy
8EKMOPAMU T U Y, NOAARAA

S — _ _|(=[y)]
0<(z,y) <7 w cos(x,y):m.

CaenctBue 2.3.14. (Hepasercmso mpeyzorvruka) Jlas 410601 napvl €k-
mopos T, 1Y BLNOAHEHO HEPABEHCNEO

|z £ yll < ]l + Iyl

,HOK&B&TGIH)CTBO COBEPIIEHHO aHaJIOI'MYHO €BKJINAOBY CJIy4dalo. I/IHOF,I];& OBI-
BaeT I10JIC3HOI cieayromasd 3alliCb HEPpaBEHCTBa TPEYIroJIbHUKA.

|z = 2l <l =yl + [ly — =]l

CaencrBue 2.3.15. (Opmumosa mmozomepras meopema I[lugazopa)
ITyemo 6eKMopvL T1, . . ., Ty IPMUMOBA NPOCMPAHCINEA NONAPHO OPIMO20HAN-
not, m. e. (xi|z;) =0 npu i # j. Toeda cnpasedauso pasercmeo

e+ +@nll = llaal[ + -+ ol
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,ZZOKZGS’CLTH&/L?)CWLSO.

T+ - +xm|x1+---+xm)
Ti|z1) + -+ (T Tm)

et +aml]* = (
(
(z1|z2) +. . A4 (@1]xm) + (22|3) +. . .+ (@it |T0)
(
|

T1|@e) +. .+ (@1]wm) + (z2|zs) +. ..+ (@m-1|zm)

1] [* - el

2.3.4. OpTOroHaAJILHOCTH U OPTOHOPMUPOBAHHBbIE DA3UCHI

OrnpejiesieHnst OpTOroHaIbHOCTH BEKTOPOB I OPTOHOPMIPOBAHHOIO Hasimca
B 9PMUTOBOM ITPOCTPAHCTBE aHAJOIMYHbI €BKJIMJIOBY CJIYYalo.

Onpenenenne 2.3.16. Bekropsr u, v spmutoBa npocrpanctsa (V, (+|-))
opmozonanvrol, ecin (ulv) = 0.

HecMmoTpst Ha TO 9TO IEPEXOJ, OT €BKJNI0BA IMPOCTPAHCTBA K 3PMUTO-
BY HPHUBOJUT K 3aMeHe CUMMETPUM CKAJISIPHOTO IIPOM3BEICHUS HA SPMUTOBY
CHUMMETPHIO, OTHOIIEHNE OPTOTOHATIBLHOCTH B SPMUTOBOM IIPOCTPAHCTBE CHUM-
merpuano: (uv) = 0 < (v|u) = (uv) = 0. TIo9TOMY MHOKECTBO BEKTOPOB
x € V, OpTOroHaIbHBIX JJAHHOMY BEKTODY v, 3a/aeTcsi ypasHenunem (v|z) = 0
WJIN PABHOCHJIBHBIM ypasHerneM (x|v) = 0.

AHaJIOrMIHO eBKINIOBY CIy9alo JOKA3BIBACTCs, UTO CHCTEMa MOIAPHO Op-
TOrOHAJILHBIX BEKTOPOB JINHEHHO He3aBUCHMA.

[Iycts W C V' — noaiipocTpancTBO SpMUTOBA ITPOCTpaHcTBa V.

Omnpenesienne 2.3.17. (Dpmumosvim) opmozoraivHvim ONoAHEHUEM NOO-
npocmparncmea W HasbIBaeTCs MOAMHOXKECTBO

={veV|Vw e W (vlw)=0}.

Hetpyano mposeputsb, uto W+ aBidercd HOIIPOCTPAHCTBOM HTPOCTPAH-
crBa V' (ybemurech B sToM!).

[Tycrs nognpocrpancreo W 3ajgaHo Kaxk JuHeHast 0060/I04Ka CBOETO 0/
muozkectBa M: W = (M). AHATIOTUIHO €BKJINIOBY CJIYUAI0, SPMUTOBO OPTO-
ronaJjibHoe jononnenne W+ onpegenserca cucremoii ypasuenuii (z|m) = 0,
m € M. B gacTHoCTH, 9TO HO3BOJIAET BLIUUC/IATHL OPTONOHAILHOE JOIOJIHE-
HI€ [OIIPOCTPAHCTBA, UCIIOJIb3Ysl DA3UC STOrO MOAIIPOCTPAHCTEA.

Yupaxuenune 2.3.18. [lycts (+|-) — HeBBIpOXKI€HHAST 9pMHUTOBA (hOpMA.
Toxazkute, ato V =W & W+,
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DTO 03HAYAET, YTO, B CHJIy HEBBIPDOXKJICHHOCTH 3PMHUTOBON (opMbI (|-,
MOYKHO IIPOBECTH MHJAYKTHUBHOE HOCTPOCHUE OPTOrOHAILHOIO PA3JIOZKCHUST
SPMUTOBA BEKTOPHOIO HIPOCTPAHCTBA HA N OJHOMEPHBIX CJIAraeMbIX.
[Toxnpocrpancrso V' onpenesnM Kak OpTOroHAILHOE JIONOJIHEHUE TIOIIPO-
crpancTBa (e1). Bexrop e; Boibupaercs Tax, ato q(ey) = (e1|er) # 0, u nosy-
YeHHOe pa3jIoyKeHne OKazajoch mpsMbiM. Orpanudenue (opmbr (-]
Ha HOANpocTpancTso V' 1 urepaiyst npouneaypbl IPUBOJUT K OPTOrOHA/Ib-
HOMY MPSIMOMY Da3JIOKEHUIO 13 1 ([MOMApHO OPTOTOHAIBHBIX) CJIAraeMbIX

V = {(e1) é} (€9) é GLB (€,,). UHBIME CcTTOBAMI, A1000€ IPMUMOEO T-MEPHOE
BEKMOPHOE NPOCMPAHCTNEO JONYCKAEM. OPMO2OHAALHOE NPAMOE PA3AOHCEHUE
daunw, n. Takum 06pasoM, 6 A1000M IPMUMOGOM GEKTNOPHOM NPOCTPANCINGE
CYULECEYIOM 0PMOo2onasvHbie 6a3uch. HOpMUDYs BEKTOPBI OPTOTOHAJIBLHOTO
basmuca ey, . .., e, Tak, 9Tobb! ||¢;|| =1 g i = 1,....n, nomyaum (SpMuTOB)
OPMOHOPMUPOBANHBIT, bA3UC.

Onpeaenenne 2.3.19. Bazuc ey, . . ., €, 9pMIUTOBa BEKTOPHOT'O IIPOCTPAH-
crBa (V) (-|)) HaspiBaeTCs OPTOHOPMUPOBAHHBIM, €CJIH OH Y/IOBIECTBOPSET
yeaosusiM (elej) = ;5,1 <4, < n.

Samevarue 2.3.20. IIpoBejieHHbIE PACCYZK/IEHUsT TTOKA3bIBAIOT, UTO HEBbI-
POXKJIeHHAs TIOJIOXKUTE/IHLHO OIpeJiesIeHHasi SpMUTOBa (hbopMa BHIOOPOM TIO/1-
XOJdAIIero 6a3mca MoyKeT ObITh MPHUBEJCHA K BUJLY, B KOTOPOM €€ MaTpHIla
equHIYIHAsA. Ba3ucel, B KOTOPBIX (hopMa CKaJISPHOrO MPOM3BEICHNA B SPMU-
TOBOM IPOCTPAHCTBE NMeeT eIMHUYHYI0O MaTpPUILy, — 3TO B TOYHOCTH OPTO-
HOPMUPOBAHHBbIE OA3UCHI.

Teopema 2.1.18 006 opToroHaM3aIlN BMECTE C JIOKA3ATETHCTBOM M aJITO-
purmom ['pama — [IIMuaTa Takke MepeHoOCATCS B 9PMUTOBO ITPOCTPAHCTBO.

AHaJIOrMYHO €BKJIMJIOBY CJIyYalo JIOKA3bIBACTCA TeopeMa O PedIeKCHBHO-
CTU OPTOTOHAJIBLHBIX JIOTOJTHEHUN JIJIsT SPMUTOBaA ITpocTpancTBa. /lokazareib-
CTBO OIUPAETCS JINIIH Ha CYIMIECTBOBAHIE OPTOTOHAJBHOTO MPSIMOIO Pa3Jio-
JKEHHUs B CyMMY TIOJIIPOCTPAHCTBA U €r0 OPTOrOHAJIBHOTO JIONOJTHEHNS, CIM-
METPHUIO OTHOIIEHNsT OPTOTOHAJLHOCTA U &JJINTUBHOCTL CKAJISIPHOTO TTPOU3-

BEJACHUA 1 IIEPEHOCUTCA B Hallly CUTYalllIO JOCJIOBHO.

Teopema 2.3.21. (Pegaerxcusrocmo opmozorarvhuix donoaneruts) ITycmo
L — nodnpocmparcmeso eexmoprozo npocmparcmea V', nadesenrozo maxot

cummempuueckots ousunetinot gopmot f, umo f(v,v) = 0 moavko npu
v=0. Toeda L**+ = L.

Teopema 2.3.22. [Iycmw eq, ..., €, — OPMOHOPMUPOBAHHDIT OA3UC IPMU-
mosa uau eskaudosa npocmpancmea (V, (+|-)). Toada
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1 (Koopdunamui xax npoexyuu). Iaa aobozo eexmopa x € V' umeem mecmo
npedcmasaenue =y . e;(x|e;).

2 (Pasencmeo Ilapcesans). Jlaa aobvx sexmopos x,y € V cnpasedauso
pasencmeo (xly) =Y .(z|e;)(eily).

3 (Buwucaerue nopmus). s sobozo eexmopa x € V- Hopma mootcem 6vimo
soucaena no gopmyae ||z =S, |(zle;)]?.

Jokasamesvemso. 1. Ilyers x = ). e;x; — KOOpJUHATHOE IPE/CTABIIE-
HIe BEKTOpa T B Oasuce ey, ..., e,. Bbopasum orcioga KOOpANHATHL Tj, | =
1,...,n, yMHOXKast 00€ 4aCTH BbIPAZKEHHSI CKAJIAPHO HA €; U UCIOJIb3Ys YCJI0-
Bue opronopmupoBanuocti (e;le;) = 6;; @ (zlej) = >, wileilej) = >, w04 =
Zj.

2. BbluucjimM CKaJIsipHOe [POU3BEJIEHUE BEKTOPOB T U Y, UCIOJb3Ys WX
KOOP/IMHATHBIE MIPEJICTaB/IEH s B OPTOHOPMUPOBAHHOM DA3KCE €7, . . . , €y, UC-
0JIB3Ysl JIJISi KOOPJIMHAT PABEHCTBA MyHKTA 1:

(z|y) = Z%BZ‘ Zyjej sz ellej Z%yz
= Z zles) (yles) = Z(x\ei)(ei\y)‘

i

3. Hopmy BekTOpa & TakKe JIETKO BBIYUCIUTD, UCHOIL3YSA MyHKT 1:

[lz|* = va €Z|Z%€a =) wmi=) |le)l
1 T

[Iycts (V, (+]-)) u (V' (-]")") — 5pMHTOBBI BEKTOpPHBIE IPOCTPAHCTBA.

Onpenenenne  2.3.23. H30MOpPuMom — IpMUMOBHT — BEKMOPHBLL
NPoOCMParcme  Ha3bIBAETCA  M30MOPQU3M  BEKTOPHBIX  IPOCTPAHCTB
¢V — V' oroxupecristonuii SpMUTOBLI (POPMBI, T. €. BKJIIOYaeMbIil B

KOMMYTATUBHYIO JarpaMmy

vxv-Llp (2.3.1)
0o
Vi x V'

(1)

Bameuanue 2.3.24. Kommyrarusrocts jguarpaMmbl (2.3.1) o3Haugaer, 910
ISt JIFOOBIX BEKTOPOB &,y € V' BbimosHeHo paseHcTBo (z|y) = (¢(2)|d(y)).
HBIME CTOBAMHE, USOMOPPHUSM G COTPAHAEM. CKAAAPHOE NPOU3BEIENUE,

Bri6op opToOHOPMUpPOBAHHOTO Ga3uca B N-MEPHOM SPMEUTOBOM IIPOCTPaH-
cree (V, (+|-)) mocraBiser msomopdusm spmutosa mpocrpancrsa (V, (+|)) Ha
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craHjapTHoe n-MepHoe spMuToBo mpocrpanctso (C") (+]-)). Takum obpaszom,
MMEET MECTO OYeBUIHAsI TeopeMa, KJIACCH(DUKAIIN,

Teopema 2.3.25. (Kaaccudurayus opMumosvis 6eKMOPHLIT —Npo-
cmparcme) J1oboe n-mepHoe IpMuUmoso 6eKMoOPHOE NPOCTPAHCNEO U30MODPH-
HO CMAHOAPTHOMY IPMUMOBY BEKMOPHOMY NPOCMPAHCMEY MOt HCE Pa3-
meprocmu. Kaace uaomophruls spMumosvic 6EKmMopHvLr NpocmpaHcme onpe-
DENAECMNCA HAMYPANOHBM YUCAOM — PA3MEPHOCTIIDIO M.

Samevarue 2.3.26. Bee pe3ysibTaThl 00 9PMUTOBBIX BEKTOPHBIX [IPOCTPAH-
CTBaX MOTYT OBITH MOy 9eHbI BEITUCJIEHUSIMU B CTAHIAPTHOM SPMUTOBOM BEK-
TOPHOM TTPOCTPAHCTBE TOM YKe pa3MepPHOCTH.

Samevarue 2.3.27. JIMHEHHOCTb CKAJIAPHOIO MPOU3BEJCHUS 110 ITEPBOMY
apryMEHTY TO3BOJISIET KazKJIOMYy BEKTOPY ¥ 9PMUTOBA BEKTOPHOTO ITPOCTPaH-
ctBa V' MOCTaBUTL B COOTBETCTBHE JimHeitnyio dopmy f, = (-|v). Omaako
onpejie/ieHHoe TaKuM obpas3oM oTobpazkenne V. — V'V apjssach TOMOMOp-
pu3mMomM abesieBbIX IPYII, He ABAAECMCA AUHETHbM. OHO NOAYAUHETHO: TSI
JIIOOBIX BEKTOPOB U1, Uy U JIJIA JIOOBIX CKaJIApOB v, 3 € C BBINOIHEHO PaBEH-

CTBO ('|CEU1 + 67)2) - a(.‘,Ul) +B('|U2)7 TO €CTh favﬁ-ﬁw - afvl +va2'
2.3.5. YHUTapHada rpymnmia

B sTOM nyHKTE MBI OXapakTepusyeM aBTOMOP(U3MbI SPMUTOBA IIPOCTPAH-
cra (V, (+|-)). Dro, oueBuHO, TaKkme aBTOMOPMU3MbI BEKTOPHOT'O TPOCTPAH-
cTtBa V', KOTOpbIE€ COXPAHAIOT SPMUTOBY (POPMY CKAJAPHOIO ITPOU3BBEICHUSI.

Omnpenenenue 2.3.28. AproMopdusM 3pMUTOBA TPOCTPAHCTBA HA3bIBA-
eTC YHUMAPHM NPE0OPA30BANHUEM.

s xapakTepusaiun m30Moppu3MoB H, COXpaHSIONINX SPMHUTOBO CKa-
JISIPHOE TPOM3BEJIeHNE, JOCTATOYHO H3ydaTh OTOOPayKEHUSI, COXPAHAIONINE
BUJI MaTPUIIbI SPMUTOBON (POPMBI CKAJISIPHOIO ITPOU3BEEHUS: JIJIsT JTFOOBIX
v,y € V (Hx|Hy) = (z|y). Yrobsl 3adukcupoBarh M0J1yTOPAIUHEHHYIO
bopmy, HEOOXOTMMO 1 JIOCTATOYHO 3HATH €€ 3HAUYCHUs Ha BCEBO3MOYKHBIX TT1a-
pax BEKTOPOB KaKOro-HuOY/ b Oazuca. MHbIMEI cioBaMi, HEOOXOINMO OXapaK-

TEPpNU30BaTh KJIaCC HEBLIPOZKJICHHBIX MaTPHIL H (BbICTYHaIOHH/IX B Ka4deCTBe

/

'), YIIOBJIETBOPSIO-

MaTPUIL [lepexojia OT basuca ey, . . ., e, K basucy €, ..., e
X YPaBHEHUIO

H'FH = F, (2.3.2)
rie F' — maTpuna moJjiyTopajuHeiiHoil popMbl, 3a/atoleil CKaIspHOe IpOo-
u3BejieHne, B 6asuce e, ..., e,. [Ipole Bcero nsydarb yHUTapHbIE I1peobpa-
30BaHMA KaK Ipeodpa3oBaHus, IepeBOJIAINNe OPTOHOPMUPOBAHHbI 6a3uc B
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(BOSMO}KHO, ;prroﬁ) OPTOHOPMUPOBAHHBII Oa3uC, T. €. MbI IPUXOJUM K CJIY-
yao F'= E:
H'H =E. (2.3.3)

Vpasnenue (2.3.3) B TounocTn ozHadaer, uro H 1 = H* wim, paBHOCHILHO,
HH* =F.

Onpenenenune 2.3.29. Marpuiia, yi0BJIeTBOPSIONAs OJJHOMY U3 PaBHO-
cubHbIX ypaBHenuit H*H = E mbo HH* = E, Ha3wsBaeTcst yHUmapHot.

Yupaxkuenune 2.3.30. 1. Jlokakure, 9T0 YHUTapHBIE IPEOOPA30BAHIUSI
JIAHHOTO SPMUTOBA ITPOCTPAHCTBA, COCTABJIAIOT I'PYIITY OTHOCUTEJBHO KOM-
nosunyuu. 2. Jlokaykure, 4TO yHUTapHbIE MATPUIILI pa3Mepa N COCTABJISIOT
IPYIIY OTHOCUTEJIbHO MAaTPUUIHOIO YMHOXKeHUs. 3. JloKarkuTe, 4TO I'PyIIIa
VHUTAPHBIX IPeoOpa30BaHuii n-MEepHOI0 €BKJ/INI0Ba, IIPOCTPAHCTBA U30MOPQ-
Ha I'PYIIE OPTOIOHAJBHBIX MaTPUIL pa3Mepa n.

[pymnma  yHuTapHbIx MaTpuii pasmepa n  obosaadaercs U(n). Ilpn
n > 2 ona neabesena. Haubosee npocto yerpoena rpymma U(1): 9To rpytima
10 YMHOYKEHII0, 00pa30BaHHasT BCEMI KOMILIEKCHBIMU THCJIAMU, TMEIOIIIME
abcosoTHy0 Besimanny, pasuyio 1. [lorgrno, aro rpymma U(1) umeer Toro-
JIOTUIO OKPYZKHOCTH.

Borancmm oripeieinTeNb JIeBoil U paBoil dacteil ypaBuenus H H* = E:

det(HH*) = det H det H* = (det H)(det H) = |det H|* = 1,

orkyaa |det H| = 1, 1. e. det H = €%,

['pynna O(n) ssisiercs noarpytoii rpymmbl U(n) Bcex yHUTAPHBIX MaT-
puri. Pacemorpes B U(n) moarpymiry, oOpasoBaHHYIO BCEMH YHUTAPHBIMIE
MATPUIAME C OMpPEJCTUTEIEM, PABHBIM 1, TIOJIYIUM CNEUUAALHYIO YHUMAD-
nyto epynny 6 pazmeprocmu n, obosuadaemyio SU(n). OHa nmeer odeBuj-
Hyt0 HHTeprperaiio Kak rnepecederne SU(n) = U(n)NSLe(n), rue SLe(n)
— IpyIa KOMIJIEKCHBIX YHIMO/IYJISIPDHBIX MaTPUIL pasMepa 1.

Samevarue 2.3.31. * YHUTaApHBIE IPYIIIIBI PEATU3YIOTCST KAK IPYIIIHI BHYT-
peHHUX (TaK HA3BIBAEMbIX KaJMOPOBOTHBIX) CHMMETPHil (PU3MIECKIX TIOJIEil.
[Toy kKammbpoBOUHOI cMMMeTpHueil TOHNMAIOT CUMMETPUIO ypaBHEeHUT (hu3n-
YEeCKOT'0 T10JI¢1, He 3aBUCAIIYIO OT €70 KOHKPETHBIX ITPOCTPAHCTBEHHO-BPEMEH-
HbIX KoHdurypanuii. [Ipocreitimum nmpumepomM KaanOpPOBOYHOTO TOJI, T. €.
10JIsT C CUMMETPHeEil TaKoro pojia, siBJIAeTCs SJeKTPOMarHuTHoe 1oJie. Beem
U3BECTHO, YTO JEKTPUIECKIIT TTOTEHIINA TOYKHU OIPEJIEISIeTC ¢ TOTHOCTHIO
JI0 aJTATUBHON TMOCTOSTHHOMN (0, & (DUBUIECKIM CMBIC/IOM HAJIEJICHO JIUITH Ha-
psizKeHne, NN pa3HoCTh MOTEHITNAIOB, MEXKITY ABYMsI TOUKAMHI. DTO U €CTh
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IpocTeiiiee MposgBIeHne KaTuOpOBOUHOM cuMMeTpun. Bee ypaBHEHUs 3J1€K-
TPOMATHUTHOTO MOJIs (XapaKTePU3yeMOro TaK HA3bIBAEMBIM YCTHIPEXMEPHDBIM
noreHnuagsoM ((p, ff), rJe (¢ — DJIEKTPUYECKUil, A — marnurHbi MoTeHIa-
JIbL; U3MEPACMBIMU BEJHYHHAMU ABJIAIOTCA JIEKTPU1ecKas E = —grady n
marnntnags H = rotA HAIPSIZKEHHOCTH ) OCTAIOTCS MHBAPHAHTHBIMU OTHO-
CUTEIHbHO TIpeodpa3oBaHuil Buja @ — @ — %%—{, A A+ gradf, rme f —
Jobast ckasisipHast PYHKIUS KOOPJMHAT W BpeMeHU. JacTHBIM cilydaeM Ta-
KOI'0 1Ipeodpa3oBaHus SBJIAETCA NpHOaB/IeHNe K (© CKaJsIpHOIl MOCTOSHHOM
Yo U K A nocrosimmoro BeKTOpa. B Tak Ha3bIBAEMOM JiarpaHzKeBoM (op-
MaJTI3Me TeOPUNU TI0JId Tpeodpa30BaHle COOTBETCTBYET BBEJEHUIO (DA30BOIO
MHOKUTENs €'Y, D10 MLocTpUpyeT TOT (GaKT, YTO KAIUOPOBOYHOI IPYIIIOI
9JIEKTPOMArHUTHOTO ToJist siBsiercst rpymia U(1). Tak waseiBaemoe ciaboe
B3anMoJieiicTBre (OJHIM U3 TIPOSBJICHIUN KOTOPOTO sIBJIseTCst (-pacmaji pa-
JINOAKTUBHBIX M30TOIOB HEKOTOPBIX XUMUYECKUX 3JIEMEHTOB ¢ M30bITOUHBIM
JIOO0 HEJIOCTATOYHBIM KOJMIECTBOM HEHTPOHOB B siJIpe) UMEET KaJIuOPOBOU-
ayto rpymiy SU(2), a cuiibHOe B3anMoJIeiicTBIE (yIepKIBAOIIee TPOTOHBI I
HETPOHBI BHYTPU ATOMHBIX s1JIep, & KBAPKU BHYTPHU IPOTOHOB U HEITPOHOB)
— rpymiy SU(3).

2.4. IlceBaoeBKJINIOBHI ITPOCTPAHCTBA
2.4.1. OcHOBHBIE ITOHATUA

[Tycrs V' — BenecTBeHHOE BEKTOPHOE MTPOCTPAHCTBO PA3MEPHOCTH N, ¢ (DUK-
CHUPOBaHHOI Ha HEM HEOIpeJIeJICHHON HEeBBIPOXKJICHHON KBaApaTuIHOl dhop-
Moit q(x) = >, 5 gijxix;. Eit coorsercrsyer nosspnas oniuneiinas dbopma
(z]y) = Zz] 9ijTilYj-

Onpenenenune 2.4.1. [lce6doeskaudosoim 6eKMOPHBIM NPOCTNPAHCINEOM
cuenamypo (S, n—S) HA3BIBAETCSI BEIIIECTBEHHOE BEKTOPHOE IIPOCTPAHCTBO V|
HaJIeJIeHHOE HEeBBIPOXKIeHHON Guinaeiinoit dhopmoii (+|-) curaarypsr (s,n —
s). Dra dopma, a Takxke ee 3HadYeHue (r|y) Ha JIIOOOI Mape BEKTOPOB T, Y,
HA3BIBAETCS NCEBIOCKANAPHBIM NPOUSEEOEHUEM.

[Ipu nojxojsiiem BbiOOpe Oasuca gpopma ¢ IPUBOIUTCS K HOPMaJILHOMY
Buny: q(z) = 22+ 422 —2?,  — - — 2. B HopmasbHoM Gasuce ey, . . ., e,
noJisipHast ourHelinast popma, 3a/ai0lasi CKaJIsipHOe TPOU3BE/IeHNe, IMeeT
BUJI;

(z|ly) =x1y1 + - + TsYs — Ts41Ysi1 — *** — Tnln. (2.4.1)
3aMeTuM, 9TO, B 3aBUCUMOCTH OT BbIOOPa HEHYJIEBOI'O BeKTOpa x € V', KBaJI-
par ero HopMbl ||z||? = (z|7) MorKeT OKazaThesl He TOJMBLKO MOJIOKUTEbHBIM,
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HO OTpHUIIaTEJIbHBIM WJIN HYJIEBBIM.

Omnpenenenune 2.4.2. Bektop x € V Ha3bIBaeTCA U30OMPONHHIM, €CTIHA
|z||* = 0. Bektop x € V mnasbiBaercs noaosicumenvhoim, ecau ||z][* > 0.
BexTop o € V nasbiBaercss ompuyamenvivim, ecin ||z|2 < 0.

MHOKeCTBO M30TPOITHBIX BEKTOPOB JIAHHOTO MICEBIOEBKIINIOBA TIPOCTPAH-
crBa (V, (+|-)) cocrapisier Tak Ha3BIBAEMBII U30MPONHbIL KOHYC.

IIpedocmepeotcernue: usompontuiii Konyc we cosnadaem ¢ A0pomM Hopmol
(-|') u ne asasemea sexkmopHvLM NOINPOCMPAHCTNEOM.

Yupaxkuenue 2.4.3. HapucyiiTe n30TpoInble KOHYCBI /IS [ICeBI0CBKIIN-
noBBIX mpocTpancTs curaatyp (1,1), (2,1), (1,2). OrmersTe HA pucyHKe 006-
JIACTH, B KOTOPBIX PACHOJIOKEHDBI HOJIOKUTEIbHbIC, & B KOTOPLIX — OTPUIA-
TeJILHDBIE BEKTOPDI.

2.4.2. Kinaccudukaliusi 1ceBI0€BKJINI0BbIX IPOCTPAHCTB

Onpenenenne 2.4.4. Ilcernoeskimaoser mpoctparctea (V) (1)) nu
(V' (+]"))) masbiBatoTCSl  U30MOPPHBLMU, €CTU  CYIIECTBYeT H30MOPQU3M
R-BeKTOpHBEIX IpocTpancTs ¢ : V. = V', OTOXKIeCTBIAIONNI OHINHEHbIC
bopMmbI, T.e. BKJIIOYAEMbIHl B KOMMYTATHBHYIO JIHATDAMMY

vxv-"LR (2.4.2)

(m)l
V' x V!

Samevanue 2.4.5. Kommyrarusnocts gmarpammbl (2.4.2) o3madaer, 9TO

(1)

JJ1st JTI0001H TTapbl BEKTOPOB T, Yy € V BhINOsIHEHO paBeHCTBO (2|y) = (o(2)|0(y)).
NHpIMEI CI0BAME, USOMOPPHUIM G COTPAHACTN NCEGIOCKANAPHOE NPOU3GEde-
Hue.

Onpenenenne 2.4.6. IlceBnoeBkinaoBo npocrpancTBo R” ¢ mceBmocka-
JISIPHBIM TIpou3BejieHneM (-|-), 3aaHHbiM Bbipazkenuem (2.4.1), HasbiBaeTcs
CMandapmuviM neesdoeskAUIObM NPOCMPAHCTNEOM Cuzhamypvl (S,n — §).

[Tycts (V, (+]-)) — meeBmoeBKmMm0B0 pocTpancTso. Toria BLIOOp HOpMaJTb-
HOro Oasmca jyist GusmHeitHoit dbopmbl (+|-) mocraBiser n3oMopdu3M Ipo-
crparctia (V, (+|-)) Ha cTaHmAPTHOE MCEBIOEBKIINIOBO TPOCTPAHCTBO TOM 7Ke
curgarypbl. CorjiacHo 3aKOHY WHEPIUM, CUTHATYPa He 3aBUCUT OT BbIOODA
HOpMAaJILHOTO Oa3mca.

Teopema 2.4.7. (Kaaccudurayus ncesdoeskiudosuix npocmpancms)
[Icesdoeskaudosv npocmparcmsea u3omopdhrovr moz2da u moavko moezda, Ko-
20a ux cuzHamypvl cOBNAIAIOM.
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Jloxasameavcmeo. llyers  nceBgoeskiniosbl  npocrpanctsa (V) (+|-)) u
(V' (+]))") usomopdubt u ¢ : V' — V' — usomopduszm. Beibepem HOpMaJibHBIE
/ / / 2 _ I,y —

basucol ey,...,e, BV nel,...,el B V' Torma |le||” = (eile;) = (el]e)) =
l|e}||* npu @ = 1,...n u 4ncia NOJOKUTENLHBIX U OTPHIATEILHBIX KBa/Ipa-
TOB y 0boux Gasucos conaaator. Obparto, mycrs npocrpancrsa (V) (+]-)) u
(V',(-|-)) mmeroT paBHbIE CHTHATYDBI; TOTJA, BBIOPAB HOPMAJLHBIC OA3UCHI,
MOy 9UM M30MOPQU3MbI 000X TICEBIOEBKINJIOBBIX TPOCTPAHCTB Ha CTAH-

JapTHOE HPOCTPAHCTBO C TOIl K€ CUTHATYPOIl. []

2.4.3. IlceBmoopToroHajibHas rpyiiia

Omnpenenenue 2.4.8. ABroMmopdusM 1ICeBI0EBKIINIOBA IPOCTPAHCTBA Ha-
3BIBAETCST NCEBIOOPMO20HANDHLM NPEOOPA30BAHUEM.

Oupenesienue 2.4.9. Ilcesdoopmozoranvrioti 2pynnoti Ha3bIBACTCS IPYII-
118, HEBBLIPOXKJICHHDLIX JIMHEHBIX IIpeobpasoBanuii mpocrpancrsa V', coxpa-
HSIOIIUX TICeBIOCKassipHoe poussejierne (-|-). Vubivu ciioBamu, meeBioop-
TOrOHAJIbHAS IPYIIIA — 3TO PYIIIA IICEBJ0OPTOrOHAILHBIX aBTOMOP(OU3MOB
npoctpaunctsa (V, (+]-)).

[lceBnooproronasibHas IpyIIia OJHOZHAYHO, C TOTHOCTHIO JI0 H30MOP(hU3-
Ma, OIPEJIENISIeTCsST CUTHATYPOI MPOCTPAHCTBA, Ha KOTOPOM OHA JIHCTBYET.
[TosToMy TICeBI0OpPTOTOHAIBHAS TPYIITIA CUTHATYPBI (S, — §) 0003HaTACTCST
cumBosiom O(s,n — s).

B nopmasbiom 6asuce dopme (-|-) coorBeTcTBYET OI0THO-IHATOHATBHAS
marpuna [,y = diag(Es, —E,_s), a muneiinomy omeparopy A € O(s,n—s)
— marpuna A. [Tockonbky oneparop A coxpaHseT 1ceBIOCKAIAPHOE TPON3-
Be/ICHIE, TO COOTBETCTBYIOIIAsE €My B HOpMaJIbHOM Oasuce Marpuiia A yi1o-
BJIETBOPSIET Y PABHEHHIO

AL, A =T, s (2.4.3)

Takum obpasom, TceBrooproroHaibhas rpymma O(s,n — s), Oyaydu moj-
rpytmoit B GLg(n), siBasieTcs 3aMKHYTBIM [OJIMHOI00Opa3neM (IiepecedeHn-
eM abUHHBIX KBJIPUK ). Bbrancisis onpeiesmresin 06enx dacreil ypaBHEHUsT
(2.4.3), mpuxoanm K pesynbrary det A = +1. Tem cambIM, MCEBIOOPTOTO-
HaJsibHast rpytia O(s, n—s) nmpecTaB/sier coboil MPUBOJANMOE MHOT0OOpasne,
cocrostiiee u3 Byx Komronent O(s,n — s) = O*(s,n —s) U O (s,n — s),
COOTBETCTBYIOIINX MaTpuiaMm ¢ omnpegeaureseM +1 u —1 coOTBETCTBEHHO.
[Ipu sToM mpeoOpazoBanus ¢ onpejenuTeseM +1 HA3BIBAIOTCA cOOCMEEHHbI-
mu 1 coctassior noarpyiiny O (s,n — s). Komnonenra O~ (s,n — s), Kax
HETPYJIHO 3aKJ/IIOUNTD, HOATPYIIIION He SIBJISeTC.
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I'maBa 3

JImneiitnag ajiredpa B eBKJIJIOBbIX
11 SPMUTOBBLIX IIPOCTPAHCTBaX

OTa TJIaBa, IOCBSIIEHA BBISICHEHUIO OOIIUX 3aKOHOMEPHOCTEIl IToBeIeHUs
JINHEHWHBIX OIIEPATOPOB M KBaJIPATUIHBIX (POPM B €BKJIUJIOBBIX U SPMUTOBBIX
nmpocTpancTBax. Ee pe3ybraThl O0raThl TPUIOKEHUSIME, U B IEPBYIO 0YepeIb
B (busnke. MHorue pe3y/ibTarThl JJ1d SPMUTOBA U €BKJIUI0BA CIydaeB (popMy-
JIIPYIOTCA W JOKA3BIBAIOTCA OJIMHAKOBO. B TaKmxX CUTyaIusX Mbl JaeM yHU-
BepcabHOEe pacCyKeHne JuO0 MPUBOJINM «IPMUTOBY BEPCHUIO», & 3aTeM, TIe
9TO HEeOOXOJIMMO, JlaeM KOMMEHTapuil JiIsi eBKJIMJIOBa IIpocTpaHcTBa. MTax,
MBI paboTaeM C BEKTOPHBIMU IIPOCTpPAHCTBaAMK HaJ| AByMs mojamu: k = R

oo k = C.

3.1. JIuneiinble onepaTopskl Vs O-JimHetHbIe (POPMBI
3.1.1. JIuneiinbie oneparopsl u (-iauHeiiHbie popmbl. Conps>keHue

Coraamnenne 3.1.1. Beejiem cobuparebHoe HazBaHue O-amHeiinoit gpop-
MbI; apamerp ) npuHEMaer 2 3HadeHus:: 6 = 2 jia GusmHeHOH (HOpMbI
B eBKJIMJOBOM (BelecTBeHHOM) ciydae u 6 = 3/2 jyisi mojyTopasiiHeii-
HOI POPMBI B 9PMUTOBOM (KOMIUIEKCHOM) CjIydae. Torja MHOXKECTBO BCEX
6-rmneiineix dhopm Ha BermecTBenHoM (6 = 2) 6o KomiiekcHoM (6 = 3/2)
npocrpancTse V Oyaem obosnadats cumsosiom §Lin(V).

[Iycts A € End(V') — nuneiinslii omepatop Ha mpocTpaHcrse Vo ¢ moJio-
JKITETHHO ONPEJICICHHBIM CKATAPHBIM TTponssejienneM (-|-). IToctaBum emy
B coorBercrBue O-yuneitnyio dopmy 1o npasmwiy A — (A - |-). Takoe coor-
BeTCTBIE Oompejiessier otobpaxkerne Y @ End(V) — OLin(V).

