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IIpeanciaoBue

B maTemaruke cBsI3b TEOPUU C KOHKPETHHIMHU 3a1a49aMU SIBJISIETCS, BO3MOMK-
HO, GoJiee TeCHOH, yem B J11060# JpYroi Hayke. DTa 0COOEHHOCTh MATEMATUKH
IIPOSIBJISIETCS ¥ B OCTAHOBKE MATEMAaTHYIECKOI'0 00pA30BaHusI Ha BCEX YPOBHAX.
[Tosromy u u3y4yeHne AUCUUIIMHEL, HA3BIBAEMO Teopuci GyHKIMi KOMILIEKC-
noro nepemernoro (T®KII), momxHO cOnpoBOXKIATHCS peIIenyeM y4eOHbIX
3a,1a4.

Hacrosmue meTogmyeckue yka3aHMs TpPeAHA3HAYEHBI CTYIEHTAM CIIeLH-
anbHOCTH "KoMnbrorepras Ge3onacHocTh". OHU comeprkaT MaTEPUaJIbl IO pe-
IIEHUIO TeX YIIpaXXHEHUH, KOTOPHIE, 10 MHEHHUIO aBTOPA, OTHOCHTCS K MEPBbIM
u o0si3aTesIbHBIM IpU 03HaKoMmJeHun ¢ ocioamu TOKII, o, xoneuno, ne uc-
YepIBIBAIOT BCKO 3TY COBOKYIIHOCTD.

CTpykTypa MeTOAMYECKUX yKasaHui ciaeiymoomasi. B Kax1oM nmyHKTe CHa-
Yajia U3JATA0TCH Hy KHBle TeopeTHYeckue cBelenus (6e3 [0Ka3aTeIbCTB), 3a-
TeM, KaK NPaBUJIO, JAIOTCA MPHUMEpLI, IOCae 4ero (GOopMyJSUpPYIOTCA YTIParK-
HEHUs )14 camMocToATenbHOU paborel. OgHOTHNIHLIE 3amauy pasduTnl Ha 10
WM 5 BADUAHTOB, YTO JAET BO3MOXKHOCTDL HMCIIOJB30BATH UX B KOHTPOJBIILIX
3afaHusaX. [lyist 3aMHTEpecOBAHHBIX YMTATCIEeH TPUBOASTCS HEKOTOPBIE JOMOJ-
HUTeJILHBIE ypaxkHeHusa. Obmee qucio Bcex ynpaxHeHuid — okoso 400.

B npunoxennu 1ai0TCs HEKOTOPbIE METOINYECKUE MATEPUAJIBI, O3HAKOMJIE-
HY€ C KOTOPBIMY TTPEICTABISCTCS MOJIE3HBIM [JIsi CTYA€HTOB, HAYABIINX U3Y4e-
Hue TOKII. K atuMm MaTepuasiam OTHOCATCA BbLAEP:KKU 13 [ocynapcrBenHOro
00pa3oBaTeNbHOTO CTaHIAPTa, paboyelt yuebHO# nporpaMMbi, IPOrPAMMEI I'O-
CYZapCTBEHHOTO  MEXKAWCHMUILIMHAPHOIO JdK3aMeHa [0  CleUHaJbHOCTH
"KoMnbroTepHas 6e30nacHOCTh", a TAK>Ke NpUMEpHasi mporpaMma 3a4éra 1o
TOKII.

ABTOp HM B KO€il Mepe He IPeTenI0BaJl Ha HOBU3IY W OPUTHHAJIBLHOCTD.
Ero rmasuas 3ajiaua 3aki04valiack B 0TOOpPE, CHCTEMATU3AIUN 1 ACHOM H3JI0-
YKCHHU MaTepHasa B UesX HAIpaBICHUsS u obJierdyeHus CaMOCTOATEeIbHOMI pa-
6oThl cTymenToB. HacTh yIpaXHEHUI ¥ IPUMEPOB 3aWMCTBOBAHA U3 3aJa9HHU-
kOB [2 — 4]. ITpu mOAroTOBKE METOAMYECKUX YKA3AHMH MCIIOJIb30BAJIMCH TAKIKC
knvru |1, 5], Koropbie MOTYT OBITH DEKOMEH/IOBaHbI CTYJEHTAM JUJIsi CUCTEMA-
THYECKOI'0 U3YYeHUS JUCIUIMJINHBL.



1. KoMIJjieKCcHbIE 9UCJIa

Jlnst koMIIeKcHOTO yncia B anirebpandeckoit popme z = z+1y ero gecTsu-
TeJIbHAS YaCTh, MHMUMAA YaCTh, MOJY/Ib U CONPSKEHHOE YUCJIO0 ONPEIEIAI0TC
paBeHCTBaMH

Rez:=2z, Imz:=y, r=|z|:=22+y% Z:=z-—1iy.

PaBeHCTBO 23 = 29 TO OIPEINENEHHIO O3HayaeT, 4To Rez; = Rezs,
Imz; =Im 2.

OcHoBHEBIE ONepaIH C KOMIUIEKCHBIMA YUCJIAMU — MX CJIOXKEHHE M YMHO-
JKeHue:

(@1 +iy1) + (22 + dy2) = (21 + 22) +i(n + 12),
(z1 +iy) - (22 +1y2) = (2172 — Y1y2) + i(T1Y2 + Y122).

B npunoxkeHusx 4acTo UCHOJB3YIOTCS PaBEHCTBA

z4+Z=2Rez, z—-Z=2Ilmz, 2Z2=|z

Z1Z2 =71 %3, 21 L 22 =721 %%,
HEPABEHCTBO TPEYyTONBHUKA |21 + 22| < |21] + |22, & Tak:ke BbiTekaromee u3
Hero cooTHomeHue ||z;| — |z|| < |21 — 2.

Hna z # 0 moboe Yucao o, yIOBIETBOPSIONIEE YCJIOBUSM I = T COS (),
y = T8in (, Ha3BIBAETCH apPTryMEHTOM 2 U obo3HavaeTcd Argz. 3HadeHue ¢ u3
nosnyunTepsana [0, 27) wiu u3 noJayuHTEpBasa (—7,T| HA3BIBAETCH TVIABHBIM
3HaUeHUeM apryMmenTa u oboznadaercs arg z. g ducia z = 0 apryMeHT He
OIIpeIENEH.

Tpuronomerpuveckas $opMa KOMILIEKCHOTO YHCJIa JAETCA PABEHCTBOM
z =r(cosp + isiny). JleficTBUsI B TPUTOHOMETPUYECKOH HOPME UMEIOT Clle-
IYIOIIUE CBOHMCTBA:

71(Cc0os 1 + 2 5in 1) - r2(COS Y2 + i 8in g) =

= rir2(cos(ip1 + 2) + isin(p1 + p2)),
(r(cosp +ising))” = r*(cos nyp + isinny), (1.1)

ri(cospr +isinp;) 7

ro(cos g + isingy) E(COS(‘Pl —pa) +isin(py — @2)) (2 #0). (1.2)

Bnecy n € N. Ecin w™ = z, nonaraior {/z = w. CymecTByeT pOBHO N pa3-
JIMYHBIX 3HAYEHHH 3TOro KOopHd. Eciu z = r(cos ¢ + isin ¢), To 3Ha4eHns {/z
HMEOT BUJI;

k 2%
Wy = %(cosw+z’sinu>, k=0,1,...,n—1.  (L3)
n n



I[Tonaras € = cos ¢ + i sin ¢, NEPexoauM OT TPUI'OHOMETPHYECKOH (POPMBL
KOMILTEKCHOTO YHCJIA K I0KA3aTeabHON dopMe: z = r(cos ¢ + isin @) = re'’.
B sTom u ciiegyroniemM nyHKTax cyurtaercs argz € [0, 27).

Ipumep 1.1.

—1+2i (-1+2)(2-5i)) 849 8 % 9
= = — 1.
2+ 51 (2 + 54)(2 — 51) 8 S

ITpumep 1.2. Pemum ypasuenne Imz + |2 — 2z| -1 = 2i.
[lycte z =2 +1y. Tormaz =2 — 1y, Imz =1y,

|Z—2z|=|z—iy—2z—2iy| =|—z— 3iy| =

=/(~2)2 + 3y2—\/12+9y

[ToncraBisis B ypaBHEHHE, NOTYYUM:

y+ V2 +9y? i =2i.

CpaBrenue aeficTBUTEIbHON U MHUMOM vacTell maér y = 0, /22 + 9y? = 2.
9710 o3nauaer, 4yto z = *+2. Urak, z = +2.

Ilpumep 1.3. Ilyers z = 1. Tak kak Rez = 1,Imz =0, 10 |2| = V12 + 02 =
1, arg z = 0. [losTomy 1 = 1(cos0 + isin0) = €*0. Ananoruyno

—1=1(cosT +isin7) = €,

il

V2 (cos—4— +isin —) Va2t
3+ 4i = 5(cos a + i sin @) = 5.

3ueck o — yroJ mepBoit 4eTBepTH, AJIsi KOTOPOro cos a = 3/5.

Ilpumep 1.4. Berauciam (1 4+ 4)?%. Jlna sToro nepeseném z = 1 -+ i B Tpu-
rornomerpuueckyio dopmy. Tax xax |z| = /2, arg z = m/4, To

z:\/ﬁ(cos%wtisin%).

[pumenenne (1.1) ¢ n = 25 maér:

29 25
2% = (V2)® (cos —47£ + isin —f) =214/ (cos% + isin %) =

= 212\/2 (‘[ ‘[):212(1“).
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Ilpamep 1.5. Ilycts Tpebyercss HalTH Bce 3HAYEHUS KOPHS

J1—i
V341

CHavaJia TlepeBeiéM 4HCJIMTESb W 3HAMEHATeIb B TPHTOHOMETPHYECKYHO
dbopMy, 3aTeM BeimoaHuUM jeneHue 1o ¢dpopmyse (1.2) u, HAKOHElN, TPUMEHUM
(1.3). Taxoit MOPsIAOK AEHCTBUIL SBJISIETCH CAMbIM 3KOHOMHAYHbIM.

: 7 LT : ..
z1:1—z:\/_2_(cos%+zsm§), zz———\/§+2=2(cosg+zsm%),

2z V2(cosTm/4+ isin7w/4)
2z 2(cosm/6+ isinm/6)

L cos [ + 7sin m_m 1 cos L9 + 781 197
= — — = = m|——= = — — n-—-1.
/2 46 16 /2 12 D)

[Tpumenenue dopmysnst (1.3) ¢ n = 6 gaér:

1 197 /12 + 2kn . . 197/12 + 2knw
Wk = 1\2/5 Cos 6 +281n ——6 =
1 cos 197 + 24krw 4 isin 197 + 24km

) 72 72 '

Bce 3Hauenus wy KODHA +/Z IOJYYAIOTCS, €CIW B3ATh I10CIEN0BATEHHO
k=0,1,2,3,4,5.

YnpaXHeHHUH

1) Buruncauth, nenonb3ys anrebpandeckyro popMy KOMILJIEKCHOTO YHCIA.
1.1. ‘(2 1) (3 —i)2 4 (2+30) (3 + 42')‘ .
1.2. ‘(2 234+ 78) — (14 20)(5 + 32')‘ .

1.3. \(4 +)(5 4 30) — (34+1)(3 — z')r

RV y A h
14 ReB-NI-%) o Im GHDE+Y
2 -3 . 1+
- .
16 | BT 69 17, Re 21
3+ (1414)3




(2 — 54)(6 + T4)
1.8. Im @=9)(5+i)
1.9. Re(1+2i)—Im(1+2i)*>+Re (1 +2)%.

130 DRt =Rl

§3 Fwae

2) PemuTh ypaBHEHHE OTHOCHTEIbHO HeusBecTHOro 2z € C.

1.11. iz—-3Z=-5+T7i. 1.12. (iz—1)Z= -3+ 153 .

113 2%

T 1492, 114 Rez— —=2.
Z—1 | 2]
1.15. 2z+|z+Z|-i=4+2i. 116. 2Rez—3|z—Z|-i=2~9%.
1.17. i2*-3z=2. 118 |z—8i*+2z2=3-12i.
| | 2
119, 2 —z=2iImz. 1.20. 2°4+zZ=2Re e

=+

3) HaiiTu Bce 3HaYeHUsT KBAJAPATHOIO KOPHA, IPOBOJS BBIYNCIECHUA B aJl-
rebpanyeckoit popme.

1.21. V2i. 1.22. /—8i.
1.23. V/—154 8 . 1.24. +/—11+ 605 .
1.25. /—8+6i. 1.26. /—8—6i.
1.27. V8 —6i. 1.28. V8+6i.
1.29. V2-3i. 130 V—F=—2a1.

4) Pemmuth xBanpaTHoe ypaBHEeHHE C HeM3BeCTHLIM 2 € C.
131, 22—~ (2+4)z—-1+7i=0. 132 z2*—(3-2i)z+5-51=0.
133. i2°4+1=0. 134 22—(14+4)2z+64+3i=0.

1.36. 22+ (=7+2i)2+13—-1=0.

1.38. 2*+(-1+3i)z2—2-i=0.

1.40. 2>+ (—=1+6i)z—6i=0.

135 22 —-52z+4+10i=0.

1.37. 224+ (-1+4i)z—4i=0.

1.39. 22+ (=5+14)z—5i=0.

5) ITpeacTaBUTh KOMILIEKCHOE YUCIO B TPUTOHOMETPHUYECKOHR U IIOKA3ATeJIb-
HOIT dpopMax.

141. 4+ 4. 1.42.

143. 5.

V3 + 2 .
1.44. 4i .



1.45. —-2+4+2.
1.47. — 2.

1.49. 1—/3i.

1.46. —14+3i.
1.48. 4+ 4i .
1.50. V3+i.

6) JJokasaTh HEpABEHCTBO, UCIIOIb3Ysl CBOUCTBA MOJLYJIA KOMIIJIEKCHOTO YHC-

Jia.

151, |(1+14)z—1iz"| <3, ecnm |z[<1.

1.52. |2 —z?+i] <3, ecin |z| < 1.

1.53. 1<|2°+5[<9,

1.54. ‘(3-%—22’)2 + 2’2\ <2, ecmn |o|<3.

ecn |z < 2.

1

1.55. |(5—12)z° —Z| > 12, ecmn |z > 1.

1.56. 1< |2®—5i| <13, ecin |z < 2.
1 1
1.57. | —— — <2.
61821 com
— 21 3
158 |22 <8 e S<|f<2.
z+1 2

1.59 |(3—41)z—2°| > 6, ecin  |z| > 6.

1.60. ( -
241

1—32%7

ecmn  |z] < 2.

7) BoramcsuTh, MpUMEHSA TPUTOHOMETPHYECKYIO (HOPMY KOMIJIEKCHOTO

qucJia.

\ 30
1.61. (H‘/&) .

1—1

1\

1.63. ( ,Z) .
1

1.65. (1—4)% .

12

1.67 (1—‘@)
142

. 10
1.62. <2+22.> .
V3 —i
1.64 -2\’
o -3+3i)
60
1.66. (\/5 ﬂ) .
1—2
1.68. (1+ V310,

1—i \*
1.70. :
(\/5—1')




8) HaiiTu Bce 3HAaueHWs] KODHS, MPUMCHSS TPUIOHOMETPUYECKYI0 dopMy
KOMIIJIEKCHOT'O YHUCJIA.

3 o)
171, ¢ (1“), . B TR | |
V34 (—1+1)3
J B JL=1)™
73. : LT, A,
173 \ova %

Los o] (-9 F +/16v/3 — 16i
5. W T 76. A
o] (1 =1d)o o (V3 +1)°
1.77. I S 1.78. At
8 + 8v/3i 14+ 3i
9 LD 78 - 2§
170, 82t 1.80. ¢ —2v3-2

e .80. =

9) JlomosHUTEebHBIE 331a9H.
1.81. ITycts n > 2, w™ = 1. Yemy pasua cymma 1 +w + ... + w™!?
1.82. JlokasaTb, uTo ecin 2+ 21 = 2cosaun € N, 10 2" +2"" = 2cos na.

1.83. Jlokasatb, 4TO COBOKYITHOCTh M MaTpHI] BTOPOTO NMOPSAJIKA BHIA

(_ab Z), a,beR,

C OnepalusaMy CIOXKEHHs U YMHOXEeHHUs MaTpul, obpasyer noJje, uzomMopdHoe
nouito C KOMIJIEKCHBIX YuCeT,

2. N300paxkenne KOMILJIEKCHBIX 9UCEJ

[Iycte
z =z + iy = r(cosp +isin ).
Ha nutockocty ¢ nekapTOBO# CMCTEMOR KOOPAMHAT YHCJIO z u3obparkaercs
To4Kol () ¢ koopauHarami (z,y). COOTBETCTBHE TOYEK IIOCKOCTH ¥ KOMIIJIEKC-
HBIX 9HCEJ, OCYyNIECTBIIsieMoe 10 npasuny Q(z,y) +— z = z + iy, aBiser-

Csl B3aMMHO-OHO3HAYHLIM. [[09TOMY JIEKAPTOBY MJIOCKOCTHL YACTO HA3BIBAIOT
KOMILIEKCHOM TJIOCKOCTBIO, OTOXKTECTBIsisA €€ Touku ¢ ducaamu z € C. Ocu

10



KOODJIMHAT, 110 KOTOPLIM OTKJIaAbIBAIOTCSA BeIH4YMHB £ = Rez u y = Im 2z, Ha-
3BIBAIOTCH COOTBETCTBEHHO NEHCTBUTENBHON M MHUMON ocaMu. VX ypaBHeHHs
Imz=0, Rez =0.

Yucna 7 = |z| ¥ @ = argz npeicTaBisioT COOOU MOJSpHBIE KOODIUHA-
THl TOYKH Q(2,%y). MBI cunTaeM, 4TO NOJAPHAS CHCTEMA KOOPAMHAT OOBIYHBIM
006pa30M aCCONMAPOBAHA C IEKAPTOBOI: MOJKOC COBIAIAET C HAYAJIOM JEKAPTO-
BOJ cucTembl — Touko# (J, a HalpaBJieHHe TIOJSPHOIO Jy4a COBMAJAET C Ha-
npapJjeHneM ocH abcrpcc. VI3 onpenenenust MOAYNIS U apryMeHTa CIeAyeT, YTO
r — mnuHa BekTopa OQ, a ¢ — yroi, obpasosanubiit OQ u HampaBIeHHEM
JeACTBUTEJILHOH OCH.

MHOXECTBO KOMILTIEKCHBIX YHCEJI 2, YAOBJETBOPSIIOUIAX COOTHOIEHHIO
a-Rez+b-Imz+c¢c = 0 unmn coornomrennto a - Rez +b-Imz+¢ > 0
(a,b,c — nefictBuTenshble, a? + b? # 0), nzo6parkaeTcsas COOTBETCTBEHHO Npsi-
MOH C HOpMAJIbHBIM BEKTOPOM 7 = {@, b} MM mosiyniockocTsio (¢ rpanuueit),
B KOTOPYIO HalpaBJeH BEKTOD .

Bemuuuna |z; — 23| ecThb paccrogHuMe MeXIy TOYKAMHU 21,22, TAK KaK B
CTAHIAPTHLIX 0003HAYEHHUAX

|21 = 22| = [(z1 — 22) + i(y1 — p2)| = \/(xl —22)? + (y1 — 12)%.
Orciona ciaenyet, yro npu GUKCHpoBaHHBIX Zzg € C, R > 0 MHOXecTBO

G={z2€C : |z—2| <R}

u3obpaxaercsi Kpyrom (¢ rpauuneif) pajguyca R ¢ ueHTpoM B 2. 'pannua I
3TOr0 Kpyra (OKpy>»KHOCTb) 3aJa€TCs PABEHCTEOM |2 — Zy| = R, BHEIIHOCTH
Kpyra (6e3 rpaHuIbl) — HEPABEHCTBOM |z — 2g| > R. Ecmm R =0, 170 G =T =
{z}. B cBs3u ¢ UM

G'={2¢6C :r<|z—2| <R}, 0<r<R,

IpeACTaBIsieT Co00H KOJbIO, OTPAHUYEHHOE OKPY2XKHOCTAME paanycos 7 1 R ¢
HEeHTPaMH B zg. MHOXKECTBO

H={z€eC : argz = s}, 0 <s<2m,

ecTh ay4 (6e3 Hauana KOOPAMHAT), 06pa3yIoluii ¢ JeHCTBUTEIHLHON OCBIO yTOJ
S?
H ={2¢€C :s <argz < s}, 0< s <8< 2m,

— BHYTPEHHOCTb YIJIOBOTO CEKTOpa, OOpa30BAHHOTO Jy4aMu argz = S§i,
arg zo = Sy (C rpaHuiel 33 UCKIOYeHHeM ToukH z = 0). YpaBHeHus

|z — 21| + |z — 22| = 2¢, 2¢ = |z — 22| < 2g,
|z — 21| — |z — 22| = 2g, 2= |z — 2| >2¢>0

npu GUKCUPOBAHHBIX 21, Z3 33J12I0T HA KOMILJIEKCHOH IMJIOCKOCTH COOTBETCTBEH-
HO 3JUIMIIC U runepbosy ¢ poKycaMy B TOUKAX 21, 22 ¥ IOJYOCHIO §.

11



YuoupaxXHCHHUSHA

1) U306pa3uts Ha KOMIUIEKCHON IIJIOCKOCTH MHOXKECTBO Touek z € C, yno-
BJIETBOPSIONINX YKa3aHHON CUCTEME COOTHOMEeHMIA.

3
21. 1< |z+3—4i| <2, 0<argz<%.

2.2. 2Rez—Imz>0, |z—-1]<2.
23. 1<|z+41 <3, Imz>4.
24. |Rez|+|Imz[ <1, |z—14|<1.
25, —4<Rez<-3, |z+5-2i<3.
2.6. argz:g, Z+i)<1.
27 |z=-2+4|>|2+1-51].
28. 2| >2+Imz.

2.9. |z| <Rez.

210. 4<|z—1|+]z+1]<8.

2) U306pas3urs JUHNUIO, 330aBAEMYIO JTAHHBIM YDABHEHUEM.
211, |z+2|—-|2-2|=3.

212, |z—i|—|z+1=2.
213. |z—2|=Rez. 214. Im22=2.
2.15. Rez?’=1. 216. |z—2|=Rez.

1 1
2.17. Im (~>:—. 218. 22 +37%=1.
2 2

1

2.19. Re (:) =1, 2.20. 222+ (2+9)z+(2-1)z2=2.
Z

3) 3aaTh ¢ HOMOIIBIO COOTHONIEHUH Ha z € C yKa3aHHOEe MHOXKECTBO.

2.21. BremHOCTL Kpyra € LEHTPOM 25 = —1 + 21 u pajguycoMm r = 5 ¢
TPDaHULEN.

2.22. IlpaBeiit nosykpyr 6e3 rpaHULBl U3 KPyTa ¢ UEHTPOM 29 = 2 — 1 |
pazuycoM r = 2.

2.23. KoHleHTpHYECKOe KOJIBIO C LEHTPOM 2z = —i, BHYTPEHHHM DaJiny-
coM 7 = 1 1 BHEMIHAM pamuycoM 7 = 4 0e3 rpaHuis.

12



2.24. BrHyTpenHocTh 3yutunca ¢ poxycamu z; = 1+ 14, zp = 4 — 31 U 3Kc-
LeHTPHCUTETOM € = 1/2.

2.25. Bremnocts asununca ¢ poxkycamu z; = 2 + 61, zp = 8 — 27 ¥ IKCIEH-
TpucureToM £ = 1/3.

4) JlonosHuTeNbHBIE 3aJa4HU.
2.26. 1306pa3uTh Ha KOMIUIEKCHOH NJIOCKOCTH MHOXKECTBO TOYEK
141t

=——, teR.
z 1 -1t

2.27. [Ipumenss reoMmeTpuyecKuil HOAXOA, JOKa3aTh AJS 2, zo € C Hepa-
BEHCTBO

21 — 2| < ‘|z1| - (22|‘ + min{|z1], 12|} - | arg z — arg 2| .

2.28. Touka z napuxkerca mo ymuuu |[Rez| + |Imz| = 1 B nanpaBiexnn
IPOTHUB YacoBOH cTpesku. ONpeICIUTL TPAEKTOPHIO U HANPABJIEHUE [BUYKEHHS]
TouKY W = 1/z.

3. ®yukuum e, sin z, cos z, ch z, shz, {/z,
Lnz Inz

Onano3HauyHbie PYHKIMU KOMIJIEKCHOTO IEPEMEHHOTO €7, Sin 2 ¥ COS 2 MOTYT
ObITH IEPBOHAYAJIBLHO ONPEJEJIEHbI ¢ TOMOUIBIO CAEAYIONNX CTeeHHBIX PAJI0B,
cxongnuxcsa s seex z € C

k

> z
kS 1)
k=0

©0 2k 00 2k+1

coS 2 1= Z(—l)k(;k)! , sinz:= Z(——l)k(;le)' (3.2)

k=0 k=0

U3 (3.1) - (3.2) mosnyvaioTcss paBeHCTBa:

e = cosz +isinz,

eiz + e—iz ' ez‘z _ e~iz

cosz=————, Sinz=——
2 ’ 2

cos(—z) = cosz, sin(—z) = —sinz,

13



eftaz — g%, 622’

cos(z; + 22) = €OS z1 €OS zy — sin 2; sin 22,
sin(z; + z2) = sin 21 €os 23 + €0s 2 sin 2o,
cos® z +sin® z = 1,
e’ = e = e”(cosy + isiny). (3.3)

Pasencrso (3.3) MoxeT ObITh IPUHATO 33 APYToe, SKBUBAJIEHTHOE OIIpeeJIcHue
9KCIIOHEHTHI. DTH (PYHKIMH SABJISIOTCH NEPHUOAMYECKUMHU, & UMEHHO

cos(z 4 2km) =cosz, sin(z+2km) =sinz, ¥ =¢* keZ

3

B orymane oT 1eHCTBATENLHONO ciiy4das byHKIMY | cos z| u | sin z| He ABIsIIOTCA
orpanudeHHbiMHa Ha C.

l'unepbosnyeckue (GhyHKIUN BBOAATCA C HOMOIIbIO COOTHOIIEHUIT

z —2z z __ oz
chz::g%e——, ShZZze—"—Q"e—,
sh z chz
thz == — thz (= —.
= dz NPT she

Iipu Bcex z uMeIOT MeCTO pPaBeHCTBA
cosiz =chz, siniz =1ishz.

Jna n € N n-3naunas GyHKIMa w = {/z 334a8Tcsd ¢ HOMOIBIO hOPMYJIBI

2k 2k
wy = {‘/F(cosﬁn—q%—isinw—%i), k=0,1,...,8~ 1L

YrpaskHeHUs Ha BbIYHCJIEHNWE 3HAYeHu# /z JAansl B myHKTE 1.
Beckoneuno3naunas jorapudmudeckaa dynkius Lnz, z # 0, BBoguTca
cJenyomaM 06pa3oM:

Lnz:=In|z| +iargz+1i-2knr, ke€Z

Bripaxenue, He cojiepKkamiee CJIaraeMoro i - 2k, Ha3bIBaeTCH IJIaBHBIM 3HaYe-
HueM Jorapudma u obo3navaercs In z.

J115 IPOM3BOJIBHBIX KOMIUIEKCHBIX unce] & # 0 u B nosiararor

of = eflne,

IIpumep 3.1. Haliném nefCTBUTENbHYO ¥ MHUMYIO 4acTH (PYHKIMY Sin z
ybexumes, 9TO |sin z| — 0o mpu z — 0O B0 HEKOTOPHIX IMyTeH.

14



Ipnmensas dopmynsl CI0KEHUS U CBA3M C THIIEPOOJINIeCKUMY (DYHKIMSIAMHE,
3anunreM: sin z = sin(z + 7y) = sinz ch y + 7 cos z sh y. ITosTomy

| sin z| = \/sin2 zch?y + cos? zsh? y =

= 4/sinzch?y + (1 —sin?z) sh?y = \/sin2x +sh?y.
Mgt ucnonb3zoBaiu pasercro ch?w —sh?w = 1, w € C. Ecan ¢ = const, a
y — £00, T0 |sin z| — oo.
Ipumep 3.2. Boruucaum Ln (1 + 1), In(1 + 4), 21+

Tax xax

1+i:\/§(cos%+ising—), 2 = 2(cos0 + ¢sin 0),

TO
1
Ln(1+i):§ln2+i-%+i-2kﬂ, ke,

1
ln(1+i):—2—ln2+i-%,

Qlti _ p(I+i)In2 _ j(1+)(In2+i-0+i2km) _ oln2~2km+i(ln242km) _

— eln2—2k1r+i1.u2 — eln‘2+2mvr (COS(IH 2) + ’iSiIl(lIl 2)) =

= 2™ (cos(ln 2) + isin(In 2)), m € Z.

YopaXxHeHHs

1) BbluKCaAUTh BhIparKeHHMe.

3.1. Ree*™. 3.2. |sin(3 — 4i)] .
3.3. Im cos(6 + 21). 3.4. |cos(1+ 107)| .
3.5. Rech(l—1). 3.6. |sin(4+7i) .
3.7. Imsh(1+2i). 3.8. |cos(3+ 207)| .
3.9. Rech(2-1). 3.10. Ime* ™.

2) HajiTu neficTBUTENbHYIO, MEAMYIO YaCTH U MOILYNb DYHKIUK f.
3.11. f(z)=¢€". 312, f(z) =sinz.

313. f(2)=cosz. 314. f(z)=shz.

15



315. f(z)=chz.

3) BoisicuuTh, B Kaxmx TOYKax (DYHKUUS f NpPUHUMAET JIeHCTBUTCILHBIE
3HAYEHHUHA, & B KAKMX — YUCTO MHUMBlE 3HAYEHUS.

3.16. f(z) =cosz. 3.17. f(s) =shz.
318. f(z)=chz. 310  Jiz)=—e".

3.20. f(z)=sinz.

4) BbIuMCIUTh 3HAYEHUS JIOTAPUDMOB.

3.21. Ln (\/§+z), 1n(\/§+z') ;
(

3.22. Ln (1+7), In (1 +14)

323 Lo (-1+V3i), In(-1+VE) .
3.24. Ln (-3+3i), In(-=3+431) .
3.25. Ln (-1), In (—17) .

3.26. Ln (\/5—1'), In (\/g—z) :
3.27. Ln (-1-1), In(=1-1) .
3.28. In (4i),  In(49)

329 Ln (1—\/§7;>, i (1—\/§z‘) .
330. Tn10, Inl0.

5) Haiiti BCC 3HAYEHUST YKAZAHHOIO BBIPAXKENYS.

3.31. (1+1) . 3.32. (=2)5 .
3.33. (—1+44)7 1, 3.34. 3'.
3.35. (\/§+z)—i. 336, (-2-2i)°%.
3.37. 17, 3.38. (—3+3)V7.
3.39. (2i)* . 3.40. (-4)™*.
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6) Jdononaurensubie 3a1a4u.

3.41. C momowmpio cBOBcTBa €112 = ¢! . ¢*2 10KA3aTbh TOXKAECTBO

ei(zl-i-zg) j: e—i(21+zz) —

— _;_ [(eizl + eAizl) (eizg + e~izg) + (eiz1 _ e-—izl) <6izz :Fe~izg)] ,

13 KOTOPOTO 3aTe€M INOJIYYUTh PABEHCTBA
cos(z1 + z2) = €08 z; €OS 2p — sin 21 sin 2y,

sin(z; + 29) = sin 21 cos 2z, + €0S 21 Sin 2y,
cos? z + sin® 2 = 1.

3.42. YCTaHOBUTD C IIOMOIIBIO PABEHCTB st €OS(Z) + 22) M sin(z; + 2p)
anaJornuisle cooTnomennd a4 ch(z + z2) u sh(z + 2). Ucnonsszosars cBa3b
sin(iz) = ish z, cos(iz) = ch z.

3.43. Haittu Bce Hynn xaxkioi u3 dbyuHKuuit €, cos z, sin z.

4. [IpobHOo-nnHeltHasg PYyHKIIIS

Hesbipork nenHoit npobuo-nuHeitHo# dyHKIMel HazsiBaeTcd GYHKIUA BHIA

az+b

m, a,b,c,deC, ad—bc;éO.

w=f(z) =
IIpu oTMedYeHHOM OrpaHMYeHNU U3 21 # 2o caenyeT f(z1) # f(z2).

Barkue#inM CBOMCTBOM APOOHO-JIMHEHHBIX OTOODAXKEHUI SBJIFETCH TaK
Ha3bIBAEMOE KPYroBOe CBOMCTBO. Jlioboe Takoe 0TOOpAaYKeHUE IEPEBOJIUT OK-
PY’KHOCTb MJIM NPSIMYIO B OKDYXKHOCTb WJIM TIPAMYI0 (MJIM, TPOINE, OKPYK-
HOCTb B OKDYIKHOCTb; IIPU TAKOM IOJXOJIe NPAMAs CYMUTAETCA OKDPYKHOCTHIO
DECKOHEYHOTO PAIHyCa).