Yupaxkuenue 3.1.2. Jlokaxkure, 9410 Y — m30MOpGu3M k-BEKTOPHBIX
ITPOCTPAHCTB.
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[To nannoit -nmuneitnoit popme f(-, ) MOKHO TOCTPONTH JIMHEHHBII O1lepa-
top Ay rakoit, uro f(-,-) = (A - |-). L=t aT0ro Bocuosb3yeMest Ciie/y oM
paccy:kjienneM. BpibepeM OopTOHOPMUPOBAHHBIN 6a3uc ey, ..., e,. [lycts F
— Mmarpuna f-ymueitnoit dopmbr f(-, ) B sToM Oasuce. Ilyers Ay — numeii-
HBIIl ollepaTop, obsajaonuil B 6asuce ey, ..., e, Marpuueil F1. Torna s
BEKTOPOB & = » . €;T; 1Y = Y ;€jYj B MATPUIHBIX 00O3HAUCHNUSIX IO/ 1IUM

(Arzly) = (FTX)'Y = XTFY = f(x,y).

Taxzke MOZKHO HOCTPOUTD JTHHE b oniepaTop A% Taxoit, uto f(-, ) = (+|A}-).
Ecmu F — marpuria 0-mneitaoit hopmbl f(+, +) B OpTOHOPMUPOBAHHOM Hasuce
€1, ...,6Epn, TO OLIPEICJINM .A} KaK JIMHEIHbI orepaTop, 00/1aalolnii B TOM
»ke Oasnce marpuiieit F'. I[Ipu aTom mosydnm
* T /T T~
(el Aly) = XT(EY) = XTFY = f(z,y).

Omnpenenenue 3.1.3. Jluneitawiii onepatop A* Ha3bIBAETCS CONPANHCEH-
HoLM K AuHedHomy onepamopy A, ecin O-muneiinsie dopmbrt (A*-|-) u (-] A-)
PaBHbI.

CorytacHO IPOBEIEHHOMY paccyzKaennto, coorsercrsue A — A* mocras-
JIIeT KOPPEKTHO oTpe/iesieHHoe oTobpazkenue npocrpanctsa Endy (V') B cebst.
Bosee Toro, orobpaxenne * : Endi(V) — Endi(V) : A +— A* — unsosmo-
I[UsI, TO €CTh * O * — TOXKJIECTBEHHOe 0TOOparKeHue.

Yupaxuenune 3.1.4. [lokaxkure, ato * : Endi(V) — Endp(V) : A —
A* — unBosnonus.

[Tycts A — matpuiia inneitHoro orneparopa A B OpTOHOPMUPOBAHHOM Oa31-
ce eq,...,e,. Torga ona BeIpaxkaeTcs depes MaTpuily I f-nuneiinoit popmbl
(A-|) xax A = FT. Marpuma ymmeiinoro oneparopa A*, CONpPAzKeHHoro K
JIMHeHOMY ortepaTopy A, B TOM »Ke OPTOHOPMUPOBAHHOM Oa31ce OIIpeIeIsi-
Jach Kak F, T. e. A= A Nrak,

MAMPUYG NUHETHO20 ONEPATNOPA, CONPANCEHHO20 K OGHHOMY NUHETHOMY ONe-
PAMOPY, 8 OPMOHOPMUPOSAHHOM DA3UCE ABAACMCA IPMUMOEO CONPAHCEHHOTL
K Mmampuue danH020 onepamopa 6 mom dce basuce.

Samevanue 3.1.5. PaccMoTpeHHOE B 9TOM IYHKTE OMEKTHBHOE COOTBET-
CTBHUE MexK 1y f-yimHeiinbiMu bopMaMu U JIMHEHHBIMU OIlepaToOpaMu OIIpe;jie-
JISIETCST CKAJIIPHBIM [TPOU3BE/ICHNEM, T. €. SPMHUTOBOI (COOTBETCTBEHHO, €B-
KJINJIOBOI) CTPYKTYpoit Ha mpoctpancTse V. CooTBETCTBIE COXPAHSETCS, €C-
JII B OIMCAHHON MaTPUYHON KOHCTPYKIIMU IEepeiiTh OT OJ{HOrO0 OPTOHOPMU-
poOBaHHOTO Dasnca K JPYyromy.
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Yupaxkuenue 3.1.6. /Jokaxkute cjie/IyIonye cBOWCTBa OMEPAIH COITPSi-
JKeHUs Ha ajredpe JIMHENHBIX OlePATOPOB:
1. st mobeix A, B € Endi(V) (A+ B)* = A* + B*.
2. s mobbix A, B € Endi, (V) (AB)* = B* A*.
3. Hust moboro A € Endi(V) n ana soboro « € k (aA)* = aA*.
Ocy1iecTBIIsieT Ji COlpsizKeHne aBToMopu3M BEKTOPHOI'O MIPOCTPAHCTBA
End(V)? aBromopdusm anredbper Endg(V)?

3.1.2. Marpuna JuHEHOTO onepaTopa, COIPSAKEHHOI'0 JaHHOMY

Bribepem cnadasia OpTOHOPMUPOBAHHBL 6A3HC €1, . . . , €,; ycTb A = (a;;)

— MaTpuia JmHeinoro omeparopa A B BolOpamHoM bOasuce, a A* = (a;-kj) —

MaTPUIA COMPSZKEHHOTO eMy JIMHEIHOTro orepaTopa B ToM »Ke 6asuce. Torma
psAMOE BBIYUC/ICHUE JTACT

* * *
(A'eilej) = (E esayle;) = E ag(eslej) = E al0g = aj;
S S S
C JIpyroit CTOPOHEI, 10 OIIpeJIeICHIIO ONIePATOPa, CONPAKEHHOIO JaHHOMY,

(A'eile;) = (eilAey) = (6] D epars) =D anjleiles) =D aibir = .

r

—T
*x = *
VTax, B OpTOHOPMUPOBaHHOM basuce aj; = @;j, T.e. A" = A" .
[lycthb Temeps ey, .. ., €, — IPOU3BOJIbHBIN (HEOOS3aTEJILHO OPTOHOPMEITPO-
BaHHbI) Gasuc, A = (a;;) — Marpuna JnHeitHoro orneparopa A B HeM n

Ax = (aj;) — MaTpuIa COUPszKeHHOro eMy orepatopa A* B ToM ke bazuce.

BbIHOﬂHI/IM AHaJIO'MYHOE BbIYUCJIEHUE:
(A'eile;) = (O ewaile) =) aklede;) = algs,
S S S

rjie BBeJeHo obosnadenne g;; = (e;|e;). C Apyroit CTOPOHBI, MO OIPEIEICHUIO
ollepaTopa, CONpPszKEHHOTO JTaHHOMY,

(Aeiles) = (eilAey) = (ei] D evar) = > apleiler) = > arigar
T T T
Urax, > akigsi = D, Girlrj. DIEMEHTDI g;; = (€;|€;) COCTABIISIOT MaTPUILY
G = (gi;), Ha3bIBaEMYIO mampuued I'pamva 6&5110& €1,...,6e,. B Marpuanoii
dbopne umeenm (A*)TG = GA, orkyna A* = (GAG™)T. Marpuna ['pama op-
TOHOPMUPOBAHHOTO 6a31ca paBHa, ¢IMHIYIHOI, U CHOBA IOJIy4aeTCsl IPOCTOe
BbIpazKeHne A* = A
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3.1.3. DpMUTOBBI U KOCOPMUTOBBI JINHEIHbIE OIIEPATOPHI

CkaJistpHOe TPON3BeJIeHIe Ha SPMUTOBOM (€BKJIMJIOBOM) IpocTpaHcTBe V
OIIpeJIesIIeT ONePalio SPMHUTOBA CONPSZKEHNS Ha MHOYKECTBE JIMHEITHBIX OI1e-
patopoB Endi (V). B ¢Bsi3u ¢ 9TuM BBIJIEISIOTCS JIBa CHEIHATbHBIX KJIAcca

JIMHENHBIX OIIePaTOPOB.

Onpenenenune 3.1.7. Jluneitasiii onepatop A € Endi(V) HasbiBaercs
IPMUMOBHIM, WIN camoconpasicernnvim, ecin A* = A. Jluneiinpiii oneparop
A € Endi (V') HasbiBaeTCs KOCOIPMUMOBHLM, W GHIMUCAMOCONDAHCEHHDBIM,

ecin A* = —A.

Wciob3yst OMeKTUBHOE COOTBETCTBUE MEXK/1y JIMHEHHBIMU OllepaTOPpaM 1
O-nuneitnbivMu dpopMaMu, s oreparopos oboux kiaccoB A* = £ A u
JIIOOBIX BEKTOPOB X,y € V moayanm

fa(z,y) = (Azly) = (2 Ay) = £(Ay|z) = £fa(y, 2).

Taxum 0O6pa3oM, SPMUTOBBIM OIEPATOPAM COOTBETCTBYIOT SPMUTOBBI (hOp-
MbI, KOCOSPMHUTOBBIM OIl€paTOpaM — KOCOSPMUTOBBI popMbl. B j1r060M opro-
HOPMUPOBAHHOM 0Oa3uce MaTpHIla SPMHUTOBA OIlEpaTOpa SPMUTOBA, T. €. YII0-
BJIETBOpsieT cooTHomennio A* = A, a Marpuiia KOCOSPMHUTOBA OlepaTropa
KOCO3PMUTOBA, T. €. JJIsl Hee BhIIoJiHeHO A* = —A.

B eBKINI0BOM Cilydae 3pMHUTOBY COIPSIZKEHUIO COOTBETCTBYET TPAHCIIOHU-
poBaHme MaTPHUIIBI, U [TO3TOMY SPMUTOB OIEPATODP — 3TO CUMMETPUUIECKIHIT
OIIepaTop, & KOCOIPMUTOB — ITO KOCOCUMMETPHIECKNIT OIIepaTop.

Teopema 3.1.8. (Pasaooicenue onepamopa 6 npocmpaHcmee co CKAAAD-
Howm npouseedenuem) (i) J1obotl aunetinvit onepamop Z ma pmumosom (es-
KAUDOBOM) NPOCMPAHCGE MOAHCEM, OBIMB 00HO3HAYHO NPEICTNABAEH 6 6ude
CYMMDBL IPMUMOBE U KOCOIPMUMOBA onepamopos. (ii) J11060t aunetinoii one-
pamop Z na IPMUMOBOM NPOCMPAHCMEE MOACEM Obimb 00H03HAYHO NPed-
cmasaen 6 sude X 4+ 1), 2de X u Y — apmMumosv, onepamopol.

Jloxasameavcmeo. (i) VickoMble SpDMUTOB U KOCOIPMHUTOB OIEPATODBI 3a-
narorest Beipaxkenuamu 27 = (Z+ Z%)/2u Z- = (£ — 2*)/2. Tem cambim
oupejeseno pasnoxkenne Endy (V) = End; (V)+ End, (V') BekTOpHOTrO 1po-
CTPAHCTBA BCEX JIMHEHBIX OIIePATOPOB B CyMMY TIOJ[IIPOCTPAHCTB, COCTOSIINX
u3 Beex apmutoBbix End;y (V) n Beex kocospmurosbix End, (V') oneparopos
COOTBETCTBEHHO. DTHU TOJINPOCTPAHCTBA [EPECEKAIOTCsI BJIOJIb HYJIEBOI'O TIO]I-
npocrpancTBa (yoeaurech B 9T0M!), TI09TOMY CyMMa TIpsiMasi, 1 Pas3JIokKeHue
KazKJIOr0 JIMHEITHOrO OrepaTopa Ha SPMUTOBY U KOCOIPMHUTOBY COCTABJISIIO-
IIe OMPEJIeJIeHO OJIHO3HATHO.
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(11) Hdocrarouno nonoxurh X = Z7, Y = —iZ~. Yurareso upejjara-
eTCsI CAMOCTOSATEILHO YOCJIUTHCS B TOM, UTO ONPEICICHHBI TAKIM 00pa3oM

JIMHEHHBIN olepaTop Y ABJIAETCS IPMUTOBLIM. ]

Bameuanue 3.1.9. Ipsamoe pasiokenne Endy(V) = End (V) ® End, (V)
IIPOCTPAHCTBA JIMHEHHBIX ONEPATOPOB Ha SPMUTOBY U KOCOSPMUTOBY TACTH
He SBJISIeTCs pasJIoyKeHneM ajredphl B MpsMyto cyMMy nogaaredp. eficrsu-
TeabHo, nognpocrpanctsa End) (V) n End, (V) He 3aMKHYTBI OTHOCHTEJIb-
HO OIepaIii KOMIIO3UIINN: KOMIIO3HI[HsT SPMHUTOBBIX OIEPATOPOB MOXKET He
OBITH IPMUTOBBIM OIEPATOPOM. AHAJIOTMIHO, KOMIIO3UIIUA KOCOIPMUTOBBIX

OIIepPaTOPOB MOXKET He OBITh KOCOSPMUTOBBIM OIIEPATOPOM.

Teopema 3.1.10. (Opmumosocmsv komnozuyuu) Komnosuyus AB spmu-
MOGHLT ONEPATOPOE IPMUMOEA M020a U MOALKO mo2da, k0204 0Nepamopbl
xommymupyrom, m.e. AB = BA.

Joxasameavcmeo. AB = (AB)* = B*A* = BA. []

Sameuanue 3.1.11. (i) Kiacc spMHUTOBBIX OIEPATOPOB HE SBJSETCS 3a-
MKHYTBIM OTHOCUTETbHO KoMmo3uinn. O1HaKo, BEIOpaB B KAUECTBE OIePATTIH
AHMUKOMMYMAMOp, OIpeIeIsieMblii 11 IBYX omepaTopos A, B 1o npasuiy

(A.B} = (AB + BA),
HOJIYYHM, 9TO ecyn orneparopsl A u B 5pMuUTOBEBI, TO
(A B) — %(AB L BA) = %(AB + BA) = {A B},

T. €. GHMUKOMMYMAMOP IPMUMOBHIT onepamopos apmumos. Omeparius
AHTUKOMMYTHPOBAHUSI JIMHEHHBIX OIIEPATOPOB JIMHEHA 110 0OOMM apryMeH-
TaM, KOMMYTaTHBHA U HeacCONMaTHBHA, a TaKrKe YIOBJIETBOPSET
mooicdecmey Hopdana: st mobbix A, B

{{sz 8}7 "4} - {A27 {87 A}}

Kitace Bcex spMHUTOBBIX OIIEPATOPOB Ha JAHHOM SPMUTOBOM IIpocTpancTse V
¢ omepalyeil BLIYUCIEHIS aHTHKOMMYTATOPa MOCTABJISIET IIPUMED UopdaHo-
601 a.n2ebpoL.

(11) Kitacc KOCOSPMUTOBBIX ONEPATOPOB HA SPMHUTOBOM IIPOCTPAHCTBE V
3aMKHYT OTHOCHTEILHO KOMMYMAMOopa, OMpeaeaseMoro (hbopmyioi

A, B] = AB — BA

(mpoBepbTe!), T. €. KOMMYMamop KoCoIPMUMOEHIT ONEPAMOPOS KOCOIPMU-
mos6. DTa olepalnd JUHeiiHa 110 000MM apryMeHTaM, aHTHKOMMYTaTHBHA,
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T. €. JiJIs1 J11oboro oneparopa A Bbinosaeno pasenctso A, Al = O, u yiosie-
TBOpsieT mootcdecmsy Hrxoou: nist mobeix A, B, C

A, [B.C]] + [B,[C, Al + [C, [A, B]] = O.

KocospMuToBbI O11epaTophl ¢ orepariieii KOMMYTHPOBAHIS TOCTABIAIOT IIPHU-
Mep anzebpu, JIu.

Teopema 3.1.12. (Onepamop, nepesodauyuti 6eKmMopvl 6 UM OPMO20HAND-
noe) Ilyems onepamop A maxos, wmo das aobozo eexmopa © € V.

(Ax|z) =0,

U 6uinoAneHo 00no u3 deyx yeaosut: 1)V, (+|-) — apmumoso npocmparcmeo;
2) V,(:|") — esraudoso npocmparncmeo u A — cummempuueckut onepamop.

Tozda A = O.

Zoxazameavcmeo. BocoibayeMest JIErKo IPOBEPSIEMBIM COOTHOIITEHIEM: JIJIsT
JIIOOBIX BEKTOPOB T,y € V

(Azly) + (Aylz) = (A(z + y)|lz +y) — (Az]z) — (Ayly). (3.1.1)
st m.1) moTpeSyercs eine oHo (TAKIKe JErKo MPOBEPIEMOe) COOTHOMICHHE:
(Azly) — (Aylz) = —i(A(ix + y)|iz + y) + i(A(iz)|ix) + i(Ayly). (3.1.2)
TTo Mpe/IoNOKeHITIO, paBble YacTH 0GpallaloTest B Hylb. Tora
(Azly) + (Aylz) = (Azly) — (Aylz) =0,

orkysa (Azx|y) = 0 s Beex x,y € V. Torma A = O.

Jlist 1.2 o cummerpun oneparopa A umeem (Ay|x) = (y|A*x) = (y|Az) =
(Azly). Ilogcranoska mosydennoro pasencrsa B (3.1.1) mpuBoanT K paBen-
crBy (Azx|y) = 0 s mobbix x,y € V. Orciona A = O. [

Samevanue 3.1.13. Hecummerpudeckuii omeparop Ha €BKJINJIOBOM IIPO-
crparctse V', jist siioboro x € V' ynosiersopstiommuii yeiaosuio (Az|r) = 0,
MOZKeT He ObITh Hy/eBbiM. [lyers V' = R? — mpocTpancTBO BEKTOPOB MJIOCKO-
CTU CO CKAJIIPHBIM TTPOM3BEJIEHNEM, OIIPEJIEIEHHBIM 10 MKOJLHOMY TTPaBIITY
(mpomsBejieHNe JIJIMH BEKTOPOB Ha KOCHHYC yTjIa MEXKJy HUMH), JINHEHHBIIT
ortepaTop A — moBopot BekTOpa Ha 90° mpoTuB YacoBoii crpesku. O4ueBmIHO,

A+0O.

3.1.4. I3omeTpun
[Tycrs (V, (+])) — mpocTpaHCTBO €O CKAISIPHBIM [TPOU3BEICHIEM.
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Onpenenenune 3.1.14. Hszomempueti Ha npocTpancTse V co cKaspHbIM
npousBejieHneM (-|-) Ha3bIBaeTCs JIMHEHbII orepaTop A, coxpaHsiommuii pac-
crosiine (METPHUKY), T. €. JIJIsd JIIDOBIX BEKTOPOB T, Y € V' yIOBJIETBOPSIONIII
COOTHOIICHUIO

| Az — Ay|| = ||z — yl|.

Teopema 3.1.15. (Xapaxmepusayus uzomemputi) Kaacc uzomemputi npo-
cmpancemea V, (+]-) cosnadaem ¢ Kaaccom ynumaproir (0pmoz2onasvnolx) one-
pamopos na npocmpancmee V.

oxazamenvcmeo. Ilyctb nuneitnbiit oneparop A nsoMerpudeH. T. e. s

JHO0OBIX BEKTOPOB &,y € V' Bhinosieno coorrorenue |[Ax — Ay|| = ||z —yl|.
Ho || Az — Ayl|| = || A(x — y)]||, u yci0oBre M30METPUIHOCTH IPUHUMAET BIJ|
|| Az|| = ||z|| mist Beex € V. Boipasus HOPMbI BEKTOPOB Yepe3 CKaJIsIPHbIE

npousseenns, nonyunM |[Az|]? = (Az|Az) = (A*Az|z) = ||z]| = (z]z),
uu, pasHocusibho, ((A*A — &)x|z) = 0. 3amerum, uro oneparop A*A — &
SPMUTOB (CHMMeTpHYIECKHii) 1, coryiacio Teopeme 3.1.12, A*A—-E = O, 1. e.
A yaurtapen (oproroHaJieH).

O6partHo, myctsb A — yHUTAPHBIH (OPTOrOHAIBHBII) oneparop, T. e. A*A =
E. Torpa mis jioboro BekTopa © € V' umeem

[ Az]|* = (Az|Az) = (2] A" Az) = (z]2) = |||[*,

T. e. A — nsomerpus. O

3.1.5. KanoHu4ecKmuii BuJi CAMOCOIIPSI>KEHHbIX OIIePaTOpPOB:
WHBAPUAHTHOCTb M OPTOTrOHAJIbHbIE PA3JI0YKEHUSA

Jlemma 3.1.16. (Cobcmeennvie 3HAMEHUA CAMOCONPANCEHHO20 ONEPATNO-
pa) Cobcmeentvie 3HAUEHUA CAMOCONPANCEHHO20 ONEPATNOPA GEULECTNEEHHL.

Jloxasamenvcmeo. B BerecTBeHHOM citydae JiemMa odeBmjHa. Ilycrs A
SPMUTOB, A — €ro coOCTBEHHOe 3HaUYeHne, OTBevarolee COOCTBEHHOMY BEKTO-
py v. Torma (Av|v) = A(v|v) u, ¢ apyroii cropousr, (Avjv) = (v|A*v) =
(v]Av) = Av|v), . e. A = . ]

Samevarnue 3.1.17. * B kBanTopoil (pusnke Kaxk10il pusndeckoil Bejimdmme
CTABUTCS B COOTBETCTBUE CAMOCONPS?KEHHBIH JIMHEHHBIN orlepaTop Ha IpOo-
CTPAHCTBE KOMILJIEKCHO3HAYHBIX (DYHKIINIT HECKOJBKNX BeENeCTBEHHBIX Ile-
PEMEHHBIX, TOIUHSAIONIXCST HEKOTOPBIM €CTeCTBEHHBIM ONDAHUYEHUSIM (TH-
1a HAJIMIUs HEMPEPBIBHBIX MTPOM3BOJIHBIX JI0 HEKOTOPOTO TOPSIKA BKJIIOUN-
TeJILHO TLTIOC CYTIEeCTBOBAHNE HECOOCTBEHHBIX MHTEIPAIOB HEKOTOPOT'O CITEIIN-
AJIBHOTO BUJIA). YTIOMSIHYTOE TIPOCTPAHCTBO (DYHKINI HAEIEHO CKAJISTPHBIM
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IIPOM3BE/IEHNEM, TTPEBPAIIAIONTIM 3TO ITPOCTPAHCTBO B OECKOHETHOMEPHBII
aHaJIor SPMUTOBA MPOCTPAHCTBA, W MHOTHE PE3YJIbTaThl TEOPUH SPMUTOBBIX
IIPOCTPAHCTB OKa3BIBAIOTCA TPUMEHUMbBIMU. B 9acTHOCTH, COOCTBEHHBIE 3HA-
JeHHUsI CAMOCOIIPSIZKeHHOT'O OllepaTopa BellleCTBEeHHbI. I3MepsieMble 3HaYeHMsI
pUBMIECKIX BEJIMINH sIBJISIIOTCS BEIIeCTBEHHBIMU dnciaMu. [Ipu nsmepennu
pU3MIECKOil BEJIMIMHBI TI0JIYIal0TCA 3HAYEHHST U3 CIIEKTPa, COOTBETCTBYIOIIE-
ro eit nuneitnoro omneparopa. CoOCTBEHHBIE BEKTOPHI JIMHEITHOIO OllepaTropa
JIAHHON (pU3MIecKoil BEJIMUNHBI — 9TO TaK Ha3bIBaeMble BOJIHOBbIE (DYHKIINN
«YUCTBIX COCTOSHUIT» (DU3NUIECKOI CHCTEMBI, B KOTOPOI UCCIeTYeTCs JTaHtast
pusnaeckasa sBemanna. ToT paxT, 9TO BeIMINHA B KBAHTOBOI CHCTEME TTPU-
HUMAET JINCKPETHBIN HaOOP 3HAUCHUIT, COOTBETCTBYET JINCKPETHOMY CIEKTPY
COOTBETCTBYIONIErO eii JuHeiiHoro oneparopa. CocTosiHIe CHUCTEMbI OIINChIBa-
ercsl JJUHeHOl KoMOnHaIeil coOOCTBEHHBIX BOJIHOBBIX (DYHKIIUIA, T. €. sIBJIs-
eTCsl 9JIEMEHTOM IIOJIIIPOCTPAHCTBA, HATSHYTOI'0 Ha COOCTBEHHBIE BEKTODBI.
Eciin sTa uneiinass KoMOMHAINS COJEPXKUT HOJIee 0JTHOIO HEHYJIEBOIO KO-
durmenTa, To B pa3HbIX aKTaxX U3MepPEeHUs UCCIeyeMOoil (pU3nIecKoil Besu-
YUHBI B JIAHHON cUCTEeMe MOTYT IOJIyYaThCsl pa3Hble COOCTBEHHbIC 3HAUCHUSI,
COOTBETCTBYIOIINE (DYHKIUSM, BOIICIINM C HEHY/IEBbIMI KO3 duiinenramu,
C pas/IMIHbIMU BeposiTHOCTAME. Takoe cocrosinne (bU3NUKU Ha3bIBAIOT «CMe-
IIAHHBIM». EC/IM COCTOSTHIE CUCTEMbl OIMCHIBAETCSI COOCTBEHHBIM BEKTOPOM
oreparopa uccjeyeMoii (pusndeckoil BeJIMIUHbI, TO IIPU €€ U3MEPEHUH C JI0-
CTOBEPHOCTBIO TIOJIYUUTCSI COOTBETCTBYIOIIEE JJAHHOMY COOCTBEHHOMY BEKTO-
Py COOCTBEHHOE 3HAUYEHNE; 3TO TaK HA3BIBAEMOE «UHCTOE» COCTOSHIE.

Jlemma 3.1.18. (Cobemeernviii 6eKmop camoCconpaNceHno2o onepamopa,)
Camoconpastcenmnvili Nuretinoill onepamop umeem roms 6v, 00uH cobcmeen-
HOLU 6EKMOP.

Jloxasameavcmeo. B KoMILiekcHOM ciiydae JieMMa odeBuiHa. JIo6oil Be-
IECTBEHHDI JINHEeHbII orrepaTop obsagaeT 0J1HO- 100 JBYMEPHLIM HHBAPU-
AHTHBLIM [IO{IPOCTPaHCcTBOM. Ecsm oneparop A uMeeT 0jHOMEPHOE IIOIIIPO-
CTPaAHCTBO, TO JIeMMa, JIoKazaHa. B nporusnom ciyvae nycrs L — A-unsapu-
AHTHOE JIBYMEPHOE HOANPOCTPAHCTBO. I10cKOIbKY A — cuMMeTpuyecKuil ore-
paTop, To ero orpanndenue A|p — takxke cuMMerpudeckuii orneparop. Beibe-
peM B L OpTOHOPMUPOBaHHLI 6a3UC €1, €9; IIyCTh MATPUILA, JIMHEHHOIO OI1e-
patopa Al B 9TOM Oasuce nmeer B/

a b

Av=1 4 4
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BbIUnc/uB ee XapaKTepUCTUUeCKUii OJTMHOM, TOJLY IHM
X4, (t) =1t — (a + d)t + (ad — b?).

_ 2 2\ _ 2 2
Ero puckpumnnanr pasen D, = (a +d)° — 4(ad — ") = (a — d)” + 40" n
neorpuriareiet. CrieoBaTe/IbHO, XapaKTePUCTHIECKUIT TIOJIMHOM HMeeT Be-
[IECTBEHHBIII KOPEHb. []

Jlemma 3.1.19. (Unsapuarmmocmov opmozonasvrozo donosnerus) Ilycmo
A — camoconpasicenviti AUHETHBIT ONEPAmop Ha NPOCMPAHCMEE CO CKANAD-
nom npoussedernuem V., (+|-), L C V - A-unsapuanmmoe nodnpocmparcmeo.
Tozda ezo opmozonaavroe donoanenue L maxowce A-uneapuarmmo.

Jloxazameavcmeo. Boibepem npoussosbio © € L uy € L. Torna Az €

L, u (Ax|ly) = 0. Ucnosb3yst caMOCONPsSIZKEHHOCTD JIMHEHHOTO OlepaTopa
A, nonyanm (Azx|y) = (z|A'y) = (z|Ay) = 0, orkyna Ay L L s Beex
y € L*. Cnenosarensno, AL+ C L*. O

Teopema 3.1.20. (Kanonuueckuti 6ud Mampuibl camoCconpantceHto20 one-
pamopa) /s kasrcdozo camoconpasicennozo onepamopa A na npocmpancmee
CO CKAAAPHDIM NPOUIBEIEHUEM CYULLCMBYEM OPMOHOPMUPOBAHHLT ba3uc, 6
Komopom mampuya onepamopa A duazonasrvha. Fe duazonasvroe sniemen-
Mol BEUECTNEEHMHDL.

oxazameavcmeo. CorytacHo jiemme 3.1.18, caMocolpsizKeHHBII JIMHETHBII
orepatop A mmMeer coOCTBEHHBIN BEKTOD €. Byjem cantars, 1ato ||er]| = 1,
pu HeoOXomMOoCTH HOpMupoBaB ero. Coryracao jemme 3.1.19, oproronaJib-
Hoe jionoJinenue {ey)* A-unsapuantno. [To3ToMy Hpolecc MOKHO HPOJIOJ-
KUTh, PACCMOTPEB OrpaHNYeHne A‘<61>J_7 u B (e1)t Hafijercss cobcTBeHHbII
BEKTOD € U T. J. [losryamm opronopmMupoBaHHbIil 6a3uc eq, . .., €,, COCTOs-
it 13 cOOCTBEHHBIX BEKTOPOB JimHeiitHoro orneparopa A. CoryacHo jieMme
3.1.16, cobcTBeHHbIe 3HAYEHUS] — 8 MMEHHO OHH SIBJISIIOTCS JIarOHaJIbHbIMU
9JIEMEHTaMI MATPHUIIbl OllepaTopa B IIOCTPOEHHOM 0a3Kce — caMOCOIIPSIzKEH-

HOT'O OTIEPATOPa BEIIECTBEHHDI. []

CaencrBue 3.1.21. (Xapaxmepucmuueckue KOPHU CAMOCONDAHCEHHO20
onepamopa) Bee xapaxmepucmuueckue KopHU CAMOCONPAHCEHHO20 ONEPATNO-
DA BEWECTNBEHHDL, U 2EOMEMPUYECKAA KPAMHOCND KAHCI020 KOPHA PABHA €20
aN2E0PAUMECKOT KPATMHOCT.

Joxaszamenvcmeo. 11ockoIbKY XapaKTePUCTUIECKHUI TTOJNHOM NMEET CTe-
[IeHb, PABHYIO Pa3MEpHOCTHU IIPOCTPAHCTBA, & CAMOCOIPAZKEHHDIN JIMHEIHDBIN
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Oo1epaTop O6ﬂaﬂaeT TaKUM K€ YHCJIOM HE3aBUCHUMBIX COOCTBEHHDLIX BEKTO-
POB, IIpHHaAJIeXKallliX BEIICCTBEHHBIM cOOCTBEHHDBIM SHa4YCHUAM, TO aJreo-
pan4decCKad U reoMeTpndecKasd KpaTHOCTH KazK/JO0I'0 KOPHA COBIIadalOT, a BCE
XapaKTepuCcTu4ieCKne KOpHHU ABJIAIOTCA COOCTBEHHBIMI 3HAYCHUSIMI. [

Samevanue 3.1.22. Jlas 1100000 caMOCONPsIzKEHHOTO olleparopa Ha MIpo-
CTpPAHCTBE PA3MEPHOCTU 1 UMEETCs 1. IIOITapHO OPTOTOHAJIBHBIX COOCTBEHHBIX
HaIIpaBJIEHU, OIPeje/isieMbIX KAHOHMIECKUM 0a31lcoM eq,. . ., e,. lelicrBue
CaMOCOIIPSIZKEHHOT'O OllepaTopa BJIOJIb HAIIPABJIEHUs €; CBOJUTCA K PaCTsIzKe-
HUIO TI0 9TOMY HarnpaBjieHuio B |\;| pas u, eciim \; < 0, K OTpazKeHHIO OTHO-
cutesibHo (e)*.

3.1.6. IIpuBenenune kBaApaTUIHON (POPMBI K TJIABHBIM OCSIM

Panee MbI ycTanoBuIM OMEKTUBHOE COOTBETCTBIE MEZK Ly SPMUTOBBIMIE (hOP-
MaM# Ha BEKTOPHOM IIPOCTPAHCTBE V' M CaMOCONPSZKEHHBIMU JIMHETHbIMI
orepatopamiu Ha HeM. [lycThb mama spmutosa dopma f(+, -); Toraa onpeeieH
caMocompszKeHHbIil oneparop A takoit, uro f(z,y) = (Ax|y) st g00bIX
BeKTOpOB I, y. Coracio reopeMe 0 KaHOHMYECKOM BUJIE MATPHUIILI CAMOCO-
IPSIZKEHHOTO OllepaTopa, CyIIeCTBYeT OPTOHOPMUPOBAHHbBII Oasuc ey, .. ., e,
13 cOOCTBEHHBIX BEKTOPOB oneparopa A: Ae; = \je;, 1 =1,...,n. Batom ba-
3ICe BEKTOPDI ', Y IIPHOOPETAIOT KOODINHATHBIE IIPEJICTABICHUS T = Y . €;T;,
y = >_;e;y;. Torma na dopmbt f nonyunm f(e;, e5) = (Aeile) = Aidij, u
flzyy) =22 e e5)xiy; = > \iwiy;. Tlonaras x = y, nomyuum ciefyio-
U pe3yJIbTart.

Teopema 3.1.23. (IIpusederue xeadpamuynotis opmovt K 2A46HLM 0CAM,)
Jlas n10601 apmumosoti kKeadpamuunots gopmot q(x) Ha N-MePHOM GEKMOP-
HoM npocmparcmee Vo co CKAAAPHBIM NPOU3BEOCHUEM CYULECTNEYEM 0PMO-
HOPMUPOSAHHBLT Da3uC, 8 KOMopom Keadpamuyunas gopma q(x) Kax GyHryus
KoopouHam Ty, . .., T, NPUHUMAEM 6UJ

gz) = Milail”.
=1

B marpuanoit ¢popme Teopembr 3.1.20 u 3.1.23 hopMyInpyOTCsS OIIMHAKO-
BO:

O 110607 2pMUMOB0T (COOMBEMEMEEHHO, BEUECMBEHHOT CUMMEMPUYE-
ckoti) mampuuys, A natidemces yrumaphas (COOMEEMEMBEEHHO, OPMO2OHAND-
nasa) mampuya H maxaa, wmo mampuyae H P AH duazonanrvha, npusem na
ee Qua2OHAAU CMOAM BEWLLCMBEHHDIE YUCAL, ACAANULUECA CODCTNEEHHLMU
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SHAYEHUAMU MATPUUDL A,’ Koauvecmeo exoscoenutl xkascdozo cobcmseento-
20 BHAYCHUA PABHO €20 KPAIMHOCTU.

3.1.7. AJsroputm npuBeaeHUs YPMUTOBOI KBAJPATUIHON (POPMBI
K KAaHOHUYECKOMY BUIY

Hana spmuropa xsajparninas gopma ¢(x) = ). ai;xT;. Crangphoe
IIPOU3BEICHHE MI0JPA3yMEBACTCA CTAHJAPTHLIM, T. €. 3a/aHHbIM B CTAHIapT-
woMm Gazuce e; = (1,0,...,0),eo =(0,1,...,0),...,e, = (0,0,...,1) Boipa-
KenneM (z|y) = Y. ;.

0. Bemncars marpuiy A = (a;j) U BbIMHCIUTD €€ XapaKTePHCTHYECKHl
osttHOM X 4 (1).

1. Haittu Bce Kopuu A;, ¢ = 1,...,m, XapaKTepUCTUIECKOIO IIOJMHOMA,
xa(t)

2. Jlnst KazkJ0ro u3 KopHei \; HaiTu QyHJIaMeHTAJIbHYIO CUCTEMY pellle-

HU1 quj, o ,ﬁzli CUCTEMbI OJTHOPO/IHBIX JINHEHHDIX YPaBHEHNII:

(a1 — N)x1 + -+ + appz, = 0,

ap1Ty + -+ (ann - )\z)xn =0.

3. [Ipumenuts nponecc oproronaym3annuu ['pama — [IIMuaTa K moydenHoi

~ ~ i i
cucreme gi, . . ., gy - Homyanres OPTOHOPMUPOBAHHAS CUCTEMA G, - - - ; G,
4. O6be/nHsAA OPTOHOPMUPOBAHHbIE CUCTEMBI G, - . ., Gy , A1+ + - +dp = 1,
s 1 1 m m
OJLY 4UTh UCKOMbIH 0a3UC Gyy ...y Gg -+, 91 s+, 3y, - B 9TOM Oasuce KBaji-

paTnyHas popMa NPUHUMAET BU/I

q(@) = My’ + o Al P Al g, P Al
3.1.8. Kanounvdeckuii Bu mapbl KBaJIpaTUIHBbIX (dOpM

Teopema 3.1.24. (/[uazonanuzayus napo, keadpamuyuroir gopm) [ycmo
na sexmoprom npocmpancmee Vo pasmeprocmu n 1ad nosem R uiu C 3za-
danwv dee Keadpamuunvie gopmu, q(x) u r(T), NPUHUMAIOULUE MOALKO Geue-
cmeennvie 3nauenus. [lycmo keadpamuunas dopma r(x) nososrcumesvHo
onpedesena. Tozda 6 npocmpancmee V' cywecmeyem baduc, 6 Komopom ode
dopmov, umerom Jua2oHaALHBLT 6UO.