Hesrrpoxk nieHHast npobHO-ynHeiiHas QYyHKIHUS COAEPKUT TPH KOMILIEKCHBIX
napamerpa, IpeacTaBaTiouux cOO0N OTHOLIEHU TPEX U3 YETHIPEX KO3 DUy~
EHTOB K 4eTBEpTOMY, oInyHOMY OT 0. DTM mapaMeTpbl OJHO3HAYHO OIpeje-
JS0TC U3 TpeboBanusi, YTOObI TPU 3aTaHHBIE TOYKHU 21, 29, 23 IIEPEXOJUIU B
3aJlaHHble W1, W, W3. KaKWe-To U3 ITUX YHMCEJT MOTYT OBITh PABHBI CO. 3HAd
9TH LIECTb TOYEK, PYHKUMIO w = f{z) MOXKHO HAHTH U3 PABEHCTBA

w—w, W3— Wy Z—21 23— 21

; = : : (4.1)
W — Wy W3 — W Z— 29 R3— 29

Bemwuuna, crosmas B ITpaBOH YaCTH, HA3LIBAETCS AHTAPMOHMYECKHUM OTHO-
MeHUeM 9HCeN Z, 23, 21, Zp. PaBeHcTBO (4.1), TakuMm 00Pa30M, 03HAYAET, YTO

17



f coxpansier aHrapMOHUYecKoe oTHOuICHKe. Paspemas (4.1) ornocurensHo w,
TOJTyYHM MCKOMYIO JipoOHO-InHelnyo dynkmmo. Ecin xakag-To U3 ToUeK z;
WM w; paBHa 00, TO B (4.1) cireiyer 3aMeHnTh Ha 1 KaXKayio pasHocTh, cojep-
JKAMIYIO 9TY TOYKY.

Halirennoe apobHo-nunelinoe orobpakerue nepeBoJUT TOYKH z; M IpO-
XOJAULYIO Yepe3 HMX OKPYXHOCTb I', B TOYKH w; M NMPOXOAALLYIO Wepe3 HUX
OoKkpyxKHOCTD ['y,. Tpoitku TOYeK 21, 29, 23 U Wy, Wy, W3 OIPEICASIOT HAMPaBJIE-
Hug o6xosa Ha ', u [y, npuuém obnacru, ocTarmuecs 1py 3ToM 06xo1e cieBa
(cnipasa), npu oToGparkenuu w = f(z) COOTBETCTBYIOT APYT JAPYLY.

IIpumep 4.1. Haiiném npobHo-nuueinyio dbynkmuio w = f(z), nepesoas-
myt Toyku 23 = 0, 29 = —14, 23 = 2% B TOUKM wW; = —1, we = 0 w w3 = 3.
PagenctBo (4.1) B JaHHOM CJIy4ae UMEeT BU/JI

w+1'3+1_ Z _2_2
w 03 z4i %

YTO MOCJIe HECJOXHBIX BBIUMCIeHUH jaér w = (2 +1)/(z — 1).

ITpumep 4.2. Haitném byHKUHI0, 0TOOpaKaONyo eguHuaHbi KpyT |2| < 1
HA BEPXHIOW MOJIyIIocKocTs Imw > 0.

7cHO, YTO OTBET MOXKHO HCKaTbhb B KJacce APOOHO-TUHEHAULIX MYIKINH.
BHYTPEeHHOCTb €MHUYHONW OKPYKHOCTH OCTAETCS CJIeBa MpY JBUKCHHYU B Ha-
IpaBJeHud OT z; = 1 4Yepe3 2o = & K 23 = —1. Bepxusas mogymniockocTh
octaérca cneBa or npaMoit Imz = 0 npu mpoxo:KAeHHH 3TOW NPSIMOM B Ha-
npasjaeHHn oT w; = 0 gepe3 wy = 1 x wg = co. [losromy uckombiMm Oyner
npoGHO-nuHeliHOe oTobpazxkenne w = f(z) Takoe, uto w; = f(z;). Tak kax
w3 = 00, TO paBeHCTBO (4.1) CBOAUTCST K MPOMOPLKK

w 1 z-1 2

w—-1"1 z—4 1414

flocne Berducienunit nony4yaem oTBeT: w = (—iz +4)/(2 + 1).

Ilpumep 4.3. OTBeTHM HA BONPOC: BO YTO I[ICPEXOAUT MOJYTJIOCKOCTH
Rez > 0 npu orobparkernun w = (iz +1)/(z — 1)?

Bribepem Ha rpanuiie noJsymsockoctd Re z > 0 tpu Touru 2y =i, 29 = 0,
z3 = —1, Ipu 00X0me KOTOPhIX 06J1acTh ocradTes ciesa. Borameaum ux obpa-
e wy = 0, wg = —1, wy = —1 + ¢. 306pa3up w; Ha KOMILICKCHON IIIOC-
KOCTH W, 3aMeTUM, 4TO W, IPHHAAICKAT OKPYXKHOCTH C I[EHTPOM B TOYKe
—1/2+414/2 pannyca v/2/2. [lpn DBUMKEHUY 110 STO# OKPY>KHOCTH OT W, Y€pe3
Wy K W3 CJIeBa OT JIMHUYU OCTAETCS BHEINHOCTH Kpyra. [losTtomy Hame oTobpa-
YKEHUe MEePEeBOJAUT MOJIYHIOCKOCTb Re 2z > () BO MHOXKeCTBO

{wEC:ler%*%i _\f}
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Ynpaxuwenus

1) Haittu npoGHo-nmHeiiHOe oTobpaxkenne w = f(z), KOTOPOE IePeBOIUT
TOYKHM 21, Z9, 23 B TOUKH Wi, Wy, W3 COOTBETCTBEHHO.

41. 2z =—-1,zp=1,2z3 =1+ 1; w; =0,wy =21, w3 =1~-1.
42, z1=1,z9=123=1~—71; wlzl—i,wgzi—%i,w3:2—i.
43. z1=1,20=1+1%,23 =2+ 3 wy = —14+1,w=00,w3 =2+ 21 .

44, z1=1—-1,290 =0, 23 = ox; w; =1+17,wy =00,w3 =0.
45, z1=0,29=1,23 =3+ 1; wy = —4,wy = —4 + 21, w3 = —6 + 61 .

46. z1=—-1,29=1,23=1+71 W) =1, Wy = 00, w3 = 1.

4.7. 21 = —1,29 = 00,23 =1; wy; =1t,wy=1l,wyz=14+1.

4.8, z1=—1,29 = 00,23 = 1; w; =00, Wy =1, w3 = 1.
49. z1=1,29=1,23=0; wy =1, wy =1, w3 = —1.
4.10. 2z =-1,29=0,23 = 1; w) =1,wy =1, w3 =—1.

2) Haittu npoGHo-ymueitnyto dyukumo w = f(z), 0To6paxamnyn MHO-
»XecTBO (G HA MHOXKecTBO H.

4.11.
4.12.

G — kpyr |z| £1, H — nonymiockocts Imw > 0.

G — xpyr |z —i| <1, H — noxymiockocts Rew < 0.

413. G —kpyr |[z— 141 <1, H — noaymiockoctb Imw > 1.

4.14. G —kpyr |2| <1, H —xkpyr|w—1| <1

4.15. G — nosymiockocts Rez > 1,  H — muoxkecTso |w| > 1.

4.16. G — nonymiockocts Imz > —1,  H — kpyr |w —i| < 1.

4.17. G — nonymnockocth Rez > 0, H — moaymiockocts Imw < —1.

4.18.
4.19.
4.20.

G — noaymnockocth Rez < —1, H — moaymiockocts Rew > 1.
G — mHOXeCTBO |2 — 1| > 1,

G —xpyr |z - 1] <1,

H — xpyr |w —1| < 1.
H — nmonymockocts Im 2 < 2.

3) BuidcHUTB, B KakOe MHOXKECTBO IepexOANT MHOXKecTBO M mpu oroGpa-
x)ernn w = f(z).

421. M — xsagpaur Rez > 0,Imz >0, w=(z—1)/(z+1).
4.22. M — noaykpyr |2| < 1,Imz >0, w=(2z-1)/(iz+2).
4.23. M —nosoca 0 <Rez <1, w=(z2-1)/(z—2).

424 M —xonvuo 1 < |2/ <2, w=z/(z—1).
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4.25. M — nonynnockocts Rez > 1, w=(z-1)/z.

4) TononHUTEIbHBIE 3a/a4H.

4.26. Jloka3aTh, YTO COBOKYIIOCTb HEBHRIPOXKAEHHHX JAPOOHO-THHEHHBIX
dyHKIMH OTHOCUTEJIBHO Onepaliy Cyneplo3uimu obpasyeT rpymmy.

4.27. Joka3arb, 9T0 Kaxaoe u3 orobpazkenuit w = az, w = z+b (a,b € C),
w = 1/z obnanaer KPyroBbIM CBOHCTBOM.

4.28. Jloka3aTh, 4YTO HEBLIPOXKAEHHOE NPOOHO-JIUHEHHOe 0TOOpaykeHHe pe-
JYyUMpyeTcss K OTOOParkeHMAM NpPeAblAymiel 3a1ayu U TeM caMbiM obJiazaer
KPYTOBBIM CBOMCTBOM.

4.29. YCTaHOBUTH KPYyTrOBOE CBOXCTBO HEBBIPOXK/IEHHOTO NPOOHO-IHHEHHOTO
oTOOpaskKeHUsA MHBIM CIIOCOOOM, HEXKEeNW TOT, KOTOPBIH ObLI OTMEYEH B JABYX
upeabaymux 3anadax. Vcenonb3loBaTh Ay aroro crenywouimit dakt. Jlobas
OKPY’KHOCTb WM NPSMad Ha KOMIUIEKCHOM IUIOCKOCTH MOXeT ObITh 3aJ1aHa
ypaBHEHUEM ATOJIOHUS

=k, k>0, p,q¢&C— dukcupopassi,

Z=-P
Z—4q

1 J1i060e Takoe ypaBHeHHE 33Ja€T OKPY>KHOCTb MJIH NPAMYIO.

5. ducddepermupoBanue QyHKITIHA
KOMILJIEKCHOTO TIEPEMEHHOT0

[Tycts KOMILIEKCHO3HAYHAS PYHKUUS f KOMIIEKCHOTO MEPEMEHHOTO 2 Oll-
penesieHa B HEKOTOPOU OKpecTHOCTH TO4KK 2y € C. Oyukuus f HaspiBaeTcd
nuddepeHIupyeMoit B TOUKe 2y TOTJA U TOJIBKO TOIZA, KOTAA NpH JI000M CIIo-
cobe CTpeMIIeHUs 2 — 2y CYUIECTBYeT KOHEYHBIN MpejIesT OTHOIICHUS -fﬁ}:—%’f"—).
B sTom cnyuyae nosararor

f'(z) = lim f(z) = flz0)

z— 20 Z— 2

[lycrs z = = + 1y, f(2) = u(z,y) + w(z,y). Ecu f auddepenuupyema B
TOYKE 2y = Zp + 1Yo, TO B TOUKe (Zp,Yp) CYIIECTBYIOT YACTHBIC TPOU3BOJIHBIE
dyskuuit v 1 v 4 BEINONHATCH yeiaosusd Komu — Pumana

ou Ov ou ov
_8.;_@, 55_._55, (5.1
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Brinosienue yciosuit (5.1) npu pononaurensHoMm TpeboBaruu auddeperin-
pyemocTy DYHKIMH u U U B TOUKe (Zg, Yo) ABJIAETCS JOCTATOYHBIM A AUD-
depennupyemoctyt f B TOUKe zg. dudbdepenuupyeMocTh © 1 v 03HAYAET BO3-
MOXKHOCTb NPEACTABICHUS NPUPAIIEHHH 3TuX GYHKUUH B BUIe

3UA£C+Q§

0 0
Ay + m, Av:—UA:E+—UAy+n2, (5.2)
ox oy

rae m2 = o(|Az|), |Az| := /(Az)2+ (Ay)? ['pomosaxue n TPYIHO MpOBe-
psieMble HENOCPEICTBEHHO yeiaoBus (5.2) BO BCAKOM CJIy9ae BHITOJHEHbI, eCJIu
JaCTHbBIE MPOU3BOAHBIE DYHKIMI U4 U ¥ HENPEPBIBHBI B TOUKE 2.

Oyuknus f, nuddepeHnupyemas Bo Bcex Toukax obnactu D, Ha3bIBaeTCA
aHAJIUTHYeCKOH (myu rosomopdHoit) B 3To#t obsacru. Tepmun "ananuruge-
CKasi B TOYKe'" MHOTIA NPUMEHSEeTCs B CMbIC/IE "aHAJIUTUYECKAdA B HEKOTOPOH
okpecTHOCTH Touku'. JInsg amamurudeckoil B obnactu D dyHKkUuM f BO BCex
TOYKax [) CyImecTBYIOT YaCTHbIE IPOU3BOAHbBIE DYHKIIMHA ¢ U U U BBINOJHSIOT-
cs yeaosua Komu — Pumana (5.1). Ecin dyskiyu v u v quddepeHnupyembt
B obsiactu D, T0O BhimoJsiHenne yciaoBuit (5.1) MOCTATOYHO AJis AHAJTUTHHYHOCTH
f B D. OT™MeTUM Tak»ke, YTC B HPENIOJOXKEHUH HENPEPHIBHOCTH U U ¥ B 00-
nactu D BeimosiHenue ycsoBuit Ko — Pumana Bciogy B D Heob6xomnuMo u
JIOCTATOYHO JJIsi AHAJUTUIHOCTH f B 3TO# obJacTu.

B cnyuae cymecTBoBaHMA npou3sonHas f'(z) MoxeT ObITb BHIYICIEHA MO
J1000My U3 paBEHCTB

o ou o o v o
or Oz Oz Lay oy Oy Oy Oz’

OtMmeTuM, 4TO aHaauTudeckad B obnactu DD dyHKmus umeer B [ mpous-
BOJHYIO JF000r0 mopsifka. B 3TOM cMbICiie B KOMIIJIEKCHOM aHAJIU3€e U3 OJIHO-
KpaTHOU nuddepeHIupyeMOoCcTH ciienyeT GeckoHednas auddepeHnnpyeMocts.

Yenosust Ko ~ Pumana MoryT 66Tk cOPMYJIUPOBAHB! B APYTHX T€PMH-
nax. [Iycte, nanpumep, z = x+1iy = r(cos p+isinp), f(z) = u(z,y) + w(z,y)
= U(r,¢) + iV (r,¢). Torma coorromenns (5.1) SKBUBAJEHTHBl PABEHCTBAM

w_tov o av
or r10p’ Op  Or’

Ilpumep 5.1. Haitném obnactn guddepeHNpyeMOCTH U aHAJUTUIHOCTU
byuxuuit f(z) = €%, g(z) = Z, h(z) = Re 2%

Tak Kak € = e%(cosy + isiny), To u(z,y) = e®cosy, v(z,y) = e*siny.
OyHKIUU U ¥ U AHCTBUTEBHBIX NEPEMEHHBIX Z, Yy AuddepeHIupyeMbl B JIF0-
oit Touke (z,y), TaK KaK MMeIOT HelpepbIBHbIE YacCTHbIe NpouspoaHbie. Kax
HETPY/AHO BUIETh, ycaosus (5.1) BeimosmHsaoTcs Takxke B 10601 Touke. Caeno-
BaTebHO, [ muddepennupyema Bciogy B C, & 3HAYUT, ABJIAETC aHAJUTHYE-
CKOHI Ha BCEH KOMIIJIEKCHOH MJIOCKOCTH.
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JeitcTBUTEIbHAS ¥ MHUMAS 9aCcTH g(2) ecTh cooTBeTCTBEHHO T U —Y. [lep-
Boe u3 ycaosuid (5.1) He BBINOJHAETCS HU B OfHOM Touke. IlosTomy ¢ Hurme

He auddepeHupyeMa M, CI€I0BATEIbHO, He ABJIFETCS AHAJUTHYCCKOH HU B
KaKoil obJsiactz.

Ina dyskmuu h(z) = Rez? = 22 — y? yenosua Komu — Pumana oo
HAIOTCA JMIb B Touke £ = y = 0. Tak Kak 4acTHbIE NTPOU3BOAHLIE JAEHCTBHU-
TeJLHONR M MHUMOH Yacreil h BCciofly HenmpepbiBHBI, TO h nuddepernnupyema B
Touke z = (), HO TOJIbKO B 3TOU eIWHCTBEHHO# Touke. [loaTomy h He saBIsETCH
AHAJTUTUYECKOM! HU B KaKoil o6siacTH.

IIpumep 5.2. Haiiném ananuTuyeckyo (GyHKIuio f no u3BeCTHOH €€ meit-
cTBATesIbHON YacTh u(z,y) = 2€® cosy u ycaosuio f(0) = 2.
ITo neBomy u3 ycuosuit (5.1)

Ov _ e 2¢e” cos
oy Oz =

OTKya
v(z,y) = /269” cosy dy = 2€"siny + A(z).
ITponuddepenuupyem v no z 1 ucmonb3yeM npasoe yeiaosue (5.1):

0 0
AN, W siny + X (z) = —bﬁ = 2¢” siny,
Y

oz

orkyaa A'(z) = 0, To ectb A(z) = C = const. Myl nojiy4uau, 4To
f(z) = u(z,y) +w(z,y) = 2e"cosy + i (2e° siny + C) .
Yenosue f(0) = 2 paér reneps C = 0. [TosTomy

f(z) = 2e%(cosy + isiny) = 2e*T = 2¢?,

YnpaXHeHHd

1) Ilposeputs BHIMONIHEHUE yeaosuit Komm — Pumana ana pyuxmuu f.

51. f(z)=2". A2 Jitl=2,
5.3. f(z)=2". BA . Jiz)=a".
55. f(z)=¢€. 506, f(z)=-cosz,
57. f(z)=sinz. 58.- f(z)=shz.
59. f(z)=chz. 5.10. f(z) =ze® .
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2) Omnpenenurs Touxku nuddeperuupyeMocTH U 061aCTh aHANHTHYHOCTH
dyuxkmuy f. HaiiTu npou3BonHy0 B TOUKAX CyIIeCTBOBAHUMA.

511. f(z)=2"%. 512, f(z2)=22+7%.
513. f(z) =2z . 5.14. f(z) =|z|?Rez .
515, f(z)=|z[*Imz . 516. f(z)=zImz.
517. f(z) =zRez. 5.18. f(z) =2|z]*.
5.19. f(2) =iz +2Z . 5.20. f(z) = f(z +1y) = 22y +1y° .

3) BoisicHuUTE, cyuiecTByeT Ju aHATMTHYECKas (DYHKINA, HMEIOAs JAHHYIO
JCHCTBUTENbHYIO 4acTh 4(Z, Y) WK JAHHYI0 MHAMYIO 4acThb v(T,y).

5.21. u(z,y) =y . 5.22. v(z,y) =27 —y*.

5.23. v(z,y) =4e"sin2y . 524. u(z,y)=z+vy.
525 v(z,y) = 6zy .

4) Hajitu ananuruueckyo dyuxumo f(z) = u(z,y) + iv(z,y) no eé yxa-
3aHHBIM CBOMCTBaM.

5.26. u(z,y) =eYcosx+ 2z + 3, f(0)=4—-1.

527 w(z,y)=1"—¢*+22,  f(i)=-1+2.
5.28. v(z,y)=2(chzsiny — zy), f(0) =
5.29. wu(z,y)=2sinzchy — z, f(0)=
5.30. v(z,y) =4shzsiny + 2zy, f(0)=3.

5) JlonosiuTesIbHbIE 3a1aMH.

5.31. Jloxa3arh, 4TO ecau aHaguTH4decKast MPYHKIUS sIBAAETCSH JeHCTBU-
TEJAbHOHM, TO OHa IOCTOANHA.

5.32. Jloxasars, 9to mist byukuuu f(z) = +/|zy| yenosus Kown - Pumana
(5.1) B Touke 2z = O BBIIOJIHSIOTCS, HO IPOU3BOLHAA HE CYLIECTBYET.

5.33. JJoka3aTh, UCHOIB3Ys onpeesienue auddepeHIupyeMoCTH, YTO eCIH
byrknua f(z) = f(r(cos p+isin cp)) = U(r, )+iV (r, ) umeeT TpOU3BOAHYO
B HEKOTOPOH TOYKE, TO B ITOIH TOYKE BLIIOTHAIOTCS CJaeyIomue ycaosua Kowmm
— Pumana B mosgpHBIX KOODIUHATAX T, !

U 18V U __ aV

or rdp’ Oy or
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5.34. BriBectn ycnosua Komm — Pumana B nongpuselx xoopausarax (cm.
NpeAbLAYIIYIO 324a4y) U3 CTaHAAPTHBIX yeionnit (5.1) n paBeHCTB

T =7rcCcosp, Yy = T 8in ©, U<T7 QO) = 'U/(ZZI./y), V(’f', (10) = U(I’ y)

6. aTterpupoBauune dyHKIuii
KOMIIJIEKCHOTO ITePEeMEHHOI'0

[Mycty I' — xycouno-riajkas kpuBas 2Kopuana ¢ KOHIAMA B TOYKAX @ U
B: f — oanosuauHasa QYHKIMA KOMILIEKCHOIO MEPCMEHHOI0 Z, 3ajlaHHas Ha
I'. O6osnauum uepes zx, k = 1,2,...,n, Touku Ha [, 25 := «, 2,41 = B,
CEeJYIOUINE B MOJIOXKHUTENHHOM HAIPABNEHUU; Y€De3 Wy — TOUKY JAVIU Zk Zk41-
[Momoxnm Azy = 2zgy1 — 2. [Ipeanonoxkum, yro npu max |Az;| — 0 cymuge-
CTBYET IPEIEN HHTErPAJIBHBIX CYMM

) Flwn) Az,
k=0

He 3aBUCAINUI HU 0T cnocoba penenus I' Toukamu zp, HU OT BHIGOPA TOUCK Wy
Ha yrax 2xZp+1. B 9roM cayvae f HaspiBaeTcs unrerpupycemoit mo I' u

/f(z) dz = limz f(wk)Azg. (6.1)
T k=0

Bynem cuntaTh, 4To f HenpepwhIBHA WIK XOTs OB KYCOYIIO-HENPEDPLIBHA HA
kpuBo# ['; Torma f aBigercs MHTErPUPYEMOil O 3TOH KPUBOIL.
Iycts f(2) = f(z + 1y) = u(z,y) + iv(z,y). Us (6.1) caemyer, uto

/f'(z)dz:/uda:—vdy+i/ud.y+'uda:, (6.2)
T

r b

Ecmn I' — rnankag xpuBad, 3aJaHHasg IapaMeTPUYECKUMHU YpPABHEHHAMHU
r = xz(t), y = y(t), to <t < t, TO KAKABIH U3 KPUBOJIUHCHHBIX HHTErPa-
JIOB 2 poga, crosiux B (6.2), MOKCET 6BITH BRIYUCICH 110 (hOpMye

ty

[ o) de+ oo dy = [ [pla0,50)20 + oz, ) 0] e (63)

T to
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Bonee xopoTkas dopMmyaa [jsi MHTErpajia uMeeT BUJ,

flz)dz = | flz(t)]Z'(t) dt. (6.4)
=]

3mecy z(t) = z(t) + iy(t) — nmapamerpudeckoe 3amanye IaaAKol Kpusoit [ B
KOMILTIEKCHOM BHJg; 2'(t) = 2'(t) + iy'(2).
Ecnu f — omHo3naunasi ananmuTuveckas dpynkuus B obnactu D, ' — kon-

TYD, Jexaumid B D, To
/f(z) dz =10
T

(reopema Komiu; paBeHCTBO BEPHO M B Ciydae, ecau [ — KyCOUHO-IIaAKad
rpanuna D, f anajutuuna B D u HenpepbiBHa Ha ['). [lng amanmaTmueckoit
dbyHKUMM HHTErPAJ 10 KPUBOIA, COEAMHSIIOMEN TOYKH 2o, 21 € D, He 3aBUCUT OT
yTH WHTEIPUPOBAHUS U CIIPABEAIUB aHaJior ¢popMyasl HbioroHa — Jleibuuma:

/' £(2)dz = F(z) — Flzo), (6.5)

F — mobas nepsoobpasuas f, To ecTs Takas dbyunkuus, yro F'(z) = f(z).
Jlns aHAIMTUYeCKUX B OAHOCBsI3HOM obyact D dyExkuuit f 1 g u mobbx
TOUEK 29, 21 € D cnpaseniuBa HpOpMy/Ia HHTEIPUPOBAHUSA [0 JACTSM:

/ F(2)d(2) dz = F(2)9()|" - / 9(2)f'(2) dz. (6.6)

Ecnu dynknus f spngerca asamurudeckoil B obsactu D, orpaHUYeHHOM
KOHTYpOM [', ¥ Ha CaMOM KOHTYDe, TOYKA 2y MPHHAILJIEKNT D, TO cipaBe IuBbl
uHTerpasispHas dopmyna Kommm:

f(z0) = —1—/ 1(z) dz, (6.7)

2mi ) 2z — 2
r

a TakxKe e€ 0606IeHre Ha ciaydail mpousBoibHOrO n € N @

£ () = %/%da (6.8)
r

Dopmynsr (6.7) — (6.8) MOryT NPUMEHSATHCS AJ1s BBIYACIEHUS] HEKOTOPBIX HH-
TerpaJos.
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Ilpumep 6.1. Boraucium uHTErpas

/(1+i—2E)dz

r

1) mo oTpe3ky, coemuHsOIEMY TOYKH 21 = 0 U 25 = 1 + 4; 2) 10 wacTu nmapa-
GOl Y = T2, COEAUHAIONIEH TOUKHU 21, Z9. Y6eIUMCH, YTO IPU U3MEHENHH Iy-
TH MHTErPMPOBAHUS 3HAUYEHME HHTerpasa 3jech mensercd. (Kak ormedanocs,
CBOMCTBO HE3ABHCHMOCTHM WHTErpajia OT MYTH UMeeT MECTO HJIs AHAJUTHYC-
CKOW (DYHKIMH; HETPYAHO NPOBEPHUTH, YTO B 3TOM IPUMEPE HHTErpUpyeMasi
byHKIMS TAKOBOH He SIBJISIETC. )

Ilycty f(2) = 14 i — 2%, Torma u(z,y) = Ref(2) = 1 - 2z, v(z,y) =
Im f(2) =1+ 2y.

1) 3anumeM JeicTBUTEIbHLIE NapaMeTpuyecKue ypasHeHus [ B BHje
z(t) =t, y(t) = ¢, 0 <t <1, n nupumenum dopmysns (6.2) u (6.3):

/(1+z‘—22)dz=

/(1—2x)d:r——(1+2y dy+z/ 1-2z)dy+ (1 +2y)dz =

r T
1

1
/[(1 _ot) - (1+2t)] dt+i/[(1—2t)+(1+2t)] dt = ~2 + 2i.

0 0
Tor ke pe3ynpTaT MHOJYYUTCS, €CIM BOCIOJL30BATHCH NAPAMETPHUECKUM
ypaBHEHHEM OTpe3Ka 2323 B KOMILIekcHoM Buze: z(t) = t+it,0 < ¢t < 1, u
3aTeM NPUMEHUTH paBeHCTBO (6.4). 3amernM, uto Z =t — it, Z/(t) = 1 + 4.
Ha 370T pa3 uHTerpupyercs KOMIIeKCHO3HA4YHAs DYHKIMSA AeHACTBUTEILHOTO

aprymesTa t :
1

/.f(Z) dz = / Fl2(®)])7 (t) dt =

0
1

1
/(1 P2t~ it)) (1+i)dt = /(—4t +20)dt = —2+ 2.
0 0
2) KoMmImiekcHoe napaMeTpuvecKoe YpaBHEHHE YacTH mapaboisl y = T2
MexXIy Toukamu 21 = 0 U 2, = 1 + 14 ectb 2(t) =t + it?, 0 < ¢ < 1. 3naqur,
z=1t—1t? 2'(t) = 1 + 2ti. o dbopmysne (6.4)

1

/(1+iv22)dz:/(1+i—2(t—it2))(1+2tz’)dt:

T 0
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1
4
:/(—4t3—4t+1+z’(~2t2+2t+1)) dt = —2+ 2.
0

ITpumep 6.2. Beraucaum unTerpal
/ (2% + 22) d=
r

no xyre [' okpyxnoctu |z| =1, 0 < argz < 7.
[Tapamerpuueckoe ypasuenue [ ects z(t) = €, 0 < t < 7. Tax kak
dz = ie“dt, 2z = |z|* = 1, T0 10 (6.4)

s

/(z2 +22)dz = / (e +1)iet dt =
Iy 0

ro . 1 . 1
: -3t it dt: : 1:3t ~ ot
z/(e +e) 2(—32,6 +ie>
0

IIpumep 6.3. Berqucaum usTerpast

o 8
0 3

24
/(?)z2 +22) dz.

1—1

[MoabiaTerpanbias GYHKIEs ABILETCS AHATATHIECKOHR BCIOY, €€ HePBO0G-
pasHas ectb 2° + z2. [Tostomy no dopmyne Hetorona — Jleibuuna (6.5)

241

2+1

/(3z2 +22)dz = (2 + zz)} =7+ 19.
1—14

1—2

Ilpumep 6.4. BerancauMm uurerpad

1

/zcoszdz.

0

Tak xaK f(z) = z u ¢g(z) = 0S8z ABAAIOTCH AHAJIUTHIECKAMHU BCIOLY, TO
MOXKHO MPUMEHATH HHTErPHPOBAHUE 10 JacTaM (6.6):

1 1 %

/zcoszdz:/z(sinz)’dz: (zsin 2) ;~/sinzdz:

0 0 0
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i
=14sini4+cosz{ =—-shl4+chl—1=

Ipumep 6.5. BoraucauM naTErpad

eZ
—dz
/ 22 — 62
I

no ciepyomuM okpyxkuoctam: 1) I' @ |z = 2] = 1; 2) T : |z — 2| = 3;
3)T':]|z—2|=5.

1) B 3amkuyToit obnactu |z —2| < 1 noabinTerpanbuas QyHKIMs ABISETCS
aHAJMTHYeCKOl, mosromy 1o Teopeme Ko unrerpan pasen 0.

2) Bryrpu 3amkuyTO# obnactu |z — 2| < 3 uMeeTcst eJUHCTBEHHDIH IIPO-
croif uynb 3namenarens z = 0. Tak kak pynkuns e*/(z — 6) B aroit obmacTu
ABJISACTCA AHAIMTHYECKOMH, TO 10 uHTerpajibHoll dopmyse Koum (6.7)

' e* e*/(z — 6)
[ e [ -
|z—2(=3 |z—2|=3

eZ

z—6

&)

z:O— 3 :

='2%3

3) Buytpu 3amxuyTO#H 0baactu |z — 2| < 5 HaxomsTca 06a MPOCTHIX HY-
a5 3naMenatens z = 0, z = 6. OKpy’KuM 3TH TOYKH HelepeceKaroluMUCH
KOHTYPaMH 7] ¥ Y2, UEJIHKOM Jexamumu BHyTpHu ['. B Tpéxcpasuoit obmacty,
orpanm4ennoit I, vy U o, MOABIHTErPaTbHAS QYHKUMS ABIACTCA AHATHTHIE-
CKoit, mosToMy no Teopeme Komu i mHOrocBa3Hol obaactn

el ez eZ
[=| ——dz= | ———d —dz.
/z2—62 ? /z2—6z Z+/z2—62dz
r jod1 Y2

Kax it u3 1ByX MHTErpaJjioB, CTOSUINX B MIPABOM YaCTH, MOMXKeET ObITh BbIUTHC-
JIEH C TOMOIIbI0 UHTerpayibhoit dopmymst Kommu. 31ecs Bayxkina npaBUabHAL
3AIIUCh MOJIBIHTEIPATLHON DYHKIMH:

e* e’/(z - 6) . i
/z2—62 ? / z & 27mz—G 2=0 Jn
84! 71

e* e*/z e® ebmri

& = e Rl ) Wi

/22—62 ? /2—6 ? mz 26 3
2 m
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[Tosromy

Ilpumep 6.6. BoraucauMm nHTErpasi
sin 7z
———d2.
_/ (2 - 1)? z
lz—1|=1

IIpencraBuUM 3TOT MHTErpaj B BUIE

B sinmz/(z + 1)? 3
o [ e,

jz—1|=1

Hucureab NOOBIHTErPAIbHOIO BHIPAXKEHNA eCTh (DyHKUHMA, aHAJIUTHICCKAS B
3aMKHYTO# obsactw |z — 1| < 1, a Touka z5 = 1 jexxkut BHyTpH neé. [TosTomy
MOXKHO puMeHuTh dopmyny (6.8) ¢ n =1

o sinmz \'
J = 2m (—————(z n 1)2)

=——1.
z=1 2

Yopa>xHeHHUH

JECLS
T

[' — OTpe30K ¢ KOHIIAMHU B TOYKAX 2] U 2o, MIPOXOJMMBIH OT 21 K 25.

1) BoluncauTs neTErpas

6.1. f(z) =2Rez’ -z +1 -1, 21=0,p=-3+1.

6.2. f(2)=(1+4)Im2*+7z, 2y =1,20 = =30 .
6.3. f(z) =32+ (1+1)z? 2 =1,29=4i .
6.4. f(z)=22"—-3z2+2, 71 =0,2g=—-1—1.
6.5. f(z)=
6.6. f(z) = —Rez’ + 5z, =142 =1—4i.
6.7. f(z) =32z + 1z, 21 = 50,29 =0
6.8. f(2)=Imz?+7?% 21=0,2g =141,
6.9. f(2)=2Imz?+1, n=-1,2=—-1-2i.

|2|* — 34, n=—-1,2=1.
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6.10. f(2) =27+ 4z+1, znn=—1—1,20=1+1.