Jloxasameavcmso. Ilyers (+|-) — spmuroBa f-nuneiinas dopmMa, oTBevar0-
mast kpaparnanoit popme r. Torga V, (+|-) — 9pMuUTOBO MM BKJIHIOBO BEK-
TOPHOE TIPOCTPAHCTBO, MOCKOJBKY (GopMa (-|-) MOJOKHUTETHHO OIpeIesIeHa.
Torpa cymiectsyer (-|-)-opTOHOPMUPOBAHHBIN Oa3UC €1, . . . , €, TaKoii, ITO B
neM dopMma ¢ IpuHEMAaeT KaHonnmdecknii Bug q(z) = >, Ni|z)?. O
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3.1.9. Kanoanyeckuii Buji n30MeTpUit

Jlemma 3.1.25. (Cnexmp ynumaprozo u opmozoHaivH020 0Nepamopos)
Cobcmeennvle 3HAYeHUA YHUMAPHO20 ONEPAMOPL — KOMNACKCHBLE YUCAG, TO
MOodya10 pashvie 1. CobemeeHnvle 3HAYEHUA OPMO2OHANHOZ0 ONEPAMOPG PAG-
nor £1.

Jlokazamenvemso. Ilycts e — cobOCTBEHHDIT BEKTOP YHUTAPHOTO (OPTOrO-
HAJILHOTO) JINHEHHOIO orieparopa A, MpuHajIeKaluii COGCTBEHHOMY 3HAE-
numio . Torna (Ae|Ae) = (Ae|Xe) = [M|?(ele). C apyroii croponsr, (Ae|Ae) =
(A*Aele) = (e|e). Obbennusiss 06a BBIparKeHHs, MPUXOJANM K DaBEHCTBY
A2 = 1. O

Jlemma 3.1.26. (Unsapuarmmocms opmo2onaibHo20 JONOAHEHUA OMHO-
cumenvro yrnumaprozo onepamopa) Hyecmo AV — V' — ynumaproi aubo
opmozorasvuull onepamop, U C'V — A-unsapuarmmoe nodnpocmparcmeo.
Tozda e20 opmozonanvrioe donoanenue UL mooice A-uneapuarmmno.

Jloxasamenvcmso. Jluneitnsiit oneparop Aly : U — U yuurapen (oproro-
nasier). Torma det A|y # 0 u, cienoBaresnbHo, jist o6oro v € U Haiigercs
v € U rakoif, uro u = Av'. Ilyctb v € U™, 1. e. ana moboro u € U
(ulv) = 0. Pacemorpum BekTOp Av U BBIUICINM CKAJSIPHOE [TPOU3BE/ICHIIE

(u]Av): (u]Av) = (AU |Av) = (W|v) =0, T. e. Av € U+ [
Cefiqac cocpeIoTOUMMCs Ha KOMILJIEKCHOM CJIydae.

Teopema 3.1.27. (/[uazonarusupyemocms yrumaphozo onepamopa,) Kaorc-
it yrumaproili onepamop Jua2onasU3UPYEM.

B maTpuunoit bopMyInpoBKe Ta TeopeMa yTBEPXKIaeT CJeIyIolee: 044
A1000T yrumaprot mampuuv, A natidemes maxas yrnumapras mampuya H
maxas, wmo H *AH duazonarvna.

Samevanue 3.1.28. TlockoabKy coOCTBEHHBIE 3HAUEHNsT YHUTAPHOTO Ollepa-
TOpa CyTh KOMILICKCHBIE YHCJIA, 110 MOJLYJIIO paBHBIe 1, TO auaronabHas gpop-
Ma MaTPHIbl YHUTAPHOrO orneparopa umeer Buj diag(Aq, ..., \,), [\ = 1,
1=1,...,n.

Joxazameavcmeo. BosbMeM J1r000ii HOPMUPOBAHHBIN COOCTBEHHBII BEKTOP
e1 quHeiinoro omneparopa A. ITockosbky Mbl paboraem Haj mosem C, To Ta-
KOit BekTOp Beerja cyniectyeT. CorstacHo jemme 3.1.26, oproronajbHoe J10-

L =n—1. Ipo-

nosienne (e1)* takxe A-unpapuanrio. Ouesnsno, dim (e;)
JIOJIZKasT TIPOIIECE, TOJIY M OPTOHOPMIUPOBAHHBII Oa31C, B KOTOPOM MaTPHIA

JImHeiHoOro onepartopa A amaroHaJibHa. ]
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Yupaxkuenue 3.1.29. Jlokaxkure, 4To orepaTop, UMEIONUl B HEKOTOPOM
OpTOHOpPMUpPOBaHHOM Oaszuce Marpuiyy Buja diag(Ai, ..., A\,), [N = 1,4 =
1,...,n, ynurapen.

Tenepb oOpaTUMCcs K CJIydar OPTOTOHAJIBLHOI'O OllepaTopa.

Teopema 3.1.30. (Kanonuueckuti 6ud mMampuyv, 0pmozoHasvHo20 one-
pamopa) Kaotcowii opmozonanvivili onepamop ubopom nodrodauweeo opmo-
HOPMUPOBAHH020 6A3UCH NPUBOIUMCA K 6UdYy ¢ Mampulert

[ cosp; —sing ... 0 0 |0} 0
sinw;  COsQq | ... 0 0 0 0
0 0 cosp, —sing,| 0 | 0 , 2r+s+t=n.
0 0 sing, cosp,.| 0 | 0O
0 0 0 0 |Es| O
|0 0 |... 0 0 0 |—E; |

oxazamenvecmeo. VI3BecTHO, YTO BEIECTBEHHBIH JTMHEITHBIN oTIepaTop 00-
JIaJiaeT OJTHO- UJIN JIBYMEPHBIM HHBAPUAHTHBIM ITOITPOCTPAHCTBOM. BbI1enB
TaKoe MOJIITPOCTPAHCTBO V] 1 BOCIOJIL30BABIIICH PE3YIBTATOM JIeMMbI 3.1.26,
HAXO/IMM OJIHO- WJIM JIBYMepHOe HHBapHaHTHOE HoAnpocTpancTso B ViT. TIpo-
JTOJIZKasl TPOTIece, MOIYIIM OPTOTOHAJIBHOE MIPSIMOe pa3JjiozKeHne Ha MHBapU-
AHTHBIE TIOJITPOCTPAHCTBA

TR
V=& --dV, (3.1.3)

[Ipu 5TOM yCJI0BUMCSI CUUTATH, 9YTO HU OJ(HO U3 JIBYMEPHBIX ITOIIPOCTPAHCTB
pazoxkenns (3.1.3) He pasIoKUMO B CYMMY OJTHOMEPHBIX.

Ecmn dim V; = 1, To nuHeitHbIil onepaTop jAeicTByeT Ha V; yMHOXKEHUEM
Ha 1 ymbo —1. PaccmoTpumM JieilicTBre OPTOroOHAJIBHOIO OllepaTopa Ha Hepas-
JIOKUMOM JIByMepHOM TipoctpancTse V; = V. Ilycrh B OpTOHOPMUPOBAHHOM
bazuce eq, eo olepaTop MpeJcTaB/IeH BEIIeCTBEHHON MaTpUIei

A < a b > |
c d
u nyctb det A = ac — bd = —1. Torma xapakTepuCTHIECKUIl TOJINHOM
xA = 1> — (a + d)t — 1 umeer JBa BEIIECTBEHHBIX KOPHs, YTO O3HAYAET, 4TO
IIPOCTPAHCTBO V' Pa3/IOoKIMO B IPSAMYIO CYMMY OJHOMEDPHBIX NHBAPUAHTHBIX
IIOJITPOCTPAHCTB, UTO MPOTHBOPEYNT ITPEIIOJIOKEHIIO. TakuM 06pa3oM, BO3-

MOKHO TOJIbKO det A = ac — bd = 1. Obpaiienne MaTpuilbl A 1 IpuMeHeHne
ycsous oproronasasnoctn A~' = AT npusoanT x pasencTBy

71_ d_b_aC_T
A _<—c a) \b d =47,
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orkyna ¢ = —b, a = d. Torna

a —cC
det A = —a’+ 2 =1.
C a
[Tomoxkum a = cos ¢, ¢ = sin, 1 A — MOBOPOT Ha yroJ ¢ Mepoii . []

3.2. CnenuaJjbHble KJIACChI JUHENHBIX OIIEPATOPOB
3.2.1. HopmaJjsibHBIE OIlepaTopbl

Omnpenenenue 3.2.1. Jluneitasiii onepatop A : V' — V Ha spmuroBoMm
npocrpanctse (V, (+|-)) HasbIBaeTCS HOPMAALHBIM, €CIIH OH TIEPECTAHOBOUEH
co cBonM compsizkeHHbM, T. e. AA* = A* A. Marpuna HopMaJIbHOTO Onepa-
Topa B J1I000M Dasuce Tak:Ke HA3bIBACTCS HOPMAALHOU.

O4eBuIHO, CAMOCOIIPSIZKEHHDBIE 1 aHTHCAMOCOIPSIzKEHHbIE OIIEPATOPhI HOP-
MasbHbL. OJIHAKO CYIIECTBYIOT JINHEIHbIE OllepaTOPb, KOTOPLIE, ABJIASCh HOP-
MAJILHBIMU, HE ABJISIIOTCA HU CAMOCOINPSZKEHHBIME, HI AHTUCAMOCOIPAZKCH-
ubivu. Hampuwmep, Takos ornepatop ¢ marpureit diag(z, 1).

Herpynno Takzke IpoBepuTh, 4TO JUHEHHDII onepaTop A HOpMaJeH Toria
1 TOJILKO Tora, Koria A—A\E nopmasten. Ilpu stom ckaisgp A € C Boibupaer-
sl TPOM3BOJILHO. KpoMe Toro, HopMaJIbHbIIi oriepaTop 00J1aaeT CJIe LY IOIIM
METPUYECKUM CBOHCTBOM: I JIIOOOTO BeKTOpa T € V

|Az||* = (Az|Az) = (A*Az|z) = (AA*z|7) = (A*w| A7) = ||A*2|]-
Bamenus A na A — A, nomyunm (A — AE)* = A* — \E, u
I(A = AE)z|| = |[(A = A&) ||

IIpu stom Ax = Ax Torma un Tosbko Toraa, korna A*x = Ax. Takum obpaszowm,
HOPMANOHBLT ONEPAMOP U €20 CONPANCEHHBIT UMEIOM, 00UHAKOBVLE COOCTMEENH-
HblE BEKMOPLL U 63AUMHO CONPANCEHHBIE COOCMBEHHDBIE 3HAMEHUA.

Teopema 3.2.2. (Kpumepuii nopmarvhocmu) Jlunetdnwid onepamop A
HOpMaAer Mmo20a U MOALKO mozda, K020a cyu,ecmeyem opmoHOPMUPOGaH-
MLl 6a3UC, 8 KOMOPOM €20 MaAmMpuua oua20HasbHa.

Hoxazameavcmeo. Ilyctb B opToHOpMUPOBAHHOM Oasuce eq, ..., e, Mal-
putia jimHeiinoro oneparopa A nuaronajbha, T. e. Ae; = \;e;. Torna A*e; =
\ie;, orkyna AA* = A*A.

[1st 0OpaTHO# MMILIUKAIKE BO3bMEM COOCTBEHHOE 3HAUeHUe A JIMHEITHOro
omeparopa A 1 paccMOTPUM COOTBETCTBYIOIIEE €My COOCTBEHHOE IIOIIIPO-
crpancteo V* = {z € V| Ax = \x}. [Tockombky A nopmasen, To A* nmeer
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Te 3Ke cobcTBenHble BekTopbl, uro u A. Ilostomy A*V* C VA, Vreepxia-
eTcst, 4To opToronasibHoe jonoinenue (V)1 roxe A*-nunpapuantno. s
JI0Ka3aTe/IbCTBa BO3bMEM IIPOM3BOILHEI BekTop y € (V)L 1. e. s so-
6oro x € V* semosneno (ylx) = 0. Boruanemnm (Aylz) = (y|A*z) = 0
nockonbky A*x € V.

Tak Kak colpszKeHnme WHBOMIOTHBHO, To mpoctpanctso (V) Tomxe A*-
nrBapnantHo. Orpammienns onepatopos A i A* Ha nogmpocrpanctso (V)L
KOMMYTHDYIOT, T. K. SIBJISIIOTCSI HOPMAJILHBIME. Terepb MOXKHO pacCyKIaTh
nHYKImedt 1o n, npeanonoxus, uto B (V) umeercs opToHopMupoBaHHbIil
6asic, B KOTOPOM oreparop A nmMeer jauaroxaibuyio mMarpuiy. s VA arto

BEPHO 110 ompeeaento i, Tak Kak V = VA @ (V)1 to Teopema noxaszana.
[]

Teopema 3.2.3. (Cnexmpanrvhoe paznrogrcerue HopmaibHO20 0Nepamopa)
Jhobomy nopmanrvromy onepamopy A Ha KOHEUHOMEPHOM IPMUMOEBOM NPO-
cmpancmee V. omeeuarom nonapro pPasAudHbE COOCTNEEHHVIE 3HAYEHUA

My oo A, 1 <m < n=dimV, u 63aumro opmo2oHarbHbIE HEHYNEBDLE
npoexmopvt P, . .., Py maxue, wmo

m
a) 21:1 Pi=¢;

0) > NP = A, 2de \; — cobemesennvie navenus onepamopa A;

8) pasnooicenue n. 6) eduncmeeno;

2) cywecmsyrom Komnaexcuoie nosunomov, fi(t), ..., fim(t) maxue, wmo
fi(>\j) = 5z'j; fi(A) =P;.

B cayuae, xoeda A* = A, ece wucaa \; u nosunomwv fi(t) eewecmeenio.

Joxazameavcmeo. Ilyctb A, ..., A, — IOIAPHO pa3/IMIHbIe COOCTBEHHBIC
3Hauenns: oneparopa A, P; : V. — VY npoekrop napasuiesbHO MOIIPO-
CTPAHCTBY i VA st kaskgoro 4 = 1, ..., m. ComacHo 10Ka3aTe/IbCTBY
TeopeMsl 3.2.2, PiP; = P;P; = 0;;P;, T. e. Bce P; B3aIMHO OPTOrOHATIBHBI
OTJINYIHBI OT HYJIA.

a) U3 paznoxkenus V = @7 VN crenyer, uro > i Py = &,

6) Boibepem mpousBosibHbIE BekTOp v € V; Torma st KaxKJIoro i =
1,...,m Beimosneno pasercrso AP;v = \;/Pw. Otkyna Av = A(D, Pi)v =
> APv =Y. \/Pv. Takum obpasom, A = > AP

B) Ilycts mmeercs pasnoxkenne A = > . A\/P;. Ilycrs © € imP; — neny-
JIeBOIT BeKTOp. Takoil BEKTOP CYIIECTBYET, TaK KaK IMPOEKTOP P; HEeHYJIeBOIl.
Torna v = Pz, u Ax = AP;x = \jx, OTKyla 3aKJII09aeM, 9TO A; — CO0-
CTBEHHOE 3HaueHue oneparopa A.

ObparHo, mycTh A — cobcTBeHHOE 3Ha4UeHne orneparopa A. Torma maiigercs
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HeHyJseBoil BekTop v € V rtakoii, uro Av = Av. [Ipumennm K Hemy Ipoek-
Topbl P;; mosnyunm Piv = v, n Av = v = )\Z;-nzl vj. C JIpyroit CTOPOHBI,
Av =A% 7" vy =300 Avy = 300 Ay Torma D 50 (A= Aj)v; = 0. Tax
KaK BEKTODBI U1, . . . , Up, B3AUMHO OPTOIOHAJBHBL, TO (A — Aj)v; = 0 J1st Becex
J. Takum obpasom, ecan v; # 0, To A = A;. EANHCTBEHHOCTD pa3/IOzKeHHs
JIOKa3aHA.

r) PaccmoTpum mosimHOMBL BITa,

Y
JFi

Ecm A* = A, o \; € R, u f;(t) = R[t]. Ucnonb3yst pasnoxenne 1. 6) u

cooTHollenue oproronanbuoct PiP; = P;P; = 0;5P;, BbIUUCIUM CTelenn

oneparopa A:

A= (D APIO NP =D ANPP =Y NP,
{ J 1,J {

Cormacno 1. a), A% = > P; = €& = 3. \P;. Torna KOMILIEKCHBIE T10J11-
nom f or omeparopa A Boraucisercs o gopmyrte f(A) = >, f(\)Pi. B
gactaocth, fi(A) = fi(M)P; = P;. O

Kak u Bcgakuii IMHEHHBI onlepaTop, HOPMaJILHBIN OlepaTop MOYKET ObITh
sanncan B Buge A = B+iC, rae B = $(A+A%), C = 5 (A—A*) — spMuToBbI
OIlepaTOPHI.

Yopaxnaenne 3.2.4. Jlokaxkure, uro AA* = A* A Torma um ToJbKO TO-
ria, koriaa BC = CB.
3.2.2. IlepecTtaHoBOYHbIE OLIEPATOPHI

Jlemma 3.2.5. (Obwut cobcmeennviti  sexmop) Kommymupiyrousue
ONEPAMOPLL HA KOMNAECKCHOM NPOCMPAHCNEE UMENOM 00w Ul cobcmeeHHvill
8EKMOP.

Loxazameavemeo. Ilycts A — cobcTBenHoe 3Hadenne omneparopa A; mo-
CKOJIBKY MbI paboraem Hal rojieM C, To J000i JIMHEHBI ollepaTop nMeer
X0TsI Obl OJTHO COOCTBEHHOE 3HAUEHHE U XOTsl Obl OJINH COOCTBEHHBII BEKTOP.
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Pacemorpum co6CTBEHHOE HOAIPOCTPAHCTBO
VA= {r € V|Az = \z}.

[IpumenuB K Hemy omnepaTop 3 1 BOCIIOIB30BABIINCH EPECTAHOBOYHOCTHIO
ornepatropos A u B, mnosyunm

BV = {Bx € V| ABx = BAx = \Bz},

1. e. BV C V. Torna orpannuenue oneparopa B Ha B-nHBapHaHTHOE 110]I-
IPOCTPAHCTBO VA 06J1a1aeT XOTsl Obl OJHUM COOCTBEHHBIM BEKTOPOM Y € VA
TaknM, 910 By = py, riae g — codcTBeHHOE 3HaUYeHHue oreparopa B, KOTo-
pOMY MPUHAJIEXKUT COOCTBEHHBII BekTOp y. Tak, y — obiuit coOcTBEeHHBIT
BEKTOp JIMHEHHBIX onepaTopoB A u B. ]

Teopema 3.2.6. (Odnospemennan duazonarusupyemocms) Jl6a spmumo-
6oL AU YHUmMaphoir onepamopa A, B na n-meprom npocmpancmese V- npu-
600AMCA K QUAZOHANOHOMY 6UJY 8 0OHOM U MOM HCE OPMOHOPMUPOEAHHOM
baszuce moezda U Mmoavko moeada, Ko2da oHu NEPECMAHOBOUHDL.

Samevanue 3.2.7. Teopema mpejacrapisier codoit Kpurepuili Toro, 4To JIBa
SPMUTOBBIX WM YHUTAPHBIX OllepaToOpa MMEIT OOILYI0 OPTOIOHAJIBHYIO CH-
cTeMy 71 COOCTBEHHBIX BEKTOPOB.

Joxazamenvcmeo. Ecin oneparoper A u B 3agaircs InaroHabHBIMUI
marpuiiamu A 1 B B HEKOTOpOM Oasuce, TO OHI [I€PECTAHOBOYHBI, TOCKOJIb-
Ky JiBe JII0Oble JMaroHaJjbHble MaTPUIILI 00JIaJaf0T TaKUM cBOiicTBOM. Jljist
marpun A = HAH ' u B’ = HBH ™! 3Tux onepatopos B JIOO0M JPYroM
basuce nonyunm A'B' = (HAH ) (HBH') = HABH ' = HBAH ! =
(HBH Y (HAH™ ') = B'A’.

ITycrs Teneps AB = BA. Torma y 5Tux omneparopoB CyIIecTByeT OOIii
COOCTBEHHBII BEKTOD €1; YCJAOBUMCS CUUTATh, 9TO OH HOpMuUpoBaH. [loamnpo-
cTpaHcTBO (e1) A-HHBAPMAHTHO U B-MHBAPUAHTHO B CUJIY 3PMUTOBOCTH JIl-
60 B cuty yauTapHocTu. OrpaHuveHns olepaTopoB Ha 9TO MOAIIPOCTPAHCTBO
TaK»Ke IIePeCcTaHOBOUYHBI, YTO IIOCTABJSIET BTOPOIl OOIIUil cOOCTBEHHBIN BEK-
TOp e9. IIpomoszkas nporecc, TPUXoAUM K OPTOHOPMUPOBAHHOMY Oa3ucy u3
N OOIUX COOCTBEHHBIX BEKTOPOB €1, .. ., €. ]

3.2.3. IlonoxkuTeIbHO OIIpejieJIEeHHbIE OMEePAaTOPhI

JIrobomy spmuTOBY oneparopy A Ha SPMUTOBOM MPOCTPAHCTBE (COOTBET-
CTBEHHO, JIIOOOMY CHMMETPUIECKOMY OIEPATOPY Ha eBKJIMJOBOM IIPOCTPAH-
CTBE) CTABUTCs B COOTBETCTBUE KBajparndnas dopma q(x) = (Az|x). Torma
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IIOHATHNE 3HAKOOIIPEACJICHHOCTH MO2KHO IIE€EPEHECTU Ha IPMUTOBLI JIOO CUM-
METPpHUYICCKUE JIMHEHHbIEe OlIEpaToOpPLI.

Omnpenesierne 3.2.8. DpMuToB (Wi CUMMETPUIECKNUiT) JTMHEHHDIH OIe-
parop A noaosrcumenvno onpedenen, ecin Kpajparudnas dbopma q(r) =
(Az|zr) mosoKUTETHHO ONpe/Ie/eHa.

[TocKOJIbKY CyIIecTBYeT OPTOHOPMUPOBAHHBII 0a31c, B KOTOPOM MaTpPHILA
9PMHUTOBA (COOTBETCTBEHHO, CHMMETPUIECKOTO) OllepaToOpa JUArOHATBHA, TO
BCe COOCTBEHHBbIE 3HAUEHHUsI \; TAKOT'O olleparopa MoJIoXKUTe/IbHbI. OOpaTHO,
ec Bce COOCTBEHHBIE 3HAYEHUsT IPMUTOBA (CHMMETPUIECKOIO) OMEpaTopa
HOJIO?KUTEIbHDBI, TO OIEPaTOP MOJIOXKUTEIbHO ompejesieH. OUueBHIHO, MM0JI0-
JKATEJIBHO OIIPEeJIe/IeHHBII OIlepaTop OOpaTHIM.

Omnpenesienue 3.2.9. DpMuTos (WK CUMMETPUUIECKNTT) JTUHEHHDIH OITe-
patop A nososrcumensro noayonpedesen, ecan Ksaaparudnas opma q(r) =
(Az|x) nosoxKuTeIbHO OJIYOIpe/Ie/IeHa.

[TousiTHO, uTO OHIEPaTOP A M0JI0KUTENBHO MOJIYOIIpeIesIeH TOTIa U TOJIBKO
TOI'Jia, KOIJa Bce ero cOOCTBEHHbIE 3HAYEHUsI HeOTPUIATEIbHEI.

ITpensioxkenune 3.2.10. (Ksadpammwiii kKopers U3 NOAOHCUMENLHO0 ONE-
pamopa) J1obot norosrcumenvro onpedeaenmviti onepamop A mooicem 6vimo
3anucan 6 8ude K6adpama HEKOMOP020 0py2020 NOAOHCUMEALHO ONPEIEAEH-
nozo onepamopa A = B2, npuvem das dannozo A onepamop B onpedenen
00HO3HAYHO.

oxazameavcmeo. Ilpusenem marpuity omneparopa A K JuaroHaJbHOMY

suy: A = diag(Ay,...,\), Ay > 0, ¢ = 1,...n. Torma marpuna
B = diag(v/ A, -,V ), \i > 0,4 = 1,...n, yIoBIeTBOPsieT PABEHCTBY
A = B2% Tlpu stom jaiad /0060 HEBBIPOZKEHHONH Marpunnl H muMmeem

HAH'= (HBH )2

st moKazaTe/bcTBa e IMHCTBEHHOCTH IIPEIITOJI0KIM, ITO CYIIECTBYET I10-
JIOZKUTEJILHO onpejenentas marpuna B’ rakas, uro B’ 2= A. Paccmorpum
criekTpasibioe pasioxkenne B’ = ;P juist smmefinoro oneparopa, 3a/ia-
Baemoro Marpuieii B’. Bo3Boust B KBaJIpaT U CpaBHUBAs CO CIIEKTPAJIbHLIM
pasioxkenuem omeparopa A = > . AP, HOTydHM, YUNTHIBAS €[HHCTBEH-
HOCTDH CIEKTPAJbHOTO Pa3JIOZKeHHs, ITO

Z M27)l A= Z NP,

OTKY/Ia, M0CJIe MOJIXO/IAIIel TepeHyMepannn ciaraeMbix, P = P, ,u? = \.
Takum obpasom, B = B. O
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ITpeanoxenune 3.2.11. (llocmpoenue noiosHcumessHo onpedesernvls one-
pamopos) Ilycmv C — npousdeosvhviil. HesuporcIennvill Aunetinvil onepa-
Mop Ha NPOCMPAHCMBEE CO CKAAAPHLIM npoudsedenuem. Toeda npousseedenus
A = CC* u B = C*C — neswvipostcdennvie nosoHCUMENDHO ONPEJENEHHDLE
onepamopot.

Joxazamenvcmeo. Ilposegem jgokazarenncTso st oneparopa A = CC*;
nokazarenbeTBo st B = C*C anajorndno. Bo-1iepBbIX, JIEMKO IIPOBEPUTH,
aro oniepatop A spmutos (posepbre!). Bo-BTOphIX, OH HeBBIpOXKIeH: det A =
det C det C* = | det C|? > 0. Torua s smoboro x # 0 C*x # 0, u (CC*x|x) =
(C*z|C*x) > 0 ma Beex z # 0. []

Teopema 3.2.12. (Cmpoenue nososHcumesvHo noayonpedeseHHvls one-
pamopos) Ilyecmv V' — npocmpancmeo co ckarapmvim npousdsedenuem. Che-
dyroujue c8oTCMBa NUHETHBLT ONEPAMOPOS IKEUBAAECHITHDL:

1) A=B? B*=B;
2) A=CC*;
3) A>0.

Jlokazamenvemeso. VItak, mycTh BBITOJHEHO 1), T. €. 5pMUTOB (WK Belle-
CTBEHHBIII CUMMETPUIHBI) orepartop A sBJsleTcst KBaJpATOM CaMOCOIIPsi-
»kernoro omneparopa B. Torma, yaursiBasi, uro B = B* u nonoxus C = B,
OJTY UM 2).

[Tycte Teneps Boimosreno 2). Torma mis jiroboro BekTopa € V' edopmu-
pyem u peobpasyem dopmy (Az|x):

(Az|x) = (CC*z|x) = (C*z|C*x) > 0,

qTO JIOKA3BIBAET 3).

[Tycrsb BBINONIHEHO 3), T. €. jis Jioboro Bekropa © € V (Ax|z) > 0. Co-
riacHo Teopeme 3.1.20, cymecTByeT OpTOHOPMUPOBAHHKBIN Ha3uc, B KOTOPOM
MaTPUIIA CAMOCOIPSI?KEHHOI0 oreparopa A InaroHajbHa ¢ BeleCTBEHHbIMI
muaroHaabHbIMU eMenTamu: A = diag(Aq, ..., \,). [lockobry A > 0, o
Ai > 0nnsae=1,...,n. Oupenenus orneparop B B ToM Ke 6a3uce MmaTpuIiei
B = diag(v/A1, ..., V), npuxomum K Beipaxkenuto A = B2, B* = B, uro

3aBepHiacT AJO0Ka3aTEJIbCTBO. ]

3.2.4. IlonsipHOoe pa3JioxkeHne HEBBIPOXK/IEHHOT'0 JIMHEMHOTO omepaTropa

HOBG,D;GHI/IG 9PMHUTOBa COIIPAXKEHNA Ha MHO2KECTBE BCEX JIMHEMHBIX olepa-
TOPOB IIOXO02Ke Ha IToBeeHNE KOMIIJICKCHOI'O COIIPAXKEHN A Ha MHOXKECTBE KOM-
IIJICKCHDBIX YN CEeJI. HpI/I 9TOM CaMOCOIIPAKEHHBIC OIIEPaTOPLI ABJIAIOTCA aHaJIO-
TaMl BEHICCTBCHHBIX YHCEJI, aHTUCAMOCOIIPAZKEHHbIEC — aHaJIO'aMH MHUMBIX.
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3omeTpuunble ollepaTopbl aHaJOIMYHbl KOMILJICKCHBIM YHCJIaM, 110 MOJY-
JII0 PaBHBIM 1 (3/1€CH 110JIE3HO BCIOMHHUTD, YTO YMHOYKEHUE [TPOU3BOJILHOIO
KOMIIJIEKCHOTO YHC/Ia Ha YUCI0 BUA €9 He MeHsieT MOJyJis). DTa aHaorust
BecbMa IUIyOOKa: BO MHOKECTBE JINHEHHBIX OIEePaTOPOB CYIIECTBYET aHAJIOT
SKCIIOHEHI[NAJIbLHON 3all1Ch KOMILJIEKCHOTO YHCJIA.

Teopema 3.2.13. (Iloaaproe pasaosicerue) Beaxutl nesvipostcOenmvlil Au-
Hetinoi onepamop A Ha apMuUmMo8om Uil e6KAUIOBOM BEKMOPHOM NPOCTMPAH-
cmee mootcem bvimsb npedcmasaen 6 sude A = PQ, 2de P — noaoscumennvo
onpedesernviil onepamop, Q — usomempus (YHUMAPHHT UAU OPMO2OHANL-
nouii onepamop). Pasaoorcernue eduncmeenno.

oxazameavcmeo. Paccmorpum omeparop AA*; cortacHO mpeaiozKeHnEo
3.2.11, oH 1oJIOXKUTEILHO OIpeJiesieH U, CJie0BaTe/IbHO, COIVIACHO MTPeJII0XkKe-
Huto 3.2.10, cyiiecTByeT eJIMHCTBEHHDIN TTOJIOYKUTE/IHLHO OIPe/Ie/IeHHbII olle-
parop P rtakoii, uro AA* = P?. [onoxum Q = P~ 1 A. Yéeanmea B Tom,
qro Q — U30MEeTpPusl.

I[TockomnbKy omepatop P camoconpsizker, 1o PP 1 =& =& =P 1"pr =
P~VP, orkyna P~V = P! = Pl Torna QQ* = PlAAPV
Plpplt = ¢,

st mokazarenbcTBa €IMHCTBEHHOCTH IIPE/IIIOIOXKIM, 9TO MMEIOTCS J1Ba
HOJIAPHBIX pasiokenns PQ = A = P;Q;. Bomonnsas conpsizkenue, Io-
JyduM paBeHcTBa Q*P* = Q*P = OQiP; = QiPi, orkyia PQO*P =
P19, Q4P u, no uzomerpuanoctu oneparopos Q u Qp, P2 = P2, TlocKombKy
KBa/IPaTHBI KOPEHb U3 IMOJIOKUTEJIBHO OIPEJIeJeHHOIO OllepaTopa OIlpeie-
JleH ojgHo3Ha4uHo, To P = P;. Orciona cieayer, auto Q = Q. ]

Sameuarue 3.2.14. AHAJOIHTIHBIM 00PA30M IMOJYIACTCS MOJTPHOE Pa3JIo-
JKeHHe ¢ 0DpaTHBIM IOPSIAKOM CJeJoBaHust coMHoxureneii: A = QP =
Q(Q'PQ), e P = Q7'PQ.

Samevarue 3.2.15. AHAJIOr MOJIIPHOIO Pa3/IOKEHNsT TAKYKE MEeeT MECTO 1
B cJIydae BBIPOXKJICHHOTO oneparopa. lIpn 3ToM MoJoKuTe bHO OmpeieTe-
HBI oTlepaTop cJie/lyeT 3aMeHUTb MOJIOXKUTETBHO MoJIyorpeaesenuniM. O
HAKO OJIHO3HAYHOCTD IMOJISIPHOIO PA3JIOZKEHUsI IePeCTaeT NMETh MECTO.

Teopema 3.2.16. (Iloasproe pasroscenue Hopmaavrozo onepamopa) Iycmo
Aunetinod onepamop A obaadaem noasprowm pasaoocenuem A = PO, 6 ko-
mopom P — noaosrcumenvro (noay)onpedesennwiii onepamop, Q — usomem-
pus. Toeda A mopmanren mozda u moavko moeda, xoz2da onepamopov. P u Q
KOMMYMUPYIOM..
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Jloxasameavcmeo. IlycTh Tenepb HeBBIPOK ICHHBIIT oniepaTop A TaKoB, 4To
A =PQ = QP. Buruncanm j1s Takoro oneparopa AA* u A*A :

AA* = PQ(PQ)" = PQQ"P = P%
A*A = (QP)" QP = PQ*QP = P?,

T. e. oueparop A nopmasuen: AA* = A*A.
O6parHo, 1ycrhb orneparop A HOpMaJeH; BLIIOJHUM II0JCTAHOBKY OJIsSIpP-
Horo pasjoxenust 4 = PQ B yciosue AA* = A*A:

AA* =PQQ'P = P?
A A = Q"P2Q.

[Tomyunmv P? = Q*P?Q. Tak xax QQ — msomerpus, To QF = Q7! n
P? = Q7 1P2Q. Urak, Q xommytupyer ¢ P?. Torma Q n P? xax Kowm-
ILJIEKCHBIE OIEPATOPBI OJIHOBPEMEHHO IIPUBOAATCS K JIMArOHAJILHOMY BHLY B
HEKOTOPOM OPTOHOpMEUPOBaHHOM Oasnce. OTcioma cieayer, 9TO U OIepaTop
P npuBojuTCd K JUAroHAJbHOMY BHJIY B 9TOM Oa3uce. DTO O3HAYAET, UYTO B
HEM MATPHIBI onepaTopoB P u Q, Oyaydn IuaroHaJIbHBIMI, KOMMYTHPYIOT.
SunaunT, onepaTopbl P n Q KOMMYTHPYIOT. ]

3.3. Kommuiekcndukanus u OBellleCTBJIEHUE

3.3.1. OmepaTtop KOMILJIEKCHOI CTPYKTYPBI
Ha BeIIeCTBEHHOM BEKTOPHOM ITPOCTPAHCTBE

[Tockosbky nosie C anredbpandeckn 3aMKHYTO, TO MOBEJICHIE MHOTHUX aJIre0po-
reOMeTPUIEeCKIX O0BLEKTOB, M3HAYAILHO OIpeIe/eHHbIX HaJ mojgeMm R, cra-
HOBHUTCSI IIPOIIE, €CIN UX paccMaTrpuBaTh Kak o0bekTwl Hat C. B wactHocTn,
moboit mostmHOM, onpejienennbiii Hasr C, umeer B C Kopenb, a Jir060it KOM-
ILJIEKCHBII omepaTop 00J1a/1aeT COOCTBEHHBIM BEKTOPOM. YHHUTapHbBIE Olepa-
TOPBI JUATOHAJIN3UPYIOTCSA B MOAXO/ISIIIX OPTOHOPMUPOBAHHBIX Da3ncax, a
B CJIydae OPTOTOHAJILHBIX OIIEpaTOPOB 9TO HE TaK.

[ToaToMy MHOIIA IOJIE3HO <«PACIIMPHUTDH II0JIE CKAJSIPOB», PaccMaTpuBast
BEIECTBEHHBIN 00beKT Kak 00bekT Haj nojgeM C (komnaexcugpurayus), a
3aTeM BEPHYThCS K [ePBOHAYAIBHOMY BeIleCTBEHHOMY 00beKTy (osewecmes-
NEHUE).