/f(z) dz.

2) Boruucanrs uHTErpas

6.11. f(2) = zImz, T — xyra oxpyxuocru |z| = 1, mpoxomumas OT
TOYKH 21 = —1 IO TOYKN 25 = 1 NPOTUB YACOBON CTPEJIKH. ]

6.12. f(z) = z2Imz?, T — nyra okpyxuocru |z| = 1, mpoxomumas or
TOYKH 27 = —1 J0 TOUKHM 2o = 1 1O 4ACOBO# CTPEJIKE.

6.13. f(z) =zZRez?, T — okpyxHocTs |2| = 1.

6.14. f(z) = zRez, [ — oxpyxuocts |z| = 2.

6.15. f(z) = 2(Rez+Imz), T — ayra okpyxuocrs |2| = 1, mpoxogumas
OT TOYKH 23 = —1 10 TOYKH 23 = 1 1O YacoBoi cTpeske.

3) Boruucsuts ¢ nomompio dhopmynsl Herorona — Jleitbruna (6.5).

1—-2 1
6.16. /ez dz . 6.17. /coszdz :
141 2
7 142
6.18 /(322+z)dz. 6.19 /sinzdz

4) BbIYHCIUTD ¢ TIOMOIIBI0 HHTEIPUPOBAHUA [0 YACTSIM.

i 1+
6.21. /zez dz. 6.22. /zcoszdz.
0 i
1 2+i
6.23. /zchzdz. 6.24. /zshzdz.
i 0
144

6.25. /zsinzdz )

1-1
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5) BrlqucauTs ¢ moMOpBIO0 MHTErpatbHol dhopMynsl Komm (6.7).

6.26. F/m dz,

a) I' — okpyxmnocrs |z — 14| = 10; b) I' — oxpysxuocrs |z — 1 + 14| = 3/2.

6.27. / hz_ o,
2(z —1)
r

a) I' — oxpyxuocts |z — 1| =8; b) I' — okpyxnocts |z — 1 +i| = 6/5.

sin z
6.28. ——d
/(z—i)(z+i) “
T
a) I' — oxpyxnocts |z — 2| =5; b) I' — okpyxnocts |z — 2| = 1.

sh z
6.29. / =0 =) dz,

a) I' — okpyxHocts |z — 3i| = 20; b) ' — okpyxnocTb |2 — 3i| = 3/2.

Cos z
630. | ——% 4.
/(z+1)(z+z’) ¢
r
a) I' — oxpyxnocts [z —1 -4 =8; b)I' — oxpyxuocrs |z — 1 —1| = 4.

6) Borunciuts ¢ nomomiso uaTErpasibHoit hopmyiant Komu (6.7) u dopmy-
abt (6.8).

6.31 / 2 dz 6.32 /Ldz
o (z—1)(z—-1)2 " A (z —1+414)*

|z|=2 |z—2i|=10
sin z 2 COS 2
6.33. —dz . 6.34. ——dz .
/ (e / G+1=i)p
|z+1]|=4 |z—2+1]=15

6.35 / zsin z d
.35. z .
(z — 10)(z — 2i)3
|2/=8

7) JIOmOHUTEIbHEIE 3318491,
6.36. BriBecTH u3 onpeleneHus UHTErpata paBeHCTBO

z2

22
/zdz—z2—zl.

21
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6.37. lnan € Z, R > 0 u zy € C HaliTu 3HAYEHNUE HHTErpaJIa

/ (z —z)"dz .

|z—zo|=R

7. OGaacT CXOAUMOCTH PAI0B

Hnsa no60i 10c1e10BATENBHOCTH { ¢y } TOIOKATENBHBIX YUCEJT IMEET MECTO
PaBeHCTBO

lim /¢, = lim C"H,

n—o0 n—oo Cp,
ecan 00a 3TUX Npezena cymecTBYIOT. [losromy B ciydae cymecTBoBaHus npe-
JIeJIOB, O KOTODPBIX HAET pedb HEKe, JIJIsT BRIYUCJIEHUS 4HCe] K U 7 MOXKHO
0JIL30BATLCS J000# U3 npuBeIEHHBIX dopmyn. B npyroit cutyauuun ciaejy-
eT Mob30BAThCs (GOPMYIOit ¢ KOpHeM n-# crenenu u lim Bmecto lim . Huxe
a, € C.

O061aCTBIO0 CXONMMOCTH CTENEHHOTO PAIA

o0
Z an(z o ZO)n
n=0

SBJSETCH KPYT |2 — 2| < R, rae R onpenesigercs dopmynaMn

R= ————-—1 R = lim ||

" lim Yl an| ’ n—00 |apiy]

n—ro0

(7.1)

“ucno R na3pIBaeTCs PAAMYCOM CXOAUMOCTH Psia.

Ha rpanurie Kpyra CXOAMMOCTH CTEIIEHHOIO PsAja HaXOAUTCH XOTd Obl 0f-
Ha 0cobas TOYKa (DYHKIMHU, K KOTOPOH cxoauTcs 3ToT psj. 1losromy paauyc
cxoauMocTt R psAja paBeH PACCTOSHHUIO OT 2y A0 Ouamzkaiimeir ocobol TOYKH
cymumst psaga f(z). ITo noBoay 0coGbiX TOYeK M. MyHKT 9.

Pan

Q_p
n=1 (Z - Zo)n

CXOAUTCS B 00JIACTH |2 — 2p| > 7, Tae 7 onpeaensierca hopMyIaMu

r=lim {/|la_,|, 7= lim [a-n-i] (7.2)

n—00 n—00 |a,_n‘
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Pan

Z Z—ZO +Zanz“20) ——21+22 (73)

n=1 n=0
CXOJIUTCS B MEPECEYeHUH 0DJIAcCTeH CXOMUMOCTH COCTABJIAIONMX €ro psAI0B Y
u X,. Tounee, nycTs 7 1 R — 49uCsa, MOACYATAHHBIE JJISI PSANOB 51 M Lo II0
dbopmynam (7.1) — (7.2). Eciu r > R, to psn (7.3) pacxonurcs Bciogy. Ecan
r < R, 10 pajx (7.3) cxomutcs B Kosbue 7 < |z — 29| < R. Eciu xe r = R,
TO HE CyIeCTBYeT 00JIACTH, B KOTOPO# cxoauTcs psz (7.3), TaK Kak TOUKH ero
CXOIMMOCTH, €CJIN OHU €CTb, IIPUHAJJIEKAT OKPYXKHOCTH |2 — 29| =7 = R.

IIpumep 7.1. Haliném paguyc 1 o6acTh CXOAMMOCTH PSIa

Zcosm- (z+2—1)"

n=0

Bametum, 4To cosin = chn = (e" + e~ ™)/2. Ilpumennm npasywo Gopmyry
3 (7.1):
| chn _ chn
R = l _— = ]_1 —_— =
nosoo |ch(n + 1)| B ch(n +1)

e" +e " . 1+e2n 1
= lim —— = lim ————— = —.
n—oo entl — g—n—1 noco e — e—2n—1 e

<

ITosTomy 06JIACTH CXOMUMOCTH Psijla eCTh KPyT |z + 2 — i

Ilpumep 7.2. Vicenenyem psn

(e o}

Z 142" (z — )"

n=0
Tak KaK |a,| = |(—1 + 2)"| = 5™2, 1o mo sepoit popmyme u3 (7.1)

1 1

" lim Y572 VB

n—00

Tot xe pe3ynbrar naér 1 npapad dopmyna:

5/? 1
= lim eomm =
Kpyr cxomumoctu psifia ects |z — i < 1/4/5.
IIpumep 7.3. Haliném obuiacTb CXOJUMOCTH PAJA

oo} o<
(3 +4i)™ z+1+2z
=3+ 2,.
;(z+1+22 +Z e

n=0
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[na paga X1 umeem: a_p, = (3 + 49)", a_,1 = (3 + 4i)**!, nosromy mo
npaBoii popmyne u3 (7.2)

3 + 47)" 1 _ ,
= lim [+ 40" ] = lim |3 + 44| = 5.
n—00 [(3 4’6) I n—00
Pan ©; cxomured B obuactu |z + 1+ 27| > 5.
Ina pana Yo uMeeM: a, = 8", a,,1 = 8" 1. Paguyc cXoquMoCTH OKa3bi-
BAaeTCS PABHBIM

psjg cxoauTes B obuacty |z + 1+ 24| < 8.
TaxuM obpazom, r = 5 < R = 8. 3HaunT, HCXOAHBIN PAJ CXOAUTCA B KOJIbIIE
5<|z+1+2i < 8.

YopaXHeHHUS

1) OupefenuTs pajuyc CXOAUMOCTH ¥ OOJIACTH CXOAUMOCTY DSIAA.

7.1, }i‘O: (z—1+4)" 72 i(;;f)”

n=0

mn

7.3. i ¢/ (5 — 3+ 20)" . 7.4, i(i)n .
n=1

75 Y (n+5—i)(z—2i)"

n=0

2) Onpeaenntsb 06/1aCTh CXOAMMOCTH PAJA.

= 1 =L (2 4+ 3i)n
7.6. : 7.7. —_

nZ:1 (1 —2i)"(z + 52)" nzzzl (z—14+4)

[ee} en o0
7.8 .

;:1 (1z)" g z+1

o0 277-
7.10. O
“ (2 —1+1)

3) OnpeaeauTh 06J1aCTh CXOAUMOCTH PsiJa.

o0

1
7.11. 3 —
;n"(z—3+21 +Z (3 +in)(z — 3+ 29)"
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=1 n=0
o< oo
1 (z —1-—5i)"
7.13 +
; (z—1-5)" :/—;0 3n+l
714 i sinin N i(z—%)"
(z = 20)» n!
n=1 n=0

4) JIonoJHATETbHBIE 331a4H.
7.16. Ilycts ¢, > 0. Jokazarn, 4TO

. . Cnt1
lim /¢, = lim ,
n—00 n—oo  Cp

ecsu 00a npejiesia CyIEeCTBYIOT.

o0
7.17. Ilycts a,, € C. BepHo 1, 4TO U3 CXOAMMOCTH YHCJIOBOTO PAAA Y G,
n=1

)
caeayer CXooMMOCThb paaa Z afﬂ Ha060p0T, BEPHO JIH, 4YTO U3 CXOANMOCTH DsI-
n=1

00 00
Jaa Z (li clreayer CXoauMOCTh pAdad Z an? B cJiy4dae OTpHUIATEJBbHOIO OTBETA
n=1 n=1
Ha J1I000#i n3 BOIIPOCOB IIPMBECTH KOHTPIIPUMED.

8. Paznoxenue pyHKIMi
B paabl Teitnopa u Jlopana

ITo Teopeme Teitnopa anaanTugeckas B obaactu D dbyukuusa f B OKpeCcTHO-
CTH KaXkJI0f TOYKHU zg € D € THHCTBEHHLIM 00pPa30M pa3JjiaraeTcs B CTENEeHHOMN

paz

oo
f2) =) calz = 20)", (8.1)
n=0
PaJInyC CXOAMMOCTH KOTOPOTO HE MEHbINEe PAcCTOAHHUA OT 2o JO rpaHunsl D.
Koaddunuenrst psja Teitopa (8.1) moryr 6biTh Hafgenst 0o dbopmysiam

_ ! (&) _ ,
Cn——% mdﬁ, TL—O,l,Z,..., (82)
r
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[’ — npou3BoJIbHAA OKPYXKHOCTb C LHEHTPOM B Zy, NpUHALJIexKamasa D.

Teopema Jlopana yrBepxpaer, 4T0 GyHKUMA f, ONHO3HAYHAA U AHAJUTH-
geckas B Kosble 1 < |z—2zg| < R (Boamoxuo, r = 0 uin R = 00), pasnaractcs
B 9TOM KOJIBLIE B Dsi/I

[ -1

f(z)= Z cn(z —20)" = Z cn(z — 20)" + ch(z - 2)", (8.3)

n=—00 n=—00 n=0

K09 PHUIHUEHTH KOTOPOro YAOBJIETBOPSIOT PABEHCTBAM

1
cnz%/‘—&——dﬁ, n € Z. (8.4)

(€ —z)t!
T

3pece ' — nmpous3BOJIbHAS OKPYXXKHOCTb C LEHTPOM B Zg, JIE€Kallasg BHYTPU
konbua. [pencrasienne f eé pamom Jlopama, To ects psagoM Buaa (8.3), B
JTAHHOM KOJIbLE SIBJIIETCS €JUHCTBEHHBIM.

[MpakTuyeckoe nmpumenerue dopmyn (8.2) u (8.4) obbiyno ABIsIETCH 3a-
TpyAHUTeJIbHBIM. [loaToMy yarmme ¢ y4éToM CBOMCTBA €MHCTBEHHOCTH PAla
Tetsiopa win pana Jlopana HyKHOe pa3ioKeHHe MOJTYYAIOT KAKAM-TO WHBIM
ciocobom. Hanpumep, Bo MHOruMX 3ajja4ax MOMXKHO HCIOJIB30BaTh paabl Teii-
Jgopa Juist €%, sinz, cosz (CM. MyHKT 3), CXOOANIMECA HA BCeH KOMILIEKCHOMN
IJIOCKOCTH, a TakK¥Ke CJIeTyIoHe PAAbl, PaANYC CXOAMMOCTH KOTODBIX paBed 1:

z z 2
In(1 =z—- 4+ — (=P
a2 =z- 2+ 2 -
b(b—1 b(b—1)...(b— 1
(1+z)b:1+bz+(—7——)-22+...+ ( ) S nt )Z”+
! n!
Smecb b€ R, b#0,1,2,3,... B vacrHocTu, nmosaras b = —1, umeem:
e T (8.5)
112 z+25— ... z o ;
1_2:1+z+22+...+z”+... (8.6)

OrmeruMm emé pas, YTO 3T PA3JIOKEHUS CPaBeUIUBLL Ajst |z| < 1.
Ilpumep 8.1. Hanucary paszioxenne GyHKIMNK
2241
2) = ———
f(2) 22+ 2—2

B pag JlopaHa B cieAyiomux KoJbLax ¢ uewtpom B 0: 1) B kpyre |z| < 1;
2) B xouiblie 1 < |z] < 2; 3) B Koublie 2 < |z| < o0.

[Mpexxae BCero 3aMeTHM, 9T0 f UMEET ABe 0COObIe TOUKM 2; = —2 U 29 = 1,
KOTODbIE He NPUHAIJIEXKAT HE OJHOH M3 AaHHbIX obnacreit. ClenoBaTelbHO, B
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KaxxJIoft u3 obsiacTeit GyHKIMs f ABIAETCS AHATMTAYECKON U €€ pa3sIoXkKeHue B
pan Jlopana cymectByer. Kak oka3niBaeTCsl, B PA3JIMYHBIX KOJbLAX JJId 3TOH
GYHKIUU TONYYAOTCS PA3JIMYHbIE PA3JIOXKEHHS.

1) das |z] < 1 3amuimeM paBeHCTBO

f(2) = L S 1 1
S z4+2 z-1 2 1+2/2 1-2

ITepBoe cilaraemoe MpPEJCTABMM B BHJE CIEAYIOMEro PAA, CXOAAMErocs JasKe
npu |z| < 2:
1 z 22 2
=1-24+2 -2 4 8.7
1+ 2/2 2718 (8.7)
Mur ucnonszosaau (8.5). Bropoe ciaraemoe npencrabisercs pagom (8.6) —
3TOT paj cxoxutces npu |z| < 1. ITostomy B Kpyre |z| < 1

1 2 3

B arom cayuae pan Jlopana siBiisercsa psgom Teitiopa.

2) B xombue 1 < |z| < 2 pazn (8.7) cxomuTcst, MBI €ro MCIOJb3yeM s
npeacrasaesus qpodu 1/(z+2). Oxnaxo psiz (8.6) Teneps pacXoxuTCs; 3HAUUT,
nu1a npefacTasaenus apobu 1/(z — 1) tpebyerca monudukanus. IIpeacraBum

f(2) B Buze
1 1 1 1

f(z):§'1+z/2+2'1—1/z'
Tenepb MOYHO NPUMEHUTH PABEHCTBO, BhiTeKkawlee u3 (8.6):
1 1 1 1
=1l4+-4+—=+—=4+... 8.8
1-1/z +z+z2+z3+ (8.8)

DroT pan cxomarea anda |1/z| < 1, To ects s |z| > 1. Cobupas smecre
HY’KHble DABEHCTBA, MOJTYYHM:

2 PR Y IV IR T S
TR\ 2T a T )T AT AT )T

21
Z;z*

n=1 n

[N R
M8
'_l
SN—’
3
[\3|N
3

I
<}

3) Iycrs Temeps |z| > 2. Pan (8.8) cxommurest, a must apobu 1/(z + 2)
TpebyeTca HOBOE NpejicTaBieHye. [IpuMeHnM 3aluch

11 11
f(z)—2'1+2/z+2'1—1/z'
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ITepsoe caraemoe pasnoxkum ¢ momomibio (8.5), Tak Kak mpu [2/z] < 1, To
ecTb |z| > 2, cpaBe IuBO

1 2 4 8
1+2/2 z #2223

YuursBas 310 paseHcTBo u (8.8), mosyunm:
1 8 1 1 1
=S [1- -4l =+ =+... ] =
fz) z ( 23 z Z2 2 )

_2 1,5 7
R

ITpumep 8.2. [Ipencrapum panom Jlopana ¢ ﬁeHTpOM B TouKe 25 = 0 pyHK-
muto f(z) = 2% cos(1/z).