IIpumep 3.3.1. JIBymepHoe BeliecTBEHHOE BEKTOPHOE ITPOCTPAHCTBO MOK-
HO IIpEBPATUTh B OJHOMEPHOE KOMILIEKCHOe, BBeid R-InHERHBI onepaTop
J, nmuTupytomuit geficrBue MunMoit exuHUIbL. /g 9TOrO B cTaH apTHOM
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basuce e; = (1,0), e; = (0, 1) onpeesnm oneparop J MaTpuiiei

=(170)

[TouaTro, uro J? = —1. Bo3bMeM BEKTOp U = €12 + esy; JeliCTBIe Ha HEro
oneparopa af + 3J umeer BUJI

(aE+LT)(e1x+ey) = aertaesy+pPesc—pery = e (ar—pPy)+es(ay+px),
T. €. IIOJIHOCTHIO aHAJIOTUYIHO JIEHCTBHIIO KOMILJIEKCHOTO YUCIa q+1 3 Ha T+1Y
(a+ifB)(z + 1y) = ax — By +i(ay + Bz).

[Iycts V' — n-MepHOE BemmecTBEHHOE BEKTOPHOE ITPOCTPAHCTBO.

Onpenenenne 3.3.2. Komnaexcnotl cmpyxkmypoti Ha mpocTpaHcTse V'
Ha3BIBACTCS JIMHeHbIl oneparop J : V — V rtakoit, uto J? = —&.

[TonsaTHO, 9TO Ha JAHHOM BEIIECTBEHHOM BEKTOPHOM ITPOCTPAHCTBE KOM-
IJIEKCHAsT CTPYKTYPa MOXKeT ObITh BBejeHa He eJMHCTBEeHHBIM CIIOCOOOM.

Hanpumep, Ha KOOpIHATHOM IIPOCTPAHCTBE PA3MEPHOCTH N = 21 JINHEH-
HbIIT oniepaTop J, 3aJaHHbIil B cTaHIapTHOM Oa3uce MaTpulei

0 -1 0o o|l...] 0o o0
1 0/ 0 0/...] 0 0
0 0] 0 —1[...[ 0 o0

J=| 0 0o/ 1 o0|...] 0 0], (3.3.1)
0 0 0]... —1
0 0/ 0 0. 1 0]

ABJIAETCA KOMILJIEKCHOII CTPYKTYPOIl.

[Tapa V, J moxer paccmarpubarhest Kak C-ekTopHOe npocTpaHcTBo V¢
JleficTBIEM KOMILJIEKCHBIX CKaJIsipOB, OIPEJICJIEHHBIM I10 IIPABUJILY: JIJIs JII0OOr0
a+ i € Cu g moboro v € V

(a+if)v = (a€ + BT )v.

Yupaxkaenue 3.3.3. [lokaxknure, 4T0 BBeJieHe KOMIIEKCHONW CTPYKTYPBI
Ha BEIIECTBEHHOM BEKTOPHOM ITPOCTPAHCTBE JIEHCTBUTEIbHO MpeBpaiaeT V'
B KOMILJIEKCHOE BEKTOPHOE IIPOCTPAHCTBO.

Omnpenenenue 3.3.4. C-BekTopHoe IpOCTPAHCTBO V' HA3BIBAIOT KOMNAEKC-
HOLM 6EKMOPHOIM NPOCTPAHCTEOM, ACCOUUUPOBAHHBM C V U KOMNAEKCHOU
cmpykmypoti J .
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IIpennoxenne 3.3.5. (Onucanue npocmpancms ¢ KOMNAECKCHOT CMPYk-
mypoti) Ilpocmparncmeo V' ¢ xomnaexcnot cmpykmypot J ecezda umeem
wemmnyro pasmeprocmy. Cywecmeyem 6a3uc, 6 KOmopom Mampuia onepa-
mopa J umeem eud (3.3.1). IIpu amom 2dim ¢V = dimgV.

Joxazameavcmeo. BeibepeM BEeKTOPHI €1, . . . , €5 TaK, 9TO €1, J €1, . . ., s, J €
JIMHeHO He3aBucuMbl. Beegem obosnadenue Vi = (e1, Jeq,..., s, Jes)R.
Ecm Vs = V), To npeiokenne goKa3ano. B mpoTuBHOM cirydae Haiijgercs
BekTOp €511 € V' \ V. Ilpenmonoxkum, aro ero obpas J e 1 JUHEHHO BbIpa-
JKAeTCs 9epe3 €11 U BEKTOPHI €1, J €1, ..., e, Jes:

Jesi1 = aegsiq + s, (3.3.2)
rie vs € Vs, a € R. lIpumenus oneparop J, HOJIyIuM
—e11 = aJesr1 + Jvs. (3.3.3)

ITo mocrpoenuro JVs C Vi, m moromy Jvs € V. BBIIOJIHUB MOJCTAHOBKY
(3.3.2) B (3.3.3), mpujem k coornomenuto (1+a?)egs 1 = —avs— Jvs, OTKyIa
CTIeNYeT, UTO es,1 € Vi, MOCKOMBKY 1 + a? # 0. DTo mpoTHBOPEINT BEIGOPY
€s+1-

[Iponomkast mporecc mpucoenHeHns K Vy JTHHEHHO HE3aBUCUMBIX BEKTO-
POB, IPU HEKOTOPOM m mojayduMm Vy, = (e1,Je1,...,em, Tem)r = V. B
bazuce ey, Jeq,...,en, Je, MaTpUIA JHHEHOrO oneparopa J uMeeT BU/I
(3.3.1). O

3.3.2. OBerecTBiI€HIE

IIycts U — npousposibHOe n-MmepHoe C-pekTopHOe mpocTpancTBo. CTPYK-
Typa KOMILJIEKCHOI'O BEKTOPHOI'O IIPOCTPaHCTBa BKJto4aeT Jeiicteue moJsa C
Ha ajauTuBHOI abeseroil rpymie U: ac : C x U — U. Paccmorpes mosie
BeIeCTBEeHHBIX unces Kak mnojmnosae R C C, MmoxkHO chopMIpPOBATH OrpaHU-
yeHue ar oroopaxkenusi ac Ha R X U Kak KOMIIO3UIINIO:

C x U5~

AR

RxU

Omnpenenenue 3.3.6. Oseuecmenenuem KOMILIEKCHOT'O BEKTOPHOI'O TTPO-
crpancTBa U Ha3bIBaeTCsl BellleCTBEHHOE BEKTOpHOE IpocTpancTBo Uy, onpe-
JlesigeMoe aJITUTHBHON rpynmoil mpoctpancTBa U n aeficTBUeM ar TOJIA Be-
[IIECTBEHHBIX YUCEJI.
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Ouesunyno, Ugr = (U)r. Ecmm ey, ... e, — 6asuc npocrpancra U (Kak
KOMIIJIEKCHOTO TIPOCTPAHCTBA), TO Oa3uc ero operectsieHnst Ug MOXKET OBIThH
BBIOpaH, HAIIPUMED, B BUJIE €1,1€1, . .., €y, 1€,. 1IpU 9TOM yMHOXKEHUE HA ¢ B
U nocrap/isier KOMILIEKCHYIO ¢cTpyKTYypy J Ha Ug:

Jes =ieg; Jl(ies) = —es; s=1,...,n.
[TongaTno, aro Ug = U.

Oupenenienue 3.3.7. Oscuecmenenuem onepamopa A ommrocumenvho
Komnaekcnotll cmpykmyps, J Ha3bBaeTcs JHMHeHHbI oneparop Ag : Up —
Ur, neiicTBUEe KOTOPOrO MOTOYEHHO COBNAJACT ¢ jeiicTBuem omeparopa A,
T.e. Ap : v — Ax.

OgernecTB/IeHHOE TTPOCTPAHCTBO Ur MOYKHO Pa3JIOXKUTH B MPSIMYIO CyMMY

«JICCTBUTEJILHO» U «MHUMOI» YaCTU:

Ur = (€1,...,en)r @ (i€1,...,0€,)R.

Samevarue 3.3.8. 3ameTnM, 9T0 BIOOP Oa3uca BUa €1, . . ., €,, 1e1, . . ., 1€y
II03BOJISIET OUYEBUIHBIM 00Pa30M BOCCTAHOBUTH KOMILIEKCHYIO CTPYKTYPY.

PaccmoTpum seiicTBre oBertiecTB/IeHHOTO onepaTopa Agr Ha Oa3uCHBIE BEK-
TOPHBI €1,...,€n,1€61,...,16,. Ilo oImpee/leHNIO OBEIIEeCTBICHUS JUHEITHOIO
orepaTopa,

n
Agre, = Ae, = Z ArsCs,

1=1
n

Ar(ie,) = A(ie,) = iAe, = ZZ Ay sCs.
i=1
[Ipu 9TOM @5 — KOMILIEKCHBIE 3JIEMEHTBI MATDHI[BI JIMHEHHOrO onepaTopa
A B Gazuce ey, ..., e,. Pazjie/nus JeficTBUTEbHYIO U MHUMYIO YaCTH (s =
al¥) +ial) | upunen  upescrasienuo
n n n
Are, = Z(aﬁ) +iaY)e, = Z alle, + Z a'?) (iey),
i=1

i=1 =1
n n n

Ag (ie;) = iZ(aﬁ? +ial))e, = Z all(ies) — Z aVe,.

=1 i=1 1=1

Takim oOpazoM, MaTpuIla OBENeCTBIEHHOrO JInHeHOro onepaTopa Ag B Oa-

3UCE €1, ...,E,, 161, . ..,16, UMeeT OJOIHBIN BI
Ar | —Ay
A= , (3.3.4)
Ay | Ay
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B KOTOPOM IIOAMATPUIIBI A; OIpeie/IeHbl BIIOJIHE OXKUAaeMbIM 0Opa3omM: A =
(ag)), Ay = (ag)). CrenuaibHbIH BUJ MATPUIIBI OBEIIECTBICHHOIO JIMHEHHO-
ro onepaTopa yKasblBaeT Ha TO, YTO

He KaHcAb AUHETHDIT ONEPamop Ha BEUWECTNBEHHOM NPOCMPAHCIMEE 4em-
notl pazmeprocmu npedemasasem cobotl 06eUECMBACHUE HEKOTNOPO20 KOM-
NAEKCHO20 0NEPAMOpPa.

[Iycrs End(U)r — MHOZKECTBO BCEX ONEPATOPOB, SIBJISTIOIINXCST OBEIECTB-
nenusivit, a End(Ug) — anrebpa Becex R-JTHHEHHBIX 011€paTOPOB HA OBEIIECTB-
sernu Ug komiuiekcaoro ipoctpancrsa U. Ouesnnno, End(U)r C End(Ug).
CBOICTBO BEIIECTBEHHOI'O JIMHEHHOrO olepaTropa «ObITh OBEIIECTBICHUEM»
VIOBJIETBOPSET CJIELYIOMIUM COOTHOIEHUSIM:

(A+B)r = Ar+Br, (AB)r = ArBr, (0 A)r = aAgr st oboro a € R.

Kazkj0e ux HHUX HETPYIHO IIPOBEPUTL, PACCMOTPEB MATPUILI OLEPATOPOB
B Oasuce BUIA €1, ...,€y,,10€1,. .. 16, Takum obpasom, End(U)g — nomas-
rebpa B anrebpe End(Ug). Boibop basuca ey, . .., e,,ieq, .. ., ie, dukcupyer
m3omopdumsm End(Ugr) = Matg(2n), npu koropom nogairedpa End(U)g
orobpazkaercst Ha Tofaarebpy Oounbx matpuil Bujga (3.3.4). Torma Jerko
BBIYUC/TUTD pasMepHOCTh nojaaredbpel End(U)g:

dim End(U)g = 2n* = (dim End(Ug))/2.

Kowmiiekcnast ctpykrypa J B HallleM 6a3uce IpejicTaBiieHa MaTpHileit

J:(EO ‘EO)

[Tockonbky mepBonadabublii oneparop A C-amHeen, To ero neiicTBre KOM-
MyTHPYeT ¢ JeiictBuem munMOi ennnuist; A1 = iA. Ilepexons K oBerecTs-
nenusim Ag nig = J, Oyaem mvmets ArJ = J Ar. Marpuanas Bepcus 31oro
OIIEPATOPHOI'O0 ypaBHEHUsI UMEET B

Ay | As 0|—E\ [ 0/—-E\ /[ A4
Ay )AL )\ E| 0) \E| 0\ A]A )

OTKYyJa 3akjodaeM, 9to A3 = —As, Ay = A;. Takum oOpasom 10Ka3aHO

IIpemioxenne 3.3.9. (Xapaxmepuszayus 06eueCmeACHHBIT ONEPAMOPO8)
Ilodanzebpa End(U)g C End(Ur) o6euwecmeseHnolr AUHETHBLT ONepamopos
OMHOCUNEADHO KOMNAEKCHOT CIpykmypol J cOCTROUM 6 MOYHOCTNU U3 0ne-
PaAmMopos, Nepecmanoso Hbr ¢ J .

Onpenenenne 3.3.10. KowmiuiekcHasi cTpykTypa J Ha BEIECTBEHHOM
BEKTOPHOM TPOCTpaHCTBe V' pa3zMepHOCTHU 2n Ha3bIBAETCA CO02AGC08AHHOT C
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Aunetinowm onepamopom A © V' — V| ecinm Ha KOMIIEKCHOM 7-MEPHOM ITIPO-
crpanctBe U cymecrByer C-nuneiinbiit onepatop B : U — U Takoii, 910

V:URI/IA:BR.

B ¢Ba3u ¢ 3TUM BO3HHKAET CJIeAyIONas oOIas 3a/1a4a;

Jlano seuecmeennoe 6eKmMopHoe Npocmpancmeo Pa3MepHocu 2n u A-
netinwd onepamop A - V- — V. Ozapaxmepusosamsv ycaosus, npu KOMOPbIL
Ha npocmparcmee V.o cyuwecmeyem KoMNACKCHAA CMPYKMYPa, CO2AAC06AH-
nas ¢ A.

B mpocreiiieM ciaydae n = 1 OTBeT JaeTcd Cieyionieil TeopeMoii.

Teopema 3.3.11. (Cywecmeosanue KOMNAEKCHOT CIMPYKMYPDL, CO2AACO-
sannoti ¢ aunetinom onepamopom) Mycmo V =R> u AV — V — auneti-
HuLl ONEPamMop, He umernuuti cobcmseennvir sexmopos. Toz2da wa npocmpan-
cmee V' mootcho onpedesums coznacosarnmiyto ¢ A KomnaekcHyro cmpykmypy.

Jloxaszamenvcmeo. JInneiinplii oieparop yKa3aHHOro B TEOPEME BUJIA UMe-
eT JBa KOMILJIEKCHO COIIPSI>KEHHBIX XapPaKTePUCTUIECKNX KOPHS A = Ay iAo,
Beipasum MmanMyto euauity ¢ = +(A— A1) /Ay U pacCMOTPHUM JIMHEHHBII OTTe-
parop J = (A — A\ E)/Ag. Torua oneparop A BbIpazkeH Kak

A=ME+NJ. (3.3.5)

XapakTepucTiiecKuii moanHoM JinHefiHoro oneparopa A pasen x4(t) =
t2 —tr At +det A. Cornacno teopeme Namuibrona — Ko, y4(A) = O. Tloa-
cranoBka Bbipazkenuii trA = 2\;, det A = A} + A3 u (3.3.5) B 370 ypasnenue
JlaeT

(A2E 4+ 20 0T + A3T3) =20 (ME +0T) + (A2 +X)E =0,

orkyna J? = —&. Taknm obpazom, Ha V ompejeseHa CTPyKTypa OJHOMEp-
HOrO KOoMILIeKcHoro npoctpancTsa C', u mockonsky JA = AJ, 1o A = Bg,
rjie B — yMHOXKEHHEe Ha KOMILIEKCHOE UHCI0 A = A1 + Ao, u

ITpensioxkenune 3.3.12. (Onpedesumens osewecmsienio2o onepamopa,)

det Ag = | det A|%.

Joxazamesvcmeo. Bocroib3yeMcsi THBAPUAHTHOCTHIO JICTEPMUHAHTA, JIH-
HefHOTO orlepaTopa 1 OJIOUHBIM IIPEJICTaBIeHIeM MATPUIIbI OBEIECTBIEHHOIO
JIMHEHOTO oreparopa B mojaxosiiem 6asuce. CHadasa K BepxHeii (6,109HOI)
CTpOKe TIPHOABIM HIZKHIOK, YMHOXKEHHYIO Ha 7, a IIOCJIe 3TOrN0 U3 MPaBOTO
OJIOIHOTO CTOJIOIA BEIYTEM JIEBBIi, YMHOYKeHHBIH Ha ¢. [Toydaum ciremyony o
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OEIIOYKY pPaBE€HCTB:

det Aw — Al‘_AQ o Al"‘ZAQ‘ AQ—l—’LAl o Al—i—ZAQ‘ 0
R AQ‘ Al a AQ‘ a AQ‘Al—ZAQ
1 —| =det Adet A = |det A|* = |det A|*.
2
L]

3.3.3. Kommiekcudukarus

IIycts V' — n-MepHOe BellecTBEHHOE BEKTOpHOe IIpocTpancTBo. Obpasyem
BHENTHIOI TPpAMYI0 cyMMy V' & Vi 910 2n-MepHOEe BEKTOPHOE IMTPOCTPAHCTBO
C TMTOKOMITOHEHTHBIM CJIOKEHMeM W yMHOKeHneM Ha ckajsapbl n3 R. Bpejgem
JIMHEWHDBIN oepaTop

J: VeV -VaeV:(uv)—(—v,u). (3.3.6)

JIerko nmpoBepuTh, UTO OH MpEJICTaBIAET COOO KOMILIEKCHYIO CTPYKTYPY Ha

Vaov.

Omnpepesienne 3.3.13. Kommiekchas crpykrypa (3.3.6) Ha mpsMoii cyMm-
Me V @V masbiBaeTCa KaHOHUYECKOU.

Omnpenenenune 3.3.14. Komnaekxcupurayueti BeImecTBEHHONO BEKTOPHO-
IO IPOCTPAHCTBa V' HA3BIBACTCs KOMILIEKCHOE BEKTOPHOE IIPOCTPAHCTBO Ve =
V &V, accommmpoantoe ¢ V @& V 1 KaHOHNIeCKON KOMILJIEKCHON CTPYKTY-
poii.

[ousitro, uro dim¢V® = dimgV.

Pacemorpum feiictBre munMoit equnuie ¢ Ha (u,v) € V @ V:

i(u,v) = J(u,v) = (—v,u).

[Tosromy Besikmii BeKTOp (U, v) MPEJCTABISACTCA B BUJE CYMMbBI «JIeHCTBU-
TeJILHOM» 1 «MHIUMOf» 1acreii (u,v) = (u,0) + i(v,0). [losromy Oymem mc-
110JIb30BaTh 0bo3HavYeHue (u, v) = u + iv. Jlerko mposepsiercsi, 9To

(a+if)(u+iv) = (au — Pv) +i(av + fu) = (o€ + BT )(u,v).

IMpengioxkenune 3.3.15. (basuc komnaexcupurayuu) Hycmo ey, ..., e,
— basuc R-sexmoprozo npocmparcmea V. Toeda e1 +10, . . ., e, +10 sexmopuwi
cocmasasrom bazuc xomnaexcuguravuu VC npocmpancmea V.

Joxasameavcmeo. CHadasia TIOKazKeM, 9YTO BEKTOPHI €1, . . . , €, C-nuneiino
HesasucuMbl. IIpeanonoxum, uro cymecrsyer pasias 0 nerpusnaibnas C-
smHeitHast kombunaiws (o + i61)(e; + 10) + ... (ay, + i8,)(en + 10) = 0.
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9T0 ypaBHEHUE PABHOCUJILHO CHCTEME OJHOPOJHBIX JIMHEHHBIX ypaBHEHU
a1 mojiem R:

CY1€1—|—"'—|—Oén€n:0, Blel"{_"'_‘_ﬁnenzo-

Hanuune xorst ObI 0JIHOIO HEHYJIEBOTO peIleHns MPOTUBOPEYUIO Obl TOMY,
YTO BEKTOPHI €1, . . ., €, R-JIMHEITHO HE3aBUCUMBI.
Tenepb ocTaeTcst 3aMeTUTh, UTO

dimg(eq,...,e,)c = dimg(eq, ..., e, 0€1,...,0e)r = 2n =dim gV @V,

orkyza (e1,...,en)c =V @V =VEC ]

okazaHnHoe mpeioKeHne MOsICHIeT TePMUH <«3aMeHa, I0JIsT CKAJISIPOB»:
ecan V' — MHOXKECTBO JIMHEHHBIX KOMOMHAIMIT 0a3MCHBIX BEKTOPOB C Bellle-
cTBeHHBbIME Kodbdurmentamu, To VE — MHOKECTBO JMHEHHBIX KOMOUHAIMI
TeX K€ BEKTOPOB C KOMILIEKCHbIME Kodddunmenramu. ITloaTomy moHATHO,
aro VC «Gosbirtes, wem V, B TOM cMmbIcie, 9TO V — COOCTBEHHOE IOJIMHO-
xectBo B V. Onnako V' we asasemes noonpocmpancmeom 6 ceoeti Kom-
naexcugdurayun V', mockobky BekTopHble npoctpancTsa Vo u VT mmeror
pasnble MoJsd KOI(PPUINEHTOB.

Samevanue 3.3.16. JIroboe n-mMepHOE KOMILIEKCHOE BEKTOPHOE IPOCTPaH-
c¢tBo U n30MOPMHO KOMILIEKCU(DUKAIIIMHI TIOJIXO/ISIIEIO BEIIeCTBEHHOI'O 11PO-

crpancTBa V. JIJ1s1 ero mocTpoenns J0CTaTouHO BRIOPATH /1100011 6a3uc e, . . . , €,
B U u cdopmuposars ero R-juneiinyto 060104Ky: (e1,...,e,)r = V. Ilpu

C _ C _ —
srom V&= = ({e1,...,en)r)" = {(€1,...,en)c = U.

Onpenenenne 3.3.17. Komnaexcupurayuets R-auHeiiHoro orneparopa
AV — V nasbiBaercst C-jmneitnetit oneparop A, st KoToporo

AC(u + iv) = Au+ i Av.

Cortacuo upeioxennio 3.3.15, marpuiia A juneitnoro oneparopa A B 6a-
3HCe €y, . . ., €, CIYKUT ogHoBpeMento u marpureit A® komiexcndukarmn
AC B ToM xe Gazuce, 1. e. A® = A. B uacTHOCTH, BCE HHBAPUAHTBI COBIIAIAIOT
111 onteparopa A u ero komintexcudukarun AL, nanpumep, det A® = det A,

trAC = trA.

Yupaxkuenue 3.3.18. Jlokaxkure, 4T0 onepalins 1Iepexojia K KOMILIEK-
cuduKaIusgM COBMECTUMA C CYMMaMU W KOMIIOBUIIMAMU: JIJIA JIIOOBIX Belle-
CTBEHHBIX JIMHEHHBbIX orepaTtopos A, B

(A+B)° =A%+ B (AB)® = A°BC.
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[Tycts A — nuneitabiit onepatop Ha V', a + ib — cOOCTBEHHBII BEKTOP €ro
komiiexkcndukamun AC, npunayexkanuii cobcTBEHHOMY 3HAYCHHIO O + 73,
Torna

Aa +iAb = A%(a +ib) = (a4 i8)(a + ib) = (aa — b) +i(ab + Ba).

Orcroma 3akmodaeM, 1to Aa = aa — fb u Ab = ab + fa, 1. e. (a,b)r —
aByMepHoe A-mHBapuaHTHOE HOIPOCTPAHCTEO.

Samevanue 3.3.19. * Komiiekcudukalius BeIeCTBEHHOIO BEKTOPHOIO IIPO-
CTPAHCTBA SBJISIETCST YACTHBIM CJTydaeM paciiipeHus MoJis (COOTBETCTBEHHO,
KOJIbIIA) CKAJISIPOB, KOTOPOE MOYKET OBITH IOCTPOEHO JIJIs1 JTI0OOT0 BEKTOPHOTO
IIPOCTPAHCTBA (COOTBETCTBEHHO, MOJLYJIsT HAJT KOJIBIIOM) C TIOMOII[BIO YHIBED-
caJIbHON KOHCTPYKIMH TaK HA3bIBAEMOI'O MEH30PH020 NPOU3BEIECHU.

IIycts Teneps f @ V X V. — R — ounnneiinas dopma. CoorBercrBue
f— fj?, olpee/IsieMoe Ha JII000i ape BeKTopoB & + iy, u + iv € VT mpa-
BUJIOM

FE(x +iy,u+iv) = flz,u) — fly,v) +i(f(z,0) + f(y,w)),

KOHCTPYHUPYET 110 BellleCTBeHHOI OnnHeiiHoit gpopme f KOMILIEKCHYIO OMJIN-
Heitayro gopmy ff Ha, koMmiuiekcndukanmn VC. Ilpu sTom econ f cuMmer-
pHYecKas (COOTBETCTBEHHO, KOCOCHMMETPHYECKas ), To fC TakKe CHMMETpH-
gecKast (COOTBETCTBEHHO, KOCOCHMMETPUIECKAsT ).

Omnpegenns coorsercrrre f — fC Ha 1060l Hape BEKTOPOB iy, u+iv €
VC apyrum npasmiom

fE(a + iy, ut ) = fz,u) + fly,0) = i(f(z,0) = fy,w)),

MoJTyInM TIoyTopanneiinyto dhopmy fC na kommiekenduxanun VE. Tpn
3TOM ecyin f cuMMerpudecKkas (COOTBETCTBEHHO, KOCOCUMMETPUIECcKast), TO
fC spMuTOBA (COOTBETCTBEHHO, KOCOIPMHUTOBA.).

[Iycrs Temeps V, (¢]-) — BelecTBeHHOE BEKTOPHOE IIPOCTPAHCTBO CO CKa-
IApHEBIM npoussesenneM. Torma ma kommtexkcuduranmm VE omnpeaeneno cxa-
nspuoe npoussegenne (-|-)¢ = (:])%. Ecm V, (+|-) eskmuoso, To VE, (+|-)
spmuToso. pu stom ||z + iy|* = ||z||* + ||y]|*.

3.3.4. Komiuiekcudukaimusa — OBEMIECTBJIEHNE — KOMIIJIEKCU(DUKAITUS

BuIotHEM Ha M-MEpHOM BeIIeCTBEHHOM IIpOoCTpaHcTBe V' cHadasa KOM-
IIEKCU(DUKAIIIO, 4 3aTeM OBEHICCTBJICHNE MOJIYYeHHONO KOMILIEKCHOTO IIPO-
crpanctsa: W = (VO)g. IonaTno, 4To mMeer MeCTO HpsMOE pasiorKeHie
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W =V & V, coorBeTcTBYIOIIEE BbIICACHUIO JAefICTBUTEIbHON 1 MHIUMOI Ya-
creif, U Ha TOM MIPOCTPAHCTBe olpejiesier oneparop J = (i€)gr — OBeIeCTB-
JleHune jeiicTBust MEHUMOIT einanIbl. Eeau B W BbIOpan 6a3uc eq, . . . , €,, 1eq, . . .
TO B 9TOM Oasuce oneparop J 3ajaH MaTpuiei

0| —-FE

T=\E0

Kpowme sToro, na nmpocrpanctse W onpejiesien onepaTop «KOMILIEKCHOTO CO-
HPSIZKEHUsT», MEHSIONNI 3HaK «MHEMOI dactu»: S : V@&V — V o V;
(u,v) — (u, —v). Oneparop S B BbLIOpAHHOM 0a3mCe MPEICTABJICH MATPH-

e
E 0

T=\oTE

Onpeaenenue 3.3.20. JIUHEHHBIM 0nepamopom, KOMNAEKCHO CONPANHCEH-
How % aunetinomy onepamopy A : VE — V€ nasosem suneitnblii oneparop
A VC — V€ geitcrsue koToporo onpenenserca pasencrsom A(u + iv) =

A(u +iv).
BLINOJIHIB OBEMIECTBIEHHE, 0Ty IiM
Agr(u,v) = (A(u +iv))r = (A(u +iv))g = SARS(u, v),

1. e. Agx = SARS. Ecin B Gasuce e, ..., e, juHeiinslit oneparop A nMeer
matpuity Ay+1As, roe marpunsl Aj, Ay BelecTBeHHBI, TO KOMILIEKCHO COIIPSI-
KEHHBII K Hemy oreparop A B ToM ke 6asuce 3a1aercs marpueil A, —iAs.
Torma das mozo, wmobw, onepamop A bvia Komnaekcupurayuets Hexkomopozo
BeUWLCMEENH020 onepamopa, 1eobxodumo u docmamouno, wmobw A = A.

ITycts Tenepsr U — C-BeKTOpHOE TPOCTPAHCTBO C JIEHCTBUEM CKaJIsIPOB
(A, v) — Av; PacCMOTPHUM KOMILIEKCHO COIPSIZKEHHOE BEKTOPHOE MPOCTPaH-
¢80 U, B KOTOPOM JIefiCTBIE CKAISPOB OMPEJIEIeHo 110 TPaBiIy (A, v) — Av.
[Tepeiijist B BemecTBEHHOM IPOCTPAHCTBE ¢ KOMILIEKCHON cTpyKTypoit V, J
K V,—J, nonyanm V B KauecTBe KOMILIEKCHOTO IIPOCTPAHCTBA, ACCOIMIPO-
BaHHOTO C IIpocTpaHcTBoM V, —7.

[Tpumenus k C-BeKTOpHOMY IIPOCTPAHCTBY V' CHadaja OBEIECTBIICHIE, &
3aTeM KoMILteKcndukarmio, moayanm C-nzomopdusm

f: (RS veV.

ITpu stom na (VR)® onpenenennt jBa onepaTopa: KoMILTeKcnUKaIus KaHo-
HITIECKOf KOMILIEKCHOi eTpyKTyphl J© @ (1,%y) — (—y,x) n meficTBie MHU-
MOIl eJMHUIBI § = +/—1, oTBevaloIee NCXOMHON CTPYKTYPE KOMILIEKCHOTO
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npocrpanctsa Ha V: (x,y) — (iz,1y). HerpymHo mpoBeputh, 9To ormneparto-
pol JC 1 i mepecTaHoBOYHbL 9TO, B 4ACTHOCTH, o3HadaeT, 4To J & C-ymmeen
OTHOCUTEJILHO JICHCTBUS 1O/ KOMIIEKCHBIX YHCeJI, OIPEJIeISeMOro ¢ IOMO-
HIbIO oreparopa 4. IIoCKOJIbKY 10 OIpeje/eHnI0 KOMILIEKCHO! CTPYKTYPbI
(J (C)2 = —1, 10 J© nmeer aBa cobeTBeHHDBIX 3HaueHns +4. VIM COOTBETCTBY-
IOT JIB COOCTBEHHBIX MOJIIPOCTPAHCTBA

Vl’o = {(I,y) S (VR)C‘jC(xuy) - Z(Z’,y)}, <337)
VO = {(z,y) € (Ve)|T (2,y) = =iz, )}, (3.3.8)

obpazytomue mpsaMoe pasiaoxkente (V)& = V0@ VO Jleitcrsurensno, onu-
caHust COOCTBEHHBIX TOJIPOCTPAHCTB MOTYT OBIThH Hepenucanbl B Buje (yoe-
JIATECH B 9TOM!)

Vi = {(z, —iz) € (Ve)“lz € V},
Vil = {(y,iy) € (Ve)“ly € V.
Torya s moboro saementa (u,v) € (Vg)© ypasnenue
(U, U) - (I’, —ZI') + (ya Zy)

paspermMo eIMHCTBEHHBIM CII0cob0oM 110 (hopmyiam © = (u + iv)/2, y =

(u—iv)/2.

Bouiee Toro, umerorcst kanonndeckue C-uzoMopdusmbl
ity yoilxy,

HeiicrBuTe/ibHO, UMEIOT MecTO R-jinHeiinbie n130MOP(MU3MbI

V = v g e (2, —in), (3.3.9)
V S V0 (i), (3.3.10)
COI‘H&COB&HI/IG C ,ILGﬁCTBHHMH I10JI4 (C I[I0CTaBJIdA€TCAd KOMMYTaTHUBHBIMU WA~
rpaMmMaMu
V —=1/0.1 uo =L
A T
V —110 vV — 101
COOTBETCTBEHHO.

Yupaxkuenue 3.3.21. Boiroinnre npoBepKy KOMMYTATUBHOCTH JIUATPAMM.
151 9TOrO0 MCHOJB3YiiTe BBIPAXKEHHUS I JIeHCTBU MHUMOI €IMHUIILI Ha,
npoctpanctsax V, V, Boipaxkenns (3.3.7, 3.3.8) mnia J© u (3.3.9, 3.3.10) mna
oTobpaxkennii. Kak orcioja mnosydaercst BbiBoji 0 C-jmHeliHocT 0TOOpazke-

auit (3.3.9, 3.3.10)7
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I'1aBa 4

DJIeMeHThl JINHEeITHOII reoMeTpun

B 970i1 ry1aBe n3/102K€Hbl OCHOBHBIE YePThHI 00IIEro M0/1X0/1a K MHOIOMEPHOI
reoOMeTPHUN, OCHOBAHHOTO Ha, pe3yJibTaTaX JIMHEHHOM aaredbpbl. Mbl cKoHIICH-
TpupyeMcs Ha apPUHHBIX IIPOCTPAHCTBAX KaK 0€3 MeTpUIeCKOil CTPYKTYPHI,
TaK M C METPUYECKOIl CTPYKTYPOIl, 1 B OCHOBHOM Ha ITOBEJICHUN JIUHEHTHBIX
00bEKTOB B TaKUX IIPOCTPAHCTBAX.

[TougTue addrHHOTO TPOCTPAHCTBA, SIBJISIETCS CIIOCOOOM aKCHOMATU3AI[UN
CBOMICTB NMPUBBIYHOIO HaM (DU3UIECKOTO MPOCTPAHCTBA 0Oe3 IIpaBIJI I3Mepe-
HUsI OTPE3KOB U yrJioB. [Ipu 9TOM pa3zMepHOCTh MOZKET ObITH PaBHOIT JTIOOOMY
HATYPaAJIbHOMY YHCJIY. DTO MpeJMET TaK Ha3bIBAEMOl MHOroMepHoit adbduH-
Hoit reomerpun. OHa SBJISETCA XOPOIIUM «UCIBITATEIbHBIM TOJIUTOHOM» JIN-
HeiTHOIT a/reOPhI 1 OKa3biBaeTCs Ha yauieHne ooraroit. Addunnbie 3a1a4n,
KaK MPaBUIO, (DOPMYTUPYIOTCSI B TEPMUHAX WHIUIEHTHOCTH (TTPHHAIEIKHAT
— He NMPUHAJIEZKNAT) U B3AKNMHOIO PACIIOIOKEHNs (TIepeceKkaioTes — He Tepe-
CEKAIOTCsT, KAKOBO TTOJIMHOKECTBO OOIINX TOYEK U T. II.)

EBK/INI0OBO TOUEUHOE MPOCTPAHCTBO IOJIYyYaeTCsl, KOIJa B BEIECTBEHHOM
adGUHHOM POCTPAHCTBE BBOJUTCS €BKJINI0BAa MeTpuka. CBoiicTBa TaKoro
IPOCTPAHCTBA MOJCJIUPYIOT aHAJOIUIHbIE CBOMCTBA (DUBUUIECKOTO IIPOCTPaH-
CTBa, Kacaloluecss U3MEPEeHus JIJINH OTPE3KOB, BEJUYUH YIJIOB, ILIOIIAJIEN,
o0beMoB U T. 1. Merpudeckue 3aja4qu, B OTJINYNE OT a(pPUHHBIX, TaK N
nHavde BKJIIOYAIOT B €0 9T TMOHATHA.

4.1. AdbdunHoe mpocTpaHCTBO
4.1.1. OCcHOBHBIE IOHATUI

Onpenenenne 4.1.1. n-mepHbiM adGUHHBIM TPOCTPAHCTBOM HAaJI I10JIEM
k HasbpIBaeTCA HEIycTOE MHOXKECTBO A}, 9JIeMEHTBI KOTOPOT'O Ha3bIBAIOT 1MOY-
Kamu, ¢ PUKCHPOBAHHBIM JIeHiCTBIEM Ha HEM N-MepPHOro k-BEKTOPHOI'O IIPO-

93



cTpaHcTBa V
T:V XAy — A}

TaKUM, ITO
1) neifictBue T mpan3umueno, T. e. Jjist JIOOBIX éL,i) € A} naiinerca v € V
Takoii, aro 7(v,a) = b,
2) neiicTBue T 6000010, T. €. KaxK/blil HEHYJIEBOIT BEKTOD v JeficTByeT Ha A}
0e3 HEIO/[BIKHBIX TOYeK: T(v,d) # @ Jyist Becex a € A

B gacTtHOCTH, KaxK/ 16l BEKTOP v, YKa3aHHBIN B II. 1), OlIIpe/IeJIsieTCs Hapoii
d,i) OJIHO3HAYHO.

l'oBopsrt, uto addunnoe npocTpancTBo A} accoyuuposano ¢ 6eKmMopHvIM
npocmparcmeom V' Toit ke pa3MepHOCTN.

Cornamenune 4.1.2. ITockoabKy 0ObIYHO JeficTBue T (PUKCUPOBAHO 1
eJIMHCTBEHHO, TO BMeCTO 001iero obosnadenust 7(v,a) = b OymeM HCIOJIb-
30BaTh DoJiee TPAJUIIMOHHOE, XOTS U BeCbMa, YCJIOBHOE, b = a + v.

Samevarue 4.1.3. VI3 TpaH3UTUBHOCTHU JICHCTBUSA T CJIEIyeT, YTO (DUKCaIs
moboit Toukn @ € A nocrasisger orobpaxkenue AP — V. U3 roro, uro
JeficrBrue ¢BOOOIHO, CJIeyeT, 9TO 3TO 0TOOparKeHne OMEKTUBHO.

Samevanue 4.1.4. Oukcalnns NPOU3BOJILHOIO BeKTOpa v € V 1ocTaBisieT
ouexrusHoe orobpaxkenue 7(v,-) : Al — A} 1 a — 7(v,a). 910 0TO6-
pazKeHUe Ha3bIBACTCH (NAPAANEALHUIM) NEPEHOCOM, I MPAHCAAUUET, HA
sexmop v. Ilapasienbuble nepenocsl addunnoro npocrpancrsa A} odpasy-
10T BEKTOPHOE IIPOCTPAHCTBO (AZ)ﬁ, HA3bIBACMOE NPOCMPAHCMEOM NEPEHOCOB
acbcbunnoro npocrpancrea A”. Tlpocrpanctso (A)?* uzomopduo V.

Yupaxkaenue 4.1.5. Kak onpejiejieHO CJIOYKEHIE B IIPOCTPAHCTBE Iepe-
HOCOB?

Coryamienune 4.1.6. [Tocko/ibKy J1/1s1 JITOOBIX TOYEK @, b CYIIEeCTBYET eJINH-
CTBEHHBII BEKTOP ¥, OCYIIIECTBJISIONINIT [EPEHOC TOYKN @ B TOUKY b TO TaKOM
BEKTOD MbI OyJieM 0003HaYATh CHMBOJIOM ab [Ipunnumast Bo BHUMAaHME COTJia-
menne 4.1.2, noydaum b=a+ ab. Vmeer MecTo 0T06pa>KeHHe «BBIMUTANIA
Touek» — : Al X A} — V, oupejiesnsiemoe npasuiiom (da, b) —b—a:= — ab.

4.1.2. Adbdunnbie oTobparkeHus

[Iycts A, A’ — addunnbie npocTpancTBa HaJl OJAHUM U TEM Ke HOoJIeM k, acco-
[UUPOBAHHBIE ¢ BEKTOPHLIMU HpocTpancTBamu V, V' coorsercrsenno. Ilycrn
T:VxA—-An7:V' xA" — A’ — neiictBua BeKTOPHBIX POCTPAHCTB
TPAHC/ISIUSAME, OIPEJIEISIoNe CTPYKTYPbl adPUHHBIX IPOCTPAHCTB Ha A
n A’ coorsercrsenno.
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Onpenenenune 4.1.7. Agpdurnvim omobpasceruem Ha3bIBaeTCs 0TOOpa-
»kenne MHOKecTB f @ A — A’ takoe, uTo
0TOOparkeHnsT BLIYUTAHUS TOYEK MHIYIUPYIOT TOMOMOP(MU3M k-BEKTOPHDBIX
upocrpancts Df : V — V', oupenenseMblii KOMMyTaTUBHOI JuarpaMMoit

AXA——V

(f.f )l lDf

A x AN—V"'
[Ipu sToM k-romomopdusm D f HasbIBaeTCs AuHetiHol wacmvro, nin dugppe-
peryuanom, adpuHOro oTobparkeHus f.

WubiMu cioBamMi, jtuHeiiHoe oTobpazkenue D f omnpejiessieTcst COOTBETCTBH-
_—

— . .
em ab — f(a)f(b).

Vupaxkuaenue 4.1.8. Jlokazkure, uro orobpaxkenue f : A — A’ adpdpunno-
JIUHEIHO Torjia W TOJbKO Torja, Korja Jiag b = a + v € A Bwinosneno

f(b) = f(a) + (Df).

Taxum obpazom, adduHHOE 0OTOOPaKEeHNEe IPEeJACTAB/ISIET COO0I0 TOMOMOP-
usm jeiicTBUil, TOHIMAEMbIH B CJleIyIoleM cMbIc/ie: Ipu adpOUHHO-TIHHET-
oM orobpaxkenun f : A — A’ KomMyTaTuBHa AMarpamma

VxA—T=A
01| if
V' x Al A/

Omnpenenenune 4.1.9. Hzomoppuszmom adpHUHHBIX TPOCTPAHCTB Ha3bIBA-
eTcd nx OmekTmBHOE adduHHO-/IMHeTHOe oToOparkenue. [Ipn sTom addpun-
Hble npocrpancTBa A u A’ HazBIBAIOTCS USOMOPPHBLMU.

[Tonsrno, yro addunno-nuneiinoe orobpaxkenue f : A — A’ GuekTusHO
TOTJIa U TOJILKO TOTja, Korja ero guddepennuan D f OuekTuBeH.

Teopema 4.1.10. (Kaaccugurauusa apdurnvr npocmpancms) Adddun-
noe npocmparncmea A u A’ nad odnum u mem sice nosem uzomopdrive mozda
U MOABKO Mo2da, K020a UX PASMEPHOCTU PAGHDL.

Jloxazameavcmeo. Ilycrs [+ A — A’ — usomopdusm adpdpunnbIX 1PO-
cTpaHcTB; Torja ero guddepennuan D f OUEKTUBEH U, CJIeJ0BATEIbLHO, SIB-
nstercst k-uzomopdusmonm. Torya Bekropuble npocrpancrsa Vou V', Oyiayun
n30MOPQHBIMI, UMEIOT paBHBIE pasmMepHocTH. I[losTomMy TO Ke BepHO s
adpdunnbix npocrpancts A, A’
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O6parno, nycrs A u A’ umeror pasnuble pasmepnocru. IlockosbKy 00a
MHOYKECTBa TOYeK HemycThl, Bbibepem a € A u & € A’. Oupenenum k-

mzomopusm Df V. — V' Boibpas 1pous3BoibHO OA3UCHL €1, ..., €, B
Vouel,...;el B V' u ycranoBus 6uekTuBHOE COOTBETCTBUE MEXKJIY HUMMU:
Df :e;— €, i=1,...,n Torga ma ocrajgbHble BEKTOPHI IPOCTPAHCTBA V'

oTobpaxkenne D f npomosizkaeTcs 110 jJuHeitnoctu. Mcekomblit adpuHHbBI 130~
mopdmam f 1 A — A’ onpenensiercst coorBercTBueM: a+v — 4’ 4+ (D f)v. O

4.1.3. AdbdunHble KOOpANHATHI

Omnpenenenue 4.1.11. Apdunnoti cucmemoti xoopduram, win apdum-
Howm penépom, B adpdurnoMm mpocrpanctse (A, V') HazblBaeTCs COBOKYITHOCTD
Toukn 0 € A u 6asuca eq,...,e, B V. Koopdunamamu mouku a € A 6 penepe
(0,€1,...,€e,) HABBIBAIOTCSA KOODMHATHI BEKTOPA 0G4 B Oasmuce e, .. ., €.

Nrak, ecim o4 = xrie1 + -+ + Tpe,, TO OYJIEeM HCIIOJb30BaTh 3alllCh
a(xy,...,x,). Houarao, aro ecan a(xy,...,x,) u b(yy, . .. s Yn), TO ab =
ob—ct = (y1—x1)e1+- -+ (Yn— Tn)en. Taxoke, econ b = a+v, a(zy, . . ., T,),
v = v1€e] + -+ + vp€y, TO JIJISI KOOPJAMHAT TOUYKU b OyaemM UMeTh y; = T; + v;,
1=1,...,n.

[Iycrs Temepb B mpoctpaHcTBe A 3aaHbl j1Ba perepa (0,€q,...,6€,) 1

/

1), mpudeM Touka 0 3amaHa B perepe (0, ey, ..., €,) KOOPIAUHA-

-/ /
(o el,....e

tamu 0 (by,...,b,), U U3BECTHA MATpHIA TIE€pexXoja OT Dasuca ej,...,e, K

Gasucy ey,...,e,: €; =, eja;;. BoibepeM PpouUsBo/IbHYIO TOUKY &5 ee Ko-
opJHATEl B perepe (0,eq,...,e,) OymeMm ob03HAUYATDH Kak &(T1,...,T,), a
KOODJIMHATHI TOM 2Ke Touknu B perepe (0, €], ..., e ) —kak &(x), ..., z)). Bo-
YHICUM YPABHEHUST CBA3M MEZKJLy KOODAMHATAMHI 3TOI TOYKM B JIBYX PA3HBIX
pernepax.
N - 7 .
Urak, 0of = 00’ + o'x. TlogcranoBka KOOPIMHATHBIX PEICTABICHUIT IPH-

BOJIUT K PABEHCTBY
! ! /
E e;r; = E e;b; + E ;T = E e;b; + g E €iQi ;.

i i j i jooi

Hakomer, npupaBHsiB KO3(POUIIUEHTHI IPU OJHOUMEHHBIX 0a3UCHBIX BEKTO-
pax, IPUXOANM K UCKOMBIM COOTHOIIEHUSIM:

/ .
xi:bi—i—g aijTy, t=1,...,m.
J

[Iepernuiem To »Ke camMoe B MaTpUYHOI popme, BBEJIsI OUeBHIHBIC 0003HAUE-
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HunAd:

!/
X1 1 b aip -+ QAip
X=|:1|, X'=|+:1], B=|:], A=

/
In X bn apl1 -+ Qpp

Torna X = B+ AX' umn, soipakasg X', X' = B+ A7 'X g B' = —A"'B.

4.1.4. JIuHeitHBbIE TTOAMHOT000pa3Us

Onpenenenne 4.1.12. Jlunetinvm nodmroz2000pasuem, Wid aphurmvum
nodnpocmpancmeom, addunaoro npocrpanctsa A" = (A V) nasbiBaercs
nojmuozkectBo Il = a+U = {a+ulu e U}, rme @ € A —toukau U C V
— TIOJITPOCTPAHCTBO BEKTOPHOTO TpocTpancTia V. [Ipu sTom U HasbiBaeTcst
HANPABAAIOULUM TOONPOCTPAHCMEOM JIMHEHHOTO TToAMHOr00Opasust I1.

PasmepnocThio simneiinoro nojiMuaorooopasus 11, mpoxojsiinero gepes To4-
Ky @ B HaIllpaBJIeHUN MopocTpancTsa U, ecTeCTBEHHO CINTATL pa3MepPHOCTD
HAITPaBJILIONIETO ToApocTpancTsa U.

Samevanue 4.1.13. Kaxgoe jmmuHeiiHOE 10 IMHON00OOpa3ne HEIOBIUKHO OT-
HOCUTEJILHO TTapaJlIeIbHBIX IIEPEHOCOB BJIOJIb BEKTOPOB HAIIPABJISIIONIETO IO/
npoctpancTBa. /elicrBurenbruo, nycts 11 = a + U. Boeinmonnum nepenoc Ha
npoussoubHbli BekTop u € U : 7(u, IT) = 7(u, a) + U. Obosnaunm 7(u, a) =
b: nousitHO, 4To b € I1. C JIIpyToit CTOPOHDI, LI moboit Toukn = € II nme-
eMi=a+at=b+br=b+batai = a+at, . e & € 7(u,I), n
IT C 7(u,IT). ObparHoe BKIIOUEHNE JOKAZBIBACTCS OOPAIIEHIEM IEMOTKN Da-
BeHCTB. [TosToMy adduHHOE MOAITPOCTPAHCTBO 3a4aeTCsl 410001 ero moukot
U HANPABAANOULUM BEKTMOPHVIM NOONDOCMPAHCMEOM, KOTOPOE HE 3aAB8UCUM,
om 6vl00pa MOUKU.

[Iycts IT C A" — m-mepHOoe adpbuHHOE HOIPOCTPAHCTBO, IIPOXOIIee Ue-
pe3 TouKy a B HanpasJenun mojnpoctpancrsa U C V. Boibepem B U Kakoii-
HUOY/Ib 6a3UC g1, . . ., Gy ¥ PACCMOTPUM M-MepHOe adPUHHOE ITPOCTPAHCTBO
A™ may Tem xke mosiem, uto u A". 3acdukcnpyem takxke penep (0, €1, ..., €,)

B pocTpaHcTBe A" 1 BhIPa3UM BEKTOPBI §; 9€pe3 BEKTOPHI €1, ... .6,. §; =

/

') B mpoctpanctse A,

o LY
Zj e;hj;. B3as npoussosbublil perep (0, €],...,e

YCTAHOBUM COOTBeTCTBHE 0 — @, €] — g; = ),

caMbIM orpejiesieno adgpdunnoe oroopaxkenue f : A™ — A" obpaszom Koro-

ejhji, 1 = 1,...,m. Tem

poro sBsiercst addurHOe noanpocTpancTso II. Orodbpazkenue I ocymecTs-
JisteT BiiokeHne acdpuuHoro npocrpancTsa A" B adhduHHOE TPOCTPAHCTBO HE
MeHbIeit pasmeproctu A" n mocrasisier adpdunnbiii m3omopduzm A" = 1.
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Urak, xasrcdoe agdurmnoe noonpocmparncmeo A6asemcs 0bpas3om HEKOmo-
D020 apPurHo20 0MOOPaHCEHUA.

HexoTopbim adb@UHHBIM MOAITPOCTPAHCTBAM, B 3aBUCUMOCTH OT WX pa3-
MEPHOCTH, IPUCBOEHBI CIIEIAIbHbBIE HA3BAHMUSI:

m = 0 — mouka,

m =1 — npamas,

m =mn — 1 — 2unepniockocmo.

Wuorna jiroboe m-mepHoe adppuHHOE ITOIMHOI000Pa3ne Ha3bIBAIOT M -MEPHOT
NAOCKOCBI0 (T -NAOCKOCMBIO).

Herpyao npoBepuTsb, 9To ecn nojMuoxkecTBo II C A” sBiisiercst 110CKO-
CTBIO C HAIIPABJISIONUM TIOIIPOCTPAHCTBOM U, TO OHO YJIOBJIETBOPSET JIBYM
CJICJIYIOIIUM CBOICTBAM:

Ceoticmeo 1. st mobbix ¢, 7 € Il Beimoneno gr € U.

HeiictBuTesibHO, ycTh ¢ = a+u, 17 = a+v, u,v € U. Torma ¢+ (v —u) =
atut+(v—u)=a+v=ruqg =v—ucU.

Ceoticmeo 2. dns mobbix ¢, 7, s € I Bemmosnneno s + ¢i € I1.

[eitcTBUTENIBHO, TIYCTh § = G + W, U

$+qf=(a+w)+qf =a+ (w+gr) eIl

Samevanue 4.1.14. TlogmuozkecTBO, obJaatomniee ceoiicTBaMu 1 u 2, 1npu-
HaJIJIEZKUT TIJIOCKOCTH. B KavdecTBe mpuMepa CUTyalllun, KOTJIa TTOAMHOZKECTBO
TOYeK, 0018 Iaf0MMnX cBolicTBaMm 1 1 2, He COBIA/IAET € IIOCKOCTHIO, MOZKHO
pPaccMOTPETh MHOXKECTBO TOYEK C 11€JI0YNCIEHHBIMU KOOPJUHATAMY Ha Belle-
cTBeHHOI MIocKoCcTH A% .

Hasee OyaeM cunuTaTh, YTO XapaKTePUCTUKA 110J1s1 KO3MUIMeHToB k OT-
JNYIHA OT 2, 1 OyJIeM paccMaTpUBaTh JIMHEHHBIE MOJAMHOTO00pa3nsi CTPOTO
OJIOKATEIBHBIX pasMmepHocTeil. Torma Takoe JmHeiiHOE TOIMHOTOOOPa3Ne
COJIEPZKUT 110 KpaiiHeil Mepe JiBe Pa3/JInIHbIe TOYKMU.

[ycts (pg) = {p + Apg|\ € k} — npsamas, mpoxopdamas depes TOUKH
p#qeA"

Teopema 4.1.15. (Kpumeputi agdurnozo nodnpocmparncmea) ITodmmo-
orcecmeo 11 C A" asasemea aunetinoim nodmrno2000pasuem moz2da u moasvko
mozada, Koz2da Hapady ¢ M0OLMU 08YMA PASAUMHBIMU MOUKAMU OHO codep-
2HACUM NPOTOOAWYIO UEPE3 HUL NPAMYIO.

Loxazameavcmeo. Ilycts 11 — adpdunnoe moampocTpaHcTBo, T. €. TOIMHO-
»kectBO I MoxKeT OBITH 1pejicTaB/ieHo B Buje I = p + U g moaxojisineit
toukn p € II u BekTopHoro nojmupocrpancrsa U C V. Ilycrs ¢, ¢ € 11 — jBe
pa3IMIHbIC TOYKU; TOTa TOYKH TPAMOil ({1G2) UMEIOT BUI § = ¢1 + AL =
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PP+ A1 @- Ecm g1 = ptuy, ¢o = ptus auist ug, up € U, 10 ¢1¢5 = up—us,
upq = uy. Torna ¢ = ¢1 + A\giqz = p+u1p + Muy —ug) € p+U =1L

Obpartno, nyctb p € II — npousBosibHast u puKcupoBannas Touka, U =
{pglg € I} — MHOXKECTBO BeKTOPOB. Y6eamMca B ToM, 9To U — BEKTOPHOE
noanpocTpancTso B V. Boibepem aBe Toukm di, e € II; myers pgi = uy,
Pgz = uy. Ilo ycioBmio Touka BUAA ¢ + Aqiqs = P + u1 + AMuy — ug) €
(G142) mpunasexxut moamuoxkecTBy 11 mpu Bcex A € k. MnbiMu cioBamu,
uy + AMug —up) € U, ecimm TOBKO Uy, us € U.

[Tockonbky p € I, To 0 € U. Ilpu u; = 0 moayduM UMILTUKAIAIO Ug €
U = Aug € U. Honoxxus A = 1/2, monyuaum uy, uz € U = (ug +ug)/2 € U.
Torpa 2[(uy + uz)/2] = uy + ug € U. []

4.1.5. Ilepeceyenne u MapajieJJbHOCTH B A"

ITpeanoxenune 4.1.16. (Ilepeceuenue agdunrovir nodnpocmparcms) Ile-
pecevenue d8yx apdunnvir noonpocmpancms 11y u Iy, umerowuxr nanpas-
Asmowgue noonpocmpancmea Uy u Us coomeememeenno, Aubo nycmo, aubo
npedcmasasem coboti apdurroe noonpPocmparcmeo, NPOTOIAWEE 68 HANPAE-
aeruu Uy N Us.

Jokazamenvcmeo. Tyers 11y N Iy # 0; nyers a € II; N Iy, Torma II; =
a+ U;, 1 =1, 2. PaccmoTpuM mniepecevenue

I, NIy = {&|ll; > & € IL} = {&|U; > az € Us} = a + Uy N Us.
O

Omnpenenenune 4.1.17. Addunnnie noanpocrpancrea [l =a+ U n X =
b+ W npocrpancrsa A" HazbIBaOTCA napassesvrvmu, ecan auoo U C W,
oo W C U.

Samevanue 4.1.18. Iaparresvrvie sunetinoie MH02000DA3UA COBMEULAIOM -
cA nepearesvorvim neperocom. Ilycrs auneitnbie MHorooopasus Il = a+ U u
S =b+W napaJjieabansl n myctb U C W. Torna napajienbHblii mepeHoc Ha
BEKTOD ab nepesoanT Muorooopasue II B I' = b+U C X [Tongarno, 4To ec-
au dimIT = dim X, ro IT' = X, T. e. napaaseavnvie sunetinove mo2000pasus
PABHVIT PASMEPHOCTNET OMONHCIECMBAAINOMCA NAPAALEALHBM NEPEHOCOM.

4.1.6. Addunno-imHeiiHble DYHKIIUN
¥ 3aJaHUE MOAIIPOCTPAHCTB YPABHEHUSAMMU

Omnpenenenue 4.1.19. Agddpunro-runetinot dyrryuei Ha3bIBaLTCST 0TOO-
paxkenne f : A — k, yJaoBjeTBopsitolee yCJIOBHUIO: CYIIECTBYET TaKasl Jii-
Heitnast opma Df : V' — k Ha BekTOpHOM ImpocTpancTBe V', 9TO JJIsI
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Jaoboit Toukn & € A m Joboro BekTopa v € V' BBIINOJHEHO PABEHCTBO
f@+v) = f(@)+ (Df)v.

B yacTHOCTH, CKaJISIPHBIE TOCTOAHHBIE PYHKIUNN — 9T0 adPUHHO-JINHEHbIe
dbyaKIMN ¢ HyIeBoit JuHelno# yactbio Df = 0.

BadukcupyeMm B mpocTpaHcTBe A periep 0, €1, . . ., €,; IyCTb TOUKa T IMeeT
B HEM KOODJMHATHI T(T1,. .., T,). Toraa

f(@) = f(6+0p) = f(6) + (Df)op = f(6) + inwf)ei = ag + Z iz,

rJie BBeJIeHbI 0vYeBHjHbIe 0bo3HadeHust ag = f(0), a; = (D f)e;.

Oobpatno, paccmorpum dyuknmio f : A — k Takyio, 970 B HEKOTOPOM
perepe (0, €1, .. .,€,) €e 3HaUeHNe B IPOU3BOJILHON TOUKe I(T1, ..., T,) Bbl-
qncssiercs 1o dopmyite f(&) = ap+ >, oz, Beibepem mponsBosIbHbINH BeK-
TOp v € V, IIyCTb U = Y . €;0; — €r0 KOOPANHATHOE IIPe/ICTaB/IeHNe B Oasuce
e1,... ey Torma f(i +v) = f(6+ (02 +v)) = ag + D, iz +v;) =
ao+ > 05xi + Y v = f(2) + (D f)v. Takum obpasom, dynkiust, 3a/1a-
BaeMasl B HEKOTOPOM pellepe BblpazkeHneM f(&) = o + >, 0;x;, sABIIseTCH
abPUHHO-JTNHEITHOI.

Hetpynno ybeanTbesd B TOM, YTO MHOXKECTBO aPUHHO-TNHENHBIX (DYHK-
nuit Ha adduHHOM npocTpaHcTBe A} HAJEJIEHO €CTECTBEHHOI CTPYKTYpOIl
k-BEKTOPHOIO IIPOCTPaHCTBa pasMepHocTH 1 + 1.

[To106HO TOMY Kak IOAIPOCTPAHCTBO BEKTOPHOIO MPOCTPAHCTBA V' MOXK-
HO 3aJIaTh HYJISIMUI CHCTeMBbI JIMHEHHbIX (opM Ha V', j110060e JmHeliHOe MHO-
roobpasue B npocrpancTee A" MoxKeT ObITh 3aJIlaHO KaK MHOXKECTBO HYyJIeil
MOJIXOJISAIIEl COBOKYITHOCTH abPUHHO-TNHEHHBIX (PYHKITHII.

Teopema 4.1.20. (Obwue ypasnernua aunetinozo mnozo06pasus) Iycmo
A — agppunnoe npocmparcmeo pasmeprocmu n. Mrooscecmso mouex us A,
K0OPOUHAMbL KOMOPHLL YAOBAEMBOPAIOM. COBMECMMHOT CUCTNEME AUHETHDIT
YpasHeHutll parea T, 0bpadyrom n — T — MEPHOE AUHETHOE MH02000pa3UE
IT C A. Jhoboe aunetinoe mrozoo06pasue ¢ A moorcem bvimov 3adarno maxum
cnocobom.

oxazamesvcmeo. PaccmoTpum cucremy JTUHEHHBIX YpaBHEHMIT

anriy + -+ a1, = by,
...................... (4.1.1)
Am1T1 + -+ AmnLn = bm

win, paBHocuibHO, f1(Z) = = fi, () =0, tae fi(T) = Zj a;jr; — b, 1=

1,....,m, n @(xy,...,2,). lycrs cucrema (4.1.1) copmectna u (29, ..., 20)
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— OJIHO U3 €€ peLHeHI/Iﬁ. HpI/IMeM €ro 3a KOOpAnHaTbl TOYKHU LE’O B HEKOTOPOM

perepe (0,e1,...,e,) Tak, uro f;(0) = —b;. Torma r06oe npyroe pererne
cucrembl (4.1.1) umeer Bup 2 = & + v, re v € V — pelenue oJHOPO/I-
woit cucremst (Dfi)v = -+ = (Dfy,)v = 0 (cormacHo m3BecTHOH Teopeme
O TOM, 4TO OOIlee pellieHne CUCTEMbI HEOHOPOIHBIX JIMHEHHBIX ypaBHEeHMi
eCTh CyMMa ee YaCTHOIO pelleHus i OOIIero pereHns cCooTBEeTCTBYIONEil cu-
CTeMbI OJTHOPOJIHBIX ypaBHenwit). [lycts 9To (kak u (4.1.1)) cucrema panra r.
Torna npoctpancTBo U ee pereHnit mmeeT pasMepHocThb 1 — 1. Takum obpa-
30M, COBOKYITHOCT periieruii cucrembl (4.1.1) nmpejcrasiisier coboit nneiinoe
muoroobpasue I = ¢V + U pasmepnoctn n — 7.

O6parno, mycts II = 3"+ U — npoussonbnoe adbduHnOE TOAIPOCTPAHCTEO

pazMepHOCTH 1 — 7. Bo3bMeM Kakyio-HHOyIb oTamdnyio ot 40 Touxy & € II;
nyctb B Beiopantom penepe 20(2Y, ... 2%) u @ (zy,. .., x,). BexTopHoe nos-

npocTpancTBo U MozKeT OBITh MHTEPIPETUPOBAHO KaK IIPOCTPAHCTBO pPelle-
HU TOXOIAIIECH CUCTEMbI OJTHOPOJIHBIX JIMHEHHBIX YpaBHEHUIT Z @iy = 0,
—_

i = 1,...,r. Touka & € II Torna m Tosmbko Torna, Korjga z'z€ U, T. e.
> aij(xy — ) = 0,4 = 1,...,r. Packpois ckoOku u BBejis 0fo3HAEHIe
bi =, aijxg, i =1,...,7r, HOJYy4YUM HCKOMYIO CUCTEMY JIMHEHHBIX ypaBHe-
HUIT paHra 7. L]

4.1.7. Abdunnas nezaBucumocth u adppuHHAsE 000T0YKA

Onpenenenne 4.1.21. Touxu p°, pl, ..., 9™ addunro nesacucumvr (nmm
HATOOAMCA 6 00UWEM NOAOAHCENUL ), €CTTH OHI He COJIEPKATCS B M — 1-MepHOM
apPUHHOM TOITPOCTPAHCTBE.

Samevarnue 4.1.22. D10 ycjaOBHE PABHOCHIBLHO TOMY, YTO BEKTOPHI

— —

p'pl, ..., p"p™ muneiiHO HezaBUCHMBI. PaccMoTpes mmHeiiHYI0 0605104Ky U =
— —
(popl, cee popm>, 3aKJII0UNM, 4TO 4depe3 Toukn p°, pl, ..., p" mpoxoaut ad-

bunnoe m-nognpocrpancrso p + U.
[Iycts M C A — mpousBosibHOE HOJIMHOMXKeCTBO Touek, p € M — o-
6ast Touka B Hem. Copmupyem suneiinyio obosouky U = ({pp |p € M})

cucrembl BekTopos {p’p |p € M}. Ouesugno, cucrema {p’p [p € M} mo-
JKeT okazaThesd beckoneunoit. OiHako Mbl paboTaeM ¢ KOHEYHOMEPHBIM IIPO-
CTPAHCTBOM A, KOTOpPOE acCOIMUPOBAHO ¢ KOHEUHOMEPHBIM BEKTOPHBIM TPO-
crpancrBoMm V. [losTomy Jiroboe ero monpocTpancTBo u, B yacTHocTu, U,
KOHEIHOMEPHO.

Omnpenenenue 4.1.23. Apdunnoti oborourot nommuoxkecrsa M C A
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nasbiBaercst addunnoe nojpupocrpanctso A(M) = pU + U.

VYupaxuenue 4.1.24. Jlokaxure, aro 1) abdurnas 060109Ka MOIMHO-
»kectBa, M — 9T0 nepecedenne Bcex adp@UHHBIX MOAIPOCTPAHCTB, COACPKa-
mux M; 2) addunnas oboouka mogMHokecTBa M — 970 HauMeHbIIee 10
BKJIIOUEHUIO U3 BceX apPUHHBIX MOAITPOCTPAHCTB, cojepxKammux M.

4.1.8. BzaumHOe pacnoJio>keHue JIByX IMOAIPOCTPAHCTB

IIycts B adpdunnom npocrpancTBe A”, acconMMpPOBAHHOM C BEKTOPHBIM
IIPOCTPAHCTBOM V', 3aJ1aHbl JBa, JIMHEHHBIX 10 MHOI000pa3usI

Hl — p1+U17
I, = p°+Us,

pasmepHocTeil di u dy coorBeTcTBeHHO. [l 151 OIIpeIe/IeHHOCTH TTPEJIIIOJIOKUM,
qTOo dl S dg.

Onpenenenne 4.1.25. HenapasuieabHble JIMHEHHBIE II0JIMHOTI000pa3us
addUHHOrO IpOoCTpaHCTBa A, He UMeloIIe O0INX TOUEK, HA3bIBAIOTCA CKpe-
WUBAIOULUMUCA.

Teopema 4.1.26. (Adgurnoe nodnpocmparcmeo, napasieavHoe daHHo-
my) s 1106020 aunetinozo nodmmozoobpaszus I C A u w060t mouru ¢ € A
natidemes eduncmeennoe aunetinoe mmozo00pasue 11" mot sice pasmepro-
cmu, npoxodauiee wepe3d mouky q napasiesvro 1. Ecau npu smom q € 11,
mo II' = I1. B npomuenom cayuae I1 u I1' ne nepecexaromes.

Joxaszameavcmeo. Ilycrs I = p+U, rorga I1' = ¢+ U. Ilousarno, 4o Jiio-
6oe JInHeitHOe MHOroOOpasne pazMepHocTH, paBHoit dim I, nmeer nHampaJis-
foriee rojnpoctpancTso U. TToaToMmy nckomoe jmHeHOE 10 MHOTO00Opasue,
IpoxojdIee yepes Touky ¢, — 310 1I' = ¢+ U u Toabko ono. Ecin ¢ € 11, To
pg € U, orkyna Il' = ¢+ U = p+ U = IL. Ilycrs Teneps ¢ € I1 u npesmoso-
JKIM, 4TO 7 — obmast Touxa Muoroodpasuit IT u IT'. Torma prr € U, HOCKOIBKY
p,7 € II, u gi- € U, nockossky ¢,7 € II'. Orcrona pg = pi- — qi € U, 1. e.
g € IT', aro nporusopeunt yeaosuio ¢ € I1. Takum 06pasoM, Ipeoio:KeHne
o oM, uro II u II" umeror Hemycroe nepeceyenne, HeBEPHO. []

OCHOBHBIM MHCTPYMEHTOM MCCJICIOBAHNA B3aUMHOIO PACIIOJIOKEHUS JIBYX
JIMHEHHBIX OJMHOIroo0pasuii siBsiercs: pasMepHocThb nx adpduunoii 060/104-
ku A(ITy UTly). st ee onenkn Heobxomumo mojinpoctpanctso W = Uy + Us

1,2
1 BEKTOP P p~.
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Teopema 4.1.27. (Kpumepuii nepecevenus aggurnviz noodnpocmpancmes)
Jlunetinoe nodmmnozoobpasus I, = pt+U; u Iy = p?+Us umerom nenycmoe
—

nepecevenue mozda u moavko mozda, kozda p'p® € Uy + Us.

— —
Jloxazameavcmeo. Ilyers ¢ € 11y N I, Torma gpt € Uy u qp® € Us,
— —
otkyna p'p? € U, + U,. O6patro, nyers p'p? € U 4+ Us. D10 03HaUACT,
9TO CYIMIECTBYIOT BEKTOPHI U, € U; u us € U, Takue, uto p'p? = uy + us.
—
Takum obpazoM, Haiigerca Touka ¢ € II; Takag, 4ro p'q = uy, U TOrIa

—
qps = p'p? — up = ue. Orciona 3axmouaeM, 4o ¢ € Iy, u ¢ € I} N1y, O

g nanbHeiero nceae0Baus moJae3Ho cyeayiolee O9eBrTHOe

IIpennoxxkenne 4.1.28. He umerujue obwuxr movex apdunrovie nodnpo-
CMPAHCMEa NAPAALEALHDL MOo20d U MoAvko mozda, kozda dim (Uy N Usy) =
min(dy, dy). Addunnvie nodnpocmparcmesa, umerougue 06wy MoKy, nepe-
cexaromes 6004w agdurnozo noonpocmparcmesa pasmeprocmu dim (UyNUs).

Yupaxkuenne 4.1.29. Ouuinure Bce BO3MOYKHbBIE CJIydal B3UMHOI'O Pac-
IIOJIOZKEHUS JIBYX JIBYMEPHBIX IIJIOCKOCTEN B YeTbIPEXMEPHOM IIPOCTPAHCTBE.
[laiiTe nHTEpIIPETAIINIO KAXKJIOI0 CJIydasl Ha sI3bIKe OOIIUX YpaBHEHMIA.

4.1.9. OTpe30K U MPOCTOE OTHOIIIEHUE

IIyctb A — sewecmeenroe adpuHHOE IPOCTPAHCTBO.

Omnpenenenune 4.1.30. Ompesxom ¢ KOHIIAMU P U ¢ HA3BIBAETCST MHOYKE-
CTBO
pd) = {p + Apql0 < X <1}
Touku, coorBercrBytoniue 0 < A < 1, HA3BIBAIOTCA GHYMPEHHUMU MOUKAMU
oTpeska [pq].

OTpesoK Beeryia ABIIeTCs MOJAMHOKECTBOM IPAMOIt (Pq), coeprKalieii ero
KOHIIBI (mouemy?).

Omnpepesienne 4.1.31. ToBopsr, uto mouka 1 deaum ompe3ox [pg] 6 npo-
— —
CMOM OMHOUWEHUY, O, €CJTU BBIITOJHEHO BEKTOPHOE PABEHCTBO Pr = Ur(.

[Ipu sTOM HETpy/IHO YOEUTHCA B TOM, UTO 7" = P + ﬁp_q> [Tonsgarno, uro
JUIST JIIOOOI Taphl PasindIHbIX TOUYEK P, W BEINECTBEHHOIO ducia o # —I1
CyIIEeCTBYeT TOUYKa 7 € (P§) Takas, YTO OHA JEJUT OTPE30K [Pg] B OTHOIICHUH
p. Ilpu sTOM TOUYKa 7 — BHYTpPEHHsIsI TOYKa OTpe3Ka [pg] Torma m TOJIbKO
Torja, Korga p > 0. Touka p jgexut mexay r u ¢, ecqim —1 < p < 0, u ¢
JIEZKUT MEKJy p U 1, ecan p < —1.
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4.1.10. AddunnbIe TpeobpazoBanus u adduHHaS rpynna

Omnpenenenue 4.1.32. Agddunnovm npeobpasosaruem, Wi adhurrvim
asmomopgudmom, npocTpancTa A HazwiBaercss ad@UHHBIIT T30MOpPhOU3IM
9TOTO MPOCTpaHCTBa Ha cebst, T.e. f: A — A,

[TockobKy adduHHBIIT aBTOMOPMOU3M siBJIsIeTCs aPUHHBIM HIOMOPQI3-
MOM (oToOpazkeHneM B cebsi), TO OH MOXKET ObITh 3aJIaH B BUJIE

f:A = A
p+z — [f(p)+(Df)z,

rne Df .V — V — nuneitnblii oneparop. TpedoBanune odopatumoctu adduH-
Horo mopdusma f npuBoauT K HeBbipoxkaeHHOCTH D f. JI06oit adpduHHbII
9SHJIOMOP(MU3M C HEBBIPOXKJIEHHBIM JuddepeHnnaiom aBidercd adpuHHBIM
aBToMopdu3MoM. [IpsiMoii 1TpoOBEPKOit aKCHOM HETPYJ/IHO YOEJUThCsS B TOM,
910 abPUHHBIE ABTOMOPMU3MBI JaHHOTO adpDUHHOTO TPOCTPAHCTBA 00Pa3y-
10T IPYIIY OTHOCUTEILHO KoMIIo3uiuu. I'pyrina adphuHHBIX aBTOMOPGMU3MOB
npoctpancTBa A obosHadaercs Aff (A).