Dyuxuus sBISETCS aHAIATHYeCKOR B Kouiblle 0 < |z] < co. Tak kak mig
Jioboro & € C

SRS
COS§—1“§!‘+I_§+"'>

To, mojiaras & = 1/z, nmeem:

1 1 1 1 1 1
f(z):z2<1 + — ):——+z2+———~

T1,2 T 4lh plg6

YnpaxuneHnus

1) Paznoxurs dysxuuio f B pax Teilyiopa B OKpecTHOCTH TOYKHU 2g. HaiiTu
PaaUyC CXOAUMOCTH PAMA.

4 2
8.1. = =-1. 8.2. = = .
f(Z) Z+2, 20 2 f(Z) Z—6, 20 4
) 2 :
83. f(z)= -, zo=1. 84. f(2)= -, =2t
&1 z+1
3z+2 2z+1
8.5. = , =1. 8.6. = =2
o) =2 a o) =2,
z—1 z—2
8.7. z) = =1. 8. = — ==1,
f(‘) Z+3’ 20 t 8.8 f(Z) Z+5, 20 1
22 +1 , 3z
89. fe)=—77, w=-i. 810 flg=5—, =0
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2) Paznoxurs dbyuknmio f B pag Jlopana ¢ HEHTPOM B TOUKe zp = 0.

sin 2
8.11. f(z) = == 812. f(z)= -2’
2 2
8.13. f(2) = 2—4 : 8.14. f(2) = 2%eY/* .
1
8.15. f(z) =2%sin~ . 8.16. f(z2) = Cosi2 :
z z
1
8.17. f(2) = z*cos - . 8.18. f(z) = ! sin22 .
z 2 z
1+ cosz 1—e7*
8.19. f(z) = ——— 8.20. f(z)=—

3) Paznoxuts dbyukiuio f B pag Jlopana B yKa3aHHOM KOJIBIIE.

1
8.21. -
/(z) 22 — 5244’
822 f(z)=—
o 22 -5244’
1
8.23. = —_
2. f) = ag o
1
.24. =
8.24. f(9) =z 4715
1
8.25. f(z):z2+z’
1
8.26. f(z):z2+z,
827, f(z) = ——
o 224228
1
8.28. =
f(2) R
2z
8.29. =
1(2) 22 -4+ 3"
2z
8.30. =
30 S = s

4) JlomoHUTEIbHBIE 33a4H.

8.31. Haittu paauyc cxogumoctu psiaa Teilsopa ¢ HEHTPOM B TOUKe 25 = 0

1<zl <4.

4<|z| <00

3< |zl <5

5 <zl < o0
0< |zl <1.
1<|z] <o0.

l<|z+2[<4.

0<l|z—1<2.

1<zl <3.

3<|z] <00

dbyuxuuu f(z) = tg z, He BBIIUCHIBAS IBHO 3TOTO PALA.
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8.32. /loka3aThb, 4TO aHAIUTUYECKAS B OKPECTHOCTH TOYKH 2y = () byHKINA
f, yoosaersopstomas yciaosuwo f(2z) = f(z), ecTb KOHCTaHTA.

8.33. Ilycrs f — ananuTHueckas B Koable r < |z| < R dbyHkung,

— eé pasnoykeHue B paj Jlopana B 3ToM Kosble. Jlokasars, 4ro eciu f(—z) =
f(z) npu Beex z, T0 agpyy = 0, a ecin f(—2) = —f(2) upnu Bcex z, TO ag, = 0.

9. VizoaupoBaHHbIE O0COOLIE TOYKM.
Boruers!

[ycrs dynxuns f onpemenena B obnactu D. Touka zyp € D Ha3piBaercs
NPaBIJIHLHON TOYKON 3TOH (DYHKIUHU TOrAa M TOJBKO TOrAa, KOIja CYIIeCTBYET
CTENEHHOH PSiI ¢ LEHTPOM B 2y U HEHYJIEBBIM PAJIMYCOM CXOAMMOCTH, KOTOPHIi
B OGIIeHl YacTH CBoero Kpyra cxoaumocts u D cxomures K f. Touka zg € D, ne
ABJIAIONIAACS IPABUJIbHON TouKo# MyHKIME f, Ha3BIBaeTcd €€ 0co00if TOYKOIM.
Ecan f — ananmuTuyeckas B D, T0 Bce Touku [ ABIAIOTCS NPaBUJILHBIMH, &
TOYKY IPAHMIILI 00JIACTH — NPaBUIALHBIMU Wy 0coObiMu. Ocobasi Touka HyHK-
[ HA3BIBAETCS M30JIMPOBAHHOM TOIA U TOJBKO TOrJA, KOIJa B HEKOTOPOil eé
OKPECTHOCTH HET JAPYrUX U30JMPOBAHHBIX TOUCK 3TOH (DYHKIHM.

[Tyctb 2y # 00 — m30aMpOBaHHAsA 0CODAs TOYKA AHAJTUTHUECKOR dyUKIUN
f. Torma cymecrByer § > 0 Takoe, 4ro B Komible 0 < |z — 25| < & dbyukung
ABNIAETCA AHAJUTUYECKOH, a 3HAYUT, pasJiaraerca B psaj JlopaHa:

oo

f@ =3 eale - ) (9.1)

n=-—00

Touka 2z, Ha3LIBAETCHA yCTPAHUMOM 0COBOH TOYKOH TOrJa U TOJHKO TOIJIA,
korga pag (9.1) me cojlepKUT OTPUIATEIBHBIX CTENeHel 2 — 2.

Touka 2z, Ha3bIBAETCS MOJIOCOM TOLJA W TOJBKO TOrja, Korga psig (9.1)
CONEPXKUT KOHEYHOE 4YHCJIO OTPHUIATEIbHBIX CTencHeil z — zp. Bojee TouHo,
Zg HaA3bIBAETCH IOJIOCOM TOPAIKA M B TOM H TOJBKO TOM CAy4ae, KOrja Mu-
HAMAaJIbHBIH uMeomuiicss B (9.1) oTpunare/ibHBIN IOKA3aTEIh €CTh —M. IJTO
5KBUBAJIEHTHO TOMY, YTO B HEKOTOPOH OKPECTHOCTH 2y CIIPABEINBO IIPeICcTaB-
JleHue

f(z) = (ZQ%)F’ g — anamurudeckas, g(zp) # 0.
— 2
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To4ka 2y Ha3BIBAETCA CyLIECTBEHHO 0COGOH TOYKON TOrJA M TOJBKO TOLAA,
korna paz (9.1) comepxuT GECKOHEUHOE YUCIIO OTPULATENbHbBIX CTENeHeH 2 — 2.

Kazxnpiit Bua M3011MpOBaHHON 0COBON TOUKY 2y XaPAKTEPU3YeTCs CBOUM IT0-
BenenueM f(z) nmpu z — z. Eciu zy siBnsgerca ycrpanuMo#t (M TONTBKO B 3TOM
caydae), TO CyIecTBYeT KOHeuHblH mpenen f(z) mpu z — 2o (unave: dbyHk-
nus f orpaHuYeHa 10 MOLYIIO B OKPECTHOCTH zp). ECIHU 2y ABAseTCA HOIIOCOM
(1 ToNBKO B 3TOM Ciyvae), TO CylecTByeT GeckonedHblit npenen f(z) npu
z — zp (uHaue: GyHKuUs f He OrpAHUYEHA MO MOIYJIIO B OKDECTHOCTH Z2p).
Hakonern, korna z, siBisiercst CyiiecTBEHHO 0CO00H TOUKOH (M TONBKO TOrAA),
HE CyIIECTBYeT KOHEYHOro MM GeckoHewHOro npenena f(z) npu z — zy. B mo-
CIeTHEM cJIydae JJid JII0OOro KOMILIEKCHOro uuciaa B, Bkiawyas u B = oo,
Hafin€TC Takas IOCJIENOBATENILHOCTL 2, —> Zg, AJas Koropoh f(z,) — B
(reopema Coxoukoro — Beliepmrpacca).

Touka 2z = 0O Ha3bIBAETCS U30JHMPOBAHHON 0¢000I TOUKOH f, ecid B HEKO-
TOPO# OKpecTHOCTH |z| > R 3TO# TOYKH HET KOHEYHLIX H30JIUPOBAHHBIX OCO-
Orix Touek. B srom ciyuae B koble R < |z| < 0o dyHKIMA ABIsSeTca aHATN-
TUYECKOH W INpeICcTaBideTcsa psaioM Jlopana

f(z) = Z 2", (9.2)

n=—oo

Touka zg = 0O Ha3BIBAETCd yCTPAHUMOMN 0cOGOW TOYKON, IOJTIOCOM HJIH CY-
MECTBEHHO 0COBOU TOUYKOH B CUTyanusX, Koraa paf (9.2) cOOTBETCTBEHHO He
COZIEPXKUT, COAEPIKUT KOHEYHOE YUCJIO UM CONEPKUT OECKOHEHUHOe YHCJIO HO-
JIOXKUTENbHBIX crenenedl z. IloBenenue f(z) mpm z — 00 B 3aBHCUMOCTH OT
xapakTepa 0coboii Touku (yCTpaHMMAas, NOJIOC, CYIIECTBEHHO 0co6ast) POBHO
TAKO€ 2Ke, KaK U B CJlyyae KOHeYHOH 2.

Breruerom anaiurayeckoit dyHKun f(z) B KOHEIHON M30JMPOBAHHOM 0CO-
60if TOUKe 7y HA3BIBAETCH BEJMUYNHA KO3 dumenTa c_; u3 pasaoxkenns (9.1):

1

res[f(2);20) :=c_1 = 5

/' £(2) dz. (9.3)
r

3necs I' — KOHTYp, comep:Kaluid 2o BHYTpH cebs U Jiexalnuil B 061acTH aHa-
guruyHocTH. IIpaBoe paBeHCTBO cienyer u3 POPMYJBI 1Js KO3IPDUIMEHTOB
pana Jlopana, cM. MyHKT 8.

Hapsany c (9.3) cripasejiBsl ¥ JpYTHe PABEHCTBA [JId BEIYHCIEHU BbIYe-
TOB.

Ecnu 2y — ycrpanumas ocobas Touka, To res [f(2); 20] = 0.

[IycTh 29 — moJroc mepBoro nopsiaka. Torna

res [f(2); 20] = lim (2 — 20) f (2). (9.4)

Z—r2zg
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Ecmn f(2) = ¢(2)/¥(2), mpuaém o(z0) # 0, 1(20) = 0, 9'(20) # 0, 10

res[f ()i ] = 52 (9.5)

[ycTb 25 — WoJttoc mopsiika m. Torga
RN S e (D) 0
tes [ (2); 2] = (o Jim (e = 20)" /()] (9.6)

IIpu m = 1 (9.6) coBnazaer c (9.4).

Ecinu zgp — cyumiecTBeHHO 0cobasi TOYKa, TO JJif BLIYUCJICHHS BbIYETA B 2
clieJlyeT MCIOJb30BaTh Dsiji JlopaHa (B3ATb ero KO3MUIMEHT ¢_;) HIM HC-
nOJIb30BaTh Apyrue coobpaykenusi. Hampumep, eciu 2o = 0 u f(—2) = f(z), To
Bce Ko3dpuimenTs! Jlopana ¢ HeUYETHBIMU HOMEpPAMH, & 3HAYUT, U C_1, PABHBI
HYJIIO,

Boruer f(z) B usosnpoBanHON 0co60f TOUKe 2y = 0O HAXOMUTCH U3 PA3JIO-
»enust (9.2); Ha 9TOT pa3 HOJATAIOT

res [f(z); 00] i= —c_3.

Ilpumep 9.1. Haliném KoHeYHBIE U30JIUPOBAHHBEIE 0COOBIE TOYKH U BBIUETEHI
B HUX CJIEAYIONINX DYHKIWIA:

=1 1 sin z

fl(z) - s fQ(Z) = fg(Z) == (Z+ 1)2(2: _ 1) ’

z A4l

1
fa(z) = el . fs(z) = 2%sin R

Ocobas Touka dyuxuuu fi(z) = (e* — 1)/z ectb 29 = 0. Bocnoansyemca
pa3yIoKeHueM B OKpecTHOCTH HyJisg dyuknuu e®. [loayumm, yro pan Jlopana
¢ neutpoM B 0 dyHkmuu f; He COAEPXKUT OTPHIATENBHBIX CTelieHe#d z. DTo
O3HAaYaeT, 4TO 2 — yCcTpaHumas ocobast Touka. TOT Ke pe3ysibTar CJIeyeT u3
KOHEYHOCTH upegena f(z) npu z — 0:

e —1

lim =1.
z—0 yA

Tax kak 2o = 0 — ycrpanumas, To res|[fi(z);0] = 0.
V3onupoBannsle ocobbie Touku GyHkimu foz) = 1/(2* + 1) ectp xopum
3HAMeHATeaq

2 = 6”/4, 2y = 81-37r/4, 23 = 6—1-7r/4, 24 = 6—1-371'/4.

B okpectrocTu 2;

fal2) = 1 _ h(z)

(z—2)z—2)(z—2zn)z—2s) 2z—2z'
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h — anamuruyeckas, h(z;) # 0. Tlosromy z; — HOMIOC EPBOro NOpsaKa ByHK-
unu fo. To xe cieayer u u3 mpejcrasnenus fo(z) = ¢(2)/1(2), p(z1) # 0,
¥(z1) = 0, ¥'(21) # 0 : B Hame#t curyauun ¢(z) = 1, ¥(z) = 2 + 1. Tlo
dbopmye (9.5)

1 1 #1 1 T
res [f2(2); 21] = BT AT 1= 5¢ /4
1 1

AHaJIOrMYHO PaCcCMATPUBAIOTCSA TOYKHU 2, 23, 24-
Sanucas f3(z) B BRzE

_sinz/(z+1)*  sinz/(z—1)

fs(z = =

) (z - 1) (z+1)2 7’

ybexxaaeMcst, uTo 3Ta MYHKUUS uUMeeT ABe ocobble TOYKHU: 2; = 1 — MOJIOC
MEPBOIO NOPAJKA, 23 = —1 — IOJIKOC BTOPOro Mopsiaxa. [IpuMenuM paBeHCTBA

(9.4) n (9.6) (B mocseaHeM BO3bMEM M = 2) :

. sin 2 sin 1
res[fﬁ‘(z)’l]:lf}(zﬂ)?” 4’

res [f3(2); —1] = L lim (Si“z ) -

Nes-1\2~-1
I 2C082 — CoSz — sin 2 sin 1
= lim = —
z——1 (Z — 1)2 4

EnuHCTBeHHAs KOHeYHasd M30JMPOBaHHAA ocobas Touka dyHKumU f4(2) =
2
e!/** ectb 2y = 0. Bocromsayemca psaaom Teitnopa aust €f u nosowum € = 1/2%
2 1 1
e_q1. 8 _
e=14+4=4+>-+4+...=14—4+—+...
TR T oA
DTO 03HAYAET, BO-MEPBBIX, 9TO zg — 0 — CYMIECTBEHHO 0co0ast TOUKa (PYHKIUU
?
f1 (B paznoxkeHuu NpUCYTCTBYeT OECKOHEYHOE YMCAO OTPHUATENIBHBIX CTEIe-
Heit 2), a BO-BTODHIX, 4TO res[fs(z);0] = ¢_; = 0. Hpyroit cnocob ycraHOBUTH
XapakTep 0CODEHHOCTH AT COOTHOIIEHUSA
: 1/22 : 1/2%
lim e/ =oco# lim e’/* =0.
z=z—0 z=1iy—0
OHu 03HAYAIOT, YTO KOHEYHOro Wiu beckoHewHoro npexpena fy4(z) npm z — 0
3
HE CYIEeCTBYET.
Hakonel, e1MHCTBEHHONW KOHEYHOH HU30JIMPOBAHHOM 0cob0i# TOUKON (PyHK-
unn fs(z) = 2¥sin(1/2?) aBngerca 2o = 0. Tak kak pasnoxxenue Jlopana B
OKDPECTHOCTH HyJisl UMEeT BUJ

(1 1 1 B 1 1
fo&) =2\~ Tapm ) ST RE TR
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TO 7y = 0 — cymrecTBeHHO 0cobast ToYKa (DYHKUMH U BhIYeT B Hel pasen (.