Onpenenenue 4.1.33. I'pynmna Aff (A) addunnbix aBroMmopdusMoB mpo-
crpaHcTBa A" HazbIBaeTCst ahunnoli epynnoti 6 pasmeprocmu n.

Yupaxkuenue 4.1.34. [Ipocreiiiieit n3 adp@UHHBIX IPYII sABIsSETCS ad-
bunnas rpyima ogHoMepHoro npocrpancrsa Aff (Al). Yoeaurecs B ToM, 4TO
OHa HeabeJseBa.

Paccmorpum adbduHHYIO TpyIIly B pa3MepHOCTH 1. U B Heil MOJArpYIIILY,
COCTOSIIIIYIO U3 BCEX aBTOMOPMU3MOB, CTAOMIU3UPYIONIUX TOUKY O:

Aff(A)e = {f € Aff(A)|f(0) = 0}.

CoorsercrBue f — D f, orpanndenHoe Ha 3Ty MOJATIPYIIY, YCTAHABIMIBACT
msomopdusm Aff (A), = Autp(V) Ha rpyminy HeBBIPDOXKIEHHBIX JITHEHHBIX
OIepaTOPOB, a BHIOOD perepa ¢ HadajsoM B Touke 0 — m3oMopdusm Aff (A), =
G L, (k) wa TpyIiy HEBBIDOKIECHHBIX MATPUI pa3Mepa n.

Tomomopdusm rpynmn D @ Aff (A) — Auty(V'), craBamuii B cooTBeTcTBIE
Kazk oMy adpduaHoMy aBromMopdusMy ero jauddepenimal, ClopbeKTUBEH, a

€ro AdApo MMeeT BU

T={f € AF(A)|Df =idv} = {f € AF(A)Zv €V : (f:pp+u)}.

DTO y»Ke M3BeCTHasl YUTATeNI0 I'PYIIa IePeHOCOB, WU TPAHCJIALN, Ipo-
crpaHcTBa A. Byyun sijipoM romomopdusaMa IpyIiin, OHa SBJISIeTCs HOpMaJib-
HBIM JIeJINTEeJIeM 00JIacTH OIpeJiesIeHrs 3Toro romomopdusma. Mrak, mmeer
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MEeCTO TOUHAsT TPOHKa IPYIII
e — T — Aff(A) — Auti(V) — e.

B ygactHocTu, Jrob6oit apduHHBINT aBTOMOPMU3M TPEJACTABUM B BHUJE KOM-
nosunuu f = t, o g, rie g — adpduHHbIIT aBTOMOPGU3M, CTaOUIN3UPY IOl
TOYKY 0, a t, — CJABUT Ha MOJXOJIAIIII BeKTOP v. Pa3jioykeHne 3aBUCUT OT Bbi-
6opa Toukn 0. HeTpyaHo yOeIUTHCS B TOM, 9TO TIPU 3aMeHe TOUKH O TOYKOII
0’ BeKTOD caBUTa v caeayeT 3aMenuth Ha v’ = v + (D f — idy)oo’.

[lycthb Po, ..y Pm B Dpy - - - Py — J1BA HAOOPA TOUEK OOIIErO MOJIOKEHUST B
adpdbunnom npocrpancree A”. Torma cymecrByer adduHHBIT aBTOMOPMI3M

f € Aff(A) raxoit, aro f(p;) = pi.
Ynopaxknaeunmne 4.1.35. [Toctpoiite ero. Crenaiite oTcioia BbIBOJ, 9TO ad-
(bUHHBIE TIOIIPOCTPAHCTBA APPurHo KOHePYIHMHbL (T.€. OTOKIECTBIISIOTCS

HOXOAAINM aDUHHBIM aBTOMOP(MU3MOM) TOIVIa U TOJHKO TOIJIA, KOIJIA
OHM UMEIOT paBHbIE PA3MEPHOCTH.

Teopema 4.1.36. (Xapaxmepusayus addurnvr asmomoppusmos) bBu-
exmuesroe omobpasicenue f : A — A mozda u moavko mozda asasemcs
apPuUHHBLM  aBMOMOPHUMOM, K0204 OHO COLPAHAEM KOMNUHEAPHOCTD MO-
YeKx U NPocmoe OMHOUEHUE.

oxazamenvcmeo. CoxpaHeHne KOJUIMHEAPHOCTH TOYEK 1 IPOCTOTO OTHO-
IeHust o3Ha4daeT ciepyioiiee. [lyers p, ¢, 7 € A TakoBbl, 9T0 pg = AGi*, A € k.

Torpa f(p)f(q) = Af(q) (7).

[TousiTHO, UTO JTI0OOE addunHOE MpeodpazoBanme 0618 aeT TaKUM CBOIi-

crBom. Ompegenm orobpazkenue Df @V — V no npasuny (Df)pg =
IR

f(p)f(q). Torna, mosoxus B ycgoBuur A = 1, 3aK/I09UM, 9TO OTOOpayKe-
HIIE ONIPEEICHO KOPPEKTHO, T. €. 00pa3 BEKTOPa P He 3aBHCUT OT BBHIGO-
pa mapnl To4eK p,q. Joxkaxkem, uro oHO JmHeiHO. CBOHCTBO OJIHOPOIHO-
ctu (Df)(M) = ADf)v Bomomnneno no yeiaosuio. Ilyers Temneps u = pg,
v = qr; rorma (Df)(u+wv) = (Df)pr = f(p)f(7) = f(p)f(@) + () f(r) =
(Df)u+ (Df)v. Ona moboit Touxku ¢ mmeem f(¢) = f(p) + (Df)pg, T e. f
abduUHHO. ]

Samevarue 4.1.37. B npuBeieHHOM J0Ka3aTeIbCTBE HUIJE HE UCIIOJIB30-
BaJIaCh OMEKTUBHOCTH oToOpaxkenust f. OHa HyzKHa JIMIIb 3aTeM, YTOObI pac-
CMaTpUBATH KJ1acc apPUHHBIX aBTOMOPMU3MOB BMECTO KJjlacca Beex apuH-
HbIx MopdusMos. [losromy namum jgokazan 6osiee oOIMIT pe3yIbTAT:

Omobpastcenue apdurnuvz npocmparcms apdurro mozda u MoALKO Mo-
2da, x020a 0HO COXPAMAEM. KOANUHEGDHOCTNL MOYEK U NPOCMOE OMHOULEHUE.
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4.2. EBKJINI0BO TOYEYHOE IIPOCTPAHCTBO
4.2.1. OrcrynjeHnue: MeTpuieckoe IIpoCTPAHCTBO

IIyctb M — MHOXKECTBO, 9JIeMEHThI KOTOPOro OyJ/ieM Ha3bIBATH MOUKAMU.

Omnpenenenue 4.2.1. Heorpunarenabnas eyuknus p : M X M — R nHa-
3BIBAETCA PYHKUUET PacCmoAnUA, WIN mempudeckot dynryued, na M, ecin
OHa YJIOBJIETBOPSET CJIEYIONINM TPeOOBAHNSAM (AKCHOMAM DACCTOSHIS):

1. Cummempuunocmov: st JTEOObIX IBYX ToUeK x,y € M p(x,y) = p(y, ).
2. Heswipoorcdennocmo: p(x,y) = 0 Torga u TOJHKO TOT/IA, KOTIA T = Y.

3. Hepasencmeo mpeyzorvruka: jjst TOOBIX TpexX TOYEK X, ¥y, 2 € M BbINOJ-
HeHo HepaBeHCTBO p(x,y) + p(y, 2) = p(z, 2).

Buauenne p(x,y) GYHKINE p HA TAPE TOUYEK X, Y HAZBIBACTCS PACCTMOAHUECM
MEHCAY MOYKAMU T U Y.

Omnpenenenne 4.2.2. Muoxxectso M ¢ meTputieckoit byHKIIEH p HA HEM
HA3bIBAETCS MEMPUYECKUM NPOCTNPAHCTIEOM.

Samevarue 4.2.3. Tlonstre MeTpudeckoil (pyHKINN U HMOHSATHE METPUKH
KaK CKaJIIPHOIO IIPOU3BEJIEHN ABJIAIOTCA PA3JIMYHBIMU, IIOCKOJIBKY Olpe/ie-
JISIIOTCS PA3JIMIHBIMU (DYHKIUSAMEI Ha Pa3JIUIHBIX 00JIACTSIX OIIPeesIeHus.
Metpuka Kak cKaJspHOe NMPOU3BEJIeHNe BBOJNTCS Ha BEKTOPHOM ITPOCTPAaH-
cTBe. B TO ke BpeMsi MeTpudecKast (DYHKIINsI OIPEJIe/IAeTCA Ha MHOYKECTBE TO-
YeK, KOTOPOe MOYKET ObITh JIMIIECHO KaKUX-JIN0O0 JIONOJTHUTEIBHBIX CTPYKTYP:
CYIIECTBYIOT METPUYeCKue IIPOCTPaHCTBa, Ha KOTOPBIX HEBO3MOXKHO BBECTU
CTPYKTYPY BEKTOPHOIO IpocTpaHcTBa. CBs3b MEXKIY IHOHSITUSIMI METpUUe-
CKOIl (PYHKITUU U METPUKN KaK CKaJIAPHOTO ITPOU3BEJIEHUS BCKPBIBAETCA C
[IOMOIIBIO KOHCTPYKIIUKM €BKJINJIOBA TOYEHYHOT'O IIPOCTPAHCTBA.

4.2.2. EBKJII/I,I[OBO TOYevdHoe ITPOCTPAaHCTBO: OCHOBHbIE ITIOHATUA

Omnpenenenune 4.2.4. Adpdunnoe npocrpancrso [E, acconunpoBaHHoe ¢
eBKJIMJIOBBIM BEKTODHBIM pOcTpaHcTBoM V, (+|), HasbiBaeTCs €6K.AUI0EHIM
MOYEYHBLM NPOCTNPAHCINEOM.

EBK/III0BO CKaJIIpHOE MTpou3BejieHne (eBKINI0Ba METPUKA) Ha BEKTOPHOM
npocTpancTe V' MHAyIHUpYeT PYHKIINIO pACCTOSHUS Ha MHOXKeCTBe Touek K
IpeBpalias ero B MeTpuiecKoe IIPOCTPaHCTBO.

Omnpenenenue 4.2.5. Paccmosruem mencdy moukamy T, €BKJIUIOBA
TOYEYHOTO TTPOoCcTpaHcTBa [E HaszbIBaeTcd /elicTBUTETHHOE TUCTIO

p(i,9) = 791 = \/ (@7|7D).
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HpI/I 3TOM CBOIICTBa CUMMETPUYIHOCTHU U HEBLIPOZKIAECHHOCTHU, a TaKzKE€ HEPa-
BEHCTBO TpPEYI'oOJIbHUKa [IJIfd CKaJIAPHOI'O IIPpOU3BEACHUA obecrieunBaioT BbI-
IIoJIHEHNE€ OJHOMMEHHbLIX aKCUOM PaCCTOAHNA.

Onpegnenenne 4.2.6. Mepa ¢ yeaa meocdy npamovimu (pg) u ($) ompe-

JAEJIACTCA BbIPpazKECHUEM

|(pq|73)|
— ="
1pgl] - ||7s]|

Bameuanue 4.2.7. ousrro, aro (pg) u (¢p) — onHa u Ta ke npsamas. [1pu

Cos ¢ = (4.2.1)

9TOM 3aMeHa (pg) Ha (¢p) COOTBETCTBYeT cMeHe 3Haka Kocuuyca B (4.2.1) wu,
COOTBETCTBEHHO, MEPBI ¢ YIJIa HA Mepy CMEXKHOro K Hemy yriia. [Ipu srom,
KAK U B IPUBLIYHON YUTATEIO JIBY- M TPEXMEDHOI TeOMETPHN, 38 Mepy yTIJia
MEZKJTy TPSMBIMU PA3yMHO BBIOPATH MEPY MEHBIIEro U3 00Pa3yeMbIX STHMI
IPSMBIME CMEKHBIX yTJI0B. [109TOMY 3HAK aOCOIOTHO BEJTMIMHBL B THCIIU-
Tesie pobu (4.2.1) Bakew.

[TockosibKy bopMmyJ/ia BEIMHUC/IEHIST CKAJISIPHOTO TTPOU3BEICHUST NMEET Hau-
boJiee yI0OHBIN BUJI B cIydae, ecjim Oa3uc dBJIsIeTCsT OPTOHOPMUPOBAHHBIM,
TO ¥ B €BKJIUJOBOM TOYETHOM IIPOCTPAHCTBE JIEMKO BBIJIEINTH KJIACC CUCTEM
KOOD/IMHAT, aJIalITHPOBAHHBIX K METPUUYECKUM BBIUHCJICHUSIM.

Omnpenesienne 4.2.8. [Ipamoyzoivroti cucmemot xoopdunam (wim op-
MOHOPMUPOSAHHBLM PENEPOM) B €BKINIOBOM TOYETHOM MpocTpaHcTBe E Ha-
3bIBaeTCs perep (0, ey, . .., €,), B KOTOPOM 0a3uc e1, . . . , €, OPTOHOPMUPOBAH.

Torya paccrosiane Mexjy TOUKAMEU (X1, ..., Ty) U Y(Y1,- - -, Yn), 38/1aH-
HBIMU CBOMMHU KOODJMHATAMU B IIPSIMOYTOJILHON CHCTEMe KOOPAMHAT, BLIYKC-

wsteres o gopuyate p(d,§) = /(g1 — @12 + -+ (g — 20"

Onpepenenne 4.2.9. Toueunnle eBKAMJIOBLI HpocrpancTsa E n [E
(mempuvecku) uzomopduoi, ecau  cyiiectByer adbdUHHBI  n30MOpdu3M
f: E — [E'| coxpansiiomuii paccrosimie MexKIAy TOYKAMU, T. €. JJIs JIO-

oit maper Touek p, ¢ € E Boimonneno p(p, ¢) = p(f(p), f(q))

Samevarnue 4.2.10. ITo dbyHKIMN paccTosgHNs Ha €BKJINIOBOM TOUYEITHOM
npocTpaHcTBe £ MOXKHO BOCCTAHOBUTH CKaJIsipHOE TTPOU3BEJIEHNE B BEKTOP-
HOM TIpocTpaHcTBe V', KOTOpbIM accoruupoBano [E kax adpdunHoe npocTpan-
ctBo. Ilycth u,v € V; BbiOepeM TPOU3BOJIbHYIO TOUKY P U, TPUMEHUB TEO-
peMy KOCHUHYCOB K TPeyroJIbHUKY C BepUIMHAMU P, P + U, P + U, BbIYUCIUM
cosuv. Torma (ulv) = p(p,p + u)p(p,p + v) cosuwv. Bosee Toro, nammdne
METPUUIECKOT0 M30MOPMU3Ma MEXK1y JIBYMS €BKJIMIOBBIMI TOUYECTHBIMU TTPO-
crpaucteamu (E, V. (+|-)) u (E', V', (-|)") paBrOCHmIBbHO Hasm1mio adbdurHOrO
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uzomopduzma (E, V) — (E', V'), nepesojsiiero ckajusipHoe IponsBeeHne
(+|-) ma V B ckamsapnoe nponssesenue (-|-)" ma V',

Teopema 4.2.11. (Kaaccudurayus moveunoir e6KAUIOEHIT NPOCMPAHCMS)
Jhobwie esraudosvr moveunvie npocmpancmea B u E' odunaxosoti xoneunot
PABMEPHOCTNU U3OMOPPHHDL.

Jlokasameavcmeso. Beibepem opTOHOpMUPOBaHHBIE perepsl (0, €1, ..., e,)

/

') B E'. ¥eranosum coorsercrsue f: E — E' mo npasmry

BEu (d,€e],...,e
O+x1€1+ -+ xpe, — O +x1€] 4+ - -+ xpel,. D10 adbdunHBIT B30MOPhU3M,

COXPAHLAIOIINIT METPUKY. ]

4.2.3. IleprieHauKYyJIsip K IIOANPOCTPAHCTBY

[Tycts II — m-mMepHoe mOAIPOCTPAHCTBO B N-MEPHOM €BKJIMJIOBOM TOYeY-
Hom npoctpancrse E, ¢ € II, p € E, npudem Oyaem cuutarh, 9TO TOYKU P U
q Pa3JIMYIHbBI.

Omnpenesnerne 4.2.12. [psamast (pg) nepnendukyarapra agdunromy nood-
npocmpancmey 11 (obosnauenue: (pg) L II), ecom g mobbix 7, € 11
(pq|r3) = 0. IIpu sTom umcio p(p, ) HABLIBACTCH PACCMOANUEM O MOUKU
p do nodnpocmpancmea 11 (obosnauenue: p(p, 1)), a orpesok [pg] — nepnen-
UKYAAPOM U3 MouKu P Ha nodnpocmparcmeo 1.

Sameuanue 4.2.13. Ecom p € 11, To paccrosinue p(p, I1) npunnvaercs pas-
fnim (.

ITpensioxkenune 4.2.14. (Cywecmsosarue nepnenduryaapa) Jlas a1060-
20 agpdunrozo nodnpocmparcmea Il u das 0600 mouku p & 11 cyuecmeyem
mouxa ¢ € 11 maxas, wmo [pq] L I1.

Hoxazameavcmeo. Ilycrs U — HalpaBiIsiioliee IOIIPOCTPaHCTBO adDuH-
Horo mnojnpocrpancTBa II. PaccMoTpuM OopTOroHaJIbHOE IPSIMOE pasJsiozKe-

1

mne V = U @ UL, npomssosbayio Touky 1 € Il u pasioskenune BeKTOpa,

p=u+u",ue U ut e U Torna § =7 +u € Il - uckomast ToUKa Taxas,
— i

4To gp = U~ []

SaMeTI/IM, 9TO pPacCCTOAHHNE OT TOYKH p J0 IIOAIIPOCTPaHCTBa IT — sT0 HOD-

I —
71100010 13 BEeKTOpOB op, 0 € II, Ha oproronajbHOE

Ma COCTaBJILAIONIC U
nonosenne UL nanpasiaromero nojnpocrpanctsa U s 1.

Paccrostiue ot TOYKH p JIO JIMHEHOro mnojamHoroobpasust II = o + U
HETPY/JHO BBIYMC/IUTH, BbIOpaB pernep MOAXOJsduM obpaszoMm. IlycTb

(0,€1, .-, €m,Emat,---,€y) — TaKOW permep, 9YTO TEPBbIE MM BEKTOPOB
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COCTaBJIAIOT OA3MC HAITPABJIAIONIEro o/ pocTpancTBa U. Paznokum BeKTOD
v = 0p B CyMMYy JABYX cocTaBisomux v = u + ut, u € U, vt € U*'.
J171s1 5TOr0 BOCIIOJIb3YyeMCsI METOIOM HeOIIpeIe/IeHHBIX KOMMUINEHTOB U =
U114+ -+ Uy, €y, W BBITUCINM MTOJJICXKAIINAE ONPEICTICHUIO Uy, . . . , Uy UCXOJS
13 cootHomennst oproronansrocTn (v — u|U) = 0. B koopaunarax mostyanm

w(erle;) + -+ tumlenles) = @le;), j=1,...,m.

Haxonen, p(p,I1) = [[u*|| = ||op — u||. Ecan penep opToHOpMIpOBAHHLIL,
T0 (€5]e;) = 8ij, u u; = (ople;).

Pacemorpum nomvuoxkecrso D(p, I1) = {p(p,7)|r € I} C R maun Beex
OTPE3KOB, OJ[MH KOHEI[ KOTOPbIX HAXOJUTCA B TOUYKE P, a JAPYyroii npuHajyie-

JKUT nognpocTpancTsy 11

ITpensioxkenune 4.2.15. (dxcmpemanvroe ceoticmeo nepnenduryrapa,)
ITodmmnooicecmseo D(p,I1) codepoicum munumanvuvil anemenm, coomeem-
cmeyowutl nepnendukyAApy u3 movwky p Ha noonpocmparcmeo 11.

. . — —> —>
oxazamesvcmeo. s moboit Toukn 1 € 11 BwImosHeHO pr = pq + qr.

Hockoneky (pg) L IL, o (pglgr) = 0, w p(p,7)* = p(p,4)* + p(q,7)*
p(p, ¢)?, upuueM 3HaK paBeHCTBa UMeeT MECTO TOIJa U TOJILKO TOL/a, KOIJla

p(q,7) =0, re. ¢ =r. O

4.2.4. PaccTosgHue MexK/Iy MOAIIPOCTPAaHCTBAMU

Pacemorpum npa addunnbix nomnpocrpanctsa Il =p+ U u 1T = p' + U’
eBKJINI0Ba ToueuHoro npocrpancrsa K. ITockoabky samena Ttouxku p' Jio-
6oit Toukoit nojanpocrpancrsa I’ He Menger camMoro IOANPOCTPAHCTBA, TO
6e3 orpanmyenus oburrocT Oyjgem cuurarh, uto (pp’) L II'. Eciu ogtospe-
menno (pp’) L I, To npsivasi (pp’) HasbiBaeTCss 06wuM NEPReHOUKYAAPOM K
nodnpocmpancmeam 11 n 1T

ITpeanoxenune 4.2.16. (dxcmpemarvroe c6oticmseo obueeo nepnerou-
kyaapa) Ecau [pp'] — obwuis nepnenduryaap nodnpocmparncme I1 u II', mo
p(p,P) < p(4,qd") daa aobwx mouex ¢ € 11 u ¢ € IT'.

Aﬂoma’ame@meo st Togex ¢ EE} uqg ell paCC_>MOTpI/IM pas3JI0yKeH1e

qq = qp —|—pp + p'q’. Hpu stom (pp'|lgp) = 0 u (pp/|p'q’) = 0, orkyna
(pp l7p + P'q ) = 0 1, cjIe0BaATE/IbHO,

CON2 T2 2 —>/_72> C N2
p(q,d)" = |lad'||” = ||lpp'||” + llap + P'||* = p(p,P")"
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—
—
Samevanue 4.2.17. Bekropnl gp u p'q’ MOryT ObITH HEe OPTOrOHAILHBI MEZK-
1y coboii; moaTomy Teopemy Iludaropa MoXKHO IPUMEHUTH TOJILKO TaK, KAK
9TO CJIEJIAHO B JIOKA3aTEThCTRE.

ITpeanoxenune 4.2.18. (Cyuwecmsosanue obusezo nepnenduryiapa) s
2000z deyx addurnvir nodnpocmparncms I w IT' esxaudosa moueunozo npo-
cmpancmea 00uutt NeEPnenduKysaAp CYWecmeyem.

Hokasamenvcmeo. Hycrs 1T = ¢4U, II' = ¢+ U’ Tlonbepem Touknu p € 11
u p € II' rakue, aro pp’ L (U + U’). Paccmorpum oproroHajibHOE HPsSIMOe

4 —
pazyoxkenne V = (U+U") & (U4U")*. Toraa Bektop qq' unmeer ojiHo3HATHOE
—
pasyiozkenne B cymmy ¢ = u+ut, rne i € U+U’ aut € (U+U')*. Kpome

TOTO, UMEETCsI pas3jioykeHue (Heobs3aTeIbHO ofHO3HaTHOe) U = u+u', u € U,
— —

W €U’ Tornap=qg+u, pp =u", plg=1u' O

ITpensioxkenune 4.2.19. (Ilepevucaenue obuuz nepnenduryaspos) Mro-
orcecmeo obwux nepnenduryaapos noonpocmparems 11 = ¢ + U u II' =
¢ + U’ buexkmueno mmooicecmey sexmopos nepeceverus U N U’

Joxazamenavcmeo. Kaxkaplilt oOmMil nepreHIuKy/sip COOTBETCTBYET BhIOO-
py pasnoxenuss 4 = u + u', u € U, ' € U'. Kaxnoe Takoe pasjoxkeHnue
MOXKEeT OBITh IIOCTABJIEHO B COOTBETCTBUE BeKTOPY u3 nepecedenuss U N U’
B wactHOCTH, OOIUIT TEPHEHAUKYIAP €IUNHCTBEHHBIII B TOM W TOJIBKO TOM
caydae, korjga cymma U + U’ npsimast. ]

4.2.5. Marpuiia I'pama cucrteMbl BEKTOPOB.
Omnpenenunrenp 'pama cucreMbl BEKTOPOB

B 1. 3.1.2 6nu1a BBemeHa marpuiia I'pama st 6a3uca eBKIIMI0BA WA IP-
MHUTOBa BEKTOPHOI'O IIPOCTPAHCTBA. 37€Ch MbI PACHINPUM 5TO IOHSITHE Ha
IIPOUBBOJIbHBIE KOHEUHBIE CUCTEMbI BEKTOPOB. XOTsl HAM IIOTPeOYeTCsI TOJIb-
KO €BKJIMJIOBa, BEPCHUsi, B IEJSIX COXpaHEeHMsI OOIIHOCTH MCCJIeOBaHIe OyIeT
IIPOBEJICHO KakK JIJIs Hee, TaK M JJId 9PMUTOBa caydad. MTak, paccMOTpuM
CUCTEMY U3 M BEKTOPOB U1, . . ., Uy B N-MEPHOM BEKTOPHOM IIPOCTPAHCTBE CO
CKaJISIpHBIM TiponsBejierneM V, (+|-).

Omnpenenenue 4.2.20. Mampuueti ['pama cucTeMbl BEKTOPOB V1, . . . , Uy,
HaszbiBaeTcad Marpuiia G(vi,...,vn) = ((vilv)))ij=1,..m.- Onpedesumenem
I'pama cucTeMbl BEKTOPOB U1, . .., Uy, HA3BIBAETCS ONPEJICTUTENb MATPUIIHI

G(Ula <. 7Um) = ((vi|vj))i7j=17...,m-
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Bribepem Oazuc ey, ..., e,. Bekropsl v; uMerorT pasjoxkenus 110 Oasucy
vj = Y, ehij. ChopmupyeM cKaJsipHbIE IIPOU3BEIEHIsT

(Uj|vs) - (Z 6ihij| Z erhrs) = Z hij(eiler)ﬁrs-

Ecnun vy, ..., vy, — TOXKe 6azuc, tom = nu H = (h;;) — Marpuna nepexoza
oT basuca ey, ..., e, K dasucy vy, ..., v,. lorma js marpull ['pama mosydnm
coornomenne G(vy,...,v,) = H 'G(ey,...,e,)H.

Ecmu ey, ..., e, — OPTOHOPMUPOBAHHLI 6a3uc, a U1, . . ., Uy — HPOU3BOJIb-

Hasl CHCTEMa BEKTOPOB (BO3MOYKHO, JIMHEHHO 3aBHCHMAasi), TO
U]‘Us § hzg 62‘67« 7S E hzgézrhrs E hijhi87
i

T e. G(vi,...,v,) = H'H.

Teopema 4.2.21. (Csoticmea onpedeaumens I'pama) Onpedeaumens I'pa-
MG CUCTNEMDL BEKTNOPOB V1, . . . , Uy, Heompuuamener. On omauuen om 0 mo-
20a U MoAvKo Mo20a, K020 CUCTEMA V1, . . ., Uy AUHETHO HE346UCUMA.

Zoxazameavcmeo. Ilpeanonoxkum, cHagagsa, 9to m = n. Ilpn sTom
det G(vy,...,vp) = det H'H = det H' det H = |det H|?> > 0, npuuem
det G(v1,...,vy) = 0 Torga u Tosbko Torja, korga det H = 0, T. e. B To4-
HOCTHU TOTJIa, KOI'JIa BEKTOPBI U1, . . . , Uy, JIMHEHHO 3aBUCUMBI.

[IycTb Teniepsr m < n. B 3TOM ciiydae cucrtemy vi, . .., Uy, MOYKHO BKJIIO-
YUTH B CUCTEMY U3 N BEKTOPOB U1, ..., Um, Umil,---,Up, HE HapyIIas JIU-
HEIHOI 3aBUCHMOCTH / HE3aBUCHMOCTH CHCTEMbI U COXPAHUB TO YK€ 3HAUCHUE
onpenenmuTensa ['pama. s sToro ciegyer BoIOpATH BEKTOPLI Upyid, - - -, Up
HOPMHUPOBAHHBIMH, OPTOTOHAJBLHBIMU JPYT JPYTY U OPTONOHAJBLHBIMU ITO/-
POCTPAHCTBY (U1, ..., Um). IIpu 9TOM cucteMa vy, ..., Up, Upil, - - - 5 Uy OY-
JeT JIMHEMHO 3aBUCUMOIA / HE3aBUCUMON B TOYHOCTHU TOT/1a, KOrJa MCXOHAA
CUCTEMA V1, . . . , Uy, 00JIaJIa€T aHAJIOTUYHBIM CBOMCTBOM. B ciydae juHeiiHO
3aBUCUMOCTHU JINHEIHbIe COOTHOIIIEHUSI B 9THX CHUCTEMAaX OYIYT OJMHAKOBBIMI.

[Tycte H' — marpuna KOOpAUHAT BEKTOPOB U1, . . ., Un, Umals - - - » Up B OP-
TOHOPMHUPOBaHHOM Oasuce €y, ...,€,, a ee MaTpuila ['pama nmMmeeT OJOYHO-

JAnaroHaJIbHbII BU/I:

G(V1, -y Uy Ugds - -+, Up) = diag(G(v1, . .., )y Enem)-

Takum obpaszom, det G(vy,...,v,) = det G(v1, ...,V Ungty -, Up) =
det HTH' = |det H'|?> > 0, n npuMeHnMbI JaIbHeHIIIe PACCYKICHNS CITy-
qas m = n.
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B caydae, Korjga m > n, cucteMa vi,...,U, JUHEHHO 3aBucuma. [l
HCCIeJIOBAHS ee olpejienTeNisa ['paMa paccMOTpuUM JIMHEITHOe BbIpaKeHue
OJIHOI'0 U3 BEKTOPOB CHUCTEMbI 4Yepe3 OCTaJibHbIe; IYCTh TaKoe BbIparKeHue
UMeeT MECTO JIJISA Uy, :

Um = QU1 + + + Q1 Um—1-

Torma my1s cKaJIgpHBIX MPOU3BEICHUI Ha, BEKTOPHI U5, ¢ = 1, ..., M, TOJyIUM
COOTHOIIIEHU S

(Um|vi) = ag(vi|vy) + -+ + a1 (Vim—1|vi)-

Taxum obpaszom, m-si crpoka MaTpuiisl G(v1, . .., Vy,) JHHEHHO BHIPAYKAETCST
gepe3 ocrasbhbie, n det G(vy, ..., v,) = 0. O

Samevanue 4.2.22. Ilpu m = 2 HeoTpUIATE/ILHOCTD U YCJIOBUE OOPaIleHNA
B HYJIbL omIpejiesinTe id ['pama moctapisgeT nepapeHcTBO Kot — bynsakoBcko-
ro. JeitcrBuresbro, det G(vy, va) = (v1|v1)(v2|ve) — (v1|ve)(ve|vy) > 0, pu-
aqem det G(v, v9) = 0 TOrjI@ U TOJIBKO TOT/A, KOTJIa BEKTOPBI U1, Vo JHHEHHO
3aBUCUMBL.

4.2.6. O6'beM n-MepHOTO HapaJijejenuiieia

Yurare 1o U3BECTHBI MMOHSITHS JJIMHBI OTPe3Ka, IO ILJIOCKOH dury-
pbl, oO0beMa TeJjia B TpexMepHoM mpocTpancTBe. O0IIasi Bepcust 1 akcruoMa-
TUIecKoe O0QOPMIICHIE STUX IOHSITHI SIBJISIIOTCS IIPEJIMETOM TEOPHUH MEpPHI.
n-mepHuvm obsemom vol™ HazbiBaeTCs (QYHKINs, omnpejesseMas Ha HEKO-
TOPOM KJIacce MOJIMHOYKECTB €BKJINJIOBA TOUYEUHOT'O IIPOCTPAHCTBA, KOTOPDIE
HA3BIBAIOTCS UBMEPUMbLMU. KTace M3MepuMbIX MHOKECTB BeCbMa MINPOK.
Oyukiws vol™ npuHIMaeT HeOTpHUIaTeIbHbIe BEIeCTBeHHbIE 3HAYEHHSI JIT0O
00, IIPUYEM Ha, OI'PAHUYEHHBIX MHOXKECTBAX ee 3HaYeHUs] KoHedHbl. OyHKIINs
vol™ yIoBJIETBOPSAET CJIEIYIOMIIM TPeOOBAHUSIM:

1. Cuemnas addumuerocms: Jist JIFOOOTO CYETHOIO HabOPAa MOIAPHO Helle-
pecekaroruxcs (T. e. Taknx, aro F;NF; = () mpu i # j) nogmuoxects F; C E,
¢ € N, BBIITOJIHEHO PaBEHCTBO

vol”(U F) = Z vol™ (F).
1€N 1€N
2. Hopmuposxka: volt(rouxa) = 0, voll[pg] = [p — ¢|.
3. Monomonnocmow: ecrm F' C G, 1o vol"(F) < vol™(G).
4. MyavmunaukamueHocms 6 0pmo2oHGALHLE NPAMUT CYMMAT: CCIINI

1
V = U; & Uy — oproronajbHoe mpsiMoe pasjoxkenne, £ = E; x Ey — co-
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OTBETCTBYIOIIEe pas3/iozKeHne mpocTpancTia [E B psiMoe pou3se/ieHne OpTo-
rOHAJILHBIX JIPYT JApyry nojnpoctpancts E; = o + U;, dimE;, = d;, 1 = 1, 2,
1o mpaBuity 0+ v = (0 + u1,0 + ug), v = uy + ug, u; € U;, i = 1,2 npuuem
IIOAMHOKECTBO F' IIpeACcTaBICHO B BUJIE TPAMOTO ITpousBejiennd ' = Fy X Fy,
F, CE;,, 1=1,2 Torna

vol"F = vol™ F| - vol® Fy.

5. Iosedenue npu apdunro-srunetinor npeobpasosanusx: ecin f : K — E
— abPpUHHO-INHEITHOE IIpeodPa3oBaHme, TO JIJIs JJI000r0 N3MEPUMOI0 ITOAMHO-
»KecTBa F' BBIIIOJIHEHO paBEHCTBO

vol" f(F) = | det(D f)|vol"(F).
CymecTBoBanue (DyHKIINN, Y/IOBJIETBOPSIONIEH STUM TpeOOBaHUsAM, KaK 1 ee

eJIMHCTBEHHOCTD, HY?K/IAeTCs B JOKA3aTEIbCTBE, KOTOPOE Mbl IPUBOJIUTH HE
oyaeMm.

Yupaxkaenue 4.2.23. Ilycts F' — nuzmepuMoe MoJIMHOZKECTBO B 1M-MEPHOM
HOJIITPOCTPAHCTBE N-MEPHOI'O €BKJINJI0Ba TOUEUHO-BEKTOPHOI'O IIPOCTPAHCTBA
[E. Ucnonb3yst akcunombr 2 u 4, jokaxkure, 9to vol™F = 0.

VYupaxuenue 4.2.24. 1) n-meprvim eQunuyHvim KyooM HA3bIBAETCSI
ITOJIMHOXKECTBO

Inz{$€E|L.U:O.—|—t1€1—|—"'—|—tn€n, 0<t <1, izl,...,n},

ecJim o, €1, . . . , €, — ODTOHOPMUPOBaHHBII periep npoctpaHcTBa K. lokaxkuTe,
gro vol"I" = 1.
2) Hokaxkute, 9T0 06beM N-MEpPHOrO Kyba co cToponoit a > 0

Iy ={i €Bli=0+ter+- +lpen, 0<t; <a, i=1,...,n}
paBen a”.

Onpegeinenue 4.2.25. n-mepHvim NAPAALEAENUNEIOM, NOCTNPOEHHBIM H
8eKMOPAT V1, . . . , Uy, HAZBIBAETCS MHOXKECTBO

I(vy,...;vp) ={2 €Elt =0+t + -+, 0<t; <1, i=1,...,n}.

st BoIUMC/IeHNnsT ero obbeMa paceMorpuM adduHHO-/IMHeiHOe 11peobpa-
sopanne f : E — E:o+tieg+---+t,e, — 0+tiv1+- - - +1t,v,, IepeBoJsiiee
eJIMHUYHBIN KyO B paccCMaTpUBaeMblil MapaJiaeseuie/l, 1 BOCIOIb3yeMCs aK-
cuomoit b. uddepennuman D f aToro oTobpaskeHust 3a/1a€TCsI B OPTOHOPMU-
pOBaHHOM Oasuce ey, . .., e, Marputieit H = (h;;) u3 xoacduiuenTos pasio-
JKeHuit vj = Zij e;h;;. Torna

vol"I(vy,...,v,) = |det H| = Vdet HTH = \/det G(vy, ..., v,),

113



rie G(vy,...,v,) — MaTpuna ['paMa cucTeMbr BEKTOPOB V1, . . . , Up,. Besm sTa
crucTeMa JIMHEHHO 3aBUCKMA, TO MHOXKECTBO [ (vy, . . ., Uy, ) IPUHAJJICKUT TI0/T-
IPOCTPAHCTBY MeHbIel pazmeproctu, u toraa vol™I (v, ..., v,) = 0.

4.2.7. I3oMmeTpun TOYEYHOTO €BKJINJA0BA IpocTpaHcTBa. I'pynna nzomerpuii

Onpenenenne 4.2.26. Hzomempuedi, Wi 08usicenuem, eBKINI0Ba TO-
JedHoro mnpocrpancTBa £ HasbiBaeTcss ero ad@UHHBIN aBTOMOPMOU3M, JIH-
HeliHas 4aCTh KOTOPOI'O BJISIETCSl OPTOTOHAJILHBIM OIlEPATOPOM.

He ouenb TpymaHbIM, HO IIPOCTPAHHBIM PaCCY:K/IEHHEM MOYKHO JIOKa3aTh,
970, JI/IsT TOro 4T00bI oToOpaxkenue f : [E — K ObL10 jiBUXKEHIEM, HEOOXO U~
MO ¥ JIOCTATOYHO COXPaHeHusi PYHKIUNU PACCTOSIHUSI, T. €. BBIIIOJHEHUsS Pa-
sercrsa p(f(p), f(4)) = p(p,¢) st 0ObIX TOUEK P, §. C 10KA3ATENBCTBOM
MOYKHO O3HaKOMUTBCs B [4, rmasa 4, §3, 1. 2, Teopema 3.

VzomeTpun JJAaHHOI'O €BKJIMJIOBAa TOYEYHOrO IpocTpaHcTBa K obpasyior
rpymiy, obozaadaemyio Iso(E). «3abbiBast» MeTPUKY, MOJTyIaeM BIOKEHIE ee
Kak I[OArpynnbl B ad@UHHYI0 TPYIIy B TOi Ke pasMepHOCTH:
Iso(E) < Aff(E). Paccyxenue, aHaJornaHoe mojgoOHOMY PacCyKIeHI0 B
adpduHHOM CTydae, IPUBOANT K TOYHON TPOIKe IPyIII

e — T — Iso(E) — Iso(E); — e,

rie Iso(E); = Aff(E)s N Iso(E) — rpymma msomeTpuii, cTabuin3upyonmux
TOUKY 0, a I’ — rpynmna Tpancdinuii mpoctpanctsa [E. [Tpu sTom nmeer mecto
mzomopdusm rpymi Iso(E), = O(n), n = dimE. Kak u B addunuoii cury-
aluy, JJIsi KaxkKJ10il n3omerpun f mmeer MecTo pasjoxkenue f = t, o g, rie
g € Iso(E),, t, — mepeHoc Ha BEKTOD v; 9TO Pa3JI0KEHNE 3aBUCUT OT BBIOODA
TOYKU. PaccMOTpeB OpTOrOHAJIBHBIE OIEPATOPhl C OIPEJACTUTE/IEM, PABHBIM
1, m obpazyemyto mvu nogarpymiy SO(n) < O(n), IpuUXoAuM K HOArPYTI-
e Isoy (E) usomerpuii, auddepernnabl KOTOPbIX UMEIOT OIPEeJIenTe b 1.
Takue U30MeTPUN HA3BIBAIOTCS COOCMBEHHBLMU OBUINCEHUAMU.

4.2.8. O630p KaaccuduKanum JBUKEHUI B MAJIbIX Pa3MEPHOCTIX

B sTOM IyHKTE MBI IIPUBEJ/IEM B KadecTBe IIPUMEPOB KJacCuUKAIIIIO JIBH-

JKEHUI B HUBIINX PA3MEPHOCTAX, OIPAHUYUBIINCD JIMIIIHL KPATKUMUA KOMMEH-

TapusIMHA.
n = 1. /IBmkenne Ha eBKJWIOBOI MpAMOil 3aJaeTCsd COOTBETCTBUEM
x — a-+ecx, e = £1. IIpu € = 1 nonydaem ¢aBur Ha a, a npu € = —1

— OTpayKeHNe OTHOCUTEIHHO TOUKH a /2.
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n = 2. JIna knaccudpukaiuy JBUKEHUI Ha IJIOCKOCTH JIOCTATOYHO IIPH-
MEHUTL TEOpeMY O KaHOHHYECKOi (opMe opToroHajabLHOro omneparopa. Ilo-
JIYIUM CJIeJIYIOIIIe TUMbl JBuKenuit: a) cusur: (r,y) — (x + a,y + b);
6) KOMITIO3UIINIO CJBUTA BIOJIb IPAMOIl M OTpayKeHusl BJOJIb 3TON MPAMOIL:
(x,y) — (v 4+ a,—y + b); B) KOMIIO3HUINIO TIOBOPOTA OTHOCUTETHHO TOUKN
u casura. Takas KOMIIO3UIMA UMeeT HellOIBUKHYIO TOUKy. IlomecTus B Hee
HAYAJIO KOOPJIMHAT, IIPUJEM K BBIBOJLY, YTO PACCMATPUBACMOE JIBUYKEHHIE €CTh

IIOBOPOT OTHOCUTEJIBHO 3TON TOYKU.

Teopema 4.2.27. (Kaaccugpurayua dsuscenuti naockocmu) Cobemeen-
HOe JBUMNCEHUE NAOCKOCTNU NPEACTNABAAEM 0001 Aubo cdsuz, AUOO NOBOPOM
omHocumenvHo Hexkomopoti mouku. Hecobcmeennoe dsuosicenue ecmov xom-
NO3UUUA OMPAHCEHUA OMHOCUMEALHO HEKOMOPOT NPAMOT u cdeuza 6J0Ab
Hee.

n = 3. Ilpumenenmne TeopeMbl 0 KAaHOHMYECKOI (popMe OpPTOroHaJILHOIO
oriepaTopa MPUBOJUT K CJICHAYIONIEMY pe3yJbTarTy.

Teopema 4.2.28. (Kiaccudurayus deusceruti mpermeprozo esraudosa
npocmparcmea) Cobemeennoe dsuscerue MpermMeprozo eskAudosa npo-
CMPAHCMBa ABAAEMCA KOMNO3uyuel cdsu2a 6004b HeEKoOMopoti npamotl u no-
80POMA OMHOCUMENLHO IMOT NPAMOTl (6unmosoe deuscerue). Hecobemeen-
Hoe JeudCeHUe ECMb KOMNOSUUUA OMPAHCEHUA OMHOCUMENLHO HEKOMOPOT
NAOCKOCU AUDO €O cO8U20M MG BEKMOP, KOMNAGHAPHBLT NAOCKOCNU OM-
PadicenUA, AUOO € NOBOPOMOM OMHOCUMEALHO NPAMOT, NEPNEHIUKYAAPHOTU
NAOCKOCTU OMPAHCEHUS.

B kauecTBe cieJicTBUil IpUBEJIEM JBE TeOPeMbl KUHEMAaTUKI TBEPJIOTrO Te-
Ja.

CaencrBue 4.2.29. (Teopema iinepa) Beakoe deusicerue meepdozo me-
A6 ¢ 00HOT 3AKPENAEHHOT MOYKOT, ECMb BPAULEHUE OMHOCUMENDLHO OCU, NPO-
x00AauLetl weped 3aKPENAEHHYIO MOUKY.

CaencrBue 4.2.30. (Teopema Illansn) Bceaxoe nepemewenue meepdozo
MEAG €CTD KOMNO3UUUSL NOCMYNAMEAbH020 J8UMNCEHUA 600Ab HEKOMOPOT
NPAMOT U 8PAULLHUS OMHOCUMEALHO 0CU, cosnadatoulets ¢ 2moti NPAMo.

4.2.9. Adbdunnbie mpeobpaszoBaHusl €BKJINJI0BA IPOCTPAHCTBA

Teopema 4.2.31. (Hzmenenue 0066em06 npu aPdurnuix npeobpa3osaru-
az) Ipu addunrom npeobpasosanuu 06seM NAPAALEAENUNEIL YMHOHCAEMCA
HA AOCOMOMHYIO BEAUNUHY ONPEJEAUMENI AUHETHOT Yacmu Npeodpa3osa-
HUA.

115



Joxazamesvcmeo. PaccMoTpumM napaJiiesienuiie), MOCTPOSHHBI Ha BeK-

TOpax opi,...,0p,, U IYCTb B HEKOTOPOM OPTOHOPMHIPOBAHHOM 0GAa3HCe
€1, . ., €y BEKTOPDI 0D; UMEIOT KOOPJMHATHOE MPE/ICTABIeHUe O_p;' = . €ilij,
j = 1,...,n. Obbem napaJuieenuiesa, IIOCTPOCHHOIO Ha BEKTOPaX
Op1, - - -, 0Py, paser vol,(opi, . ..,op,) = | det(a;;)|. Mycts f: E — E — ad-

¢unHbIT aBroMopdusM. Torma obpa3 paccMaTpuBaeMoro mapaJiiesennieia
. — —

— TapaJiesIenniesl, ocTpoenubiil Ha Bekropax (D f)opy, ..., (D f)op,, nme-

IOIIUX B TOM K€ OPTOHOPMUPOBAHHOM 06a31ce KOOPMHATHOE IIPE/ICTABICHUE

(Df)o?} => (Df)ea;j = Zi,r e, fria;j. Toraa ero obbeM pasen

[det ) " friay| = | det fi| - | detayj| = | det f| - vol,(op1,. . ., opy).
)

[]

CaencrBue 4.2.32. (Afdunnas unsapuanmmocms ommowerus o0bse-
mo6) Ilpu addurrom npeobpasosanun omHoweHUE 005EMOE COTPAHACTNCA.

Teopema 4.2.33. (Pasaoocenue agipunnozo asmomoppusma) Bearud agh-
Punnvt asmomopPudm e6KAUI0Ba NPOCMPAHCMEA ECMb KOMNO3UUUA CO6U-
2a, JBUIICEHUA, OCMABAANWE20 HENOIGUNCHOT HEKOMOPYIO MOUKY 0, U ap-
durro20 npeobpaso8arua, AGAAOUWE20CH KOMNOZUUUET T MACUMAOHLT Npe-
00pa306anUL 6004 B3AUMHO NEPNENOUKYAAPHOIT 0CEll, MEPECEKAOULULCA 6
movxe o.

Jlokazamenvcmso. HeiictBurensho, jqs soboro f € Aff (E) umeer mecto
passoxkenue f =t,0q, g € Aff(E)s. Hst iuneiinoii vactun Dg numeeM 1oJisip-
Hoe pasyokenne Dg = OP, rae O — opTOroHAJIbHBIN, P — 0JI0KUTEIHHO
OlpeJIeJIEHHBIIl CUMMeTpUYecKnii JTuHeiHbie onepaTopbl. CuMMeTpuyecKuil
JINHEHHBII OllepaTop JnaroHaJIM3yeM; BhIOepeM OPTOHOPMUPOBAHHBIN perep

0,€1,...,€e, TaK, 9TO B ba3uce ey, ..., e, MaTPUIA omepaTopa P UMeeT BUJI
P =diag(Ai,...,\n), Ay > 0,7 =1,...,n. Torna BBeJieM cepuio JIMHEHHBIX
onepaTopoB P;, onpejendeMblx papencrsamu Pie; = Ne;, Pie; = e; npu

1 # 7, n cepuio apPUHHBIX NIpeodpazoBanuii m; : 0 + x +— 0 + P;x. Torna,
BBejIs addurHOE TpeodbpazoBanne w : 0+x — 0+ Ox, NOJIyINM pa3jioXKeHne
g=womo...my,uf=t,og=t,owomo...m,. []
4.3. KBajipatndnable GyHKIUNA U KBAJPUKHI

4.3.1. Buacdppunsble 1 KkBagpaTnyHbie QYHKIINN

IIyctb A — n-mepHoe adduHHOE IPOCTPAHCTBO, aCCOUUNPOBAHHOE C
BEKTOPHBIM IpOCTpaHcTBOM V' Hajl mosieM k, XapaKTepHCTHKa KOTOPOIO
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OTJINYHAa OT 2.

Omnpenenenue 4.3.1. buagpdunnroti pynruyued na apdUHHOM TpOCTPaH-
crBe A HazwIBaeTcst oTobparkenue ¢ : A X A — k Takoe, 9T0 117151 JIF0OOI TOUKM
peEA

. . ¢
¢y 1 DXA—AXA—SE
u Juist Jiio0oit Toukn: ¢ € A
67 Ax G AxADE
— adppuHHO-TMHENHBIE (DYHKIIIH.

Omnpenenenne 4.3.2. Buadbdunnas QyHKIUS ¢ CUMMEMPUIECKAA, ECTTA

st T0GbIX Totek B ¢ € A G(p, ) = B4, ).

[Iycts p =0+ x, ¢ = 0+ y; Torma

6(p,d) = d(o+z,0+y) = 65 (0+y) =6 (6) + (De\)y

= 6P (0+2) = ¢\ (0) + (Do),

OTKYy/a 3aKjiodaeM, 9to ¢(0 + x,0 + y) = ¢(0,0) + l1(x) + la(y) + f(z,y),
rie {; © V. — k, 1 = 1,2 — nuneitabie byuxiun, f(z,y) : V XV — k -
ousnneitnas gpopma. IIpu 9TOM BBIIOTHEHBI COOTHOIIEHMUSI:

$(0,0) + 1(z) = 6 (6) = ¢ (0) + (DY),
3(0,0) + la(y) = 617 (0) = 6" (6) + (D} )y.

Ecin ¢ cummerpudeckast, To {1 = {9 u OmnuHeiHass ¢popma f TakzKe CUM-
MeTpudeckad. [losromy cummerpuieckas dnadduanas QyHKIS UMeeT BU/T

po+z,0+y) = d(0,0)+L(x) +L(y)+ f(z,y) = ¢(0,0) + L(z+y) + f(z,y).
Omnpenenenue 4.3.3. Keadpamuunot pynrkyueti va apdUHHOM IIPOCTPaH-
crBe A HazbIBaeTcst orobpazkenne () : A — k., pazjioKumMoe B KOMITO3HUITIIO
dia
O:AYAxA 2k

rie diag : A — A XA : p— (p,p) — InaroHasbHOE BJIOXKEHUE MOITPOCTPAH-
CTBa, & ¢ — cuMMeTpuieckas onaddunnas QyHKIINA.

[lycts g(x) = f(x,z) — kBagparnunas ¢dopma, COOTBETCTBYIONIAs OU-
smHeitHoit popme f. Torma kpajparndHasi GyHKIHsS (), COOTBETCTBYIOMIASI
cuMMeTpuyeckoit onad@uHHON PYHKIMU ¢, MOKET ObITH 3allliCaHa B BHJIE

Qo+ z) = ¢(0,0) + 20(x) + q(x).
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BadukcupoBas penep o, €y, . . ., €,, HOJyIUM BbIpazKeHue JJisi KBaJpaTud-
HOI pyHKIMU () OT KOOPJIMHAT BEKTOPA & = X1€1 + + + + + Tpey:

Qo+ ) = ¢(0,0) + 2 Z Piz; + Z Pij ;.
i ij

[Ipu cmene cucremsl Koopaunat Marpuna ® = (¢;;) kBajgparuanoii hopMbl
q nipeobpazyeTcss OOBIYHBIM 00Pa30M; TIOITOMY €€ PaHT ABJISIeTCSI WHBapuUaH-
oM. Paneom keadpamuunots gynxuyuu Q6 + x) = ¢(0,0) + 20(x) + q(z)
HA3bIBAETCA PAHT COOTBETCTBYIOINIE eif KBaJIpaTUIHONl (POPMBI q.

4.3.2. IlenTpbl KBagpaTu4dHOIl (pyHKINU.
LenTpanbHble KBagpaTUdHbie PYHKIUN

Onpenenenne 4.3.4. [[enmpom, Wi yerHmpansvHot mouwkoti, KBaapaTud-
Hoit pyHKIMK () HA3BIBAETCSI TaKasl TOUKa P, 9TO JIJisi J1I0OOro BekTopa x € V

BeINIOJIHEHO Q(p + ) = Q(p — ).

Samevanue 4.3.5. llenTp KBaApaTUIHON (DYHKIINN SIBJISIETCA AHAIOTOM I€H-
Tpa CUMMETpUn (PUIYPhl B 3JIEMEHTAPHONH NeOMETPUN U OIPEJIEIISICTCs TT0XO0-
JKIM 00pa3oM.

Omnpenenenue 4.3.6. Kpajjparuanasi hyHKITHS () HA3BIBACTCS UEHMPAAL-
HOTl, €CJIN OHa, UMEET XOTsI ObI OJWH IEHTP, U HEeUEHMPAAbHOT B IIPOTUBHOM
crydae.

Teopema 4.3.7. (Aavmepnamusnoe onpedeserue uewmpa) Towka p a6-
AAEMCA UEHMPAALHOT Mowkotl xKeadpamuvnotl pynrkyuu (Q mozda u moavKo
moeda, xo2da daa 1106020 eexmopay € V ewnoaneno Q(p+y) = Q(p)+q(y).

oxazameavcmeo. Ilyctb p — neHTp KBagpaTudHoil pyHKIUN (); BbIULC-
JIIM ee 3HadyeHue B TOUKe P + y:

Qp+y) = Qo+r+y)=Q0)+2(r+y)+qlx+y)
= Q(0) +20(x) + q(z) +2(L(y) + f(z,y)) + a(y)
= Q(p) +qly) +2((y) + f(z,y)).
Tax xax p — nenrp, 1o Q(p —y) = Q(p) + q(y) — 2(l(y) + f(z,y)) =
Q(p) +q(y) +2(l(y) + f(z,y)) = Q(p +y), orxyna 2((y) + f(x,y)) =0, n
QP +y)=Q®) +aq(y).
Obparno, mycrs Q(p+y) = Q(P) +q(y). Torma Q(p—y) = Q(p) +q(y) =
QP +y). u

13 Ad0Ka3aTeJIbCTBa TEOPEMBI Cpa3y 2KE NMEEM
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CaencrBue 4.3.8. (Onucanue mmostcecmsa 4enmpos k6adpamuunots gymx-
yuu) Touka o+ x asasemes yenwmpom keadpamuyunot Gynkyuu QQ 6 mom u
MOABLKO MOM CAYHae, Kozda das a06020y € V ewnoaneno ((y)+ f(x,y) = 0.

Bribpas B nipocrpancTse V' 6asuc ey, . . . , €,, TOJYINM CUCTEMY yPaBHEHH
le)+ f(x,e;) =0, i=1,...n,
WK, B KOOPANHATHOM (hopme,

Gi+ Y @i =0, i=1,...n. (4.3.1)
J

COBMECTHOCTH CUCTEMBI HCCTCAYIOT, MOJIb3ysACh KpuTepueM Kponekkepa —
Kanemm. Otciofa cpa3dy »Ke 3aKJIi09aeM, 9T0 MHOKECTBO IEeHTPAJIHHBIX TO-
YeK KBaPATHIHON (PYHKIUN, €CJIU OHO HEIMYCTO, sIBIAETCS JUHEHHBIM I10/I-
MHOT00Opa3meM ¢ HAIPABJIAIONINM TOITPOCTPAHCTBOM, COBIAJIAIONTIM C $I]T-
pom ker ¢ kBajgpaTuaHOil (POPMBI ¢ U OINPEIEIIEMbIM CHCTEMOI ypaBHEHMIT
Zj zrj¢;; = 0, ¢ =1,...n. Kpome TOro, HenenTpaabHOCTh KBa/IPaTHYHO
pyHKIIIN TMeeT MeCTO JIUIIb TOrJa, KOTJa €e PAHT 7' CTPOro MeHbBIIE 1.

Samevarnue 4.3.9. Oupejenenne neHTpaabHON TOYKHI OBLIO JaHOo O6e3 BOBJIe-
YeHNsI KOOPAMHAT. DTO CIYKAT YKA3aHIEM Ha TO, YTO OIPee/IseMblil 00bEeKT
appurmo uneapuarmen, T. €. He MeHsieTcss pu ad@UHHBIX Ipeobpa3oBa-
Hugx. B gactHocTH, npu adpduHHOM IIpeodpas3soBaHnN, IIEPEBOJIAIIEM perep
(0,€1,...,e,) Bpenep (0, €], ..., ¢el), cucrema (4.3.1) ymHO)KaeTCS CripaBa Ha
MaTpPHILY Tlepexojia or 6asuca ey, . . ., e, K daszucy e, ..., e,. IIpu srom omnpe-
JieJisieMoe €10 IOIIPOCTPAHCTBO OCTAeTCsl HeM3MeHHbIM. TakuM oOpa3oM, Jin-
HellHOe 110JIMHOr00Opa3ne MeHTPOB KBaIPATHIHON PYHKIMH 3aBUCUT TOJIBKO
0T caMoil (pbyHKIINM, a He OT BbIOOpa ee KOOPAUHATHOI'O IIPEeJICTaB/IeHUS.

4.3.3. Adbdunnasa kiaaccudukaimsi KBaaApaTuIHbIX (OyHKITUIA

Onpepenenne 4.3.10. Kpagparuunvie dyuxiuun Q@ u Q' addurno
oKBUBANEHMHBL, ecn cylecTBYeT addunuHoe mpeobpasosanue g € Aff (A),
g: A — A rakoe, uro Q' = Qo g.

Teopema 4.3.11. (Addunnan xaaccudurayua keadpamuwnox Gyrryud)
ITycmo Q — xkeadpamuvnas Gynkyus panea r Ha N-MEPHOM aPOUHHOM NPO-
cmpancmee A, accoyuuposarmom c k-eexmoprvim npocmpancmeom V..

o Feau () HeUeHMPArvHas, Mo 6bl60POM CUCTEMDL KOOPOUHAM O, €1, . . . , €y
OHG NPUBOOUMCA K 6udy

Qo+ 7) = aqa] + -+ + @t + 22,41, (4.3.2)
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eder <mn,a #0,7=1,...,r, Kerq sadaemcsa ypashenuamu ri =
o=, =0, 2de q — xk8adpamuunasn popma, ceazannasi ¢ Q).

o Fcau Q) uenmpanvras, mo 6ub0pom cucmemvt kKoopounam o0, €y, . . ., e,
C HAYAAOM 8 UEHMPAALHOT MOUKE O OHG NPUBOIUMCA K 6UDY

Qo+ ) = arx? + - + a,x? + o, (4.3.3)
2de Q(0) = ¢y s 0601 uenmparvrot mouku 0.
Qynryuu (4.3.2) u (4.3.3) addurno nesxsusarernmmoi.

Jloxasamenvcmso. 1) Beibepem KaHOHUYIeCKHiT 6a3uc €], . . . , €, B IPOCTPaH-
cree V' st kBasiparnanoii ¢hopmsl . Torna B perepe 0, €], .. ., el dyHKuSA
() npuMeT BHJ

Qo+z)=ajx®+ - +aa/? + 282+ +2082, +7/,
npuiaeMm «; # 0, ¢ = 1,...,r. Ilepenoc nauasna koopaunar z; = x, + [3./c
npu i =1,...,r, & =, upui=r-+1,...,n IPUBOIUT K BUIY

QU +2)=ard{* 4+ + oal? + 28,47+ 28000+

Ecin npu srom ne sce koapduuuentsr 35, j = r + k,...,n, pasusl 0
1
i

mpn i = 1,...,7, Tppr = Bray g + o+ Bary +9"/2, 2540 = 2 1pn
j=r+2,...,r+k—12; =2 npn j =r+k+1,...,n Ora zaue-

(re. Bryor # 0), TOo HeoOXOmMMa eIle OjiHA 3aMeHa KOODJIMHAT: T; = X

Ha npusejer K Buiy (4.3.2). Muade nosyden Buj (4.3.3), ¢ TOYHOCTBIO 110
0bo3HAYEHNI].

2) [lycrs kBapaTnaHast pyHkust () npusejena K Buy (4.3.2) 6o (4.3.3).
CoorBercTByIOMIas eif KBapaTidHast (hopMa 3allUChIBACTCS B KAHOHIIECKOM
sugie q(z) = a1xi + -+ - + a2, 1 ee g1po ker ¢ apisercs (n — r)-MepHbIM
HOJAIPOCTPAHCTBOM B V' U 3ajiaeTcst ypaBHeHusiMu x; = - - - = , = 0. I[Iycrn
P = 0+ x — HeATpaJibHagd, P + Yy — TPOU3BOJIbHAA TOUKa. BhraucinMm 3Hade-
Hust GyHKIUN B TOUKe P+ y i ciaydas (4.3.2) Q(p+y) =Q(o+xz+vy) =
Doimy i@+ i)® + 21+ yr1) = QD) + q(y) + 20 iy + 2y 1
st cayyas (4.3.3) QB +y) = Qo +a +y) = > il + i) + do =
QD) +q(y)+2> | aywy;. Yeaosue nenrpasbaoctn st (4.3.3) cBoauTest K
r €kerq, e g ="+ =z, =0. B ciyuae (4.3.2) oHO He yJOBJIETBOPSETCSI
u3-3a JIMTHEIHOTO cjlaraeMoro 21, 1. []

KoMOUHUPYSI 9TOT pe3yJibTaT ¢ BO3MOXKHOCTBIO IPUBEJICHNUST BEIIIECTBEHHOI
KBa/JIpaTUIHON (POPMBI K HOPMaJbHOMY BUJLy U TE€OPEMOIl MHEPIINHN, ITOJTY IUM
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CaencrBue 4.3.12. (Kaaccudurayua 6€uecmeeHHvT K8aIpamuyHvLr
Pynryui) Had nosem k = R mobas xeadpamuunas Gynxuus nymem
8HL00PA CUCTNEMDL KOOPIUHAM. MOAHCEM, OBIMB NPUBEIEHAE K 0OHOMY U3 6UJ0S:

Q(éer):x%+---+x§—x§+1—---—x%+2xr+1,
Qo+z)=ai+ - +al—al —  —1x+ P,

npuvem amom 6ud odHo3HauHo onpedeasemcs camoli GyHryuer.

Samevarue 4.3.13. Vrak, semniecrseHnble Kpajaparunuibie Gynkmum Q u
adOUHHO SKBUBAJIEHTHBI TOIJIA U TOJBLKO TOIJIA, KOI'JIa COOTBETCTBYIOIIUE MM
KBaJ[paTHIHble (POPMbI UMEIOT PaBHbIE PAHIU W PaBHbIC CUTHATYPBI U DU
9TOM JInO0 00e (pyHKIMKU HeleHTpaJsbHbIe, 00 00e PYHKIUN IeHTPaJIbHbIE
1 IPUHUMAIOT PaBHbIE 3HAUEHUsI Ha, COOTBETCTBEHHBIX IIEHTPAJIbHBIX TOUKAX.

4.3.4. MeTpudeckasa Kjaaccudukanms KBaIPAaTUIHBIX PYHKIHAN

Bynem paccmarpuBaTh KBagpaTuIHbIe (DYHKIIMN HA €BKJIMJI0BOM TOYCIHOM
npoctpancTse .

Onpepenenne 4.3.14. Ksagparuunsie dyukuun QQ u Q' mempuuecku
IKBUBANEHMHDL, €CIIU CYIECTBYeT JIBIZKeHIe (MeTpUIecKuii aBroMophusm)
g € Iso(E) rakoe, uro Q' = Qo g.

Teopema 4.3.15. (Mempuueckas xiaccudurayus K6adpamuHulr @yrx-
yuti) Jhobas keadpamuyunas GYHKUUA HA T-MEPHOM EBKAUIOBOM MOUEY-
Hom npocmparcmee [ 6bi60poM 0OpMOHOPMUPOBANHO20 PENEPA MOACEM, ObIMD
NPUBEIEHA K 0OHOMY U3 CACOYOUUT BUAOB:

Qo+ ) = MNai+ - + N\a? + ¢y,
Qo+ z) =Mt + -+ Na? + 2uxpy, pu>0.

Ipu smom N; # 0, i = 1,...,7r; nepsuil cAayuatl cOOMBEMCMBYEM UCH-
MparvHotl GYHKYUL, U HAYAA0 KOOPOUHAM, O NOMEULEHO 6 UEHMPAALHYIO
mouxy. Bud, ¥ xomopomy npusodumcs dannas Gynruus, onpedessemcs ca-
Mot pyHnryuets 00H03HAUHO.

JlokazaTe/IbCTBO 3TOil TeOpeMbl MbI 3/1€Ch HPUBOJIUTHL He OyleM B IIessIX
skoHOMuN MecTa. OHO CX0XKe € JI0Ka3aTeJIbCTBOM TeopeMbl ahdUHHOI Kirac-
cuduKalnm, oJJHAKO TpedyeT JOMOJHUTEIbHON 3a00Thl OPTOrOHAJILHOCTD NC-
0JTb3yEeMOii 3aMeHbI Oas3uca.
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4.3.5. BermiecTBeHHbIE KBAJIPUKMU.
Nx adppuanasg n merpuieckas Kiaaccudukarmm

IIyctb () — KBajgparudHas (PyHKINUS Ha n-MepHOM ad@UHHOM IIPOCTPAH-
crBe A naj mostem k.

Onpenenenne 4.3.16. Keadpuxoti, nin 2unepnoseprHocmsio 6mopo2o
nopadka, HA3bIBAETCs TOJIMHOZKECTBO

Sq = {p € AlQ(p) = 0}.
B cijlydae n = 2 KBaJIPUKY Ha3bIBalOT KOHUYECKUM CEYECHUEM, NJIN KOHUKOU.

Mper orpannunmces ciaydaeM k = R. [Ipexkjie Bcero nckJioInM 3 paccMoT-
peHns MmycTble KBaJIpUK. TakoBa, HAIIPUMED, KBaJIPUKAa, COOTBETCTBYIONIAS
dyuxmun Q(p) = x? + 1 B npocTpaHcTBe J1060H Pa3ZMEPHOCTH.

Onpenenenune 4.3.17. Panzom keadpuru Sq Ha3bIBaeTCs PaHI Olpejie-
JISIIOIIelt ee KBaIpaTuIHON (pyHKINK () (H COOTBETCTBYIOIIECH eil KBaIpaTnd-

HOM (OpPMBI q).

Onpenenenne 4.3.18. Kpajjpuka Sg HasbIBaeTcA JIBONHBIM IOIIIPOCTPaH-
CTBOM, €CJIN OHA IIPeJCTaB/IAeT coDOIl JMHEHHOe IOJIMHOI000pa3Ne.

Hanpummep, TakoBa KBaJIpuka, 3ajaBaeMas ypaBHEHIEM :L‘% + -+ x% =0;
9TO He YTO MHOE, KakK JIMHeiiHoe mojMHOoroobpasue r1 = --- = o, = 0 pas-
MepHoctn n — 7. To »Ke juHeiiHOe TIOJIMHOrOOOpa3ne 3aj1aeTcd ypaBHEHU-
eM M2 + -+ a2 =0npu N\ > 0,4 = 1,...,r. Ouesuno, 1BoiiHbIe
HOAIIPOCTPAHCTBA MOTYT ObITh MCKJ/IIOUEHBI U3 PACCMOTPEHUS, IIOCKOJIbKY MX
reoMeTpudecKoe CTpoeHne N3y4eHo.

s Becex OCTaJIbHBIX KBaIPUK HMEET MECTO OUeHb IO0JIe3Hasd

Teopema 4.3.19. (Eduncmeennocmy ypashenus keadpuru) Ecau keao-
puka S He ABAAEMCA 060TUHBIM NOONPOCMPAHCMEOM, MO 066 €€ YPaSGHEHUA
6 00Hot u Mot dHce cucmeme KoopouHam Mo2ym pasAudaGmbCs MU HEHY-
AEBBIM CKAAADHOIM MHOACUMENEM, M. €.

So, =80, ©INeR\0: Q2= Q1.
BanHTepecOBAHHbI YnTATE/ b MOKET O3HAKOMUTHLCS C €€ JI0KA3aTe/IbCTBOM,
NpUBEJICHHBIM B KHUTE |4, TiaBa 5, §2, Teopema 1.

Onpenenenne 4.3.20. Touka 0 € A HazbIBaeTCss yeHMPOM, WIN UEH-
MPOM CUMMEMPUL, KBAJIPUKHI S, €CJI U3 TOrO, 9T0 0+ & € S, CJIeLyeT, ITO
o—x € S. KBajipuka S Ha3bIBaCTCSA UEHMPANLHOU, €CJIT OHA UMEET XOTsI Obl
OJINH TIEHTP. B MpoTuBHOM cjiydae KBaJIpUKa HA3BIBACTCI HEUECHMPANLHOU.
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IMTpennoxenune 4.3.21. (Ilenmpw xeadpuru) Keadpura S, He asaa10-
waAca 080TUHLM NOONPOCTNPAHCINEOM, UEHMPAALHA 0204 U MOALKO Mmo20a,
Koeda 3adarowan ee xkeadpamuynas Gynryus QQ yenmpasvra. Mrooswcecmesa
uenmpos keadpuru S, He A8AAULEUCA 80TIHBIM NOONDOCMPAHCTNBOM, U 30-
darouseti ee xkeadpamuywHotll keadpamuyurot GyHKuuY cosnadarom.

oxazameavecmeo. Ilycts S omnpesensiercs: obpallleHHeM B HYJIb KBaJpa-

TUIHON (DYHKITIH
Q6+ ) = () + 26(2) + by,

rjie ¢ — KBajparudHas ¢gopma, a ¢ — quHeiinas opma Ha BEKTOPHOM IIPO-
crparctee V. Ecin 0 — nenrp kBagpukn S u 6 +x € S, 10 Q0 + ) =
q(z) + 20(x) + ¢9 = 0 u, B cuily HEHTPAJbHOCTH TOYKH O, 0 — & € S,
u torma Q0 — x) = q(z) — 2(x) + ¢9 = 0. Takum obpasom, dyHKIHHT
Q(o+x) = q(z)+20(x)+ o u Q' (0+x) = q(x)—2¢(x)+ Pg ONIpeAESIOT OJHY
1 TY K€ KBaJPUKY S 1, [I0 TeopeMe eJIuHCTBeHHOCTH ypasHenusd, Q' = A(Q)
myist Hekotoporo A # 0. IMockosbky q(x) # 0, o A =1 u £ = 0. [ocnennee
PABEHCTBO SIBJISIETCST YCJIOBUEM HEHTPAJIBHOCTH TOUYKN O JIJIsT KBaJAPATHIHOMN
dynkiun (). ObpaTHo, ecjin 0 — TEHTP KBaJpaTudHoit GyHkiun (), To 3Ta
TOYKa ABJIAETCH LEHTPOM KBaJpuku Sg = S 110 olIpeJIe/ICHUIO. ]

Teopema 4.3.22. (Adpurnan xraccupurayusa xeadpur) Ypasnenue xkeao-
PUKU 8 M-MEPHOM BEULECTNGEHHOM GPHHUHHOM NPOCMPAHCMEE NPUBOIUNCA
aPPUHHBLM  AEMOMOPPHUIMOM K OOHOMY U MOALKO 00HOMY U3 CACOYOUWUT
MuUnos:

® UECHMPAALHAA KEAOPUKA C UECHMPOM 6 HAMANAE KOOPOUHAM:

o2 2 2 2 _
Iop: o7+ +a;—x 44— -—x;=1, 0<s<r,
P2 2 2 2 _
Ig,: i+ Fay—a,——x,=0, 7/2<s<,
® HEUECHMPANLHAA KEAOPUKGQ:
2 2 2 2
I, ai+-+o;—ao, — - —x. =24, 1/2<s<r.