Ilpumep 9.2. OupegenuM XapakTep H30JHPOBAHHON 0coboii ToOUKH 2zg = 00
byukmumit 227 — 25 + 1, sin z, €7, e/,

Paznoxenus JlopaHa B OKpECTHOCTH 2Zy = OO €CTh Pa3JIOXKEHWUs 1O CTere-
HaMm z. st Bcex MYHKIUNE OHY 3aIMCBIBAIOTCA O9eBHAHBIM obpa3om. [losryga-
eTCs, 4TO 0O €CTh TOJII0C CeAbMOro nopaaka Gyuxkuuu 2z’ — 2541, cymecTBeHHO
ocobas Touka byHKIUH Sin z u €7, ycTparnMas ocobas Touka dyukmuya e'/ "

YnopaxHeHHUH

1) HaiiTu Bce KOHeYHBIE H30JJMPOBAHHbIE 0COOble TOYKH DYHKIUM f H OIpe-
JEJIUTh XapakKTep KaxXJ0H U3 HUX.

91 &)=z 1)?iznj1 )5 92 fl2) = (z+2jo2si)z2(z =0
93 f()= 3 1)(;1;)@_ o 9.4. f(z) = ;(—Z%il;—lﬂ .
95 f(z)= W_S—};Z@)—a . 96. f(2) = %_%z—z |
9.7. f(z) = 22e"/7 . 9.8. f(z)= ;(;{1;:37)4 .

9.9. f(z)=27° sin% . 9.10. f(2) = zcos;3 )

2) Ykasarh xapakTep U30JIMPOBAHHOM 0cO6OH TOUKH 2zg = oo pyHKImH f.

e 2
A1 = . 9.12. = .
911 f(z) 22+ 1 1(2) 325+ 4
2t +1 E
9.13. f(2) = rl 9.14. f(z)=2ze*.
9.15. f(z)=2e"V*" . 9.16. f(z)= 27" .
9.17. f(2) = (22° + 2)ée* . 9.18. f(2) =eX/0%
9.19. f(z) =&Y, 9.20. f(z) = zcos TR

3) Haitltu BbiyeThl (byHKIMY f B KOHEIHBIX H30JMPOBAHHBIX 0COBBIX TOUKAX.

9.21. f(z) = 2PeV". 023, jz)=82=3,
z(z —1)?
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sin z z

923. flz) = (z+20)%(z+1) 924. f(z) = (z+1)2(2+2)2°
~1/22%
9.25. f(2)= ;H . 9.26. f(z) = Z51_1 .
9.27. f(z) =sin Z—12— + 2% 9.28. f(2) = cos% +22° .
iz h
9.29. f(z) = z(zeﬁ 9.30. f(z) = (Z_;;(;_ 5

4) Haiitu Border GyHKuuu f B TOUKe 25 = 00.

2

z e*
31. = . 9.32. =— .
9 3 f(z) z + 1 f(Z) 23
sin z COS 2
9.35. f(z) = (22°+ 22+ 1) . 9.36. f(2) = 321 -
3 10 . 1
9.37. f(z):;—i—z +5. 9.38. f(z):zsm;.
1 1
9.39. f(z)=2%sin~ . 9.40. f(z) = 2*cos oy
z

5) JlomosHuTe IbHBIE 33129 H.

9.41. llpuBecTu mpuMmep aHAJTUTHYECKOH (DYHKUIUU, Yy KOTOPOH OBLIO ObI
POBHO [(Bé KOHEYHBIX OCODBIX TOYKHU: &) yCTpaHuMas ocobasi TOYKa U II0JIIOC
BTOPOTrO NOPsifKa; b) mpOCTOM MOJIIOC U CYIIeCTBEHHO 0cobasi TOUKa; C) yCTpa-
HUMast ocobasi TOYKA U CYIIECTBEHHO 0co0ast TOUYKA.

9.42. [IpuBecTu npuMep aHaNUTHIECKON DYHKIUHU, OJ1s1 KOTOPO# 2 = 1 41
ABJIgeTCs 0cODOM TOYKON, HO HE MU30JUPOBAHHOMN.

9.43. [IpuBecTu npuMep aHAIUTUYECKON (DYHKIUHU, AJs1 KOTOPOH 2z = 00
ABJIAETCH NIPeAeJIbHON TOYKOH NPOCTHIX IOJIIOCOB.
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10. Bpiuucaenune ¢ moMompio BEIYETOB
KOMILJIEKCHBIX WHTErpaJjioB

[Iycts dynkuusa f aBasgercd anaauTu49ecKoit B ob6sactu D BCIOAY 3a HCKJIIO-
9eHUeM KOHEYHOrO YHCJIA OCOOBIX TOYEK 2i,...,2Z,; I — KOHTYD, Jexaiuuit B
D u copepxamuit TOYKH 21, ..., 2, BHyTpHu ceba. Tormaa

/f(z) dz = 27r2'2res [f(2); 2] (10.1)
% k=1

(Teopema Komm o Briuerax). PasencTso (10.1) Bepro u B ciyvae, xorga I' —
rpanuntia D u f wenpephiBua B D.

IIpumep 10.1. BoruncauM uHTErpas

-1
/62 dz.
VAR A

|z|=4

IonpiaTerpanbuaa byukuusa f asannTuyHa B obaacTy |z| < 4 Bciogy 3a
ACKJIIOYeHneM Touek 2; = 0, 2o = —1. M3onupoBannasa ocobas Touyka 2z, = 0
SIBJISETCSl YCTPAHUMOM, TaK Kak

ef —1 e —1 1

im = lim - lim =1-1=1.
z—0 z(z + 1) z—0 z2 z—0 2+ 1

[Tostomy res[f(z);0] = 0. U3onupoBanHas ocobast Touka z; = —1 siBasIeTCs
TOJIIOCOM TIEPBOTO MOPSAKA. DTO CJIELYET U3 TPEACTABJICHHUS

1o =

z+1
B KOTOPOM YHCJHTENb €CTh (DYHKIHS, aHAJTUTHYECKAs B OKPECTHOCTH TOYKY
—1. Nmeewm:

res[f(z); —1] = Zl_i’rr_ll . .

ITo Teopeme o BBIYETAX

/ - 2 e 1 (2130)+ res (2)s-1]) = 2 (1 7).

22 +2z €
|z|=4

IIpumep 10.2. Beraucium wHTErpas

el/z7'
dz.
/ 2241 ?

|z—1]=3/2
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B xpyre |z —i| < 3/2 noapiuTerpaspuas GyHKUMs f ABIAETCA aHAJIATHYE-
CKOl1 BCIOZY 33 HCKJIFOYEHHEM H30JMPOBAHHBIX 0COOBIX TO4eK 21 = 0 U 2z = i.

VHTepecHo, 410 0pH pacCMOTPEHUH 2; BHIYUCJIEHUS MOYKHO 3aMEHUTh Pac-
cyxuennsamu! Touka 2, = 0 sIBIsgeTCA CyMIECTBEHHO 0cobO# myis pyHKUUM
g(z) = € 2 Tak Kak eé pasjioMKeHHe [0 CTENEHSM z COLEPKAT GECKOHEUHOe
YUCJIO OTPUIATEIHHBIX CTEIIeHeH. DTO 03HAYAET, YTO HE CYIIEeCTBYET KOHEYHOTO
wian Geckoneanoro npeznena g(z) npu z — 0. [Tosromy He cymecTByer KOHed-
Horo win Geckoneunoro npexena f(z) npu z — 0. Orcroga crenyer, 9410 27 —
cyuntecTBeHHO 0cobast Touka f. B cuny cBoiictBa f(—2z) = f(z) xoacbdunuents
¢; ¢ HeYETHBIMU HOMepaMul JIOPAHOBCKOIO Pa3JioxKerusl f B OKpecTHOCTH 27 = 0
paBubl Hy/0. 3Ha4wT, res [f(z);0] = c_; = 0.

Touka ke 29 = 1 ABJIAETCA IOJIIOCOM IIEPBOT0 NOpsAaKa f, M03TOMY

el/?’ 1
1] = i =
res [f(Z),Z] z]‘"]_i_)r: 2 _+_2 2716

ITo Teopeme 0 BbIUETAX

® |3

/ Zilfl dz = 27ri(ré8 [f(2);0] +res[f(2); 2]) =

|z—i]=3/2

YopaxHenuns

1) BoiuncauTh uHTErpaj ¢ IOMOIBIO TEOPEMbI O BbIYETAX.

z ‘ 1
0.1. . 2. .
10.1 / (z—1)%(z +2) dz 10 / 22 +1 dz

|z—i|=5 |z—1|=1

z+1 z
10.3. / =G+ 1) dz . 10.4. / Gz 3p dz .

|z|=v2 |z—1|=3
1 1)2
10.5. / dz.  10.6. / (G
22 +1 z—5
|z+1|=1 |z+i|=2
3
z z
10.7. ——dz . 10.8. ——dz .
/ (z-22 " / 2(z—-5)
|z—i|=10 |z—4|=1
10.9 ‘ _d 10.10 / ! d
9. . .10. Z .
2117 (z=1+19)(z—2+1)
{z—1+i|=Vv6 |z—1+i|=2
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2) BeruscanTs MHTErpas ¢ MOMOIIBIO TEOPEMBI O BHIYETAX.

: 1
10.11. /  _dz. 1012 /zzsin—dz.
A

e —1
|z—3i|=4 ==
sin 7wz
10.13. / ztgmzdz . 10.14. / 12 2 dz.
24—z
|z[=1 |z|=v3
z CoS 2
10.15. dz . 10.186. dz .
/ e*+3 ? / 22— 4 =
|z+1|=4 |z|=5

e’ .1 i
10.17. f mdz . 10.18. / (Sln ‘Z’E +e ch Z) dz .

|z—i]=1 |z|=2

10.19. /(z2+3)61/z2dz. 10.20.

|z|=1 |z—1—2|=10

Y
L]
—~
N |
~N
4
.
S
QU
Ny

3) JlomosHuTeIbHbIE 33024,
10.21. BoiBecTd Teopemy O BBrYeTax u3 Teopemsl Kommwm (cM. myHKT 6).

10.22. Kakue u3 uarerpaJon 10.1 — 10.20 MOryT ObITH BHIYMCJIEHBI C HOMO-
mp1o UHTErpaabHoil popmysst Koum (6.7) u eé 0606menus (6.8)7 B aByx-Tpéx
cy4asX MPOBEAUTE HEOOXOIMMBIE BHIYMCIICHHUS.

11. Borauciaenne ¢ moMonibio BHIYETOB
JeMiICTBNTEIbHBIX NHTETPAJIOB

lIpuBenémM mHexkoTOpBIE IIpUMEpPHl NPEMEHEHUS KOMILJIEKCHOIO aHAJIN3a NJId
BbIUUCJIEBEUS WHTECPAJIOB B AEHCTBUTENbHON CUTYALHU.

ycts dyuxkuna f(z) HeupephiBHA B 3aMKHYTO#  TOJYILIOCKOCTH
Imz > 0 m aHaIUTUYHA BHYTPH HeE BCIOLY, KPOMe KOHEYHOIO YHUCJa OCOOLIX
TOYEK 2, ..., 2p.

CHayaJsia IpeAoJIoKUM ONOJHUTENBHO, YTO CYMIECTBYIOT TAKHE KOHCTaH-
Tl € > 0 u M > 0, 4T0 npu QOCTATOYHO GONBIIHX |2| KMEET MECTO OLiEHKA

If(2)] < m]\é—s | (11.1)
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Hepasencrso (11.1) Beimoaeno, HanpuMep, B ciydae, Koraa f(z) = p(z)/q(z),
p(z),q(z) — anrebpanydeckue Muorounensl, npuuéM degg(z) — degp(z) > 2. B
9TOM cJydae MOXKHO B3sTh € = 1. Ecau cnpasenyuso (11.1), To

/f(x) dz =210’y " res [£(2); 2] (11.2)
s k=1

Teneps Bmecto (11.1) momyctum, uro f(z) — 0 npu z — 0O pABHOMEDHO
OTHOCHTEJIBHO arg z. Bosee To4HO, mycTh ¥(T) ecTh NOJYOKPYXKHOCTD |z| = 7,
Im z > 0. CxazaHHOe 03HaYaeT, 4TO NpPU 7 — OO

L(r) := zrg% |f(z)| — 0. (11.3)

B stoit cutyauun mis A > 0 BHIIOIHAETCS PABEHCTBO
o0 n .
/ f(z)e?* dz = 2mi Z res [f(2)e"; z1). (11.4)
—00 k=1

ITpu ycrasnoBsenuu (11.4) cylecTBeHHO HCIOJIB3YeTCs TOT (DAKT, YTO €CJIU Bbl-
nosiHeno ycaosue (11.3), To

lim [ f(2)e*dz=0
T—00
¥(r)

(nemma 2Kopaana). Tak kak cos Az = Ree?*®, sin Az = Im €**?, To u3 pasencrsa
(11.4) cnenyet, uto npu A > 0

/f(x)cos/\xdx:Re /f(l.)ei/\:cdl_:

= Re (QWines [f(z)e“z;zk]> , (11.5)

/f(:c) sin Az dz = Im / f(2)e dr =

=1Im <2mires [f(z)e“z;zk]) : (11.6)
k=1

Ilpumep 11.1. BoraucayM HHTerpadl

1.2
L= | ————dxz.
! /($2+1)2 v
0
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B cuty 4ETHOCTH MOABIHTErPAJIbHOK dyHKIMY HHTErpaJl I, cocTaBiser mno-
JIOBMHY MHTErpaJa o Bceil IefCTBATEIBHON MpsaMoil (—o0, 00). DyHKuus

2

z
2) =
1) (22 4+1)2
uMeeT B HOJymiIockocTd Imz > 0 enuHCTBEHHYIO OCOOYI0 TOYKY — MOJIIOC
BTOPOro mopsiika z; = 4. Tak kak f(z) = p(z)/q(z) — oTHOWEHME ABYX MHO-

rouwtenos, npuuém degq(z) — degp(z) > 2, o mmeer mecto (11.1) c £ = 1.
Buayut, Bepro (11.2):

00

/ f(z)dz = 2mires|[f(z); ).

— 00

Octaéres paiitu Border f(z) B mOJTIOCE BTOPOrO TMOPSIIKA §

tes[f(2); 1] = lim[ £ (2) (= — i) '~ lim [(—_22_)4 _ !

2= | (241

-7
[Toaromy
1 1 _ i m
Il—‘i‘/f(x)d$—§27m(—'z> Z

IIpumep 11.2. Boraycanm nHTErpad

m .
Tsing
I, = dx.
2 /:c2+1
0

[ogpinrerpaibuas GyHKIUS sBaseTcd 9€THOHA. Kpome Toro, sin z = Im e**.

[Tosromy

00 S0} .
1 rsinx 1 ze'® 1
Iy == dr=-1 dr = - Im I5.
22/z?+1x2m/x2+1m2m3
-0 —00
[TycTn
z
f(z) =

= AT F(z) = f(2) €™

O6e stu GyHKIMA B BepXHelt MOJYIIOCKOCTH UMEIOT MOJIIOC IEPBOrO MOPAIKA
B TOuKe i. Ecan |z] = r, To

1F(2)| =

z l: 1. 1 1
241 |z+1/2] = || =1/|z|  r—1/r"
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Ms1 ucnosip30BaI CBOMCTBA MOMYJIS, B 4ACTHOCTH, HEpaBeHCTBO |z| — 1/|z] <
|z + 1/z|, KoTOpOE CIeIyeT U3 HEPABEHCTBA TPEYroJbHEKA. [lycTs y(r) — mo-
JYOKPYXKHOCTH |z| = 7, Im z > 0. Torza

1
L('r) = ng’yag_()lf(z)' S r— 1/T

—0, r—o0.

Nrak, cxozamocts (11.3) umeer mecto. MoxHo npumenuts (11.4) c A =1

%) . . .
xel(l! ] zeZZ i . eil >
I3:/ > dr = 2mires |——— ;1 =2mhm_z Azﬂ.
241 2241 ziz+1 €
—00
ITosromy
1 T
L==-Iml=—.
2= BT g

Ynpa>x HeHHU s

1) Beraucaurh AeHCTBUTENbHBIR MHTErpas, Mepexoiss K GYHKIUH KOMII-
JIEKCHOTO TIepeMeHHoro. Ilogemy npumenuma dopmysia (11.2)7

—_—— —dzx
1017 + 34

dz

/ 6x+10 /
/ 2% +2 / 2%+ 8
0 —00

—d
TTh2a " (@ + 2z + 22"
1
11.5. /x s, 116 /E—ﬁ—da:
i +1 i+ 1
0 —00
O o0
11.7 L 4 11.8 LI
4 +1 T z6 41
0 0
o0 o0
11.9 ! d 11.10 / ! dz
DA TS e S B AT
—00 ~00
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2) BbUMCIUTD JeACTBUTEILHBIA MHTErpas, lepexoas K (QYHKIHE KOMII-

JIEKCHOT'O TIEPEMEHHOT0 U npuMmenssa dopmyist (11.4) —

(11.6). Ilpeasapurenn-

HO 0060CHOBaTh BBINONHeHHe yciaosus (11.3).

w .
zsinz
11.11. —_
/3:2+4:E+20 v
—0oC
cx} .
Tsinz
11.13 d
/ 2 — 6z + 10
—00
rsine
11.15. ———dz .
/Ig— 10z + 34 T
—00

oo

11.17. / _ ST

2 —22+5
—00
w .
11.19. / L o
22 + 10z + 50
—CQ

3) Jononuutenbuble 3a1a4H.
11.21. Ilycrs f(z) = p(2)/q(z), p

TCOST
11.12. —d
/z2—2:1:+10 -
—00
(o0}
CoS T
11.14. d
0/(z2+1)(x2+4) .
COS T
11.16. - dz .
/(x2+9)(a:2+16) -
0

0
11.18. / e
.’L'

0
co
ZCOST
11.20. dx
/mz 4z + 8

— wmuoro4uiensl u degg — degp > 2.

JlokazaTh, 4TO TOrma ycJjoBue (11.1) BHITIOJIHgETCS € € = 1.

11.22. Beigenas ocobennocts zg = 0 dyuxmuu f(z) = e*?/z, npunaae-
KAIYIO JeHCTBHTEIBHON ocH, IpuMeHss JeMMy 2Kopiana u TeopeMy O BbIUe-

TaX, NONYYHUTh PAaBEHCTBO

]o 1n/\:L
0

A > 0.
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[Ipunoxennsa

O copep>kaHUM OVICHUILINHBI
"Teopusa pyHKIIMI KOMIIJIEKCHOTO IIepeMEHHOro"

Huxxe mpuBogsitca TpeboBaHusI 1O comepkaHupo aucuumauenl "Teopus
byHKUMI KOMIJIEKCHOrO NepeMeHHOro", upeabsaBideMble [0CyAapCTBEHHBIM
00pa30BaTeJLHBIM CTAHIAPTOM IO clienuasabHocTd "KomnbroTepHasa Gezonac-
HOCTB", & TaK>Ke BBIAEPXKKHU U3 CJEAYIONIUX TPOrPaMM:

— paboueit yuebHo#t nporpammsl o TOKII;

— npuMepHoit porpamMmbl 3auéra o TOKII;

— MPOrpaMMbl MEXKTACIUILIHHAPIIOrNO I'OCYAaPCTBEHHOIO 9K3aMeHa IO ClIie-
uuaabaocTy "KomneorepHas Gesonacuocts" (qacts, orHocamasics k TOKIT).

Pabowas yuebnas nporpamma u nporpaMmma 3a4uéra no TOKII ana nannoi
CIIENUAJTBHOCTH COCTABJIEHBI aBTOPOM HACTOAUIMX METOAMYECKUX YKa3aHuil.

IIpnnoxxenue 1.

Beinepkka u3 I'ocysapcrBeHHOrO
oOpa30BaTeIbHOTO CTAHAAPTA

B coorBercTBuu ¢ paznesnom 4 [ocynapcTeeHHOro 06pa30BaTEILHOTO CTAH-
JapTa BhICIIEro npodeccroHantbHoro obpasosanud no cnenuaabraocta 090102
"KoMmneioTepHas 6€30nacHOCTh” 0043aTeIbHBIN MUHIMYM COJEPKAHNU JUCITH-
b Teopusi GYHKINNR KOMIJIEKCHOIO NEPEMEHHOro" coCTaBadIOT Ciaeayo-
1Iue TeMBbI:

2onomopprbie Pynxyuu; ycaosus Kowu — Pumana; cmenennvie paodvt 6
KOMNAEKCHOU 00AGCTU; FKCNOHERMA U A02GPUPMBL 6 KOMNAEKCHOT obaacmu;
GHAAUMUYECKUE PYHKUUU U UL OCHOBHBIE CBOLUCMBA; HYAU GHAAUMUYECKOT
dynryuy; noawcw; mepomoppruie PYHKUUU; KPUBOAUHETIHbIE UHME2PAAbL;
enadxue nymu; Jduddepenyuanrvroe Gopmovl; 20MOMONUA; O0OHOCEBAZHBIE U
36€30HbIE 006AGCTMU; 20PMOHUYECKUE PYHKUUU U UL CEA3D C GHAAUMUYECKU-
MU PYHKYUAMU, yeave GyrKuuY; meopema JIUYSUAN; NPUHYUN MAKCUMYMA
Mo0yas; popmyaa I'puna; unmezpar muna Kowwu; padw Jlopana; usoaupo-
8aHHBLE 0COOBIE MOYKY U UT KAGCCUPUKAUUA; BBHEMbL, NPUHYUUN GP2YMENMA;
BHIHUCACHUE UHMESPAAOE € NOMOUDIO BHIYEMOB,
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IIpunoxenmne 2.

Broraepxkka u3 pabodeil yueOHOM mMporpaMMal
JAACLUTIINHBI
"Teopusa HyHKIHME KOMILIEKCHOTO IIEPEMEHHOTO" .
CrnenuasgbHocth "KomiborepHasa 6e3omacHoCcTs"

1. Beegenne. [Ipengvmer m MCTOpUYECKHE 3TANbl TEOPUHW (DYHKIMHA KOM-
niekcHoro nepemensoro. Ilonxonet Komn, Beiteprurpacca 1 Pumana k xapak-
TepU3alUK aHAJTUTUIECKOH (DYHKIH.

2. KoMmniekcHbIe 4ucja U AeicTBus ¢ HUMHU. AnrebpaudecKkas U TpH-
roHoMeTpuyeckas hbopmbl. Moayab u apryment. Asirebpandyeckue CBOKCTBA I0-
ast C. Marepnperanus PuMmana KOMIJIEKCHBIX YHCEJI.

3. MHo>ecTBa HA pacIIUpeHHON KOMIJIEKCHOIT 11J10cKOCTH. OTKDhI-
Thle U 3aMKHyTble MHOXecTBa. | paHuna. CssasHocTb. OJIHOCBA3HBIE 1 MHOTO-
CBSI3HbIe MHOXKeCTBa. [J1ajikue ¥ KyCO4HO-IVIaJIKHe KDHUBBIE.

4. Tlocse10BaTEIBHOCTA U PsiAbl KOMILIEKCHBIX 4Yuced. [Ipenen mno-
caenoBaresbHOCTH. CymMma psajna. OCHOBHBIE TEOPEMBI O Ipejesiax.

5. OgHo3HAaYHBIEe W MHOTO3HaYHbIEe (byHKIMu. [Ipenen no Komu u mo
I'eithe. HempepsIBHOCTH M paBHOMEpPHAS HENPEPBIBHOCTD.

6. ®yHKIMOHAJBHBIE pANBI. [IpusHak Beitepmirpacca paBHOMEPHOR
cxoguMocTH. TeopeMa 0 HENPEPHIBHOCTA CYMMbl PABHOMEDHO CXOJSIIErOCS Dsi-
Ja.

7. Crenennsie paabl. Teopema Abens. Kpyr u paguyc cxogumoctu. Pop-
myna Komn - Apnamapa. Onpenenernue dbyukumit f(z) = e, f(z) = sinz,
f(2) = cos z ¢ TOMOUIBIO CTENEHHBIX PSAOB, UX CBOHCTBA.

8. Juddepenmmpyemocts QyHKIMA KOMIJIEKCHOTO IEPEMEHHOTO.
[Ipoussonuas. Ycinosus Ko — Pumana. AHanuruueckne pyHKIuUd. AHaiu-
THYHOCTh CYMMBI CTEIIEHHOTO PSAJA.

9. Iloratue o xoHdopMHOM oTODpaxkeHuu. CBOHCTBA MOCTOSHCTBA
YIJIOB ¥ NOCTOSTHCTBA PACTSXKEHUH JJIsl aHAJIUTUYeCKOU DyHKIMY.

10. Hexoroprle BakHbIe (DYHKIMHM KOMIUIEKCHOTO II€DEMEHHOTrO.
O6actu opsoscTHOCTH dyHkuui f(2) = 2", f(z) = €. IlonsaTHe 0 pumano-
Bolt mosepxHoctH. @yukumu f(z) = ¥z, f(z) = Lnz, f(2) = Inz. [pobGuo-
JuHelHast GYHKIUA 1 eé CBOHCTBA.

11. WNurerpupoBanue &yHKIUl KOMIIJIEKCHOTO II€PEMEHHOrO.
Omnpeeneane u cBoiicrBa nuTerpasa. leopema Komn ajis 0qHOCBA3HON 1 MHO-
roceasHoit obnacteii. Vinterpasibuas dopmyia Komn. Popmysa cpeanero 3xa-
yenus. [IpuHiyn MakcuMyma Moayds. I'apMoHnYecKkue PyHKIUH.




12. NaTerpan tuna Komm. Beckoneunaa muddepeHnypyeMocTs ana-
sutudeckoil pyakuuu. Teopema JInysumng.

13. Paner Teitnopa. Teopema Teitnopa. Hepasencrsa Komm. Teopema o
€IUHCTBEHHOCTH aHauTHueckoit dyukuuu. Hynn anamutudecko#t pyHKImN.
ITpaBuibuble u ocobbie TOUKU. [lOHATHE aHAIMTUYIECKOTO MPOJIOIAKEHUS.

14. Paawr JIopana. Konsuo cxogumoctu pajga Jlopana. Teopema Jlopana.
EpuncrBennocts paja Jlopana.

15. N3ogupoBannbie 0COOBIE TOYKM AHAIUTUYECKON QYHKIIUH.
Onpenenenre u Kaaccudukanus W30IUPOBAHHBIX 0cOBBIX To4eK. [loBemenue
(byHKIIMU B OKPECTHOCTM M30JUPOBaHHOMK 0coboit Touku. Teopema Coxomkroro
— Beitepmpacca.

16. Breruetnl. TeopeMbl 0 BriveTax. Boiunciienue onpeaeéHHbIX HHTEIPA-
JIOB C IOMOIIBIO BhIueToB. JlorapudmMuyeckuit shrder. Yucno Hyneil anajuTu-
yeckoit ¢yukuuu. [Ipunuun aprymenta. Teopema Pyme. OcroBHast Teopema
anrebpsl 1 €€ mokazarenbcTBO cpeacTBamu TOKII.
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IIpunoxenue 3.

IIpumepHasi mporpaMMa 3a4€Ta,
110 JUCIUATIIAHE
"Teopusi dyHKIUIT KOMIIIEKCHOTO IIEePEMEHHOro".
CrieumagasHocth "KoMmiblorepHas 6e3omacHocTs"
(3-it Kypc, 5-it cemecTp)

1. Komnnexchapie uncna u AeRCTBUSA ¢ HUMU.

2. Pacumpernas xommiekcHast njiockocTh. urepnperanus Pumana koM-
IJIEKCHBIX YHCEJI.

3. OTKpLITHIE ¥ 3aMKHYTBIE MHOXKECTBA HAa DPACIIUPEHHONW KOMILJIEKCHOI
wiockocTy. ['panuna. Cea3HocTb. OMHOCBA3HBIE I MHOTOCBSI3HBIE MHOXKECTBA.

4. TlocnenoBaTeIbHOCTH U PSAJILI KOMIIIEKCHBIX YHCEJL.

5. Oxrosnaunbie GyHkuuu. [Ipenen no Kourn u o [ettne. HenpepoisHocTh
U pABHOMEPHAS HEIPEPLIBHOCTS.

6. Oyukuuonaabubie pansl. [Ipusnak Befiepmirpacca paBHOMEPHON CXO/IH-
MocTu. Teopema 0 HEMPEPBLIBHOCTH CyMMBbI DABHOMEDHO CXOASAIErocs Psjia.

7. Crenennsie psyipl. Teopema AbGena. Kpyr u pamguyc cxommmoctu. Pop-
myna Koum — Aamapa.

8. Onpenenenve GyHKIMA €7, Sin 2, COS 2 C MOMOUIBIO CTENIEHHBIX PANIOB, UX
CBOHCTBA.

9. Ilpoussonuad. Yenosus Komu — Pumana u qudbdepeHnupyeMocTs PyHK-
Y KOMIJIEKCHOTO NEPEMEHHOTO.

10. AsanuTtudeckve OYHKIUE. AHATUTHYHOCTL CYMMBbI CTEIIEHHOTO DSAJA.
. ¥ n
11. Opxonuctable dynxkuun. O6nacTd OJHOJMCTHOCTH byHKUHN 27, €.
®yuxkuun ¥z, Ln z, In 2.
12. JIpobro-nuneiiHas hyHKIMA 1 €€ KPYroBOe CBOUCTBO.

13. Onpefenienne u cBoficTBa HHTErpaja 0T MYHKIUH KOMILJIEKCHOIO ITepe-
MEHHOTO.

14. Teopema Koun miis omHOCBS3HON ¥ MHOTOCBA3HON obsacTeit.
15. Uurerpansuas dpopmyna Komu. Popmyna cpenHero 3uadeHus.

16. Unrerpan tuna Koum. beckoneynas anddepeHnupyeMocTb aHATUTH-
4eCKON DYHKIUY.

17. Teopema Teitnopa. Hepasencrsa Korru.

18. Teopema 0 e JMHCTBEHHOCTH aHanuTU4YecKo# dyuknwu. Hynu, npasuns-
HbIe U 0COObIe TOUKYM AHATUTHYECKONH DYHKIHUH.

19. Pap Jlopana. Teopema Jlopana.
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20. UzonupoBanubie 0cobble TOUKHU 1 UX Kiaccudukanua. [losenenue ana-
JUTAYECKON (PYHKIUY B OKPECTHOCTH U30JUPOBaHHON 0cob0it Touku. Teopema
Coxoukoro — Beftepimrpacca.

21. Boryern:. TeopeMbl 0 BLIUETAX.
22. Brruucoienue onpenenéHHbIX HHTEIPAIOB ¢ NOMOIIBIO BHIYETOB.
23. Jlorapudmuueckuit Berger. Hucno "yseit anaaurneecko yHKIN.

24. Tpununn aprymenta. Teopema Pyme. [JokazaTeancTBO OCHOBHOM ‘Teo-
pembl anrebpnl cpencrBamu TOKIT.

58



Ilpunoxkeune 4.

Bruiaepkka u3 nporpaMmbl
MEXAUCHAIIJIMHAPHOTO IOCYJapCTBEHHOIO 3K3aMeHa
no crernuanabHocTn "Komnbroorepuas 6e3onmacuocts"

(6-#1 kypc, 11-it cemectp)

10. IIpenen 1 HeNpPePHIBHOCTH KOMIIEKCHO3HAYHOW (DyHKIMM KOMIIEKCHO-
ro nepemensoro. Juddepennupyemocts GyHKIUA KOMIJIEKCHOTO IePEMEHHO-
ro. Yejgosusa Komu — Pumana.

11. Psagpl KOMILIEKCHO3HAYHBIX (DYHKIMA KOMILJIEKCHOTO IEePEMEHHOrO.
PapromepHnas cxomumocth psga. [IpusnHak Beitepmrpacca paBHOMEPHOR €XO-
aumoctu. Crenennsle psabl. IlepBas teopema Abesnsa. Pammyc cxomuMmocTi.
PaBnoMmepHas CXOAMMOCTb CTENEHHOTO psAja. HenpephIBHOCTH CYMMBI PSIA.
Psan Jlopara u ero o61acTh CXOJUMOCTH.

12. Nuterpan ot dyHKIMH KOMIUIEKCHOr0 mepeMeHHoro. Teopema Konim,
Wurerpanbuas ¢popmysa Komu. Teopema o cyniecTBOBaHMM TPOU3BOIHBIX JIIO-
6oro nopsaka. Vurerpan tuna Kommy.

13. Paziroxenune GyHKIME KOMILIEKCHOrO NIEpeMEHHOro B psabl JlopaHa u
Teitnopa. Teopema eguncrBennocTr. Knaccudukanus U30JMPOBAHHBIX 0COOBIX
Touek. [ToBegenne yHKIMH B OKPECTHOCTAX OCODOBIX TOYEK.

14. Broiyersr. OcHOBHAS TeOpeMa O BhIYeTax.
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