Aoxasamenvcmeo. Teopema siBiisieTca NIPAMBIM CJIEJICTBIEM TeopeMbl ad-
unnoit knaccudukaluy g KBaApaTHIHbIX (PYHKIMM, ecjid 3aMeTUTDb, YTO
KBaJIpUKU, OIlpejesdeMble KBaJAPaTUIHbIMU (PYHKIUAMU, OTJINYAIONIUMUCS
Ha HEeHyJIeBOI CKasIAPHbII MHOXKHUTEJIb, coBlaJaloT. [loaTomy BbIOOpOM CKa-
JIIPHOIO MHOYKUTEJIA JI0OMBAIOTCA HOPMHUPOBKH CBOOOJIHOIO 4jeHa B [y, 1
Jmneiinoro wiena B I [ ,. Orpanndenne s > 0 uckiovaeT MycTyIo KBaJpUKY
B I, Pasencrso s = r B I, nocTap/iser JIBOfiHOE T0/IIPOCTPAHCTEO. [
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JIy1s1 HEKOTOPBIX KJIACCOB KBAJPUK B N-MEPHOM IIPOCTPAHCTBE MMEIOTCS
crenyabHble HA3BaHUSI.

Iy, n, — 20uncoud;

I, — 2unepbosoud;

I, 1 p—1 — 2nnunmuyeckut napabosoud;

Il -1, s <n—1- eunepboruveckuti napabosroud.

Curteryrorne KJIacChbl KBaJPUK HOCSIT HA3BAHUE GbLPONCOEHHDLL :

Lo Do, m <nu Il m <n—1- yuaundpe;

I, — KonycwL.

Tenepb obpaTuMcst K KBaJApUKaM B N-MEPHOM €BKJIMI0OBOM TOUYEUHOM IIPO-
crpancTie [E.

Teopema 4.3.23. (Mempuueckas kaaccudurayus keadpur) Ypasnenue
HENYCMOT K6adpuKly 68 N-MePHOM E6KAUIOBOM MOUEUHOM NPOCTPAHCMNEE, HE
ABNANULECA DBOTHBLM NOONDOCMPAHCMEOM, NOOTOOAULUM EBLOOPOM OPMO-
HOPMUPOBAHHO20 PENEPA NPUBOIUMCA K 00HOMY U MOALKO 00HOMY U3 cAedYy-
owur 6udos:

® UECHMPAALHAA KEAOPUKA C UECHMPOM 6 HAYAAE KOOPIUHAM:

2 2 2 2
x x x x

%+ _|__;_§_+1 ..... — =1, 0<s<r, (434)
ay a s y1 @;.

2 2 2 2
x x x x
S 2o o 2=, r/2<5< 71, (435)
aj s Asy1 ;.

® HEUECHMPAALHAA KEAOPUKQ:

2 2 2 2
X X i X
St e 9y, r/2< s <. (4.3.6)
a’l a’s a’s—l—l ar

Joxasamenvcmeo. Teopema gaBIIeTCS MPAMBIM CJIEJCTBUEM TEOPEMbBI MET-
pUYECKOi KIacCuUKaIun KBapaTuIabix byHkimii. B ciyaae (4.3.4) ¢y =
Q(0) # 0, u noayocu a; ONPeJEAIOTCA BbIpazKeHUusIMU a; = +/ |pg/Ni|, 1 =
1,...,r,vae A\, ¢ = 1, ..., 7 — OJIMYHbBIE OT HYJIs XapaKTepPUCTUIECKIEe KOPHI
CUMMETPUYIECKON MaTPUIlbI, COOTBETCTBYIOIICH KBapaTndHoil hopme q. ITo-
PAJNIOK CJIeIOBAHNS 3HAKOB KBAJIPATUIHBIX CJIATAeMbIX JIOCTHTAeTCsT CIIOCOOOM
HyMepaIyi epeMeHHbIX.

B ciyuae (4.3.5) nosyocu ompejesistioresi BblpaykeHusiMu a; = +/ |1/,
i=1,...,r, B cayuae (4.3.6) — BepazkeHusiMu a; = +/ |/ N;|, i =1,...,7,
npudeM HyMepallus ITepeMeHHBIX BbIOUpaeTcst Tak, 910 A\ > 0 upum ¢ =
,....,s,u \ju<Onpui=s+1,...,r— 1. ]
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J11s1 HEKOTOPBIX KJIACCOB KBAJIPUK B N-MEPHOM €BKJINJIOBOM IIPOCTPAHCTBE
UMEIOTCsI ClIelnaIbHbIe Ha3BAHMA.

(4.3.4), s = n — anauncoud,

(4.3.4), 0 < s < r =n — eunepbosoud,;

(4.3.6), s = n — 1 — ansunmuueckuts napaboroud;

(4.3.6), 0 < s <r=mn—1- 2unepboruveckuts napabosouo.

B ormyimame ot acdbdurHOI Kaaccudukainm, B METPUIECKOH Kaccrupuka-
U1 KBaJIpUKa HaJesisgeTcsd HabopoM toJiyoceit a;, ¢ = 1,...,7, UMEIoIuX
HOJIOXKUTEIbHBIE BellleCTBeHHbIe 3HaUeHus. B ciryuae rumepOoJion0B pas/in-
qator ewecmeennvie (pu @ = 1,...,8) u mHuumwvie (tpu i = s+ 1,...,n)
noJiyocu. 3HaUeHUs T0JIyoceil He 3aBHUCAT OT criocoba MpUBEJICHUs yPaBHE-
HUsl KBaJIPUKNM K KAHOHUYIECKOMY BHJIY; UX MHBaApPUAHTHOCTH OTHOCUTEIHHO
METPHYECKUX aBTOMOP(U3MOB CJIe/IlyeT U3 WHBAPUAHTHOCTH XapaKTepPUCTHU-
JecKuX KOpHeil \; U 1mapamMeTpoB ¢q, (i METPUIECKOI KjaccuuKaImn KBa/l-
paruunbix dyukiuii. [loayocn BMecTe ¢ THIIOM KBaJPUKU COCTABJISAIOT €€
HOJIHBINT HADOP MHBAPUAHTOB KJIACCU(MDUKAIIIH.

4.3.6. IImauHApPHI 1 KOHYCHI

Onpenenenune 4.3.24. Konycom Ha3bIBaeTcs KBaJpUKa S, Ha KOTOPOI
UMeeTcs TOUKa O CO CJIEJIYIOIIUM CBOHCTBOM:

ectn O+ x € S, 10 st Bcex A€ER o+ Ar € S,
Takast Touka Ha3bIBAETCHA GEPUUMHOT KOHYCA W SIBJASIETCS €TI0 IMEHTPOM CHM-
merpun. [Ipsmvast {0 + Ax|A € R} C .S nassiBaercs obpasyrowets konyca S.

Konycamu siBJstroTcst KBQJIpUKU Tulia [ 5 BePIUHA B 9TOM CJIydae MoMe-
)
IeHa B Hava/0 KoopauHat. Keimm r < n, To KBaJIpuKa IpeJcTaBiseT coboil

IUJIMHJIP HaJl KOHYCOM.

Onpenenenune 4.3.25. [[uaundpom HasbIBaeTCs KBajpuka S, odJaiaro-
Iast CJIEIYIONIM CBOCTBOM:

cymiectByeT BeKTop u # 0 Taxoii, 9To ecqn p € S, To p+ Au € S upu Beex
A eR.

HerpynHo yoeauTbes B TOM, 9TO BEKTOPHI 4 13 onpejieaeHus 4.3.25 coctan-
JISTIOT TIOJIITPOCTPAHCTBO BEKTOPHOTO TTPOCTPAHCTBA V' (BBIIOJIHITE TIPOBEPKY
camoctositeibao!) Ilyers U — 9T0 MOAIpoOCTpaHCTBO.

Onpegenenne 4.3.26. Abdunnnie nogupocrpanctsa p + U, p € S, na-
3BIBAIOTCS 00pa3yroujumu yusurdpa S.

Paccmorpum nipousBosibHOE 1psimoe passioxkenune V = U @& W u BoibepeMm
PON3BOJILHYIO TOUKY Iuanugpa ¢ € S. Torma obast obpasyiomast p + U
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epeceKaeT MOANpPOCTPaHCTBO ¢ + W B enMHCTBEHHOI TOUKe 7 € S, ompe/ie-
JisleMoil pazjioxenneM pg = u+w, u € U, w € W, ¢ = p+u = ¢ — w.
TTosTomy 3ajanuem nognpocrpanctsa U C V u kpajgpuku SY = SN (G+ W)
IIUIFHJIP onpejiesisercs ofanosnauno. Keagpuka S naseisaerca ocrosanuem
yuaurdpa S.

Ilycts Sg — KBaJpuKa, oupe/jie/igeMas KBaJipaTndanoit gynkiueit

Q0+ x) = qz) + 2((z) + ¢o,

U IycTb p = 0+ € Sg, a Takke P + au € Sg g Beex o € R. Torna

Q(p)=0mn
Q(p + au) = Q(p) + o’q(u) + 2a(f(x, u) + L(u)) =0,

n oq(u) +2a(f(x,u)+£(u)) = 0 npu seex a € R. Taxum obpasom, q(u) = 0
u f(z,u) +¢(u) =0.

[Iyctb w € U (cumBosiom U tmo-tipekHeMy 00O3HAYEHO HAINPABJIAIONIEe
OJIITPOCTPAHCTBO IUJINHJIPA), U BbiOepeM Oasuc ey, ..., e, Tak, ato U =
(€ma1,---,€n). Torma B KOOpANHATHO 3amucu KBajapaTuiHoi GpyHKnm ()

Q(O + SL‘) = Z qbz'jﬂfilUj + 2 Z gbj.ilfj + gb()
ij i
nMeeM ¢ = 0u ¢; =0 npu j =m+1,...,n. Urak, Mbl JJoKaza/am cielyio-
U pe3yJIbTaT.

IIpemnoxenune 4.3.27. (Pacnosnasanue yuaundpos) Keadpuka Sq pan-
20 T ABAACMCA UYUAUHOPOM Mo20a U MOALKO Mo20a, k0200 8LINOAHEHO 00HO
u3 deyx ycao6ull:

e xsadpukra ueHmpasvras ur < n,
e xeadpukra neuenmpasvras ur < n — 1.

Hanpasasrowee noonpocmparncmeo U umeem pazmeprocmo, pasHyo n — r
ors uermparvoroti un —r — 1 daa neyenmpanrvroti keadpuru. Ochosanuem
UYUAUHOPA ABAAEMCA HEBWPOHCIeHHAA Keadpuka aubo Kowyc 6 addurrom
NPOCMPAHCNGE PASMEPHOCTNU T 68 UEHMPANOHOM CAYUGE U 8 NPOCTPAHCMNEE
pasmeprocmu v+ 1 6 HeuenmpasvHom cayvae.

Onpenesienue 4.3.28. B cooTBeTCTBUN ¢ TUIIOM OCHOBAHUS 582 IJIAHIP
SO Ha3BIBAIOT IANUNMUYECKUM, 2UNEPOOAUNECKUM I KONUMECKUM, JTHOO,
PABHOCHJIBHO U COOTBETCTBEHHO, UUAUHIPOM HAO IAAUNCOUIOM, 2unepbono-
udoM UAU KOHYCOM S%.
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4.3.7. domosnHeHne: MaTpuyHas 3anuch adpPUHHBIX ITpeodpa3oBaHMn
" Kjgaccudukalys KBagpuK

[Iycts A" — adpdpunnoe mpocTpancTso, (0, €1, . . . , €,) —penep, p(T1, ..., Ty)
— r1ouka. [Iycrs adpdunnoe npeodbpaszosanue f : A" — A" 3ajaercs B pukcn-
POBAHHOM perepe COOTBeTCTBHEM P(T1, ..., xy,) — f(p)(z], ..., ) Tak, aro
T =y ; i + bi. DTO BhIPazKeHNE MOMKHO 3allcaTh B BUJE MATPUIHOIO
YMHOXKEHHUsI, UCII0JIb30BaB CJIe yiomuii ¢hopMasbablil npreM. Begem n+ 1-10
«KOOPJIUHATY» Ty 1, KOTOPasl Beeria Oyner paBHa 1, «paclIupeHHblii» CToJI-
Oerr Koop/iuHaT X u «pacIMpeHHyio» MaTpully adp@UHHOTO MPeodpPa30BAHMSI
110 [IPABILILY

T ai;r ... Qip bl

X=|"1]; A= (4.3.7)
Th ap1 ... QApp bn
1 0O ... 01

)

tak, uro X = AX'. Marpuna, obparnas k A, umeer Takoil ke (6J109UHO-
BepxHeTpeyroJbHbil) ugu X' = A71X .

Kpaaparnunas Gyuxius Q(o+x) =, 5 ¢ijwixj+2 ) ¢j2j+do B HOBBIX
00O3HAYCHUSX 3AIUIIETCS CJICIYIONIIM 00Pa30M:

¢11 ¢1n ¢1 X1
QO6+a)=[r1 ... 20 1] </>;1 ¢;n (/) x — XTFX, (438)
$1 ... On | Do 1

/i€ BBeJIeHa «pacIlipeHHasi» MaTPHIla KBaApaTuIHOl (DYHKIINN F. Herpy -
HO yOeUThCsI B TOM, 9TO PACIIHPEHHAs MATPHUIA KBaAPATHIHON DYHKIIII F
peobpasyercs Ipu CMeHe perepa 1o IpaBuIy, AHAJIONITYHOMY IIPABUILY IIPe-
obpaszoBaHusl MATPHUITLI KBaAPATHIHON hopmbl: F F' = ATF A rjie A- pac-
IIpeHHas MaTPUIa TpeodpasoBaHus, IepeBoJIsiiero pemep (0, ey, ...,e,) B
perep (0, €, ..., e ) 1 B COOTBETCTBUN C STUM CBsI3bIBAOIIAST KOODIMHATHI B
STUX Pelepax 10 IPABILILY X = AX".

Otciozia cpasy ke 3aKI09aeM, 9To 1) pane pacwupernots mampuyvt (604b-
wot pane) keadpamuunotl Gynryuy ecmov addurnnvil uneapuarm; 2) Haiu-
YUE U 2COMEMPUS UEHMPL MAKHCE APPHUHHO UHBADUAHMHDL.

[Tockonbky Kiaccumukanusa KBaJIpuK nu3 TeopeMmbl 4.3.22 onpejensdercs
MAaJIbIM PAHI'OM 7', CATHATYPOIl 1 HAJTUIHEeM JIMHEITHOrO U ¢CBOOOIHOIO YJIEHOB,
TO, UCIIOJIb3Ys PACIINPEHHYI0 MATPHUILy I KarKA0ro n3 ad@UHHBIX THIIOB,
MBI MOZKEM HMHTEPIPETHPOBATEH KIACCH(DUKAIINOHHBI Pe3y/IbTaT B TEPMUHAX
pacCIIUPEHHON MaTPUIIBI.
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Beipoxkienne (B MUIMH/P WK KOHYC) TPOUCXOUT TOTJA U TOJBKO TOT/IA,
korga 1” < n+1. KBagpuka mnenrpaJibHas TOria 1 TOJLKO TOIJIA, KO CHCTe-
ma (4.3.1) copmectna. Kpajpuka spisercs konycoM (I ,) Toria 1 TOIBKO TO-
18, KOTJa IeHTpaJibHasd TOUKa, eIUHCTBEHHA, T. €. 60JIbLIoN 77 = rank F uma-
Jbiii = rank F' panru paBHbl 4 paBHbL 1. e 7 < r+1, To uMeeM KBaJIpUKYy
Tuia I ,; ecii K ToMy ke 1 < n, nojydaem muaniap tuna I . Ecm 7 =ru
r < n, TO muaunap tuna [ ;T. DTO NMJIMHJIPDI, UMEIoIe OECKOHETHbIE MHO-
»KecTBa IeHTPoB. Ecin, HakoHell, 77 = r+2, TO IeHTPOB HeT, 1 KBAIPHKa OTHO-
cured K iy 11, Ecan npu stom r < n—1, 1o 310 nnmunap tuna I I, .. Yuc-
JIO S TIOJIOYKUTE/IbHBIX KBaJIPATOB B KAHOHUYIECKOI (hopMe ypaBHEHHSI KBaJl-
PUKHU JTaeTCs pacipejie/ieHueM 3HaKOB XapaKTePUCTHIECKIUX KOpHeH MaTpu-
bl [, Takum obpasom, BbIBOJ 00 adpOUHHOM THIle KBAJIPUKH MOXKHO CJe-
JIaTh, He TIPUBO/IS €€ YpaBHEHNS K KAHOHUYECKOMY BUJTY, a BHIYNC/INB MHBAPU-

auTol 7,7, . g kiaccudukanuu KBajgpuK yI00HO II0Ib30BaThLCsT TaOIMIIECH:

paHru 3HAKH KaHOHMYeCKad MaTpura F' KOMMEHTaPUit
E, 7
r<n, —B,_ ST
~ 0<s<r UAUHO
r=r+1 - On_» Y P .
1 HEeHTPaJIbHBII
r=n Es ] [s,n
Y
~ 0<s<n —FE,_ eHT
r= n+ 1 — r—S H p .
I eJIMHCTBEHHbIi1
ES 1;77"
r<n —b,_ UAUHO
N ) ”"/2 S s S r r—S u p .
r=r O,_, KOHNYECKUI
eHTPAJIbHBII
!/
Es ; Is,n
r=mn KOHYC
. r/2<s<r —F Y
r=mn 0 LIEHTP
- €INHCTBEHHBII
Ey
_Er—s 11
T < Tl - 17 0 O S,T
~ r/2<s<r UAUHO
r=r-4+2 [2<s< : Y P .
0 HeIlleHTPaJIbHBII
1
Ey
=n—1 —Eb,_ I,
7:\ n ) 7“/2 S s S r r—S s,n—1
r=n+1 01 HelleHTPaJIbHA
1
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4.4. DneMeHTBbI TeOMETPHUH B ITPOCTPaHCTBEe MMHKOBCKOTO
4.4.1. IIpocrpancTBo MMHKOBCKOro

Onpenenenne 4.4.1. [Ice6doeskiudosvim moveunviM NPOCMPaHcmeoM
HasbiBaercs adpPUHHOE IPOCTPAHCTBO, ACCOIUMUPOBAHHOE C IICEBIOCBKIINIO-
BBIM BEKTOPHBIM T1pocTpancTBoM V, (+|-). Cuenamypoti ncesdoesraudosa mo-
YEeUH020 NPOCMPAHCNEG, HABBIBAETCA CUTHATYPA IICEBIIOCKAISIPHOIO IPOU3-
BeJICHUsSI B COOTBETCTBYIOIEM €My BEKTOPHOM IIpocTpaHcTse. IlceBnoeBKiin-
JIOBO TOYETHOE TPOCTPAHCTBO CUTHATYPHI (1,3) HA3BIBAIOT Npocmpancmeom
Munrosckozo.

O06bIuHO TpPOCTPpaHCTBO MUHKOBCKOIO PacCMaTPUBAIOT B CBA3U C OCHOB-
HBIM €ro MPUIoXKEHUEeM, 0Jarojapsi KOTOpoMy OHO W IMOsIBUJIOCH B MaTeMa-
THKe 1 PU3NKe, — MaTeMaTHIeCKIM allapaToM CReyuaAbHOl Meoput om-
HOCUMEALHOCTU. DTO (PU3NKO-MaTeMaTHIecKass TeOPHs, pacCMaTPUBAIONIAs
MOBeJIeHIe KNHEMAaTUIeCKNX YPABHEHNI B PA3/INUHBIX NHEPIUAJILHBIX CUCTe-
MaxX OTCYETa, JBUKYIIUXCS JIPYT OTHOCUTEIBLHO JIPYTa CO CKOPOCTSIMU, CPaB-
HUMBIME €O cKopocTbio csera (3 - 10% m/c). ITosromy MBI GyeM coBMeIaTh
MaTeMaTUIecKre MOHATHA ¢ TTOHATUAMU U 0003HAYeHUAMU (PU3NKH. YI00HO
paccMaTpUBATL OPTOHOPMUPOBAHHBI periep (0, €q, €1, €2, €3), TIePBbIii BEKTOD
KOTOPOro ToJiozKuTeeH. Touky x npocTpancTBa MUHKOBCKOrO (DU3UKHU Ha-
3BIBAIOT MUPOG0ti Moukoti. BeKTOp 0F MMeeT KOOpIMHATHOE Mpe/ICTaB/ICHIe
xr = teg + x1€1 + Toes + x3es. Koopannarobl x1, To, T3 MHTEPIPETUPYIOTCS
KaK IPOCTPAHCTBEHHDbIE KOOPAMHATHI MaTepraabHON TOUKN, a t — KaK BpeMd
WJIN BeJININHA, My [TPOMOPIMOHAIbHAs (B 3aBIUCHMOCTH OT BBIGOPA CUCTEMBI
enuHUI n3Mepennst ). Mupoast Touka & B mpocTpaHcTBe MUHKOBCKOTO COOT-
BETCTBYET COOBITHIO, TTPOU3OIIEINIEMY B MOMEHT BpeMeH! ¢t B TOYKe OObIU-
HOI'O TPEXMEPHOI'O MPOCTPAHCTBA, UMEIOIEH B HEM KOOPJAUHATHI X1, T, 3. C
TOYKH 3peHHsi (PU3UKI OPTOHOPMUPOBAHHBII periep (0, ey, €1, €2, €3) — HE UTO
HOE, KaK UHEPUUAALHAA cucmema omcvwema. VI3 Kypca pU3NKN HATOMHIM,
YTO UHEPUUAALHOU HABBIBACTCH TaKas CHCTeMa OTcueTa, B KOTOPOil Jiiobas
MaTepuaJbHasg TOYKa PN paBEHCTBE HYJII0 BEKTOPHOI CyMMbBI BCEX JTeCTBY-
IONNX Ha Hee CHUJI JBUXKETCS C IOCTOSHHOM 10 BeJIMYMHE U HallpaBJIEHUIO
CKOPOCTBIO (B 9aCTHOCTHU, TIOKOUTC ).

[Tocsie BBIOOpa OPTOHOPMUPOBAHHOTO perepa MOYKHO CUNTATh, YTO MBI pa-
6oTaeM B CTAHIAPTHOM ICEBJIOCBKJINIOBOM mpocTpancTse R* co crammapr-
HBIM 6asrcom €o, €1, €32, €3, B KOTOPOM HOpMa, BEKTOPA
u = teg + x1€1 + X269 + XT3€3 BHIUYUCIAETCA 1O TIPABUILY

ul|? = t* — 2% — 25 — 23 (4.4.1)
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[Tpu 5TOM BCe BEKTOPBI MOJPA3JEISIOTCS Ha TPU Kjacca (He sIBIISTIOTIIX-
Csl BEKTOPHBIME [TPOCTPAHCTBAMMU): NOAOHCUMENHBIE, WA SPEMEHUNOI00-
note; ||ul|? > 0, nyaeswie, mmm ceemoswie ||ul|> = 0; ompuuamenvrvie, nnm
npocmpancmeento-nodobnwie, ||u|[? < 0. D10 paszbuenue apjsgeTcss HHBADH-
anToM opmbl (4.4.1) U CBA3AHHON C HEIO TICEBIOOPTONOHAJBHOM I'PYIIIIbI
O(1,3), T. e. He MeHsIeTCsI TIPH CMeHe OPTOHOPMUPOBAHHBIX Oasmcos. ['u-
MEPILIOCKOCTD O + (€1, €9, €3) HECeT MHJIYIIMPOBAHHYIO CTPYKTYPY €BKJINI0BA
IPOCTPAHCTBA C JIJIMHON BEKTOPA, BBIUUCIsIeMOit 110 hopmyite ||x1eq + xoes +
x3es|le = —||x1€1 + woeo + w3€3]|. Takum obpasom, Bce TpeodpasoBaHms, CO-
XPaHAIOIIIE Ty IJIOCKOCTb, — 9TO OOBbIYHBbIE JIBUZKeHUs! (& Ipu (bUKcamum
Havajia — OPTOrOHAJIbHBIE MTPEeOOPA30BAHMUsI) TPEXMEPHOIO eBKJIMI0BA IIPO-
CTPAHCTBA.

Ecin BBIOpaHBl IBE TOUKH P, = P + U, TO KBaJIpaT s> 4-paccTogHns
MKy HUMU Jaercst hopmyiioii (4.4.1) u HABBIBAETCST YeMupPeTMePHbIM UH-
mepeanom meacdy moukamu p,q: s* = t* — x3 — x5 — x3. Ouesugno, on
MHBapHUAHTEH OTHOCUTEILHO [ICEBI0EBKINIOBBIX JIBUYKEHII 1 MOYKET [IPUHIU-
MaTh OTPHUIATEIbHBIE 3HATCHS.

[Iycth B HavaibHbLIH MOMeHT BpeMenu t = (0 mMaTepuabHas TOYKA HAXO-
JUITCsL B TOUKE € IIPOCTPAHCTBEHHBIMI KOODANHATAMIL (T1, T, ¥3) = 0 1 JIBII-
YKETCsI ¢ TIOCTOSTHHOT 110 BeJIMYNHE U HAITPABJIEHUIO CKOPOCTHIO ¥ = (v, U, U3).
Torna ee KuHEMATHYECKIE YPABHEHUS JBIKEHUST NMEIOT BII

T, = Uit, 1= 1, 2, 3. (442)

Cucrema ypasuenuit (4.4.2) uMeer ofHOMEPHOE TPOCTPAHCTBO perternii. OHo
[PEJICTABIISIET CODOil TPOCTEHIITYI0 BEPCUIO MUPOBOT AUHUY MATepUabHOI
TOYKH.

B uacrnocru, npu |||, = 1 mosydaem mpsiMble, TpUHAJIEXKAIIITE U30-
TPOITHOMY KOHYCY.

4.4.2. TIpeobpazoBanus JlopeHiia

B sToM nyHKTE MBI OyJIeM HHTEPecOBATLCS IPeOOPA30BAHIAMHI, HE MEHSIIO-
MIIMHI HadaJla OTCYeTa, a JIUIIb 00YCJIOBJICHHLIMUA CMEHO OPTOHOPMUPOBAH-
HBIX 6asucos. PesyiabraroM OyjeT sIBHBIA BUJ| IICEBIOOPTOrOHAILHBIX IIPe-
oOpa3oBanuii, He CTAOMIN3UPYIOIINX BEKTOP €y, IS 9TOro ciaydas. Taxue
1peobpazoBaHusl PU3MKU HA3BIBAIOT O0YCMaMU.

YenoBumest  Tak  BuIOpaTh  0a3uC  TPEXMEPHOIO  IIOJIPOCTPAHCTBA
(e1,e9,e3) C R uro ¥ = (v,0,0). Torja MOKHO paccMaTPUBATL BMECTO
4eTBIPEXMEPHOr0 KMHEMATHYECKOr0 OIMCAHUS JIBYMEPHOE, T. €. paboTaTb ¢
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TojipocTpancTsoM R? = (€0, €1) € MCEBJIOCKAJISPHBIM IPOU3BEJIEHUEM, OIIPe-
JleJIsieMbIM KBaIpaTuIHON (popMoit

||z||? = t* — 2% (4.4.3)

BexkTopbl H30TpOITHOTO KOHYCa B 9TOM ciydae uMeroT Buj A(eg & e1). MHo-
JKECTBY M30TPOIHBIX BEKTOPOB COOTBETCTBYET Iapa KMHEMATUICCKUX YPaB-
Henuii x1 = £t. OHU COOTBETCTBYIOT JIBUKEHUIM CO CKOPOCMbIO CEEMA 110
HAIPaBJICHUIO0 OA3UCHOIO BEKTOPa €1 1 HPOTUB Hero. IlcesnooproronaabHoe
npeobpaszoBanne, coxpaHsonee Kpaaparudnyo dopmy (4.4.1) umu (4.4.3), B
busKKe COOTBETCTBYET MEPEXOy OT OJHONH MHEPIUAILHON CHCTeMe OTCYeTa
K Jpyroii. Jlioboe Takoe 1peobpaszsoBaHue LIEPEBOJUT U30TPOIHDLIE BEKTOPDI
B U30TPOIHBIE. DTO MaTeMaTHIeCKHIil acieKT PU3MIECKOI0 NPUHUUNG UHEA-
PUAHIMHOCTIU CKOPOCTNU CEEMA: BO BCEX UHEPIHUAJIBLHLIX CUCTEMAaX OTCUEeTa
CKOPOCTB CBETA, B BaKyyMe UMEET OIHO U TO yKe 3HadYeHue.

Urak, nmuneiinbiii oneparop A npunaiexut rpymme O(1, 1), ecin BbIoi-
HSIETCS OJHA U3 JIBYX Hap TPeOOBAHMIL:

Aleg+e1) =aleg+e1), Aleg —e1) = B(eg — e1);
Aleg+e1) = aleg —e1), Aleg —e1) = B(eg + e1).

PaszpenuB ypaBHEHHS [1€pBOTO CjIydasi, TPUXOIUM K BbIpayKeHUSIM

a+ [ a—pf
Aey = 5 €0 5L

o — o+
«461:75€0+T5€1-

[TockosIbKY MBI paccMmaTpuBaeM coOCTBeHHOE IpeobpasoBanue Jloperia, To
det A =1,

atf a—f
| 2 2 | — _
det A= 25 35 |=af=1
2 2
_ -1 a—a”! _ a?-1 __
[oncranoska = a* u nepeobosHadenne St = S = v UPUBOJAT K

CJIeAYIOIEMY BHJLy cOOCTBEHHOrO npeobpasosanus Jlopenna ©’ = Ax:
potzvm g mout (4.4.4)
V1—12 V1—12
[Tapamerp v umeer (bU3NIECKUI CMBICJ OTHOCUTEILHOI CKOPOCTH CUCTEM
OTCUeTa, H3MepsieMoil B 0isix ckopoctn cseta. [losromy |v| < 1. Ilpu stom,
eCJI BeJIMYMHA OTHOCUTE/ILHON CKOPOCTH CHCTEM OTCYeTa HeBeInka v <K 1 —
VIMEHHO TAKOBBI «IIPUBBIYHBIC» HAM CKOPOCTH — TO B HYJIEBOM HPHUOJIMKCHUN

MOJTYIMM U3BECTHBIE U3 ITKOJIbHONW (PpU3UKHN IpeodpaszoBaHus [ amies:

t=t, 2 =z—ot
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Yupaxkuenne 4.4.2. Paccmorpes BTopoil cirydaii, moiydunTe siBHBIA BIT
HecoOCTBEHHOTo IpeobpaszoBanus JIopeHia.

[Ipocreiimmm cjie/IcTBUEM TTOJTYIEHHOTO Tpeodpa30BaHN SIBJIIETCA TaK Ha-
3bIBACMOEC AOPEHUEB0 COKpauseHUEe IJINH IIPU IIePeXo/ie OT OJHON NHepIna/Ib-
HOIl cucTeMbl oTcdeTa K Jpyroit. [Ipm 3ToM KoHIIbI oTpe3ka X1, 1 (PUKCupy-
IOTCA OJTHOBPEMEHHO B TOIl cucTeMe oTcdeTa, B KOTOPOIl n3MepdaeTcs JTaHHbIil
oTpe3ok. [lesjo B TOM, 9TO COOBITHUS, OJJHOBPEMEHHBIE B HEKOTOPOIl cHCTEME
oTcdeTa, He OyIyT OJHOBPEMEHHBIMHU B JIDYTOMH, €CJIi BTOpasd CUCTEMa JBU-

ZKeTCd OTHOCUTEJIbHO HepBOP'IZ
/ — Ir1 — vt fl — vt r1 — fl

vV1—2v2 1 —102 V1= 02

Urak, camyto OOJIBIINYIO JJINHY OTPE30K MMeeT B TOl cucreMe, B KOTOPOI OH

nokouresi. e orpesok nmeer jmuny lg = |x] — Ty| B Toit cucreme orcuera,
B KOTOPOI OH MOKOUTCsSA, TO ero jyimHa | = |r; — T1| B cucreme orcyera,
JIBUZKYIIEHCS OTHOCUTEILHO HEro ¢O CKOPOCTLIO v, pasHa [ = lpyv/ 1 — v2.
CobcrBennbie npeobpasoBanus Jlopeniia curnarypst (1, 1) cocrapistior B
rpyme O(1, 1) ogHOMApaMeTpUIecKyo MOAPYIITY ¢ MapaMeTpoM v. Beisc-
HUM gBHBII BU/JI CBSI3U ITapaMeTpa ¢ oliepalieil KOMIIO3UINNA B 9TOU HOATPYII-

ne. [lyist 3TOro paccMOTpUM KOMIIO3UIUIO G, = Gy, © Gy, JIBYX IIPe0Opa3oBa-

2
unit Jlopenna; npumenum g, : (t,x1) — (¥, 2]) ¢ napamerpom vy, a 3aTem

Gu, : (t',2)) — (", 2) c mapamerpom vy :

t/— t—1}1$1 [E, o $1—’Ult.
L/ 2’ L= 2’
/ / / /
t//_t — U2y "n_ T — Vot
= 1=

Bripasus t” yepes t, nosydmnm
o t—vixr] — UQ(SCl — Ult) _ t— (U1 + UQ)ZCl/(l + Uﬂ)g)
V1—v3/1— 03 V1= ((v1 +v2) /(1 + v109))?

Takum 0b6pa3oM, KOMIO3UIUA Gy = Gy

, O Gy, COOTBETCTBYET CKOPOCTH OT-
HOCHTEJIbHOTO JIBUZKEHUS, BBITHUC/IsIEMO 110 (bopmysie (npasuio caoocenus

cKopocmeti 8 CneyuaibHot Meopul, OMHOCUMENHOCTIU):
V1 + U2
V= —
1+ V1V
Dusnueckoe TOJKOBAHIE STOTO IPABUIA «CI0YKEHUs [apaMeTPOB» CJIEIYIO-

mee: ecau CcKkopocmb Mamepuaﬂbum‘z movru 6 nepeoz'z cucmeme omcHema
pacHa V1, a 6mopas CUCmema omcHema dBUINCEMCA OTHOCUMENDHO nepsmi
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CO CKOPOCMBIO Vo, MO CKOPOCTND MAMEPUAALHOT TOUKU OMHOCUMEALHO 610~
poti cucmemvl pasHa v.

Yupaxkuenne 4.4.3. VcciepyiiTe npaBiio CJI0KeHUsI CKOPOCTeil Kak PyHK-
IO JIBYX BEIECTBEHHBIX IIEPEMEHHBIX Ha 00JIaCTh OIpee/eHus, 00JaCTh
pusnIecKr 3HaAYMMBbIX 3HaYeHU apryMeHTOB 1 00J1acTh NPUHIMAaEeMbIX 3Ha-
yennii. Mcroskyiite pesyiabTaT ¢ TOUKM 3peHus (DUBUKU: MOSICHUTE, KaKuhe
«CYMMAapHBIE» CKOPOCTH JOCTHKUMBI, 8 KaKie — HeT.

Yupaxkuenue 4.4.4. Yoeaurechb B TOM, 9TO B IPUOJINZKEHNN MaJIbIX CKO-
pocTeil MPaBUJIO CJIOYKEHIS CKOPOCTell MPUBOAUTCA K BULY, M3BECTHOMY U3
ITKOJILHOTO Kypca, (PU3HUKH.

Yupaxuenue 4.4.5. fpngercs i rpymma O(1, 1) abesresoii? Otser oboc-
Hyure.

Yupaxkuenue 4.4.6. JI1000e 11ceBI0EBKIINIOBO ITPOCTPAHCTBO COJIEPIKUT
eBKJIIJI0BO TOJIIIpocTpaHcTBO. [locTpoiiTe ero. Torma Jirobas 1mceBmoopToro-
HasibHast rpynna O(s,n — §) CONEPKUT XOTst ObI OJ[HY OPTOTOHAJBHYIO IO/~
rpynmy. [TocTpoiiTe ee.

Yupaxkuenue 4.4.7. Kakue u3 11ceBJ00PTONOHAJIBHBIX TPYIIT abeJIeBhI, a
kakne — Het? OOOCHYHTE OTBET, HCIOJIb3Ys PEe3yJIbTaThl, MOJyYeHHbIE B JIBYX
NpeJbLIYIINX YIIPaXKHEHUAX.
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